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ABSTRACT. We study Poincaré inequalities and long-time behavior for diffusion processes on
R™ under a variable curvature lower bound, in the sense of Bakry-Emery. We derive various
estimates on the rate of convergence to equilibrium in L' optimal transport distance, as
well as bounds on the constant in the Poincaré inequality in several situations of interest,
including some where curvature may be negative. In particular, we prove a self-improvement
of the Bakry-Emery estimate for Poincaré inequalities when curvature is positive but not
constant.

RESUME. Nous étudions des inégalités de Poincaré et le comportement en temps long pour
des processus de diffusion sur R™ sous une hypothése de minoration non-uniforme sur la
courbure, au sens de Bakry-Emery. Nous obtenons des bornes sur la vitesse de convergence
vers 1’équilibre en distance de transport optimal L', ainsi que sur la meilleure constante dans
I'inégalité de Poincaré dans plusieurs cas, y compris dans des situations ou la courbure peut
prendre des valeurs négatives. En particulier, nous obtenons une améliroation de la borne
de Bakry-Emery pour les inégalités de Poinaré lorsque la courbure est strictement positive
et non-constante.
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1. INTRODUCTION.

Let p(dz) = Z='e=V(®) dzx be a probability measure defined on R™. We assume that V is a
smooth enough function (of C* class in this introduction). The most classical consequence
of the celebrated Bakry-Emery criterion C'D(p, 00) (see [7, Definition 1.16.1]) is that, as soon
as the Hessian of V' is uniformly positive definite, i.e. for some p > 0, all u € R”, all x € R"

(u, Hess V(z)u) > plul?, (1.1)
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then u satisfies several functional inequalities, including the following:

Definition 1.1. A probability measure p satisfies a Poincaré inequality if for all smooth f,
(here and in the sequel we denote by p(f) the integral of f w.r.t. p),

Var,(f) := p(f?) = 12(f) < Cp(p) IV f1) - (1.2)
It satisfies a logarithmic Sobolev inequality (LSI) if for all smooth f
H(f?|p) = p(f* (f?) = n(£?) W(u(£?)) < Crs(u) p(|IVFP). (1.3)

In the sequel, Cp and Cg should be understood as the best constants for which the previous
inequalities hold, for a given probability measure. We refer to [2, 7, 52] among many others,
for a comprehensive introduction to some of the useful consequences of these inequalities, as
well as their most important properties.

When curvature is bounded from below by some constant p > 0, then the celebrated Bakry-
Emery theorem states that

Cp<p i Crsg<2p . (1.4)

An interesting remark is that in the Gaussian case, the Poincaré and logarithmic Sobolev
constants obtained through this (seemingly) crude upper bound are in fact optimal. Indeed,
linear functions saturate the Gausisan Poincaré inequality, while exponentials saturate the
Gaussian LSI. Under this curvature condition, the key element in the usual proofs of these
functional inequalities is the pseudo commutation property

VP f| < e R(IV]) (1.5)

for all smooth f. Here P, is semi-group P; = e'*, where L = A — VV.V. The constant p can
be seen as some kind of Ricci curvature lower bound for the semi-group. This terminology
comes from the fact that, for a Brownian motion on a smooth manifold, this property is
actually equivalent to having a lower bound of the form Ric > pg, where Ric is the Ricci
curvature tensor and g the metric tensor. Actually (1.5) is true as soon as (1.1) is satisfied
even if p € R is non-positive, but in this case one cannot immediately deduce the inequalities
we are interested in for p. The probabilistic interpretation is provided by the associated
stochastic process X} solution of the stochastic differential (integral) equation

t
XF = 2+v2B, - / VV(X) ds (1.6)
0

where B. is a standard Brownian motion, and with the semi group then satisfying the formula

Bif(z) = E(f(XY)) = Eo(f(X0))- (1.7)

The notation E, will be used when looking at the stochastic process starting from some
random initial data Xy with distribution v. One can check that u is a stationary (and even
reversible) measure for this process.

A natural question is to extend (1.5) to the more general situation of a non-constant Ricci
curvature lower bound. More precisely, since Hess V() is a real symmetric matrix, all its
eigenvalues (p;(x))i=1,...n are real and we shall consider a lower bound of the form

(w, HessV (x)u) > p(x) |ul? (1.8)
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One can always use as a lower bound p(z) = pp,(2) := min;—; _, pi(x), which would be the
best possible choice, but it may be convenient to consider some other lower bound, suboptimal
but easier to compute or use.

Definition 1.2. We shall say that the curvature is bounded from below if (1.8) is satisfied
for some p(x) > po € R and any =x.

Equivalently, for A > —pg/2, Az|?> + V() is uniformly convex. It follows that, defining
Y(x) = |z|?, Ly (z) < Ky(z) + a® for some constant a. It is then classical that the process
is conservative (non explosive) and ergodic with invariant (reversible) measure pu. More
precisely, thanks to reversibility (i.e. symmetry in L?(u)), the spectral theorem allows us to
show that for f € L%(u), Pif — p(f) as t — +oo in L?(p) (a direct probabilistic proof is
contained in [15]).

One motivation for introducing a variable curvature bound, even in situations where curvature
is actually bounded from below by some positive constant, is that the Bakry-Emery theorem
is rigid [22, 28, 46]: if equality holds in either bounds of (1.4), then the measure must split off
a Gaussian factor, and therefore the optimal p,, in (1.8) is constantly equal to p. Therefore
any measure with a non-constant optimal curvature lower bound must satisfy a Poincaré
inequality and a logarithmic Sobolev inequality with strictly better constant than the one
given by the Bakry-Emery theorem. An improvement using the harmonic average of the
curvature bound was obtained in [49] for the Poincaré constant. See also [25, 23] for some
results in that direction, of a different flavor than those we shall obtain here.

We shall first give a simple proof of the following generalization of (1.5) (see section 2 for
precise statements)

Proposition 1.3. If (1.8) is satisfied for some regular enough function p, it holds
VP < By (e 08 71X

This result is not new. It is shown for instance in the recent work by Braun, Habermann
and Sturm [14] in the much more general framework of metric measure spaces, and can
be deduced from general formulas for derivatives of the heat semigroup, investigated for
example in [26] in the Riemannian setting. The work [14] also contains numerous results
on equivalences between several notions of “variable Ricci curvature”, and was actually the
starting point of the present work. In the diffusion case we are looking at, some of us
heard about Proposition 1.3 from D. Bakry in informal discussions. A partial result in this
direction is also contained in [18, Section 7.4]. Some related gradient bounds using local
curvature bounds were investigated in [4].

The natural question is then to understand what consequences we can get from this gradient
bound. The goal of the present work is to derive some applications to the study of the
long-time behavior of the underlying stochastic dynamic.

We would like to mention another related approach, the so called “intertwining” method.
When p is gaussian with covariance matrix pld (i.e. X is an Ornstein-Uhlenbeck process),
the inequality (1.5) becomes an equality

VP f(z) = e " P(V])(z).
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An intertwining semi-group is a distortion of the gradient such that
VP f(x) = PMAV (@),

for some perturbed semi-group PtA. In some situations, if the perturbation is nice enough
one may use it to recover gradient bounds similar to (1.5). The intertwining method has
been well known for a long time in the context of stochastic processes. Its application to
functional inequalities (Poincaré or Brascamp-Lieb) is more recent. For background about
implementation of the intertwining method for diffusion processes, we refer to [3, 12, 13].

