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Motivated by a neuroscience question about synchrony detection in spike
train analysis, we deal with the independence testing problem for point pro-
cesses. We introduce nonparametric test statistics, which are rescaled general
U -statistics, whose corresponding critical values are constructed from boot-
strap and randomization/permutation approaches, making as few assumptions
as possible on the underlying distribution of the point processes. We derive
general consistency results for the bootstrap and for the permutation w.r.t.
Wasserstein’s metric, which induces weak convergence as well as conver-
gence of second-order moments. The obtained bootstrap or permutation in-
dependence tests are thus proved to be asymptotically of the prescribed size,
and to be consistent against any reasonable alternative. A simulation study
is performed to illustrate the derived theoretical results, and to compare the
performance of our new tests with existing ones in the neuroscientific litera-
ture.

1. Introduction. Inspired by neuroscience problems, the present work is de-
voted to independence tests for point processes. The question of testing whether
two random variables are independent is of course largely encountered in the sta-
tistical literature, as it is one of the central goals of data analysis. From the histor-
ical Pearson’s chi-square test of independence (see [49, 50]) to the modern test of
[27] using kernel methods in the spirit of statistical learning, many nonparamet-
ric independence tests have been developed for real valued random variables or
even random vectors. Among them, of particular interest are the tests based on the
randomization/permutation principle introduced by Fisher [23], and covered there-
after in the series of papers by Pitman [55, 56], Scheffe [66], Hoeffding [37], for
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instance, or bootstrap approaches derived from Efron’s [21] “naive” one. Note that
permutation and bootstrap-based tests have a long history of applications, of which
independence tests are just a very small part (see, e.g., [22, 52, 61, 62] for some
reviews, or [3, 24, 41, 43, 44] for more recent works). Focusing on independence
tests, two families of permutation or bootstrap-based tests may be distinguished
at least: the whole family of rank tests including the tests of Hotelling and Pabst
[39], Kendall [42], Wolfowitz [72] or Hoeffding [35] on the one hand, the fam-
ily of Kolmogorov—Smirnov type tests, like Blum, Kiefer and Rosenblatt’s [11],
Romano’s [62] or van der Vaart and Wellner’s [70] ones on the other hand.

To describe the properties of these tests, let us recall and fix a few definitions,
which are furthermore used throughout this article. Tests are said to be nonpara-
metric if they are free from the underlying distribution of the observed variables.
For any prescribed « in (0, 1), tests are said to be exactly of level « if their first
kind error rate is less than or equal to o whatever the number of observations.
This is a nonasymptotic property. Tests are also said to be asymptotically of size
« if their first kind error rate tends to @ when the number of observations tends to
infinity. They are said to be consistent against some alternative if, under this alter-
native, their second kind error rate tends to 0 or equivalently their power tends to 1,
when the number of observations tends to infinity. Finally, bootstrap refers here to
bootstrap with replacement. It is thus different from permutation, which appears
sometimes in the literature as bootstrap without replacement. In this respect, the
above mentioned tests of independence are all nonparametric and asymptotically
of the prescribed size. Moreover, the tests based on permutation are exactly of the
desired level. Some of these tests are proved to be consistent against many alterna-
tives, such as Hoeffding’s [35] one and the family of Kolmogorov—Smirnov type
tests.

Detecting dependence is also a fundamental old point in the neuroscientific lit-
erature (see, e.g., [26]). The neuroscience problem we were initially interested in
consists in detecting interactions between occurrences of action potentials on two
different neurons simultaneously recorded on »n independent trials, as described
in [29]. Each recorded set of time occurrences of action potentials for each neu-
ron is usually referred to as a spike train, the spikes being the time occurrences
themselves. It is commonly accepted that these spikes are one of the main com-
ponents of the brain activity (see [68]). So, when observing two spike trains com-
ing from two different neurons, one of the main elementary problem is to assess
whether these two spike trains are independent or not. Unfortunately, even if the
real recordings of spike trains are discretized in time, and thus belong to finite
dimensional spaces, due to the record resolution, the dimension of these spaces
is so huge (from ten thousand up to one million) that it is neither realistic nor
reasonable to model them by finite dimensional variables, and to apply usual inde-
pendence tests. Several methods, such as the classical Unitary Events method (see
[29] and the references therein), consist in binning the spike trains at first in order
to deal with vectorial data with reduced dimension. However, it has been shown
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that these dimension reduction methods involve an information loss of more than
60% in some cases, making this kind of preprocessing quite proscribed despite its
simplicity of use. It is therefore more realistic and reasonable to model recordings
of spike trains by finite point processes, and to use independence tests specifically
dedicated to such point processes. Asymptotic tests of independence between point
processes have already been introduced in [69], but in the particular case of homo-
geneous Poisson processes. Such a parametric framework is necessarily restrictive
and even possibly inappropriate here, as the very existence of any precise under-
lying distribution for the point processes modelling spike train data is subject to
broad debate (see [57, 58]). We thus focus on nonparametric tests of independence
for point processes. In this spirit, particular bootstrap methods under the name of
trial-shuffling have been proposed in [53, 54] for binned data with relatively small
dimension, without proper mathematical justification. Besides the loss of informa-
tion that the binning data pre-processing involves, it appears that the test statistics
chosen in these papers do not lead to tests of asymptotic prescribed size as shown
by our simulation study.

We here propose to construct new nonparametric tests of independence between
two point processes, from the observation of n independent copies of these point
processes, with as few assumptions as possible on their underlying distributions.
Our test statistics are based on U-statistics (see [67], Chapter 5, for a key refer-
ence on U-statistics). The corresponding critical values are obtained from boot-
strap or permutation approaches. It has been acknowledged that when both boot-
strap and permutation approaches are available, permutation should be preferred,
since the corresponding tests are exactly of the desired level ([22], page 218).
Nevertheless, we keep investigating them together, as bootstrap methods—through
trial-shuffling—are the usual references in neuroscience. Moreover, for specific U -
statistics, the corresponding tests share the same properties: both are proved to be
asymptotically of the prescribed size and consistent against any reasonable alter-
native, despite the fact that different tools are used to obtain these results. Indeed,
the distance between the bootstrapped distribution and the initial distribution under
independence is here directly studied for the bootstrap approach, unlike the permu-
tation approach. Finally, both procedures have good performance in practice when
the sample size is moderate to small, as is often the case in neuroscience due to
biological or economical reasons.

As U-statistics are usual tools for nonparametric statistical inference, many
works deal with the application of bootstrap or permutation to U -statistics. From
the original work of Arvesen [8] about the jackknife of U -statistics, to the recent
one of Leucht and Neumann [45], several papers [4, 9, 15, 18] have been devoted
to the general problem of bootstrapping a U -statistic. The use of bootstrap or per-
mutation of U-statistics is specially considered in testing problems [16, 38], in
particular in dependence detection problems with the Kolmogorov—Smirnov type
tests cited above [62, 70].
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But all those works exclusively focus on U -statistics of i.i.d. real valued ran-
dom variables or vectors. To our knowledge, there is no previous work on the
bootstrap or permutation of general U -statistics for i.i.d. pairs of point processes,
as considered in the present paper. The main difficulty thus lies in the nature of the
mathematical objects we handle here, that is, point processes and their associated
point measures which are random measures. The proofs of our results, although
inspired by Romano’s [60, 62] work and Hoeffding’s [37] precursor results on the
permutation, are therefore more technical and complex on many aspects detailed in
the sequel. In addition, we aim at obtaining the asymptotic distribution of the boot-
strapped or permuted test statistics under independence, but also under dependence
(see Theorems 3.1 and 4.1). Concerning the permutation approach, such a result
is, as far as we know, new even for more classical settings than point processes. It
thus partially solves a problem stated as an open question in [70].

This paper is organized as follows.

We first present in Section 2 the testing problem, and introduce the main nota-
tion. Starting from existing works in neuroscience, we introduce our test statistics
based on general kernel-based U -statistics.

Section 3 is devoted to our bootstrap approach and new general results about
the consistency of the bootstrap for the considered U -statistics, expressed in terms
of Wasserstein’s metric as in [9]. The convergence is studied under independence
as well as under dependence. The corresponding bootstrap independence tests are
therefore shown to be asymptotically of the desired size, and consistent against any
reasonable alternative. The impact of using Monte Carlo methods to approximate
the bootstrap quantiles is also investigated in this section.

Section 4 is devoted to the permutation approach which leads, by nature, to
nonparametric independence tests exactly of the desired level, and this, even when
a Monte Carlo method is used to approximate the permutation quantiles. We then
give new general results about the consistency of the permutation approach when
the kernel of the U-statistic has a specific form. These results are still expressed in
terms of Wasserstein’s metric. As a consequence, the corresponding permutation
independence tests are proved to satisfy the same asymptotic properties as the
bootstrap ones under the null hypothesis as well as under the same alternatives.

As a comparison of the performance of our tests with existing ones in neuro-
science, especially when the sample sizes are moderate or even small, a simulation
study is presented in Section 5.

A conclusion is given in the last section.

Finally, all proofs and some additional technical results can be found in the
supplementary material [2].

2. From neuroscience interpretations to general test statistics.

2.1. The testing problem. Throughout this article, we consider finite point pro-
cesses defined on a probability space (€2, A, IP) and observed on [0, 1], that is, ran-
dom point processes on [0, 1] whose total number of points is almost surely finite
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(see [17], e.g.). Typically, in a neuroscience framework, such finite point processes
may represent spike trains recorded on a given finite interval of time, and rescaled
so that their values may be assumed to belong to [0, 1]. The set X of all their pos-
sible values consists of the countable subsets of [0, 1]. It is equipped with a metric
dy that we introduce in (3.3). This metric, issued from the Skorohod topology,
makes X separable and allows us to define accordingly Borelian sets on X and by
extension on X2 through the product metric.

The point measure d N, associated with an element x of X is defined for all
measurable real-valued function f by f[o,l] fWw)dNy(u) =, f(u). In par-
ticular, the total number of points of x, denoted by #x, is equal to f[o,l] dNy(u).
Moreover, for a finite point process X defined on (2, A, P) and observed on [0, 1],
[ f(u)dNx(u) becomes a real random variable, defined on the same probability
space (2, A, P).

A pair X = (X 1 X2) of finite point processes defined on (2, .4, P) and ob-
served on [0, 1], has joint distribution P, with marginals Pl and P? if P(B) =
P(X € B), P'(B") =P(X' € B"), and P2(B?) = P(X? € B?), for every Borelian
set B of X2, and all Borelian sets B!, B2 of X.

Given the observation of an i.i.d. sample X, = (X1, ..., X,) from the same
distribution P as X, with X; = (Xil, Xl.z) forevery i =1,...,n, we aim at testing
(Hp) X' and X? are independent against (Hy) X I and X? are not independent,
which can also be written as

(Hy) P=P' ® P*> against (H)) P+ P'® P

2.2. Independence test based on coincidences in neuroscience. In the neu-
roscience issue which initially motivated this work, the i.i.d. sample X, =
(X1, ..., Xn) models pairs of rescaled spike trains issued from two distinct and
simultaneously recorded neurons during » trials. Those data are usually recorded
on living animals that are repeatedly subject to the same stimulus or that are re-
peatedly executing the same task. Because there are periods of rest between the
records, it is commonly admitted that the n trials are i.i.d. and that the consid-
ered i.i.d. sample model is actually realistic. Then the main dependence feature
that needs to be detected between both neurons corresponds to synchronization in
time, referred to as coincidences [29]. More precisely, neuroscientists expect to
detect if such coincidences occur significantly, that is more than what may be due
to chance. They speak in this case of a detected synchrony.

In [69], the notion of coincidence count between two point processes X' and
X? with delay 8 (8 > 0) is defined by

(2.1) <p§°i“°(X1,X2)=/ L0 ANy AN @) = Y Lju—yjzs-
(0.11 ueX! vex?

Notice that other coincidence count functions have been used in the neuro-
science literature such as the binned coincidence count function (i.e., based on
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binned data) introduced in [28] or its shifted version [30] (see also [69] for explicit
formulae). A further example of possible function used to detect dependence in
neuroscience (see [65]) is of the form

(2.2) V(X! X?) = /[0 " w(u, v) dNy1 () dNx2 (v).

Under the assumption that both X' and X2 are homogeneous Poisson pro-
cesses, the independence test of [69] rejects (Hp) when a test statistic based on

" gseine(x!, X?2) is larger than a given critical value. This critical value is de-
duced from the asymptotic Gaussian distribution of the test statistic under (Hp).
The test is proved to be asymptotically of the desired size, but only under the ho-
mogeneous Poisson processes assumption. However, it is now well known that
this assumption, as well as many other model assumptions, fails to be satisfied in

practice for spike trains (see [57, 58]).

2.3. General U-statistics as independence test statistics. In the parametric ho-
mogeneous Poisson framework of [69], the expectation of ¢§*"°(X 1_1’ X iz) has a
simple expression as a function of § and the intensities A; and A» of X! and X2.
Since A1 and A, can be easily estimated, an estimator of this expectation can thus
be obtained using the plug-in principle, and subtracted from (pg"inc (X 11’ X 1.2) to lead
to a test statistic with a centered asymptotic distribution under (Hp).

In the present nonparametric framework where we want to make as few assump-
tions as possible on the point processes X' and X2, such a centering plug-in tool
is not available. We propose using instead a self-centering trick, which amounts,
combined with a rescaling step, to the statistic

1 . .
e o T XD - X))
ii'e{l,....n}

It is clear that the function gogomc used in [69] suits the dependence feature the neu-

roscientists expect to detect in a spike train analysis. However, it is not necessarily
the best choice for other kinds of dependence features to be detected in a general
point processes analysis. Note furthermore that the statistic (2.3) can be written as
a U-statistic of the i.i.d. sample X, = (X, ..., X;) with a symmetric kernel, as
defined by Hoeffding [34].

Let us therefore consider the general independence test statistics which are U -
statistics of the form

(2.4) Unn () = —— Yo h(Xi X,

where 4 : (X?)? — R is a symmetric kernel such that

For all n > 2, Uy j(X,) is zero mean under (Hp),
(Acent) that is, for X; and X», i.i.d. with distribution P! ® P2 on A2,
E[h(X1, X2)] =0.



BOOTSTRAP AND PERMUTATION TESTS OF INDEPENDENCE 2543

In the sequel, we call Coincidence case the case where h = h gEome s with

h comc(x y) ( COIHC( 1’x2)+¢§OiHC(y1’ yz)

(2.5) |
_ (pSCOIHC(x , y ) g00011’1C(y x ))
so that Uy, p, poine (X},) is equal to the statistic (2.3).

A more general choice, which of course includes the above Coincidence case,
is obtained by replacing 5" by any generic integrable function ¢. This is the
Linear case. For any integrable function ¢, the kernel 4 is then taken equal to A,
with

26)  he(r, ) =3(p(x", ¥ + oy, y?) =o', y) — o', x?).

This example is of utmost importance in the present work since it provides a first
proved case of consistency for the permutation approach under the null hypothesis
as well as under the alternative (see Theorem 4.1). In this case, note that (Acent)
is straightforwardly satisfied, that is, Uy, j p (X,,) is zero mean under (Hp). Note
furthermore that U, ;, P (X,,) is an unbiased estimator of

f o(x!, x2)(dP(x", x?) — dP' (x") dP2(x?)),

without any assumption on the underlying point processes. This is therefore a
reasonable independence test statistic. If X! and X? were finite dimensional
variables with continuous distributions w.r.t. the Lebesgue measure, this test
statistic would be closely related to generalized Kolmogorov—Smirnov tests
of independence. For instance, the test statistics of Blum, Kiefer and Rosen-
blatt [11], Romano [62], van der Vaart and Wellner in [70] are equivalent to
Vsup,icpt 22 U, hogt 2, (X,,)|, where, respectively:

o VI=V2=Rand ¢, 2", x%) =1;_o yi;(xH1_o 2 (x?),

e V! and V? are countable V.-C. classes of subsets of R¢, and (p(vu’vz)(xl,xz) =
1,0 (xH1,2(x?),

e V' and V? are well-chosen classes of real-valued functions, and
(p(vl’vz)(xl,xz) =vl (xHv?(x?).

