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♠ Université de Toulouse

Abstract. In this paper we intend to present a unified treatment of a variety of singular
interacting particle systems and their McKean-Vlasov limits. This unified approach is based
on the use of the relative entropy on the path space in the spirit of our previous works
together with C. Léonard.
We show how it can be used to derive existence and uniqueness for some singular diffusions,
in particular linear mean field stochastic particle systems and non linear SDE of McKean-
Vlasov type, including Lp − Lq models, the 2D vortex model associated to the 2D Navier-
Stokes equation, sub-Coulombic interactions models or the Patlak-Keller-Segel model.
We also show the convergence and propagation of chaos as the number of particles grows to
infinity. This is (mainly) obtained at the process level, not only at the Liouville equation
(marginals flow) level. The paper thus contains new proofs and extensions of known results,
as well as new results.
The main results are given at the end of the Introduction.
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1. Introduction and main results.

McKean-Vlasov non linear partial differential equations have been extensively used for mod-
eling the dynamics of complex systems in physical and life sciences in particular. They are a
macroscopic description of collective behaviour of particle systems for which the density of
particles ρ̄(t) solves

∂tρ̄t(x) = ∆x ρ̄t(x) +∇x.((b+K ∗ ρ̄t)ρ̄t)(x) . (1.1)

Here x ∈ Rd, b is some drift term describing a self-interaction and K describes interaction
between particles. It is not difficult to see that (1.1) preserves positivity and mass, so that
we may assume that ρ̄0 is a density of probability, i.e. ρ̄0 ≥ 0 and

∫
ρ̄tdx =

∫
ρ0dx = 1.

Of course we have chosen here to only look at “diffusive” particles of Ito type and one can
replace the Laplace operator by more general local or non local operators. Notice that up to
a linear time change, one can include in this framework the case where the diffusion part is
given by σ2∆x.
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2 P. CATTIAUX

In order to understand the microscopic behaviour of the system one has to introduce a “linear”
stochastic version of (1.1), describing the individual behaviour of each particle, namely, for
i = 1, ..., N , the system of Stochastic Differential Equations (SDE)

dXi,N
t =

√
2 dBi,N

t − b(Xi,N
t )dt − 1

N

N∑
j=1

K(Xi,N
t −Xj,N

t ) dt , (1.2)

where Bi,N
. is a collection of N i.i.d. standard Brownian motions on Rd. If one assumes that

the initial random vector X .,N
0 is a finite exchangeable sequence, it is easy to see that the

same is true for X .,N
t for all t ≥ 0. Assuming that the variables X .,N

0 are i.i.d. with common

distribution µ0(dx), one can thus expect that the empirical measure νNt = 1
N

∑N
i=1 δXi,N

t

which is a random variable taking its values in the set of probability measures, satisfies some
“law of large numbers” i.e. converges in some sense (weakly or strongly) and hopefully that
the limit is a non-random probability measure µt. This convergence implies that for all

k ∈ N, the distribution of (X1,N
t , ..., Xk,N

t ) weakly converges to the tensor product µ⊗kt . This
property is called since its introduction by Kac, the propagation of chaos property, at the
level of the marginals.

Since the interaction term in the drift of (1.2) writes as K ∗ νNt one can then expect that
X1,N
. converges in some sense to a non-linear diffusion process solution of the so called non

linear SDE,

dX̄t =
√
2 dBt − b(X̄t) dt − (K ∗ ρ̄t)(X̄t) dt , (1.3)

µt = ρ̄t(x) dx = L(X̄t) ,

whose marginals flow satisfies (1.1).

The previous program was partly or fully completed in several situations during the last
decades. The first basic result is described in [121] section 1 and reads as follows

Theorem 1.1. Assume that b and K are global Lipschitz and bounded. Assume in addition

that the distribution of the initial condition X .,N
0 is given by µ⊗N0 .

Then there exists a strongly unique solution for both (1.2) and (1.3), where for t > 0 the

distributions of X .,N
t and X̄t admit a density ρ.,Nt and ρ̄t. Furthermore ρ̄t given by (1.3)

solves (1.1).

In addition, building solutions with the same Brownian motion (synchronous coupling), it
holds for any i ≥ 1 and T > 0,

sup
N

√
N E[sup

t≤T
|Xi,N

t −Xt|] = C(T ) < +∞ ,

and propagation of chaos holds true.

In particular, if Qk,N , and Q̄ denote respectively the distribution on C0([0, T ], (Rd)N of the
processes (X1,N

. , ..., Xk,N
. ) and X̄. on a finite time interval [0, T ], the Wasserstein distance

W1(Q
k,N , Q̄⊗k) goes to 0 as N goes to infinity with a rate

√
N .

The last sentence implies the propagation of chaos at the level of the paths of the processes
(we shall say process level for short), which is of course stronger than propagation of chaos
for the marginals.
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The existence of a density for the given laws is an application of elliptic regularity for the
particle system and a little bit of additional work for the non-linear S.D.E. Notice that the
densities ρNt of the marginals flow of QN,N solve a Fokker-Planck equation, often called the
Liouville equation in the PDE literature

∂tρ
N
t (x) =

∑
i

∆xi ρ
N
t (x) +

∑
i

∇xi .((b(x
i) +

1

N

∑
j

K(xi − xj))ρNt )(x) , (1.4)

and process level propagation of chaos implies the convergence of ρk,Nt to ρ̄⊗kt , that is prop-
agation of chaos at marginals level.

Since this time, a lot of works have been devoted to partly or fully extend Theorem 1.1 to
more general situations. The first immediate extension consists in replacing the independence
assumption µN0 = µ⊗N0 by µN0 is µ0 chaotic i.e. is exchangeable and satisfies for all fixed k

that the distribution µ
(1,...,k),N
0 of (X1,N

0 , ..., Xk,N
0 ) weakly converges to µ⊗N0 as N goes to

infinity.

Many of these works are using the original scheme of proof: prove existence and uniqueness
for (1.2), then for (1.3) using a fixed point theorem and finally prove propagation of chaos
by using a synchronous coupling between the linear and the non-linear SDE’s.

An alternate approach replacing the fixed point theorem consists in proving tightness for
the empirical measures using moment bounds, to show that all limit points are solving the
martingale problem associated with (1.3), show uniqueness for the latter and deduce propa-
gation of chaos from this uniqueness and Proposition 2.2 in [121]. This alternate approach
is described (in an even more general framework) in the survey [105] where the W1 distance
is replaced by the W2 distance.

We also refer to the more recent surveys [12, 78], and especially to the very recent massive
one [45, 44]. One would find in the bibliography of [78] and [118] a number of examples and
references of mean-field diffusive models we will not add in this paper in order to save place.

The extensions of Theorem 1.1 we are interested in, are in particular the ones where b or K
are no more bounded, nor global Lipschitz.

For non bounded examples let us mention aggregation models like the granular media equa-
tion (see [22, 23] for an analytic approach, [8, 7] for a probabilistic one based on a fixed point
argument, [33] for a (more general) probabilistic one using the alternate approach and look
at the references therein) or some stochastic FitzHugh-Nagumo equations for which we refer
to [50] and the references therein.

In the present paper we shall focus on singular kernels.

A particularly large family of interesting kernels is given for d ≥ 2 by

K(x) = χ
x

|x|s+2
(1.5)

for some s, i.e. deriving from a Riesz potential. The constant χ determines whether the
model is attractive for χ > 0 or repulsive for χ < 0. This terminology is motivated by the

following property : looking at the squared distance between two particles |Xi,N
t − Xj,N

t |2,
the interaction part −⟨K(Xi,N

t −Xj,N
t ), Xi,N

t −Xj,N
t ⟩ of the dynamics is negative for χ > 0
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(resp. positive for χ < 0) when particles are close, inducing that this effect tends to make
the distance decaying (attraction) or growing (repulsion) in each case.

It is worth noticing that even the existence of a solution for the particle system is far to be
clear, so that all the program has to be performed.

For d = 2, χ > 0, b = 0 and s = 0 correspond to the celebrated parabolic-elliptic (Patlak)-
Keller-Segel model introduced in [83, 84] in order to model some chemotaxis phenomena
observed in some bacteria populations like the Dictyostelium discoideum for instance. A
detailed description of the most important results on this model is given in subsection 6. Let
us simply indicate here that existence and uniqueness of a free energy solution to (1.1) is
known under mild assumptions on the initial condition (see [10, 54]) provided χ ≤ 4, existence
and uniqueness for the particle system is studied in [63, 38, 64] for χ < 4, propagation of
chaos at the level of marginals is studied in [17] but replacing the euclidean space Rd by
the torus Td, partly studied in [123] in the whole space at the level of marginals and in
[63] at the process level but for χ < 1. Notice that [17] contains quantitative results on
propagation of chaos, while the results in [123, 63] are only qualitative. The Keller-Segel
model is presumably one of the most difficult to study due to the explosion of solutions for
χ > 4 and to various phenomena, like for instance the existence of collisions between particles
with positive probability for the stochastic process.

A η relaxed Keller-Segel model corresponding to s = −η for η > 0 is studied in [68]. The
main difficulties of the classical one disappear, in particular there are no collisions, and one
can use the strategy in [62] for the Biot-Savart kernel we shall introduce below, in order to
perform the whole program and obtain propagation of chaos at the marginals level.

Still for d = 2, the 2D-vortex model corresponds to b = 0 and to the Biot-Savart kernel

K(x) = χ

(
x2
|x|2

,
−x1
|x|2

)
:= χ

x⊥

|x|2

for some constant χ. It is linked to the 2D Navier-Stokes equation. One can see the initial
[112, 113] and the more generals [104, 62]. The key point for existence and (strong) uniqueness
is thus that there are no collisions in finite time, i.e. that for all T > 0, all i ̸= j,

inf
0<t≤T

|Xi,N
t −Xj,N

t | ≠ 0

almost surely as soon as the same holds at time 0. Once this is shown, the alternate strategy
of proof is used in [62] to get a qualitative analogue of Theorem 1.1 replacing convergence
in Wasserstein distance by convergence in distribution at the process level. For an analogue
3D model we refer to [59].

Quantitative results at the marginals level have been recently obtained in [69] on the torus
and in [55] on the whole euclidean space. The results [69] are also uniform in time.

In higher dimension d ≥ 3, the repulsive case is studied in [118] for sub-Coulombic potentials,
i.e. 0 < s < d − 2 and in the very recent [47] on the torus, the latter also containing some
results in dimension 2 for the periodized Keller-Segel model studied in [17]. All these works
only consider the Liouville equation, hence the marginals level.

Another particularly interesting case is the one of the Dyson Brownian or Ornstein-Uhlenbeck
motion, corresponding to d = 1, χ < 0 (repulsive situation), b = 0 or b(x) = −ax for some
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a > 0 and K(x) = 1/x which is connected to the spectrum of random matrices, studied in
the 90’s in [46, 117, 41, 43] and very recently in [16, 70].

The notion of propagation of chaos has been extended in several directions and a very general

theory is contained in [75]. In particular one may reinforce the weak convergence of µ
(1,...,k),N
t

to µ⊗N0 by adding the convergence of some entropies (see [62] definition 2.3 for this notion).
This is sometimes called entropic propagation of chaos in the PDE literature.

Recall that for two probability measures µ and ν on the same Polish space the relative entropy
of ν w.r.t. µ (also called Kullback information or Kullback-Leibler divergence) is defined as

H(ν|µ) =
∫

ln

(
dν

dµ

)
dν = sup

||f ||∞<+∞

(∫
f dν − ln

∫
ef dµ

)
, (1.6)

this quantity being infinite if ν is not absolutely continuous w.r.t. µ. If Kullback information
is not a distance it controls the total variation distance dTV thanks to the celebrated Pinsker’s
inequality

sup
||f ||∞≤1

∣∣∣∣∫ f(dν − dµ)

∣∣∣∣ := dTV (ν, µ) ≤
√

2H(ν|µ) . (1.7)

Entropic propagation of chaos is proved for the vortex and the relaxed Keller-Segel models.

Recently other approaches have been proposed for the study of singular mean-field models,
in particular in order to obtain quantitative and/or uniform in time propagation of chaos,

i.e. results like supt≥0 d(µ
1,N
t , µt) ≤ θ(N) for some distance d and some θ(N) going to 0 as

N growths to infinity.

The first one, initiated in [77] and extended in [79], consists in studying the time evolution

of H(ρ
(1,...,N),N
t |ρ̄⊗Nt ) where ρ̄t is the solution of (1.3). The Biot-Savart kernel is also studied

(as an example in a larger class) in [69] combining the Jabin-Wang approach and coupling
methods introduced in [53]. In these papers the dynamics is built on the torus T⊗N , in order
to ensure some boundedness properties. The second one, explained in [118], is based on the
study of the time evolution of the modulated energy introduced by Serfaty. Convergence for
the modulated energy implies weak convergence ([118] Remark 1.5). Both approaches are
combined in [17] in order to cover more singular kernels including the Patlak-Keller-Segel
case for d = 2,

A new entropic approach was initiated by D. Lacker in [93] and [94], using probabilistic tools
and some hierarchy principle for the entropies (BBGKY hierarchy) at the process level. The
results in the previous references as well as in the last opus [95] of the method are written
with very general assumptions that are difficult to check on explicit singular examples (as
the authors themselves are claiming). In [76, 72] the authors combine Lacker’s approach and
Krylov estimates as e.g. in [88], that are used to check the assumptions made by Lacker.
Propagation of chaos for singular kernels like the ones we have described, is not shown and
seems very hard to obtain by using this approach.

Though singular, the kernels K we have discussed, satisfy K ∈ Lα(Rd) for some α > 0. A
general theory for S.D.E.

dXt =
√
2 dBt + g(t,Xt)dt
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with a drift g ∈ Lp([0, T ],Lq(Rn)) has been developed by Krylov and co-authors. Since we
are mainly interested here in homogeneous processes, we shall essentially consider the case
p = +∞. However, for non-linear SDE we have to consider general time dependent drifts.
Existence and uniqueness for such processes is obtained for q > n (see e.g. [88]). Some results
were obtained in the critical case q = n (see the discussion in Remark 3.9). The method has
been applied to interacting particles, with q > d in e.g. [73, 124]. This limitation however is
too strong for the most interesting singular kernels we want to look at, except the η relaxed
Keller-Segel model. One can also look at [86] for another approach based on De Giorgi’s
method.

The main idea of the present paper is to look at the Kullback information (relative entropy)
on the path space, i.e. for probability measures that are the laws of diffusion processes rather
than looking at their time marginals. Except this use, our approach does not have many
similarities with the one of Lacker (except in section 7 where we will recall and get tiny
improvements of the results in [94]). We shall push further this idea including the proof of
existence and uniqueness for the particle system and for the non linear diffusion process, and
not only the propagation of chaos result.

In addition, we will show convergence and propagation of chaos at the process level (except
in one case), not only at the marginals flow level.

This paper (sometimes partly expository) is thus some kind of propaganda for relative entropy
on the path space. This notion offers a unified approach for many of the problems we have
introduced, in particular for the singular models we have discussed. It allows us to give
new (and often shortest) proofs for known results, to improve several existing results, and to
obtain new results, in particular for the Keller-Segel model.

Relative entropy on the path space has already been used in several other contexts, for
instance the study of the celebrated Schrödinger problem (see e.g. [98]), stochastic analysis
(see e.g. [96, 97, 99, 1, 30]), or large time behaviour and functional inequalities (see e.g.
[60, 67, 27, 32, 31, 28, 126]).

An overview of the contents of the paper.

In the next section 2 we will recall first (subsection 2.1) the basics on relative entropy on path
spaces and the associated Girsanov transforms, including the use of time reversal in order
to connect relative entropy and Fisher information (Proposition 2.2 and Corollary 2.3). We
also recall the main results of [34] for the construction of conservative diffusions with a given
flow of marginals of finite energy. The stationary situation in connection with Dirichlet forms
theory is discussed in subsection 2.2. We then relate absolute continuity of the law of the
particle system (w.r.t. Wiener measure) to the absence of collisions (Theorem 2.15). Finally
we apply these results to the construction of some singular particle systems (η relaxed Keller-
Segel, sub-Coulombic or Dyson). If the results are mainly known, the method of construction
is new.

In section 3 we first recall the useful Gagliardo-Nirenberg type inequalities (Lemma 3.1) and
their application to generalized Hardy-Littlewood-Sobolev inequalities (Lemma 3.3). We
then recall the standard way to relate Fisher information and entropy dissipation for the
marginals, and compare with the results of the previous section. The next subsection 3.2
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contains a new approach and new results about existence and uniqueness of drifted Brownian
motions in Rm with a possibly singular drift g ∈ Lp(Rm) for p ≥ m (p > 2 if m = 2), see
Theorem 3.8. This Theorem completes the huge literature on the topic (see Remark 3.9)
and is new in the critical case p = m. We then apply the method of construction to particle
systems (Theorem 3.10) and rapidly discuss similar construction using the possible absence
of collisions. We refer to remark 3.9 for a more complete discussion on the literature.

Section 4 is devoted to the study of the non linear S.D.E for general (not too degenerate)
interaction kernels, including the aforementioned Lp case.

In Sections 5 and section 6, we study in details the four examples we are mainly interested
in: the η relaxed keller-Segel model which is the prototype of the Lp case, the sub-Coulombic
model which is the prototype of repulsive models, the 2D vortex model, possibly adding a
confining potential, which is “neutral” (i.e. nor attractive, nor repulsive) and finally the
Keller-Segel model with or without confining potential, which is the prototype of attractive
models. In each case we discuss existence, uniqueness and absolute continuity of the law of
the particle system, existence and uniqueness for the non-linear S.D.E. The results for the
sub-Coulombic model and the 2D vortex model complete the existing one in the literature,
in particular by estimating the relative entropy of the law of the particle system w.r.t. a
well chosen product measure (see Theorem 5.1, Theorem 5.5 and Theorem 5.7) as well as
the non-linear S.D.E (Theorem 5.4 and Proposition 5.9). These results are completed and
extended in Section 8.

Section 6 is entirely devoted to the Keller-Segel model. We recall the existing results for the
P.D.E. (1.1) and for the particle system. In particular we recall that collisions occur with a
positive probability, so that the law of the particle system is not absolutely continuous w.r.t.
the Wiener measure (or any product measure). We then spend some time to prove a result
suggested in [17] without any proof, namely that the marginals flow of the particle system
is an entropy solution of the associated Liouville equation (see Theorem 6.24) at least when
adding a confining potential. The proof is delicate and technical. We also see how existence
and some uniqueness for the non-linear S.D.E. is an immediate consequence of the results
of section 2 and the known analytic results for the Keller-Segel P.D.E. We also extend the
existing uniqueness results on the non linear PDE.

Section 7 is a little bit different. We mainly obtain tiny improvements of the results by
Lacker, and then apply them to singular models with cut-off. These results are related to
several papers in the literature.

Sections 8 and 9 are devoted to the proof of convergence and propagation of chaos for the
four singular models we are interested in. Based on the material of the first six sections, we
build on the usual strategy: proving tightness, thanks to some bounds on relative entropy
(or on moments), identify all possible limits as solutions of the non linear S.D.E., prove or
use some uniqueness result for the latter. We also derive a slightly original way to obtain
asymptotic independence of k particles (i.e. propagation of chaos). Let us give the main
results

Main results.
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In all what follows QN (resp. Qk,N ) denotes the law of the particle system defined in (1.2)
(resp. the law of the first k particles, for k ≤ N). Existence and uniqueness of the solution
of (1.2) is in general not as simple, and is part of the Theorems below.

We start with the Lp case.

Theorem 1.2. (see Theorem 8.10 and Theorem 9.6.)

Assume that K1|K|>A ∈ Lp(Rd) for some p ≥ d if d ≥ 3 or p > 2 if d = 2 and some
A > 0 and that the additional drift b is continuous and bounded. Also assume that the initial

condition µN0 = ρN dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k and satisfies H(µN0 |γ⊗N0 ) ≤ CN .

Then QN is chaotic and for each k, Qk,N weakly converges to (Q̄)⊗k where Q̄ is the unique
solution of the non linear SDE (1.3) with initial condition ρ̄0 dx.

In the case d = 2, one can improve the result, defining KA = K1|K|>A and assuming,∫
|KA|2 | ln(|KA|)| dx < +∞ .

This result is new in the critical case d ≥ 3 and p = d and for d = 2. The proof works for
the all range p ≥ d and does not use Lq bounds for the Girsanov density as previous ones for
p > d (the simpler proof of this kind being the one in [124]). The case d = 2 requires to deal
with fine properties of Orlicz spaces. At this point we may also mention that our method
of proof extends to diffusion processes with a non-constant or even a degenerate diffusion
matrix (like kinetic models), while the former approaches based on Hasminski’s result (see
Remark 3.9) do not. This will be done in a forthcoming work.

The 2D vortex model is studied in details in [62], and despite intermediate new results, we do
not obtain new results for propagation of chaos, except if we add some confinement potential
(though even in this case one can presumably adapt the proof of [62])

Theorem 1.3. (see Theorem 8.11.) The 2D vortex case with confinement. Let

d = 2, K(x) = χ x⊥

|x|2 .

Assume that the initial condition µN0 = ρN0 dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k, satisfies

H(µN0 |γ⊗N0 ) ≤ CN and finally satisfies
∫
|x|2 ρ̄0(x)dx < +∞. Also assume that the additional

drift b is a confining potential as in Theorem 5.7.

Then QN is chaotic and for each k, Qk,N weakly converges to (Q̄)⊗k where Q̄ is the unique

solution of the non linear SDE (1.3) with initial condition ρ̄0 dx satisfying
∫ T
0 I(Q̄◦ ω̄−1

t )dt <
+∞.

For the sub-Coulombic model we obtain

Theorem 1.4. (see Theorem 8.14.) Consider the sub-Coulombic case: d ≥ 3, χ < 0, ,
and

K(x) = χ
x

|x|s+2
1x ̸=0 for 0 < s ≤ d− 2 ,

also assume that the additional drift b is bounded and Lipschitz. Assume that the initial

condition µN0 = ρN0 dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k, and satisfies H(µN0 |γ⊗N0 ) ≤ CN .

Finally assume that for some q > d/d− s− 2, ρ̄0 ∈ Lq(Rd).
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Then QN is chaotic and for each k, Qk,N weakly converges to (Q̄)⊗k where Q̄ is the unique so-

lution of the non linear SDE (1.3) with initial condition ρ̄0 dx satisfying
∫ T
0 ||Q̄◦ω−1

t ||Lq dt <
+∞.

At the qualitative level this result extends [118] in various directions. First it holds at the
process level and not only at the marginals flow level. Second, the conditions on ρ̄0 are more
general, since only the case ρ̄0 bounded is studied in [118].

Finally for the Keller-Segel model we get

Theorem 1.5. (see Corollary 9.9 and Theorem 9.12.)

Consider the Keller-Segel case d = 2, 0 < χ < 4 and

K(x) = χ
x

|x|2
1x ̸=0

with or without a confining potential U such that
∫
e−Udx < +∞, i.e. an additional drift

b = ∇U and assuming that b is Lipschitz.