Another approach that can sometimes be applied in situations where curvature may be
negative is that of F-Y. Wang [51], later extended by E. Milman [45], who showed that if
curvature is bounded from below by some uniform, but possibly negative constant, a strong
enough Gaussian concentration inequality allows to recover a logarithmic Sobolev inequality,
and even an isoperimetric inequality. See also [29] for an alternative proof, and [9] for some
applications in statistical physics. The results obtained via that method and those we shall
present here do not seem to be directly comparable.

In order to use Proposition 1.3, consider some 1-Lipschitz function f. If X is distributed
according to v, we denote by P/v the distribution of X;. Since the semi-group is symmetric
we should omit the *, but it helps to understand the nature of the various objects. We thus
have for probability measures v and S,

IBiv(f) = PrB()| = [v(Pf) = B(PS)]
and
| VP oo < supEy o= fo X))

It follows, using its variational expression, that the W; Wasserstein distance satisfies
WA(Pv, PEB) < supE, e~ o %] 1, 5) (1.9)
X

Links between convergence to equilibrium in Wasserstein distance and curvature bounds go
back to [47, 50]. In order to get some decay to 0 for Wi (Pv, i) , it thus remains to estimate

t . . . .
the sup-norm of E, (ef Jo p(XS)dS). This connection between convergence in Wasserstein

distance and gradient estimates is a particular instance of the Kuwada duality theorem [38].

Assuming that the process is ergodic (for instance when the curvature is bounded from
below), we know that

1

: /0 p(Xo)ds = ulp) (1.10)

as t — oo, P, almost surely for all x.

Hence we should expect that e~ Jo p(Xs)ds may behave like e #(P)t for large ¢, so that one can
expect that, replacing p = min, p(x) in the Bakry-Emery criterion by u(p), will allow us to
derive interesting results as soon as u(p) > 0. In particular, we can hope to handle some
situations where p is negative in some region of space, possibly even at infinity.
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It turns out that u(p,,) is often positive. For instance if n = 1, since p,, = V", integrating
by parts yields,

w(pm) = / V"e Vidx :/(V’)2 e Vidz >0,

provided the integrals exist and V’e™" goes to 0 at infinity.
For a general n, and any u € R", it holds

/(u,HessVu)evd:c = /(u,VV>2ede >0,

provided everything makes sense and (u, VV)e™" goes to 0 at infinity. But in order to
estimate p(pnm) we would have to take the infimum w.r.t. u under the integral sign, so that
(strict) positivity is unclear.

Nevertheless, the optimal lower bound on average curvature is often positive. This means that
something else is needed in order to obtain interesting consequences, since the asymptotic
behavior of the exponential term in (1.9) cannot be that simple.

Another reason is the following: if we have a uniform contractive estimate of the form
supE, (6_ fg p(Xs)ds) < C_Ct,
x

then the semi-group is a contraction in Wj distance. This property is known to imply that
the curvature is bounded from below by a positive constant [50].

One weakness in this approach is that (1.9) involves a supremum over x. Such a uni-
form control requires strong continuity assumptions for the semi-group (for instance ultra-
boundedness). It is thus interesting to try to get a direct expression for Wi (P v, P}f3)
without using the variational expression of Wj. This is done in some specific situations in
Section 3. Remark 5.4 discusses examples and sufficient conditions for ultra-boundedness.

Similarly, one can try to get L? estimates. Recall that

+oo
Var(Pif) =2 [ p(TPAR) ds.

Hence if f is 1-Lipschitz we thus have
400 s
Var, (P,f) < 2/ E, (e—fo 20<Xu>du) ds | (1.11)
t

If we are able to show that
EM <€_ I 2p(Xu)du) < Ce

for some ¢ > 0 provided pu(p) > 0, one can expect some decay

2
Var, (P, f) < TCe_Ct

for all 1-Lipschitz function f. Recall the following result [20, Lemma 2.12]:

Lemma 1.4. Let C be a dense subset of L2(u1). Suppose that there exists ¢ > 0, and, for any
f €C, a constant cy such that:

vt, Vary(P.f) <cje” e
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Then
Vfe ]LQ(,u),Vt, Var, (P, f) < e Var,(f) .

In particular, when this lemma applies, Var,(P;f) < e “Var,(f), so that p satisfies a
Poincaré inequality with constant less than 2/c.

In order to develop this strategy, what is required is thus to control the rate of convergence
in (1.10). Deviation bounds for additive functionals of ergodic diffusion processes have been
studied in [17, 30] based on a previous result by Wu ([53]). One can also mention [41] where
analytic tools are used. We shall mainly use [30] where a very detailed study is performed. It
is also presumably possible to use direct controls as it is done in [42] for the one dimensional
situations, though some points in [42] are not totally clear for us.

To end this introduction let us give a flavor of the results we obtained in the case of Poincaré
constant (see Theorem 5.3 for a more complete result)

Theorem 1.5. Assume that V is C? and that p is bounded below by py > 0, then

1
C <
p(p) < P

with

- ) 1 [ (1(p) = po)®
=T <(“(p) Pl + 55 0 (p)> <1 \/1 (((p) = po) + 55 0502(0))2> |

Remark that we may always choose p to be bounded, eventually losing on p(p). We thus
obtain a strict improvement of the Bakry-Emery estimation of the Poincaré constant in the
variable curvature case.

The plan of the paper is the following: in Section 2 we prove Proposition 1.3 by differenti-
ation of the flow or by coupling. Then we introduce the methodology for the Wasserstein

t
contraction in Section 3 showing that the crucial estimates is the one of F, (e_ o P(Xs)d5>.

By using transport-information inequalities we obtain controls for such Laplace transform in
Section 4, where a particular attention is considered for the effect of the initial measure v,
thus obtaining Wasserstein contraction estimates as well as general bounds on the Poincaré
constant. Finally, Section 5 considers various examples and applications, e.g. the logconcave
case or the uniformly convex case.

2. PROOF(S) OF PROPOSITION 1.3.

We shall propose two approaches for proving Proposition 1.3: the first one is based on the
theory of stochastic flows in the spirit of [37, 31], the second one on coupling following the
ideas in [18, 49]. Since the framework is simpler than that of [14], the proofs are more direct.
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2.1. Proof via stochastic flows.

First recall the following result which is a consequence of [37, Theorem 3.1 and Theorem
5.4]

Theorem 2.1. Let .
X = 3:—/ VV(X?)ds + V2B,
0

Assume that V is C*, and the process is conservative (i.e. for all x the lifetime is almost
surely infinite). Then for all t the application x — X7 is a.s. C*¥=2, and its derivatives are
obtained by formal differentiation. In particular

oXy

(%ei

X! =
satisfies
t
81Xf = € —/ HessV(Xﬁ) 81X;3d8,
0

where e; is the it" canonical unit vector, i.e.

t
0; Xy = <exp (—/ Hess V(X7) ds>> €.
0

If f is a smooth function, we thus have

o x0) = (000, (e (- | t fess V(xX2) s ) ) )

so that
VDR = (VD). (e (-2 [ t Hess V(X2 ds) ) (V1)(X7) )

Since P, f(x) = E(f(X})) we may calculate VP, f(z) by differentiating under the expectation,
if such a differentiation is allowed. But from what precedes

(VA sup <u (exp <_2 /0 t HessV(Xg)ds>> u>é (2.1)

< e o enXDd) (7 1)(X7)],
where py, is defined in (1.8).

