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PARTIALLY CRITICAL TOURNAMENTS AND
PARTIALLY CRITICAL SUPPORTS

MOHAMED Y. SAYAR

ABSTRACT. Given a tournament 7' = (V, A), with each subset X of V is
associated the subtournament T[X] = (X, AN(X x X)) of T induced by
X. A subset I of V' is an interval of T' provided that for any a,b € I and
x € V\I, (a,z) € Aif and only if (b,x) € A. For example, &, {z}, where
x € V, and V are intervals of T called trivial. A tournament is inde-
composable if all its intervals are trivial; otherwise, it is decomposable.
Let T'= (V, A) be an indecomposable tournament. The tournament T’
is critical if for every € V, T[V \ {z}] is decomposable. It is partially
critical if there exists a proper subset X of V' such that |X| > 3, T[X]
is indecomposable and for every z € V' \ X, T[V \ {z}] is decomposable.
The partially critical tournaments are characterized. Lastly, given an
indecomposable tournament 7" = (V, A), consider a proper subset X of
V such that |X| > 3 and T'[X] is indecomposable. The partially critical
support of T according to T'[X] is the family of z € V' \ X such that
TV \{z}] is indecomposable and T'[V '\ {z, y}] is decomposable for every
y € (V\ X)\ {z}. It is shown that the partially critical support con-
tains at most three vertices. The indecomposable tournaments whose
partially critical supports contain at least two vertices are characterized.

1. INTRODUCTION

A digraph D = (V, A) consists of a finite and nonempty vertex set V' and
of an arc set A where an arc is an ordered pair of distinct vertices. With each
nonempty subset X of V associate the subdigraph D[X] = (X, AN(X x X)) of
D induced by X. For convenience, given X C V, D[V \ X] is also denoted
by D — X and by D —x when X = {z}. Given a digraph D = (V, A),
we define an equivalence relation S on V in the following way. For any
x#y eV, xSy if x =y or x # y and there are vertices x = zg,...,Tm =¥y
and y = yo,...,Yn = « such that (z;,z;41) € A for 0 < i < m —1 and
(yj,yj+1) € Afor 0 < j <mn—1. The equivalence classes of S are called the
strongly connected components of D.

A digraph D = (V, A) is a tournament provided that for any x #y € V,
(x,y) € Aif and only if (y,z) ¢ A. Let T'= (V, A) be a tournament. Given
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x#y €V, r — y means (z,y) € A. Given Y C V and z € V\Y,
r — Y means x — y for every y € Y. We similarly define Y — x.
Given X, Y € V, X — Y means x — Y for every x € X. With each
tournament 7' = (V, A) associate its dual T* = (V, A*) defined as follows:
(x,y) € A" if (y,x) € A for any z,y € V. A tournament 7" = (V, A) is a
total order provided that for any z,y,z € V, if t — y and y — z, then
x — z. Given a total order T'= (V, A) and z,y € V, x — y means z < y
modulo T

A graph G = (V, E) consists of a finite and nonempty vertex set V' and of
an edge set E where an edge is an unordered pair of distinct vertices. With
each nonempty subset X of V associate the subgraph G[X] = (X, E N ()2())
of G induced by X. For instance, given a set V', (V, @) is the empty graph
on V whereas (V, (‘2/)) is the complete graph. With each graph G = (V, E)
associate its complement G = (V, E) defined as follows: given z # y € V,
{z,y} € Eif {z,y} ¢ E. Given a graph G = (V, E), consider a partition p of
V. The graph G is multipartite by p if for every M € p, G[M] is empty. It is
bipartite when |p| = 2. Given a graph G = (V, E), we define an equivalence
relation C on V in the following way. For any z # y € V, 2Cy if x = y or
x # y and there are vertices © = xq,...,x, = y such that {z;, 2,41} € E
for i € {0,...,n — 1}. The equivalence classes of C are called the connected
components of G. The number of connected components of GG is denoted by
¢(G). The graph G is connected if ¢(G) = 1, otherwise it is disconnected.
A vertex x of G is isolated if {x} constitutes a connected component of G.
Given a vertex z of G, the neighbourhood Ng(z) of x in G is the set of y € V
such that {z,y} € E. The degree dg(x) of x in G is the cardinality of Ng(z).

1.1. Indecomposable digraphs. Given a digraph D = (V, A), a subset [
of V' is an interval [1, 7, 6, 10] (or a module [11] or a clan [5, 4]) of D provided
that for any a,b € I and x € V \ I, (a,x) € A if and only if (b,z) € A, and
(z,a) € A if and only if (z,b) € A. For example, @, {z}, where z € V', and
V' are intervals of D called trivial. For tournaments, the notion of interval
generalizes the usual notion of interval of a total order. Furthermore, the
intervals of a digraph share the same properties as those of a total order.

Proposition 1. Let D = (V, A) be a digraph.

(i) Given a nonempty subset W of V, if I is an interval of D, then
INW is an interval of D[W].

(ii) Given an interval I of D, if J is an interval of D[I], then J is an
interval of D.

(iii) If I and J are intervals of D, then I N J is an interval of D.

(iv) If I and J are intervals of D such that I NJ # &, then I U J is an
interval of D.

(v) If I and J are intervals of D such that I\ J # &, then J\ I is an
interval of D.
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A digraph is indecomposable [1, 7, 10] (or prime [11] or primitive [5, 4])
if all its intervals are trivial, otherwise it is decomposable. For instance, the
3-cycle T3 defined on {0,1,2} by 0 — 1 — 2 — 0 is indecomposable.
On the other hand, a total order on at least three vertices is decomposable.
Notice that a tournament with one or two vertices is indecomposable.

Remark 1. Given a tournament T = (V, A), each strongly connected com-
ponent C of T is an interval of T. Indeed consider a,b € C and c € V
such that a — ¢ — b. Since a,b € C, there exist b =bg,..., by =a € C
such that by — b1 for 0 < ¢ < n — 1. By considering the sequences
b=bg,...,bn,bpt1 = c and c = cg,c1 = b, we obtain ¢ € C. Therefore, for
every x € V\C, we have either v — C or C — x. Given distinct strongly
connected components C' and D of T, it follows that C — D or D — C.
Consequently T induces a total order on its strongly connected components.

We review some of the relevant properties of the indecomposable subdi-
graphs of an indecomposable digraph. We begin with the existence of an
indecomposable subdigraph with three or four vertices.

Proposition 2 (Sumner [12]). Given a digraph D = (V, A), with |V| > 3,
if D is indecomposable, then there is a subset X of V' such that | X| =3 or
4 and D[X] is indecomposable.

To construct indecomposable subdigraphs of a larger size, we use the
following. Let D = (V, A) be a digraph. Given a proper subset X of V' such
that | X| > 3 and D[X] is indecomposable, consider the following subsets of
V\X:

e Ext(X) is the family of the elements x of V'\ X such that D[X U{z}]
is indecomposable;
e (X) is the family of the elements = of V'\ X such that X is an interval
of D[X U{z}];
e For each u € X, X(u) is the family of the elements x of V' \ X such
that {u,z} is an interval of D[X U {z}].
The family {Ext(X),(X)} U {X(u);u € X} is denoted by pp(x). Using
Proposition 1, it is simply verified that ppx) is a partition of V \ X.
Moreover, given M € pp(x) \ {Ext(X)}, D[X U {z,y}] is decomposable
for x,y € M. Indeed, if z,y € (X), then X is an interval of D[X U {z,y}|.
Given v € X if z,y € X (u), then {u,x,y} is an interval of D[X U {z,y}].
When 2z € M and y € (V' \ X) \ M, where M € ppx) \ {Ext(X)}, or when
x #y € Ext(X), we have the following.

Lemma 1 (Ehrenfeucht and Rozenberg [5]). Given a digraph D = (V, A),
consider X CV such that | X| > 3 and D[X] is indecomposable.
(i) Forz € (X) andy € V\(XU(X)), if D[ X U{z,y}] is decomposable,
then X U{y} is an interval of D[X U {x,y}].
(ii) Givenu € X, forxz € X(u) andy € V\(XUX(u)), if D[X U{z,y}]
is decomposable, then {x,u} is an interval of D[X U {x,y}].
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(iii) For x #y € Ext(X), if DX U{x,y}] is decomposable, then {z,y}
is an interval of D[X U {z,y}].

The next proposition results from the preceding lemma.

Proposition 3 (Ehrenfeucht and Rozenberg [5]). Given a digraph D =
(V,A), consider X CV such that | X| > 3 and D[X] is indecomposable. If
D s indecomposable and |V \ X| > 2, then there exist a # b € V' \ X such
that D[X U {a,b}] is indecomposable.

Given a digraph D = (V, A), consider X C V such that | X| > 3, [V\ X| >
2 and D[X] is indecomposable. Proposition 3 leads us to associate with D[X]
the outside graph Gpix) = (V' \ X, Ep[x)) defined in the following manner.
For any x #y € V\ X, {z,y} € Ep[x) if D[X U {z,y}] is indecomposable.