Note also the work of [46] based on integrals instead of the supremum of similar

1,1

ivx H)X

quantities with ¢,1 ,2) L x?)=e e . Thus, to our knowledge, the existing
test statistics are based on functions ¢ of product type. However, as seen in Sec-
tion 2.2, when dealing with point processes, natural functions ¢, as for instance

coinc

@5, are not of this type.
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2.4. Nondegeneracy of the U -statistics under (Hpy). Following the works of
Romano [62] or van der Vaart and Wellner [70], the tests we propose here are based
on bootstrap and permutation approaches for the above general U -statistics. Most
of the assumptions on / depend on the chosen method (permutation or bootstrap)
and are postponed to the corresponding section. However, another assumption is
common, besides (Acent):

For all n > 2, U, (X,,) is nondegenerate under (Hp),
(Anondeg) that is, for all X; and X, i.i.d. with distribution P! ® P? on A2,
Var(E[A(X1, X2)|X1]) #O0.

This assumption is needed in all results with weak convergence to a Gaussian
limit, as its variance has to be strictly positive (see, e.g., Proposition 3.5 or Theo-
rem 4.1). Since under (Hy), Uy 1 (X,) is assumed to have zero mean, it is degen-
erate under (Hp) if and only if for X with distribution P! ® P2 and for P! ® P2-
almost every x in X2 E[h(x, X)]=0.

In the Linear case, this condition implies a very particular link between ¢ and
the distribution of the bivariate point process X, which is unknown. The following
result gives some basic condition to fulfill (Apondeg) When ¢ is the coincidence
count function.

PROPOSITION 2.1.  If the empty set is charged by the marginals, that is, if
P'{@}) > 0 and P2({@)}) > 0 and if o5°""°(X1, X2) [see (2.1)] is not almost
surely null under (Hy), then when h is given by (2.5), (Anondeg) is satisfied.

The proof can be found in the supplementary material [2] together with a more
informal discussion on the Linear case with ¢ = ¢" as given by (2.2).

With respect to neuronal data, assuming that the processes may be empty is
an obvious assumption as there often exist trials (usually short) where, just by
chance, no spikes have been detected. Moreover, practitioners usually choose
8 large enough such that coincidences are observed in practice and, therefore,
(pg"inc (X1, X») is not almost surely null. Hence, in practice, the nondegeneracy
assumption is always satisfied in the Coincidence case.

Throughout this article, (X;); denotes a sequence of i.i.d. pairs of point pro-
cesses, with X; = (X l.l, Xl.z) of distribution P on X%, whose marginals are P! and
P?on X.Forn>2,letX, = (X1,..., X,) and U, 5 (X,) as in (2.4), with a fixed
measurable symmetric kernel & satisfying (Acent). To shorten mathematical ex-
pression, U, (X,,) refers from now on to U, »(X,).

3. Bootstrap tests of independence. Since the distribution of the test statistic
U,(X,) is not free from the unknown underlying marginal distributions P! and P2
under the null hypothesis (Hp), we turn to a classical bootstrap approach, which
aims at mimicking it, for large, but also moderate or small sample sizes.

To describe this bootstrap approach, and to properly state our results, we give
below additional notation and discuss the main assumptions.
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3.1. Additional notation: Bootstrap and convergence formalism. For j in
{1,2}, let P be the empirical marginal distribution defined by

1 xn
3.1) P"J:Z.ZSX;’"
i=1
A bootstrap sample from X, is denoted by X} = (X, |,..., X; ,), with X7, =

(X;k}i, X:?i), and is defined as an n i.i.d. sample from the distribution P! ® P2
Then, the bootstrap distribution of interest is the conditional distribution of
VnU,(X*) given X, to be compared with the initial distribution of /nU, (X,)
under (Hp). To state our convergence results as concisely as possible, we use the

following classical formalism:

e For any functional Z : (X?)* — R, £(Z, Q) denotes the distribution of Z(Y,,),
where Y, is an i.i.d. sample from the distribution Q on X’2. In particular, the
distribution of /nU, (X,,) under (Hp) is denoted by £L(/nU,, P' ® P?).

e If the distribution Q = Q(W) depends on a random variable W, L(Z, Q|W) is
the conditional distribution of Z(Y}), Y,, being an i.i.d. sample from the distri-
bution Q = Q(W), given W.

In particular, the conditional distribution of /nU, (X}) given X, is denoted
by L(v/nUy,, P} ® P?X,).

e “Q-a.s.in (X;);” at the end of a statement means that the statement only depends
on the sequence (X;);, where the X;’s are i.i.d. with distribution Q, and that
there exists an event C only depending on (X;); such that P(C) = 1, on which
the statement is true. Here, Q is usually equal to P.

e “0, =+> Q” means that the sequence of distributions (Q,), converges to-
n— 00

wards Q in the weak sense, that is for any real valued, continuous and bounded

function g, [ g(2)d Q, (Z)n_)—+>oo / 2(2)d0(2).
e Asusual, E*[-] stands for the conditional expectation given X,,.

One of the aims of this work is to prove that the conditional distribution
L(/nU,, P} ® P?|X,) is asymptotically close to L(/nU,, P! ® P?). Follow-
ing the historical paper by Bickel and Freedman [9], the closeness between these
two distributions, which are both distributions on R, is here measured via the 1.2-
Wasserstein’s metric (also called Mallows’ metric):

(3.2) d3(Q. Q) =inf(E[(Z — Z')*]. (Z. Z') with marginals Q and Q'},

for all the distributions Q, Q' with finite second-order moments. Recall that con-
vergence w.r.t. dy is equivalent to both weak convergence and convergence of
second-order moments.
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3.2. Main assumptions. The random variables we deal with are not real-
valued variables but point processes, so the assumptions needed in our results may
be difficult to interpret in this setting. We therefore devote this whole section to
their description and discussion.

In addition to Assumption (Acent), we need its following empirical version:

(A* ) Forxl=(x11,x]2),...,xn=(x,£,x,%) in X2,
Cent n 1 2 1 2\ —
i1in.il i} =1 h((x;,, x7)), (xi; g xié)) =0.

Notice that this assumption, as well as (Acent), is fulfilled in the Linear case where
h is of the form h,, given by (2.6), but (A¢,,,,) does not imply that £ is of the form
hy (see the supplementary material [2] for a counterexample).

Moment assumptions. Due to the L2-Wasserstein’s metric used here to study
the consistency of the bootstrap approach, moment assumptions are required. In
particular, the variance of U, (X,,) should exist, that is,

For X and X», i.i.d. with distribution P on X2,

(Avm) g2 x, X)) < +oo,

and more generally we need

For X1, X2, X3, X4 i.i.d. with distribution P on X2,
(Ak i) and for iy, ip, if,i5in {1,2, 3,4},
EIR* (X}, X7, (Xj. X)) < +oo.

Notice that when (Agy,,,) is satisfied, this implies that:

o (Amm) is satisfied (taking i1 = i2, i =i}, and i] # iy),

e for X ~ P, E[h*(X, X)] < 400 (taking i} = i = i| = i}),

e for X, X, i.id. with distribution P! ® P2, E[h%(X;, X2)] < +00 (taking
i1,12, 1}, 15 all different).

A sufficient condition for (Afy,,) and (Amm¢) to be satisfied is that there exist
positive constants &g, az, C such that for every x = (x!, x?), y = (!, y?) in X2,
|h(x, y)| < C((#xH + #yhHo) ((Hx?)?2 + (#y?)*2), with E[(#X)*1] < 400
and E[(#X?)*2] < 4o0.

In the Linear case where h is of the form h, given by (2.6), a possible sufficient
condition is that there exist some positive constants a1, o and C such that for
every x!, x% in X, |p(x!, x?)| < C#xH¥ #x?)®2, with E[#X)*1] < 400 and
E[(#X?)*2] < 4o00. In particular, in the Coincidence case, the coincidence count
function (pgomc satisfies: for every x!, x2 in X, |<p§°i“°(xl,x2)| < (#x1)(#x?). So,
(Aymo) and (Amme) are satisfied as soon as E[#X1)*] < 400 and E[(#X?)*] <
+o00.
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Such moment bounds for the total number of points of the processes are in fact
satisfied by many kinds of point processes: discretized point processes at resolu-
tion 0 < r < 1 (see [69] for a definition), which have at most 1/ points, Poisson
processes, whose total number of points obeys a Poisson distribution having expo-
nential moments of any order and point processes with bounded conditional inten-
sities, which can be constructed by thinning homogeneous Poisson processes (see
[48]). Similar moment bounds can also be obtained (see [32]) for linear station-
ary Hawkes processes with positive interaction functions that are classical models
in spike train analysis (see, e.g., [51, 69]). This finally may be extended to point
processes whose conditional intensities are upper bounded by intensities of linear
stationary Hawkes processes with positive interaction functions, by thinning argu-
ments. This includes more general Hawkes processes (see [14]) and in particular
Hawkes processes used to model inhibition in spike train analysis (see [32, 58, 59,
69]).

Continuity of the kernel. The set X’ can be embedded in the space D of cadlag
functions on [0, 1] through the identification

1
N:xeX+— (Nx:t|—>/ ]lufthx(u))ED.
0

Notice that the quantity Ny is actually the counting process associated with x (see
[13], e.g.): at time ¢, N (¢) is the number of points of x less than . Now consider
the uniform Skorohod topology on D (see [10]), associated with the metric dp
defined by

sup |A(t) —t| <e,
t€l0,1]

sup [f(a(1) —g()| <e
t€l0,1]

dp(f,g)=inf{e>0;3X € A,

where A is the set of strictly increasing, continuous mappings of [0, 1] onto itself.
Notice that here, A represents a uniformly small deformation of the time scale.
Thanks to the identification N above, X can then be endowed with the topology
induced by dy defined on X by

(3.3) dy(x,x")=dp(N(x), N(x")) for every x, x"in X.

As an illustration, if x and x” are in X, for ¢ in (0, 1), dx(x, x") < & implies that x
and x” have the same cardinality, and for k in {1, ..., #x}, the kth point of x is at
distance less than ¢ from the kth point of x’. Since (D, dp) is a separable metric
space, so are (X, dy), (X 2 d ¥2), where d 2 is the product metric defined from
dx (see [19], page 32), and (X 2 x X2,d), where d, the product metric defined
from d -, is given by

(G4 d((x,y), (', y)) = sup[ .su]pz{d;g(xj, x)}, .su]pz{d;g(yj, y’j)}],
j=1, j=1,
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for every x = (x!,x2), y = (b1, y?), ¥’ = 1, x?), ¥y = ('', y’?) in X2. The
kernel & chosen to define the U -statistic U, (X,,) in (2.4) should satisfy

There exists a subset C of X% x X2, such that
(Acont) (i) h is continuous on C for the topology induced by d,
(i) (P! ® PH)®(C) = 1.

Here are some examples in the Linear case for which (Acon¢) holds.

PROPOSITION 3.1. Let w: [0, 1]> = R be a continuous integrable function.
Then the kernel hyw defined on X 2% X2 by (2.2) and (2.6) is continuous w.r.t. the
topology induced by d, defined by (3.4).

The above result does not apply to & ggoine but the following one holds.

PROPOSITION 3.2. The coincidence count kernel h pgoine defined on X* x X?
by (2.1) and (2.6) is continuous w.r.t. the topology mduced by d, on

C5={((x1,x ),(y .y ))eszXz;
((Yupy'hn(? £sju{y’ £5)) = 2.

As suggested in [69], when dealing with discretized point processes at resolu-
tion r, the right choice for § is kr + r/2 for an integer k, so (P1 ® P2)®2(C(3) =1,
and h ggoine satisfies (Acont). Furthermore, when dealing with independent point

(3.5)

processes with conditional intensities, those processes may be constructed by thin-
ning two independent Poisson processes X and X’. Hence, in this case, the proba-
bility (P! ® P?)®2 of Cs in (3.5) is larger than P(X N (X’ £ 8) = @), whose value
is 1. So when dealing with point processes with conditional intensities, & ggoine also
satisfies (Acont)-

3.3. Consistency of the bootstrap approach. The validity of the bootstrap ap-
proach for our independence tests is due to the following consistency result.

THEOREM 3.1. Foreveryn > 2, let Pnj for j = 1,2 be the empirical marginal
distributions defined by (3.1). Then, under (Acent), (A¢end)> (Anme) and (Acont)s

o (L(v/nU,, P @ P2IX,), L(v/nU,, Pl PZ))H—+>00 0,  P-as.in(X;);.

The proof follows similar arguments to the ones of [9] for the bootstrap of the
mean, or to [18] and [45] for the bootstrap of U -statistics. The main novel point
here consists in using the identification (3.4) and the properties of the separable
Skorohod metric space (D, dp), where weak convergence of sample probability
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distributions is available (see [71]). This theorem derives in fact from the follow-
ing two propositions which may be useful in various frameworks. The first one
states a nonasymptotic result, while the second one gives rather natural results of
convergence.

PROPOSITION 3.3.  Under (Acent), (A¢en))» (A¥me)> With the notation of The-
orem 3.1, there exists an absolute constant C > 0 such that for n > 2,

d3(L(V/nUy,, P! @ P2X,), L(v/nU,, P' ® P?))
< Cint[E*[(h(Y; 0. ¥i) = h(Ya, Y0))'], Y~ PY ® P2, Yy~ P! ® P2,

and (Y, ;. Yp) is an independent copy of (Y, ,. Y. )}

COMMENT. In the above proposition, the infimum is taken over all the possi-
ble distributions of (¥, a Y,) having the correct marginals (Y, Yp) being just an
independent copy of (¥’ ,, Y,). In particular, Y,’ , is not necessarily independent
of Y,.

n,a’

PROPOSITION 3.4. IfE[|h(X1, X2)|] < 400, then

U"(X")n—>—+>ooE[h(X1’ X2)] =/h(x, x")dP(x)dP(x'),

(3.6)
P-a.s.in (X;);.

Under (A}y,)» one moreover obtains that P-a.s. in (X;);,

Z R (X}, X3), (X}, XP)) —+>OOE[h2((X1,Xz) (X3, X3))]-
l]kl 1

3.4. Convergence of cumulative distribution functions (c.d.f.) and quantiles.
As usual, N (m, v) stands for the Gaussian distribution with mean m and vari-
ance v, ®,, , for its c.d.f. and d>,;}v for its quantile function. From the results of
Rubin and Vitale [64], generalizing Hoeffding’s [34] decomposition of nondegen-
erate U -statistics to the case where the X;’s are not necessarily real valued random
vectors, a central limit theorem for U, (X,,) can be easily derived. It is expressed
here using the I.>-Wasserstein’s metric, and is thus slightly stronger than the one
stated in equation (1.1) of [40].

PROPOSITION 3.5. Assume that h satisfies (Anondeg)s (Acent) and (Amme)-
Let af,l P2 be defined by

(3.7) O pigpr =4 Var(E[A(X1, X2)|X1]),
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when X1 and X, are P! ® P2-distributed. Then

dy(L(VnUp. P! ® P?), N (0,051 p2)) —> 0.

n—+o0o

COMMENTS. (i) Notice that (Anondeg) is equivalent to 01231 op? > 0. In the
case where (.Anondeg) does not hold, that is, if 012)1 QP = 0, the quantity \/nU, (X},)
tends in probability towards 0. In this case, Theorem 3.1 implies that the two dis-
tributions £(/nU,, P! ® P2|X,) and L(/nU,, P! ® P?) are not only close, but
that they are actually both tending to the Dirac mass in 0. Indeed, degenerate U -
statistics of order 2 have a faster rate of convergence than /n (see [5], e.g., for
explicit limit theorems). So in this degenerate case, one could not use /nU, (X},)
as a test statistic anymore (without changing the normalization). But as mentioned
above, (Anondeg) is usually satisfied in practice (see Section 2.4 for the Coinci-
dence case).

(ii) Let us introduce, as in [40], an estimator of o
rected to be unbiased under (Hp), namely

2 4
T Am—Dn—2). 2

i,j.ke{l,...n},#{i,j,k}=3

2

Plep? but which is here cor-

h(Xi, Xj)h(X;, Xp),

and the statistic

(38) Sn :\/EUn(Xn)/a_-

From Proposition 3.5 combined with Slutsky’s lemma and the law of large num-
bers for U -statistics of order 3, one easily derives that under (Hp), S, converges
in distribution to A/(0, 1). This leads to a rather simple but asymptotically sat-
isfactory test: the test which rejects (Hp) when [S,| > CD& i(l — «/2) is indeed
asymptotically of size «. It is also consistent against any reasonable alternative P,
satisfying (Amm¢) and such that E[A(X, X")] # 0, for X, X’ i.i.d. with distribu-
tion P. Such a purely asymptotic test may of course suffer from a lack of power
when the sample size n is small or even moderate, which is typically the case for
the application in neuroscience described in Section 2 for biological reasons (from
few tens up to few hundreds at best). Though the bootstrap approach is mainly jus-
tified by asymptotic arguments, the simulation study presented in Section 5 shows
its efficiency in a nonasymptotic context, compared to this simpler test.