IV(f (X))

IN

Indeed, if A(¢, x) denotes the smallest eigenvalue of the real and symmetric matrix fot HessV (XZ)ds
the supremum in (2.1) is attained for a corresponding normalized eigenvector v(t,x) and is
equal to e~ A&2) | Bug

At,z) = <U(t,a:), (/Ot HessV(Xf)ds) v(t,x)>

= /0 (v(t,z) , Hess V(XZ)v(t,x))ds

(/Ot pm(Xf)ds> lo(t, )| = /Ot (X7 ds

v
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Hence using Lebesgue’s theorem for differentiating under the expectation we have obtained
the following precise version of Proposition 1.3

Theorem 2.2. Assume that V is C3, that the process is conservative and that x +— E (e’ Jo p(XT) ds)

is locally bounded, p being defined in (1.8). This is the case for instance when the curvature
1s bounded from below. Then for all smooth f,

VP fl(2) < Eq (e #3009 51(x)))

Note that if p is bounded from below by some constant (which may be negative) and V is
smooth enough, this theorem does apply.

2.2. Proof via coupling.

We shall now follow the method used by two of us in [18], namely synchronous coupling.
The argument below is very close to the one of [49, Theorem 6], that derived a strongly
related Wasserstein distance estimate for diffusions on manifolds.

Since (1.6) admits a strong solution, one can build with the same Brownian motion a pair of
solutions starting from (z,y), denoted again by (X, XV).

First recall that

1
(VV(2) = VV (), z—2) = /0 (z— 72, HessV(Az + (1 = N\)2') (2 — 2/)) dX

1
> / p(Az+ (1 —=N2) |z —22dX.
0
Assuming again that the curvature is bounded from below, using Ito’s formula we thus have
efg 2f01 P(AXZ4+(1-N)XY)d\ds |th 7 Xty|2 _ |IE . y|2 . QA(t) (22)
with

an = [ t (v - v,z - xn - ([ LpXT 4 (1 NXY) o) fxz - x2p)

% el 2 [ pAXE+(1-N)XY) dXdu ds
< 0.

Hence .
|X£B _X§1| < |CC _y| e Is s p()\X;”—&-(l—)\)XSy)d)\ds‘ (23)

Following [18] p.5 we thus have, using the mean value theorem

[Pf(2) = Pf ()] < E(F(XF) = FXD)) < o =yl E (IVF(z)] e o Jo AKX dr)

for some z; sandwiched by X7 and X/. It remains to divide by |x — y|, use that X? goes
to X7 almost surely as y — z, that the curvature is bounded from below and Lebesgue’s
theorem to get a slightly different version of Theorem 2.2

Theorem 2.3. Assume that V is C?, that the curvature is bounded from below and that p
is continuous, p being defined in (1.8). Then for all smooth f,

VPSI() < By (e o004 71X,
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3. A DIRECT CONTROL OF THE Wj DISTANCE.

Unlike what is done in [18], studying the evolution of the Wasserstein distance starting from
(2.3) is not immediate. The difference is that in the constant curvature case there is no need
to interpolate between X and X}

3.1. Reinforcing the Ricci bound.
To bypass this issue, we shall reinforce inequality (1.8) by assuming that there exists a
function x : R™ — R such that for all (z,y) € R*"
(VV(2) = VV(y), z —y) > (k(z) + w(y)) |z —y*. (3.1)

If this holds for some r, taking limits y — z it is easily seen that 2x(x) < pp,(x). We can
then follow the previous proof and get

X7 = XP| < o —y| e o (DD (3.2)
As a consequence,
1 1
WP 8,, Proy) < Bz (e Jo 2xX0d) g (o= o 20X ds) ). (33)

The advantage of this bound is that we do not need a sup-norm control anymore. Another
approach, using a related coarse, non-local version of curvature bounds was used in [49]. Of
course, if we want to replace the Dirac masses by general measures, the situation is not as
simple. Nevertheless we have for any coupling 7 of v and u,

Wi(Pv,p < E (\X{f — XY| e~ Jo n(XE)ds o= [ n(X:)ds>

IN

1 1 1
E? (ly — =”) Ej, (e* I M<Xs>d8) g (e* Jo W(XSWS) (3.4)

provided I%—i— % —i—% = 1. By choosing an appropriate coupling 7, we then obtain the following:
Proposition 3.1. Assume that V is C? and that (3.1) is satisfied for some r which is
bounded from below by ko € R. Then for all (p,q,r) with % + % + % =1,

1

1
Wi(Pfv, p) < Wy(v, n) Ej, (6_ Io ”(Xs)ds) E: (e‘ Js q““”‘“) :

Notice that since 2k < p,,, the assumptions in the previous proposition imply that the
curvature is bounded from below, hence that the process is conservative.

Remark 3.2. Since this proof is based on a coupling argument, we can also extend it to
control W), distances with p > 1.

Remark 3.3. The set of V' satisfying (3.1) contains of course all uniformly convex functions
(for which & is a positive constant), but also functions like V(z) = g(|z|?) for some convex
function g : R — R with x(z) = ¢’(|z|?). Indeed for such functions

(VV(2) = VV(y),z—y) = 2(d(al)al* + g (yP)yl* = (' (|2*) + g'(1y*)) (z,))
> (g (J2)al* + g'(yP)ylP) = 2(g'(12*) + 3'([y*)) (2, 9)
(o' (l2*) + ¢/ (ly*) |z — yI?
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since the difference equal to

2 2 2 2
(¢'(Iz[%) = g'(JyI*) (|2 = yI*) > 0
thanks to the convexity of g. Note that for the measure exp(—V') to be finite, such a g must
be strictly increasing at infinity, and hence V' is uniformly convex at infinity. &

Remark 3.4. Actually, as explained in [18, Remark 6], using [8, Theorem 4.1 and below], one
can deduce the gradient commutation property from the decay of the W; distance. This is
done in [18, Theorem 14] to derive such a commutation under the assumption

(VV(2) =VV(y), z —y) > Kz —y[) |z -yl

replacing the synchronous coupling by the mirror coupling and assuming that x(u) goes to
Koo > 0 as u goes to +0o (k(0) is not defined). This assumption is satisfied when V is
uniformly convex at infinity. O

3.2. Some special cases.

Assumption (3.1) is nevertheless much stronger than (1.8). It is thus natural to ask whether
on can obtain similar results starting from (2.3)

X7 — XY < |z —y| e Jo Jo POXE+(1-N)XY)dAds
The difficulty is to control p(Az + (1 — A)y) in terms of p(x) and p(y). In dimension one
however we may use the following well known monotonicity property of the coupling we used:
it x <y, thenforallseR, X7 <XY/.

We may then state a first result:

Proposition 3.5. Assume thatn =1, V is C? and that (1.8) is satisfied for some p which is
bounded from below by py > 0 (log-concave case). Assume in addition that p is non-increasing
on (—o0,a) and non-decreasing on (a,+o0) for some a € R.