Remark 2. Given a digraph D = (V, A), consider X C 'V such that | X| > 3
and D[X] is indecomposable. Before Lemma 1, we observed that G pix)[M]
is empty for each M € ppix) \ {Ext(X)}. Consequently, if Ext(X) = &,
then Gpx) is multipartite by pp(x]-

The following result is a consequence of Propositions 2 and 3.

Corollary 1 (Ehrenfeucht and Rozenberg [5]). Given an indecomposable
digraph D = (V, A) such that |V| > 5. There exist x,y € V such that
D — {z,y} is indecomposable.

1.2. Critical and partially critical digraphs. In Corollary 1, we may
have x = y. Whence the following definition. A vertex x of an indecom-
posable digraph D = (V, A) is critical when D — z is decomposable. Given
a subset X of V', D is X-critical if all the elements of X are critical. An
indecomposable digraph D = (V, A) is critical [10] if it is V-critical. An
indecomposable digraph D = (V, A) is partially critical [1] if there exists a
proper subset X of V' such that |X| > 3, D[X] is indecomposable and D is
(V\ X)-critical. The following is an easy consequence of Proposition 3. For
its proof, we refer to [1, Lemma 4.1 and Proposition 4.2].

Lemma 2. Given an indecomposable digraph D = (V, A), consider X C V
such that | X| > 3 and G[X] is indecomposable. Assume that G is (V \ X)-
critical. For everyY C 'V such thatY 2O X, if G[Y] is indecomposable, then
|V \ Y] is even. The three assertions below follow
(i) |V \ X| is even;
(il) G[X U Z] is decomposable for every subset Z of V' \ X such that
|1Z] =1 or3;
(iii) for every Y CV such that Y 2 X, if G[Y] is indecomposable, then
G[Y] is (Y \X)-critical.

The notions of interval, of indecomposable digraph, of critical digraph and
of partially critical digraph are also introduced for graphs by identifying a
graph G = (V, E) with the digraph D = (V, A) defined as follows. For any
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x£yeV, (x,y) € Aif {z,y} € E. The analogue of Remark 1 for graphs
is simple.

Remark 3. Let C' be a connected component of a graph G = (V, E). For
c € Cand x € V\C, we have {c,x} ¢ E. Thus C is an interval of G.
Furthermore G induces an empty graph on its connected components.

To state the characterization of the critical graphs attributed to Schmerl
and Trotter [10], we introduce for n > 1 the graph Ga, = ({0,...,2n —
1}, E9,) defined as follows (see Figure 1). For any x # y € {0,...,2n — 1},
{z,y} € Ey, if there exist i < j € {0,...,n—1} such that {z,y} = {27,2j +
1}.

Y\
2e —e3
N
2i & ~e2i + 1
2n — 2e \Qn—l

FIGURE 1. Go,.

Theorem 1 (Schmerl and Trotter [10]). Given an indecomposable graph
G = (V,E) such that |V| > 4, G is critical if and only if G is isomorphic to

Go,, or to Gay, where n > 2.

Breiner, Deogun and Ille [1] characterized the partially critical graphs.
We adopt the same approach to study the partially critical tournaments.
We use similar preliminary results and we omit their proofs when they are
easily adaptable from the analogues for graphs. Our first characterization
of the partially critical tournaments (see Theorems 3 and 4) was published
in French without a proof [8]. The second one (see Theorem 5) provides a
simple proof of the main result of [7] for tournaments. Using Theorems 3 and
4, we conclude with the study of the partial critical support of a tournament.
The notion of partially critical support comes from that of critical support
introduced in [9] as follows.

Given an indecomposable digraph D = (V, A), the family of its non-
critical vertices is called its support and is denoted by o(D). The critical
support of D is the family 0¢(D) of z € o(D) such that D — x is critical.
The next two results are obtained in [9].
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Proposition 4. For every indecomposable tournament T = (V| A), with
V=7 [o¢(T)] < 1.

Theorem 2. For every indecomposable digraph D = (V, A), with |V| > 7,
lo¢(D)] < 2.

In terms of partial criticality, we obtain the following notion. Given an
indecomposable digraph D = (V, A), consider X C V such that |X| > 3 and
D[X] is indecomposable. The partially critical support of D according to
D[X] is the family a%[ X] (D) of z € V\ X such that D —x is indecomposable

and ((V'\ {z})\X)-critical. In the last section, we show by using Theorem 5
that the partially critical support of an indecomposable tournament contains
at most three vertices (see Lemma 10). Lastly, we characterize the indecom-
posable tournaments whose partially critical supports contain at least two
vertices (see Theorem 6 and Corollary 4).

2. PRELIMINARIES
We use the following easily verified properties of Gay,.

Observation 1. Consider an integer n > 1.

(i) Forie{0,...,n—1}, dg,,(2i) =n—1i and dg,, (2i+ 1) =i+ 1.

(i1) Gap is bipartite by B(Gapn) = {{0,2,...,2n—2},{1,3,...,2n — 1}}.

(iii) The permutation 1oy, of {0,...,2n — 1}, which interchanges i and
(2n —1) —i fori € {0,...,2n — 1}, and Idgo . 2,—1} are the only
automorphisms of Gap,.

(iv) Assume that n > 2. For every j € {0,...,2n — 1}, Gay, — j admits
a single non-trivial interval I; determined by Iy = {2,...,2n — 1},
Iyp1=A10,....2n =3} and I; ={j — 1,j + 1} for 1 <j <2n—2.

-----

In the case of tournaments, we refine the partition pp(x) as follows. Given
a tournament 7" = (V, A), consider X C V such that | X| > 3, [V \ X| > 2
and T[X] is indecomposable. The element (X) of pr(xj is divided into
X~ ={zeX):z — X}and X* = {z € (X): X — x}. Similarly,
for each v € X, X(u) is divided into X~ (u) = {x € X(u) : * — u} and
X*(u) = {z € X(u) : u — z}. We introduce the three families g7y =
(Bt (), X, XHJULX (), X (W) huexs @y = (X JULX™ (1) }uex and
Grpx) = AX T U{X (@) }uex.

Remark 4. Given a tournament T = (V, A), consider X C V such that
|X| >3, [V\X| >2 and T[X] is indecomposable. Assume that Ext(X) = &.
For any x #y € V\ X, we have {z,y} is an interval of T|X U{x,y}] if and
only if x and y belong to the same element of qr(x)-

Now, we examine the outside graph Gr[x) associated with an indecom-
posable subtournament 7'[X| of an indecomposable tournament 7". We omit
the proof of the next two results. Their corresponding results are [1, Lemma
2.6] and [1, Lemma 2.7] respectively.
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Lemma 3. Given a tournament T = (V, A), consider X C V such that
| X| > 3 and T[X] is indecomposable. If Ext(X) = &, then the following two
assertions hold.
(i) If I is an interval of T such that I N X = @, then I is an interval
of Grix) and there exists N € qr(x] such that [ C N.
(ii) Let M € prix) and N € qp(x) such that N C M. If I is an interval
of Grx) such that I C N and if I is an interval of T[M], then I is
an interval of T'.

Lemma 4. Given a tournament T = (V, A), consider X C V such that
|X| > 3 and T[X] is indecomposable.
(i) If I is an interval of T such that X C I, then the elements of V' \ I
are isolated vertices of Gp[x)-
(ii) Given u € X, if I is an interval of T such that I N X = {u}, then
the elements of I\ {u} are isolated vertices of Grpx.
Consequently, if T admits a non-trivial interval I such that INX # &, then
Gr(x) possesses isolated vertices.

Given an indecomposable tournament 7" = (V, A), consider X C V such
that |X| > 3 and T'[X] is indecomposable. By Lemma 2, if T" is (V'\ X)-
critical, then T'[X U {a, b, c}] is decomposable for distinct elements a, b, ¢ of
V' '\ X. We consider the following two situations. Once again, we refer to
the corresponding results [1, Lemma 4.3] and [1, Lemma 4.4] respectively.

Lemma 5. Given a tournament T = (V,A), consider X C V such that
|X| > 3 and T[X] is indecomposable. Given distinct elements a,b,c of
V\ X such that {a,b},{a,c} € Epx), if T[X U{a,b,c}] is decomposable,
then {b, c} is an interval of T[X U{a,b,c}] and hence there exists N € qp[x
such that b,c € N.

Lemma 6. Given a tournament T = (V,A), consider X C V such that
|X| > 3 and T[X] is indecomposable. Given M, N € prx), consider a € M
and b # c € N such that {a,b} € Epx) and {a,c} ¢ Erix). If T[XU{a,b,c}]
is decomposable, then the following assertions are satisfied
(1) If N = (X), then X U{a,b} is an interval of T[X U {a,b, c}|;
(2) If N = X (u), where u € X, then {u,c} is an interval of
TX U{a,b,c}].