Assume that the initial condition µN0 = ρN0 dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k, satisfies∫

ρN0 | ln ρN0 |dx < CN and
∫
|x1|2 ρ1,N0 dx1 < +∞. Then

(1) if 0 < χ < 2, QN is chaotic and for each k, Qk,N weakly converges to (Q̄)⊗k where
Q̄ is the unique solution of the non linear SDE (1.3) with initial condition ρ̄0dx whose
marginals flow is the (unique) free energy solution of the non linear P.D.E. (1.1).

(2) if 0 < χ < 4 and
∫
|x1|p ρ1,N0 dx1 < +∞ for some p > 4χ, ρ1,Nt∈[0,T ], the marginals

flow of one particle, weakly converges to the unique free solution of the Keller-Segel
equation.

We also prove several intermediate results. For example, that actually the non linear S.D.E.
admits only one solution such that its marginals flow is bounded in entropy uniformly in
time.

In [17] Theorem 1.1 a similar result is obtained for the Keller-Segel model on the torus, with
in addition a quantitative rate of convergence, but at the level of the Liouville equation, for
entropy solutions of the latter. Compactness of the state space is essential in the proof, as
well as additional assumptions on the non linear PDE. Theorem 1.5 is thus the first one giving
the convergence (not only tightness) and identifying the limit. The latter point is delicate
and requires to use Orlicz spaces and the extension of Theorem 1.2 to this framework.

We emphasize that, except for Theorem 1.5 (2), all the convergence results are obtained at
the process level. This is mainly new.

Another important point is that, except for the Keller-Segel case, the results obtained for the
non linear SDE in the final sections, do not call upon existing results in the PDE literature
for the non linear PDE. Moreover, these results extend many known results for the non linear
PDE.

To conclude this long introduction, let us say that we decided to study at the same time
all these models in order to compare their behaviour and to exhibit what are the differences
(attractive vs repulsive or neutral for instance). It turns out that Theorem 1.2 is also useful
in some of the other cases. As we briefly said before, the approach developed in the present



10 P. CATTIAUX

work, can be adapted to much more general models. This will be done elsewhere. Of course
the previous approach only furnishes qualitative results, while part of the mainstream, is
now concerned with quantitative results. It is not hard to see that obtaining quantitative
results using our approach essentially depends on our ability to get better controls in N
for the relative entropy of the full particle system. This is exactly what is done in recent
quantitative papers, at the Liouville equation (marginals flow) level. It should be interesting
to relax Lacker’s transportation assumption in this direction.

Acknowledgments. I would like to heartily thank Nicolas Fournier who pointed out two
non negligible mistakes in the first version of this work. I also thank my old friends Christian
Léonard and Arnaud Guillin who encouraged (obliged) me to write this paper.

2. Entropy on the path space, Dirichlet forms and applications.

2.1. Kullback information on the path space.

On ΩdT = C([0, T ],Rd) equipped with its usual filtration, we introduce the probability

measure P which is the law (up to time T ) of a reversible diffusion process Y. = (Y 1
. , ..., Y

d
. ),

the Y i
. ’s being independent copies of the 1-dimensional process, satisfying

yt = y0 +
√
2Bt −

∫ t

0
V ′(ys) ds

where y0 is a random variable with density p0(y) = Z−1
V e−V (y). We will assume that existence

and strong uniqueness hold for this S.D.E. It is well known that γ0(dy) =
∏d
i=1 p0(y

i) dy :=

Z−d
V e−V̄ (y) dy is a reversible measure for this process so that if we define on ΩdT the time

reversal operator

R(ω) = ω̄ where ω̄t = ωT−t (2.1)

it holds P ◦R−1 = P .

The two main examples we have in mind are the Ornstein-Uhlenbeck process corresponding
to V2(y) = y2/2 and a gaussian reversible distribution, and V1(y) = |y| or V1 a smooth (C2

b )
non-negative function that coincides with |y| for |y| ≥ 1. The main advantage of the choice
of V1 is that V ′

1 and V ′′
1 are bounded. Other choices of such V ’s should also be interesting.

Remark 2.1. The choice of a product measure P is arbitrary. All what follows remains

true if V̄ is a general potential such that the e−V̄ dx is a bounded measure and P is the
reversible diffusion process associated to this potential. The only point is that the dimension
dependence is not as explicit (see for instance Lemma 2.5 below). ♢

Let Q be another probability distribution on ΩdT with finite relative entropy w.r.t. P , i.e.
such that

H(Q|P ) :=
∫

ln

(
dQ

dP

)
dQ < +∞ .
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Denote η0 = Q ◦ω−1
0 . First, since relative entropy is non-increasing by pushforward, it holds

H(η0|γ0) < +∞. If ρ0 denotes the density of probability of η0 w.r.t. the Lebesgue measure,
the latter writes

H(η0|γ0) =
∫

(ln ρ0(x) + V̄ (x) + d lnZ) ρ0(dx) < +∞. (2.2)

Since relative entropy is non-negative we immediately deduce that for any density of proba-
bility ρ, ∫

ρ(x) ln ρ(x) dx ≥ − d lnZV −
∫
V̄ (x) ρ(x) dx , (2.3)

so that in particular, as mentioned in [68] lemma 2.3, one can bound from below the entropy
h(ρ) by the opposite of some moments of ρ.

Remark that if ρ0 is exchangeable, we get∫
ρ0(x) ln ρ0(x) dx ≥ − d lnZV − d

∫
R
V (u) ρ10(u) du . (2.4)

Notice that in [68] the entropy is normalized (by 2/d in our framework) explaining why the
bound in lemma 2.3 therein, is dimension free.

Second, Girsanov transform theory ensures that there exists a Rd previsible process β. (we will
call the drift of Q) such that dQ/dP is given by the exponential (Doleans-Dade) martingale
associated to the process β., i.e.

dQ

dP
|FT = (dη0/dγ0) exp

(∫ T

0
⟨βs ,

√
2 dBs⟩ −

∫ T

0
|βs|2 ds

)
(2.5)

where Bs = (1
√
2)(ωs −

∫ s
0 ∇V̄ (ωu) du) is a Brownian motion. In addition it holds

H(Q|P ) = H(η0|γ0) +
∫ ∫ T

0
|βt|2 dt dQ . (2.6)

More generally, if Q is absolutely continuous w.r.t. P with drift β. furnished by the Girsanov
transform theory, a necessary and sufficient condition for H(Q|P ) to be finite is that the
right hand side of (2.6) is finite, and in this case H(Q|P ) is given by (2.6).

All this is developed in [34] (the correction [35] is not useful in the present framework), in
connection with the construction of conservative diffusion processes with finite energy, we
shall revisit later.

The key observation is that relative entropy is invariant under time reversal, so that here

H(Q ◦R−1|P ) = H(Q|P ) . (2.7)

This elementary observation was first made in [58, 57] in order to study time reversal on the
Wiener space, then developed in the unpublished [39] and pushed forward recently in [29].
We refer to the latter for all the results we shall now describe. Readers who are not familiar
with stochastic forward and backward derivatives should have a look at section 3 in [39].

Since Q◦R−1 has finite relative entropy we can use the same arguments as before and obtain
some “backward” drift β̄.. One then obtains (see [29] Theorem 4.9 or [39] Corollary 3.15)

Proposition 2.2. Assume that H(Q|P ) < +∞. Then
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(1) For all t ∈ [0, T ], the time marginal law Q ◦ ω−1
t = ηt is absolutely continuous w.r.t.

the Lebesgue measure, and its density ρt satisfies∫
(ln ρt(x) + V̄ (x)) ρt(x) dx < +∞.

(2) One can find two previsible processes β. and β̄. such that,

H(Q|P ) = H(η0|γ0) +
∫ ∫ T

0
|βt|2 dt dQ = H(ηT |γ0) +

∫ ∫ T

0
|β̄T−t|2 dt dQ ◦R−1

(3) For all f ∈ C∞
c (Rd), any vector u ∈ Rd and almost any t > 0 it holds

−
∫
⟨u,∇f(ωt)⟩ dQ =

∫ (
⟨u, (βt + β̄T−t ◦R)− ∇V̄ (ωt)⟩

)
f(ωt) dQ . (2.8)

The final equation (2.8) is called the duality equation. The accurate reader will check that the
previous result is written for “Markov” probability measures Q in [29] (but in the general form
in [39]). One can of course take conditional expectations w.r.t. σ(ωt) and obtain “Markov
type” drifts. It is precisely the aim of section 3 in [34] to prove that the obtained probability
measure has the same time marginals as the initial one. In any case, taking these conditional
expectations we get the following corollary (see [29] (4.12) or [39] lemma 4.9)

Corollary 2.3. In the situation of proposition 2.2, the density ρt satisfies the following
duality equation

∇xρt = ρt
[(
EQ(βt|ωt = x) + EQ(β̄T−t ◦R|ωt = x)

)
−∇V̄ (x)

]
for almost all t ∈ (0, T ) in the sense of Schwartz distributions on Rd. As a consequence, the
Fisher information

I(ρt) :=

∫
ρt |∇ ln(ρt)|2 dx ,

satisfies, for all T > 0, all λ > 0,

2(1 + λ)H(ρTdx|γ0) +
∫ T

0
I(ρt) dt ≤ 4(1 + λ)

∫ ∫ T

0
|βt|2 dt dQ+

+

(
1 +

1

λ

) ∫ T

0

∫
|∇V̄ (x)|2ρt(x) dx dt+ (1 + λ)

∫
(ln ρ0(x) + V̄ (x)) ρ0(x) dx .

Remark 2.4. Recall that in the definition of I(ρ), |∇ρ|2/ρ = 0 by convention on the set
ρ = 0. ♢

The proof of the final bound is an immediate application of (a+b)2 ≤ (1+λ)a2+(1+(1/λ)b2,
of Cauchy-Schwarz inequality for the conditional expectations and of (2) in proposition 2.2.
Since relative entropy H(ηT |γ0) ≥ 0 we thus get a bound for the Fischer information..

Notice that the same (2) in proposition 2.2 also furnishes∫
(ln ρT (x) + V̄ (x)) ρT (x) dx ≤

∫ ∫ T

0
|βt|2 dt dQ+

∫
(ln ρ0(x) + V̄ (x)) ρ0(x) dx . (2.9)

These two bounds can replace (with different constants) equation (3.8) in [68]. They also
will be related to (6.11) and the notion of entropy solution in [17].
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In some situations one can go further. For instance a simple application of Ito’s formula
furnishes the next lemma.

Lemma 2.5. In the situation of proposition 2.2, assume that V is smooth and that, |V ′| and
|V ′′| are bounded by A. Then∫

V̄ (x) ρT (x) dx ≤
∫
V̄ (x) ρ0(x) dx+A

√
dT

(∫ ∫ T

0
|βt|2 dt dQ

) 1
2

+AdT .

As a consequence∫
ln ρT ρT dx ≥ −(d lnZV +

∫
V̄ (x) ρ0(x) dx+A

√
d

(∫ ∫ T

0
|βt|2 dt dQ

) 1
2

+ dAT )∫
ln ρT ρT dx ≤

∫ ∫ T

0
|βt|2 dt dQ+

∫
(ln ρ0(x) + V̄ (x)) ρ0(x) dx , (2.10)

and∫ T

0
I(ρt) dt ≤ 4(1+λ)

∫ ∫ T

0
|βt|2 dt dQ+(1+(1/λ)) dA2 T+(1+λ)

∫
(ln ρ0(x)+V̄ (x)) ρ0(x) dx .

(2.11)

The main result of [34] is a converse construction. Let t 7→ νt be a flow of probability
measures on Rd and (t, x) 7→ b(t, x) some measurable function.

Definition 2.6. We will say that ν. is an admissible flow if

(i) ν. satisfies the (b, C∞
b ) weak forward equation i.e. for all f ∈ C1,∞

b (R+ × Rd) and
all 0 ≤ s < t ≤ T ,∫
f(t, x)dνt −

∫
f(s, x)dνs =

∫ t

s

∫
(∂uf +∆xf + ⟨2b(u, x)−∇V̄ (x),∇xf⟩) dνu du .

(ii) b is of finite ν-energy, i.e. for all T ≥ t > 0,∫ t

0

∫
|b(s, x)|2νs(dx)ds < +∞ .

(iii) H(ν0|γ0) < +∞.

Theorem (4.18) in [34] then says

Theorem 2.7. Let ν be an admissible flow. Define βs = b(s, ωs)1s<τ where τ = supn τn and

τn = inf{t > 0,
∫ t
0 |b|2(u, ωu) du ≥ n}.

Then Q defined by (2.5) is a probability measure satisfying H(Q|P ) < +∞ and is a weak
solution (up to time T ) of the stochastic differential equation (SDE)

dXt =
√
2 dBt + (2b(t,Xt)−∇V̄ (Xt))dt

with initial distribution ν0. In addition Q ◦ ω−1
t = νt.

Remark 2.8. The proof in [34] uses stochastic calculus. In [36, 37] the same result (and
more general ones) is obtained by using Sanov theorem, i.e. a large deviation approach. ♢
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Actually the construction in [34] is more general. We may replace P by any measure with
initial measure ν0 which is no more reversible nor invariant, provided P is the unique solution
of the associated martingale problem. Theorem 2.7 then becomes

Theorem 2.9. Assume that P is the unique solution of the martingale problem associated
to the generator LP = ∆ + 2 g∇, with initial measure θ0 (no other specific condition than
measurability is imposed on g). Let ν be an admissible flow in the following sense

(i) ν. satisfies the (b, C∞
b ) weak forward equation i.e. for all f ∈ C1,∞

b (R+ × Rd) and
all 0 ≤ s < t ≤ T ,∫

f(t, x)dνt −
∫
f(s, x)dνs =

∫ t

s

∫
(∂uf +∆xf + ⟨2b(u, x),∇xf⟩) dνu du .

(ii) b− g is of finite ν-energy, i.e. for all T ≥ t > 0,∫ t

0

∫
|(b− g)(s, x)|2νs(dx)ds < +∞ .

(iii) H(ν0|θ0) < +∞.

Then Q defined by (2.5) and βs = (b− g)(s, ωs) is a probability measure satisfying

H(Q|P ) = H(ν0|θ0) +
∫ T

0

∫
|(b− g)(s, x)|2νs(dx)ds < +∞ .

Q is a weak solution (up to time T ) of the stochastic differential equation (SDE)

dXt =
√
2 dBt + 2b(t,Xt)dt

with initial distribution ν0. In addition Q ◦ ω−1
t = νt and νt(dx) = ρt(x) dx for some flow of

probability densities.

One can also use similar time reversal arguments, but this time the duality equation involves
the marginals flow of P and is thus more delicate (see [29, 38]), except when P is time
reversible, in which case what has previously been done extends immediately. We shall
describe an application of this more general statement.

Remark 2.10. Let P be as in Theorem 2.9, with a time homogeneous drift g and assume
that P ◦R−1 = P . Let Q = dν0

dθ0
P . Q is thus the solution of

dYt =
√
2 dBt + 2g(Yt)dt ; Q ◦ ω−1

0 = ν0 .

In addition

H(Q|P ) = H(ν0|θ0)
is assumed to be finite. We thus deduce the existence of a time reversed drift β̂s such that

H(ν0|θ0) = H(Q|P ) = H(Q ◦R−1|P ) = H(νT |θ0) +
∫ ∫ T

0
|β̂T−t|2dtdQ ◦R−1

and satisfying (if ρt denotes the density of νt),

∇xρt = ρt

[
EQ(β̂T−t ◦R|ωt = x) + 2g(x)

]
(2.12)
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so that

H(ν0|θ0) ≥ H(νT |θ0) +
∫ T

0

∫
|∇ ln(ρt)− 2g|2 ρt dx dt . (2.13)

When g derives from a potential i.e. 2g = −∇U (this is natural since P is reversible), one
recognizes the free energy functional F (ρ) =

∫
ρ(ln(ρ)+ U)dx, used in several studies of non

linear P.D.E., in particular, (2.12) can be rewritten

F (ρ0) ≥ F (ρT ) +

∫ T

0

∫
|∇ ln(ρt) +∇U |2 ρt dx dt

which is similar to (1.2) in [10] concerned with the Keller-Segel model. In other words, if it
exists an unique reversible solution to the martingale problem associated to LP , the marginals
flow, starting from a finite free energy condition, is naturally a free energy solution of the
associated Liouville equation. We shall see that this property is true in many cases.

In the previous situation we may obtain additional informations on ρt. Indeed if dθ0 =
θ0(x) dx, using reversibility we obtain

ρt(x) = EP
[
ρ0
θ0

(Yt)|Y0 = x

]
θ0(x) .

In particular
||ρt/θ0||Lq ≤ ||ρ0/θ0||Lq

for all 1 ≤ q ≤ +∞ and
inf(ρt/θ0) ≥ inf(ρ0/θ0) .

♢

Remark 2.11. It is interesting to notice the difference between finite relative entropy and
absolute continuity. It is indeed well known that if a stochastic process Y. is such that
Y. −

∫ .
0 h(Ys)ds is a Brownian motion, then the law Q of Y. on a finite time interval [0, T ] is

absolutely continuous w.r.t. the Wiener measure if and only if
∫ T
0 |h(Ys)|2ds < +∞ almost

surely. One can of course replace the Wiener measure by any P which is equivalent, as the
one we are considering in this section. Passage to finite entropy is thus simply assuming that
this quantity has finite expectation. ♢

Remark 2.12. Let us say a word about weak uniqueness, since this aspect is not explicitly
stated in [34]. The two previous Theorems 2.7 and 2.9 are saying that a solution Q is built via
(2.5). This measure is actually the Föllmer measure associated to the exponential martingale
(see [34] 1.13, 1.14 and 1.15 for this notion and references). In particular, contained in the
statement of these theorems, is the following fact: τn → T , Q almost surely as n goes to
infinity. Now if Q′ denotes a solution of the SDE in the theorems, Girsanov theory says that
Q′ and Q coincide up to the stopping times τn. In particular τn → T , Q′ almost surely too
and Q = Q′. ♢

Remark 2.13. The construction of a diffusion with given marginals flow is an old question.
We discovered it in Carlen’s paper [18] which was motivated by Nelson’s stochastic mechanics.
The method used in [18] is purely analytic. In our papers [34, 36, 37] we have shown that
this construction can be done (and extended) using relative entropy on the path space. Note
that the forward and backward derivatives used in in [29] are actually an extended version of
the ones introduced by Nelson. It seems that this question did not attract interest (except in
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some works on mathematical finance) during the following twenty years, some of our results
being “rediscovered” recently in particular in the mean field games theory (see e.g. [114]). A
new existence result appeared in [125] where the following is shown:

Theorem 2.14. If a flow η. of probability measures satisfies the (b, C1,∞
b ) weak forward equa-

tion and the integrability condition
∫ ∫ T

0 |b(u, x)| ηu(dx) du < +∞, one can build a solution
Q to the martingale problem such that η. is exactly the marginals flow of Q.

This is Theorem 2.5 in [125], called “superposition principle” therein.

It is worth to notice that, even if a less demanding L1 condition is required (instead of the
energy L2 integrability), weak uniqueness is not contained in the superposition principle, con-
trary to the entropic case (Remark 2.12). As explained in Remark 2.11, absolute continuity
is not ensured for the process built via the previous principle. ♢

2.2. Some useful elements of Dirichlet forms theory.

As we said the use of Dirichlet forms can be (at least at a “theoretical” level, as said
in [63]) very useful in our context. We shall here recall some useful results obtained in the
90th’s. We refer to [103, 66, 30] and the references in the last mentioned paper for all the
material described below.

Let ν(dx) = ρ(x) dx be a σ-finite, non necessarily bounded, positive measure. Consider the
symmetric bilinear form

Eρ(f, g) =
∫

⟨∇f,∇g⟩ dν

defined on C∞
c (Rd). If

ρ
1
2 ∈ H1

loc(Rd) i.e. for any R,

∫
|y|≤R

|∇ ln(ρ)|2 dν < +∞ , (2.14)

then the form Eρ is closable and its minimal extension (still denoted by Eρ on its domain) is
a Dirichlet form.

Assume that ν is bounded (hence a probability measure after renormalization) and ρ
1
2 ∈

H1(dx). (2.14) thus simply becomes the finite energy condition in Theorem 2.9 for the
stationary flow ρt = ρ. We recall below the main results proved almost thirty years ago.

(1) If ρ ̸= 0 dx almost everywhere, then it is also the maximal closed markovian
extension, i.e. Markov uniqueness holds.

(2) Under the previous assumption, Eρ is regular and local, so that there exists a
ν-symmetric diffusion Qx associated to this form.

(3) Qν is a weak solution of

dYt =
√
2 dBt +∇(ln ρ)(Yt)dt (2.15)

with initial distribution equal to ν. Furthermore (Qx)x∈Rd is a solution of the same
SDE starting from x for quasi-every x.

(4) Qν is absolutely continuous w.r.t. the Wiener measure with initial distribution ν
denoted by Wν , and the density is given by (2.5) with β = ∇ρ/ρ, hence for all T > 0,

H(Qν |Wν) < +∞ in restriction to [0, T ].
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For ν quasi every x, Qx is absolutely continuous w.r.t the Wiener measure starting
from x with the same Girsanov density.
As a consequence, for ν almost all x, H(Qx|Wx) < +∞ and

H(Qν |Wν) =

∫
H(Qx|Wx) ν(dx) .

An interesting point, already proved in [106], is that, if ρ is a density of probability, the nodal
set i.e. N = {ρ = 0} is not attained. According to section 4 in [30], one can “desintegrate”
Qρ in order to get the density of Qx w.r.t. the Wiener measure starting from x, for all x
outside some explicit polar set, and the process does not hit the nodal set for those x’s, Qx
almost surely. It follows that if dν0 = ρ0 dν one can build a solution of (2.15) with initial
distribution ν0. However, unless ρ0 is bounded, we do not know whether this solution has
finite relative entropy w.r.t. Wν0 . Nevertheless, we may argue exactly as in Remark 2.12 and
prove uniqueness.

If ρ(x)dx is not bounded, some properties are preserved, in particular the last one, provided
the process is conservative. An easy way to see it is to consider a family ρk of densities such

that ρk = ρ on the ball B(0, k) and ρ
1
2
K ∈ H1(dx). This is easy to build. The corresponding

process coincides with the initial one up to the exit time τ̄k of this ball, so that, if σ denotes
the hitting time of N , we have

Qx(τ̄k ∧ σ < +∞) = Qkx(τ̄k ∧ σ < +∞) = Qkx(τ̄k < +∞) = Qx(τ̄k < +∞) →k→+∞ 0

since the process is conservative.

Notice that part of these results are the stationary version of Theorem 2.7 and are shown
using large deviations results in Theorem 5.5 of [37].

2.3. Absolute continuity and collisions.

If we consider QN the law solution of (1.2), if it exists, one may ask about the consequences
of its absolute continuity w.r.t. P . As we already said, absolute continuity is equivalent to

the almost sure finiteness of
∫ T
0 |βs|2ds. Actually absolute continuity is simply connected to

the absence of collisions. We shall state a general result in this direction.