Then for all (p,q,r) with % + % +1l=1
Wi(Pw, 1) < Wy(v ) A

where

T

A4 = E (6— fgrlxs>ap(xs>ds> E§ (6— fgqlxs<ap<xs)ds>+

T=

+ E (6_ fg 7"1Xs<a p(XS)dS) Eé <e_ fg qus>ap(X5)d5) .

Proof. If x <y, and since p(z) > 0, it holds
pPAXT + (1= NXY) > p(XT) 1xssa + p(XY) Lxyey-
It follows
Wi(Piv,p) < E (IX(’f — X Lxpaxs € Iy <P(X5)1xg>a+p(Xs”)1xg<a)ds> n
+ B <|X5 —Xollxpoxp e lo (p(X5)1X5<a+P(Xs”)1X§>a)d5>

yielding the result. U
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The assumptions on p is of course satisfied in some cases, but if a is not infinite it often
implies that V is uniformly convex at infinity. In order to extend the previous idea to the
multi-dimensional setting we will introduce two different notions of lower bounds on the
curvature, to control its behavior at infinity:

Definition 3.6. Let p satisfying (1.8). For = € R™ we define

ping(Jz]) = inf p(y) and  psyp(lz]) = inf p(y).
ly|<|z| ly|>|z|

We have

Proposition 3.7. Assume that V is C? and that (1.8) is satisfied for some p which is
bounded from below by po > 0 (log-concave case). Then if ping (resp. psup) is non-increasing
(resp. non-decreasing) on (a,+00) for some a > 0, for all x and y in R™,

Wi(P{ 6z, Pfoy) < |z —y| Eq (e_ I 1‘X5\>a+|zfy\pinf(lxs""ll'_y‘)ds)
respectively

WAP{ 02, P8, < [0 =yl By (e B3 2xsmasioos Xl

Proof. It is enough to remark that
p(Az + (1= N)2') = pins(l2] + |2 = 2'])
as soon as [Az + (1 — A)2/| > a and similarly for ps,, and that p > 0 otherwise. O

4. UsING WI DEVIATION INEQUALITIES.

4.1. Transport-information inequalities.

As said in the introduction we shall extensively use the results of [30] on functional in-
equalities and concentration estimates for additive functionals. To this end we introduce
some notations.

Let ¢ be a cost function defined on R™ ® R", i.e ¢ is lower semicontinuous, non negative and
satisfies ¢(z,x) = 0 for all x. We shall also only consider cases where ¢(z,y) = c(y,z). We
may consider the transportation cost T, defined by
Te(v,p) = inf / c(z,y) m(de, dy) . (4.1)
{mmox—l=v, moy—l=p}

When c¢(z,y) = |z — y|P, we recover the usual W), distance, but other costs may also be of
interest for our purpose here. The Kantorovich duality theorem states that
Te(v,p) = sup  v(u) — p(v), (4.2)
(u,0)EDe

where
. := {(u,v) Borel and bounded s.t. u(z) —v(y) < c(z,y),V(z,y)} .
Also recall the definition of the Fischer information: for v = fu with f > 0 and locally

Lipschitz ,
Ivlp) = ('Vf | ) = 1 (INW/DE) - (43)
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If v does not satisfy the previous assumptions then, I(v|u) = +oo.

The following is a consequence of Theorem 2.2 in [30], connecting functional inequalities and
deviation estimates of additive functionals along drift-diffusion S.D.E.

Theorem 4.1. Let a : [0, +00) — [0, +00) be a continuous increasing function with a(0) = 0.
Then the following statements are equivalent.

(1)  The following transport-information W1(«,c) inequality is satisfied
a(Te(v, ) < I(vlp), Vv.
(2)  For any initial measure 3 < p such that dB/du € (), all u,v such that (u,v) €

®,., all R,t >0,
P 1 t XJ)ds > R < |ldB/d —ta(R)
o\7 u(Xs)ds > p(v) + < |[dB/dpullr2(y € :

(3)  Defining
PN f(w) = By [f(Xp)elo Y]

then for all u,v such that (u,v) € ®. and all t > 0 it holds
| PYf ey < e Cr@Ta" ) g s,
where o* is the Legendre transform of aljg ), restricted to [0, 00).

In particular, for any initial measure 8 < p such that df/dp € L2(u),
t
Es [exp ( [ u<X5>ds>] < 1148 /dull2q) explt () + a* (W)
0

When curvature is bounded from below by a positive constant, a quadratic transport-
information inequality holds, with the L? Wasserstein distance. Concentration estimates
for additive functionals can also be directly derived from positive curvature [32]. However,
positive curvature is not a necessary condition, and we can also use non-quadratic inequal-
ities. There are also direct approaches starting from Poincaré inequality such as [17] with
bounded curvature or [5] only requiring curvature bounded from below, but whose constants
may not lead to a strict improvement of our results.

Definition 4.2. Let ¢ be a cost function and © a measurable function. We define

|u(z) — u(y)|

U ||e:= sup —————— € [0, 00].
I o= sup T € (0,00

Remark 4.3. Notice that a simple monotone convergence argument allows us to extend The-
orem 4.1 to non necessarily bounded functions u such that || u ||.= 1. This will be used in
the sequel without further mention. &

When u is bounded from below we can derive another bound, which shall later be useful.

Corollary 4.4. Let «: [0, +00) — [0, +00) be a continuous increasing function with a(0) =
0. Let u be a measurable function bounded from below by ug € R and such that p(u) > 0.
Then for all initial measure 3 < u such that dB/du € L?(u), all X and t strictly positive, all

1>e>0 .
B o (= [ Nutxas)| <
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(1 + [|dB/dpa| |2 () max (eﬂsu(w , e*t(Auo+a<<1fs>u<u)/||u||c>>) ,

Proof. Introduce the set

t
A= {— / AMu— p(u))(Xs)ds > Rt} :
0
We thus have, using Theorem 4.1,
Eﬁ <€7 fg )\u(Xs)ds> < ef/\uot]P)IB(A) + ef)\,u(u)tEB (67 fot A (u—p(u))(Xs) ds 1AC)

< ||dB/dpllp2 et (= Auo —a(R/Afulle)) 4 o= (Apu(w) —R)t (4.4)

Choosing R = X\ u(u) (1 — €) gives the result. O

Remark 4.5. Tt is also possible to obtain exponential convergence of additive functionals via
Lyapunov-type conditions, see for example [36, 27], but the constants obtained there are not
so explicit, and typically depend on the dimension, so they are not so suitable for our purpose
here.

4.2. Rates of convergence in W) distance.

We start with an immediate application of what precedes:

Theorem 4.6. Assume that V is C2, that (3.1) is satisfied with some function k which
satisfies || k ||c< +00, bounded from below by some constant ko € R and such that p(k) > 0.
Assume that p satisfies a WI(a,c) inequality for some function cc. Then, for all v such that
dv/dp € L2(p), all t >0,

Wi(Pfv, p) < Clv)e ",
in the following cases:

(1) If a* satisfies
(2 || k)
2 )

a*(r||x]le)
T

(k) >

then for any r > 2 such that p(k) >

(4.5)
, and p=r/(r —2), we may choose

1
Cw) = lldv/dpllFa ) Wolv. )
and
0 =2(u(k) — (a*(r || & ll)/r)).
(2)  If a satisfies

2k0 + ap(k)/ || £ [le) > 0, (4.6)
then for any r > 2, 1 > & > 0 such that rro + a((1 —e)u(r)/ || & ||c) > 0, and
p=r/(r—2), we may choose

1
Clv) = 1+ |ldv/dpllizgm) Wp(v, 1),

and

6 — 2 min (euw), Ko+ La((1 - €)u(f~”v)/\|f<ch)> |
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Proof. According to Proposition 3.1, it is enough to control IE,% (e* Jo 7R(Xs) ds) for some well
chosen r > 2.