3. EXAMPLE

The following example illustrates the main steps of the characterization
of the partially critical tournaments based on the outside graph (see The-
orems 3 and 4 below). Consider the tournament 7' = (V, A) defined on
V=XU{zo,...,2om-1} U{yo,...,y2n—1} as follows, where X = {0, 1,2},
m > 2 and n > 2 (see Figure 2).

o T[X] =Ts.
o {zg,72,...,T29m2} — X — {v0,¥2,. .-, Y2n—2}
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2 — {.’L‘l,lL‘g, PN >1'2m71} — {O, 1}

b {072} - {y17y37 v >y2n71} — 1.

o {xo, 21, ., Zom-1} — {Yo,¥1,-- -, Y2n-1}-

° T[{xo,xg, c ,xgmfg}] = Tom_9 < Tom_4q < -+ < xg and
T[{xl,xg, e ,:L'Qm,l}] = Tom—1 < Togm—3 < --- < 7.

o T[{yo,y2,---»y2n—2}] =% < y2 < -+ < Y22 and
THy1, Y355 Yon-1}] =91 <y3 < < Y2n—1-

e Fori,je{0,...,m—1}, x9;41 — x; if and only if j <1
(in Figure 2, only the arcs xg;11 — x2; are represented).

e Fori,j€{0,...,n—1}, yo; — y2j4+1 if and only if ¢ < j
(in Figure 2, only the arcs y»; — y2;41 are represented).

Clearly X~ = {xo, X9, ... ,l‘zm_g}, Xt = {yo, Y2, ... ,an_z}, X_(O) =
{z1,23,...,29m-1} and XT(0) = {y1,93,...,Y2n—1}. Therefore Ext(X) =
2, prix) = {(X), X(0)} and grix) = {X~,X*,X7(0), X*"(0)}. The first
claim follows from Remark 2 and from Lemma, 1.

Claim 1.
(1) The function {0,...,2m—1} — {xg, ..., Tam—1}, defined by i — x;
for i € {0,...,2m — 1}, realizes an isomorphism from Gap, onto
GT[X] {zo,. ..\ Tam—1}];
(2) The function {0,...,2n — 1} — {yo,...,Y2n—1}, defined by j —
yj for j € {0,...,2n — 1}, realizes an isomorphism from Ga, onto

Grix)H{yo, -+ Yan—1}l;
(3) For x € {3307331)"';1‘2777,—1} and Yy € {yanl)"'aQQn—l}; {I7y} ¢

Claim 2. The tournament T' is indecomposable.

Proof. Consider an interval I of T" such that [I| > 2. We must show that
I = V. For a contradiction, suppose that I N X = @. As Ext(X) = &, it
follows from Lemma 3 that I is an interval of Gr[x] contained in an element
N of qrix). Thus there exists ¥ = {zg,...,x2m-1} or {yo,...,Yy2n—1} such
that N C Y. By Proposition 1, I is an interval of G x)[Y]. Since [I| > 2 and
since N C Y, I would be a non-trivial interval of Gpx)[Y]. But Gpix[Y]
is indecomposable by Theorem 1 and Claim 1. Therefore I N X # @. It
follows also from Claim 1 that {zg,...,22m—1} and {yo,...,y2n—1} are the
connected components of Gp(x]. In particular Grx has no isolated vertices.
It follows from Lemma 4 that [ is a trivial interval of T"and hence [ = V. [

Claim 3. The tournament T is (V\ X)-critical.

Proof. Tt suffices to verify the following

e {x1,0} is an interval of T' — x;

o V\{zom—1,Tam—2} is an interval of T' — x9y,—1;

e forie{l,...,2m — 2}, {x;—1,x;1} is an interval of T — z;;
e {y1,0} is an interval of T' — yp;
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X(0)

X*(0)

~ Y1
\Lys
/‘2/27;—1
- TX‘(()‘)\

T
(]

x3

FIGURE 2. A (V'\ X)-critical tournament.

o V\{yan—1,y2n—2} is an interval of T — ya,,—1;
o for every j € {1,...,2n — 2}, {yj—1,y;+1} is an interval of T' — y;.
U

4. THE FIRST RESULTS

We consider an indecomposable tournament 7' = (V, A) and a proper
subset X of V such that |X| > 3 and T'[X] is indecomposable. We do not
assume that 7" is (V'\ X)-critical. Following Lemma 2, we only assume that
T[X UY] is decomposable for every subset Y of V' \ X such that Y| =1
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or 3. In particular note that Ext(X) = @. The proof of the first lemma is
identical to that of [1, Corollary 4.5].

Lemma 7. The outside graph Gr(x] has no isolated vertices.

Lemma 8. If X~ # @ and X+ # &, then X~ — X7T. Similarly, for
everyu € X, if X (u) # @ and X (u) # @, then X~ (u) — Xt (u).

Proof. First, consider a € X~ and b € XT. By Lemma 7, there exists
a’ € V'\ X such that {a,a’'} € Ep[x). Since a and b are not in the same
element of gpx, it follows from Lemma 5 that {a’,b} ¢ E7(x]. By Lemma 6,
X U{a,d'} is an interval of T[X U{a,a’,b}]. Thus a — b because X — b.

Second, given u € X, consider a € X (u) and b € X' (u). By Lemma 7,
there exists @’ € V' \ X such that {a,a’} € Epx]. By Lemma 5 {d',b} ¢
Erx)- It follows from Lemma 6 that {u,b} is an interval of T[X U{a,d’, b}].
Thus a — b because a — u. ]

Lemma 9. For every M € qrx), T[M] is a total order.

Proof. Let M € qr(x]. By interchanging 7" and 7™, assume that M € drx-
By Remark 1, it suffices to establish that each strongly connected component
of T[M] is reduced to a singleton. Since T is indecomposable, we verify that
each strongly connected component of T'[M] is an interval of T'. Let S be a
strongly connected component of T'[M]. For a contradiction, suppose that
there exists € V' \ § such that S is not an interval of T[S U {z}]. Thus
S ={seS:s—za}and ST ={s € S :z — s} are nonempty. It
follows from Remark 4 that S is an interval of T[X U S]. Moreover S is
an interval of T[M] by Remark 1. Therefore x ¢ M U X. We show that
S~ — St or ST — S~ so that T'[S] would not be strongly connected.

First, assume that M = X~. By Lemma 8, X~ — X when X # .
Therefore z ¢ X U (X). Let s~ € S~ and st € S*. Since v — s* — X
and s~ — X U {z}, it follows from Lemma 1 that {s*, 2} € Epx) and
{s7,2} ¢ Erix]). By Lemma 6, X U{s"} is an interval of T[X U{s~, s, z}].
Thus s~ — st because s~ — X. Consequently S— — ST.

Second, assume that M = X~ (u) where v € X. By Lemma 8, X~ (u) —
X*(u) when Xt (u) # @. Thus x ¢ X U X (u). For example, assume that
u — 2 and consider any s~ € S~ and st € ST. Since u — z — s* and
{u,s7} — =, it follows from Lemma 1 that {sT,z} € Ep[y) and {s™,z} ¢
Erix)- By Lemma 6, {u,s”} is an interval of T[X U {s7,s",z}]. Thus
st — s~ because s — u. Consequently ST — S~ when u — z. [

Proposition 5. For every connected component C' of Grix), Grix)[C] is
bipartite by two elements of qr(x] and T[X UC] is indecomposable.

Proof. We begin with the following observation. For every M € qrxj, if
MNC # @, then M C C. Suppose for a contradiction that there is M €
qrix] such that MNC # @ and M\C # @. Lety € MNC and z € M\ C.
By Lemma 7, there are ¢’ € C and 2’ € V'\ C such that {y,y'} € Epx] and
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[} € Erpx. Clearly {y, 2h. {4/, =}, {0 '}, {y'. '} ¢ Byyx). Assume that
M C (X). By interchanging 7" and T*, assume that M = X~. It follows
from Lemma 6 applied to T[X U {y,v/, z}] that X U {y,y'} is an interval
of T[X U{y,y,z}]. Since 2z — X, we get = — y. But, by the same
lemma applied to T[X U {y, z, 2'}], we obtain that X U {z, 2’} is an interval
of T[ X U{y, z,2'}] and y — 2. A similar approach provides a contradiction
when M C X (u) where u € X.

