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Seoul, ICM-2014

1 / 30



Several collaborators on this project :

T. Pantev, M. Vaquié, G. Vezzosi.

D. Calaque, L. Katzarkov.

Aim : Study the moduli spaces of sheaves on higher dimensional
compact oriented manifolds, from the point of views of homotopy
theory and deformation quantization.
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The main theorem

A simplified version of the ”main theorem” :

Theorem
Let

G a complex reductive group with Lie algebra g

<,>: g⊗ g→ C a G-invariant scalar product on g

X a compact oriented manifold of dimension d : either a
compact oriented topological manifold or a smooth projective
complex manifold with a fixed isomorphism ωX ' OX .

Then, the moduli space BunG (X ) of principal G-bundles on X ,
suitably considered as a derived algebraic stack, possesses a canonical
(up to a universal choice) n-quantization, n = 2− d.

Purpose of the present talk : Explain and comment this result.
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Plan of the lecture

1 Deformation quantization

2 Low dimensions

3 Derived algebraic stacks

4 Existence of quantizations
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Deformation quantization

Principle

A (deformation) quantization of a commutative object X is

a formal
deformation of X into a less commutative object X~.

~ is a formal parameter :X~ is a formal family with X~=0 ' X , and X~
less commutative for ~ 6= 0.
2 fundamental examples :

X a manifold, O(X ) its ring of functions, a quantization of X is
a formal deformation of O(X ) into an associative algebra
O(X )~. E.G. Quantization of symplectic or Poisson manifolds.

G a group, Rep(G ) its category of linear representations, with
its tensor product ⊗. A quantization of G is a deformation of
Rep(G ) as a ⊗-category (symmetric, braided, . . .). E.G.
Quantum groups.
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Deformation quantization

In this lecture :

Deformation quantization will be realized as formal
deformations of (linear) categories, possibly with monoidal structures.
Because categories are ubiquitous :

A a ring ; A−Mod

X an algebraic variety (or scheme, or stack etc) ; QCoh(X )

G a linear algebraic group ; Rep(G )

All symmetric ⊗ categories.
In this setting :

”commutative” = ”symmetric ⊗”.

”less commutative” = ”less symmetric” (e.g. braided,
associative . . .).
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Dimension 2 : relation with topology

X is a compact, oriented topological surface.

Principal G -bundles on X are representations of π1(Σ) in G .

The moduli space BunG (X ) can be realized as the character
variety

BunG (X ) = Hom(π1(X ),G )/G .

BunG (X ) is an affine algebraic variety with ring of functions A.

There exists a natural non-commutative deformation of A : skein
algebra A~ (Kauffman).

The non-commutative deformation A~ of A is (a part of) the 0-
quantization of our theorem.
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algebra A~ (Kauffman).

The non-commutative deformation A~ of A is (a part of) the 0-
quantization of our theorem.
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Dimension 0 : relation with quantum groups

X of dimension zero, X = ∗.

Principal G -bundles on X are trivial, with G as automorphisms.

The moduli space BunG (X ) is BG , wich represents G acting on
a point ∗.
BunG (X ) = BG is not a variety anymore but an algebraic stack
(i.e. algebraic version of orbifold, groupöıd ...). It can be
incarnated by its category of sheaves QCoh(BG ) ' Rep(G ). It is
a tensor category.

The quantum group is a non-commutative deformation of the
group G . It is incarnated by a deformation of Rep(G ) as a
braided monoidal category Rep~(G ).

Rep~(G ) is the 2-quantization of BunG (X ) = BG of our
theorem.
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It can be
incarnated by its category of sheaves QCoh(BG ) ' Rep(G ). It is
a tensor category.

The quantum group is a non-commutative deformation of the
group G . It is incarnated by a deformation of Rep(G ) as a
braided monoidal category Rep~(G ).

Rep~(G ) is the 2-quantization of BunG (X ) = BG of our
theorem.

8 / 30



Dimension 0 : relation with quantum groups

X of dimension zero, X = ∗.
Principal G -bundles on X are trivial, with G as automorphisms.

The moduli space BunG (X ) is BG , wich represents G acting on
a point ∗.
BunG (X ) = BG is not a variety anymore but an algebraic stack
(i.e. algebraic version of orbifold, groupöıd ...). It can be
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Dimension 3 : relation with Donaldson-Thomas

theory

X a smooth projective 3-fold, oriented : ωX ' OX .

Principal G -bundles on X form a complicated moduli space

BunG (X ),

which is not quite an algebraic variety : it is a derived algebraic
stack (explanations later on).

BunG (X ) is very singular, but is locally the critical locus of a
polynomial function

f : Cn −→ C BunG (X ) ' Crit(f ) = {x ∈ Cn/f ′(x) = 0}.
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Dimension 3 : relation with Donaldson-Thomas

theory

These local functions f give algebraic differential equations
F ′ = f ′F , whose sheaf of solutions (sometimes) glue to a sheaf
E on BunG (X ).

χ(BunG (X ), E) gives the Donaldson-Thomas invariants of X .