Part (1) is an immediate consequence of (3) in Theorem 4.1 applied with v = —k/ || & ||c
and A=7 || K ||c.

Part (2) follows from Corollary 4.4. When 7 ko+a((1—¢)u(k)/ || & ||c) > 0, both exponential
terms go to 0, so that the exponential decay rate is given by

win (=) o+ (1= )/l
O

We thus have a balance between the rate of exponential convergence and the initial control
i.e. 7 and p or €. Note that since we want some regularity for s, it may be that the one to
use is not the one that optimizes (3.1), but some smoother minorant.

One can notice that in case (2) the rate is always less than or equal to € u(x) and that it can
be achieved by choosing

a((1 —e)u(x)/lI%ll)

ep(K) — Ko

r(e) =

9

provided the latter is larger than 2 and eu(k) — ko > 0. We shall come back to this issue in
Section 5.

In order to extend the result to more general initial measures we will use in addition the
following regularization result

Proposition 4.7. Assume that V is C? and that the process is conservative. Then for all
x € R" and t > 0, P}o,(dy) < dy and its density p(t,x,y) is continuous (in y).

We will denote r(t,z,y) = p(t, z,y) ¥ the density of Pj6, w.r.t. u. Notice that (t,z,y) =
r(t,y, x).

This result is certainly well known in P.D.E. theory. The assumptions we are using are those
of [43, Proposition 4.2], where the proof is based on Malliavin calculus.

Then, as argued in [20], symmetry combined with the Chapman-Kolmogorov relation and
the continuity of r yield for all ¢ > 0,

[ Pty = [ o) rity.e) uldy) = r(2to,0) < -+oo.
If v is any probability measure, P;v is thus absolutely continuous w.r.t. p with density
r(t,v,y) = [ r(t,x,y) v(dz) which belongs to L?(u) as soon as [ r(2t,z,z) v(dz) < +oo.
It follows that for all n > 0,

E, (efr s n(Xs)ds> _ E, (677" I k(X,)ds Ex, (64 o H(X;)ds»

< e—rnonEP*y <€—r Ot n H(Xs)ds>
=~ g
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Hence as before we easily get

E, (6_ fg H(Xs)ds> < Eé (e—r fot H(Xs)ds)
< e—nonEigl/ (e—r 0‘—’7 K(Xs)ds>

and we may argue as in the previous proof (using that the .2 norm of a probability density
is larger than 1) to obtain

Corollary 4.8. The conclusions of Theorem 4.6, are true for any probability measure v, any
t >n >0, with the same 0 but

Cv) = 27 </ (20, z, z) y(dx))QlT @m0 YW (v, 1) |

where r(n, .,.) is defined in proposition 4.7.

In order to consider the more general curvature assumption (1.8) we would have to get
uniform bounds in z when the initial measure is d, (see (1.9)). We can follow the same path
as before provided p satisfies the same assumptions as . Notice that this time we only need
r>1.

Theorem 4.9. Assume that V is C%, that (1.8) is satisfied with some function p which
satisfies || p ||c< 400, is bounded from below by some constant py € R and such that u(p) > 0.
Assume moreover that p is continuous or V is C3 and p is locally bounded. Finally, assume
that p satisfies a W1(«, c) inequality for some function o. Then, for all v, all n > 0 and all
t>mn,

Wl(Pt*V7 M) < C(V) e O Wl(ynu)v
with

1

3
Cv) = 2% <sup r(277,:v,x)> elf=po)m
in the following cases:
(1) If o* satisfies
u(p) > a (L plle), (4.7)
for all r > 1 such that u(p) > M, we may choose
0 = (ulp) = (@ (r [ plle)/r))-
(2) If « satisfies

po+a(p(p)/ 1l plle) >0, (4.8)
forallr > 1,1>¢e >0 such that r po + a((1 —)u(p)/ || pllc) > 0, we may choose

6 = min <eu<p>, pot La((1- s)u(p)/llpllc)> |

Remark 4.10. One can think that the assumption used here on the density (27, .,.) is too
strong. Consider for example the Ornstein-Uhlenbeck corresponding to the standard gaussian
measure. Then

( 7671&)2
r(t,r,x) = c(t) e 1 |z? (17677% - 1) = ¢(t) ellP e t(1—e™")
) 9 ,
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so that it is not bounded. However if the semi-group is ultra-bounded, i.e. maps continuously
LY () in L°°(p) for all t > 0, then, since r(n, x,.) is a density of probability w.r.t. u, r(2n,x,.)
is bounded, with a sup norm only depending on 7, and not of z. Actually we only need the
(L', L>°) continuity for a single time . &

4.3. Entropic pre-factor.

When curvature is nonnegative, we can get a variant of Theorem 4.6 with an entropic
pre-factor instead of an L? norm, but at the cost of weakening the rate of convergence. We
recall the definition of the relative entropy functional

H(v|p) = /gloggdu; if dv = gdp
and takes value +oo if v is not absolutely continuous with respect to u.

Theorem 4.11. Assume that the transport-information inequality
o (Tulv, 1)) < I(vlp)

holds, and that ||k||. < co. Assume moreover that k > ko for some kg € R and that there
exists ¢ > 1 such that
(allslle) ™ o (allslle) < p(r) + ro.
Then for any r, p with %—i—%%—% =1 ande € (0,1) such that (1—&)u(k) > (q||x||c) " ta*(q||l|c),
we have
Wi(F{v, p) < Wy(v, p) (H1(t) + Ha(t))
with

log2 + H(v|p) " iy _ S
H+(t) = u(r)+ro—(ql|xllc) "t a*(ql|xl|c))t
1) <ta<<1—e>/r|n|rc> ¢ ’

Hy(t) = e~ (+2nm) ~(alislle) o allsllo)t

and

Since H(v|p) <log(1+ |[p|[12(,)), this entropic pre-factor is often much smaller than the L
pre-factor of Theorem 4.6.

Proof. We shall use the classical entropy inequality
log2+ H(P|Q)
P(A) <
W= gt 1/0(2))

for any two probability measures P and (), and event A. It can be derived as a consequence
of the dual formulation

(4.9)

H(P|Q) = sup P(f) —log Q(e”)

by taking f = A14 and then optimizing in A.
We wish to apply (4.9) with P the distribution of a trajectory of the diffusion process with
initial data distributed according to v, and @) the law of a trajectory of the same process,
but started from the equilibrium distribution . It is known, for example as a consequence
of the Girsanov formula [40], that in this case

H(P|Q) = H(v|p).
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If we take A the event fo s)ds > E, (k) +r, we get

IP’(A) < (log2 + H(v|pn))/(te(r)).
The proof of the first part then proceeds as in the proof of Theorem 4.6. Combining the

transport-information inequality and the above bound, the counterpart to (4.4) for r, R and
A as in the proof of Theorem 4.6, is

E, (ei fotrn(Xs)ds> < efrnotPV(A) + efru(/i)tE ( Ji 7 (h—p(k))(Xs) ds 1 4c )
log 2 + H(v|p)

ta(R/(r||xllc)
We then take as before, R = (1 — ¢)ru(x) and get

1r log2 + H(v|p) i _
E, S rk(Xs)ds < Kot ep(r)t )
(¢ ’) (ta«l /) ¢ T

e — T kot + ef(ru(n)fR)t. (4.10)

Moreover,

B [oss (| t (s )| " < exp(ctute) + tallnll) o @l

Using Proposition 3.1 then concludes the proof. O

We could also straightforwardly derive results similar to Corollary 4.8 and Theorem 4.9, but
for the sake of brevity we do not do so here.