Now, we prove that G7(x][C] is bipartite. By Lemma 7, there exist a #
a’ € C such that {a,a’} € Epx]. Consider Mc, N¢ € qrix] such that a €
M¢ and o' € No. By Remark 2, M¢ # N¢o. Furthermore Mo U N¢ C C by
the above observation. We show that C C McUN¢g. Let b € C. There exists
a sequence a = ao, - - -, a, = b € C such that {a;, a;41} € Ep[x) for every i €
{0,...,n—1}. We verify that a; € N¢. This is obvious when a; = a/. When
a1 # d', ap,ay,a’ are distinct element of V' \ X such that {ag, a1}, {ag,a’} €
Erix). By Lemma 5 applied to T'[X U {ag,a1,a’}], a1 € N¢. Assume that

n > 2 and consider i € {1,...,n — 1}. Since {a;,a;-1},{ai,aiy1} € Eppx,
it follows from Lemma 5 that a;—; and a;4+1 belong to the same element
of grix). Therefore ag,az,... € M¢ and aj,as,... € N¢. In particular

b = an € Mc U N¢. Consequently C = Mc U Ng. As Grpix [M¢] and
Grix][Nc| are empty by Remark 2, Gr(x)[C] is bipartite by {Mc, N¢}-
Lastly, we establish that T[X U C] is indecomposable. More precisely, we
prove that if T[X U C] admits a non-trivial interval I, then I N X = & and
I would be a non-trivial interval of T' as well. Suppose for a contradiction
that I N X # @. By Lemma 4 applied to T[X U C], Gpx)[C] admits
isolated vertices. Thus C' would be a singleton which contradicts Lemma 7.
Therefore I N X = @. As Ext(X) = @, it follows from the first assertion
of Lemma 3 applied to T'[X U C] that I is an interval of Gpx)[C] and
I € MNC where M € qr|x). Since C = McUN¢, I C M¢ or I C Ng. For
instance, assume that I C Mo. We apply the second assertion of Lemma 3
to show that I is an interval of T. By denoting by M’ the element of PriX]
containing M¢, we must verify that I is an interval of Gpix) and of T[M'].
By Remark 3, C is an interval of Grx). As I is an interval of G x)[C], it
follows from Proposition 1(ii) that I is an interval of Gr(x)- It remains to
verify that I is an interval of T'[M’]. Since [ is an interval of T'[X U C] with
I C Mg, I is an interval of T[M¢] by Proposition 1(i). By Lemma 8, M¢ is
an interval of T[M’]. Thus [ is an interval of T[M'] by Proposition 1(ii). O

5. CHARACTERIZATION OF PARTIALLY CRITICAL TOURNAMENTS

Proposition 5 and Lemma 2 suggest an hereditary property of the partial
criticality by considering the connected components of the corresponding
outside graph. The first theorem follows.

Theorem 3. Given a tournament T = (V, A), consider a proper subset X
of V such that | X| > 3 and T[X] is indecomposable. The tournament T is
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indecomposable and (V\ X)-critical if and only if the three assertions below
hold.
(H1) If X~ # @ and X # @, then X~ — X . Similarly, for every
weX,if X (u) #2 and X (u) # @, then X~ (u) — X (u);
(H2) For every connected component C of Grix), there are distinct ele-
ments Mo and Nc of qpix) such that Gpx|[C] is bipartite by {Mc,
NC};
(H3) For each connected component C' of Gpix), T[X UC] is indecompos-
able and C-critical.

Proof. To begin, assume that 7" is indecomposable and (V'\ X)-critical. As-
sertion H1 is Lemma 8. Assertion H2 follows from Proposition 5 and Asser-
tion H3 follows from Proposition 5 and Lemma 2.

Conversely, assume that Assertions H1, H2 and H3 are satisfied. We begin
with three remarks. First, consider a connected component C' of Gr[x]. By
Assertion H3, T[X U (] is indecomposable and C-critical. It follows that
|C| > 1, that is, Gp[x] does not have isolated vertices.

Second, given x € V'\ X, denote by C the connected component of G'px;
which contains z. By Assertion H3, T[X U C] is indecomposable and C-
critical. By Lemma 2 applied to T[X U C|, T[X U {x}] is decomposable.
Consequently Ext(X) = @.

Third, consider a connected component C' of Gpx]. By the first remark,
|C| > 1. By Assertion H2, there are distinct elements Mc and N¢ of gp(x
such that Grpix[C] is bipartite by {Mc, Nc}. Denote by M and N the
elements of pp(x) such that Mc € M and N¢ C N. Since |C| > 1, there are
¢ # ¢ € C such that {c,c'} € Epix). By Remark 2, Gppx)[M] and Gppx)[N]
are empty and hence M # N. So we may also assume in Assertion H2 that
M¢ and N¢ are not included in the same element of pr(xj.

Now, we show that T is indecomposable. Otherwise consider a non-trivial
interval I of T Since Ext(X) = @ and since Gp(x] does not have isolated
vertices, it follows from Lemma 4 that I N X = @. By lemma 3, there is
M € qrx) such that I C M. Let C be a connected component of Grx
such that M N C # @. It follows from Assertion H2 that M C C. Thus I
would be a non-trivial interval of T[X U C] which contradicts Assertion H3.

Lastly, we prove that T is (V\X)-critical. Consider an element x of V'\ X
and denote by C' the connected component of Gr(x] which contains x. By
Assertion H3, T[X U C] — z admits a non-trivial interval J. As T[X] is
indecomposable, X C J, [JNX| =1or JNX = @. We distinguish the
following three cases to obtain a non-trivial interval of T — .

First, assume that X C J. We prove that V' \ (C\J) is an interval of T'—z.
Clearly (C\J)\{z} # @ and (C\J)\{z} C (X). For instance, assume that
CNX~ # @. By Assertion H2, X~ C C. Furthermore it follows from our
third remark that there exists M € gpx) \ {X~, Xt} such that Gpx)[C] is
bipartite by {X~, M}. Thus (C'\ J) \{z} C X~. Giveny € (C'\ J) \ {z},
it is sufficient to verify that X U{z} is an interval of T'[X U{y, z}] for every
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zeV\(C\J). Ifze XUC, then z € Jand JN (X U{y,2z}) = X U{z}
is an interval of T[X U {y, z}]. Assume that z € V' \ (X UC). Since C is
a connected component of Gr(x], we have {y,z} ¢ Erx). By Lemma 1,
if z ¢ (X), then X U{z} is an interval of T[X U {y,z}]. If z € (X), then
2z € X1 because X~ C C. By Assertion Hl, X~ — X and hence y — z.
As y € X7, we obtain y — X U {z}.

Second, assume that there exists u € X such that JNX = {u}. We prove
that J is an interval of T'— x. We have J\{u} # @ and J\ {u} C X (u)NC.
For instance, assume that CNX "~ (u) # @. By Assertion H2, X~ (u) C C. It
follows from our third remark that there exists M € gppx) \ {X ™ (u), X (u)}
such that Gpx)[C] is bipartite by {X~(u), M}. Thus J\ {u} C X~ (u).
Given y € J\ {u}, it is sufficient to verify that {u,y} is an interval of
T[X U{y,z}] for every z € (V\J)\{z}. If z € XUC, then z ¢ J
and J N (X U{y,z}) = {u,y} is an interval of T[X U {y, z}]. Assume that
z € V\(XUC). As C'is a connected component of Gr(x], we have {y, 2} ¢
Erpix). Lemma 1 permits us to conclude when z ¢ X (u). When 2 € X(u),
z € X1 (u) because X (u) C C. By Assertion Hl, X~ (u) — Xt (u).
In particular y — 2 and thus {u,y} — 2z because z € X' (u). Since
y € X(u), {u,y} is an interval of T[X U{y}]. Therefore {u,y} is an interval
of TIX U{y, z}].

Third, assume that JNX = @. We prove that J is an interval of T'—z. By
Assertion H2, there exist Mc # N¢ € qpix] such that Gpx)[C] is bipartite
by {M¢,N¢}. Since Ext(X) = @, it follows from the first assertion of
Lemma 3 applied to T[X UC] — z that J is an interval of Gp(x)[C] — = and
J C N\ {z} where N = M¢ or N¢. Therefore J is an interval of T[N\ {z}].
To show that J is an interval of T — x, we apply the second assertion of
Lemma 3 to T'— x. Denote by M the element of ppx] which contains N.
By Assertion H1, N is an interval of T[M] and hence N\ {z} is an interval of
T[M \ {z}]. By Proposition 1(ii), J is an interval of T[M \ {z}]. It remains
to verify that J is an interval of Gpx] — x. As already observed, J is an
interval of G'p(x)[C] —=. It follows from Remark 3 that C'\ {x} is an interval
of Gpx) — x. By Proposition 1(ii), J is an interval of Gp[x] — =. O

Given a tournament 7' = (V, A), consider a proper subset X of V' such that
|X| > 3 and T'[X] is indecomposable. Now, we characterize the tournament
T when it is indecomposable and (V\X)-critical and when the outside graph
Grix) is connected. When [V \ X| < 2, we have: T' is indecomposable and
(V'\ X)-critical if and only if Ext(X) = @. Consequently, we assume that
|V'\ X| > 3. Proposition 5 is completed by the next proposition.

Proposition 6. Given an indecomposable tournament T = (V, A), consider
a proper subset X of V' such that | X| > 3, |V\ X| > 3 and T[X] is indecom-
posable. Assume that T|X UY] is decomposable for every Y C V \ X such
that |Y| =1 or 3. If Gppx) is connected, then there exists an isomorphism
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[ from Gan onto Grx)[C] such that

prix) = arix) = {f({0,....2n = 2}), f({1,...,2n — 1})}
and satisfying

(K1) if {£(0), f(2),...,f(2n —2)} = X~ or X" (u), where u € X, then

THf(0), £(2),-.., f2n=2)})] = f(2n—2) < f(2n—4) <--- < f(0);

(K2) if {£(0), f(2),...,f(2n —2)} = X or X~ (u), where u € X, then
THf0), f(2),--, f(2n = 2)}] = () f2) < < f(2n—2);

(K3) if {f(1),f(3),...,f(2n— 1)} = X~ or XT(u), where u € X, then
THf), f3),--s f(2n = 1)}] = () fB) <+ < fn—1);

(K4) if {f(1),f(3),...,f(2n — 1)} = X or X~ (u), where u € X, then

TH), f@B)s-, f2n=1)} = f(2n=1) < f(2n—=3) <--- < f(1).