As Proposition 3.5 implies that the limit distribution of /nU, (X,,) has a contin-
uous c.d.f., the convergence of the conditional c.d.f. or quantiles of the considered
bootstrap distributions holds. Note that these conditional bootstrap distributions
are discrete, so the corresponding quantile functions are to be understood as the
generalized inverses of the cumulative distribution functions.
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COROLLARY 3.1. For n > 2, with the notation of Theorem 3.1, let X be a
bootstrap sample, that is, an i.i.d. n-sample from the distribution Pn1 ® Pnz. Let X,f
be another i.i.d. n-sample from the distribution P'® P2 on X2. Under (Anondeg)
and the assumptions of Theorem 3.1,

sup|P(vnU, (X*) < zIX,) — P(vVnU, (X)) <z)| — 0, P-as.in (X;);.
zeR n——+00
If moreover, for n in (0, 1), q,’;’ (X)) denotes the conditional n-quantile of
VnU,(X%) given X, and q#n denotes the n-quantile of \/nU,(X;H),

(3.9 |q;"n(Xn) — qin|n_)—+>oo 0, P-as. in (X;);.

3.5. Asymptotic properties of the bootstrap tests. We are interested in the
asymptotic behavior of sequences of tests all based on test statistics of the form
/nU,(X,). The bootstrap approach, whose consistency is studied above, allows
to define bootstrap-based critical values for these tests. Note that the permutation
approach studied in Section 4 is based on the same test statistics, but with critical
values obtained by permutation. Hence, we introduce here a condensed and com-
mon formalism for the upper-, lower- and two-tailed tests considered in this work,
taking into account that the only change in our two considered approaches con-
cerns the critical values. This will help to state our results in the shortest manner.

Let o be fixed in (0, 1), and g be a sequence of upper and lower critical values:

q= (q;—,n(xn)» q(;n(Xn))nzz-

From this sequence ¢, let us now define the family I"(q) of three sequences of tests
AY = (A, Dnz2. A7 = (AyDu=2. and A/~ = (AZ) )y=2, where

Ay nKn) =1 s, =g (X) (upper-tailed test),
(3.10) 4 BanE) =1 Ly, ) <gan (X0) (lower-tailed test),
Ao—;{; (X)) = max(A;/zﬁn (Xn), A(;/Z,n (Xn)) (two-tailed test),

the last test being implicitly defined by the corresponding choices in « /2.

Of course, ¢, '(g), as well as AT, A~ and A*/~, depend on the choice of «,
but since « is fixed at the beginning, to keep the notation as simple as possible,
this dependence is, like the one in &, omitted in the notation.

Depending on the choice of ¢, the classical asymptotic properties that can be
expected to be satisfied by I'(q) are (Psize) and (Peonsist.) defined by

Each A = (Ay n)n>2 in I'(q) is asymptotically of size «,
(Psize) that is, P(Aq,n(X,) =1) —> aif P=P'® P%
n——+0oQ
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Each A = (Ag.n)n>2 in I'(g) is consistent,
that is, P(Aq,n (X)) =1) — 1, for every P such that
n——+00

(Peonsist.) o [h(x,x)dP(x)dP(x') > 0if A =A™,
o [h(x,x)dP(x)dP(x") <0if A=A",
o [h(x,x)dP(x)dP(x') #0if A=At/

Following Corollary 3.1, our bootstrap tests family is defined from (3.10) by
['(g*), with

(31 1) q* = (qik—o(’n(xn)a q;,n(XH))nzz

THEOREM 3.2. Let T'(g™*) be the family of tests defined by (3.10) and (3.11).
If (Anondeg)> (Acent)s (Agent)» (Apime) and (Acont) hold, then T (g*) satisfies both
(Psize) and (Peonsist.) -

COMMENTS. In the Linear case where h is equal to h, defined by (2.6),
[h(x,x)dPx)dP(x") = [o(x!, x>)[dP(x', x?) — dP'(x")dP?(x?)]. This
means that under the assumptions of Theorem 3.2, the two-tailed test of I'(¢*)
is consistent against any alternative such that [ o(x!, x¥) dP(x!, x?) differs from
what is expected under (Hp), that is, [ @(x!, x2)d P! (x!)d P?(x?).

(i) In particular, in the Coincidence case where h is equal to h ggoine defined

by (2.5), the assumptions of Theorem 3.2 are fulfilled for instance if X! and
X2 are discretized at resolution r, with § = kr + r/2 for some integer k, or if
X! and X? have bounded conditional intensities, with § large enough so that
(pg"inC(X 1. X?) is not a.s. null. Theorem 3.2 means in such cases that the corre-
sponding two-tailed test is asymptotically of power 1, for any alternative P such
that [ Ljy—u|<sE[dNy1(u) dNy2(v)] # f Ljy—uj<s E[dNy1 (u)]E[dNx2(v)]. Note
that no § ensuring this condition can be found if heuristically, the repartition of
the delays |v — u| between points of X "and X? is the same under (Hy) and under
(Hyp). For neuroscientists, it means that the cross-correlogram (histogram of the
delays, classically represented as a first description of the data) does not show dif-
ferent behaviors in the dependent and independent cases. This would only occur if
the dependence could not be measured in terms of delay between points.

(i) Furthermore, when ¢ is equal to ¢ defined by (2.2) with a continuous
integrable function w (see Proposition 3.1), Theorem 3.2 means that the cor-
responding two-tailed test is consistent against any alternative such that 8,, =
Jw(u, v)(E[dNx1(u) dNx2(v)] — E[d N1 (u)]E[dNx2(v)]) # 0. For the function
w chosen in [65] and under specific Poisson assumptions, B,, is linked to a co-
efficient in the Haar basis of the so-called interaction function, which measures
the dependence between both processes X' and X2. Working nonasymptotically,
one of the main results of [65] states, after reformulation in the present setting,
that if B,, is larger than an explicit lower bound, then the second kind error rate of



BOOTSTRAP AND PERMUTATION TESTS OF INDEPENDENCE 2553

the upper-tailed test is less than a prescribed g in (0, 1). Theorem 3.2 thus gener-
alizes the result of [65] to a set-up with much less reductive assumptions on the
underlying stochastic models, but in an asymptotic way.

Whereas the above family of bootstrap tests I'(¢*) involves an exact compu-
tation of the conditional quantiles g, ,(X,), in practice, these quantiles are ap-
proximated by a Monte Carlo method. More precisely, let (B,),>2 be a sequence
of possible numbers of Monte Carlo iterations, such that B,, —,_, 4~ +00. For
n>1, let (X,’;l, e XZB”) be B, independent bootstrap samples from X,. Set
U*t, ..., U*By = (U, (Xﬁl), ..Uy (XZB”)), and introduce its corresponding or-
der statistic (U*(, ..., U*Bn)). The considered family of Monte Carlo bootstrap
tests is then defined from (3.10) by I'(gy;c), with

(3.12) qf\k/IC — (\/EU*(r(l—a)BnU \/EU*(LOZB”J'H)) —
9y n_ .

PROPOSITION 3.6. Let I'(qyyc) be the family of Monte Carlo bootstrap tests
defined by (3.10) and gy in (3.12). Under the same assumptions as in Theo-
rem 3.2, then I (qyyc) also satisfies both (Pgize) and (Peonsist.)-

4. Permutation tests of independence.

4.1. The permutation approach and its known nonasymptotic properties. Con-
sider a random permutation I, uniformly distributed on the set &,, of permuta-
tions of {1,...,n}, and independent of X,,. Then a permuted sample from X, is
defined by X,l;l” = (X}_[”, e X,l?”) with Xl-n” = (Xl.l, Xlz-[n(l.)). In the same formal-
ism as for the bootstrap approach, for n > 2 and 7 in (0, 1), let g5 ,(X,) denote
the n-quantile of £(/nU,, P;|X,), where P stands for the conditional distribu-
tion of X}? " given X,. The family of permutation tests is then defined by I"(¢*)
[see (3.10)], with

(41) q* = (qf—o[Jz (Xn)’ q;,n(xn))nzz

As for the bootstrap approach, in practice, the sequence of quantiles ¢* is ap-
proximated by a Monte Carlo method. So, let (B,),>2 be a sequence of numbers

of Monte Carlo iterations, such that B, —+> +o00. Forn > 1, let (H,ll, e Hf”)
n— 100
be a sample of B, i.i.d. random permutations uniformly distributed on S,.

Set (U*,..., U*Bry = U, (XI), ... UK ) and U*BrH! = U, (X,). the U-
statistic computed on the original sample X,,. The order statistic associated with
(U, ..., U*Bt1y s denoted as usual by (U*D, ..., U*B*tD) The considered
family of Monte Carlo permutation tests is then defined from (3.10) by I'(gy;c)»
with

(4.2) e = (\/EU*(F(lfa)(BnH)T)’ ﬁU*(La(BnJrl)Hl))

n>2"
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The main advantage of the above families of permutation tests is that any test
Aq,n from either I'(g*) or I'(gygc) is exactly of the desired level «, that is,

(4.3) if P=P'® P2,  P(Aug.(X))=1)<a.

Such nonasymptotic results for the permutation tests are well known (see, e.g.,
[63], Lemma 1 and [52]). Though similar results are since recently available for
bootstrap tests in other settings [6, 7, 20, 25], there is no known exact counterpart
for the bootstrap in the present context.

4.2. Consistency of the permutation approach. In this section, we focus on
the Linear case where h is of the form h, for some integrable function ¢, as
defined in (2.6). Indeed, it is the most general case for which we are able to prove
a combinatorial central limit theorem under any alternative as well as under the
null hypothesis (Theorem 4.1). Hence in this section, U, refers to Uy, j o Notice
that the centering assumption (Acen) is then always satisfied by U, (X,,). We here
only need the following moment assumption:

For (Xl, X2) with distribution P or P! ® P2 on XZ,

(Ag.Mmo) E[g* (X!, X?)] < o0.

Though we have no exact counterpart of Theorem 3.1 for our permutation ap-
proach, the following result combined with Proposition 3.5 gives a similar result.

THEOREM 4.1. Forall n > 2, let P} be the conditional distribution of a per-
muted sample given X,,. In the Linear case where the kernel h is of the form (2.6)
for an integrable function ¢, under (Anondeg) and (Ay mmt), with the notation of
Section 3,

4.4) do(L(VUn, PYIXn), N(0, 021 p2) —> 0,

n—+400

P . .y
where —> stands for the usual convergence in P-probability.

COMMENTS. As pointed out above, unlike the bootstrap approach, the condi-
tional permutation distribution of the test statistic is not here directly compared to
the initial distribution of the test statistic under the null hypothesis. It is in fact com-
pared to the Gaussian limit distribution of the test statistic under the null hypoth-
esis, when the nondegeneracy assumption (Apondeg) holds. Moreover, the conver-
gence occurs here in probability and not almost surely, but note that no continuity
assumption for the kernel 4, is used anymore. The price to pay is that the moment
assumption is stronger than the one used for the bootstrap. This assumption, due
to our choice to use an existing central limit theorem for martingale difference
arrays in the proof, is probably merely technical and maybe dispensable. Indeed,
the result of Theorem 4.1 is close to asymptotic results for permutation known as
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combinatorial central limit theorems [36, 52], where this kind of higher moment
assumption can be replaced by some Lindeberg conditions [31, 33, 47]. However,
all these existing results can only be applied directly in our case either when (X;);
is deterministic or under the null hypothesis. To our knowledge, no combinatorial
central limit theorem has been proved for nondeterministic and nonexchangeable
variables, like here under any alternative.

The above result is thus one of the newest results presented here and its scope is
well beyond the only generalization to the point processes setting. Indeed, because
it holds not only under (Hp) but also under (H1), it goes further than any existing
one for independence test statistics such as the ones of Romano [62]. The behavior
under (Hp) of the permuted test statistic of van der Vaart and Wellner was also left
as an open question in [70].

The proof is presented in the supplementary material [2].

From Theorem 4.1, we deduce the following corollary.

COROLLARY 4.1. Under the assumptions of Theorem 4.1 and with the nota-
tion of Proposition 3.5, for n in (0, 1),

. P _
gy Xn) — oL .

0,0
n—-400 plgp2

4.3. Asymptotic properties of the permutation tests. As for the bootstrap tests,
we obtain the following result.

THEOREM 4.2. Let I'(q*) and I'(qyic) be the families of permutation and
Monte Carlo permutation tests defined by (3.10) combined with (4.1) and (4.2),
respectively. In the Linear case, if (Anondeg) and (Ay mme) hold, then T'(g*) and
F(Qf\(/[c) both satisfy (Psize) and (Peonsist.) -

S. Simulation study. In this section, we study our testing procedures from a
practical point of view, by giving estimations of the size and the power for various
underlying distributions that are coherent with real neuronal data. This allows to
verify the usability of these new methods in practice, and to compare them with
existing classical methods. A real data sets study and a more operational and com-
plete method for neuroscientists derived from the present ones is the subject of [1].
The programs have been optimized, parallelized in C++ and interfaced with R. The
code is available at https://github.com/ybouret/neuro-stat.

5.1. Presentation of the study. All along the study, % is taken equal to h ggoine

[see (2.5)], where <p§°i“° is defined in (2.1) and o = 0.05. We only present the
results for upper-tailed tests, but an analogous study has been performed for lower-
tailed tests with similar results. Five different testing procedures are compared.
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5.1.1. Testing procedures.

(CLT) Test based on the central limit theorem for U -statistics (see Proposi-
tion 3.5) which rejects (Hp) when the test statistic S, in (3.8) is larger than the
(1 — a)-quantile of the standard normal distribution.

(B) Monte Carlo bootstrap upper-tailed test of I"(gy;-) [(3.10) and (3.12)].
(P) Monte Carlo permutation upper-tailed test of I'(gy;c) [(3.10) and (4.2)].

(Ga) Upper-tailed tests introduced in [69], Definition 3, under the notation
AgAUE(a), based on a Gaussian approximation of the total number of coinci-
dences.

(TS) Trial-shuffling test based on a Monte Carlo approximation of the p-value
introduced in [53], equation (3), but adapted to the present notion of coincidences.
This test is the reference distribution-free method for neuroscientists. More pre-
cisely, let C(X,,) =7, (pgomc(X l.l, Xl.z) be the total number of coincidences of
X,. The trial-shuffling method consists in uniformly drawing with replacement n
i.i.d. pairs of indices {(i*(k), j*(k))}1<k<n in {(i, j), 1 <i # j <n}, and consid-
ering the associated T'S-sample X,{S = (X il*(k), X?*(k)))lfkfn. The Monte Carlo
p-value is defined by ags = %Zle LexISt)scex,) where XI5:1 . XT5.8 are

B independent TS-samples, and the test rejects (Hp) if ozgs < «. This procedure
is therefore close in spirit to our bootstrap procedure except that it is applied on a
noncentered quantity under (Hp), namely C(X,,).

The number B of steps in the Monte Carlo methods is taken equal to 10,000.

5.1.2. Simulated data. Various types of point processes are simulated here to
check the distribution-free character of our approaches and to investigate their lim-
its. Of course, each of the considered point processes satisfies the moment assump-
tions on the number of points so that the theorems in this article can be applied.
From now on and to be coherent with the neuroscience application which origi-
nally motivated this work, the point processes are simulated on [0, 0.1]. Indeed the
following experiments have been done to match neurophysiological parameters
[28, 69] and the classical necessary window for detection is usually.

Estimation of the size. The three data sets simulated under (Hy) consist of i.i.d.
samples of pairs of independent point processes. For simplicity, both processes
have the same distribution, though this is not required.

Exp. A. Homogeneous Poisson processes on [0, 0.1] with intensity A = 60.

Exp. B. Inhomogeneous Poisson processes with intensity f : ¢ € [0,0.1] — At
and A = 60.

Exp. C. Hawkes processes as detailed in [69], that is, point processes with con-
ditional intensity A(#) = max(0, u — fé V1o, (t — s)dNx(s)), for ¢ in [0, 0.1],
with spontaneous intensity u = 60, refractory period r = 0.001, and v > u such
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that for all point 7 in X and ¢ in ]7, T + r], A(¢) = 0. This choice of v prevents
two points to occur at a distance less than the refractory period r to reflect typical
neuronal behavior. This model is also sometimes called Poisson process with dead
time.