4.4. Bounds on the Poincaré constant.

Recall that according to the discussion in the introduction, thanks to [20, Lemma 2.12],
Cp(p) < 2 as soon as

( —2f0 Xs)ds) < Ce—ct )
For r > 2 we may use
B, (e 1 20008) < gy (o fi et
together with Theorem 4.1 or Corollary 4.4. This yields

Theorem 4.12. Assume that the assumptions of Theorem 4.9 are fulfilled.

(1) if o* satisfies
pp) > a2 plle)/2, (4.11)

1
n(p) —a*(2 | plle)/2

then

Cp(p) <

(2) If « satisfies
2p0 +a(p(p)/ [ plle) > 0, (4.12)
then for all r > 2, 1> ¢ >0 such that r po + a((1 —e)ulp)/ || p |lc) >0,
1

min(e 1(p) , po + (a((L = e)u(p)/ | p lle)/r))

Cp(p) <
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If ¢ is continuous, the optimal € satisfies

a((L=e)up)/ || plle) = 2(ep(p) = po)
provided the right hand side is non-negative and in this case Cp(u) < 1/(epu(p)).

For the last assertion, first remark that for a given ¢ the optimal r is such that both terms
in the min are equal, i.e.
a((L=g)ulp)/ I plle)

r(e) =(p) — po
provided r(¢) > 2. Then remark that ¢ — h(e) = a((1 — €)u(p)/||pllc) is non increasing,
e — g(e) = 2(eu(p) — po) is non decreasing, they are both continuous and h(0) > g(0) while
h(1) < g(1) yielding the optimal e.

Remark 4.13. If V is not smooth enough, the previous result is still true in the following
situation: there exists a family V;, of smooth potentials (for instance V' x ~, where v, is a
centered gaussian kernel with covariance matrix n/d) and a bounded p such that p, > p for
all 77 and the measure e~"7dz converges weakly to p as n — 0. &

Remark 4.14. We will now discuss some possible choices for the cost ¢. Notice the transport-
information W1(«, c¢) is only important for the single function p (or ). A natural choice will
thus be

c(z,y) = lp(x) = py)l, (4.13)
so that ||p||c = 1. The difficulty will be to find tractable conditions for WI(«, ¢), in particular
because c is not necessarily a distance.

The most classical choice is ¢(z,y) = |z — y| so that || u ||=| w ||lLip=| VU] ||oc. WI(e,c)
then becomes the following W11 («) inequality
a(Wi(v,p) < I(v|lp), V. (4.14)

Of course, in many situations one may replace the natural p or k by some smaller function. For
instance, if we consider V (x) = |z|* as in remark 3.3, we may replace the natural x(x) = 2|z|?
by x(z) = 2min(|z|?, |x|) which is (globally) Lipschitz, and thus apply the previous results
provided W1 («) is satisfied.

If we choose the Hamming distance c(z,y) = lyzy, Te(v,p) = 3 || v — p [|ov and || u [lo=
Osc(u) = sup, , [u(z) — u(y)|.

Remark 4.15. About homogeneity.

It is well known that the Poincaré inequality is 2-homogeneous w.r.t. dilations. This means
the following: for A > 0, define px(f) = [ f(Az)u(dx) so that

ux(de) = %e_v(w”) de = e 2@ dg |
Vi) = )+ V), V@) = VV(/A),  pale) = 150/,
o) = [ pOaln(de) = o), pro= 500

1 1
| oxllLip = L zip, Osc(pr) = 1z Osc(o)
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and finally
Cp(pa) = 2 Cp(p) .

Of course the key point here is that the dilation only concerns the invariant measure and
not the dynamics. In particular there is no immediate correspondence between the natural
dynamics corresponding to p and its dilation, so that we cannot expect to get a direct
comparison of the rate of convergence in Wj distance for both.

Now consider T.(uy,v). If we assume that ¢ is homogeneous of degree 7, i.e.
c( Az, Ay) = Ne(x,y)
we have
Te(px,v) = N1 Te(p, v1 ) -
It is easy to check that
I(wiplp) = N 1(v|wy)
so that if u satisfies a WI(a, ¢) inequality,
Te(v,mn) = N To(vijn,p) < Na ' (I(v)aw)
< ANa T (W I(v]m))
and pu) satisfies a W1 (ay, c) inequality with
ayt(s) = Na (M s).
For simplicity we will only consider the case a(s) = ¢s™ for some m > 0, i.e.
ax(s) = e N~ (mn+2) gm

If we consider both cases, c¢(z,y) = |x — y|, yielding n = 1, or ¢(z,y) = 1,4, yielding n =0,
it is easily seen that our Theorem 4.12 is homogeneous w.r.t. to dilations. &

Remark 4.16. The criterion u(p) > 0 can be called positive average curvature. Recall that in
the symmetric situation we are looking at, a Poincaré inequality is equivalent to an integral
I’y criterion (see e.g [2] proposition 5.5.4), namely
Proposition 4.17. The following statements are equivalent

e For all smooth f,

|| Hess £ 3) + u(V £, Hess V'V £) > Cu(VFP),
e The Poincaré constant satisfies
Cp(p) < 1/C,

where || Hess f(x) ||2 denotes the Hilbert-Schmidt norm of Hess f(x).

In particular if (1.8) is satisfied, Cp(u) < 1/C as soon as u(p|Vf[?) > Cu(|Vf|?) for all
smooth f. If we may choose a positive constant for p we recover the Bakry-Emery criterion,
but if p(x) < —e on a small ball, one can build some f such that the previous inequality
is not satisfied. Hence our Theorem 4.12 is of a different nature, as it applies in situations
where p may take negative values in some region.
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5. EXAMPLES AND APPLICATIONS.

5.1. About Wil inequalities.

Since the results of the previous section are based on Wil inequalities, it is important
to have some sufficient conditions for these inequalities to be satisfied. Actually not so much
is known and we recall below the main examples:

Proposition 5.1. We have the following properties
(1) (see [30, Theorem 3.1])  Assume that u satisfies a Poincaré inequality with optimal
constant Cp(u), then u satisfies a WrI inequality
lv—u iy < 4ACP(W) I(v|n) Vv
i.e. a WI(a,c) inequality with a(s) = (1/Cp(u)) s* and c(x,y) = Lyzy.
(2) (see [AT])  Assume that p satisfies a logarithmic Sobolev inequality with optimal
constant Crs(p). Then p satisfies a Wal inequality
W (v, p) < Cts(p) I(v|p) Vv.
Consequently, since Wy < Wa, it satisfies a W1 (v, c) inequality with a(s) = (1/C3¢(p)) s>
and c{z,y) = |z — .
Of course similar inequalities are satisfied for any C > Cp(u) (resp. Crs(iu)).