Theorem 2.15. Consider the system (1.2) for N ≥ 2. Assume that b = b1 + b2 where b1
is bounded, b2 is local Lipschitz and the solution of dYt =

√
2 dBt − b2(Yt)dt is conservative,

i.e. does not explode in finite time.

Assume in addition that, for any ε > 0, K is local Lipschitz and bounded in the set |x−y| ≥ ε.
Define

Ccε = {(x1, ..., xN ) ∈ (Rd)N ; inf
i,j

|xi − xj | ≥ ε} .

Let C0 = {(x1, ..., xN ) ∈ (Rd)N ; xi = xj for at least one pair i ̸= j} be the collision set. By
convention K(0) = 0.

Let Q be a solution of (1.2) such that Q(XN
0 ∈ C0) = 0, assumed to exist. Then there is an

equivalence between:

• for all T > 0, Q is absolutely continuous w.r.t. the Wiener measure (actually the
distribution of

√
2 times a dN -dimensional Brownian motion) in restriction to [0, T ],
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• the hitting time of C0 is Q almost surely infinite, i.e. the solution of (1.2) has no
collisions.

Proof. Wemay first consider the case b1 = 0, and then get the result via a Girsanov transform.
The first part is then a simple consequence of the fact that for d ≥ 1, a 2d-dimensional
Brownian motion starting away from 0 never hits the origin. The same will hold for the
distribution of any pair of particles under Q if Q is absolutely continuous. Conversely, one
can build the solution starting from some x /∈ C0 denoted by Qx up to the exit time τε of
Ccε ∩{|x| ≤ ε−1} thanks to our regularity assumptions. This sequence of stopping times goes
to infinity according to our assumptions on Q. One can thus build a strong solution up to
infinity. In addition in restriction to T ∧ τε, Qx is given by the Girsanov density

ZεT = exp

(
−
∫ T∧τε

0
⟨βs

√
2dωs⟩ − 1

2

∫ T∧τε

0
|βs|2ds

)
where βjs = b(ωjs)+

∑
kK(ωjs−ωks ) and the reference measure is Px. Let A be FT measurable

and such that Px(A) = 0. Then Px(A ∩ {τε ≥ T}) = 0 so that Qx(A ∩ {τε ≥ T}) = 0. It
remains to use the fact that on FT∧τε , Q =

∫
Qx Q ◦ ω−1

0 (dx), so that Q(A ∩ {τε ≥ T}) = 0
and since {τε ≥ T} is non-decreasing (ε is supposed to decrease to 0) and satisfies limεQ(τε ≥
T ) = 1, we get Q(A) = 0. □

2.4. Applications to some singular models.

In this subsection we will prove a general existence theorem for the particle system (1.2).
In order to understand the assumptions required for this goal, we shall first look at some
example.

2.4.1. The relaxed Keller-Segel model. Pick η > 0 and consider

ρη(x) = exp

− χ

Nη

∑
1≤i<j≤N

|xi − xj |η
 , x = (x1, ..., xN ) ∈ (R2)N .

It is easily seen that ρ
1
2
η ∈ H1

loc(dx) but ν(dx) = ρ(x)dx is not bounded.

In order to apply the Dirichlet forms approach, one can add a confining potential i.e. consider

ρMη (x) = exp

− χ

Nη

∑
1≤i<j≤N

|xi − xj |η
 exp(−VM (x)) , x = (x1, ..., xN ) ∈ (R2)N ,

where VM is smooth, nonnegative, vanishes on B(0,M) and coincides with |x|2 outside

B(0,M + 1). This time ρMη dx is a bounded measure and
√
ρMη ∈ H1(dx). We may thus

apply what precedes and get the existence and uniqueness of a weak solution of

dXi,N,M
t =

√
2 dBi,N

t − χ

N

N∑
j=1

Xi,N,M
t −Xj,N,M

t

|Xi,N,M
t −Xj,N,M

t |2−η
dt −∇iVM (XN,M

t ) dt , i = 1, ..., N

with initial distribution any probability measure absolutely continuous w.r.t. ρMη , hence
w.r.t. dx. Actually one can also consider δx for quasi every x. Notice that arguing as in
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[38] subsection 3.1, one can prove that the sets of zero capacity are exactly the polar sets
for the process. If the initial measure is absolutely continuous w.r.t. Lebesgue’s measure,
we deduce from what we said in subsection 2.2 that Q is absolutely continuous w.r.t. the
Wiener measure, and thanks to Theorem 2.15, that there are no collisions.

If we start from a non collision point x, we may build a solution up to the exit time τ of

a small ball centered at x that does not intersect C0. The law of XN,M
ε∧τ is supported by a

non-polar set, so that we can build a solution starting from it. It remains to concatenate
both laws to build a solution starting from x. Hence we get a solution starting from any non
collision point x, and this solution never hits C0, so that it is a strong solution as the authors
of [68] are saying.

Since we have strong solutions, we may build a family of solutions for M ∈ N∗ with the same

Brownian motion and define XN
t = XN,M

t 1TM−1<t≤TM where TM is the exit time of B(0,M)

for the process XN,M
. , hence for XN

. . It remains to show that limM→+∞ TM = T∞ = +∞
almost surely, i.e. that the law Qx of XN

. is conservative.

The proof is standard. First, limM→+∞ |XN
TM

| = +∞ almost surely. Second,

∑
i

〈
xi,
∑
j

xi − xj

|xi − xj |2−η

〉
=
∑
i,j

|xi − xj |η ≥ 0 .

Hence applying Ito’s formula, and provided χ ≥ 0, we get

|XN
t∧TM |2 ≤ |XN

0 |2 + 2
√
2

∫ t

0
1s≤TM

∑
i

⟨XN,i
s , dBN,i

s ⟩+ 2dN(t ∧ TM ) (2.16)

so that Ex(|XN
t∧TM |2) ≤ |x|2 + 2dNt implying M2P(TM ≤ t) ≤ |x|2 + 2dNt for all M , and

finally T∞ = +∞ almost surely.

If χ < 0, since 0 < η < 2, we may use |xi − xj |η ≤ 1 + 2|xi|2 + 2|xj |2 so that∑
i

〈
xi,
∑
j

xi − xj

|xi − xj |2−η

〉
=
∑
i,j

|xi − xj |η ≤ N(N + 2|x|2) .

It follows

|XN
t∧TM |2 ≤ |XN

0 |2 + 2
√
2

∫ t

0
1s≤TM

∑
i

⟨XN,i
s , dBN,i

s ⟩+ 2dN(t ∧ TM ) (2.17)

+2|χ|
∫ t

0
1s≤TM (N + 2|XN

s |2) ds

so that

Ex(|XN
t∧TM |2) ≤ |x|2 + 2dNt+ 2|χ|

∫ t

0
Ex(1s≤TM (N + 2|XN

s |2)) ds .

According to Gronwall’s lemma we thus deduce that for any fixed t,

Ex(|XN
t∧TM |2) ≤ C(t,N, |χ|)

and we may conclude as before.
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This answers the question of existence and uniqueness for the η-relaxed model in [68], i.e.

dXi,N
t =

√
2 dBi,N

t − χ

N

N∑
j=1

Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |2−η
dt , i = 1, ..., N (2.18)

and shows at the same time that there are no collisions. Notice that the previous construction
also furnishes a solution in the repulsive case χ < 0.

2.4.2. A general result. We can now introduce the required assumptions

Assumption 2.16. b = b1 + b2 where b1 is bounded, b2 is local Lipschitz and the solution
of dYt =

√
2 dBt − b2(Yt)dt is conservative, i.e. does not explode in finite time.

In addition, for any ε > 0, K is local Lipschitz and bounded in the set |x− y| ≥ ε. Define

Ccε = {(x1, ..., xN ) ∈ (Rd)N ; inf
i,j

|xi − xj | ≥ ε} .

Finally C0 = {(x1, ..., xN ) ∈ (Rd)N ; xi = xj for at least one pair i ̸= j} denotes the collision
set. By convention K(0) = 0.

Assumption 2.17.
(1) There exists a potential U such that K = χ∇U , and a (smooth enough) potential V

such that b2 = ∇V .
(2) The measure dν = ρdx is bounded, where

ρ(x) = exp

− χ

N

∑
1≤i<j≤N

U(xi − xj)

 exp (−V (x)) , x = (x1, ..., xN ) ∈ (Rd)N .

(3) ρ
1
2 ∈ H1(dx).

and a second one

Assumption 2.18.
(1) There exists a potential U such that K = ∇U , and a potential V such that b2 = ∇V .
(2) One can find a sequence (VM )M of smooth, nonnegative potentials such that VM = 0

on the ball B(0,M), and such that the potentials K and U +VM satisfy Assumption
2.17.

(3)

(a)
∑
i

〈
xi,
∑
j

K(xi − xj)

〉
≥ 0

or

(b)

∣∣∣∣∣∣
∑
i

〈
xi,
∑
j

K(xi − xj)

〉∣∣∣∣∣∣ ≤ c(N)(1 + |x|2)

for some c > 0.
(4)

(a) ⟨x,∇V (x)⟩ ≥ 0

or
(b) |⟨x,∇V (x)⟩| ≤ c|x|2

for some constant c > 0.
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We then have

Theorem 2.19. Assume that ν0 is a probability measure on (Rd)N such that ν0(C0) = 0 and
that Assumption 2.16 is fulfilled.

If Assumption 2.17 is satisfied, there exists a unique weak solution to the system (1.2). The
law Qν0 of this solution is absolutely continuous w.r.t. the Wiener measure with the same
initial conditionWν0 and there are no collisions. Hence if b1 is local Lipschitz too, the solution
is strong. In addition for all T > 0, in restriction to [0, T ], H(Qν |Wν) < +∞, for ν defined
in Assumption 2.17.

If Assumption 2.18 is satisfied, the same conclusion, except the finiteness of the relative
entropy, is true.

The proof is exactly the same as in the particular relaxed Keller-Segel case.

2.4.3. Some more examples.

(1) Granular media. The granular media equation studied in [33] enters the framework
of Theorem 2.19. Of course the direct proof given in [33] is much simpler.

(2) (sub)-Coulombic potentials in dimension d ≥ 3. Consider

ρ(x) = exp

 χ

sN

∑
1≤i<j≤N

|xi − xj |−s
 , x = (x1, ..., xN ) ∈ (Rd)N ,

i.e. U(y) = −|y|−s for some s > 0. The measure ρ(x)dx is bounded on compact sets (Radon
measure), if and only if χ < 0. Hence we can only consider this situation.

One has ρ
1
2 ∈ H1

loc(dx) but K(y) = χy
|y|s+2 does not satisfy Assumption 2.18 (3). If b2 = ∇V

is a confining potential, i.e. if Assumption 2.17 is satisfied, one can apply Theorem 2.19 and
get the existence (and uniqueness) of a weak (resp. strong) solution to

dXi,N
t =

√
2 dBi,N

t − χ

N

N∑
j=1

Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |s+2
dt− b(Xi,N

t )dt , i = 1, ..., N (2.19)

for any χ < 0, s > 0 and b = ∇V + b1 where b1 is bounded (resp. Lipschitz and bounded) .
In addition no collision occurs.

If we do not add a confining potential, one can build solutions up to the exit time TM of large
balls, as we did for the η relaxed Keller-Segel model. However proving that supM TM = +∞
requires some extra computations similar to what we shall do later in order to directly prove
existence and uniqueness.

In the presence of a confining potential, this result entails the one obtained in section 4 of
[118] where the range of s is reduced to 0 < s < d − 2. We shall see that this restriction
is in a sense natural for proving conservativeness without confining potential. Actually this
restriction seems to be useless. Indeed the more s is large, the more C0 becomes repulsive
(since χ < 0), while in Cc1 (for ε = 1) the drift term becomes smaller.

By the way, it seems us that the proof of Lemma 4.2 in [118] is wrong because inequality
(4.13) therein is not correct, ≤ has to be changed into ≥. In other words Assumption 2.18
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(3) (a) is not satisfied. However the statement of Lemma 4.2 in [118] (where there is no
confining potential) is correct as we shall see later.

(3) The Dyson processes. The Dyson Ornstein-Uhlenbeck is the process associated to the
S.D.E.

dXi,N
t =

√
2 dBi,N

t − χ

N

N∑
j=1

1

Xi,N
t −Xj,N

t

dt− βXi,N
t dt , i = 1, ..., N (2.20)

where each particle Xi,N ∈ R. The associated reversible measure νN is thus given on RN by
the density

ρ(dx) =
∏
i<j

|xi − xj |−χ/N e−β|x|2 .

Assumption 2.17 is satisfied if and only if χ/N < −1 so that we get existence and absence
of collisions in this repulsive case. We thus recover the result in [41] (Theorem 3.1 and
Proposition 4.1) except that we do not cover the equality case χ/N = −1 for which the same
existence result is known (also see [117]). In addition we know that the law of the process
has finite relative entropy w.r.t. the law of the Ornstein-Uhlenbeck process. In the equality
case we only know thanks to Theorem 2.15 that the law is absolutely continuous.

We shall come back later to the proofs. Notice that recently [70] the authors proposed another
proof, for χ/N < −1 (simply use a linear time change to compare the results) based on the
existence of a Lyapunov function and Khasminski explosion test.

In what precedes we may replace e−β|x|
2
by e−βψ(x) for some smooth ψ such that ψ(x) = 0

if |x| ≤ M , and ψ(x) = |x|2 for |x| ≥ M + 1. If TM denotes the first exit time from
maxi |xi| ≤ M , this modified Dyson Ornstein-Uhlenbeck process coincides with the Dyson
Brownian motion obtained for β = 0, up to time TM . It is thus enough to show that TM
goes to infinity almost surely for the latter. As for (2.17) it is enough to remark that

E(
∑
i

|Xi
T∧TM |2) ≤ E(

∑
i

|Xi
0|2) + 2T (N + |χ|(N − 1))

since
∑

i x
i
∑

j ̸=i
1

xi−xj = N(N − 1)/2.

One thus see that many existing results in the literature enter the entropic framework.

3. Approximations and singular diffusions.

In this section we shall introduce and use some analytic tools in order to study the existence
of singular diffusions without calling upon the Dirichlet forms theory, but still using relative
entropy.

3.1. Some analytic bounds.

We will collect in this subsection some useful bounds for the sequel.

The finiteness of Fisher information has some regularity consequences. The following is the
extension to Rd of Lemma 3.2 in [62] written for d = 2:
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Lemma 3.1. Let ρ be a density of probability in Rd, d ≥ 2. Then denoting by ||.||p the
Lp(dx) norm, and I(ρ) its Fisher information I(ρ) =

∫
ρ |∇ ln ρ|2dx, it holds

(1) for all q ∈ [1, (d/d− 1)),

||∇ρ||q ≤ a
d(q−1)

q (I(ρ))
qd+q−d

2q , (3.1)

with a = d−1
d−q

q

d
1
2
,

(2) for all p ∈ [1, (d/d− 2)),

||ρ||p ≤ a
d(p−1)

p (I(ρ))
d(p−1)

2p , (3.2)

with a = 2p(d−1)
p(d−2)+d

1

d
1
2
.

(3) for d ≥ 3 (3.2) (resp. (3.1)) is still true for p = d/(d− 2) (resp. p = d/d− 1).

Proof. The proof of the two first items is the same as the one in [62]. First for any 1 ≤ q < 2,
Hölder’s inequality furnishes

||∇ρ||q ≤ (I(ρ))
1
2 ||ρ||

1
2

q/(2−q) .

Next according to the Sobolev inequality (see e.g. [51] p-42),

||ρ||q∗ ≤
d− 1

d− q

q

d
1
2

||∇ρ||q for q∗ =
qd

d− q
.

We may thus use interpolation between Lq/(2−q), L1 and Lq∗, provided q∗ > q/(2 − q) i.e.
q < d/d− 1. We obtain since ρ is a density of probability,

||ρ||q/(2−q) ≤ ||ρ||
2d(q−1)
qd+q−d

q∗ ≤ a
2d(q−1)
qd+q−d ||∇ρ||

2d(q−1)
qd+q−d
q (3.3)

and finally (3.1). Plugging this inequality in (3.3) we get (3.2) if we denote p = q/(2− q).

Notice that for d = 2 and q = 2, (3.1) is still true but a = +∞.

For d ≥ 3 first remark that (3.1) and (3.2) extend to the limiting d/d− 1 and d/d− 2, first
for compactly supported ρ. Indeed take some compactly supported g ≥ 0 and an increasing
sequence p such that p→ p′ < +∞. On g ≤ 1, gp decreases to gp

′
and on g > 1 it increases,

so that, since g is compactly supported
∫
gpdx →

∫
gp

′
dx and the latter is bounded above

by any bound of the family
∫
gpdx.

Next one can build a non-negative smooth function ψ on R+ such that ψ(u) = 1 for u ≤ 1,
ψ(u) = 0 if u ≥ 2 and |∇ψ|2/ψ is bounded by some constant A where by convention we
define |∇ψ|2/ψ = 0 on the set ψ = 0. Define ψM (x) = ψ(|x|/M).

Defining ρM (x) = zM ρ(x)ψM (x) where zM is a normalizing constant, we have as M → +∞,

zM → 1 since ρ ∈ L1, ρM increases to ρ so that limM

∫
ρp

′

Mdx =
∫
ρp

′
dx and finally

I(ρM ) =

∫
|∇ρ|2

ρ
ψM dx+

1

M2

∫
|∇ψ|2

ψ
(|x|/M) ρ(x) dx ,

so that I(ρM ) goes to I(ρ), and the proof is complete. □

Remark 3.2. When d = 2 one can easily find unbounded densities with finite Fisher infor-
mation, i.e. the limiting case d/d− 2 is not allowed in (2). However one can improve on (2)
in the previous Lemma by showing the existence of exponential moments. This will be done
in section 9. ♢
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An immediate consequence is the following extending [62] Lemma 3.3:

Lemma 3.3. Let (Y1, Y2) be a random variable taking values in Rd × Rd with distribution
ρ(y1, y2) dy1 dy2. Then for any γ ∈ (0, 2) and any β such that γ/d < β < 2/d (β = 2/d is
allowed if d ≥ 3), there exists C(γ, β, d) such that

E(|Y1 − Y2|−γ) =
∫
Rd×Rd

ρ(y1, y2)

|y1 − y2|γ
dy1 dy2 ≤ C(γ, β, d) (1 + I

dβ
2 (ρ)) .

Proof. The proof is exactly the same as in [62] with a modification due to dimension d instead
of 2. One performs the change of variable (y1, y2) 7→ (y1 − y2, y1 + y2) so that the integral is
with respect to the marginal distribution of Y1 − Y2 denoted by ρ̃. Hence∫

Rd×Rd

ρ(y1, y2)

|y1 − y2|γ
dy1 dy2 =

∫
Rd

ρ̃(z)

|z|γ
dz ≤ 1 +

∫
|z|≤1

ρ̃(z)

|z|γ
dz .

One then applies Hölder inequality yielding, provided β > γ/d,∫
|z|≤1

ρ̃(z)

|z|γ
dz ≤

(∫
|z|≤1

|z|−γ/βdz

)β
||ρ̃||1/(1−β) ≤ C(γ, β, d) ||ρ̃||1/(1−β) .

We use next (3.3), provided β < 2/d, yielding ||ρ̃||1/(1−β) ≤ C(β, d) I
dβ
2 (ρ̃). It remains

to recall that the Fisher information of a marginal is less than the Fisher information of
the initial probability measure (super-additivity, see remark 3.5 below), so that I(ρ̃) ≤ I(ρ′)
where ρ′ is the joint density of (y1−y2, y1+y2). It is immediately seen that I(ρ′) ≤ c(d) I(ρ1,2)
where ρ1,2 is the joint density of (y1, y2) so that we get the result using again the super-
additivity of the Fisher information. □

Remark 3.4. Consider ∫
Rd×Rd

h(y1 − y2) ρ(y1, y2) dy1 dy2 ,

and assume that h ∈ Lα(Rd) for α ≥ d/2 if d ≥ 3, α > 1 if d = 2. Then the same proof
shows that ∫

Rd×Rd

|h|(y1 − y2) ρ(y1, y2) dy1 dy2 ≤ C(α, d) ||h||α I
d
2α (ρ) .

♢

Remark 3.5. The super-additivity property of the Fisher information was first proved in
[19] Theorem 3. It says that for any density of probability ρ on Rm+n whose marginals on
Rm and Rn respectively are denoted by ρ1 and ρ2, it holds I(ρ) ≥ I(ρ1)+ I(ρ2) with equality
if and only if ρ = ρ1 ⊗ ρ2 (i.e. marginals are independent). It is amusing to remark that
another proof, in a more general framework, similarly using entropy on the path space, is
contained in [27] Proposition 3.5. ♢

Another consequence strongly used in the P.D.E literature is the following result, similar
to [68] proof of Proposition 3.1. Notice that, up to the constants, this result is exactly
the same as what we directly obtained in lemma 2.5 (2.11). We give a proof for the sake of
completeness and also to see what kind of analytic arguments are necessary for the derivation
of this inequality.
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Lemma 3.6. Let b(., .) be some bounded smooth function. Let t 7→ νt(dx) = ρt(x)dx be the
flow of probability laws of the solution of

dXt =
√
2 dBt + b(Xt)dt , Law(X0) = ρ0(x)dx .

Assume in addition that for some α > 0,∫
ln ρ0(x) ρ0(x) dx < +∞ and

∫
V̄α(x)ρ0(dx) < +∞

where V̄α(x) =
∑d

i=1 |xi|α. Then∫
ρT ln ρT dx+

1

2

(∫ T

0
I(ρt)dt

)
≤
∫

ρ0 ln ρ0 dx+ 2

(∫ T

0

∫
b2 ρt dx dt

)
. (3.4)

Proof. Since b is smooth and bounded, using elliptic regularity (or Malliavin calculus) so is
ρt for t > 0. ρt then satisfies the forward equation

∂tρt = − divx(2b ρt) + ∆xρt .

Let h(ρ) =
∫
ρ ln(ρ) dx. The first point is to show that −∞ < h(ρt) < +∞ for all t > 0.

Since b is bounded, the law Q of the solution of

dXt =
√
2 dBt + b(Xt)dt , Law(X0) = ρ0(x)dx

is absolutely continuous (up to any finite time) w.r.t. the Wiener measure P̃ with the same

initial distribution (recall that P̃ is the distribution of
√
2B.). In addition dQ/dP belongs to

all the Lp for 1 ≤ p < +∞. With our assumption, for all t,
∫
V̄α(ωt) dP̃ < +∞, so that the

same is true for Q for any α′ < α. According to (2.3), h(ρt) > −∞, while h(ρt) < +∞ since

H(Q|P̃ ) < +∞.

The goal is now to study the time evolution of h(ρt) i.e. to compute

∂th(ρt) =

∫
∂tρt (1 + ln ρt) dx

=

∫
(−divx(2bρt) + ∆xρt) ln ρt dx .