Study of the power. The three data sets simulated under (H;) are such that the
number of coincidences is larger than expected under (Hp). The models (injection
or Hawkes) are classical in neuroscience and already used in [29, 69].

Exp. D. Homogeneous injection model. X! = Xilml U Xcom and X2 = Xiznd U
Xecom»> X ilnd and X iznd being two independent homogeneous Poisson processes with
intensity Ajng = 54, Xcom being a common homogeneous Poisson process with
intensity Acom = 6, independent of X ilnd and X iznd.

Exp. E. Inhomogeneous injection model. Similar to Exp. D, X[ ; and X2 ; be-
ing two independent inhomogeneous Poisson processes with intensity f;. , (see
Exp. B), Aing = 54, Xcom being a homogeneous Poisson process with intensity
Acom = 6, independent of X! ; and X2 .

Exp. F. Dependent bivariate Hawkes processes. The coordinates X' and X2 of
a same pair respectively have the conditional intensities

t t
kl(t) = maxiO, w— /(; vijo,,(t —s)dNx1(s) +/O n1y0,.( — ) dNXz(s)},

t t
AZ(t) = max{O, w— /(; V1ot —5)dNx2(s) +/(; n1y0,u1(t —5)dNx (s)},

with the spontaneous intensity p = 54, the interaction intensity = 6 in the
period designated by u = 0.005 and the refractory period designated by r = 0.001
with v > u + nu such that once again, AJ(¢) is null on each 17, T + r], for T in
X/. We arbitrarily took v =502u + ).

5.2. Results.

Varying number of trials n. In Figure 1, the delay is fixed at § = 0.01 and
the number n of trials varies in {10, 20, 50, 100}. Note that when the number of
trials is too small (n = 10), the estimated variance in (CL'T) is sometimes negative,
therefore, the test cannot be implemented.

The left-hand side of Figure 1 corresponds to estimated sizes. On the one hand,
one can see in the case of homogeneous Poisson processes (Exp. A) and in the
case of refractory Hawkes processes (Exp. C) that the methods (CLT), (B), (P) and
(Ga) are quite equivalent, but the size (first kind error rate) seems less controlled
in the bootstrap approach (B) especially for small numbers of trials. Yet, one can
see the convergence of the size of the bootstrap test towards « as the number of
trials goes to infinity, which illustrates Proposition 3.6. Note that the (CLT) test
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with a level a = 0.05. The circles represent the percentage of rejection on 5000 simulations for
each method, the triangles represent the corresponding endpoints of a 95% confidence interval. The
corresponding experiments are described in Section 5.1.2.

also has a well controlled size even if it cannot be used for very small 7. On the
other hand, in the case of inhomogeneous Poisson processes (Exp. B), one can
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see that the (GA) test has a huge size and is thus inadequate here. Indeed, it is
based on the strong assumption that the data are homogeneous Poisson processes
though they are in fact strongly nonstationary. The test tends thus to reject the
independence null hypothesis even when the data are independent. Finally, in the
three considered cases, the (TS) approach has a very small size, and is thus too
conservative as one can see in the power study. The study of [1] shows that this
lack of performance is due to the fact that the (T'S) approach is applied here on a
not correctly centered quantity.

The right-hand side of Figure 1 corresponds to estimated powers, which in-
crease as n grows. This is in line with the consistency of the tests. Now, as it could
be expected when looking at its estimated sizes, for the (TS) approach, the esti-
mated powers are distinctly lower than the ones for the other methods, which con-
firms its conservative behavior. The other approaches are more similar in Exp. D
or Exp. F though (B) clearly seems to outperform all tests, but at the price of a less
controlled size. Note that in the inhomogeneous case (Exp. E), (GA) seems to have
the best power, but this time, at the price of a totally uncontrolled size.

This part of the simulation study illustrates the convergences of the size and
the power of the bootstrap and permutation tests introduced here. The permutation
approach seems to actually guarantee the best control of the size as expected, as
compared with the bootstrap approach. Nevertheless, both approaches are quite
effective for any considered kind of point processes and any sample size, unlike
the (G2) test which has very restrictive assumptions. The reference method (TS)
for neuroscientists is clearly too conservative. Moreover, the (CLT) test seems to
have also satisfying results, but with a slower convergence than the (B) and (P)
tests. This seems to illustrate that the conditional bootstrap and permutation distri-
butions give better approximations of the original one under independence than a
simple central limit theorem. This phenomenon is well known as the second-order
accuracy of the bootstrap in more classical frameworks.

Varying delay 5. We now investigate the impact of the choice for the delay &
by making § vary in {0.001, 0.005, 0.01, 0.02} for a fixed number of trials n = 50.
The results for the sizes being similar to the previous study, only the estimated
powers are presented in Figure 2.

On the top row of Figure 2, the same process is injected in both coordinates:
the coincidences are exact in the sense that they have no delay. Therefore, the
best choice for the delay parameter § is the smallest possible value: the obtained
power is 1 for very small §’s (e.g., § = 0.001) and then decreases as § increases.
On the contrary on the bottom row, it can be noticed that the highest power is for
8 = 0.005 which is the exact length of the interaction period u. Once again, the
(TS) method performs poorly, as does the (CLT) method. The three other methods
seem to be quite equivalent except in the inhomogeneous case (Exp. E) where the
(Ga) method has a power always equal to 1, but at the price of an uncontrolled size.
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6. Conclusion. In the present paper, we have introduced nonparametric inde-
pendence tests between point processes based on U -statistics. The proposed crit-
ical values are obtained either by bootstrap or permutation approaches. We have
shown that both methods share the same asymptotic properties under the null hy-
pothesis as well as under the alternative. From a theoretical point of view, the main
asymptotic results (Theorems 3.1 and 4.1) have almost the same flavor. However,
there are additional assumptions in the permutation case which make the bootstrap
results more general (despite the additional continuity assumption, which is very
mild). From a more concrete point of view, it is acknowledged (see, e.g., [22]) that
permutation should be preferred because of its very general nonasymptotic proper-
ties (4.3). This is confirmed by the experimental study, where clearly permutation
leads to a better first kind error rate control. However, both approaches perform
much better than a naive procedure, based on a basic application of a central limit
theorem, when the number of observation is small. They also outperform existing
procedures of the neuroscience literature, namely [69], which assumes the point
processes to be homogeneous Poisson processes and the trial-shuffling procedures
[53, 54], which are biased bootstrap variants applied on a noncentered quantity.
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One of the main open questions with respect to the existing literature is whether
our results can be extended to test statistics as sup;, U, 5. A first obstacle to this
question lies in the nature of the observed random variables (point processes) and
the fact that controlling such a supremum leads to controlling the whole U -process.
This difficulty can probably be overcome, since the asymptotic Gaussian behavior
of similar statistics has already been proved in general spaces under (Hy) for prod-
uct type kernels (see [12]). The study of such behavior under (Hy) is surely much
more complex. A second obstacle comes from a more practical aspect. In neuro-
science, and in the particular case of coincidence count, the use of sups U,

h (pcoinc
leads to the following fundamental problems. On the one hand, such a statistic ﬁsnay
not be computable if § varies in a too large space, typically [0, 1]. On the other
(more important) hand, neuroscientists are especially interested in the value of §
which leads to a rejection, since it actually provides the delay of interaction (see
also Section 5). In this respect, our work in [1] involves multiple testing aspects,
which may answer this issue.
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SUPPLEMENTARY MATERIAL

Technical results and proofs of “Bootstrap and permutation tests of in-
dependence for point processes” (DOI: 10.1214/15-A0S1351SUPP; .pdf). This
Supplement consists of all the proofs. It also contains some additional results about
nondegeneracy and the empirical centering assumption.
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The references of Equations, Theorems, Propositions, etc, that use only
numbers such as (3.1) for instance, refer to the main article Bootstrap and
permutation tests of independence for point processes.

APPENDIX A: COMPLETE PROOFS

All along this section, C and C’ denote positive constants, that may vary
from one line to another one.

A.1. Proof of Proposition 2.1. We focus on the Coincidence case.
According to the comment following the definition of (Anon—deg), Un(Xy) is
non-degenerate under (Hp) if one can find some borelian set B of X2 such

that P! ® P?(B) > 0 and such that for all x in B, E[h@comc(a:,X) # 0,
5

where X has distribution P! @ P2.

Consider B = {(0,0)}. Then P! ® P*(B) = P! ({0}) P? ({0}) > 0.
Moreover, as ¢ (-, () and "¢ (), -) are both the zero function, under
(Ho), ,

as @§oine (X LX 2) is non-negative and not almost surely null under (Hy).

See also appendix B.1 for further results on the non-degeneracy of the
U-statistic in more general cases.

A.2. Proof of Proposition 3.1. Consider w : [0,1]?> — R a continuous
integrable function. Let us prove that h = hgw given by (2.2) and (2.6) is
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continuous for the topology induced by d (see (3.4)). Recall that for z; =
(z1,22) and xo = (21, 23) in (X?),

1
hs@w(xth) = 5 (90 (mhxl) + 2 (CEQ,LU%) Qow(xhx%) - ng(JI%,CC%)) .

The first step is to show that for each 4, j in {1, 2}, the projection defined by

MO )
Pij ((z1.2%), (23,23)) +— (2173 |

is continuous. Let x = ((ac%,x%) , (x%,x%)) and x' = <($ i,%) (xléam/§>)
in (X?2)2. Then,

1 2
dovz (pij (%), pi (X)) = dX?((leaxg) (wlzx'» < d(x,x).
Hence, p; ; is 1-Lipschitz and therefore continuous.

The second step is to show that if w is continuous on ([0, 1]2, ]| - ||« ), with
|(u,v) — (¢, v")]|oo = max {|u — o[, |v — v'|}, then ¢" is also continuous.
Let € > 0 and for z in X, recall that IV, is the counting process associated
with z, defined by

1
Nz(t):/0 1y<tdN,(u).

First notice that, w being continuous on the compact set [0, 1]?, w is uni-
formly continuous. Thus one can find some 7 in (0, 1) such that, for all (u, v),
(u',v") in [0, 1]?,

(A.1) |l(u,v) — (v, v")]|oc <n implies ‘w(u,v) — w(u',v’)‘ <e.
Consider such 7.
Let {z,},~, be a sequence in X? such that dy2 (2, o) = 0 and let
- n—-+0o0
us show that ¢"(zy,) - ©"(zg). There exists ng in IN such that for all
n—-—+0oo

n > ng, dy2 (n,x9) < 1. Then, for such n, by definition of dy2, we have
that dp (Nx%, Nmé) <9 and dp <Nx%, ng) < 7. Thus, by definition of dp,

SUP¢e(o,1) AL (t) — t’ <n, (1-4)

AL eA )
/ { SUP¢e(o,1] N$}L< ) - Nm(l) ()‘n(t))‘ <, (1'”>

N A Supgefo.1) [ A (¢ (t) —t| <m, (2-i)
" Subepo | Nag (1) = Nog (2(0)| < . (2-4d)
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In particular, as n is chosen strictly smaller than 1 and as the N ;’s
(n >0, j =1,2) are counting processes with values in IN, (1-i7) implies that
Vt € [0,1], Ny (t) = N1 (AL(t)) and thus,

n 0

up €y S up = \(ug) € .
Similarly, (2-i¢) implies that

vo €2t & v, = A2(vo) € 22

Therefore,
¥ (xy) = // w(u, v)dNg1 (u)dN,z (v)
= Z w(Uy, vp)
(un,vn)Exk x22
= > w (A (uo), A2 (wo)) -
(uo,v0)Exd xx3
Hence,

0¥ (n) — @ ()l < D |w (A (o), A (vo)) — w (uo,vo)] -

(uo,v0)Exy xx3

Yet, by (1-i) and (2-i), for each (ug,vp) in 2§ x x3, we have
| (A (u0), A% (v0)) = (10, v0) [loo <1,
and thus, applying (A.1), we obtain
0% (20) — " (20)| < H#ap#age,
and this for all n > ng, which ends the proof of Proposition 3.1.

A.3. Proof of Proposition 3.2. Let us prove that in the Coincidence
case, the kernel h = heome given by (2.1) and (2.5) is continuous for the
topology induced by the metric d (defined in (3.4)) in any (xo,y0) in Cs

satisfying

({0} U{uo}) 0 ({5 £ 0} U {5 £0}) =0.
As in the proof of Proposition 3.1, denote by N, the counting process asso-
ciated with z:

1
NZ(t):/O 1,<tdN(u).
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Consider a sequence {(zn,yn)},en of elements in X% x X2, where z,, =
(zh,22) and y, = (yp,y2) such that d((zn,yn), (20, %0)) ST 0 and

(x0,y0) belongs to Cs.
We want to show that |h (2, yn) — h (z0,y0)] —> 0.

n——+00
Since (x0, yo) is in Cs, for any tg in {x% + (5}U{y% + (5}, to ¢ x, which means
that N1 is continuous in o and therefore constant in a neighborhood:

Elnto >0 / vt € [07 1]a |t - tO’ < Mg = Nxé(t) = Nxé(to)'

As {x% + 5} U {yg + 5} is finite, Nl = mintoe{xgié}u{ygicS} N, > 0 is well
defined, and satisfies

Yu € {x% +d0}U {yg +0}, vte[0,1], [t—u| < Nl = Nzé(t) = Nmé(u).

By the same argument using continuity of Nyé over {x% + 5} U {y% +4 }, one
can find Myy > 0 such that

Vue {af£5}U{yg £}, Vte[0,1], [t—ul< Nyt = Ny (t) = Ny (u).

Since (zo,y0) € Cs < ({23} U{w3}) N ({zf £} U {yj £0}) =0, one can
construct 7,2 and My2 satisfying

Yu € {x})ié}u{yéié}, YVt € [0,1]7{ |t — ul <2 :>Ny2(t) = N,2(u)
- 0 0

FdeJﬁr=mm{%@m@n%m%}>0,

(A.2)
N,1(t) = N, (s)
Vs e {22 +6 2461y L[t — s8] < "o ol
€ {ag £} U{yg £0},vte[0,1]]¢ |<”;‘{ Ny (t) = Ny (s)
(A.3)
Vs € {ah+ 0} U {yb+ 6}, Ve e [0,1], [t | S?7=>{ xgg:xg;

As d ((Tn,Yn) » (20,%0)) —n—+o0o 0, there exists ng > 0 such that for n > ny,
d((xn,yn) , (z0,y0)) < n/4. From the definition of d, we deduce that

Supseo,1) | An(t) —t] <
IAL e A o
/ { Uprejo [ Nag (1) = Ny (ML0)| <1 (1-i0)
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and
SUpPefo1] [Aa(t) — | < 7 (2-i)
Subyefo ) | Vo () = Nog (O2(0)| < (2-4d)

aAﬁeA/{

Notice that similar results occur for y, and g, but there are not detailed
here since we do not use them explicitly.
By definition of h,

(A.4)
h(‘rTM yn) —h (IE(), yO)
1
— 5 // ]l|u—v|§5 {de}lde% —+ dNyrlszy% — de}LdNy?L — dNy}szz%} (’LL, U)

_ % / / Uuoj<s { AN,y ANz + dN,ydN 3 — AN,pdN,3 — AN,y AN,z | (u,0)
_ ;//mu_wsé(dj\f%(u) (AN — dNgz) (0) + AN,y () (AN, — dN,g ) (0)

— AN, (u) (dNy% - dNyg) (v) — dN, (u) (de2 N 2)

+ (de% - de(l)) (u) dN,3 (v) + (dNy}L - dNyé) (w) AN,z (v)

- (de;L - deé) (u) ANz (v) + (dNy}L - dNy(l)) (u) AN, (u)).

By symmetry of the problem, we just need to study the terms

Ay = / / Nju—vi<s (dN_,E}l - deé) (u) dN,3(v),

B, = / / U vj<5dNpy (1) (AN, — ANz ) (0).

Study of A,,.

and

A //]1u UK(; dN L —dN 1) (u) ANz (v)

= [ b (a5, ) ) 500
_ / / Lucos (AN, — AN,y ) (u) AN, (0)
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We have that

( / / Lu<o+ts (de%—deQ(u) dN, (@’

(Nx}l (0+6) — Ny (v + 5)) dN,3(v)

<> Ny (T+8) = Ny (T +9)

TGI(Q)
<y ‘N_,E}l(T +6) = Ny (AL(T + 5))‘
Teac%
+ 3 ‘Nmé (AT +8)) = Ny (T + 5)‘ .
Tex?
Now, using the notation N = [1,<tdN, 1( ),
‘//nm_(s (dNI}L *deé)( ) ANz ()] < 3 ‘N (T~ 6) = N, (T~ 5)‘.
Tex?
Therefore,
(A.5) A < Y ( [Ny (T 6) = Ny (AT +9))|
Tex?