It may seem strange to derive bounds for the Poincaré inequality starting from such a bound,
but we may hope that starting from an a priori bad bound, the method developed in the
previous section will help to improve upon the constant.

We will thus assume that p satisfies some W11(2) inequality in the terminology of [30], i.e.
we have

2
a(s) = % so that  a*(s) = %32. (5.1)
This yields, using o*, the following values in our previous results:
(1)  in Theorem 4.6, for r > 2,
C
0 =2 ()~ S 10 12). (5.2
(2)  in Theorem 4.9,
C
0 = up)— lell, (5.3)
(3)  in Proposition 4.12,
1
Cp(n) < , (5.4)
wp) =5 el

provided 6 > 0 or u(p) = || p 2> 0.

Similarly, using « instead of a*, we get:
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(1) in Theorem 4.6, 6 = 2¢ p(k) with r > 2 satisfying

1 1 (1 —e)?pu?(k)
— , 5.5
Cenl—ro  TxI2 (55)
(2) in Theorem 4.9, § = ¢ u(p) with
1 1 1—e)2u?
Ceulp)—po  pl?
(3) in Proposition 4.12, Cp(u) < Tl(p) with
1 1 1—e)2u?
1 (1-—¢) lé (p) ’ (5.7)
Ceulp)—po  lrl?

provided 0 < € < 1.
In the latter cases, denoting by g either s or p and by a either 2 or 1 we have
aC(ep(g) — g0) Il g 1= (1 —€)*1*(9) (5.8)
so that denoting by n = € u(g),
h(n) = 0% — n(2u(g) +aC || g |2) + (1*(9) +aCgo || g |I2) = 0.

Since 1(0) = p?(g) +aCygo || g ||Z and h(u(g)) = aC || g [IZ (90 — u(g)) < 0, we always have a
solution 0 < & < 1, provided h(0) > 0, solution given by

B a . #A9) +aCgo [l g 12
culg) = (o) +5C 1l g I?) (1 \/1 (M(g)+§CHg||Z)2>' (5.9)

One can of course compare the bounds obtained above with o* and «. For simplicity denote
by 5* = u(g) — % | g |? the bound obtained with a* and by 3 the bound obtained with
in (5.9). We have:

(1) if B* <0 and p%(g9) +aCgo || g ||>< 0, then neither of the bounds are available,

(2) if B* <0 and p%(g9) +aCgo || g ||>> 0, then we may use f3,

(3) if B* >0 and p%(g9) +aCgo || g ||?< 0, then we may use 3%,

(4) if 8* > 0and p*(9)+aCgo || g [|2> 0, then 5* < 3 provided u(g) < 3¢ C |l g |2 + g0,
and the converse inequality holds otherwise.

The proof of (4) is elementary. These results clearly indicate that both approaches may be
of interest.

5.2. The positive curvature case.

Let we illustrate first the previous results when py > 0.
In this case we already know that a lot of inequalities are satisfied, in particular

Wi(Pfv, p) < e PP Wi(v, p) (5.10)

according to [50] and

1 2
Cp(p) < — and Crg(p) < — (5.11)
Po Po
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according to the Bakry-Emery criterion. As we have previously mentioned, this statement
is rigid, and under a non-trivial variable curvature bound the constants should get strictly
better. We shall see what improvements can be obtained using the previous results.

Since pg > 0, (5.8) always admits a solution for some € € (0,1). In order to compare with
the previous bounds one can solve (5.8) using 7 = € u(p) — po, yielding another expression
equivalent to (5.9)

) a (1(p) = po)”
eulp) = po + <(“(p)_p0)+ic HpH?) <1 B \/1 ~ ((ulp) —po) +5C ||P’g)2> |

(5.12)

We have thus obtained the following results (using «):

Theorem 5.2. Assume that the assumptions of Theorem 4.9 are satisfied. Assume in addi-
tion that p is bounded from below by some constant pg > 0.

Then, for all v, allt >n >0,
Wi(Pfv, p) < 2 <sup 7"(277,96736))5) eO=P)n =L Wy (v, 1)

where 0 is given by one of the following expressions:

(1) either

1 )2
0= po + ((M(P) — po) + 30 Och(p)> <1 - \/1 ~ ((ulp) —(//jo()p)Jr 250>0802(p))2> ’
(2) or

2 (1(p) — po)?
0= s+ (o) =m)+ 5 1 plty) (11~
Po g ((u(p) = po) + 5 1 1 173)
Theorem 5.3. Similarly, under the assumptions of Theorem 4.12 and if py > 0,

1
C <
P(M) = oot e

with
(1) either

, - 1 o (1(p) — po)?
5‘@W>””mﬁ)“00 ¢1<m@—m+¢wﬂmﬁ’

L (1(p) — po)?

, B 4 2 _
e = <(u(p) po) + pe I p ||sz> 1 ((1lp) = po) + 25 I 17:,)?
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What is interesting here is that one (almost) always obtains improvements of the Bakry-
Emery constants, in agreement with the rigidity phenomenon [22]. Of course, for the con-
vergence in W7 distance some constant has to appear in front of the exponential rate. Also
notice that when py — 0 or when Osc(p) or || p ||Lip— +00, ¢’ and € go to 0. Also notice
that if p is constant, its oscillation and its Lipchitz norm vanish so that 6 and & are equal
to 0.

As explained before, in some cases it is possible to obtain better constants by using o* instead
of a. Explicit computations are left to the interested reader.

Remark 5.4. Recall that if the semi-group is wltra-bounded, then sup, r(2n,z,z) is finite.
Examples of ultra-bounded semi groups are well known, such as when V(z) = |z|® with
B > 2 [24, 34]. More generally, if V' is bounded below, goes to infinity at infinity and satisfies

1
3 IVV]? — AV > ¢|[V[' —d1<r

for some R > 0, ¢,d > 0 and v > 1, then the semi-group is ultra-bounded, see [16, Remark
5.5]. With v = 1 one gets a log-Sobolev inequality, and with 7 = 0 a Poincaré inequality.
Other conditions, such as Foster-Lyapunov conditions, may also be used. See also [7, Section
6.3] for further background and connections with Sobolev inequalities. &

5.3. Using the log-Sobolev constant.

In this subsection we will assume that p satisfies a log-Sobolev inequality with constant
Crs(p). In this situation it is well known that it also satisfies a Talagrand inequality
T5(Crs(i)), so that we have

Wi(Pv, p) < Wa(Bv, w) < \/Crs(w) H(Pyv|u) < /Crs(u) e Vst \/H (v ).
(5.13)

According to [11] remark 2.8, one can improve on the previous inequalities and show that
Wi(Piv, p) < Wa(Prv, p) < K(u) e~ YOt Wy, ). (5.14)

However we cannot replace Ws by Wi in the right hand side. According to Theorem 4.6, we
can also deduce a similar result, using our method.

But according to what precedes, Theorem 5.2 extends to the case py < 0, yielding
Wi(Pv, 1) < Cp) e Wi(v, 1)
in the following two situations,

(1) if the log-Sobolev constant satisfies
4p(p)

Cis(p) < e (5.15)
P Lip
we may choose 0 = u(p) — L5 || p 3,
(2) if the log-Sobolev constant satlsﬁes
1(p)
Cls() < =7 o (5.16)

ool |1 o 1175
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we may choose

B 1, ) L )+ CEsWeo I Ly
= (o450 Lotk ) 1=\ 1 G T T B

5.4. The log-concave case.

The log-concave case corresponds to pg = 0. It was shown by Bobkov ([10]) that such
measures satisfy a Poincaré inequality. A simple proof was given in [6].