Proof. To begin, we prove that Gp[x) is indecomposable. We establish that
if I is a non-trivial interval of Gpx] which is maximal under inclusion among
the non-trivial intervals of G'r(x], then I would be a non-trivial interval of
T'. By Proposition 5, there exist M # N € qp[x] such that Gpy is bipartite
by {M, N}. We have prix) = qrix) = {M, N}. Since Gpix) is a connected
and bipartite graph, I C M or I C N. For instance, assume that I C M.
Since Ext(X) = &, we apply the second assertion of Lemma 3 to prove that
I is an interval of T'. Tt suffices to verify that I is an interval of T'[M]. Let
r € M\ 1. As [ is a maximal non-trivial interval of Gp(x), I U {z} is not
an interval of Gp(x). There is a € (M UN)\ (I U {z}) such that I U {z} is
not an interval of Gpx)[l U{z,a}]. Since Gpx)[M] is empty by Remark 2,
« € N. As I is an interval of Gpix], we have either {a,r} € Eppx) and
{a,i} ¢ Epx) fori € I or {a, 7} ¢ Eppx) and {a,i} € Epx) fori € I. We
apply Lemma 6 as follows. First, assume that M = (X). By interchanging
T and T*, assume that M = X~. If {a, 2} € Epx) and {,i} ¢ Epx) for
i € I, then X U {a,z} is an interval of T[X U {«,i,z}] for i € I so that
I — z. f {o,2} ¢ Epx) and {,i} € Eppx) for i € I, then X U {qa,i}
is an interval of T[X U {«,i,x}] for ¢ € I so that + — I. Second, assume
that there exists u € X such that M = X (u). By interchanging T and T*,
assume that M = X~ (u). If {o, 7} € Epx) and {a,i} ¢ Epx) for i € I,
then {i,u} is an interval of T(X U {«a,i,2}) for i € I so that x — I. If
{a, 2} ¢ Epx) and {a,i} € Epx) for i € I, then {z,u} is an interval of
T[X U{a,i,z}] for i € I so that I — x. It follows that I is an interval of
T[M].

Now, we establish that there exists an isomorphism f from Ga, onto
Grix)- First, we verify that {Ng, ,(z);2 € M} is totally ordered by inclu-
sion. Otherwise there are z # y € M and «, 8 € N such that {z,a} € Ep[x,
{y,a} € Erx), {2, 8} ¢ Erix) and {y, 8} € Eppx). For instance, assume
that M = X~. By Lemma 6 applied to T'([X U{z,y,a}], X U {x,a} is
an interval of T'([X U {z,y,a}] so that y — x. On the other hand, by
Lemma 6 applied to T'([X U {z,y, 5}, we obtain x — y as well. We get
a similar contradiction when M = X, X~ (u) or X' (u) where u € X.
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Therefore we may set M = {0, ..., @p-1} With Ny (i) 2 Nepy (Tiv1)
for 0 < <n—2. As Gp[x) is connected, Gp[x] does not admit isolated ver-
tices. Thus Neyy (20) = N and Ny, (2n-1) # @. Clearly Ny (2n-1)
is an interval of Gx). Since Gp[x] is indecomposable, |NGT[X] (p-1)| = 1.
Let i € {0,...,n —2}. We have Ng, (i) \ Nayy (#it1) is an interval of
Grix)- Furthermore {x € M : N,y (%) = Nepy (i)} is an interval of
Grix)- It follows that |Ngp (i) \ Napy (zig1)| = 1 for 0 <@ <n—2.
Consequently we may denote the elements of N by «q,...,a,_1 in such
a way that Nggy, (z;) = {ag,...,an—i—1} for 0 < i < n — 1. Therefore
f:A{0,...,2n — 1} — V \ X, defined by 2i — z; and 2i + 1 — «; for
0 <4 < n — 1, realizes an isomorphism from G2, onto Grx}. Clearly
prix) = qrix) = {f({0,...,2n = 2}), f({1,...,2n — 1})}.

Finally, we verify that Assertions K1, ..., K4 are satisfied. For Asser-
tion K1, assume that {f(0), f(2),...,f(2n —2)} = X~ or X" (u) where
u € X. Given i < j € {0,...,n — 1}, we have {f(2i), f(2i + 1} € Epx]
and {f(2i+1), f(25)} ¢ Erx)- We apply Lemma 6 to T'[X U {f(27), f(2i +
1), f(24)}] as follows. If {£(0), f(2),...,f(2n—2)} = X, then X U{f(2i),

f(2i+1)} is an interval of T[X U{f(2i), f(2i+1), f(25)}]- If{f(0), £(2),...,
f(2n —2)} = XT(u), then {u, f(27)} is an interval of T[X U {f(2i), f(2i +
1), £(24)}]- In both cases, we obtain f(2j) — f(2i). Therefore

THf0), £(2),. fRn=2)} = f(2n = 2) < f(2n —4) <--- < f(0).

Assertion K2 is deduced from Assertion K1 by considering 7™ instead of 7.
Indeed T™ is also indecomposable and (V'\ X)-critical. Moreover Grr«(x] =
Grx)- Thus f is also an isomorphism from Gg, onto Gp«x). Finally,
Assertions K3 and K4 are deduced from the two first by considering the
isomorphism f og, (see Observation 1(iii)) from Gg, onto Gr(x] instead of
f. Indeed f({1,3,...,2n—1}) = (f ota,)({0,2,...,2n —2}). For instance,
concerning Assertion K3, assume that {f(1), f(3),...,f2n—1)} = X~ or
X T (u) where u € X. Tt follows from Assertion K1 applied to f o 19, that

TH(f o ¥2n)(0), (f 0 P20)(2), - -+, (f ©%P2n)(20) }]
= (fo2n)(2n —2) < (fothen)(2n—4) < < (f 01h2q)(0),
that is,

TR, fB), - fCn =1} = f(1) < FB) <--- < f(2n—1).

Using Assertions K1,..., K4, we obtain the following characterization.

Theorem 4. Given a tournament T = (V, A), consider a proper subset X of
V such that | X| > 3, |V \ X| > 3 and T[X] is indecomposable. Assume that
Grix) is connected. The tournament T is indecomposable and (V\X)-critical
if and only if Ext(X) = @ and there ezists an isomorphism f from Ga, onto
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Grix) such that prix) = qrix) = {f({0,...,2n—2}), f({1,...,2n—1})} and
satisfying Assertions K1,...,K4.

Proof. To begin, assume that T is indecomposable and (V'\ X)-critical. It
follows from Lemma 2 and Proposition 6 that Ext(X) = @ and such an
isomorphism f from G2, onto Gr|x] exists.

Conversely, suppose for a contradiction that T" admits a non-trivial inter-
val I. Since Gr(x] does not admit isolated vertices, it follows from Lemma 4
that INX = @. As Ext(X) = @, it follows from Lemma 3 that [ is an inter-
val of Gy xj and either I C f({0,...,2n—2})or I C f({1,...,2n—1}). Thus
I would be a non-trivial interval of Gp(x] which contradicts Theorem 1. Fi-
nally, we prove that T is (V\X)-critical. Given z € V'\ X, we show that T'—x
admits a non-trivial interval. By considering f o9, (see Observation 1(iii))
instead of f, assume that x € {f(0), f(2),...,f(2n — 2))}. By Observa-
tion 1(iv), either Gpx) — = admits a single isolated vertex or Grix) —
admits an unordered pair as a non-trivial interval. Since Ext(X) = @, we
distinguish the three following cases.

First, assume that Grx) — = admits an isolated vertex y belonging to
(X). We verify that V' \ {x,y} is an interval of T — z. It follows from
Observation 1(i) that x = f(0) and y = f(1). By interchanging 7" and
T*, assume that {f(1),f(3),...,f(2n — 1)} = X~. By Assertion K3,
f) — {f(@3),..., f(2n —1)}. Moreover, for i € {1,...,n — 1}, we have
{f(1), f(29)} & Erppx). Since {f(0), f(2),...,f(2n —2)} # (X), it follows
from Lemma 1 that X U{f(2i)} is an interval of T[X U{f(1), f(2¢)}]. Thus
f(1) — f(2i) because f(1) € X~. Therefore f(1) — XU{f(2),..., f(2n—
2)}U{f(3),..., f(2n—1)}, that is, y — V' \{z,y}. Consequently V'\{z,y}
is an interval of T" — .