+

Ny (AL(T +6)) = Ny (T + 5)\

N (= 8) = N (- 5)()

Let us study individually each term in the sum.
Fix T in 23. By (1-ii),

IN
NS

(A.6) ‘Nx}l (T +6) — Ny (AL(T +6)) ‘ <e

From (1-i), one has [\, (T +8) — (T'+6)| < # < n which, with (A.2), implies

(A7) ‘Nxé (\L(T +6)) —Nzé(T+5)‘ ~0.
As N, (T'=6) = lim N, (u), there exists ur in [T'— 6 —n/4,T — §[ such
s
that
‘N;(T §) = Nyx (u )‘ <
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(A8) [N (T-6-N

1 1
n o

(T = 8)| < =+ | Ny (wr) = Nyy (M)

+ | Noy (Ah(ur)) = Ny (T = 9)]
0 Zg
From (1-i4), one has ‘Nx% (ur) — Ny (A}L(UT))] <pjd<e.
Then, by continuity of N1 at T'—0, first remark that N_, (T-9) = Ny (T'=9).
0
Moreover, by (1-i) and construction of ur,

An(ur) = (T = 8)| < [Ah(ur) = wr| + fur = (T =) < T+ L <,

hence, using (A.2), |N,1 (AL(uz)) = N (T — 6)| = 0. So finally, (A.8) gives
x5 \"'n T

1
0

(A.9) ]N; (T = 8) = N, (T - 5)} < 2.

1
Combining (A.5), (A.6), (A.7), and (A.9), we obtain that for any n > ng:
(A.10) |Ay| < 3e#ad.

Study of By. Recall that By = [[ 1jy_y<sdNys (u) (sz% . szg> (v).
As for A,, B, is upper bounded by a sum of several terms, that we study
separately.

B,= Y (Nm%(T+6)—ng(T+5))—Z (N; (T—é)—Nw’g(T—é)).

2
n

Texl Texl
So
(A.11) By, < Bl + [Bna| + |Bng| + | Bl
with
Boy = 3 (N (T+8) = Nyg (02(T+9))),
Tea)
Bny = (Nag (2 (T +8)) = Ny (T +9)),
Texk
Bus = (N (T =8) = N, (R2(T - 9))),
Texk ’
Bna = (N7 (2T = 8)) + N (T - 9))
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The control of B,, is quite similar to the one of A,, except that the sums are
over T in z! instead of T’ in z}, which prevents us to use (A.3) and (A.2)
directly.

Control of By1. Due to (2-ii), | Nyz (T +6) — N2 (N2 (T + 5))’ <¢g, so
(A.12) |Bpa| < et
Control of By, 2. One can easily see that

Bz = [ (lusigiuss) ~ Lucuss) dNg(0) Ny (u)

— [ [(1= Ty rs) = (= Lucoms)] dN3 o) oy (0
= ¥ (Nx_ (T — §) —Naj}L((Ai)_l (T) —5)) :

1
n
Tex%

Fix now T in 33(%.

N (T = 8) = Ny (02) (1) = 0)] < [Ny (7= 6) = Noy(7 )

1
+ ‘Nzé(T —8) = NS () ) - 5)‘ .
As shown in (A.8), |N_, (T —6) — Ny (T — 6)‘ < 2e.
Furthermore, take vy in {(A%)_l (T)—46—n/4, (A%)_l (T) — 5[ such that

1

NG (2)7H(T) = 0) = Ny (vp)| < e

1
n

So,

Noa(T = 8) = Ny (2) (1) = )] < &+ [Ny (vr) = Ny (Ab(v)|

+ |Nag (Mh(er)) = Ny (T = 9)|.

By construction of v and AL (see (1-ii)),

Ny (o) = Ny (A;(UT))\ <e.
Because of (A.2) which is true as

Mvr) = (T = 8)] < Ny(or) —vel + |or = (T =8)| < T+ <7
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by (1-4), [Ny (A(vr)) = Ny (T = 8)| = 0. Hence,

[Ny (= 8) = N ()7 (@) - 9)] < 2.
Finally,

N, (1= 0) = N (03)7 () - 8)| < e
and
(A13) |Bpo| < de#tad.

Control of By, 3. First, for all T’ in x}, we find some v, 1 in ]0,7/4] such that
Vu € [T —6—vpr,T—6[, |N,(T—0)—Ng (u)‘ <e.
Setting v, = minpe,1 vnr,

|Bua| < Z‘Nx_%(T—é)—Nm%(T—é—yn)

Tex)

b3 [N (70 ) N 8.7 = - )

Texl

+1Y (N (W2 (T =6 —w)) = N (A3 (T—5))) -
Texl

1

For each T' in x;,,

Nyz (T =6 = va) = Nya (A2 (T = 6 — 1) ’ < ¢ by (2-ii). Therefore,

N (T =6) = Nz (T — 6 — )

< e and

Bual < 2ettal +| (ng (A2 (T = 6= va)) = N (X2(T - 5))) .

Texlk
Now,
T%;;l (Nag (R (T =6 = wm) ) = N, (A2(T - 9)) )

= // 1@§A%(u—6—yn) - ﬂv<)\%(u—6)dNX}l (u) dNXg (U)

= > (N (0T @ +8) =N ()T @) 64+ m)).

TE:E%
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For each T in 33(2),

where the last line comes from (1-i7), and (A.2).
We now find some wr in [(/\%),1 (T)+d+vy,—n/4, ()\,21)71 (T)+d+ un[
such that

‘N;ll ((Ai)*l (T) + 6+ un) ~ N1 (wT)’ <e,

SO

N, ()\}1 ((/\i)*1 (T) +6 + un)) - N, ((Ai)*l (T)+6 + yn)

N, ()\}L(()\%)_l (T)+5+un)> Ny (AL (wT))(
Ny (M (wr)) = Ny (wr)| + 2.

<

_l’_

From (1-7i), we deduce that Naa (A} (wr)) — Ny (wT)’ < e. Due to (A.2),

(1-7), and the construction of wyp,

(M (02 @ 0+ wm)) (T -0)| < %” <,

and
|(A% (wr)) = (T = )] < [(A, (wr) — wr) |+ [wr — (T = 8)| <.
So | N1 ()\1 ( T)+6+ Vn>> (wr) ‘ = 0. As a consequence,
Nx}l(()\i) HT)+6) - N ((/\2) HT) o) | < e,
and

(A.14) |Bps| < 2e#tx) 4 de#ad.
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Control of By, 4.

Bn,4 = // (ﬂv<)\%(u7(5) — ]lv<u—5) deg (’U) deErlz (u)

= 3 (N @ +0) =Ny () H(1) +9)).

Temg

Let us fix T in :L‘(Q). We have

Nt (T +8) = Ny ((A,%)‘1 (T) + 5) ]
< [Nay (@ +8) = Ny (0 (T4 )|
| Nay Ok (T +8)) = Ny (A4 ((2) 7 (@) +9))|

+ ‘Nxé (A (02) @) +6)) = Ny (02) (1) +9) ‘ .

The first and the last terms are upper bounded by e due to (1-i7). Further-
more, since N, ()\}L ((Ag)—l (T) + 5)) = N1 (T+68) = Ny (AL (T +6))
by applying (A.2) and using (1-7) and (2-7),

[Ny (A (T +8)) = Ny (A (02) 7

() +1)) ‘ — 0.
So finally,

(A.15) |Bya| < 2e#ta?.

Combining (A.11), (A.12), (A.13), (A.14), and (A.15), we can conclude that
(A.16) |B,| < 3e#al +10e#a3.

We now just remark that (#w}l)n>n0 is bounded because it converges to #x}.

Indeed, since #z} = Ny (1), #al = Nx(l)(]') and for every n, AL(1) =1,

s = #ab] = [Ny () - Ny ()
= N () = Ny (L))
n_>—+>oo 0.

With (A.4), (A.10), and (A.16), this concludes the proof of Proposition 3.2.
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A.4. Proof of Theorem 3.1. By Proposition 3.3, for all n > 2,

da (£ (VAUy, By @ P2[X,) £ (Vily, P' & P?) )

2
<c inf | (b 0 ¥i0) =001
(Vi 4nYa), (Y Yy) did /
Yy a0y P1®Pn, Y., Yy~Pl@P?

Our goal is to construct, for almost all w in €2, a sequence of random vari-
ables (Y, ,) > such that for every n > 1, Yo~ Pr,® P2, where
Pﬂ;,w =n! Z;l (inj(w) is the jth marginal empirical measure correspond-
ing to the realization X,(w), a random variable Y, , ~ P! ® P? and
{(Y;w7b>n>1 7Yw,b} an independent copy of {(Yn*w a)n>1 ,}_{d’a} on some
probability space (€, A’ ) depending on w such that

(A.17) F, [(h(Y* v )—h(Yw,a,Yw,b)f] — 0,

n,w,a’ * n,w,b
0 n——+oo

where IE/, denotes the expectation corresponding to P/,. Then from (A.17),
we can conclude by noting that, for almost all w in €2,

)(Yf V) iid / E*[(h(Y:,m :,b)—h(Ya,Yb)ﬂ (w)

Y ~Py Ww®P: s Yo, Yo~ Pl @P?

(Y 0:Ya
Y*

n,a’

2
< Eiu [(h (Yn*w a’ Y;,w,b) —h (YW@’ Y“J:b) ) ] njoo 0.

To prove (A.17), consider (€2, .4, P) the probability space on which all the
X;’s are defined. In what follows, one can keep in mind that €2 represents the
randomness in the original sequence (X;);. Thus, a given w in ) represents
a given realization of (X;);.
As a preliminary step, from Proposition 3.4, there exists some subset €21 of
Q such that P(©2;) = 1 and for every w in €y,

(A.18) Z I X} () (Xi(w), XP (@)

,5,k,1=1
2 1 2 1 2
o BIPY((X1, X5) (X5, XT))] -
Applying Theorem 3 in [8], since (X, dx) defined by (3.3) is separable, P-a.s.
in (X;);, P! z Pl and P2 = P2 Hence there exists some subset Qs

n—-+o0o
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of © such that P(€3) = 1 and for every w in Qo,
(A.19) P! P — PleP?
’ ™ n—4o00

Now, consider g = 1 NNy, and fix w in Q.
Following the proof of Skorokhod’s representation theorem in |3, Theorem 11.7.2,
p. 415], since (X2, dy2) is a separable space, it is possible to construct

e some probability space (2, Al P! ),

e some random variables ¥, : Q) — X2 V¥ , : Q) — X? with
distribution P!, @ P? .

o Voo: QU — X% Y, Q) — X% with distribution P! @ P?
satisfying:

o P as., YV — Y, ,and Y* — Y,
w P Inw,a Tt w,a n,w,b n—+o00 w,bs

° {(Y";W:a)nzl ,YW,a} and {(1/72‘7%}))”>1 ,wib} are independent,
so that w.r.t. the metric d (see (3.4)),
(A.20) Plas, (Viow Vi) o (FauYos).

But under (Acont), b is continuous on a set C s. t. P/ ((Yw,a, wab) S C) =
(P'® P2)®2 (C) =1, hence

IPLJ—a.S., h (Y* 7,;“,71)) —n—+oo h (Yw,aayw,b) :

n,w,a’

As P/ -a.s. convergence implies convergence in probability, to obtain (A.17),
we only need to prove that the sequence (h2 (Y* Y*

mwsar Yoo b is uniformly

n>1

integrable, according to Theorem 16.6 p. 165 of [6]. We therefore conclude
since (A.18) is equivalent to

B, [P (Vi Viws) = o D0 2 (X (), X3(@)), (X} (@), XP())
i,7,k,0=1
— E[R?* ((X1,X3),(X3,X3))] = E, [h* (Yoe Yop)] -

n—-4o00

(A.17) is thus obtained for any w in Qg, with IP(Qg) = 1. This ends the proof.

A.5. Proof of Proposition 3.3. Fix some integer n > 2 and recall

that the PI’s ( = 1,2) are the marginal empirical measures associated with
X,.
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Let ( m,Y>1<.< be an i.i.d. sample such that for every i=1...n, Y, ~
<i<n )

P'®@P? Y; ~ P! ® P2, and such that, from the definition of Wasserstein’s
metric dg recalled in (3.2),

d (£ (VnUn, Py @ P}|Xy) . £ (VaUy, P' @ P?))
2
<L [ () — h (YY)

n(n - 1)2 i i

Notice that the upper bound is finite under (A3},,,).
Introducing for (4,7, ,5') in {1,2,...,n}*, and m in {2,3,4},

n,’ TLZ ’I’L]’ 'I’L]

S~ (005320 030) (10,32 0539)]

Lo = {05 ) €120 omytsi £ 0, G A5 #{id .0} =m),

where # {i,4’, j, 7'} denotes the number of different elements in {i,7’, j, 7'},
one has:

B (X0 (0 ¥5) — (. ¥0) )

ii!
= > EBuant D EBewnt D Euwg)
(ivilvjvj/)GLL (izi/:jvj/)EIS (i,’i/,j,j/)GIQ
Let us now upper bound each term of this sum separately.
If (4,4, 7,7') is in Iy, then by independence,
B ggn = (B[ (Y Vo) ] = Elh (Y, Yy)] ) x
(B[ (Ve Yag)] =

n,jo T n,jg’

(1 (Y5, Y5)] ).

E
Under (Agen) and (AZ,,,), E[h(Y;,Yy)] = [ ( S )] =0, so0
E(i9i/9j:j/) = 0.
If (4,4, 4,7') is in I3, by the Cauchy-Schwarz inequality,

* * * 2
E(ivilvjvjl) <E [(h( n,a’ n,b) - h(Y(lv}/}))) :| )

where (Y Y) and (Y;}b,Y},> are independent copies of the (Y7, ;,Y;)’s.

n,a’

2
If (i,4',,4') is in Io, then B = ]E*[(h (Y;Q,Y,;b) h(Ya,Yb)) ] is
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immediate.

But #1I3 = 4n(n — 1)(n — 2) and #I; = 2n(n — 1), so
d3 (L (VnUy, Py @ P2 Xy) , £ (VU,, Pt @ P?))

2
§4E*{<h( Yy —h(Ya,Yb)> ]
Since (Y;}a,Ya) and <Y7;‘7b,Yb) may be arbitrarily chosen, Proposition 3.3
follows.

A.6. Proof of Proposition 3.4. Let us first notice that (3.6) is a direct
application of the strong law of large numbers for U-statistics, proved by
Hoeffding [4].

Next, for m in {1,...,4}, introduce

gm(Xz'p--'aXim): Z h2 ((Xll’XJZ)’(X]%’X?))’
(i,j,k‘,l)el{il’mim}

where I(;, ;. is the set {(z’,j, ko 0) € {in, . im Y 4 {05,k 1) = m} .
Then,

1 n
T3 (XY (x X))

1,5,k 1=1
4
1 1
:Z% <n4 Z gm(Xila“-aXim))-

m=1 (i1,0esim ) E{L,...,n}™
i1,...,im all different
Each of the four terms in the right hand side of the above decomposition
being, up to a multiplicative factor, a classical U-statistic, and since under
(Absime)s Ellgm (X, ..., X4, )|] < 400, we can now apply the strong law of
large numbers for U-statistics again. Therefore P-a.s. in (X;);,

1
nn—1)...

(n—m—}—l)AZ gm(Xi17-~-,Xim) — E[gm(Xb...,Xm)].