In order to justify differentiation under the integral one can for instance recall that the heat
kernel associated to a smooth parabolic equation as here, is smooth and that all its derivatives

have gaussian tails, i.e. are bounded by C(m)t−d/2 e
− |x−y|2

c(m)t where m denotes the order of
the derivatives. It follows that for t > 0,

sup
s∈[t/2,3t/2]

(−divx(2bρs) + ∆xρs) ∈ L1(dx)

justifying the differentiation.

Next, a simple integration by parts furnishes

∂th(ρt) =

∫
2b∇xρt dx − I(ρt) .

Using the finite energy condition we deduce

∂th(ρt) ≤ 2

(∫
b2 ρt(x) dx

) 1
2

I
1
2 (ρt) − I(ρt)
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so that integrating w.r.t. dt and using Cauchy-Schwarz inequality we obtain

h(ρT )− h(ρ0) ≤ 2

(∫ T

0

∫
b2 ρt dx dt

) 1
2
(∫ T

0
I(ρt)dt

) 1
2

−
(∫ T

0
I(ρt)dt

)
,

from which we deduce the result. □

The natural question is to extend the previous lemma to any admissible flow. In the following
remark we explain how to do and compare with the results obtained in lemma 2.5.

Remark 3.7. Consider an admissible flow t 7→ νt as in theorem 2.9. If b is not smooth or
bounded we may find a sequence of smooth and bounded bn such that∫ T

0

∫
|b− bn|2 ρt(x) dx dt → 0 as n→ +∞ .

(first approximate b in L2([0, T ]×Rd, ρt dxdt) by a continuous and compactly supported b̃n,

and then using a nice mollifier ηn approximate uniformly b̃n by b̃n ∗ ηn).
Denoting by Qn (resp. Q that exists thanks to theorem 2.9) the associated probability
measures on the path space with the same initial ν0, it holds

H(Q|Qn) =
∫ T

0

∫
|b− bn|2 ρt(x) dx dt

that goes to 0. Since H(Q|Qn) goes to 0 so do all time marginals ρnt for t > 0.

We first claim that lim infn I(ρ
n
t ) ≥ I(ρt). Many proofs appear in the literature as for

instance the general results in [115]. We give here a direct (idea of) proof. Assume that
lim infn I(ρ

n
t ) < +∞ and choose a subsequence ρ̄nt such that limn I(ρ̄

n
t ) = lim infn I(ρ

n
t ).

According to lemma 3.1 we know that ρ̄nt is bounded in some Lp. Since
√
ρ̄nt is also bounded

in L2, it is not too difficult to get a subsequence (still denoted by ρ̄nt ) converging to some
ρt weakly in Lp and such that

√
ρ̄nt converges to

√
ρt weakly in L2. It follows that ∇

√
ρ̄nt

converges to ∇√
ρt in the set of (Schwartz) distributions, and since this sequence is bounded

in L2, the limit also belongs to L2. It remains to use Fatou’s lemma to control the time
integral. For a complete rigorous proof in this spirit see Proposition 13.2 in [11].

Choose some V such that |V ′| and |V ′′| are bounded byK. Taking a subsequence if necessary,
we also have that

∫
V̄ ρTdx ≤ lim infn

∫
V̄ ρnTdx. According to lemma 2.5 we know that∣∣∣∣∫ ρT ln ρTdx

∣∣∣∣ ≤ dC(K,T )

(
1 + lnZV +

∫ T

0

∫
|b−∇V̄ |2dxdt

)
+

∫
(ln ρ0 + V̄ )ρ0dx .

It follows that, we may control both
∫ T
0 I(ρt)dt and h(ρT ) by the lim infn

∫ T
0

∫
b2n ρ

n
t dxdt.

These results are of the same nature as the ones we directly obtained in lemma 2.5.

One can also use the euclidean log-Sobolev inequality∫
ρT ln ρTdx ≤ d

2
ln

(
4I(ρT )

dπe

)
(3.5)

which furnishes, for large Fisher information, a better bound. ♢
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3.2. Existence and uniqueness of entropic singular diffusions.

In this subsection we shall use all what precedes to study existence and uniqueness for
Ito processes with singular drift. Comparison with the existing literature will be made at the
end of the subsection.

We thus want to study the S.D.E. in Rm

Xt = X0 +
√
2Bt +

∫ t

0
2 g(Xs)ds . (3.6)

The law of X0 is denoted by ν0(dx) = ρ0(x)dx. We may first use a cut-off gM = g 1|g|≤M
which is bounded. One can thus, using Girsanov theory, build a (weak) solution QM which is
absolutely continuous w.r.t. W the Wiener measure, and more precisely the law ofX0+

√
2Bt,

on the time interval [0, T ] for any T > 0. We fix once for all such a T and keep the same
notation QM and W . As in subsection 2.1, we choose a smooth V (defined on R) such that
|V ′| and |V ′′| are bounded by A, define V̄ (x) =

∑m
j=1 V (xj) and define P as the distribution

of

Yt = Y0 +
√
2Bt −

∫ t

0
∇V̄ (Ys) ds

where Y0 is distributed according to the probability measure γ0(dy) = Z−1 e−V̄ (y) dy.

Assume that

H(ν0|γ0) =
∫

(ln ρ0 + V̄ + lnZ)ρ0dx < +∞ .

We thus have

H(QM |P ) = H(ν0|γ0) +
∫ ∫ T

0
|gM +∇V̄ |2(ωt) dt dQM

(recall that ω is the generic element of the path space). We thus know that the law of XM
t

admits a density ρMt (with respect to Lebesgue measure) so that,∫ ∫ T

0
|gM +∇V̄ |2(ωt) dt dQM =

∫ ∫ T

0
|gM +∇V̄ |2(x) ρMt (x) dt dx

satisfies for all λ > 0∫ ∫ T

0
|gM +∇V̄ |2(ωt) dt dQM ≤ (1 + λ)

∫ T

0

∫
|gM |2 ρMt dxdt+

(
1 +

1

λ

)
mA2 T . (3.7)

According to Corollary 2.3 we also know that
∫ T
0 I(ρMt ) dt < +∞ so that we may use (3.2)

for almost all t ∈]0, T ].
In particular for m ≥ 3 one may use lemma 3.1 and Hölder’s inequality with p = m/(m− 2)
whose dual exponent is q = m/2 yielding (see the value of a in Lemma 3.1)∫

|gM |2 ρMt dx =

∫
|gM 1|gM |>A|2 ρMt dx+

∫
|gM 1|gM |≤A|2 ρMt dx

≤ ||ρMt ||p |||gM 1|gM |>A|2||q +A2

≤ a2 I(ρMt ) ||gM 1|gM |>A||2m + A2

≤ (m− 1)2

m (m− 2)2
I(ρMt ) ||g 1|g|>A||2m +A2 . (3.8)
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If we plug this inequality into (2.11) we thus obtain∫ T

0
I(ρMt ) dt ≤ 4(1+λ)2

(m− 1)2

m (m− 2)2

(∫ T

0
I(ρMt ) dt

)
||g 1|g|>A||2m+C(V̄ , ρ0, T, λ,m, ||g1|g|>A||m, A) .

(3.9)
Of course (3.9) is useful only if

4 ||g 1|g|>A||2m
(m− 1)2

m (m− 2)2
< 1

in which case we get that
∫
I(ρMt )dt ≤ C where C does not depend onM , hence supM

∫ T
0 I(ρMt ) dt <

+∞. If g 1|g|>C ∈ Lm for some C > 0 we may always find A > C such that the previous is
satisfied.

One can also be less demanding and apply Hölder’s inequality for some q > m/2, i.e. p <
m/(m − 2) so that m(p − 1)/2p < 1 i.e. m(p − 1)/2p = 1 − εp for some εp > 0. We thus
obtain, this time for all m ≥ 2,∫

I(ρMt )dt ≤ C(m, p) ||g 1|g|>A||22q
∫
(I(ρMt ))1−εpdt + C(V̄ , ρ0, T, q,m, ||g 1|g|>A||2q, A) ,

(3.10)

and again if ||g 1|g|>A||2q < +∞ that supM
∫ T
0 I(ρMt ) dt < +∞.

In both cases, plugging this bound first in (3.8) and then the new obtained inequality in
(3.7), we deduce that supM H(QM |P ) < +∞. This will yield the following result

Theorem 3.8. Let m ≥ 2. Assume that H(ν0|γ0) < +∞ and in addition that g 1|g|>A ∈
Lp(Rm) for some p ≥ m if m ≥ 3 or p > 2 if m = 2.

Then equation (3.6) has an unique weak solution (solution in law) Q, and this Q satisfies
H(Q|P ) < +∞ on [0, T ] for all T > 0.

Proof. According to the discussion before the Theorem’s statement, the sequence QM is such
that supM H(QM |P ) < +∞. It follows that one can find a subsequence which is weakly
converging to some Q with H(Q|P ) ≤ lim infM H(QM |P ) < +∞, since relative entropy is
lower semi-continuous. Thanks to Dunford-Pettis theorem the convergence of dQM/dP to
dQ/dP holds for the stronger σ(L1,L∞) topology.

Also remark that we can replace gM by g in the left hand side of (3.8), so that it holds

supM
∫ T
0

∫
|g|2ρMt dxdt < +∞, and limM→+∞

∫ T
0

∫
|g−gM |2ρMt dxdt = 0 since |||g−gM |||2q →

0.

To prove that Q solves (3.6) it remains to show that it solves the corresponding martingale
problem i.e. to show that for all t > s, all bounded H defined on C0([0, s]), all smooth φ
with compact support, it holds

EQ
[
H(ωv≤s)

(
φ(ωt)− φ(ωs) +

∫ t

s
(∆φ(ωu) + ⟨∇φ(ωu), 2g(ωu)⟩)du

)]
= 0 . (3.11)

Since the previous is true replacing Q and g by QM and gM , it is enough to prove

lim
M

EQ
M

[(∫ t

s
⟨∇φ(ωu), gM (ωu)⟩du

)
H(ωv≤s)

]
= EQ

[(∫ t

s
⟨∇φ(ωu), g(ωu)⟩du

)
H(ωv≤s)

]
.

(3.12)
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Since limM→+∞
∫ t
s

∫
|g − gM |2ρMu dxdu = 0, thanks to (3.8),

lim
M

EQ
M

[(∫ t

s
⟨∇φ(ωu), (gM − g)(ωu)⟩du

)
H(ωv≤s)

]
= 0 ,

while

lim
M

EQ
M

[(∫ t

s
⟨∇φ(ωu), g(ωu)⟩du

)
H(ωv≤s)

]
= EQ

[(∫ t

s
⟨∇φ(ωu), g(ωu)⟩du

)
H(ωv≤s)

]
follows from the σ(L1,L∞) convergence of QM to Q. Indeed we can first choose A large

enough for supM
∫ t
s

∫
|g− gA|2ρMu dxdu ≤ ε and

∫ t
s

∫
|g− gA|2ρudxdu ≤ ε according to (3.8),

and then replacing g by gA get the desired limit in M so that it only remains to let ε go to
0.

Finally we have to prove uniqueness. Define Tk = inf{t ≥ 0,
∫ t
0 |g +∇V̄ |2(ωs) ds ≥ k}. Since

H(Q|P ) < +∞ (on [0, T ]), Girsanov theory tells us that Tk ∧ T → T , Q almost surely. If
Q′ is another solution of (3.6), Girsanov theory again tells us that it coincides with Q on
[0, T ∧ Tk], hence Tk ∧ T → T , Q′ almost surely too and Q = Q′ on [0, T ]. □

Remark 3.9. About the literature.

Theorem 3.8 is mainly known, except in the critical case p = m. For weak solutions it has
been first obtained in [2] for homogeneous drift, the method being then extended to time
dependent drifts in [80]. A different approach was proposed by N. Krylov and co-authors. For
a complete bibliography on the topic see [85]. The proof we have given here can be extended
to several other situations: particle system, non linear SDE, more general processes than Ito
processes, thanks to the versatility of the entropic approach. This will be done in the next
subsection for particle systems, and in another work for the other cases.

We shall recall below, for later use, the arguments allowing to get a weak solution, following
Krylov’s ideas. The case g ∈ Lp(Rm) for some p > m is contained for instance in [88]
including time inhomogeneous drift, while the case p = m is studied and partly solved in e.g.
[89, 91, 90, 3]. In all these papers existence of a strong solution is the main goal.

Actually a standard result by Khasminskii recalled in [72] Proposition 3.1 (also see [88])
says that for a Rm valued standard Brownian motion w., any g ∈ Lq([0, T ],Lp(dx)) with
m
p + 2

q < 1, any x ∈ Rm and any κ > 0 it holds

E
(
exp

(
κ

∫ T

0
g2(s, x+ ws)ds

))
≤ C(κ, T, p, q, ||g||Lq([0,T ],Lp(dx))) < +∞ . (3.13)

Notice that this upper bound does not depend on x since the Lp norm of g(s, x + .) is
equal to the one of g(s, .) thanks to the invariance by translation of Lebesque’s measure. It
immediately follows from Novikov’s criterion, that the Girsanov density associated to g is
a true martingale, the existence of a weak solution Qx of (3.6) starting from x follows. In
addition the Girsanov density belongs to all the Lk(Wx) whereW is Wiener measure starting
from x. Indeed

Ex
(
ek(

∫ T
0 g

√
2 dωs−

∫ T
0 |g|2 ds)

)
= Ex

(
e(k

∫ T
0 g

√
2 dωs−2k2

∫ T
0 |g|2 ds) e(2k

2−k)
∫ T
0 |g|2 ds)

)
≤ E

1
2
x

(
e
∫ T
0 2k g

√
2 dωs−

∫ T
0 4k2 |g|2 ds

)
E

1
2
x

(
e2(2k

2−k)
∫ T
0 |g|2 ds

)
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thanks to Cauchy-Schwarz inequality. The first factor is equal to 1 according to Novikov’s
criterion, hence for k ≥ 1,

Ex
(
ek(

∫ T
0 g

√
2 dωs−

∫ T
0 |g|2 ds)

)
≤ E

1
2
x

(
e2(2k

2−k)
∫ T
0 |g|2 ds

)
. (3.14)

In what precedes Ex is the expectation w.r.t. the Wiener measure starting from x.

It is worth to notice that the previous quantity can be bounded independently of x by
C(T, k, p, q, ||g||Lq([0,T ],Lp(dx))).

It follows the same exponential integrability with respect to Qx since

EQx((dQx/dWx)
k) = EWx((dQx/dWx)

k+1) .

It immediately follows that (3.13) is still true if one replaces w. by X., so that the same
argument shows that the inverse of the Girsanov density also belongs to all the Lk w.r.t W
or Q (this is (ii) in Proposition 3.3 of [72]).

Assume for simplicity that g(s, x) = g(x) and that p > m. Girsanov theory tells us that Qx
solves (3.6) and that the family (Qx)x∈Rm is strong Markov. As a consequence, for any initial
distribution ν0, Qν0 =

∫
Qx ν0(dx) solves (3.6) with initial distribution ν0. If ν0 satisfies the

hypotheses in Theorem 3.8, Qν0 coincides with the solution built in this Theorem.

Notice that it is absolutely continuous w.r.t. Wν0 , and that its density satisfies the same
Lk controls than Qx. Also notice that since we can always add or subtract a bounded drift
via another Girsanov transform (it does not change the k integrability), the required Lp
integrability can be restricted to g 1|g|>A as for our result.

Denote by ρt(x, .) the density w.r.t. Lebesgue’s measure at time t of Qx. Let h be a compactly
supported and bounded function. Then for 1/u+ 1/v = 1,∫

h(y) e
|x−y|2
4ut ρt(x, y) dy =

∫
h(ωt) e

|x−ωt|
2

4ut
dQx
dWx

(ω)Wx(dω)

≤
(∫ (

dQx
dWx

)v
Wx(dω)

)1/v (∫
hu(ωt) e

|x−ωt|
2

4t Wx(dω)

)1/u

≤ C(T, u, p, ||g||p)
(∫

hu(y) (4πt)−m/2 dy

)1/u

so that if h is non-negative∫
h(y)ρt(x, y) dy ≤ C(T, u, p, ||g||p) t−m/2u ||h||u .

Taking the positive and the negative part of h the previous extends to any compactly sup-
ported h, showing that for any 1 ≤ v < +∞ and any x

||ρt(x, .)||v ≤ C(T, v, p, ||g||p) t−
(v−1)m

2v . (3.15)

It immediately follows that the density ρt =
∫
ρt(x, .) ν0(dx) satisfies the same property,

thanks to Hölder inequality. Notice that, according to (3.15),

ρ. ∈ L1((0, T ],Lv(Rm)) provided v < m/(m− 2) . (3.16)
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Our result (despite the fact we are not looking for a strong solution) seems to be new for
p = m, for which we (presumably) do no more have a Girsanov density in some Lk for some
k > 1 but only in the Orlicz space Lx lnx.
It is worth noticing that our proof immediately extends to the case of time inhomogeneous
drift g(t, .) provided supt∈[0,T ] ||g(t, .)1|g|>A||p < +∞ for some (time independent) A. Actu-
ally using some Hölder inequality w.r.t. time, it extends to the standard Lp-Lq case. This
will be explained for the non linear SDE in the next section. ♢

Finally in the case d = 2 the result will be improved in the final section.

3.3. Application to particle systems.

We come back to (1.2) where for simplicity we will first assume that b = 0. We will
not use Theorem 3.8 since m = dN is too big. Instead we may look at the proof. It is easily
seen that all we have to do is to bound∫ T

0

∫
K2(ωit − ωjt ) dQ

M dt

so that we may apply (3.8) with m = 2d, replacing ρMt by ρMt,i,j the QM law of (ωit, ω
j
t ) and

||g 1|g|>A||m by ||K 1|K|>A||2α provided K 1|K|>A ∈ L2α(Rd) with α ≥ d/2 if d ≥ 3, α > 1 if
d = 2 according to Remark 3.4.

Using again the super-additivity of Fisher information and the convexity inequality

∑
i

∣∣∣∣∣∣ 1N
∑
j ̸=i

K(xi − xj)

∣∣∣∣∣∣
2

≤ 1

N

∑
i

∑
j ̸=i

K2(xi − xj)

we deduce the analogue of (3.10)

I(ρMt ) ≤ C(d, α) (N − 1) ||K 1|K|>A||22α (I(ρMt ))1−εα +N C(V̄ , ρ0, T, α, d, ||K1|K|>A||2α, A) ,
(3.17)

for α as before and some εα > 0 except if α = d/2. In the latter case we may again choose a
larger A as for the proof of Theorem 3.8. The remaining part of the proof of Theorem 3.8 is
unchanged so that we may state

Theorem 3.10. Assume that K1|K|>A ∈ Lp(Rd) for some p ≥ d for d ≥ 3 and p > 2 for
d = 2, and some A > 0. Assume in addition that b = b1 + b2 where b1 is bounded and
b2 = ∇U .

Assume that there exists a smooth V defined on R such that |V ′| and |V ′′| are bounded and∫
e−(V̄+U)dx < +∞ where as before V̄ (x) =

∑
i V (xi). Introduce the probability distribution

γ0(dx) = Z−1 e−(V̄+U)(x)dx and define P as the symmetric diffusion process with reversible
measure γ0 which is assumed to exist.

Finally assume that H(ν0|γ0) < +∞. Then there exists an unique weak solution Q to (1.2)
with initial law ν0. In addition H(Q|P ) < +∞.

For the proof it is enough to remark that the drift of Q w.r.t. P is simply given by the
interaction kernel K, ∇V̄ and b1 since we have included ∇U in the the drift of P , and to
recall Remark 2.1.
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Remark 3.11. Discussion and examples.

Theorem 3.10 is also partially already known (except the absolute continuity of Q) and is
contained (for p > d) in [73] Theorem 1.1 for instance (also see [71] Theorem 1.4). The proof
in [73] uses deep analytical results on singular PDE’s (as for Krylov’s approach), while ours is
more probabilistic and direct. Notice that if we assume in addition that K is local Lipschitz
and bounded in Ccε for all ε > 0 (recall Assumption 2.16), we get a strong (pathwise) solution,
as for Theorem 2.19.

However, in our benchmark of examples the only one to which we may apply Theorem 3.10
is the relaxed Keller-Segel model. In dimension d ≥ 3 we should also consider Ks(x) =
χx/|x|s+1 for s < 1 (which is example 1 (i) in [73]). This is a little bit disappointing in
comparison with Theorem 2.19 (except that the previous Ks does not satisfy the assumptions
in Theorem 2.19), but proves that approximations by smooth models is not efficient for very
singular models.

Of course one explanation is the following: the sign of χ has no importance in what we have
done in this section, while we know that repulsive or attractive models can have very different
behaviours, as the Coulombic type potentials clearly show. ♢

3.4. Existence via the absence of collisions.

Consider the particle system in (Rd)N ,

dXi,N
t =

√
2 dBi,N

t − b(Xi,N
t ) dt − χ

N

∑
j

Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |
h′(|Xi,N

t −Xj,N
t |) dt (3.18)

for some function b assumed to be a-Lipschitz and some h defined and regular on R+ − {0},
in other words the interaction kernel is given by χ∇h(|x|). We define 0h′(0) = 0 and assume
that h is non-positive and non-decreasing (for instance h(u) = − 1/um for some m > 0
corresponds to a (sub)-Coulombic type interaction). If χ < 0 the system is repulsive. We
make this choice.

A non explosive pathwise solution exists up to the hitting time T0 of the collision set C0

defined in Theorem 2.15. It is tempting to try to directly show that T0 is almost surely
infinite.

Introduce

H(x) = −
∑
i ̸=j

h(|xi − xj |) .

Applying Ito formula we have that for T < T0,

H(XN
T ) = H(XN

0 ) +
χ

N

∫ T

0

∑
i ̸=j

〈
Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |
h′(Xi,N

t −Xj,N
t ) ,

∑
k

(Ai,k −Aj,k)

〉
dt

− 2

∫ T

0

∑
i ̸=j

(d− 1)h′(Xi,N
t −Xj,N

t ) + |Xi,N
t −Xj,N

t |h′′(Xi,N
t −Xj,N

t )

|Xi,N
t −Xj,N

t |
dt

+

∫ T

0

∑
i ̸=j

⟨b(Xi,N
t )− b(Xj,N

t ), Xi,N
t −Xj,N

t ⟩
|Xi,N

t −Xj,N
t |

h′(Xi,N
t −Xj,N

t ) dt (3.19)

+MT
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where M. is a local martingale, and a true martingale up to τε the first hitting time of Cε
defined in Theorem 2.15, and

Ai,k = (Xi,N
t −Xk,N

t ) h′(|Xi,N
t −Xk,N

t |) .

Exchanging the indices it is easily seen that∑
i ̸=j

〈
Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |
h′(Xi,N

t −Xj,N
t ) ,

∑
k

(Ai,k −Aj,k)

〉
=

= 2
∑
i

∣∣∣∣∣∣
∑
j ̸=i

Xi,N
t −Xj,N

t |
|Xi,N

t −Xj,N
t |

h′(Xi,N
t −Xj,N

t

∣∣∣∣∣∣
2

.