Second, assume that Gp[x] — = admits an isolated vertex y belonging
to X (u) where u € X. We verify that {u,y} is an interval of T'— x. As
previously, x = f(0) and y = f(1). It follows from Assertions K3 and
K4 that T[{f(l),f(3),,f(2n - 1)} U {u}] =u< f(l) < f(3) < <
f@Cn—=1)or f2n—1) < f(2n —3) < -+ < f(1) < u. In both instances,
{u, f(1)} is an interval of T[{f(1), f(3),..., f(2n—1)}U{u}]. Moreover, for
i € {1,...,n— 1}, we have {f(1), f(2i)} ¢ Erx). Since f(2i) ¢ X(u), it
follows from Lemma 1 that {u, f(1)} is an interval of T'[X U {f(1), f(2i)}].
Thus {u, f(1)} is an interval of T[X U{f(2),..., f(2n—2)}]. It follows that
{u,y} ={u, f(1)} is an interval of T'— z.

Third, assume that Gpx] — = admits no isolated vertices. By Obser-
vation 1(iv), there exists ¢ € {1,...,n — 1} such that z = f(2i) and
{f(2i—1), f(2i+1)} is an interval of Gpix)—=. It follows from Assertions K3
and K4 that {f(2i—1), f(2¢+1)} is an interval of T[{f(1), f(3),..., f(2n—
1)}]. Since Ext(X) = @, it follows from Lemma 3 applied to T' — z that
{f(2¢ — 1), f(2i+ 1)} is an interval of T' — z. O
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Corollary 2. Given an indecomposable tournament T = (V, A), consider
X C V such that |X| > 3 and T[X] is indecomposable. If T is (V\X)-
critical, then for every x € V' \ X, Grix) — = admits at most one isolated
verter and T — x admits a unique non-trivial interval I,,. More precisely

(1) if Grx) — = admits a single isolated vertex y and if y € (X), then
I, =V \{z,y};

(2) if Grx) — @ admits a single isolated vertex y and if y € X (u), where
u € X, then I, = {u,y};

(3) if Grix) — @ admits no isolated vertices, then |I;| = 2 and I is the
unique interval of Grpix)[C]— =z, where C is the connected component
of Grix) containing x.

Proof. Consider an element x of V'\ X. Denote by C' the connected com-
ponent of Grx) which contains x and by M¢ the element of gp(x] which
contains z. By Proposition 5, there is No € qrx)\{Mc} such that G7x[C]
is bipartite by { M, No'}. Assume that |C| > 3. By Theorem 3, T[X UC] is
indecomposable and C-critical. By Theorem 4, there exists an isomorphism
fc from G\ onto Grx)[C] such that

{M07NC} = {fC({0727 ) ‘C’ - 2})7f0({17377‘0‘ - 1})}

By considering fc o ¢ (see Observation 1(iii)) instead of fc, assume that
Mec = fc({0,2,...,|C| —2}). When |C| =2, fc denotes the bijection from
{0,1} onto C such that f(0) = x and we set Mo = {z} and No = {fc(1)}.

Denote by W, the set of the isolated vertices of Grx] —z. By Lemma 7,
Gr(x) does not admit isolated vertices. Consequently W is the set of the
isolated vertices of Gy x)[C] — 2 and W, C N¢. Clearly W, = {fc(1)} if
|C| = 2. When |C| > 3, it follows from Observation 1(i) that W, # @
if and only if z = f(0). Moreover W, = {fc(1)} if 2 = fc(0). Using
Observation 1(iv), we associate with x subsets I, and J, of V' \ {z} by
distinguishing the following three cases. First, if W, = @, then I, = J, is
the unique interval of Grx)[C] — =. Second, if W, = {y} and y € X(u),
where u € X, then I, = J, = {u,y}. Third, if W, = {y} and y € (X), then
Jy = (XUC)\{z,y} and I, = V' \ {z,y}. By the discussion at the end of the
proof of Theorem 4 applied to T[X U C], J, is an interval of T[X U C] — z.
Then, by the discussion at the end of the proof of Theorem 3 applied to T,
I, is an interval of T — x.

Now, we verify that I, is the unique non-trivial interval of T'— x. Let L,
be a non-trivial interval of 7' — x.

First, assume that X C L,. We have (V' \ {z})\ L, # @ and (V \ {z}) \
L, C (X). Moreover, it follows from the first assertion of Lemma 4 that
(V\{z})\ Ly C W,. As previously observed, |IW;| < 1 and hence there is
y € (V\X)\{z} such that W, = {y} C (X). It follows that L, = V \{z,y}
and L, = I,.

Second, assume that L,NX = {u}. We have L, \{u} # @ and L\ {u} C
X (u). Furthermore L \{u} C W, by the second assertion of Lemma 4. Since
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[W,| <1, there is y € (V' \ X) \ {z} such that W, = {y}. Thus L, = {u,y}
and L, = I,.

Finally, assume that L, N X = @. As Ext(X) = @ by Lemma 2, it
follows from Lemma 3 applied to T'— x that L, is an interval of Grix) — =
and there is N € gp(x] such that L, C N \ {x}. By Proposition 5, there
exists a connected component D of Gp(x] such that N C D. Clearly L, is
a non-trivial interval of T[X U D] — z. As T[X U D] is indecomposable by
Theorem 3, z € D and hence C = D. Therefore N € {M¢,N¢} and L,
is a non-trivial interval of Gr(x)[C] —  because L, C N \ {x}. Necessarily
|C| > 4 and it follows from Observation 1(iv) that (fc)~!(x) # 0. As above
observed, W, # @ if and only if (fo)~1(x) = 0. Thus W, = &. Since I, is
the unique non-trivial interval of Grx)[C] — x when W, = @, L, = I,. [

Discussion. Let us explain how Theorems 3 and 4 allow us to generate
partially critical tournaments. Consider an indecomposable tournament 7 =
(X, A;) with | X| > 3. Let G = (V, E) be a disconnected graph such that
VNX =@ and |X| > ¢(G) — 1. Denote the connected components of
G by C1,...,Cyq). Moreover, for each 1 < d < ¢(G), assume that |Cyf
is even and there exists an isomorphism fq from G|, onto G[Cy4]. Set
Mg = fd({07 2. ’Cd| - 2}) and Ng = fd({l’ S |Cd| - 1})

We construct a V-critical and indecomposable tournament 7' = (X UV, A)
such that T'[X] = 7 and Gr(x] = G. By Theorems 3 and 4, we must have
qrix] = {Ma, Na}1<di<c(e) and Ng, My are not included in the same element
of prix]- By choosing (X) as an element of pp[x, we need ¢(G) — 1 distinct
elements u1, . .., uyg)—1 of X to obtain prix) = {(X)} U{X (ua) h1<a<c@)-1
and grx) = {X 7, X THU{X ™ (ua), X * (ua) hr<i<e(@)-1- Givenl < d < ¢(G),
we have to associate with My and Ny two distinct elements of gpix] =
{X 7, XTHU{X ™ (ua), X (ua) }1<d<c(G)—1 which are not included in the same
element of prix) = {(X)} U{X (u4) }1<d<c(@)—1- For example, set My = X,
Ney =Xt and for 1 <d < ¢(G) — 1, Ng = X T (uq) and My = X~ (uq).
Now, the tournament T is entirely determined in the following way.

e Given v € V and x € X, the arc of T between x and v comes from
the definition of grx. For instance, we have M; = X~ — X.

e Let v # w € V such that v and w do not belong to the same element
of prix)- The arc of T between v and w is provided by Lemma 1
using the fact that {v,w} is an edge of G or not. For instance, given
d#eecd{l,...,c(G)—1} such that (ug, ue) € Ar, consider v € X (uq)
and w € X (ue). We have (v,w) € A if and only if {v,w} & E.

o Let v # w € V such that v and w belong to the same element of
pr(x] without belonging to the same element of gr(x}. The arc of
T between v and w is given by Assertion H1 of Theorem 3. For
instance, we have M} = X~ — Ny = X ™.

e Let v # w € V such that v and w belong to the same element of g7 (.
The arc of T' between v and w is given by Assertions K1,...,K4 of
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Theorem 4. For instance, let v = f1(2i) € X~ and w = f1(2j) € X~
where ¢ # j € {0,...,|C1]/2}. We have (v,w) € A if and only if
J <.
If G is connected, we proceed in the same way by choosing prix; = {(X),
X (u)} and gppx) = {X~, X (u)} where u € X.
The example presented in Section 3 (see Figure 2) is obtained as above

from 7 = T3 and from a graph G admitting two connected components C
and Co by choosing My = X~, Ny = X (0), My = X and Ny = X+(0).

6. APPLICATIONS

6.1. A new proof of the main result of [7] for tournaments. We
begin with a new characterization of partially critical tournaments when
the considered tournaments are assumed to be indecomposable. This is
naturally suggested by Propositions 5 and 6.

Theorem 5. Given an indecomposable tournament T = (V, A), consider a
proper subset X of V' such that | X| > 3 and T[X] is indecomposable. The
tournament T is (V\X)-critical if and only if T|X UY] is decomposable for
every Y C V\X such that |Y| =1 or 3.