/ n—-+00
('le---ﬂm)

In particular, P-a.s. in (X;);, n~* 2 (i sim) Im (Xiy, -, XG,, ) converges to-
wards 0 for m in {1,2,3}, and towards E[gs (X1, X2, X3, X4)] for m = 4.
Finally noticing that E[gs (X1, X2, X3, X4)] = 4/E[h? ((X{, X3),(X3, X3))]
allows to conclude.
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A.7. Proof of Proposition 3.5. Let (X;); be a sequence of i.i.d pairs
of point processes with distribution P! ® P? on X2. According to (Acent),
for i # j, E[h(X;, X;)] = 0. For a better readability, we set E[h|X;] =
E[h(X;, X)|X;] = E[h(X, X;)|X;] for some X with distribution P! @ P2
and independent of X;. By Hoeffding’s decomposition for non-degenerate U-
statistics, which also holds when the X;’s are non necessarily real-valued (see
[5]) we obtain that

2
UTL Xn = Y= TTL MTL )
VAU (X0) = <=2 (T4 M)
where T, = 37, (E[h[X;] + E[h|X;]), and M, = >, g(X;, X;), with
9(Xi, Xj) = (X, Xj) — E[h|X;] — E[n]X;].
Firstly, we have that E[M?2] = Dicj 2k Blg(Xi, X;)g( Xy, Xi)] . But if
{i, 730 {k, 1} = 0,0 < j, k <1, Blg(X;, X;)g(Xx, X)) = (E[g(Xi, X;)])* = 0.
If #({i,5} N {k,l}) = 1, with for instance k =i, j £, (i < j, i <) (the
other cases may be treated similarly), then

Elg(Xi, X;)g(Xs, X1)] = E[E[g(X;, X;)|X;] Elg(X;, X1)| Xs]] = 0.

Therefore, E[M?] = ZK]-IE[gQ(Xi,Xj)] = n(n — 1)E[¢*(X1, X2)] /2, and
since E[gQ(Xi, X J)] < 400, from Chebychev’s inequality, we deduce that
(A.21) 2 _m, B0

' Vn(n —1) " nos4oo
Secondly, we have that T;, = (n — 1) Y. | E[h|X;]. Since the E[h|X;]’s are
i.i.d, with E[E[h|X;]] = 0 and Var (E[h|X;]) = 0?31®P2/4, thanks to (Anrme),
the Central Limit Theorem leads to

2
T, =5 N (0,0514p).

\/ﬁ(n — 1) n—+oo
Thus, combining (A.21) and (A.22), Slutsky’s lemma ensures the convergence
in distribution of \/nU,(X,,) towards N’ (O, o © P2>.

Now, in order to obtain the convergence in the Wasserstein metric, one needs
to check the convergence of the second order moments. Notice that

(A.22)

B[ (VAR (%)) ] = g D D Bl Xin(X, Xy

n(n i AT

Let us consider all the cases where i # ¢/ and j # j'.

If #{i,7,7,7'} = 4, E[h(X;, X#)h(X;,X;/)] = 0, by independence and
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(AC’ent)-
If #{i, i, 7,7'} =3, B[h(Xi, Xi)W(Xj, Xjr)| =014 pa /4, by symmetry of h.

I 406,75, 5'} = 2, B[h(X:, Xp)h(X;, X;)] = E[(h(xl, XQ))ﬂ. Therefore,

n—2 , 2

E|(VaU(Xa))*] = TS oo + B[ (0(X0 X2))?] | 2 ohugpe.

which ends the proof of Proposition 3.5.

A.8. Proof of Corollary 3.1. By Proposition 3.5, we have that

1 2 2
(A.23) L (v/nU,, P* @ P?) e N(0,0514p2),
where N (0, 01231®P2) has a continuous c.d.f. Therefore, by |7, Lemma 2.11],

(A.24) sup |P (x/ﬁUn(X,JlL) < z) — ) 2 (z)] — 0.

2€R Plgp2 n—r+00

Furthermore, since convergence w.r.t the do distance implies weak conver-
gence, Theorem 3.1 combined with (A.23) leads to

(A25)  L(VnUp,, Py @ P2|Xy) => N(0,0514p2) P-as.in (X;);.

n—-+o0o

Hence,

(A.26) sup|P (vVnUn(X})<z|X,)=®g2  (2)| — 0 P-as. in (X;);,

2R Plgp2 n—+00

and the first part of the corollary is obtained.

Moreover, [7, Lemma 21.2] can then be applied to both (A.23) and (A.25),
to obtain that on the event where (A.25) holds :

« -1 ; Ay
(A.27) Tyn (X5) Nl <I>07U§31®P2 (n) P-as.in (X;);,
and that q#:n also converges to @6(172 (n).

" plgp2

A.9. Proof of Theorem 3.2. Let us focus on the sequence of upper-
tailed tests in I'(¢*), the proof for the other tests being similar.

Under (Hp), from Proposition 3.5 and (A.27), by Slutsky’s lemma,
(vVnUn(Xp), 47— n(Xp)) converges in distribution to (Z, <I>812 (1-a)),

7UPl®p2
where Z ~ N (0, 0'1231®P2). Therefore, under (Hy),

P(\/ﬁUn(Xn) > qi—a,n (X)) = n—sto0 @,



18 ALBERT ET AL.

which proves (Pg;ze)-
Under any alternative such that [ h(z,2’)dP(z)dP(z") > 0, by Proposi-
tion 3.4,

Un(Xs) — / h(z, 2 )dP()dP(z) > 0, P-as. in (X)),

n—-+00

Furthermore, due to (A.27), ¢i_,, (Xp) /vn —noiee 0 P-as. in (X;);.
Hence, P(/nU,(X,) < B —an(Xn)) = n-stoo 0, and thus (Peonsist. ) is proved.

A.10. Proof of Proposition 3.6. As above, we focus on the sequence
of upper-tailed tests in I'(¢};). Let Z ~ N(0,1) and define for z in R,

B

* * *Bp, 1 -
Fyx, (2) =P (VaUn(X) < 2[X0) s FoR2 (2) = 5 > 1y (xar) <o

™ =1

By the Dvoretzky-Kiefer-Wolfowitz inequality (see [7]), for n > 2 and £ > 0,

IP(Sup Xn)]
zeR

Fi ()= Fiy <z>\>e)=E[lP (i“p
s N [P\ cR

2
< 2e72BnEm 4,

7B’VL
o (2) = Frx, ()| >¢

n—+00
. *« B, * P . .
that is sup.eg |F), ¥ (2) — F, x, (2)] Nl 0. With (A.26), this leads to
*Bp, _ P
<A28) ilél]l.?{ Fn,Xn (Z) (I)O’U?ﬂ@P? (z) njoo 0.

We finish the proof using similar arguments as in |7, Lemma 21.2], combined
with a subsequence argument [3, Theorem 9.2.1]. Let ¢ be an extraction.
Then, by (A.28), there exists an extraction ¢, and some Qg C € such that
P (Qp) = 1, and for every w in €,

F*Bores(m)

106001 Xop, oy () = P02 (2)| == 0.

su
D "V plgp2 n—+o00

zeR

From now on, fix w in . In particular, this fixes a realisation of X,,, and
a realisation of (bel, . ,X;B") and thus, F;?gn (w) is deterministic. Hence,

*Bg) 04 (n) a.s, .
F¢lo¢0(n)>x¢lo¢0(n) (w)(2) n_}—+>oo<1>0701231®132 (Z), and for n in (0, 1),

*Bayosq(n) - _ *Bg, oy (n)
P, <(Fq510¢10(r?),X¢10¢0(n) (@) (n)) =P (Flen  @)2)<n)

— P <‘I’o o2, (Z)< 77) = P01 ((‘I’o,alglwz)_l (W)) :

n—+00 Y plgp2
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Finally, as ®¢ 1 is a one-to-one function and &, i is continuous,

(A.29) /1 0dg(n)U*IMBsresom)D ()

_ ( p*Berosom )71 -1

_ <F¢10 PR S C)) B G B S e (n),
and this for all w in g, and any initial extraction ¢g. Therefore, we obtain
that /nU*(MBn1) L oet, (n). We conclude as for Theorem 3.2.

n—+00 O plgp2

A.11. Proof of Theorem 4.1. For the sake of clarity and a better
readability, we first present a sketch of the proof of this Theorem in Subsec-
tion A.11.1. A complete version is detailed in Subsection A.11.2.

A.11.1. Sketch of proof of Theorem 4.1. Let dpj denote the bounded
Lipschitz metric, which metrizes the weak convergence [3, Prop. 11.3.2 and
Th. 11.3.3]. For any variable Z,, depending on X,, and I1,,, £ (Z,|X,,) denotes
the conditional distribution of Z,, given X,, and for any integrable function

f. Eprgpa[f] = E[f(X{, X3)].
e The first step of the proof consists in decomposing /nU, (Xg") in

VAU, (Xi) = (MH" (X,) + T <Xn>_Tn<xn>>7

n) T 1\ NG NG
where
1
[ ) Mrl;[n (Xn) = % Z ]lHn(i)ZjCi,j?
i#£]
" 1
i=1
1
o T (Xyp) = - > Ciy,
i#]j
with

Cig = ¢ (X1, X5) = Blp (X7, X%) | X]] = Bl (X', X7)[X]] + Eprop2 9],

X = (X', X?) being P-distributed and independent of (X;);.
We then prove from Cauchy-Schwarz inequality that

( Rl mn‘ ])2 <Tn<xn> 2]
E|l|El———X,, — Oand E NG > n_)—+>000,

\/ﬁ n—-+00
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therefore from Markov’s inequality,

RI» (X, T, (X,
E [Bit ()] X,| = 0and (Xn)
\/ﬁ n—-+o0o \/ﬁ n—-+oo

From the definition of dgy,, this allows us to derive that

n
n—1

(A30) dor (£ (ViU (XE)[%,) £ (2 Ml ()

Xn>> 0.
n—400

e The second, and most difficult, step of the proof consists in proving that

(A.31) dpr, (£ (M (Xa)[Xa) JN (0,01p2)) 0.
Consider
1—1
1
(A.32) Yai= > (L,)=Cig + U, (5)=iCa)
j=1

and for IT/, another uniformly distributed random permutation with values
in G, independent of II,, and X, define accordingly Y’r;,i by replacing II,,
by IT/, in (A.32), so that M (X,,) = 31 | V;,; and similarly for M (Xy).
Setting F,; = o (II,,IT],, X3, Xo,..., X;) for n > ¢ > 2, we prove through
technical computations that for a, b in R, (aYn,i +bY!

it F,”) is a mar-
K
2

<i<n
tingale difference array which satisfies the assumptions of the following result,

commonly attributed to Brown [1].

THEOREM A.1.  Let (Xy k)req1,...pn}nen+ be a martingale difference ar-
ray, i.e. such that there exists an array of o-algebra (]:n,k)ke{l,...,pn},nE]N*
that is increasing w.r.t. k such that for all k =1, ..., pp, BE[X,, k| Fnr—1] = 0.

Let A, =Y, E|:X7217k’]:n,k—1:| , and assume that

P
e A, — 02>0,
n—-+0o

Pn
e Ve >0, Y B[X2i0x, 50| oo 0.
k=1
Then Z, =Y 2" | X, 1, converges in distribution towards N'(0,0?).

Thus, given a,b in R, we obtain that

c (aM}}n (X,) + bMn (Xn)) — N (0, (a® + %) 0% p2)

n—-+o0o

which, according to the Cramér-Wold device, leads to Lemma A.1 below.
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LEmMA A.1.  Considering the above notation,

z((M,?n<xn>,ME%<Xn>)') = M (07<012316® Y ))

2
n—-+4o0o UP1®P2

where No (M, V') denotes the 2-dimensional Gaussian distribution with mean
vector M and variance-covariance matriz V.

From Lemma A.1, we deduce that for every t in R,

I
P (Mn (Xn) S t) n—>—+>oo CDO’UIZ?1®P2 (t)v
P (M (X,) < ¢, Mal" (X,) < t) 2 ).
I (X) SEM (X)) o @2 ()
Using Chebychev’s inequality, with the fact (see [3, Th. 9.2.1] for instance)
that in a separable metric space, convergence in probability is metrizable,
and therefore is equivalent to almost sure convergence of a subsequence of
any initial subsequence, we prove that this leads to (A.31), and therefore,

A (£ (ViU (XI)[X0) . (0. 0p1p2)) 2 0.

n—-+o00

e The third, and final, step of the proof consists in deriving, by direct compu-
tations and the strong law of large numbers of Heeffding [4], the convergence
of the conditional second order moments

B [(vit (28] 25 b
which ends the proof.

A.11.2. Complete proof of Theorem 4.1. Recall that dp; denotes the
bounded Lipschitz metric which metrizes the weak convergence, defined by

/Rf (dps — dv)

where, as defined in [3|, BL is the set of bounded Lipschitz functions on R,
[f(z) — f(y)l

-yl
Recall that the proof consists of three steps presented in Section A.11.1. We
give below a complete proof for each of these steps.

dBL(:U’a V) = sup
feBL, ||Ifllpr<1

)

and || fllz = [ flleo + sup
7y
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First step: decomposition of \/nU, (XE") in the Linear case. It is obvious
that by the definition (2.6) of h,,

(A.33) Un(X0") = — i U,
e U = 3o (X1 X ) = 1 32 o0 K)o
i= ij=1
plh nl (Xl X2 ())_;ﬁ:lm[ (x},x2)|x}]
= L=
3 Bl X))+ £ 3 Blp(ct )
& X (ol ) - Bfo(x) X))

~E[p(X}, X2)|X2] + E[p(X], X2)]).

On the one hand, if Ep [f] and Ep1g p2 [ f] respectively denote | [f (Xll, Xlz)] ,
and E[ f (X i, X%)], for any integrable function f, then

72 Xl XQ

i,j=1
- 1
= Z ]]-Hn ()= _] )(1 X2)} Z <]ll_[n(i)=j — n> E[SO(X},XJZ)]
=1 ij=1
. 1
- Z L, )= Blp (X7, X7)] = (Ep [¢] -Epigp2 [sO])Z(]lnn(i):i - n>
wi=1 i=1
On the other hand,
% Z E[QD(X”L'I’XQ Z Iy, ) Xl XQ)}X ]
6j=1 1,j=1

2> <““““>:f ) i) (Ble(x},x7)|x}] - Blp(x!, X)|x1)),
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where X = (X', X?) is assumed to be P-distributed and independent of
(Xi)i, and in the same way,

n

LS Bl XX = 2 tmo=Ble (2, X)X
=3 (bmes — 1) (Bl ) 7]~ B X7 x3)).

Therefore, Ull» is equal to

> b= (‘P(XilaXf) —E[p(X], X7)[X]]

ij=1

~ Elp (X}, X3)|X7] + Elp(x}, X3)] )
- 1

3 (tnom - ) (Blo(x! X2) 1) + Blo(x!, x2)| 2
i=1

~ E[p(x}. X?)|X]] - B[p(X", X2)|X7]  Ep [¢] + Eprop [o]
LS (X Bl X)X - Ble(x! X)X+ E[o(x]X2)]).

As a consequence, setting

Cig = (X1, X7) = Bo (X7, X°)[X]] = Blp (X1, X7) |XF] + Epiop2 o]

n JaE
(A31)  VaU,(XI) =~ (MHR(XHH Rn\/(%‘&n) B Tn\(/F;n))

with

1
M (X,) = N > (0= Cis

i#]j
" 1
RETL(XW«) = Z <1Hn(z)z - > Ci,ia
i=1
1
T(Xn) = > Cij
i#j

Let us now prove that

(035) di (£(Va0, ()15, £ (Lt )

Xn>> oo
n—-+oo
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To do this, first notice that for every function f in BL such that || f||pr < 1,

n
n—1

E[f (VaU, (X)) [X,] — E[f ( M,{fn(xn)> 'Xn}

ViU, (XI") = M (X.,)

_1 n
<" <E
“n-—1

Hence, taking the supremum over {f € BL; ||f||pr < 1},

n

(A.36) dpy (ﬁ (VU (X5,7) [Xa) , £ (n 1 X”))

cn (E |RI(X,)] |Tn<xn>r> |

My (Xy)

Vn Vn

Moreover, on the one hand, since II,, is independent of (X;);, by Cauchy-
Schwarz inequality,

[ )
and
B[ (RE (X))’
-5 o) e
< C (Ep [¢°] + Epigp2 [¢7]) Zn: (E (L1, (=i, ()=5] — ,;)

<C(Ep [¢2] + Epigpe [‘P2]) < +oo.

Therefore, from Markov’s inequality, we deduce that

‘Rgn(xn)“x ] P

E — 0.
Vn

n—-4o00
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E
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1
- Ly S B

2
() | ==

Notice that for ¢ 7& j, E[Cz,j|Xz] = E[CZJ‘X]] = 0.
If # {i,j, k, 1} = 4, then E[C; ;Cy,] = (E[C;,])* = 0.
If ¢, 4,1 are all different, then
E[C;;Ci]l = E[E[C;;Ci|Xi, Xi]]
= E[E[C;;]X:] Cil
= 0.