Since χ < 0 (repulsive case) the first integral term in the right hand side is non-positive.

For the second term to be non-positive it is enough that

(d− 1)h′(u) + uh′′(u) ≥ 0 .

Actually since h′ is bounded on any interval [ε,+∞[ for ε > 0, if the previous property is
satisfied for small u’s, the second term is bounded. This implies that

h′(u) ≤ c (1/u)d−1

for small u. In particular if h(u) = −u−m this implies m ≤ d− 2.

Finally if we assume in addition that uh′(u) ≤ c |h(u)| the third integral term is controlled

by
∫ T
0 caH(XN

t ) dt, since b is a-Lipschitz. a simple use of Gronwall’s lemma shows that

E[H(XN
T∧τε)] ≤ E[H(XN

0 ) + C] e ac T .

Hence if χ < 0, we deduce that τ0 = +∞ almost surely for XN
0 = x /∈ C0, hence τ0 = +∞

almost surely if the law of XN
0 is absolutely continuous.

The previous thus applies in the sub-Coulombic situation for any d − 2 ≥ s > 0, furnishing
another proof of strong existence for the particle system with or without a confining potential
in this range of s’s. This is close to the proof chosen in [118] in a more general context (the
g therein generalizes the sub-Coulombic potential). Notice that the second line in (4.19) of
[118] is non-positive and not non-negative as it is said therein. We shall discuss a little bit
more on this point in a forthcoming section.

Of course the method is more general and relies on the existence of a Lyapunov function H
which is smooth outside the collision set, equals +∞ on C0, goes to infinity at infinity and
satisfies

LN H ≤ DN + CN H

for some positive constants CN and DN , where LN is the generator of the process XN .
The existence of such a Lyapunov function is known to ensure non-explosion (Khasminskii
test). The construction of such a Lyapunov function for the system (3.18) when adding a
self-interaction is made in [70] Lemma 2.1. For d = 1 it is also made with m = 2 (Dyson
processes) provided |χ| is large enough.
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4. The non linear S.D.E.

We turn to the study of (1.3) and its applications.

First consider a function L : Rd 7→ R which is assumed to be in C∞
b , i.e. C∞, bounded with

bounded derivatives of any order, and b be bounded and global Lipschitz.

We may define the system of S.D.E.’s

dY i,N
t =

√
2 dBi,N

t − b(Y N,i
t ) dt − 1

N

N∑
j=1

L(Y i,N
t − Y j,N

t ) dt ,

starting from an initial configuration Y N
0 whose law is assumed to be exchangeable. If for all

fixed k the distribution of (Y 1,N
0 , ..., Y k,N

0 ) converges to (ρ0(y)dy)
⊗k as N goes to infinity, it is

well known that, for all T > 0, the distribution of the process (Y 1,N
t , ..., Y k,N

t )t∈[0,T ] converges

to the one of an i.i.d. k-uple of processes (Y 1
t , ..., Y

k
t )t∈[0,T ] each one being a solution of the

“non linear” S.D.E.

dYt =
√
2 dBt − b(Yt) dt − (L ∗ ρt)(Yt) dt (4.1)

Law(Yt) = ρt(y) dy ∀t ∈ [0, T ] .

In addition this solution is unique. For all this see e.g. [121, 105].

Notice that L ∗ ρt is a bounded (time dependent) drift, so that the law QL of Y. restricted
to the time interval [0, T ], satisfies H(QL|P ) < +∞ where P is as in subsection 2.1 for
a V with bounded first and second derivatives. Recall that the drift βt is given by βt =
1
2 (∇V̄ − (L ∗ ρt))(Yt). According to what we have done in the previous sections we thus
know some bounds on the entropy and the Fisher information of ρt.

Assume that L ∈ Lα(Rd) for some α ≥ 1. We will first get a bound for H(QL|P ) that only
depends on α and d. To this end we need to get controls for∫

|L ∗ ρt|2 ρt dx .

Since H(QL|P ) < +∞ we know that I(ρt) < +∞ for almost all t so that ρt ∈ Lp(Rd) for
p ≤ d/d− 2 if d ≥ 3 and p < +∞ for d = 2.

As in the previous section introduce LA = L1|L|≥A. LA ∗ ρt ∈ Lr(Rd) for 1 + 1
r = 1

p +
1
α and

||LA ∗ ρt||r ≤ ||LA||α ||ρt||p. In addition∫
|(L− LA) ∗ ρt|2 ρtdx ≤ A2 .

We have for another p′ ≤ d/d− 2 (but p′ < +∞),∫
|LA ∗ ρt|2 ρt dx ≤ ||ρt||p′ |||LA ∗ ρt|||22p′/(p′−1)

hence for r = 2p′/(p′ − 1) i.e. 1
α = 3

2 − 1
2p′ −

1
p ,∫

|LA ∗ ρt|2 ρt dx ≤ ||ρt||p′ ||ρt||2p |||LA|||2α . (4.2)
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We thus obtain the analogue of (3.8),∫
|L ∗ ρt|2 ρt dx ≤ C(d) |||LA|||2α (I(ρt))

d( 3
2
− 1

2p′−
1
p
)
+ A2 . (4.3)

In the context of an a priori bound for I(ρt), the previous is interesting only if d(32−
1
2p′ −

1
p) ≤

1, yielding α ≥ d for d ≥ 3 or α > 2 if d = 2. Indeed it can be used for L = KM , where KM

is a sequence of regular (C∞
b ) kernels converging to K in Lα norm. We will thus obtain the

following analogue of Theorem 3.8 and Theorem 3.10

Theorem 4.1. Let V be a smooth function such that e−V ∈ L1(R) and such that V ′ and

V ′′ are bounded. Define V̄ (x) =
∑d

i=1 V (xi). Let ρ0 be a density of probability such that∫
ρ0(ln ρ0 + V̄ )dx < +∞.

Assume that b is bounded and global Lipschitz and that K1|K|>A ∈ Lα(Rd) for some A > 0.

Then, there exists a (weak) solution of (1.3) i.e.

dXt =
√
2 dBt − b(Xt) dt − (K ∗ ρt)(Xt) dt ,

νt = ρt(x) dx = L(Xt) ,

provided α > 2 if d = 2 or α ≥ d for d ≥ 3.

In addition this solution satisfies H(Q|P ) < +∞.

Proof. The proof is very similar to the one of Theorem 3.8 and here we may choose for
simplicity p = 1, p′ = α/(α − 2) in (4.3) so that the exponent of I(ρt) is d/α. First QM

converges to Q in the σ(L1,L∞) topology with H(Q|P ) < +∞. In particular ρMt weakly

converges to ρt which is the marginal distribution of Q at time t, and
∫ T
0 I(ρt)dt < +∞

thanks to (2.6). Hence (4.3) is still true when we replace L by K or by K −KM .

Since b is Lipschitz and bounded (hence does not play any annoying role), it remains to prove
that

lim
M

EQ
M

[(∫ t

s
⟨∇φ(ωu), (KM ∗ ρMu )(ωu)⟩du

)
H(ωv≤s)

]
=

= EQ
[(∫ t

s
⟨∇φ(ωu), (K ∗ ρu)(ωu)⟩du

)
H(ωv≤s)

]
.

Using (4.3) with KM and ρMt in place of L and ρt, it is easily seen, since
∫ t
s I

d/α(ρMu ) du ≤
c(s, t) where c(s, t) does not depend on M (recall that d/α ≤ 1), that

lim
M

EQ
M

[(∫ t

s
⟨∇φ(ωu), ((KM −K) ∗ ρMu )(ωu)⟩du

)
H(ωv≤s)

]
= 0

so that

lim
M

EQ
M

[(∫ t

s
⟨∇φ(ωu), (KM ∗ ρMu )(ωu)⟩du

)
H(ωv≤s)

]
=

= lim
M

EQ
M

[(∫ t

s
⟨∇φ(ωu), (K ∗ ρu)(ωu)⟩du

)
H(ωv≤s)

]
.

To show that the latter is what we want we may first choose some B large enough so that
for all M ,

EQ
M

[(∫ t

s
⟨∇φ(ωu), ((K −KB) ∗ ρu)(ωu)⟩du

)
H(ωv≤s)

]
≤ ε
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and also

EQ
[(∫ t

s
⟨∇φ(ωu), ((K −KB) ∗ ρu)(ωu)⟩du

)
H(ωv≤s)

]
≤ ε

which is possible again using (4.3), and then use the convergence of QM to Q in the σ(L1,L∞)
topology to control

EQ
M

[(∫ t

s
⟨∇φ(ωu), (KB ∗ ρu)(ωu)⟩du

)
H(ωv≤s)

]
.

It remains to let ε go to 0. □

Remark 4.2. Once again, Theorem 4.1 covers the relaxed Keller-Segel case for which a
proof appears in [68]. The interested reader can compare both proofs. As a general result
it also entails Theorem 1.2 in [72] for q1 = +∞ in equation (1.15) therein, but with a much
weaker integrability condition for the initial measure in our result. Actually, our approach
can be generalized without too much efforts to time dependent interaction kernels as in [72]
and then improve on the results therein. ♢

Remark 4.3. If L is time dependent, we may similarly introduce LtA for a fixed A. (4.2) is
unchanged so that, using Hölder inequality w.r.t. time we have to control(∫ T

0
||LtA||2sα dt

) 1
s
(∫ T

0
I(ρt)

ds′( 3
2
− 1

2p′−
1
p
)
dt

) 1
s′

for 1
s +

1
s′ = 1. As before what is required for this to be interesting is α ≥ ds′ (> if d = 2),

yielding, provided L ∈ L2s([0, T ],Lα(Rd)),

d

α
+

1

s
≤ 1

i.e. generalizing the time inhomogeneous case up to the critical case (of equality). ♢

Corollary 4.4. Under the assumptions of Theorem 4.1 the solution of (1.3) admits for all
t > 0 a density ρt w.r.t. Lebesgue measure. In addition

(1) If α > d, ρt ∈ Lp(Rd) for all 1 ≤ p < +∞.
(2) If α ≥ d ≥ 3, ρ. ∈ L1([0, T ],Lp(Rd)) for all 1 ≤ p ≤ d/d− 2.

Proof. Let Q be a solution of (1.3). First since ρt ∈ L1(Rd), β(t, .) = K ∗ ρt ∈ Lα(Rd). We
thus may apply Theorem 3.8 and Remark 3.9 (since β is time inhomogeneous) ensuring that
the linear SDE

dYt =
√
2 dBt − b(Yt)dt − β(t, Yt)dt

has an unique solution whose marginals flow satisfies the desired integrability properties. □

Theorem 4.1 also furnishes via Ito formula an existence result for the non linear McKean-
Vlasov P.D.E.
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Corollary 4.5. Under the assumptions of Theorem 4.1, equation (1.1) admits a weak so-

lution, i.e. a flow of measures νt = ρt(x)dx such that for all f ∈ C1,∞
b (R+ × Rd) and all

0 ≤ s < t ≤ T ,∫
f(t, x)dνt −

∫
f(s, x)dνs =

∫ t

s

∫
(∂uf +∆xf + ⟨(b+K ∗ ρu),∇xf⟩ dνu du . (4.4)

In addition this solution belongs to L1([0, T ],Lp(R2)) for any p ∈ (1, d/d−2) and p = d/d−2

if d ≥ 3, and is a finite energy solution, i.e.
∫ T
0 I(ρt)dt < +∞ and

∫
ρt | ln(ρt)|dx < +∞.

A converse statement directly follows from Theorem 2.9. Indeed (4.4) is exactly the weak
forward equation Theorem 2.9 with the non homogeneous drift (b +K ∗ ρt). We may thus
state

Theorem 4.6. Let V , b, ρ0 be as in Theorem 4.1 and K be a measurable kernel. Let t 7→ ρt be

a flow of probability densities, weak solution of (4.4) such that
∫ T
0

∫
|K ∗ ρt|2 ρt dx dt < +∞.

Then there exists a weak solution Q of (1.3) and H(Q|P ) < +∞.

Example 4.7. Let us describe two situations (in addition to the one in Theorem 4.1) where
one can check the energy condition of Theorem 4.6

(1) Assume that K ∈ Lα(Rd) for some α ≥ 1. Choose p = p′ = 3α
3α−2 , provided

3α
3α−2 ≤ d

d−2 i.e. α ≥ d/3. (4.3) furnishes∫
|K ∗ ρt|2 ρt dx ≤ C(d) ||K||2α (I(ρt))

d
α

so that if I(ρt) ∈ Ld/α([0, T ]) (in particular if supt∈]0,T ] I(ρt) < +∞) we may apply
Theorem 4.6.

(2) LetK and p = 3α
3α−2 as in the previous example. If ||ρt|| ∈ L3([0, T ],L3α/(3α−2)(Rd))

(in particular if supt∈]0,T ] ||ρt||3α/(3α−2) < +∞) we may directly apply (4.2) to show
that Theorem 4.6 applies.

We shall discuss explicit examples satisfying in particular the second condition in the next
sections.

For uniqueness we will have to discuss separately each example. However the next result
covers some cases

Proposition 4.8. Assume that the assumptions of Theorem 4.1 are fulfilled for α ≥ d (> 2
if d = 2). Then there is only one weak solution of (1.3).

Proof. Let Q be a solution of (1.3). First since ρt ∈ L1(Rd), β(t, .) = K ∗ ρt ∈ Lα(Rd).
We thus may apply Theorem 3.8 and the final comment of Remark 3.9 (since β is time
inhomogeneous) ensuring that the linear SDE

dYt =
√
2 dBt − b(Yt)dt − β(t, Yt)dt

has an unique solution. Since Q is a solution, it is the only one and H(Q|P ) < +∞. It

follows that
∫ T
0 I(ρt) dt < +∞.
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Let Q′ be another solution of (1.3), with marginals ρ′t and same initial ρ0. Denote by Qt and
Q′
t the restriction of Q and Q′ to [0, t]. Applying Pinsker inequality, it holds

sup
u≤t

||ρ′u − ρu||21 ≤ 2 sup
u≤t

H(ρu|ρ′u) ≤ 2H(Qt|Q′
t)

≤ 2

∫ t

0

∫
|K ∗ (ρs − ρ′s)|2 ρs dx ds

≤ 2 ||K 1|K|>A||2α sup
u≤t

||ρ′u − ρu||2p
∫ t

0
||ρs||p′ ds+ 2A2 t sup

u≤t
||ρ′u − ρu||21

for any p and p′ in [1, d/d − 2] if d ≥ 3, [1,+∞) if d = 2, and satisfying 3
2 = 1

α + 1
2p′ +

1
p

(recall (4.2)). Choose p = 1 and p′ = α/(α− 2) ≤ d/(d− 2). We deduce from Lemma 3.1 (2)
and (3) that ∫ t

0
||ρs||p′ ds ≤ C(p′)

(
T +

∫ T

0
I(ρs)ds

)
≤ C ′(p′, T,H(Q|P )) ,

where M 7→ C ′(p′, T,M) is non-decreasing. First choose A such that

2 ||K 1|K|>A||2αC ′(p′, T,H(Q|P )) ≤ 1

2
.

We thus have

sup
u≤t

||ρ′u − ρu||21 ≤ 4A2 t sup
u≤t

||ρ′u − ρu||21

so that if t is small enough, satisfying 4A2t < 1 we deduce ρu = ρ′u for all u ≤ t.

We may now iterate the procedure, i.e.

sup
u≤2t

||ρ′u − ρu||21 ≤ 2

∫ 2t

0

∫
|K ∗ (ρs − ρ′s)|2 ρs dx ds = 2

∫ 2t

t

∫
|K ∗ (ρs − ρ′s)|2 ρs dx ds

≤ 2 ||K 1|K|>A||2α sup
u≤2t

||ρ′u − ρu||21
∫ 2t

t
||ρs||p′ ds+ 2A2 t sup

u≤2t
||ρ′u − ρu||21

and deduce as before ρu = ρ′u for all u ≤ 2t and finally for 0 ≤ u ≤ T . It follows that
Q and Q′ are solutions of the same linear SDE as before, so that as we already said that
Q = Q′. □

The previous result extends [73] Theorem 4.8 to the critical case α = d and to a larger class
of initial conditions. One can also see [116].

Remark 4.9. The previous proof actually shows that, in full generality, ifK1|K|>A ∈ Lα(Rd)
for some α ≥ 2, uniqueness holds in the set of solutions such that

∫ T
0 ||ρs||p′ ds < +∞, for

p′ ≥ α/(α− 2). ♢

In some cases one can give a direct proof of uniqueness

Proposition 4.10. Consider (1.3), assume that b is L-Lipschitz and that K satisfies |K(x)−
K(y)| ≤ C |x− y| ( 1

|x|m + 1
|y|m ) for some 0 ≤ m < d. Then there exists at most one solution

of (1.3) which is pathwise unique in the set of Probability measures whose marginals flow
satisfies ρ. ∈ L1([0, T ],Lp(Rd)) in particular if supt∈(0,T ] ||ρt||p ≤M for some p > d/(d−m).
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The proof is similar to the proof of Theorem 1.7 in [68] p.981-982 written for d = 2, the key
being the estimate (5.1) therein.

Remark 4.11. It is worth to notice that if K(x) = x/|x|m for some m > 0, the previous
inequality is satisfied with the same m and C = m + 1. Look at the first two lines in the
proof of Lemma 2.5 in [68], and consider the case |x| ≤ |y|. ♢

5. SDE and non linear SDE for some singular examples.

In this section we shall review the models we have quoted in the introduction, and give results
of existence and uniqueness for both the SDE system of particles and the non linear SDE.

5.1. The η relaxed Keller-Segel model.

Recall that this model corresponds to Kη(x) = χ x
|x|2−η 1x ̸=0 for x ∈ R2.

The existence of a strong solution for the particle system can be shown either by using Dirich-
let forms as in subsubsection 2.4.1 or approximations i.e. Theorem 3.10 (and no collisions
to get a strong and not only weak solution). The second proof shows that this solution is of
finite entropy.

The existence of a solution for the non-linear SDE is a consequence of Theorem 4.1. This

solution has finite entropy. The marginals flow of this solution thus satisfies
∫ T
0 I(ρt)dt < +∞

so that, according to (3.2), ρ. ∈ L1([0, T ],Lp(R2)) for any 1 ≤ p < +∞. According to Remark
4.11 we may apply Proposition 4.10 to get strong uniqueness in the corresponding set of
Probability measures.

Actually we have strong uniqueness without restrictions. Indeed if Q′ is another solution
of the non linear SDE, it is also a solution of the linear SDE with drift b +K ∗ ρt. Hence
according to Remark 3.9 (see (3.16)) its marginals flow ρ′. ∈ L1([0, T ],Lp(R2)) for all p < +∞,
so that we may apply the previous uniqueness result.

The η relaxed Keller-Segel model is thus the prototype to which all we have done before
applies. Notice that we may take χ > 0 or χ < 0, as we said before the entropic approach
cannot separate repulsive and attractive situations.

5.2. The sub-Coulombic repulsive model.

We directly state a first result for the particle system

Theorem 5.1. For d ≥ 3 look at K(x) = χ x
|x|s+2 1x ̸=0 for d− 2 ≥ s > 0 and χ < 0, i.e. the

repulsive situation in [118]. Assume in addition that b is a-Lipschitz.

Finally assume the following property: for all i ̸= j, the distribution ρ̃0,i,j of (Xi
0 − Xj

0)

satisfies ρ̃0,i,j ∈ Lq(Rd) for some q > d/(d− s).

Then the particle system (1.2) admits a unique strong solution whose distribution Q satisfies
H(Q|ρ0γ0 P ) < +∞, where P is the product measure introduced in subsection 2.1 with |V ′|
bounded.
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Accordingly, if
∫
ρ0 ln(ρ0/γ0) dx < +∞, the marginals flow ρt satisfies

∫ T
0 I(ρt)dt < +∞ so

that ρ. ∈ L1([0, T ],Lp(RNd)) for p ∈ [1, Nd/Nd−2] and each marginal ρj. ∈ L1([0, T ],Lp(Rd))
for p ≤ d/d− 2.

Notice that, as explained in the proof of Lemma 3.3 the additional property is satisfied as

soon as I(ρ0,i,j) < +∞ where ρ0,i,j is the joint density of (Xi
0, X

j
0).

Proof. If b is a confining potential, according to subsubsection 2.4.3 we know that the particle
system admits a unique strong solution which is absolutely continuous with respect to the
Wiener measure with the same initial distribution, i.e. there is no collision. In addition the
stationary solution has finite relative entropy. If we want to consider more general initial
conditions we have to use the method in subsection 3.4.

Come back to (3.19) with h(a) = −(1/a)s. If 0 < s ≤ d− 2, we have on one hand

E(H(XN
T )) ≤ E(H(XN

0 )) + sa

∫ T

0
E(H(XN

t )) dt

for any stopping time T showing that on one hand there are no collisions, on the other hand

E(H(XN
T )) ≤ E(H(XN

0 )), esaT

for any fixed time T . Arguing as in the proof of Lemma 3.3, the assumption on ρ0 ensures
that E(H(XN

0 )) < +∞.

(3.19) shows in particular (recall the H ≥ 0) that

E

2|χ|s
N

∫ T

0

∑
i

∣∣∣∣∣∣
∑
j

Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |s+2

∣∣∣∣∣∣
2

dt

 ≤ E(H(XN
0 ))

+ s a

∫ T

0
E(H(XN

t )) dt

≤ E(H(XN
0 )) (1 + esaT )

since E(H(XN
t )) ≤ E(H(XN

0 )) esat. Hence if E(H(XN
0 )) < +∞, the left hand side is also

finite. If b = 0, the left hand side is nothing else but

2N s |χ|−1H(Q|W )

where H(Q|W ) is the relative entropy of the law Q of XN
. w.r.t. the Wiener measure with the

same initial condition. Adding a bounded b does not change the finiteness of relative entropy,
so that H(Q|ρ0γ0 P ) is also finite, where P is the product measure introduced in subsection

2.1 with |V ′| bounded as in Lemma 2.5.

If b is only Lipschitz and no more bounded, one sees that the same line of reasoning can be

used provided one can control the second moments of Xi,N
t (|b(x)| ≤ c + a|x|). Using Ito’s

formula this control amounts to the control of E
(

1

|Xi,N
t −Xj,N

t |s

)
i.e. of E(H(XN

t )) which was

already done.

The others statements in the Theorem follow from the discussion on relative entropy, Lemma
3.1 and sub-additivity of the Fisher information. □
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Hence the particle system has an entropic solution with or without confinement. This has
to be related to some comments in the introduction (subsection 1.4 of [118]) about the
confinement force.

Remark 5.2. In the previous Theorem, assume that maxi,j ||ρ̃0,i,j ||q = Cq. Then E(H(XN
0 )) ≤

C(s, a, T, Cq)N
2. It follows that

H(Q|ρ0
γ0
P ) ≤ C(s, a, T, |χ|, Cq)N .

This will be crucial in the sequel.