The sheaf E is very closely related to the (-1)-quantization of
our theorem (explanations later on).
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Higher dimension

For higher dimensional X the quantization of BunG (X ) seems a new
object (at least not identified yet).
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Derived algebraic stacks

Algebraic varieties, or schemes, are not enough to consider all the
aspects of moduli problems. Moduli spaces, when constructed as
algebraic varieties (or schemes), are often very pathological.

Derived algebraic stacks provide a setting in which moduli problems
have better solutions : they become

less singular

more easy to describe.

The price to pay : heavy technology of higher category theory,
homotopical algebra . . ..  ∞-categories.
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Derived schemes

Definition
A derived scheme (over C) is a pair (X ,AX ), consisting of a
topological space X and a sheaf of commutative dg-algebras AX

such that

the ringed space (X ,H0(AX )) is a scheme

the sheaves H i(AX ) are quasi-coherent H0(AX )-modules and
H i(AX ) = 0 for i > 0.
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Examples of derived schemes

Affine derived schemes : A a commutative dg-algebra
(non-positively graded)

Spec A := (Spec H0(A),OA),

where OA is the family of localizations A[a−1] of A.
Self intersection : Y = Spec A/I ↪→ Spec A a closed
immersion of smooth varieties.

Y ×X Y ' Spec (∧∗A/I I/I 2),

I/I 2 in degree −1.
Euler derived scheme : X = Spec A smooth variety, V vector
bundle on X with a section s.

Eu(X ,V , s) := Spec (K (A, s)),

K (A, s) = { · · · ∧i V ∨ // ∧i−1V ∨ . . . // V ∨ s // A. }
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Derived schemes and schemes

A derived scheme X , has an underlying scheme H0(X ) ⊂ X .

Locally
on X

A −→ H0(A) Spec H0(A) ↪→ Spec A.

Important fact : X behaves as a formal thickening of H0(X ). Very
similar to Yred ⊂ Y .
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Derived algebraic stacks

Definition
A derived algebraic stack is a quotient of a derived scheme by an
action of a smooth groupöıd.

Groupöıd objects inside the category of derived schemes

X1 ⇒ X0 X1 ×X0 X1 −→ X1

Typical example : G an algebraic group. A a commutative dg-algebra
with a G action.

[Spec A/G ] = (Spec A× G ⇒ Spec A) .

Derived algebraic stacks can have easy algebraic description
(G -equivariant dg-algebras) but live in a very complicated
(∞-)category.
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Groupöıd objects inside the category of derived schemes

X1 ⇒ X0 X1 ×X0 X1 −→ X1

Typical example : G an algebraic group. A a commutative dg-algebra
with a G action.

[Spec A/G ] = (Spec A× G ⇒ Spec A) .

Derived algebraic stacks can have easy algebraic description
(G -equivariant dg-algebras)

but live in a very complicated
(∞-)category.

16 / 30



Derived algebraic stacks

Definition
A derived algebraic stack is a quotient of a derived scheme by an
action of a smooth groupöıd.
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Derived mapping stacks

Theorem (T-Vezzosi, Lurie)

Let X be either a smooth and proper algebraic variety or a compact
topological manifold and Y be a derived algebraic stack locally of
finite type. Then there exists a derived algebraic stack Map(X ,Y )
such that

Hom(S ,Map(X ,Y )) ' Hom(S × X ,Y ).

This is a non trivial statement : it implies the existence of many
derived algebraic stacks representing moduli problems.

Derived Hilbert and Quot schemes, derived moduli of vector
bundles.

Derived stacks of stable maps, derived (higher) stacks of objects
in nice derived categories.
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Derived stack of G -bundles

Definition
Let G be an algebraic group

and X be either a smooth and proper
variety or a compact topological manifold. The derived stack of
G-bundles on X is

BunG (X ) := Map(X ,BG ).

Easy to describe in the topological context.

BunG (∗) = BG

BunG (S1) = [G/G ]

if d > 1, BunG (Sd) = [Spec A/G ] where A = Sym(g∗[d − 1])

Cellular decomposition of X allows to describe BunG (X ).
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Derived algebraic geometry

Derived algebraic geometry is the study of derived algebraic stacks.
Modern foundations have been settled down in the last 15 years
(T-Vezzosi, Lurie).

What does it bring new ? Derived algebraic stacks are better behaved
than their underived analogues (by many aspects).

Important for us : nicer infinitesimal behaviour.
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Infinitesimal aspects I

Any derived algebraic stack Z has a tangent complex

TZ ∈ Dqcoh(Z ).

”Derived derivations on Z .”

For Z = Map(X ,Y ), we have

TZ ' p∗ev
∗(TY )

p : X ×Map(X ,Y ) −→ Map(X ,Y ) ev : X ×Map(X ,Y ) −→ Y .

Warning : not true for underived mapping stack.
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Infinitesimal aspects II

For a derived algebraic stack Z and z ∈ Z , lz := TZ ,z [−1] is a dg-lie

algebra. The formal completion Ẑz is given by

Ẑz ' SpfC ∗(lz),

where C ∗(lz) is the (completed) Chevalley complex of lz

C ∗(lz) = ˆSym(l∗z [−1]).