In the same way, for ¢, j, k all different, then E[C; ;C ;] = 0.
Iti#j,
(A.37) E[CZJ.] = U%”@P?’ and E[CL]'C]‘J] < U%1®p27

by the Cauchy-Schwarz inequality. Combining the above computations, we
obtain that

To(Xn)\ 2 n(n—1) ,
E( vn ) | S e o0
and therefore,
LhXn) e
\/ﬁ n—-+oo

Finally, from (A.36), we derive (A.35).

Second step: asymptotic normality of MM (X,,) given X, in probability.
Recall that

1
M (Xn) = =3 L, 0)=iCig
\/ﬁ i#£]
1 n i—1
- ﬁ Z Z (]lﬂn(i):jci,j + ]ll'ln(j):icj,i) .

i=2 j=1

Let II), be another uniformly distributed random permutation with values
in G,,, independent of II,, and X,,, and

: 1
M (Xp) = NG > iy )—;Ciy
i#j
n 1—1

1
- % Z Z (]lﬂiz(i)=j0i,j + ]ll'[’n(j):icj,i) .

i=2 j=1
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Let us now recall the result of Lemma A.1:

£<(M§n<xn>,ME%<Xn>)') =N (07<U’2316®P2 0 ))

2
Opigp2

Proof of Lemma A.1. According to the Cramér-Wold device, given a, b in
R, we aim at proving that

I, 1T, 2, 32\ 2
c (aMn (X)) + bM! (xn)) = N (0,(a® +8) oPagpa) -
In order to deal with simpler mathematical expressions, we introduce below
some additional notation.

e Forn>i>2 F,;=ocl,,II,, X1, Xs,..., X;).
o Let .
i

1
Yo:= 7 ; (L1, (5)=Cij + L1, (=i Cisi)

/

—1
1
Yoi= 7n ]Z_; (Urr, ()= Cij + Li, (5)=iCii) »

s0 that MM (X,,) = S0, Yo and My (X,,) = S0, V.

Let us first prove that for a fixed integer n > 2, (aYm +bY) ., }—n,i) i is
’ <i<n
a martingale difference array. Note that for 2 < i <n,
=
E[Y,i|Fni-1] = N ; E[Lr,()=;Ci;j + L, (j)=iCji Frii-1]
=
= 7 > (L, ()= BICi51X5] + L, ()= E[Cj.61 X;1])
j=1
= 0.
In the same way, we have that IE Yriﬂ- fn,ifl] =0,50E [aYm- + bYri,z’ }—n,ifl} =

0. From Theorem A.1, we thus deduce that if

n—-4o0o

@) DOE[(aVai+0Y0 ) Faia] D (@2 0)odig e,
1=2

n
(i) Z E[(aYm + bYTLi)2 ]l|aYn,i+bY7:, i|>€] — 0 for any € > 0,
i=2 ’

n—-+00
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then

c (aM}}n (X)) + bMIn (Xn)> — N (0, (a® + %) 0% pa)

n—-+o0o

Let us now check that both () and (ii) are satisfied.

Assumption (). In all the following, only consider n > 4. Noticing that

(A.38) i E [(aYmi + bYé,i) 2 ‘Fn,i—l}
1=2

n n
= (@®+ b)) B[V Fuic1] +2ab> E[Yn:Yy | Fuica]
=2 =2

the proof of (i) can be decomposed into two points.
The first point consists in proving that

ZE[Yan — 01231®P2 and Var (Z]E[Yfl‘fm—ﬂ> — 0,

n—-+4o0o n—-+4o0o
i=2 =2
which leads, thanks to Chebychev’s inequality, to
n
P

ZE[Yf,i‘fn,i—l} — 01231®P2.

‘ n—-+oo
=2

The second point consists in proving that

n 2
E <Z; ]E[Yn,iY,{’i]]-"n,ilo o0
1=

SO
n
> E[Yai | Fuica] 2 0.
i=2
e First point. On the one hand,
n 1 n -1
i=2 i=2 j k=1

(L1, ()=, Cik + L1, (1)=iChsi) |-

27
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Furthermore, if 1 < j £k <i—1,

11, )=k Cisk + L1, (k)= Chyi) |
z) ( I, ()= kczk Jr]ll'[n(k) zCszXuX]aH H
(L1, )=k B[Cs | Xi] + L1, (1) =i B[Ch | Xi]) |

]E[(]lﬂ ()= CZJ+]1H (J)=i Jl)(
= E[E[(L, ;)= Cu+]ln m:C
= E[(1n,5)=Cij + L, (5)=iCi)

0.
Thus,
n 1 n i—1
SENZ] = =33 B|(Un,0)=Cii + L, )=iCia) |
i—2 i—2 j—1

n i—1
1
== B[l o=Cl + )=l + 20, ()=, (5)=iC25Cii)
i=2 j=1

I (2 2
S22 (BBict] + B
_ 2 En:(l — 1) (E[C},] + LE[CE 2C 1]
n2 —~ 1,2 n—1 s s )

;I]E[C’%Q] + LE[C1,2C2,1] . From (A.37), we derive that

n

On the other hand, we have that

i—1 i—1
1 1
B[V Fai1] = gzﬂnn(i):jE[CZj\Xj] + =D A, ()=iB[CFa 1]
; =
i—1
+— Z]ll_ln _j]lH (j)=2 [Cljcjl‘X]
] 1
2
+= Y )=, (k)= B(Ci Cril X, X
1<j#£k<i—1
Then,
> (B Faia] —E[V]) = Apy + Ang + 2403 + 24,4,

1=2
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1
(tn.o~BlC3 %] - 1BIC2])

j<i<n

1
(11Hn(j>iE[Cf,i}Xj] - nE[CiQ,jD )

i<n

>

[l
S|
™

,_.
IA

>

[l
S|
™

—
IA
<

A

1
n(n—l)E[Ci’jCj’iD ,

Z (]lnn ()= 111, (k)= B[Cl,; Cr | X, Xi]) -
1<j#k<i

(i)=3 111, () =i B[Ci,i Cjal X;] —

—
IN
<
A
~
IA

s
3
w
Il
SI= 3|~
3/—\
=
=
3

(A.40) Var (i (E [Yn%i‘]'—mi_l]))
A(E[A7 ]+ E[A7,] +4E[A7 5] +4E[A7 ,]) -

Let us now control each term of the above right-hand side.
Convergence ofIE[A%J] and E[Afm].

E[A7,] = Z Z ( (L1, ()= L, () =t] X

1<]<'L<n 1<I<k<n
1
B[E[C2] X,) B[CE| X)) - = (B[CR))").

Let us now consider all the cases where 1 < j<i<n,and 1 <[ <k <n.
If i = k and j = [, then

1
B[, )=tn,00-) E[E[CF|X,] E[CF)|X]] = —B|(B[c3,]x1])*].
Ifi=kand j#I orifi=#kand j =1, then

E Ly, ()= L, 0] B[E[CH;|X;] B[CR,| Xi]] = 0.

If i # k and j # [, then

B[, )=, 0=) B[E[CF;]|X5] BCF, [ X]] = n(n —1) (E[C3.])"
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By combining these results, from (A.37) and under the assumption (A, rrme),
we obtain that

n—1 2 ‘741 2
E[A2,] < T (E[(E[C;l\xl]) } - Pn®P>

1 1

2 4

+Cn <n(n—1)_n2>0P1®P2 — 0.
One can prove in the same way that IE)[A?L,Q} — 0.

Convergence of IE [A%ﬁg] . We easily prove that

1 1
E[A2 ;] = 3 Z Z Kighl = 3 (E[C12C21])?,

1<j<i<n 1<I<k<n

where

Kigkd = B[Im, ()= L, ()= I, o) =, =k ¥
E[E[C;,;C},i| X5] E[CrCri| Xi] -
Let us again consider k;j; in all the cases where 1 < j < ¢ < n, and
1<l<k<n Ifi=kandj=I, then
_ 1
n(n —1)

Ifi=~kandj#I orifi#kandj=1I[ then x;;5; = 0.
If i # k and j # [, then

Kijkl = E |(E[Cy,1C1 2| X1])*] .

(E[C1,2C2,1))°
n(n—1)(n—2)(n—3)

Hiv.jvkvl =

Thus, under (Ag arm¢), we finally have that

n (E[C12C3,])

(= 1) (n—2)(n —3) noro

1
E[A%B} < WE |:(]E[Cl,20271 Xl])z} +C

Convergence of I [A%A] .

1
2
E[AT]=— > (E[]1nn(i>=j11nn<k>=ﬂlnn(l)zp]lnn@:z] X
1<j#k<i<n
1<p#q<i<n

E{E[Ci,jck,i‘Xja Xk] E[Cl7p0q,l|Xpa Xq]] )
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Let us consider all the cases where 1 < j £k <i<n,and1 <p#qg<Il<n.
If #{j,k,p,q} > 3, there exists at least one element in {j,k,p,q}, j for
instance (the other cases are studied in the same way), which differs from
the other ones. Then,

E[E[Ci,jcki’ i Xk | B[C1,Cil Xp, X4 |
[E[E[Ci,jck,i‘va Xk:] E[Cl7p0q,l|va Xq”ka Xp’ Xq]]
[E[Cz,jck,i‘Xk] E[Cl,pcq,l ’Xp’ Xq]]
E[E[E[C;,; ”Xk]]E[Cl,quﬂvaXqH
E[E[CyE[C; ;| X:][ X] B[C1pCqu Xp, X]]

)

Since E[C; ;| X;] = 0, this leads to
(A.41) E[E[C; ;C,i| X, Xi] B[CpCoul Xp, Xq]] = 0.

If j =p, k=¢q, and i =, then,

1
B[, L =ilm, o =p =] = S5y

and

[E[E]

JE[C1sCoal X Xl = B|(EICi;Cril X, X4))?]

= [( [C3, 1023|X1,X2])]
< +oo under (A, prmt)-

0] J

If j =p, k=gq,and i # [, then 1y, (x)=i L, (q)=1 = 0, so
E L, @=L, =lm,@=plu. =] = 0.
If j=q, k =p, and i =, then 1y, (5= L1, 1)=p = 0, so
E[L, @=L, w=lm,@=plu. =] = 0.
If j=q, k=p, and i # [, then

(n—4)!
n!

I

E [, ()= L, (k) =i L, )=pLit.(g)=t] =
and

[E[E[CCril Xy Xi] B[CpCot| Xp, Xoll| = [E[E[C ;CriCrrCial X, Xi ]
< E[|C3,1C23C2C1 4]
< 400 under (Ay pme)-



32 ALBERT ET AL.

By combining these results, we obtain that

L Cn3 ]E{(E[Cg,102,3!X1»X2])2
< P
[ n74] = n2 n(n —1)

n —4)!
( ) E[037102,3C4’20174] — 0.

n! n—-+oo

4
,’I’L
O e

From (A.40), and the above results of convergence towards 0 for E[A?L,J,
E[A2,], E[A2 3], and E[AZ ], we firstly derive that

Var (Zn: (E[Y£i|fn7i_1})> — 0.

n—-+00
i=2
e Second point. Notice that

E[Yn,iYAZ’l]:n,ifl] = Bn,l + Bn,2 + Bn,S + Bn,4a

with
1 2
Bra=— > Tn,o=ln,o—B[Ch|X],
1<j<i<n
1 2
Bra=— D L, g=ilm,=B[Ch]X;],
1<j<itn
1
Brs=— D (Im.=Tmm=i + In.)=iln, o)—5) BICi,;Cial X1
1<j<i<n
and
1
Bpa=— Z (]lHn(i):j]lH;L(i):kE[CiJCi,k|Xj7Xk]
1<j#k<i<n
+ 1, (i)=j Lir (k)= B[C 5 O i X5, Xi]
+ T, ()=i L, (5) =k ECiCi k| X, Xi]
+ L, (=i Ly, (0) = E[C,i O, X, Xie] ) :
Thus,
n 2
(Ad2) IE <ZE[Yn,iYé,i‘fn,i—1]>
=2

<4(E[B2,] + E[B2,] + B[B,] + E[B2,]).
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Convergence ofE[B%,l] and IE)[B%Q] . It can be proved that

1
BB <5 > > Ellme-ilmw=] >
1<j<i<n 1<I<k<n
E[B[CF %] BICE | X]] -

Then, with the same computations as for the convergence of IE[A?M] above,
we prove that

n—1 1gp2
B[B2] < ° B[ (E[C},]X.])7] +07£_®1; =0

In the same way, we also prove that E[Biz] — 0.

n—+00
Convergence ofE[th?)]. We also have that

4
E[Bﬁ,s]ﬁﬁ YD Bl a=slm, =) X

1<j<i<n 1<i<k<n

E Ly (=il 1y=x) BIE[Ci;Cj.i X;] E[CrCril X1]] -

Now, with similar computations as for the convergence of E[Ai’l] above
again, we prove that

(E[C1,2C2,1))°

n—1 n—-+0o

—1
E[B25] < 2"~ E[(E[C12Ca.|Xa])’] + C
Convergence ofIE[BfLA]. Setting

1
Bypag = -~ Z Ly, (5)=j L1, (5) =k E[Ci ;Ci k| X7, X s
1<jAk<i<n

1
Bpag = — Z ]lnn( )=j L r(k)=i [C Ok, z’Xja Xk}

1<j#k<i<n
1

Buas=— > (=il o=kB[CiCikl X5, Xi],
1<j#k<i<n
1

Braa= > ()il ()=EIC; i Cril X;, X,
1<j#k<i<n

then Bn74 = Bn7471 -+ Bny472 + Bn7473 + Bn74,4 and in particular,

E[By4*] <4(E[Bn4?] + E[Bn4®] + E[Bn4®] + E[Bn4?]).
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Yet,

1
E[Blaa=—3 > > EBlnep-lne-]x

1<j#k<i<n 1<p#£q<I<n
E L1y (i)=k Lix, (1)) EIE[C:;Ci k| X, Xk] E[C) pClgl Xp, X)) -

Now, consider all the cases where 1 < j#k<i<n,1<p#qg<l<n.
If #{j,k,p,q} > 3, using a similar argument as in (A.41), we obtain that

E[E[C; ;C; k]| X, Xi] E[C1,Cl4| Xp, Xg]] = 0.

If j=p, k=gq, and i =, then,

1
B (L, o)=L, 0y=p] B[, o)=k 11, 0)=q) = —5
and
E[E[C;,;Ci k| X5, Xi] E[CrpClgl Xp, Xl]l = E[(E[Ci,jci,k|vaXk])2

— B[(E[Cs:1C5/X1, Xa))*|
< +oo under (Ay pme)-
lfj=p k=q i#lorifj=q, k=p,i=1 then Iy, ;—;lm,=p is equal
to 0, so
E L, ()= L1, 0)=p) BT, )=rLm, 1)=¢] = 0-
If j=q, k=p, and i # [, then
1
B[t o= tna0—p] Bl o=kt 0] = 50—y
and
|E[E[C;,;Ci k| X, Xi] E[C1pClql Xp, Xg]l| = [E[E[C; ;C; 1 CliCl;| X, Xi]]|
= E[|C5,1C23C12C1 4]
< +4oo under (Ay prme)-

By combining these results, we obtain that

2
E[(E[C&ng,Q\Xl,Xﬂ) ] +C,E[C37102,3C4,20174]

n (n— 1)2 n—»-+00

0.

E[B2,, | <C
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Following the same lines of proof, we furthermore obtain that E[Bg,4,2]a

E[BZ,,], and E[B2 ,,] also converge towards 0. Hence, E[B2 ] =2 0.
) ’" ’ n o0

From (A.42), and the convergence towards 0 of E[B} |, E[B,], E[B2 ],
and [E [B,%A], we derive that

n—-+00

n 2
E <ZE[YH,Z-Y,{’Z-].FM~_1]> — 0,
1=2

which finally allows to conclude that assumption (i) is satisfied.

Assumption (it). Given € > 0, let us prove that

n—-+0o

n

2
ZE[(aYn,H‘bYé,z’) ]l|aYn,¢+bY7§i!>J e
i=2 |

n

1 n
S B[(aVi +0Y0) Uy, v o] € 5 D E[(a¥na +0Y,)']
i=2 1=2

2y («'B[vi] + 0B |Y; ")
- 52 n,t n,t
=2
23(a* +b*) & 4
S £2 E[Ym]
=2
Since Yo =02 (T, () <iCir + Lz 9 <iCris o))
Ely)] < 23]E[]1 y<iCir, ) + 1 c} }
mil = 2 I (1) <4 4,11, (4) I, () <i T (4), 0
23 i—1
4 4
] (E[ﬂnn(i#jq’,j} +E[]ln;1(i>:j0j,z‘]>
j=1
2t .
< EE[CW]'
We thus obtain that
n T(,4 4
2 2%(a* +b%)
ZE[(“YMJFZ’Y&) ]1|ayn,i+by,;iy>s} < B[],
i=2 ’

where the right-hand side tends to 0 as soon as E[C’iQ] < +oo.
This last condition is ensured by (A, arme), which allows to confirm that
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assumption (#7) is also checked, and that

£<aM7?n(xn)+bM§% (Xn)> — N (0, (a® + %) 0% p2)

n—-+oo

This ends the proof of Lemma A.1.