It is also worth noticing that the integrability of

∣∣∣∣∑j
Xi,N

t −Xj,N
t

|Xi,N
t −Xj,N

t |s+2

∣∣∣∣2 is much weaker than

the one of ∑
j

∣∣∣∣∣ Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |s+2

∣∣∣∣∣
2

=
∑
j

1

|Xi,N
t −Xj,N

t |2s+2

which is presumably not true. ♢

Clearly K /∈ Lα(Rd) for any α ≥ d so that the entropic approach of the non-linear SDE fails.
Fortunately the non-linear PDE (4.4) has some good properties (for our purpose). Let us
recall the following result shown in section 3 of [118] (we emphasize that this result assumes
that there is no confining potential, i.e. b = 0, see the discussion in Remark 1.6 of [118])

Proposition 5.3. Suppose b = 0, 0 < s < d − 2 and that ρ0 is a probability density
which is bounded. Then there exists a flow t 7→ ρt of probability densities, satisfying (4.4)
and belonging to C0([0, T ],L∞(Rd)). This flow belongs to C0([0, T ],L∞(Rd)) and satisfies
||ρt||∞ ≤ ||ρ0||∞. It is the unique solution of (4.4) in the set C0([0, T ],L∞(Rd)).

Here are the precise references in [118]. Remark 3.7 shows that the non-linear PDE is
positivity preserving and Remark 3.4 that mass is preserved. Proposition 3.1 shows existence
of a bounded solution on small enough time interval, Remark 3.4 shows that the L∞ norm
of ρt is non-increasing in time, so that one can conclude (see Remark 3.5) to the existence of
a global (in time) bounded solution. Uniqueness is part of Proposition 3.1.

Notice that even if ρ0 is bounded we do not know (at this stage) whether the density of the
particle system at time t is bounded or not, but we can apply Theorem 5.1.

We can thus apply Theorem 4.6 since for A large enough, K 1|K|>A ∈ L1(Rd) (this is true as
soon as s < d− 1) so that∫ T

0

∫
|K ∗ ρt|2 ρt dx dt ≤ 2T ( sup

0≤t≤T
||ρt||2∞ ||K 1|K|>A||21 + A2) .

We thus have obtained the existence of a weak solution to the non-linear SDE, which is of
finite entropy. Of course the previous bound is obtained via

|K ∗ ρt| ≤ A + sup
0≤t≤T

||ρt||∞ ||K 1|K|>A||1 (5.1)

showing that the “drift” |K ∗ ρt| is bounded. The existence of a linear diffusion process with
this drift is thus standard via Girsanov theory. That this diffusion process has marginals
ρt is more or less classical and it seems that calling upon the results of subsection 2.1, if
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presumably not necessary, is not as strange. Nevertheless this remark shows that dQ/dP
belongs to all the Lp’s for 1 ≤ p < +∞ and not only Lxlnx. Finally one can apply the
uniqueness part in Proposition 5.3.

Let us gather the results we have just described

Theorem 5.4. For d ≥ 3 look at K(x) = χ x
|x|s+2 1x ̸=0 for d− 2 > s > 0 and χ < 0. Finally

assume that ρ0 is a bounded density of probability.

Then there exists a solution Q̄ of the non linear SDE (1.3). This solution is absolutely
continuous w.r.t. (ρ0/γ0)P with a density ZT ∈

⋂
1≤p<+∞ Lp((ρ0/γ0)P ) (in particular with

finite entropy) and such that the marginals flow satisfies sup0≤t≤T ||ρt||∞ < +∞.

It is the pathwise unique solution in the set of Probabilities on the path space such that the
marginals flow satisfies sup0≤t≤T ||ρt||∞ < +∞.

Notice that the limitation to the repulsive case seems to be necessary for Proposition 5.3 too.

We shall see in section 8 another approach of existence. A natural question will thus be to
get uniqueness in more general situations. To this end we may see how to apply Remark 4.9
or Proposition 4.10 and Remark 4.11. Since K ∈ Lα(Rd) for α < d/(1+ s), in order to apply

Remark 4.9 we need d > 2(1+s) and ρ. ∈ L1([0, T ],Ld/(d−2s−2)(Rd)) which is of course worse
than the d/(d− s− 2) obtained in Proposition 4.10.

We are nevertheless led to look at a priori q integrability of the marginals of solutions to the
non linear SDE. This will be also done in section 8.

5.3. The 2D vortex model.

In dimension d = 2 we consider the Biot-Savart kernel K(x) = χ x⊥

|x|2 1x ̸=0 where for

x = (x1, x2) we define x⊥ = (−x2, x1). The case of χ < 0 is studied in [104], we will
also consider the case χ > 0. Notice that in [62] a more general situation with some random
weights χj is also considered.

Look first at the particle system.

When b = 0, the natural candidate as invariant measure is given by the density

ρ∞(x) =
∏
i<j

e−
χ
N

arctan((xi2−x
j
2)/(x

i
1−x

j
1)) (5.2)

which is bounded (we may define arctan(0/0) = 0 if necessary), but does not satisfy (2.14),
so that we may not use the strategy of subsection 2.2. For b ̸= 0 the same is true.

Nevertheless one can use the strategy in subsection 3.4 and find a Lyapunov function proving
the absence of collisions. This is done in [122]. Actually, we may use the function

H(x) = −
∑
i ̸=j

ln(|xi − xj |2)

as in subsection 3.4.
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Up to a multiplicative constant the first part of the drift is given by∑
i,j,k

〈
Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |2
,

(
(Xi,N

t −Xk,N
t )⊥

|Xi,N
t −Xk,N

t |2
− (Xj,N

t −Xk,N
t )⊥

|Xj,N
t −Xk,N

t |2

)〉
i.e.∑

i,j,k

〈
Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |2
,
(Xi,N

t −Xk,N
t )⊥

|Xj,N
t −Xk,N

t |2

〉
−
∑
i,j,k

〈
Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |2
,
(Xj,N

t −Xk,N
t )⊥

|Xj,N
t −Xk,N

t |2

〉
.

Exchanging the role of i and j we see that both terms in the difference are opposite, so that
this difference is twice the first term. Now exchanging the role of j and k we have∑

i,j,k

〈
Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |2
,
(Xi,N

t −Xk,N
t )⊥

|Xj,N
t −Xk,N

t |2

〉
=
∑
i,j,k

〈
Xi,N
t −Xk,N

t

|Xi,N
t −Xk,N

t |2
,
(Xi,N

t −Xj,N
t )⊥

|Xj,N
t −Xk,N

t |2

〉
so that using that ⟨u, v⊥⟩ = −⟨u⊥, v⟩ the previous sum equals 0.

Finally, using that ∆x ln(|x|2) = 0 for x ̸= 0 (3.19) becomes

H(XN
u )−H(XN

0 ) = 2

∫ u

0

∑
i ̸=j

⟨b(Xi,N
t )− b(Xj,N

t ), Xi,N
t −Xj,N

t ⟩
|Xi,N

t −Xj,N
t |2

dt + Mu (5.3)

for all stopping time u with u < τ0 (τε denotes the hitting time of the set Cε defined in
Theorem 2.15), ensuring again that there are no collisions starting from a non collision x
arguing as follows. Since H is not everywhere positive we have to introduce SL the first time
H(XN

. ) becomes less than −L, for a positive L. We thus have

E[H(XN
T∧τε∧SL

)] ≤ E[H(XN
0 )] + 2T a

so that if XN
0 = x a non collision point, τ0 ≥ T ∧ SL almost surely for all L. It remains to

make L go to infinity.

Remark that the result does not depend on the sign of χ.

According to Theorem 2.15 the distribution QN of XN
. on C([0, T ], (R2)N ) is thus abso-

lutely continuous with respect to the corresponding Wiener measure or w.r.t P provided the
distribution at time 0 is absolutely continuous w.r.t. γ0.

Contrary to the sub-Coulombic case, we cannot use (5.3) for studying the relative entropy.
One can however obtain interesting informations. Indeed, we may explicitly write the mar-
tingale part Mt. It holds

Mt = − 2
√
2

∫ t

0

∑
i ̸=j

⟨Xi,N
s −Xj,N

s , dBi
s − dBj

s⟩
|Xi,N

s −Xj,N
s |2

= −4
√
2
∑
i

∫ t

0

〈∑
j ̸=i

Xi,N
s −Xj,N

s

|Xi,N
s −Xj,N

s |2
, dBi

s

〉
the second equality being obtained by exchanging the roles of i and j, so that

E(M2
T ) = C

∑
i

∫ T

0

∣∣∣∣∣∣
∑
j ̸=i

Xi,N
t −Xj,N

t

|Xi,N
t −Xj,N

t |2

∣∣∣∣∣∣
2

dt .
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Since |U⊥| = |U |, once again, up to a constant and to the additional regular drift b we
recognize H(Q|ρ0γ0P ). More precisely

H(Q|ρ0
γ0
P ) ≤ χ2

32N2
E(M2

T ) +N ||b||2∞ . (5.4)

We are thus led to estimate E(H2(XN
u )) for u = 0, T since the expectation of the square of

remaining term involving b in (5.3) is less than 4a2T N4. We will use the rough estimate
|
∑

i ̸=j ai,j |2 ≤ N2
∑

i ̸=j |ai,j |2 and the elementary

ln2(v) ≤ C + v +
1

v

for some constant C and all v > 0. It allows us to reduce the problem to the study of
Gα(x) =

∑
i ̸=j |xi − xj |α for α = 1 and α = −1.

Using Ito’s formula, the same manipulations as for H show that

Gα(X
N
u )−Gα(X

N
0 ) = α

∫ u

0

∑
i ̸=j

⟨b(Xi,N
t )− b(Xj,N

t ), Xi,N
t −Xj,N

t ⟩ |Xi,N
t −Xj,N

t |α−2 dt

+2α2

∫ u

0

∑
i ̸=j

|Xi,N
t −Xj,N

t |α−2 dt + Mu,α

for all u < τ0. We immediately deduce using Gronwall lemma that for α = 2, and t ≤ T ,

E(G2(X
N
t )) ≤ E(G2(X

N
0 )) + C(a, T )N2 .

For any 0 < α ≤ 2, using |v|α ≤ 1 + |v|2|, it follows

E(Gα(XN
t )) ≤ E(G2(X

N
0 ))) + C ′(a, T )N2 .

We thus deduce∫ T

0

∑
i ̸=j

E(|Xi,N
t −Xj,N

t |α−2) dt ≤ a

2α

∫ T

0
Gα(X

N
t ) dt + (1/2α2)E(Gα(XN

T ))

≤ C(T, a, α) (N2 + E(G2(X
N
0 ))) . (5.5)

and finally∫ T

0
E(H2(XN

t )) dt ≤ C(T )N2

N2 +

∫ T

0
E(G1(X

N
t )) dt +

∫ T

0

∑
i ̸=j

E(|Xi,N
t −Xj,N

t |−1) dt


(5.6)

so that using (5.5) with α = 1 and what precedes∫ T

0
E(H2(XN

t )) dt ≤ C(T, a)N2 (N2 + E(G2(X
N
0 ))) . (5.7)

From (5.3) we deduce for all t ≤ T ,

E(M2
t ) ≤ 3E(H2(XN

t )) + 3E(H2(XN
0 )) + c a2 T 2N4

≤ 3E(H2(XN
t )) + C(a, T )N2(N2 + E(G2(X

N
0 ))) + c a2 T 2N4 .
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so that integrating with respect to t it holds for all time T ,∫ 2T

0
E(M2

t ) dt ≤ C(a, T )N2(N2 + E(G2(X
N
0 ))) + c a2 T 2N4 . (5.8)

Using that for T ≤ t ≤ 2T , E(M2
t ) ≥ E(M2

T ), we deduce from (5.8) that

E(M2
T ) ≤ T−1C(a, T )N2(N2 + E(G2(X

N
0 ))) . (5.9)

so that we have obtained the analogue of Theorem 5.1

Theorem 5.5. For d = 2 look at K(x) = χ x⊥

|x|2 1x ̸=0 and assume in addition that b is bounded

and a-Lipschitz.

If
∫ ∑

i,j |xi − xj |2 ρ0(dx) < +∞, then the particle system (1.2) admits a unique strong

solution whose distribution Q satisfies H(Q|ρ0γ0 P ) < +∞, where P is the product measure

introduced in subsection 2.1 with |V ′| bounded.
Accordingly, if

∫
ρ0 ln(ρ0/γ0) dx < +∞, the marginals flow ρt satisfies

∫ T
0 I(ρt)dt < +∞ so

that ρ. ∈ L1([0, T ],Lp(Rd)) for p ∈ [1, 2N/2(N − 1)].

Remark 5.6. The previous calculation shows that

H(Q|ρ0
γ0
P ) ≤ C(a, T )N2

(
1 + sup

i,j

∫
|xi − xj |2 ρ0(dx)

)
+N ||b||2∞ .

This bound will be unfortunately insufficient for studying propagation of chaos. ♢

One can nevertheless obtain a somehow better bound for the free energy functional, assuming
that the additional drift b = ∇Ũ as in subsection 2.1, with Ũ(x) =

∑
j U(xj) and

∫
e−U <

+∞, so that θ0 = Z−1 ρ∞ e−Ũ dx is a reversible probability measure for the particle system.
We will assume that U ′ is Lipschitz, but non necessarily bounded in order to allow a gaussian
confinement.

We may then use Remark 2.10 and obtain

H(ρ0 dx|θ0) ≥ H(ρT dx|θ0) +
∫ T

0

∫ N∑
i=1

∣∣∣∣∣∣∇i ln(ρt) + b(x) +
χ

2N

∑
j ̸=i

(xi − xj)⊥

|xi − xj |2

∣∣∣∣∣∣
2

ρt dx dt .

Since

H(ρ0 dx|θ0) =
∫
ρ0

ln(ρ0) +
∑
i

U(xi) +
χ

2N

∑
i ̸=j

arctan((xi2 − xj2)/(x
i
1 − xj1))

 dx

we obtain that provided
∫
ρ0| ln(ρ0)|dx = O(N) and maxj

∫
|U(xj)| ρ0 dx < +∞, the free

energy dissipation∫ T

0

∑
i

∫ ∣∣∣∣∣∣∇i ln(ρt) + b(x) +
χ

2N

∑
j ̸=i

(xi − xj)⊥

|xi − xj |2

∣∣∣∣∣∣
2

ρt dx dt

is of order N .
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According to the discussion in subsection 2.1, the marginals flow of the solution is (up to
some constants) almost an entropy solution of the Liouville equation in the sense of [79]
definition 2 (so that we partly recover Proposition 1 therein).

First using |a+ b|2 ≥ 1
2 |a|

2 − |b|2 we have

H(ρ0 dx|θ0) +
∫ T

0

∫
|b|2 ρtdx dt ≥ H(ρT dx|θ0)+

1

2

∫ T

0

∑
i

∫ ∣∣∣∣∣∣∇i ln(ρt) +
χ

2N

∑
j ̸=i

(xi − xj)⊥

|xi − xj |2

∣∣∣∣∣∣
2

ρt dx dt

Expanding the squared norm in the right hand side, using a truncation ψ(x) with compact
support, the product term becomes

2χ

N

∫ 〈
∇ρ, ψ

∑
i ̸=j

(xi − xj)⊥

|xi − xj |2

〉
dx

one can integrate by parts. Since the divergence of the Biot-Savart kernel vanishes it remains
to look at ∫

ρ

〈∑
i ̸=j

(xi − xj)⊥

|xi − xj |2
,∇ψ

〉
dx

which goes to 0 by correctly choosing a sequence of ψ’s, since∫ ∣∣∣∣∣∣
∑
i ̸=j

(xi − xj)⊥

|xi − xj |2

∣∣∣∣∣∣ ρ dx < +∞ .

For the left hand side we remark that |b|2 is at most quadratic. Using one more time the
specificity of the kernel, it is immediately seen, since b is Lipschitz, that

E(|Xt|2) ≤ E(|X0|2) + c

(
t+

∫ t

0
E(|Xs|2)ds

)
so that E(|Xt|2) ≤ c(T )E(|X0|2) by using Gronwall.

Since H(ρTdx|θ0) ≥ 0, we finally have obtained a better result

Theorem 5.7. Assume that Ũ(x) =
∑

j U(xj) is a confining potential such that ∇U is

Lipschitz, and that
∫
|x|2ρ0(x)dx < +∞. Then there exists a constant c(T ) such that

H(ρ0 dx|θ0) + c(T )

∫
|x|2ρ0(x)dx ≥ H(ρT dx|θ0) +

1

2

∫ T

0
I(ρt) dt +

1

8
H(Q|ρ0

γ0
P ) .

Recall that here γ0(dx) = Z−1 e−Ũ(x)dx and P is the distribution of the γ0 symmetric diffusion

process dYt = dBt −∇Ũ(Yt)dt.

In particular if H(ρ0 dx|θ0) = O(N) and
∫
|x|2ρ0(x)dx = O(N), H(Q|ρ0γ0P ) = O(N).

Remark 5.8. In the case without confinement, using the calculations in the proof of Lemma
3.6 and an ad-hoc regularization Kε of K such that divKε = 0, one obtains∫

ρT ln(ρT ) dx+

∫ T

0
I(ρt) dt =

∫
ρ0 ln(ρ0) dx ,
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i.e. formula (5.7) in [62].

As said in [62] this equation is interesting provided one can get a lower bound for the Boltz-
mann entropy

∫
ρT ln(ρT ) dx (which is no more necessarily non-negative). Such a (uniform)

lower bound is obtained provided one can find an upper bound for
∫
|x|k dρT (see [62] Lemma

3.1). That is why, the whole paper [62] is studying together polynomial moments, Boltz-
mann entropy and Fisher information. Notice that provided

∫
|x|k dρ0 = O(N) for some

fixed k > 0, then, according to Proposition 5.1 in [62], as soon as
∫
ρ0 | ln(ρ0)|dx = O(N),∫ T

0 I(ρt) dt = O(N). ♢

In the sequel we assume that b = 0. It is shown in [6] Theorem B, that for any initial
density of probability ρ0, the nonlinear (4.4) has a solution belonging to C0((0, T ],L∞(R2)).
If in addition ρ0 is bounded, then ||ρt||∞ ≤ ||ρ0||∞. Assuming some more regularity on ρ0
furnishes higher regularity for ρt see [6] Theorem A or [55] Lemma 2.2. In addition this
solution is unique in the set of bounded functions.

Another existence result, using convergence of the particle system is shown in [62] Lemma
3.5 and Theorem 2.5 (one can also look at the former [104]).

In [62] section 7 another uniqueness result is shown in the set of solutions such that ∇ρ. ∈
L2q/(3q−2)([0, T ],Lq(R2)) for all 1 ≤ q < 2. If

∫ T
0 I(ρt) dt < +∞, the latter condition is

satisfied according to 3.1 (1). This uniqueness result is self contained i.e. the proof does not
use the particle approximation, contrary to the existence part.

We thus have the analogue of proposition 5.3

Proposition 5.9. Assume that ρ0 is a probability density such that
∫
ρ0 (ln(ρ0) + |x|2)dx <

+∞. Then, when b = 0, if ρ0 is bounded, there exists a flow t 7→ ρt of probability densities,
satisfying (4.4) and belonging to C0([0, T ],L∞(Rd)).
Even if ρ0 is not bounded, there exists at most one solution in the set of probability densities

flows such that
∫ T
0 I(ρt) dt < +∞.

Accordingly there exists a solution Q̄ of the non linear SDE, satisfying the same properties
as in Theorem 5.4 and at most one weak solution in the set of probability measures such that∫ T
0 I(Q ◦ (Xt)

−1) dt < +∞.

As we said, the proof of existence for this solution given in [62] is totally different, based
on the relative compactness (tightness) of the law of X1,N

. . Notice that the former [61] also
contains results in this direction. We shall look at this approach later.

Remark 5.10. We claim that the above result is still true if we add a confining potential
as before. To show this, it is enough to extend Ben Artzi’s proof following the presentation
made in the proof of Theorem 2 in [69]. We will not give the details, so that this result is
still a claim, and we shall see later another approach for uniqueness. ♢

5.4. Dyson processes.

To complete the picture, let us say a word on Dyson type models.

We gave an existence proof in subsubsection 2.4.3 for the particle system, recovering the
results in [41, 70] for χ/N < −1. The existence of the particle system was obtained in [41]
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Theorem 3.1 for χ < 0 using the theory of multivalued SDE’s developed by Cépa in his
PHD Thesis. Transporting the system on the torus, the authors have shown in [42] that for
0 > χ/N > −1 collisions of two particles always occur, while for χ/N ≤ −1 they do not
(remark that the equality case χ/N = −1 is out of reach of our approach). In [43] they also
have shown that no k-collisions occur for k ≥ 3. Actually the proof in [38, 64] using Dirichlet
forms presumably also works for the Dyson model, for χ < 0.

The non linear SDE is not studied in [41, 70] where the limit for a large number of particles
is studied for a varying χ = χN → +∞ after a linear time change (vanishing noise).

6. The 2D parabolic-elliptic (Patlak)-Keller-Segel attractive model.

The (Patlak) Keller-Segel system introduced in [83], is a tentative model to describe chemo-
taxis phenomenon, an attractive chemical phenomenon between organisms. Since we do not
yet speak of this model, that contains new interesting features, we will give a more complete
description of the situation.

In two dimensions, the classical 2-D parabolic-elliptic Keller-Segel model reduces to the single
non linear P.D.E.,

∂tρt(x) = ∆x ρt(x) + χ∇x.((K ∗ ρt)ρt)(x) (6.1)

with some initial ρ0. It is not difficult to see that (6.1) preserves positivity and mass, so that
we may assume that ρ0 is a density of probability i.e. the model enters the framework of
this work with K(x) = χ x

|x|2 defined on R2. K is the gradient of the harmonic kernel, i.e.

K(x) = ∇ log(|x|). In order to compare our model to the usual formulation, the reader can
think that the parameter χ is actually given by

χ = χ0
αm

2πD
where χ0 is the chemotactic sensitivity, α is the rate of production of chemoattractant by
the cells, m is the total mass and D is the product of the diffusivities.
As usual, ρ is modeling a density of cells, and ct = K ∗ ρt is (up to some constant) the
concentration of chemo-attractant.

A very interesting property of such an equation is a blow-up phenomenon. The following is
easily obtained by looking at the time evolution of the variance of a solution (see [10]):

Proposition 6.1. If χ > 4, the maximal time interval of existence of a classical solution of
(6.1) is [0, T ∗) with

T ∗ ≤ 1

2π χ (χ− 4)

∫
|x|2 ρ0(x) dx .

The existence of a solution, up to this explosion time, is more delicate. One classically says
that χ < 4 is the sub-critical case, χ = 4 the critical case and χ > 4 the super-critical one.

As in [10] one can consider a weak version of (6.1), i.e. looking for a continuous flow s 7→ µs
of probability measures on R2 satisfying for all smooth function φ and all t > 0∫

φdµt =

∫
φdµ0 +

∫ t

0

∫
∆φdµs ds+

− χ

2

∫ t

0

∫ ∫
⟨K(x− y),∇φ(x)−∇φ(y)⟩µs(dx)µs(dy) ds . (6.2)
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It is worth to remark that the integrand in the last term in (6.2), which is obtained thanks
to the symmetry of K, is bounded, so that the integral is well defined for any probability
distribution µ. The oddness of K is a key point for writing the last term in this convenient
form.