Global version : TX [−1] is a sheaf of OX -dg-lie algebras it controls
the formal completion of X × X along the diagonal.
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Symplectic structures on derived mapping stack

If E is a principle G -bundle on X

we have

TBunG (X ),E ' C ∗(X , ad(E ))[1].

Cup product in cohomology  pairing on TBunG (X ),E , of degree 2− d
and non-degenerate in cohomology. This can be integrated into a
symplectic structure.

Theorem (Pantev-T-Vaquié-Vezzosi)

BunG (X ) = Map(X ,BG ) carries a canonical symplectic structure of
degree n = 2− dimX , and thus a canonical Poisson structure of
degree n.

Remark : hard part is to prove that this 2-form is ”de Rham closed”
(in the derived setting this consists of extra data is not a property !).
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BunG (X ) = Map(X ,BG ) carries a canonical symplectic structure of
degree n = 2− dimX , and thus a canonical Poisson structure of
degree n.

Remark : hard part is to prove that this 2-form is ”de Rham closed”
(in the derived setting this consists of extra data is not a property !).

22 / 30



Symplectic structures on derived mapping stack

If E is a principle G -bundle on X we have

TBunG (X ),E ' C ∗(X , ad(E ))[1].

Cup product in cohomology  pairing on TBunG (X ),E , of degree 2− d
and non-degenerate in cohomology. This can be integrated into a
symplectic structure.

Theorem (Pantev-T-Vaquié-Vezzosi)
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Quantization of derived algebraic stacks

For an affine derived scheme Z = Spec A we set

Dqcoh(Z ) := D(A),

the (dg or ∞-)category of A-dg-modules up to quasi-isomorphism.
In general

Dqcoh(Z ) := lim
Spec A→Z

D(A).

Dqcoh(Z ) is a symmetric monöıdal (dg or ∞-)category.
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Quantization of derived algebraic stacks

Definition
(n ∈ Z) An n-quantization of a derived algebraic stack Z

is a formal
deformation of Dqcoh(Z ) considered as an En-monoidal dg-category.

En −⊗ structure on an ∞-category C :

Confk(Rn)× Ck −→ C.

(i.e. continuous family of ∞-functors Ck −→ C parametrized by
configuration spaces Confk(Rn)).

En −⊗ = hierarchy of commutativity constraints for monoidal
structures. E1=associative, E2=braided, E∞=symmetric, E0=no
⊗. In the ∞-category context En 6= En+1 for all n.

If n < 0, deformation of En-monoidal structures makes sense as
E−n-monoidal structure with formal parameter ~n of degre −2n.
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The higher formality theorem

Higher dimensional version of Kontsevich’s formality theorem.

Theorem (T.)

Let Z be a derived algebraic stack . The deformations of Dqcoh(Z ) as
an En-monoidal dg-category are controlled by the dg-Lie algebra of
shifted polyvectors

RΓ(Z , SymOZ
(TZ [−1− n]))[n + 1].

”Formality is a non-formal statement”

for n = 0 and Z a smooth variety it is Kontsevich’s famous
formality theorem.
for n = 1 and Z a smooth variety it was a conjecture of Kapustin
(ICM 2010). For n > 0 conjectured by Kontsevich-Voronov.
Requires understanding the deformations of En-⊗-∞-categories
(already n = 0 was open, see Lurie’s ICM 2010).
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Existence of quantization

Our main theorem essentially follows from the n-formality theorem
and existence of Poisson structures.

Formality ⇒ Poisson structures of degree n on BunG (X ) provides an
n-quantization of BunG (X ).
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Concluding remarks I

Around a given point E ∈ BunG (X ) the n-quantization can be made
explicit.

We have

̂BunG (X ) ' Spf (C ∗(LE ))

where LE = C ∗(X , ad(E )). Non-degenerate product in cohomology
induces a natural Poisson bracket of degree 1− n on C ∗(LE ) which
can be quantized. This is a perturbed form of Weyl algebra (recovers
Weyl algebras when Lie bracket = 0 and n = 0).
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Concluding remarks II

Back to X a 3-dim CY variety, Z = BunG (X ).

Quantization of
BunG (Z ) provides a ⊗-category Dqcoh(Z )~. It is expected that
Dqcoh(Z )~ acts on a category M. M is defined locally in terms the
local potentials f : Cn → C :
on Crit(f ) M = MF (f ), the category of matrix factorizations of f .
The sheaf E is then the sheaf of Hochschild homology of M.
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Concluding remarks III

More general : Map(X ,Y ) for any derived symplectic target Y .

Also a notion of quantization of Lagrangian or co-isotropic maps
(in progress).

Notion of geometric quantization in the derived setting
(Wallbridge).

Ultimately  fully extended TQFT’s.

Motivic aspects : objects in the quantized Dqcoh(BunG (X )) can
be thought as ”non-commutative motives” over BunG (X ) (at
least their ”de Rham” part).
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Thank you
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