Recall that we aim at proving that

dpr (£ (MI (X)) [X0n) s N (0,021 p2)) — 0.

n—-+o0o

From Lemma A.1, we deduce that for every t in R,

P (MI(X,) <t) — @g,2 (t),

n—-+o00 pPlgp2

P (M (X,) < M0 (X)) <8) > 2, (1),

n—-+o0 070p1®p2
Setting M,, = M!»(X,,) for the sake of simplicity, this leads to

BB, <t[Xa]] — ®g,2 (1),

n—+00 pPlgp2

]E[(]E[]IMHSAXn])ﬂ B2, ().

n—+oco 0,051 @P2

(A.43)

In a separable metric space, convergence in probability is metrizable (see |3,
Th. 9.2.1] for instance), therefore it is equivalent to almost sure convergence
of a subsequence of any initial subsequence. So, let us fix an initial extraction
¢ : IN — IN, which defines a subsequence (M%("))ne]N of (My), - Let us
denote by (gm)men a sequence such that {g,,,m € N} = Q. For any m in
N, from (A.43), we derive that

]E |:]E |:]1M¢0(n)gq7n X¢0(n):| :| njoo @07021®P2 (qm)’

2
2
o (o] ) . 8,

which leads (by Chebychev’s inequality) to

P
(A.44) B[y <0 [Xoom]| 2 D002, (am).

n—-+o0o Plgp2

Therefore, there exist an extraction ¢; and a subset €21 of € such that
P (£21) = 1, and for every w in £,

Xgioom | @) = ®opz (1)

I |:]]'M¢lo¢(n)S(I1 S 1o p2
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Now, let m > 1 for which there exist an extraction ¢,, and a subset €, of
Q such that P (,,) = 1, and for every w € Q,,

E[1M¢mo¢m_lo...o¢0(n)§qm’X¢mo¢7n—lo~~-o¢0(n):| (W) — q)0,02 (Gm)-

n—+4o00 Plgp2

Then, from (A.44), there also exist an extraction ¢,,1+1 and a subset Q,,41
of  such that P (Q,+1) = 1, and for every w in Q, 41,

E []l X¢m+lo¢mo...o¢0(n)] (w)

M¢m+1°¢m0¢m_1omo¢>0(n) <gm+1

— (I)O 0.2
n—-+400 W plep2

(Gm+1)-
Setting Q = Nimew 2m and for every n in IN, (Z)(n) = ¢p0...0¢p2 0 P1(n),
then P (Q) = 1. Moreover, for every w in Q, min NN,

B[y, o <am | Xgosom| ) =2 P00z, (am).

$odo(n) n——+oo lgp2

Since @ 2 o is a continuous distribution function, it can be proved that
T rlgp

this follows

dpr (5 (M$O¢o(n)

To conclude, we actually proved that

a.s.

X&%(n))’/\/(o"’%l@m)) — 0.

n—-+o0o

dpr (£ (M (X0)[X0n) s N (0,021 p2)) — 0,

n—-+o0o

which, combined with (A.35), leads to

o1 (€ (VAU (X)) N (0.0%3102)) 55 0.

n—-+o0o

Third step: convergence of conditional second order moments. Recall that
from (A.33), U, (XII") = LUM» where

Ul = Y (XL X G) - S e(XEXD)

i=1 ij=1

Therefore,

(at5) E[(vVav, ()] = s (e[ )
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and if C; ;1 = (BE[Ln, 5= L, (k)] — =) sO(X},Xf) (X5 X7),

Elemy ) =13 5 cun

i,j=1k,l=1
Firstly,
1 n—2)(n-—3
B R
n n
i, 4k d€{1,...,n}
#{27]7k7l}:4
where (n— 4)!
n —4)!
Uy = > e(X)LX7) (X4, XP)
T igkle{l,...n}
#{Z’]?k7l}24

is clearly a U-statistic of order 4. From the strong law of large numbers of
Heeffding [4], we thus have that

(n —2)(n—3) a.s, 1 v2)7)2
OB, 2 (el X))
Secondly,
1 2(n —2
- Z Cijkl = (72)Un,27
n n
4,5,k,le{1,...,n}
#{i7]7k7l}:3
i=7,4=l,j=k, or k=l
where

- 3)!
Una =" ST (o1 X2) 0 (XL X2) + (XD XP) (XL, X))
i,kle{l,...n}
#{i,k,1}=3

is a U-statistic of order 3 which converges almost surely, so

2(n—2)

a.s.
2 Un,g n—>_+>oo 0.
Thirdly,
1 nn—1)(n—2
— Z Cijkl = — ( n)3( )Un,37
i7j7k7l6{17“'7n}
#{Z)])kﬂl}zg
i=k, or j=I
where

n—3)!
Uns = "2 ST (o XR) (X XP) + o (X XP) (X XP))
T ikle{l,...n}
#{3,k,1}=3
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is a U-statistic of order 3. So,

—1)(n—2
RS U
n
a5 1 y2 2 1 v2 2
5 BBl x3)|X1))°] - B[ (Ble(x]. x3)|X2])°]
Fourthly,
1 2(n —1
. Z Ci,j,k,l = _(nﬂ?)UnA,
i3,k 1€{1,...,n}
#{i,5,k,1}=2
i=j=k,i=j=l,
i=k=l, or j=k=l
where
1

1<i#j<n

is a U-statistic of order 2, so

2(n —1
TR
n n—-+00
Fifthly,
1 1
— Z Cijki = —5Uns,
Z7J7k7l6{1 """ TL}
#{Z7J7k7l}_2
i=j#k=l, or i=l#j=k
where
1
Uns = o=y 2 (X8 X2) (X5, X5) + (X1, X5) 0 (X, X7))

1<ij<n

is a U-statistic of order 2, so

1
—Uns =5 0
n n—-4o0o
Sixthly,
1 n—1)?
- > Cijmi= %Un,&
n .. n
Zvjvkvle{lw"vn}
#{1.4,k,1}=2
i=k#Aj=l
where 1
U g=—— 2(x}, x?
n,6 n(n—l) Z 90( 1 ])

1<i#j<n
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is a U-statistic of order 2, so

(n_1)2U a.s, E 2 Xl X2
2 Unb T [ (X1, X5)]
Seventhly,
D S
i’j’kale{lv“'7n}
#{i7]7k7l}:1

which almost surely tends to 0 thanks to the strong law of large numbers.
By combining all these results, and the fact that

g = E[0? (X1, X3)] + (B[o(x], X3)])”
- B[(Ble(x}, X3)[x1))°] - E[®[e(x}, x3)|X2))°]

we finally obtain that

1 2 8,
gE[(U}.}n> ‘Xn:| ﬁ) 0%1®P2’

n—-+00

and from (A.45), we deduce that
B[ (VA (X37)°[Xa] 2% ohigp.

Since dpr, (E (\/ﬁUn(XE")‘Xn) N (0,0%1®P2>> x, 0, this allows to

n—-+4oo
conclude that

da (£ (VU (X31)[X0) N (0,051 p2)) | 2 0.

A.12. Proof of Corollary 4.1. Here, unlike the bootstrap approach,
we only have in Theorem 4.1 a consistency result in probability. Thus, as for
Proposition 3.6, we use an argument of subsequences. So let ¢g : N — IN
be an extraction defining a subsequence. By Theorem 4.1, there exists an
extraction ¢; such that P-a.s. in (X;);,

(8.46) £(\/61960 (Ui 0 X 2it5)

In particular, applying [7, Lemma 21.2] on the event where the conver-
a.s.

gence is true, we obtain that for n in (0, 1), q7*] rodo(n) (X¢>1O¢>o(n)) —+>
’ n—-+0oo
! (n), which ends the proof by |3, Theorem 9.2.1].

0,02 Plep?

X(blod)o(n)) = N(O701231®P2)'

n—-+o0o
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A.13. Proof of Theorem 4.2. The proof of Theorem 4.2 for the tests

of I'(¢*) is very similar to the one of Theorem 3.2, just replacing the argument

of (A27) by ¢f_,,, (Xn) LN <I>812 (1 — «), which is derived from

n——+o0 I plgp2
Corollary 4.1.
Now for the tests with a Monte Carlo approximation of the quantiles,
we use arguments similar to those of Proposition 3.6, still focusing on the
upper-tailed tests of I'(gy;). We therefore aim here at proving that

(A.47) A (a=B0) By go1 g gy

n—+00 O’JP1®P2

Then, one can conclude as in the proof of Theorem 3.2.
Let Iy, be the c.d.f of £ (v/nUy, P;|X;,), and let us first prove that

« _ P
(A.48) :161]1; Frx, (2) ‘Po,a;lwg (2) njoo 0.

As Theorem 4.1 provides only a convergence in probability, similar arguments
of subsequences as in the proof of Corollary 4.1, have to be used. So, let ¢q
be an initial extraction and ¢; be the extraction such that (A.46) is satisfied.
As convergence in the dpr metric is equivalent to a weak convergence (see
[3, Proposition 11.3.3] for instance), and as the limit is continuous, by |7,
Lemma 2.11] we obtain that

sup | F* 2)— ®, - 2) £ 0.
ZEE‘ ¢1°¢0(”)’X¢1o¢0(n)( ) O,UP1®P2( ) n——+oo

This being true for any initial extraction ¢g, we obtain (A.48).
Let F;:lggn denote the empirical c.d.f of £ (v/nU,, P;|X,,) associated with the
sample (H}m, e ,Hf"), that is
1
V:eR, F'3r(z)=—>1 :
A ) 7, Xp, (Z) Bn bZ; \/ﬁUn<XE%)Sz

Then, by the DKW inequality, we obtain as in the proof of Proposition 3.6,

* By, _Ix P
(A.49) sup [P (2) = Fax, (2)] =0 O

Finally, let
Bn,+1

1
G‘:L’ann (Z) = Bi_l_l Z ]l\/ﬁU*bSZ‘
" b=1
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Since G*% (2) = 51 (11 AU Xy + Banggn(z)),

2
—
B, +1 n—+oo

(A.50) sup G (2) - F;an(z)‘ <
zZ

0.

Combining (A.48), (A.49) and (A.50) leads to:

*x B, o P
SlelII; Gn’X"(Z) (I)O’U?ﬂ@zﬂ (Z n—+o00 0.

Since .
S/ ((=a)(Bat1)]) _ (Gﬁzn) 1-a),

we obtain (A.47), and as explained above, we conclude as in the proof of
Theorem 3.2.

APPENDIX B: ADDITIONAL RESULTS

B.1. About the non-degeneracy of the U-statistic. We focus on
the Linear case with ¢ = ¢ given by (2.2). Define

Z(@) = / w(t, ) AN, (w)dN 2 (v) + IE[ / w(u, v)dN 1 (1) dN ya (v)]
_ ]E[ / w(t, )dN, (u)dN g2 (v)] _ ]E[ / w(u, V)dN g1 (u)dN, 2 (v)] .

Recall that in this case, degeneracy is equivalent to stating that for X =
(X1, X?) with distribution P! ® P2, Z(X) is a random variable which is al-
most surely null under (Hy). Since E[Z(X)] =0, Z(X) = 0 a.s. is equivalent
to Var (Z(X)) = 0. Here we provide a computation of Var (Z(X)).

Let us introduce dM 1[1] (u) and dMZ[I] (v) the mean measures of respectively
X! with distribution P! and X? of distribution P? [2, Chapter 5], then one
can rewrite

2(X) = / w(u, v) ANy (u)dN 2 (v) + / w(u, v)dMY (w)dM (v)

- / w(u, v)dNy1 (u)dM (v) — / w(u, v)dMM (u)dN 2 (v).
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Therefore, E[Z(X)] =0, and
Var (Z(X)) = E[Z(X)?]
= / w(u, v)w(s, t)E[dNx1(u)dNxi(s)| E[dNx2(v)dNx2(t)]
[0,1]4
- / w(u, v)w(s, ) BN 1 (u)dNy: (s)] dMS (v)dML (2)
[0,1]4
- / w(u, v)w(s, H)dMP (u)dMI (s)E[dN 2 (v)dN 2 (£)]
[0,1]4

+ / w(u, v)yw(s, t)dM P (w)dMM ()M (v)ddr ).
[0,1)¢

By assuming that #X! (resp. #X?) has second order moment, (see also
Section 3.2 for comment on this assumption), one can introduce the second
factorial moment measure associated with X' (resp. X?2), and denoted by

dMP (u, s) (resp. dM[P (v,)). Then straightforward computations show that

Var(Z(X)) = /[0 et wand )

+ /[0 N w(u, v)w(u, t)dMY (u) (dME] (v,8) — MM (v)dMLY (t))

+ /{0 N w(u, v)w(s, v) (dMP] (u, s) — dM!! (u)dMlm(s)) dMY ()

+ / w(u, v)w(s, t) (dMF] (u, s) — dM M (u)dMl[”(s)) X

0.1]4
(dM2[2] (v,t) — dM (v)d LY (t)) .
In particular, for Poisson processes, dM P (u, s) = dM M (u)dMM(s) and
Var (Z(X)) = /0 N w(u, v)2dMM (wydMY (w) > 0,

as soon as the Poisson processes have non zero intensities since for j = 1,2,
dM M (u) = Xj(u)du, with A; the intensity of X7.

B.2. About the empirical centering assumption. Recall that

For z1 = (z},22),..., 2, = (z},22) in X2,

n 1 2 1 2 —
2t g iy =1 1 ((%’%) v (%;#’%;)) =0.

( *C’ent )
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On the one hand, in the Linear case, that is if h = hy, then for n > 1 and

for z1 = (x1,23),..., 2, = (z},22) in X2
Z h( xl,le x 13?/))
4,4 ,7,5'=1
1 n
:5 Z (gp (:clljazll) —{—gp(a: 952,) —gp(xil,x?,) (p(I]l,l‘lQ/))
i4,5,5'=1
n2 n n n
:? Z xz,xz, +Z a; a:, —Zap(xll,xg) Z(p(w},x?,)
ii'=1 4.j'=1 i,j'=1 ji'=1
=0.

So (A, is immediately satisfied in the Linear case.

On the other hand, (Af,,,;) does not imply that h is of the form h,.
Indeed, consider

h((z',2?), (y',9?)) = #a' - #27 - #y' - #y7 [(#a' — #yY) (#2® — #97)]

e The kernel A is obviously symmetric.
e The kernel h satisfies (Af,,,). Indeed, let

fah ') = #ab 4yt (#2' — #yh) .

First, notice that f (:1:1,3:1) =0and f (xl,yl) =—f (yl xl).
Moreover, h (({L‘l,ZL‘2) , (yl,yQ)) =f (ml,yl) f( ) Thus

Z h xl,ml/ , J, jQ))

i,1,5,5'=1

2
= Z f Z,J x,,xj/)

i,1',7,7'=1

(Zf Lis J) ( f(x?,,x?/))
i,j=1 i, 7'=1

(B 5 )20

1<z<]<n

=0,

and thus (Ag,,,) is satisfied by h.



(1]
2]

3]
(4]

5]

(6]
(7]

18]
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e The kernel h cannot be written as an h,,.
On the one hand, first notice that for any ¢ : X2 — R, the difference

Dh, = hy((2",2%) , (v',97%)) = he ((3,2%) . (4", 97))
does not depend on y'. Indeed,

Dh, = (0 a) + o (0?) — 0 (2 0) — 0 (0),0?)
—p (%) — ¢ (v, 17) + 9 (B 07) + ¢ (v',0%) )
= S ) — e (@)t (B ?) — o (1 ?)
On the other hand, for the kernel A introduced above, the difference

Dy, does depend on y'. Indeed

Dp = h((z',2%), (¥ 9%) - h((@2?), (¥"v%)
#a® - #y' - H#y? (#2027 — #y°) x
[#at - (#a' — ") — #at - (#2 - #yY)],

and if for instance, #z! = #y? =1 and #&' = #22 = 2, then

Dy, = 2#y" [-3+ #y'],

which clearly depends on y!.
So finally, there does not exist any ¢ such that h = h,.
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