We then have (see [10] Theorem 1.1 for χ < 4 and [9] Theorem 1.3 for χ = 4, also see [20])

Theorem 6.2. For χ ≤ 4, assume that µ0(dx) = ρ0(x) dx is an initial probability distribu-
tion. If ∫

(|x|2 + | ln ρ0|(x))µ0(dx) < +∞ ,

then there exists a flow of probability densities t 7→ ρt(x) defined for all t ≥ 0, such that
µt(dx) = ρt(dx)dx is a solution of (6.2).

Actually the solution built in these papers satisfies additional regularity properties. First for
any T > 0,

sup
t∈[0,T ]

∫
(|x|2 + | ln ρt|(x)) ρt(x) dx < +∞ . (6.3)

Next, if we introduce the free energy of a density of probability ρ, defined by

F (ρ) =

∫
ρ ln ρ dx +

χ

2

∫
c(ρ) ρ dx , (6.4)

where

c(ρ)(x) =

∫
ln(|x− y)|) ρ(y) dy

then the solution in theorem 6.2 satisfies

F (ρt) +

∫ t

0

∫
(|∇ ln ρs(x) + χ∇c(ρs)(x)|2) ρs(x) dx ds ≤ F (ρ0) . (6.5)

Such a solution is called a free energy solution. This notion is particularly relevant for
uniqueness, for which we have the following (see [54] Theorem 1.3)

Theorem 6.3. If χ ≤ 4, and ρ0 satisfies the assumption in theorem 6.2, there exists at most
one free energy solution of (6.2), i.e. satisfying (6.3) and (6.5).

Remark 6.4. Actually [10] contains slightly better results. Indeed according to Lemma 2.11
and the proof of Lemma 2.12 therein, for all t > 0,∫ t

0

∫
|∇ ln ρs(x)|2 ρs(x) dx ds < +∞

and ∫ t

0

∫
|χ∇c(ρs)(x)|2 ρs(x) dx ds < +∞

too.

Actually this point is automatic, as shown in [54] Lemma 2.2. Denote by

Dt(F ) =

∫ t

0

∫
(|∇ ln ρs(x) + χ∇c(ρs)(x)|2) ρs(x) dx ds . (6.6)
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Using integration by parts and ∆c(ρ) = 2π ρ, any solution of (6.1) satisfies∫ t

0
I(ρs)ds+

∫ t

0

∫
|χ∇c(ρs)(x)|2 ρs(x) dx ds ≤ Dt(F ) + 4π χ

∫ ∫ t

0
ρ2s(x) dxds .∫ t

0 I(ρs)ds < +∞ and
∫ t
0

∫
|χ∇c(ρs)(x)|2 ρs(x) dx ds < +∞ follow from Lemma 3.1 (2) and

some clever manipulations, see the end of the proof of Lemma 2.2 in [54]. Conversely if these
two quantities are finite, Dt(F ) < +∞ is immediate. Remark that this can be rewritten
using ∫ t

0

∫
|χ∇c(ρs)(x)|2 ρs(x) dx ds =

∫ t

0

∫
|K ∗ ρs|2 ρs dx ds < +∞ .

At least formally one has F (ρt) + DtF (ρ) = F (ρ0), provided DtF (ρ) < +∞. However a
rigorous proof requires some additional regularity on ρ. (see e.g. [10] Lemma 2.2). This
regularity is shown in [54], in particular Lemmas 2.6, 2.7, 2.8. This regularity holds on time
intervals [t0, T ] but for t0 > 0. An accurate reading shows that assuming (6.5) is not used in
these proofs. One can thus deduce for t ≥ t0 > 0, F (ρt) +DtF (ρ) = F (ρt0) +Dt0F (ρ). Step
2 in the proof of Theorem 1.4 p. 1176 of [54] together with Lemma 2.9 therein (lower semi
continuity of the free energy) furnishes that (6.5) is actually satisfies as soon as DtF < +∞.
The price to pay is that equality becomes an inequality in (6.5) because of lower semi-
continuity.

Hence uniqueness holds once, in addition to (6.3),∫ t

0

∫
(|∇ ln ρs(x) + χ∇c(ρs)(x)|2) ρs(x) dx ds < +∞ .

This will be of particular interest in the sequel. Notice that according to the results in
subsection 3.1, as said in Lemma 2.4 in [54],

ρ. ∈ Lp/(p−1)(]0, T ],Lp(R2)) for all 1 < p < +∞. (6.7)

Stronger regularity is known since, according to [54] Lemma 2.8, for all ε > 0, ρ. ∈ C∞
b ([ε, T ]×

R2).

When ρ0 is bounded, this result is shown in to Theorem 1.3 in [21], for bounded solutions.
If ρ0 ∈ Lp it is shown in [54] Lemma 2.7, that the free energy solution built in Theorem 6.2
satisfies sup0≤t≤T ||ρt||Lp < +∞. ♢

Remark 6.5. Another notion of solution called “mild” solution is discussed in [4, 127].
Existence for general initial data, and uniqueness in the set of such solutions is obtained
therein. A mild solution is a solution that can be expressed via Duhamel formula for the

heat semi-group. In particular an a priori L
4
3 bound is required. It is shown in [54] section

3 that the (unique) free energy solution is a mild solution. ♢

The assumptions in theorem 6.2 can be relaxed, when χ < 4, the following is proved in the
recent [65] (Theorem 2 therein), where the moment condition (6.8) is shown

Theorem 6.6. If χ < 4, for any initial probability measure µ0, there exists a flow of prob-
ability measures t 7→ µt defined for all t > 0 and solution of (6.2) . Furthermore, for all
T > 0, and all 2 ≥ γ > χ

2 ,∫ T

0

∫ ∫
|x− y|γ− 2 µs(dx)µs(dy) ≤ C(γ, χ) (1 + T ) . (6.8)
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Unfortunately, no uniqueness result is known in this more general context. Notice that if
ρ0 satisfies the assumptions in Theorem 6.2, according to Remark 6.4 and Lemma 3.3 the
previous integrability (6.8) holds for all 0 < γ < 2.

Remark 6.7. In the sequel we will also be interested by the model with an added drift
b(x) = ∇Ũ(x) =

∑2
j=1 U

′(xj) for some nice U we will call a confinement potential and the

corresponding drift an advection term. As for the 2D vortex model we will assume that U ′′

is bounded. When U is convex, −⟨x,∇Ũ⟩ ≤ 0 inducing a true confinement. There is no
difficulty to add a second bounded drift term, but for an easier reading we will not introduce
this additional term.

Despite our tentatives, we did not find in the jungle of the literature on Keller-Segel models,
the analogue of the results recalled before for α = 0, except one case: a change of coordinates
in self similar variables naturally introduces a quadratic confinement potential (see e.g [54]
p.1164 formula (1.16) and what precedes). One can thus transfer the previous results to this
situation.

We nevertheless claim that all that we recalled before is still true if we add a confinement as
we defined before. The only way we found to see it is to rewrite the proofs in [10] and [54].
We shall not give all the details here, only explain how to modify some notations, and why
the confinement does not perturb the heart of the problem.

First, we may look at the second moment∫
|x|2ρTdx =

∫
|x|2ρ0dx+ (4− χ)T − 2

∫ T

0

∫
⟨x,∇Ũ⟩ ρt dx dt

where the last term is non-positive as soon as Ũ is convex. It follows that, as for the usual
Keller-Segel model, existence of a global solution is only possible for χ ≤ 4. In this case one
also sees that the second moment is finite at time T if it is finite at time 0.

In order to mimic the proofs in [10] it is enough to modify the free energy functional by adding
1
2

∫
Ũ ρ dx i.e. replace χc by χc+Ũ . We follow the numbering in [10]. Lemma 2.3 is still true,

up to this modification, and since
∫
f Ũ dx ≥ 0 for a non-negative f , adding this term in the

Hardy-Littlewood-Sobolev inequality (2.6) does not modify the lower bound, and Lemma 2.5

is unchanged. The approximation method in 2.5.3 is modified, replacing χcε by θε = χcε+Ũ .
The key lemma 2.11 is also unchanged, once one remarks that ∆cε is replaced by ∆cε +∆Ũ
with a bounded ∆Ũ , so that for instance in the proof of (iv) p.14, one simply has to add
a constant in the right hand side of the first inequality. We stop here, but the reader can
easily follow line by line [10] and see that, in the worst case, only constant additional terms
appear and do not modify the main statements, the most important results being Lemma
2.12, proposition 3.3 or Lemma 3.4, where for instance the dissipation (or production) of the
free energy is a simple consequence of the non positivity of its time derivative, as in Lemma
2.3.

One can do exactly the same with [54]. The modification of χc does not introduce any
difference in the proofs. For instance, Step 4 on p. 1177 uses the self similar coordinates,
introducing a quadratic term |x|2/2 in formula (2.27). This term is changed into |x|2/2+h(x)
for an at most quadratic h and all the estimates starting from (2.29) are still true. ♢
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From the point of view of the non linear PDE the situation is close to the case of the sub-
Coulombic potential. However for the particle system, the situation is very different. Indeed
one cannot use nor subsection 2.4 with the invariant measure candidate

GN (dx) =
∏

1≤i<j≤N
|xi − xj |−

χ
N dx ,

nor subsection 3.3 since K /∈ L2(R2).

One can nevertheless prove the following

Theorem 6.8. Assume that b = 0 and K(x) = χ x
|x|2 1x ̸=0 for some χ > 0.

Let MN = {x ∈ (R2)N there exists no triple i ̸= j ̸= k such that xi = xj = xk}. Then for
N ≥ 2 and χ < 4, there exists a non explosive solution Qx of (1.2) starting from any
x ∈ MN . Moreover the process is strong Markov and admits a symmetric σ-finite invariant
measure given by

GN (dx) =
∏

1≤i<j≤N
|xi − xj |−

χ
N dx .

In addition, for all T > 0, ∑
i ̸=j

∫ T

0
1
ωi,N
t =ωj,N

t
dt = 0 , Qx a.s. (6.9)

If χ > 4 the solution explodes in finite time.

If χ < 4 N−2
N−1 := χN the process lives in MN i.e. there are no k-collisions for k ≥ 3 and is

unique (in distribution).

The first part in this general form is due to [64] (see proposition 2 and proposition 3 therein)
and uses Dirichlet forms theory (due to the normalizing coefficients our χ is 2θ in [64]).
The use of Dirichlet forms theory was previously introduced in [38] where a similar result
is claimed for N ≥ 4 and χ < 4 N−2

N−1 . Actually the (too simple) proof of the absence of k

collisions given in [38] subsection 2.5.1 is incomplete (for the interested readers one also has
to consider the case ε = 0 therein). A complete proof of this fact is contained in [63] Lemma
15 and its proof. [63] also provides us with a proof of existence for χ < 4 N−2

N−1 , using some
compactness argument we shall revisit later on.

The (non trivial) fact that GN is locally bounded on the whole space is shown in Appendix
A of [64], while [38] only considered this measure restricted to MN .

For χ ≥ 4 explosion is shown in [38] subsection 2.4 and a very precise description of how
multiple collisions occur before explosion is done in [64] Theorem 5.

Uniqueness in the sense of Hunt processes is also shown in [38] Theorem 3.2 and the same
argument works for the more general case of [64]. It follows that one can build a unique
solution with any initial distribution ρN0 (x)dx, since MN has Lebesgue measure 0, and this
solution satisfies (6.9). We are using here the notation GN which is the one used in the recent
[17]. The latter property (6.9) is Lemma 3.4 in [38].

Uniqueness starting from a non 3-collision point such that in addition no multiple 2-collisions
occur is shown in [38] and uses an explicit computation made in [63] Lemmata 19 and 20.
If several pair of coordinates are equal (two by two) it can be easily extended. This more
precise result will be useless in the sequel.
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Another crucial result is that 2-collisions are not only allowed but always occur with positive
probability as shown in [63] Proposition 4 (with an initial exchangeable condition) or in [38]
subsubsection 2.5.2

Proposition 6.9. For any solution of (1.2) in the Keller-Segel setting, and any t > 0,

P(∃s ∈ [0, t], ∃i ̸= j ; Xi,N
s = Xj,N

s ) > 0 .

In particular a solution Q to (1.2) cannot be absolutely continuous w.r.t. P or to the Wiener
measure with the same initial condition.

For the consequence stated above, recall that if B and B′ are two independent 2-dimensional
Brownian motions, Z = |B − B′|2 is a squared Bessel process of dimension 2, so that the
origin is polar, i.e. the hitting time of 0 for Z is almost surely infinite. This shows that for
a collection of independent 2-dimensional particles whose law is absolutely continuous w.r.t.
the Wiener measure, collisions (starting from a non-collision point) never occur.

Remark 6.10. It is interesting to see that Keller and Segel themselves proposed in [84]
a microscopic description of their aggregation model, which is nothing else (in a modern
formulation) than the particle system (1.2). ♢

Remark 6.11. In all what precedes one can add a linear confinement potential as in Remark
6.7 simply using a Girsanov transform, since the additional drift is bounded. We shall explain
below that one can also add a quadratic confinement potential. ♢

In the recent [17], the authors have studied the Liouville equation (recall (1.4)) associated to
(1.2) for the Keller-Segel model, i.e.

∂tµ
N
t =

N∑
i=1

∇xi .

µNt χ

N

N∑
j=1

xi − xj

|xi − xj |2

+∆x µ
N
t (6.10)

where as before 0 = 0/0. The authors introduce in their definition 2.1 the notion of (relative)
entropy solution, as follows:

Definition 6.12. A solution (in the sense of Schwartz distributions) µNt of (6.10) is said to
be an entropy solution if for all T > 0,∫ T

0
I(µNt |GN ) dt ≤ H(µN0 |GN )−H(µNT |GN ) (6.11)

where as usual H(µ|ν) and I(µ|ν) denote the relative entropy (Kullback-Leibler information)
and the relative Fisher information, i.e.

I(µ|ν) =
∫ ∣∣∣∣∇ ln

(
dµ

dν

)∣∣∣∣2 dµ .
Since GN is not bounded one has to be careful with these definitions. It is immediate that
both hand sides in (6.11) are unchanged if we replace GN by cGN for any nonnegative
constant. Remark that one can always choose an appropriate c for the relative entropy H to
be nonnegative as in the usual probabilistic situation, but c depends on ρ.

Actually the authors of [17] replace R2 by the 2 dimensional torus Π, and consider periodic
solutions after periodizing the potential ln(|x|2). The meaning and definition of the stochastic
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system (1.2) has to be reformulated. The existence of an entropy solution of (6.10) is shown
in [17] Proposition 4.1.

Notice that, formally in (R2)N∫ T

0
I(µNt |GN ) dt =

∫ T

0

∫ ∑
i

∣∣∣∣∣∣∇i ln ρ
N
t +

χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2 ρNt (x) dx dt (6.12)

so that (6.11) is similar to (6.5) in the context of the particle system. Recall that [17] works in
a ΠN the N -tensor product of the 2D torus, so that the previous equality has to be modified.

Another point is concerned with a sentence at the top of p.4 of [17] i.e. “Of course any
strong solution to (1.2) (in the probabilistic sense) would also yield an entropy solution to
(6.10).” Since the notion of strong solution in the probabilistic sense is not defined in [17],
the meaning of this sentence is only speculating. However, the proof of the existence of an
entropy solution given in the Appendix of [17], is based on a ε regularization different from,
but similar to the one used in [63] for proving the existence of a solution of the particle
system. Since we know the (weak) uniqueness of a solution at the particles level, it indicates
that, provided one can extend this result to our situation, ρN,U. will be an entropy solution.

Actually some key uniforms (in ε) estimates in the [17] proof are obtained via a large deviation
estimate (Proposition 2.1 therein) inspired by [79]. If replacing the Lebesgue measure which

is bounded on the torus by e−Ũdx on the whole space is presumably what has to be done to
extend the argument in [17], we confess that we were not able to understand all the steps of
the proof in sections 2 and 3 of [17].

We shall thus give a proof of a precise statement. The (potential) reader in a hurry can skip
what follows up to the statement of Theorem 6.24.

Instead of working on the torus we will add a confining smooth potential U defined on R, as
for the 2D vortex model.

Next, we replaceGN by the measureGUN (dx) = e−Ũ(x)GN (dx). The existence and uniqueness
(for χ < χN ) of a G

U
N symmetric diffusion process

dXi,N,U
t =

√
2 dBi,N

t − ∇Ũ(Xi,N,U
t )− χ

N

∑
j ̸=i

Xi,N,U
t −Xj,N,U

t

|Xi,N,U
t −Xj,N,U

t |2
dt (6.13)

can be shown exactly as for Theorem 6.8 in the same range χ < 4. If |∇Ũ | is bounded, one
can also use a Girsanov transformation.

Our goal is to use Remark 2.10. The main difficulty is that if N is large, GUN is not a bounded
measure. To overcome this difficulty, first consider the approximate model QN,U,ε where we
replace |x− y|2 by ε+ |x− y|2. This time the associated

GU,εN =
∏

1≤i<j≤N
(ε+ |xi − xj |2)−

χ
2N e−Ũ(x) dx

is bounded with a normalization constant denoted by Zε. Applying (2.13) we thus have

H(ρN0 dx|Z−1
ε GU,εN )−H(ρN,U,εT dx|Z−1

ε GU,εN ) ≥ (6.14)
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≥
∫ T

0

∫ ∑
i

∣∣∣∣∣∣∇i ln ρ
N,U,ε
t +∇Ũ +

χ

N

∑
j ̸=i

xi − xj

ε+ |xi − xj |2

∣∣∣∣∣∣
2 ρN,U,εt (x) dx dt .

The key is that the normalization constant, that already disappeared in the right hand side
thanks to the gradient, also disappears in the left hand side which is equal to∫

ln(ρN0 /G
U,ε
N ) ρN0 dx−

∫
ln(ρN,U,εT /GU,εN ) ρN,U,εT dx (≥ 0) .

A natural idea is to pass to the limit as ε→ 0 and expect first that limits exist, and second,
that they include the marginals flow ρN,U. .

We shall follow the previous program by letting first ε go to 0. This is the analogue of
subsection 4.2 in [17]. We will however give a complete proof.

We shall first control the left hand side in (6.14). Recall that the normalizing constant
disappears, so that the first term in this left hand side reduces to

H(ρN0 dx|e−Ũdx) +
∫

ρN0
χ

2N

∑
i<j

ln(ε+ |xi − xj |2) dx (6.15)

the second one being similar replacing ρN0 by ρN,U,εT . We will thus assume, first that Ũ is

normalized so that e−Ũ is a density of probability and in addition that

H(ρN0 dx|e−Ũdx) < +∞ and

∫
ρN0

∑
i ̸=j

| ln(|xi − xj |)| dx < +∞ , (6.16)

so that we may use Lebesgue’s theorem and get that the sum of the two terms in (6.15) goes
to
∫
ρN0 ln(GUN )dx as ε→ 0.

It remains to bound

H(ρN,U,εT dx|e−Ũdx) +
∫

ρN,U,εT

χ

2N

∑
i<j

ln(ε+ |xi − xj |2) dx ,

from below. Since the first term is non-negative, it is enough to look at the negative part of
the second one, i.e. replace the ln by − ln− its negative part.

To simplify the argument we will assume that ρN0 hence ρN,U,εT is exchangeable, so that we
have

H(ρN,U,εT dx|e−Ũdx) ≤ H(ρN0 dx|e−Ũdx) +
∫
ρN0 (x)

χ(N − 1)

4N

∑
j>1

∣∣ln (ε+ |x1 − xj |2
)∣∣ dx

+

∫
ρN,U,εT (x)

χ(N − 1)

4N

∑
j>1

ln−
(
ε+ |x1 − xj |2

)
dx , (6.17)

According to the variational formulation of relative entropy, and after a standard approxi-
mation by a bounded function, we have for any β > 0

β

∫
ρN,U,εT (x)

∑
j>1

ln−
(
ε+ |x1 − xj |2

)
dx ≤ H(ρN,U,εT dx|e−Ũdx)+ (6.18)
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+ ln

∫ eβ
∑

j>1 ln
−(ε+|x1−xj |2)

∏
j>1

e−U(xj) e−U(x1)dx2 dxNdx1

 .

The last term is equal to

(N − 1) ln

(∫
1

(ε+ |x1 − x2|2)β
1ε+|x1−x2|2≤1 e

−U(x1)e−U(x2)dx1 dx2
)

≤ (N − 1)C(β)

where C(β) does not depend on ε, provided β < 1.

We have obtained (
1− χ(N − 1)

4βN

)
H(ρN,U,εT dx|e−Ũdx) ≤ C(β, ρN0 )N . (6.19)

If χ < 4 we thus get a first desired result, namely

sup
ε

sup
0≤t≤T

H(ρN,U,εt dx|e−Ũdx) ≤ C(χ, ρN0 , T )N . (6.20)

Plugging this result in (6.18) we also have

sup
ε

sup
0≤t≤T

∫
ρN,U,εt (x)

∑
j>1

ln−
(
ε+ |x1 − xj |2

)
dx ≤ C ′(χ, ρN0 , T )N .

An immediate consequence of (6.20) is the following

Lemma 6.13. If (6.16) is satisfied and ρN0 is exchangeable, for all χ < 4 the family of flows

(t ∈ [0, T ] 7→ ρN,U,εt )ε∈(0,1)

is tight. In addition any weak limit ρN. satisfies

sup
0≤t≤T

H(ρNt dx|e−Ũdx) ≤ C(χ, ρN0 )N ,

and

sup
0≤t≤T

∫
ρN,Ut (x)

∑
j>1

ln−
(
|x1 − xj |2

)
dx ≤ C ′(χ, ρN0 , T )N .

In the previous results, constants of type C(χ, ρN0 , T ) only depends on ρN0 through the distri-
bution of the first two coordinates (x1, x2) (or any pair thanks to exchangeability), hence can
be chosen independent of N if ρN0 is chaotic.

Proof. The first inequality is a consequence of the lower semi continuity of relative entropy.
For the second one remark that for ε ≤ ε0, ln

− (ε+ |x1 − xj |2
)
≥ ln−

(
ε0 + |x1 − xj |2

)
so

that ∫
ρN,U,εt (x)

∑
j>1

ln−
(
ε0 + |x1 − xj |2

)
dx ≤ C ′(χ, ρN0 , T )N .

One can thus make ε go to 0, using weak convergence, and then let ε0 go to 0 using monotone
convergence theorem. □
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Remark 6.14. The assumption
∫
| ln(|xi − xj |)| ρN0 dx < +∞ is satisfied, according to the

proof of Lemma 3.3, as soon as ρ̃i,j,N0 := ρN0 ◦ (xi, xj)−1 ∈ Lq(R2) for some q > 1. Actually
since z 7→ | ln(|z|)| belongs to the Orlicz space LΦ(B(0, 1)), where B(0, 1) is the unit ball of

R2 and Φ(u) = e|u| − 1, Orlicz-Hölder inequality ensures that
∫
| ln(|xi − xj |)| ρN0 dx < +∞

as soon as
∫
ρN0 | ln(ρN0 )|dx < +∞.