In addition, general quantitative bounds are known for Cp(p) in this situation. The easiest
one, mentioned in [1, p.11] but credited to [33] reads as follows

Proposition 5.5. Let i1 be a log-concave distribution of probability. Define Vary,(z) = p(|z—
w(x)|?) and \* as the largest eigenvalue of the covariance matriz of u. Then

Cp(p) < 4Vary(z) < 4n X\ (5.18)

It is conjectured (Kannan-Lovasz-Simonovits or K-L-S conjecture) that
Cpln) < C N

for some universal constant C which is thus dimension free. One can look at the original
paper [33] and at the monograph [1] for an almost up to date state of the art. The converse
inequality \* < Cp(u) is always true. The best known result in this direction at the time
of writing is due to the work of Klartag and Lehec [35], building up on earlier work of Chen
[21] and Lee and Vempala [39]: for some universal constant C,

Cp(p) < C(logn)x*. (5.19)

Except in the gaussian case where all quantities coincide, the relationship between the curva-
ture and \* is quite unclear, except that, according to the Bakry-Emery criterion A* < 1/po.

Notice that we may assume that 0 = pg = inf p. Indeed if inf p > 0 we may always find a
smaller modification on a set of small measure with an infimum equal to 0 and then pass to
the limit w.r.t. the measure of this set. Hence we may assume that Osc(p) = sup p.
Similarly we may replace p by px = min(p, K), satisfying again pg = 0 and for a K to be
chosen later such that u(pr) > 0. Of course u(pr) < p(p). In order to get a lower bound
for p(pK), it is enough to write

nlpr) = K p(p =2 K) = %medu(p)

if we choose K = med,,(p). Of course the choice of a median is artificial and we could replace
it by any quantile, up to a modification of the constant pre-factor.

The other specific feature is that, still in the log-concave case, we can replace p by Ap for
any 0 < A < 1. In particular we may choose A in (5.3) in such a way that

CA pp
S92 H)

1(p) = 9

It follows
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Theorem 5.6. Assume that the assumptions of Theorem 4.9 are satisfied. Assume in addi-
tion that po = 0.

Then, for all v, allt >n >0,

2
Wi(Pv, n) <2 <sup r(27],x,x)> e 0t Wiy, ),
x

where 0 is given by one of the following expressions:

_ o (we) . W)
(1) 0_m1n< 2 |P%ip01245(‘u)> ’

() *(p)
(2) 0_m1n<“7’m>

In particular we may always take 6 = i min <medu(p) ; ﬁ(u))

Remark 5.7. If we assume that the semi-group is ultra-bounded, then it is hyper-bounded so
that p satisfies a defective log-Sobolev inequality Ent,,(f2) < C u(|V f|*)+A u(f?). According
to the Rothaus lemma [7, Proposition 5.1.3], since a log-concave p always satisfies a Poincaré
inequality, the previous defective log-Sobolev inequality can be tightened into a true log-
Sobolev inequality with a log-Sobolev constant Crs(u) < (C'+(A+2)Cp(p)). The difference
with the previous subsection is that we do not have to assume that this constant is small
enough. In addition the value of the constant C' in the defective LSI approach depends on
the L norm of the density of the measure itself.

Notice that the Theorem applies for instance with V(x) = |z|® with 8 > 2.

It is tempting to use the same normalization trick in (5.4) with C' = Cp in order to get a
self improving inequality. Unfortunately this yields a trivial Osc?(p)/u?(p) > 1, i.e. (5.4) is
not self improving. The same disappointing fact, somewhat more tricky to check, holds with

(5.9). &

Remark 5.8. In the log-concave situation another approach is possible for the Poincaré con-
stant, using the famous Brascamp-Lieb inequality

Var,(f) < /(Vf, (HessV) 'V f)du. (5.20)
In particular it holds
Va(f) < ([ sup (u (ressv) Ty ) 11941 1 (5.21)
ueSn—1

Using E. Milman’s result (see [44, Theorem 2.4] or [19, Theorem 2.7 and Theorem 2.14] for
extensions) we deduce that there exists an universal constant C' (see [19] for explicit bounds)
such that
Cp(p) < C </ sup (u, (HessV) 'u) du) < Cu(l/p). (5.22)
uesSn—1
We thus have a control of the Poincaré constant using some mean of the “inverse” curvature,
which recovers, up to the value of the constant prefactor, Veysseire’s result [49]. &
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6. COMPARING WITH A DIRECT APPROACH IN THE ULTRA-BOUNDED CASE.

In many of the previous results the quantity

sup 7 (2, , )
x

appears in the pre-factor for the W convergence. As we said, finiteness of the above quantity
is ensured when the semi-group is ultra bounded, i.e. for all s > 0,

sup 7(s,z,y) < K(s) < +00.

m7y
Actually, we do not know examples where the semi-group is not ultra bounded, but r(2n, x, z)
is bounded in x. In the ultra-bounded situation, one may directly control the W; decay and
see that the rate of the exponential decay obtained in the previous two subsections is not
optimal.

First recall that any Boltzmann probability measure e~Y(®) dz with V locally bounded sat-
isfies a weak Poincaré inequality (see [48, 15]). If the semi-group is ultra-bounded it is
hyper-bounded and together with the weak Poincaré inequality we get that a (true) Poincaré
inequality is satisfied (see [15, Proposition 5.13]), hence according to the Rothaus lemma
u satisfies a logarithmic Sobolev inequality. In our approach here, we shall only use the
Poincaré inequality.
Recall that

Wi(Piv, ) = sup (Prwlf) — u(f)

I fllzip=1

Replacing f by f — f(0) does not change the previous expression. Therefore, since we know
that

Pu(dy) = ( / r(n,x,y>u<dx>> u(dy) = r(n.v,y) pu(dy)

and since P is symmetric, using the Lipschitz bound on f we get
WiPv, ) < [ Jal |Piyr(ns) = 1] ldo). (6.1)

If r(n,v,.) € L?(u), using first Cauchy-Schwarz inequality and then the Poincaré inequality
we get

1 __t=m 1
Wi(Pfv, p) < p2(lz]?) e TP p2(r(n,v,.) — 1)

(|z]2) ¢~ Tl (/r@n,x,x) v(dz) — 1)§ . (6.2)

It follows that the rate of exponential convergence is § = 1/Cp(p), whatever the curvature is.
We are thus gaining a factor 4 compared with Theorem 5.6, but we are losing the pre-factor
Wi (v, u) in this direct approach.

If in addition (s, .,.) is bounded,

N

IN

I

< [ om0 via) - 1)2 = () —12) < (K@)~ V¥ [|v - ldy -

The following can thus be favorably compared with our previous results in some cases
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Proposition 6.1. If the semi-group is ultra-bounded, then for all n > 0, denoting K(n) =
sup,, 7(n, z,y) we have

1
Wi (Pfv, ) < (K(n) — 1)F @b (ja2) eV/Cr®) ||y — ||z, et/Cr).
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