Proof. If T is (V' \ X)-critical, it suffices to apply Lemma 2. Conversely,
assume that T[X U Y] is decomposable for every Y C V \ X such that
Y| = 1 or 3. We prove that the tournament 7" is (V'\ X)-critical by us-
ing Theorem 3. Assertions H1 of Theorem 3 follows from Lemma 8. For
Assertions H2 and H3, consider a connected component C' of Gr(x]. By
Proposition 5, there exist Mc # N¢ € grix) such that Gpx[C] is bipar-
tite by {M¢c, Nc}. Lastly, we must show that T[X U C] is indecompos-
able and C-critical. By Proposition 5, T[X U C] is indecomposable. If
|C| <2, then |C] = 2 and T[X U (] is C-critical because Ext(X) = @. As-
sume that |C| > 3. It follows from Proposition 6 applied to T[X U C] that
there exists an isomorphism f from Gag,, onto Grpx) such that {Mc, No} =
{f{0,....2n—2}), f({1,...,2n — 1})} and satisfying Assertions K1,...,K4.
As Ext(X) = @, it follows from Theorem 4 applied to T[XUC] that T[XUC]|
is C-critical. Consequently, Assertion H3 of Theorem 3 holds also and hence
T is (V\X)-critical. O

Theorem 5 provides a quick and simple proof of the main result of [7] for
tournaments.

Corollary 3. Given an indecomposable tournament T = (V, A), consider
X CV such that | X| > 3 and T[X] is indecomposable. If |V \ X| > 4, then
there exist x #y € V \ X such that T — {z,y} is indecomposable.

Proof. We apply several times Proposition 3 from an indecomposable sub-
tournament 7'[Z] of T where X C Z C V and |V \ Z| is even. If |V \ X| is
even, then choose Z = X. Assume that |V \ X| is odd so that [V \ X| > 5.
By Lemma 2, the tournament 7" is not (V' \ X)-critical because |V \ X]| is
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odd. It follows from Theorem 5 that there exists a subset Y of (V' \ X)) such
that |Y| = 1 or 3 and T[X U Y] is indecomposable. It suffices to choose
Z=XUY. U

For a digraph, we have to assume that |V \ X| > 6 (see [7]). The above
improvement of this threshold for tournaments answers also a question of
Dammak [3]. As noticed in [7, Remark 1], this improvement does not hold
for digraphs. In fact, Theorem 5 is false, even for graphs, as shown in the
next remark.

Remark 5. Recall that a graph G = (V, E) is identified with the digraph
D = (V,A) defined by: forx #y €V, (x,y) € A if {x,y} € E. Let
H = (X, E) be an indecomposable graph with | X| > 4. Givenvy,...,va, € X
(where n > 2) and u € X, consider the graph H' defined on X U{vo, ..., va,}
by
o H'[X]=H;
o forx € X andw € {vg,...,von}, {x,w} is an edge of H' if and only
if {z,u} is an edge of H and there is i € {0,...,n — 1} such that
W = V4415
o forw,w € {vy,...,van}, {w,w'} is an edge of H' if and only if there
isi€{0,...,2n — 1} such that {w,w'} = {vi, vit1}.
We obtain prx) = {(X), X(u)} where (X) = {v2;;0 <i <n} and X(u) =
{v2i41;0 <@ <n—1}. Furthermore the outside graph G gi(x) is the path on
{vo, ..., von} whose edges are {v;,viy1} for 0 <i < 2n—1. It follows that H'
is indecomposable and H'[X UY] is decomposable for each Y C {vg, ..., von}
such that Y| =1 or 3. But H' is not {vo, ..., v, }-critical because H' — vy
1s indecomposable.

6.2. The partially critical support of tournaments. By adding one
vertex to a partially critical tournament, it is easy to construct an indecom-
posable tournament whose partially critical support is a singleton. Consider
a (V\X)-critical and indecomposable tournament 7' = (V, A) where X C V
such that | X| > 5 and T[X] is indecomposable. Given a ¢ V, consider any
indecomposable tournament 7" defined on X U {a} such that T'[X]| = T.
Then consider the unique tournament T; defined on V U {a} such that
N[XU{a}] =T, T1[V] =T and {a,v} € E(Gr[x)) for every v € V. Tt is
simply verified that T is indecomposable and a% X] (Th) = {a}.

To extend a partially critical tournament to an indecomposable tourna-
ment whose partially critical support contains at least two vertices, we must
add at least three vertices and we cannot use an element of Ext(X). For
instance, consider the tournament 7' = (V, A) examined in Section 3. We
verified that 7" is indecomposable and (V\X)-critical where X = {0, 1, 2}.
Given «, 3,7 € V, consider the tournament 75 defined on V U {«, 5,7} by

e [hV]|=T;
e 0 —{a,f}—2anda—1— f;
e {1,2} — v —0;
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e v —{a,f} and a — f3;
°* v — {l‘l, T3, ... ,$2m—1} U {yl, Y3y oo ey ygn,l} — {Oé,ﬁ};
o {wo,72,...,Toam—2} — {, 3,7} — {v0,¥2,- - -, yan—2}-

We have X (1) = {a}, XT(1) = {8} and X (2) = {7} so that {a}, {5},
{7} € anx)- Since {a, 7}, {B3,7} € E(Gpy[x)) and {a, 3,7} is a connected
component of Gr,(x], we obtain «, € J?Q[X} (T3). This construction is
generalized in Theorem 6. For the sequel, it is important to notice the
following.

Remark 6. Given an indecomposable tournament T = (V,A), consider
X CV such that | X| > 3 and T[X] is indecomposable. Let o € U?[X] (7).
It follows from Theorems 3 and 4 applied to T' — « that for each M € qr(x
such that M\ {a} # @, there exists N € qpix) \{M} such that N\ {a} # @
satisfying

o (M\{a})U(N\{a}) is a connected component of Grix) — a;

o Grix)[(M \{a}) U (N \{a})] is bipartite by {M \ {a}, N\ {a}};

o Grix[(M \ {a}) U(N\{a})] is isomorphic to Gaap fa)|-
Thus |M\ {a}| = N\ {a}].

As another consequence of Theorem 5, we obtain that the partially critical
support of an indecomposable tournament contains at most three vertices.

Lemma 10. Let T = (V, A) be an indecomposable tournament. For every
X CV such that | X| > 3 and T[X] is indecomposable, |0§1[X] (T)] < 3.

Proof. As JI%[X] (T) Co(T)N(V\ X), assume that o(T)N(V \ X) # @, that
is, T is not (V'\ X)-critical. By Theorem 5, there is Yy € V' \ X such that
T[X U Yp] is indecomposable and |Yy| = 1 or 3. Let a € O']%[X] (T"). Since
T —ais (V\ {a})\X)-critical, it follows from Theorem 5 that T'[X U Y]
is indecomposable for each Y C (V \ {a}) \ X with |Y| = 1 or 3. Thus

Yo € (V\{a})\ X, that is, a € Yy. Consequently o?jp[X] (T) C Y. O

The next constitutes the main step in describing an indecomposable tour-
nament whose partially critical support contains at least two vertices.

Proposition 7. Given an indecomposable tournament T'= (V, A), consider
X C V such that | X| > 3 and T[X] is indecomposable. If |a%X] (T)| =2 or
3, then {a} € qpix) for every a € U%X] (7).

Proof. Consider an element « of O';[X] (T') and denote by M the element

of gp(x] containing a. Seeking a contradiction, suppose that |M| > 2. By
Remark 6 there exists N' € qrx)\{M } such that (M\{a})UN is a connected
component of Gr(x] — « and

(1) |M| = |N|+1.
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Consider an element ( of U%X] (T) \ {a}. By Remark 6, there exists N’ €
arx) \ {M} such that N'\ {3} #  satisfying (M \ {#}) U (V' \ {8}) is a

connected component of Gy} — 8 and

(2) [MA\{B} = [N\ {B}].

We prove that § € M and N = N’ by distinguishing the following two cases.

First, assume that there exist u € M \ {a} and v € N such that {u,v} €
Epixy and 8 ¢ {u,v}. As (M \ {B}) U (N"\ {B}) is a connected component
of Grix) — B, {u,v} € (M \ {B})U(N"\ {B}). Thus v € NN N" and hence
N = N'. Tt follows from (1) and (2) that 5 € M.

Second, assume that for any u € M \ {a} and v € N, if {u,v} € Epx),
then 8 € {u,v}. By Remark 6, Gpx][(M \ {a}) U N] is bipartite by {M \
{a}, N} and is isomorphic to Gy y|. Thus [M \{a}| = |N| = 1. By denoting
by u the unique element of M \ {a} and by v this one of N, we have
{u,v} € Eppx) and 8 € {u,v}. By Remark 2, {a,u} ¢ Ep[x). Since {u,v}
is a connected component of Gy} — @, u is an isolated vertex of Grx) — v.
By Lemma 7, Grx] — 8 does not admit isolated vertices so that 8 = w.
Therefore v is an isolated vertex of Gr(x] — {a,B}. As v is not an isolated
vertex of Gpix) — 3, {a, v} € Epx]. Consequently v € N N N’ and hence
N =N

In both cases, we obtain § € M and N = N’. Since (M \ {a})UN
is a connected component of Gr(x] — a and (M \ {8}) U N is a connected
component of Grx] — 8, M U N is a connected component of Grxj.

To obtain a contradiction, we prove that {«, 3} is an interval of T'. Denote
by L the element of pp(y] such that M C L. Using Lemma 3, we have to
prove that Ext(X) = &, {a, 8} is an interval of Grx] and {«, 3} is an
interval of T'[L].

As seen in the proof of Lemma 10, if there exists a € V' \ X such that
a € Ext(X), that is, T[X U {a}] is indecomposable, then U%X] (T) C {a}.
Thus Ext(X) = 2.

To show that {a, 3} is an interval of G(xj, it suffices to prove that {a, 3}
is an interval of G'rx)[M U N] because M U N is a connected component
of Gr(x}- By Remark 6, there exists an isomorphism f from Gy onto
Grix)[(M\{a})UN]. Since Grx)[(M\{a})UN]is bipartite by {M\{a}, N},

N ={f(0),f(2),.--, FRIN[ = 2)} or {f(1), f(3),..., F2IN| = 1)}.

By considering f o 15| (see Observation 1(iii)) instead of f, assume that
N={f(1),f3), -, f(2N]|—1)}. Similarly, there exists an isomorphism g
from Gapy, oo Gy [(M\{B})UN] such that N = {g(1), (3), - , (2N |~
1)}. By Theorem 4, either

TIN] = f(1) < f(3) <--- < f2IN|=1)
=9(1) <g3) <--- <g2IN[-1)
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or

TIN] = fIN[=1) < fRIN|=3) <--- < f(1)
g2IN|=1) <g2[N| =3) <--- < g(1).
It follows that f(2i +1) = g(2i + 1) for 0 < i <|N|— 1. Thus

Ay [(M\{ahuN] (V) = G (shuN (V)
for every v € N. Therefore, for every v € N, {a,v} € Ep(x) if and only if
{B,7} € Erx). As Gpix)[M] is empty by Remark 2, {a, 3} is an interval of
GT[X] [M U N]

Lastly, we prove that {«, 3} is an interval of T[L]. Since {«, S} is an
interval of Gpix)[M U NJ, the function b : (M \{a})UN — (M \{B})UN,
defined by f — « and vy +— 7 for v € (M U N) \ {«, 8}, is an isomorphism
from Grix)[(M \ {a}) UN] onto Grix)[(M \ {#}) UN]. Thus g 'oho fis
an automorphism of Gon|. As f(2i +1) = g(2i +1) for 0 < < [N| -1,
(g7t oho f)({1,3,...,2IN| —1}) = {1,3,...,2|N| — 1}. Tt follows from
Observation 1(iii) that g7' o ho f = Idy,... 2jnj=13- Therefore 1B =
g (a) and f1(y) = g l(y) for every v € (M \ {a, 3}) U N. We obtain
f(m) = g(m) for every m € {0,2,...,2|N| —2}\ {f~(8)}. By Theorem 4,
either

TM\{a}] = f(0) < f(2) <--- < f(2IN]—-2) and

TIMA\{B}] = 9(0) <g(2) <--- <g(2IN[-2)

TIM\{a}] = fIN] =2) < f2IN] —4) <--- < f(0) and
TIMA\A{B}] = g(2IN| = 2) < g(2[N| —4) <--- < g(0).
Thus {«a, 8} is an interval of T[M]. Furthermore, it follows from Lemma 8

that either {o, 3} — L\ M or L\ M — {a, 8}. Consequently {«, 5} is
an interval of T'[L]. O

Theorem 6. Given a tournament T = (V, A), consider X C V such that
| X| > 3, T[X] is indecomposable and Ext(X) = @. Given a # € V' \ X,
T is indecomposable and o, € Jg[X] (T') if and only if there exists v €
(V\X)\{a, 8} satisfying

b {a}v {6}7 {f)/} € ar(xys

e {a, 8,7} is a connected component of Grx);

e {a,v} € Erx) and {B,7} € Er(xy;
o T'—{w, 3,7} is indecomposable and (V \ {«, 5,7})\X)-critical.

Proof. To begin, assume that 7T is indecomposable and «, 5 € U?[X] (T). It

follows from Proposition 7 that {a}, {8} € qrix]. As a € ag,[)q (T') and
{B} € qrix), it follows from Remark 6 that there is N € qpix) \ {{6}}
such that {8} U (IV \ {a}) is a connected component of Grx] — o with
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IN\ {a}| = 1. Since {a} € qr[x), there is v € (V \ X) \ {«, B} such that
N = {v}. Thus v is an isolated vertex of Grx] — {a,3}. By Lemma 7,
Grx) — B does not admit isolated vertices and hence {«, v} € Epx). Since
Be afjp[X] (T') and since {8}, {7} € qrix], with {a,7} € Epxj, it follows from
Remark 6 that {a,~} is a connected component of G'p(x] — 3. Furthermore,
as {B}U(N\{a}) = {B,7} is a connected component of Grix] —a, {a, 3,7}
is a connected component of Gp(x]. Lastly, since a € OJ%[X] (T') and {8,~}
is a connected component of Gpx] — @, it follows from Theorems 3 and 4
that (T'— «) — {3, v} is indecomposable and ((V \ {«a, 3,7})\ X)-critical.
Conversely, assume that the four assertions above are satisfied. For a
contradiction, suppose that T admits a non-trivial interval I. Since T —
{a, 8,7} is indecomposable and ((V\{«a, 8,7})\X)-critical, Gpix)—{a, 8,7}
has no isolated vertex. As {a,7},{83,7} € Er[x), Gr[x) has no isolated
vertex as well. It follows from Lemma 4 that I N X = @. By Lemma 3,
there exists M € qpx) such that I C M. Since {a},{8},{7} € qrx), M C
(VAX)\{a, 8,7} and hence I would be a non-trivial interval of T—{«, 3, 7}.
It follows that 7' is indecomposable. Lastly, we verify that a € Ug[X} (T).
As {a, 8,7} is a connected component of Gpix) and {3,7} € Epx), {53,7}
is a connected component of G7x) — . Thus the connected components of
Grix) — « are {,7} and those of Grix) — {a, 8,7}. Since T — {a, 3,7} is
indecomposable and ((V'\ {«, 3,v})\X)-critical, it follows from Theorems 3
and 4 that T — « is indecomposable and ((V \ {«a})\ X)-critical, that is,
a€ J%X] (T). Similarly 3 € ag[x] (T). O

In the first part of the last proof, we can also observe that v € a?[ X] (T) if

and only if {o, B} € Ep(x]. The following is then an immediate consequence
of Theorem 6.

Corollary 4. Given a tournament T = (V, A), consider X C V such that
| X| > 3, T[X] is indecomposable and Ext(X) = @. Given distinct elements
a,B,v of V\ X, T is indecomposable and U?[X] (T) ={a, 8,7} if and only
if the following hold

b {a}a {5}7 {/7} € q7(x]/

e {a, 3,7} is a connected component of Gpix);

o Grixil{a, B,7}] is complete;
o T —{w, 3,7} is indecomposable and (V \ {«, 8,7v})\X)-critical.

REFERENCES

1. A. Breiner, J. Deogun, and P. Ille, Partially critical indecomposable graphs, Contrib.
Discrete Math. 3 (2008), 40-59.

2. A. Cournier and M. Habib, An efficient algorithm to recognize prime undirected graphs,
Graph-Theoretic Concepts in Computer Science (Berlin) (E. W. Mayr, ed.), Lecture
Notes in Computer Science, vol. 657, Springer, 1993, pp. 212-224.

3. J. Dammak, personal communication, 2008.



76

N

10.

11.

12.

MOHAMED Y. SAYAR

. A. Ehrenfeucht, T. Harju, and G. Rozenberg, The theory of 2-structures, a framework
for decomposition and transformation of graphs, World Scientific, Singapore, 1999.

. A. Ehrenfeucht and G. Rozenberg, Primitivity is hereditary for 2-structures, Theoret.
Comput. Sci. 3 (1990), no. 70, 343-358.

. R. Fraissé, L’intervalle en théorie des relations, ses généralisations, filtre intervallaire
et cloture d’une relation, Order, Description and Roles (Amsterdam) (M. Pouzet and
D. Richard, eds.), North-Holland, 1984, pp. 313-342.

. P. Ille, Indecomposable graphs, Discrete Math. 173 (1997), 71-78.

. M. Y. Sayar, Les tournois partiellement critiques, C. R. Math. Acad. Sci. Paris 346

(2008), 249-252.

, Support critique d’un graphe indécomposable, C. R. Math. Acad. Sci. Paris
347 (2009), 1-4.

J. H. Schmerl and W. T. Trotter, Critically indecomposable partially ordered sets,
graphs, tournaments and other binary relational structures, Discrete Math. 113 (1993),
191-205.

J. Spinrad, Pj-trees and substitution decomposition, Discrete Appl. Math. 39 (1992),
263-291.

D. P. Sumner, Graphs indecomposable with respect to the x-join, Discrete Math. 6
(1973), 281-298.

FACULTE DES SCIENCES DE SFAX, DEPARTEMENT DE MATHEMATIQUES,
BP 802, 3018 SraX, TUNISIE
FE-mail address: sayar_mohamed@yahoo.fr