Similarly, it is easy to see that, if ν and hν are probability measures,∫
h | lnh|dν ≤

∫
h lnh dν + 2e−1 .

It follows that for a density of probability ρ, and U as before, assuming that e−Ũ is normalized
as a density of probability,∫

ρ | ln ρ|dx ≤
∫
ρ | ln(ρ/e−Ũ )|dx+

∫
|Ũ |ρdx ≤

∫
ρ ln(ρ/e−Ũ ) dx+

∫
|Ũ |ρdx + 2e−1 .

It means that the second assumption on ρN0 in (6.16) is satisfied as soon as the first one is

satisfied and Ũ ∈ L1(ρdx). ♢

Notice that ρN,U,ε. is smooth on (0, T ]× (Rd)N thanks to ellipticity results (probabilists can
call upon Malliavin calculus), since the coefficients of the generator LN,U,ε are smooth.

Let t 7→ ρt be any weak limit of the previous family. Introduce now

ANl = {x ∈ (R2)⊗N ; min
i ̸=j

|xi − xj | > 1/l} . (6.21)

on this set. One has (∂t + LN,U )ρ. = 0 on any [s, T ] × ANl for any s > 0 in the sense of
Schwartz distributions, hence ρ. is also smooth on this set for the same reason.

Actually we can say much more, namely that

||ρN,U,εt ||
Cj

b (A
N
l ∩B(0,R))

≤ C(j, V, l, R) t−α(j) (6.22)

for any j ∈ N∗ and some α(j) > 0 where B(0, R) is the euclidean ball of radius R. What is
important here is that the previous bound is uniform in ε, because all the coefficients and
their derivatives are bounded on ANl ∩ B(0, R) uniformly in ε. A similar bound is true for

ρN,Ut . The same is true for ρt. Once again, aficionados of Malliavin calculus will find a proof
in [24] Theorem 1.15 and its proof, and the above statement in [25] Theorem 1.5.(i), in a
more general hypoelliptic framework. In order to take into account the initial density (the
results in [24, 25] are concerned with the density kernels, i.e. an initial Dirac measure) it is
enough to differentiate under the integral sign.

It is then standard to show that ρN,U,εt and ∇ρN,U,εt weakly converge to ρt and ∇ρt in L2(ANl ∩
B(0, R)) so that one easily gets, for s > 0, both∫ T

s

∫
AN

l ∩B(0,R)

∣∣∣∣∣∣ χN
∑
j ̸=i

xi − xj

ε+ |xi − xj |2

∣∣∣∣∣∣
2 ρN,U,εt (x) dx dt→

→
∫ T

s

∫
AN

l ∩B(0,R)

∣∣∣∣∣∣ χN
∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2 ρN,Ut (x) dx dt ,
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and ∫ T

s

∫
AN

l ∩B(0,R)

〈
∇iρ

N,U,ε
t ,

χ

N

∑
j ̸=i

xi − xj

ε+ |xi − xj |2

〉
dx dt→

→
∫ T

s

∫
AN

l ∩B(0,R)

〈
∇iρ

N,U
t ,

χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

〉
dx dt ,

as ε→ 0. The same holds with the terms involving Ũ if Ũ is smooth.

In addition, at least for l and R large enough,

sup
ε

∫ T

s

∫
AN

l ∩B(0,R)
|∇ ln(ρN,U,εt )|2 ρN,U,εt dxdt < +∞ .

This bound follows from the fact that

inf
ε

inf
s≤t≤T,y∈AN

l ∩B(0,R)
ρN,U,εt = c(l, s, T,R, U,N) > 0 . (6.23)

Here is a proof with a probabilistic flavour. First, since the initial measure has a density,
one may find l0 > 0 and R0 such that ρN0 (ANl0 ∩ B(0, R0)) > 0. If l > 2l0 and R > 2R0

we may consider the processes killed when they exit AN2l0 ∩ B(0, 2R0). Since their laws are
equivalent to the one of a similarly killed Brownian motion (with variance 2t), with densities
and inverse densities bounded in all the Lp’s uniformly in ε, all these laws are equivalent
with densities and inverse densities bounded in all the Lp’s uniformly in ε. The uniform
in ε lower bound (6.23) follows from a similar uniform lower bound for the densities of the
killed processes, which itself follows from the previous argument once a strictly positive lower
bound is obtained for a given ε0. The latter is standard see e.g [26] p.612-613.

Consider random variables ZN,U,εt supported by ANl ∩B(0, R) with densities proportional to

ρN,U,εt in this set. It is easily seen that they converge in distribution to a random variable

ZN,Ut with density proportional to ρt and that the normalizing constants in ε also converge
to the normalizing constant for the limiting distribution. According to Proposition 13.2 in
[11] again and to Fatou’s lemma, we deduce that

lim inf
ε

∫ T

s

∫
AN

l ∩B(0,R)
|∇ ln(ρN,U,εt )|2 ρN,U,εt dxdt ≥

≥
∫ T

s

∫
AN

l ∩B(0,R)
|∇ ln(ρt)|2 ρtdxdt .

We have thus shown

lim inf
ε

∫ T

s

∫
AN

l ∩B(0,R)

∑
i

∣∣∣∣∣∣∇i ln ρ
N,U,ε
t +∇Ũ +

χ

N

∑
j ̸=i

xi − xj

ε+ |xi − xj |2

∣∣∣∣∣∣
2 ρN,U,εt (x) dx dt ≥

(6.24)

≥
∫ T

s

∫
AN

l ∩B(0,R)

∑
i

∣∣∣∣∣∣∇i ln ρt +∇Ũ +
χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2 ρt(x) dx dt ,
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and finally

lim inf
ε

∫ T

0

∫ ∑
i

∣∣∣∣∣∣∇i ln ρ
N,U,ε
t +∇Ũ +

χ

N

∑
j ̸=i

xi − xj

ε+ |xi − xj |2

∣∣∣∣∣∣
2 ρN,U,εt (x) dx dt ≥

lim inf
ε

∫ T

s

∫
AN

l ∩B(0,R)

∑
i

∣∣∣∣∣∣∇i ln ρ
N,U,ε
t +∇Ũ +

χ

N

∑
j ̸=i

xi − xj

ε+ |xi − xj |2

∣∣∣∣∣∣
2 ρN,U,εt (x) dx dt ≥

≥
∫ T

s

∫
AN

l ∩B(0,R)

∑
i

∣∣∣∣∣∣∇i ln ρt +∇Ũ +
χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2 ρt(x) dx dt .

It remains to use the increasing limit as l and R go to infinity, since ANl ∩B(0, R) grows to
the whole space, and then as s goes to 0. We already know the existence of the density ρt
which is almost everywhere defined as well as ∇ρt. We have thus obtained

Lemma 6.15. Assume that (6.16) is satisfied and that ρN0 is exchangeable. Then for all χ < 4
there exists C(N,χ, ρN0 ) such that any weak limit ρ of the tight sequence ρN,U,ε satisfies

H(ρT dx|e−Ũdx) +
∫ T

0

∫ ∑
i

∣∣∣∣∣∣∇i ln ρt +∇Ũ +
χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2 ρt(x) dx dt ≤

≤ C(N,χ, ρN0 )

H(ρN0 dx|e−Ũdx) +
∫
ρN0

χ

N

∑
i<j

| ln(|xi − xj |)dx

 .

Remark 6.16. Notice that in the previous result the constant C(N,χ, ρN0 ) goes to infinity
as χ→ 4 (recall (6.19)), while in [17] (2.5), hence in Proposition 4.1 (choosing σ = 1 therein,
hence λ = χ < 4) this constant actually equals 1. ♢

To complete the picture we have to prove

Lemma 6.17. Assume that (6.16) is satisfied and that ρN0 is exchangeable. Then for all
χ < 4 any weak limit ρ of the tight sequence ρN,U,ε solves the Liouville equation, provided

sup
ε

sup
t

∫
|Ũ |ρN,U,εt dx < +∞ .

The proof is similar to the one in [17], the key being (4.9) therein. Let us briefly recall the
argument. First, as we already used, ρ solves the Liouville equation in the set of Schwartz
distributions on the open complement of the collision set, and is smooth in this set, i.e.
all its derivatives are almost everywhere well defined. It is thus enough to consider BN

l =

(ANl )
c ∩B(0, R) for some R > 0, and to control

M =

∫ s

u

∫
BN

l

ρN,U,εt |∇ ln(GU,εN /ρN,U,εt )| dx dt ,

for all 0 < u < s ≤ T . Applying Cauchy-Schwarz inequality we get

M ≤
(∫ s

u

∫
|∇ ln(GU,εN /ρN,U,εt )|2 ρN,U,εt dx dt

) 1
2
(∫ s

u

∫
1BN

l
(x) ρN,U,εt dx dt

) 1
2

.
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The first term in the product is uniformly (w.r.t. ε) bounded according to Lemma 6.15.
For the second one we again use Orlicz-Hölder inequality with Φ(u) = eu − 1 and its con-
jugate Φ∗(u) = (u ln(u) − u + 1)1u≥1. On one hand the LΦ norm of 1BN

l
is less than

c ln−1(1/vol(BN
l )) which goes to 0 as l → +∞ for a fixed R (it is of order 1/ ln l as men-

tioned in [17]). On the other hand the LΦ∗ norm of ρN,U,εt is less than c
∫
ρN,U,εt | ln(ρN,U,εt )| dx

the latter being less than

c(H(ρN,U,εt dx|e−Ũdx) +
∫

|Ũ |ρN,U,εt dx+ 2e−1)

according to remark 6.14. We deduce that for all fixed R, the second term in the product
goes to 0 as l → +∞, uniformly w.r.t. ε.

The three previous Lemmata furnish the analogue of Proposition 4.1 in [17].

The point now is to know whether for (almost) all t, ρN,U,εt → ρN,U,t as ε → 0, or at least if
the previous holds for some subsequence εn, the same for almost all t.

A first partial answer is given by the following Lemma

Lemma 6.18. Let XN
. be the particle system of the Keller-Segel model introduced in Theorem

6.8 and Theorem 6.8 with or without an additional the confinement potential (in this case
recall that the confinement potential is at most quadratic). For all 0 ≤ ε ≤ 1 (1 is arbitrary
and we emphasize that ε = 0 is allowed), it holds

(1) For all t > 0,
∑N

j=1 E(|Xj,N,ε
t |2) ≤ c(T, a)(

∑N
j=1 E(|Xj,N

0 |2) + NT ) , where a is
the Lipschitz constant of ∇U .

(2) For all 0 < γ < 2− (χ/2),∫ T

0

∑
i ̸=j

E

(
1

|Xj,N,ε
t −Xi,N,ε

t |γ

)
dt ≤ CN (

N∑
j=1

E(|Xj,N
0 |2) +N) ,

where C is a constant that only depends on T , a (the Lipschitz constant of ∇U), γ
and χ.

This Lemma is mainly contained in [123] Lemma 16 and Proposition 10 in the case U = 0. The
proofs in [123] are written under the assumption that the initial distribution is exchangeable
and only concern the process XN

. , not the approximations. We shall give here a (slightly
simplified but very similar) complete proof taking care of the dependence in ε. The Lemma
has an important consequence

Corollary 6.19. For χ < 2, QN,U,ε weakly converges to QN,U as ε→ 0.

The Corollary extends Theorem 6 in [63] obtained for χ < 1.

A standard proof for χ < 2, is that since (2) holds for γ > 1 the family QN,U,ε is tight.
A proof of this fact will be given in subsection 8.1 in the framework of large N instead of
small ε. One can also directly follow the proof of Theorem 6 in [63] (a small improvement is
contained in our derivation in subsection 8.1). It is then standard to show (as in [63]) that
any weak limit solves the martingale problem with ε = 0.
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We recall (and claim) that the methodology of [63] precisely consists in showing that QN,U,ε

weakly converges to QN,U on [0, Sl] where Sl denotes the first time where the minimal sum
of the distances between three particles becomes less than 1/l for large l i.e.

DN
l = {x ∈ (R2)⊗N ; for all distinct indices i, j, k , |xi − xj |+ |xj − xk|+ |xk − xi| > 1/l} ,

(6.25)
using the same approximation in ε we are using. This is explained in Lemmata 12,13,14 p.
2827-2830 of [63] and in the proof of their Theorem 7, where it is shown that any limit law
solves the particle system SDE. Since we know that there is only one weak solution, the claim
is proven. It is not difficult to see that the same is true for the confined system.

A consequence of Corollary 6.19 is of course that, as expected ρN,U,εt weakly converges to

ρN,Ut as ε→ 0.

Another proof of the latter, directly using Lemma 6.18 (and not the Corollary) is using the
superposition principle recalled in Remark 2.13. Indeed, each limiting ρt solves the Liouville
equation ((1) in the Lemma ensures the integrability of Ũ) according to what precedes. (2)
for χ < 2 ensures that the drift is integrable w.r.t. the flow ρ.. Thus, there exists a solution
Q̃ to the particle system, with initial distribution ρN0 and marginals flow ρ.. Since there

exists only one (weak) solution to the particle system, Q̃ coincides with this solution and its

marginals flow with ρN,Ut .

We turn to the proof of Lemma 6.18.

Proof. of lemma 6.18. Proof of (1). Using Ito’s formula and the usual care (localizing first
with stopping times), one obtains∑

j

|Xj,N,ε
t |2 =

∑
j

|Xj,N
0 |2 + Mt + 4Nt −

∑
j

∫ t

0
2⟨Xj,N,ε

s ,∇U(Xj,N,ε
s )⟩ ds

− 2χ

N

∑
i ̸=j

∫ t

0

⟨Xj,N,ε
s , Xj,N,ε

s −Xi,N,ε
s ⟩

ε+ |Xj,N,ε
s −Xi,N,ε

s |2
ds ,

where M. is a local martingale. Exchanging again i and j in the final term, we see that it is
equal to

1

2

∑
i ̸=j

⟨Xj,N,ε
s −Xi,N,ε

s , Xj,N,ε
s −Xi,N,ε

s ⟩
ε+ |Xj,N,ε

s −Xi,N,ε
s |2

≤ N(N − 1)/2

and in addition is non-negative, so that finally, using again localization for some stopping
time in order to control the martingale term∑

j

E(|Xj,N,ε
t |2) ≤

∑
j

E(|Xj,N
0 |2) + CNT + a

∫ t

0

∑
j

E(|Xj,N,ε
s |2) ds. (6.26)

Here we have used |⟨x,∇Ũ(x)⟩| ≤ c+ a|x|2 for some constant c. We may conclude thanks to

Gronwall’s lemma. When U is convex, ⟨∇Ũ(y), y⟩ ≥ 0 and the bound does not depend on
U .
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For the proof of (2) consider some function g : R+ → R and G(x) =
∑

i ̸=j g(|xi − xj |2). We
assume that g is everywhere defined and smooth. Applying Ito formula we thus have

G(XN,ε
t ) = G(XN,ε

0 ) +Mt + S1
t + S2

t + S3
t

where M. is a martingale the three other terms being of the form Sjt =
∫ t
0 R

j
s ds with

R1
s = −2

∑
i ̸=j

g′(|Xi,N,ε
s −Xj,N,ε

s |2) ⟨Xi,N,ε
s −Xj,N,ε

s ,∇U(Xi,N,ε
s )−∇U(Xj,N,ε

s )⟩

R2
s = − 2χ

N

∑
i ̸=j

g′(|Xi,N,ε
s −Xj,N,ε

s |2)

(∑
k

(Ai,k −Aj,k)

)

where Ai,k =
⟨Xi,N,ε

s −Xj,N,ε
s , Xi,N,ε

s −Xk,N,ε
s ⟩

ε+ |Xi,N,ε
s −Xk,N,ε

s |2

R3
s = 8

∑
i ̸=j

(g′(|Xi,N,ε
s −Xj,N,ε

s |2) + |Xi,N,ε
s −Xj,N,ε

s |2 g′′(|Xi,N,ε
s −Xj,N,ε

s |2)) .

For the last term recall that the martingale part of Xi −Xj is 2 times a Brownian motion
so that there is a 2∆ yielding the 8.

The most tricky term is R2. In order to get some control we will assume that

g′ is non negative and non increasing .

Denote

u = Xi,N,ε
s −Xj,N,ε

s , v = Xj,N,ε
s −Xk,N,ε

s , w = Xk,N,ε
s −Xi,N,ε

s .

Each term of the sum is written (up to a circular permutation on u, v, w) as

− g′(|u|2)
〈
u,

(
w

ε+ |w|2
+

v

ε+ |v|2

)〉
so that exchanging the role of the indices one gets

R2
s =

2χ

3N

∑
i,j,k

g′(|u|2)
〈
u,

(
w

ε+ |w|2
+

v

ε+ |v|2

)〉
g′(|v|2)

〈
v,

(
w

ε+ |w|2
+

u

ε+ |u|2

)〉
g′(|w|2)

〈
w,

(
u

ε+ |u|2
+

v

ε+ |v|2

)〉
.

Since g′ is non increasing on R+, so is u 7→ g′(u2) = φ(u). Thus we may apply Lemma 9 in
[123] with (φ,ψ), where ψ(u) = (ε+ u2)−1. The sum of the three terms above is larger than

− g′(|u|2) |u|2

ε+ |u|2
− g′(|v|2) |v|2

ε+ |v|2
− g′(|w|2) |w|2

ε+ |w|2
.
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Summing up over (i, j, k) (recall that in the sum we only consider the cases where the indices
are different), we obtain

R2
s ≥ − 2χ (N − 2)

N

∑
i ̸=j

g′(|Xi,N,ε
s −Xj,N,ε

s |2) |Xi,N,ε
s −Xj,N,ε

s |2

(ε+ |Xi,N,ε
s −Xj,N,ε

s |2)

≥ − 2χ
∑
i ̸=j

g′(|Xi,N,ε
s −Xj,N,ε

s |2) . (6.27)

Summing up, and using that ∇U is a Lipschitz, we obtain for

ui,j = |Xi,N,ε
s −Xj,N,ε

s |2 ,

R1
s +R2

s +R3
s ≥

∑
i ̸=j

[
(8− 2χ− 2a ui,j) g

′(ui,j) + 8ui,j g
′′(ui,j)

]
. (6.28)

For 0 < α < 1, η > 0 and r ≥ 0, choose g(r) = (η + r)α. We have

g′(r) = α(η + r)α−1 and g′′(r) = α(α− 1) (η + r)α−2 .

We thus have

R1
s +R2

s +R3
s ≥

∑
i ̸=j

α(8α− 2χ− 2aui,j)(η + ui,j)
α−1

so that taking expectations we obtain

E

∑
i ̸=j

(η + |Xi,N,ε
T −Xj,N,ε

T |2)α
 ≥

≥
∫ T

0
E

∑
i ̸=j

α(8α− 2χ− 2a|Xi,N,ε
s −Xj,N,ε

s |2)(η + |Xi,N,ε
s −Xj,N,ε

s |2)α−1

 ds .

The left hand side is bounded w.r.t ε according to the first part of the lemma.

If α > χ/4 and 2au ≤ 4α− χ one may bound the right hand side from below by∫ T

0
E

∑
i ̸=j

α(4α− χ)(η + |Xi,N,ε
s −Xj,N,ε

s |2)α−1

 1|Xi,N,ε
s −Xj,N,ε

s |2≤u ds .

We deduce that∫ T

0
E

∑
i ̸=j

(η + |Xi,N,ε
s −Xj,N,ε

s |2)α−1

 1|Xi,N,ε
s −Xj,N,ε

s |2≤u ds

is bounded uniformly w.r.t. ε and we can pass to the limit η → 0 using monotone convergence.

For |Xi,N,ε
s −Xj,N,ε

s |2 ≥ u the term under the integral sign is bounded, so that we get (2) in
the Lemma.

The dependence in N is easy to trace. □

If Corollary 6.19 furnishes the expected answer for χ < 2, for χ ≥ 2 we do not know about the
weak convergence of the distributions QN,U,ε. We shall however see that a weaker convergence
holds true, implying the desired convergence of the marginals flow.



64 P. CATTIAUX

To this end we will again call upon Dirichlet forms theory, and more precisely upon conver-
gence for Dirichlet forms. Indeed, each QN,U,ε for ε ≥ 0 is associated to a Dirichlet form

Eε(f, g) =
∫
MN

⟨∇f,∇g⟩ dGU,εN

defined on L2(MN , GU,εN dx) with domain D(Eε) and core C∞
c (MN ) where MN is introduced

in Theorem 6.8. Notice that on MN , GUN ∈ Lploc(M
N ) for p < 2N/χ.

For ε > 0 the reader can be surprised. Indeed the natural Dirichlet form is defined on the
whole (R2)N . Actually the symmetric forms we have defined on C∞

c (MN ) are closable, and
their smallest closed extension are regular and local. They are thus associated to some Hunt
process coinciding with XN,U,ε

. up to the exit time of MN . This exit time is almost surely
infinite for the standard Brownian motion (0 is polar for a 2 dimensional Brownian motion),
and since QN,U,ε is absolutely continuous w.r.t. the Wiener measure, this time is also almost
surely infinite for XN,U,ε

. . In other words the Dirichlet forms (Eε, D(Eε)) we have defined as
closure of the forms defined on their core, coincide with the ones built on the whole space.
For ε = 0 we recall that the Dirichlet form was introduced in [38] subsection 3.1 and studied
in [64] section 11.

We will show that this family of Dirichlet forms is convergent in Mosco sense ([108]). Actually,

since we are dealing with varying Hilbert spaces Hε := L2(MN , GU,εN dx), we have to use an
extension of Mosco’s results to this setting. This extension is done in [92] (also see [101, 102]).
In what follows, limits w.r.t. ε are limits along some sequence εn going to 0, and as usual
E(f) denotes E(f, f).
First of all, notice that C = C∞

c (MN ) is a dense subset of all the Hε. In addition, the
sequence of Hilbert spaces Hε is converging to H0 in the sense of [92] p.611, since if f ∈ H0,

f belongs to all Hε and limε→0 ||f ||Hε = ||f ||H0 using monotone convergence. Indeed GU,εN
increasingly converges to GUN .

Next we may define the convergence of sequences, adapting the ones in [92] to our situation

Definition 6.20. We say that

(1) fε ∈ Hε strongly converges to f ∈ H0, if there exists a sequence f̃ε ∈ C such that

lim
ε

||f̃ε − f ||H0 = 0 and lim
ε

||f̃ε − fε||Hε = 0 ,

(2) fε ∈ Hε weakly converges to f ∈ H0, if

lim
ε

⟨fε, gε⟩Hε = ⟨f, g⟩H0

for any sequence gε ∈ Hε strongly convergent to g ∈ H0.

Recall that if fε strongly converges to f , ||fε||Hε → ||f ||H0 in particular this sequence is

bounded and that if ||fε − f̃ε||Hε → 0, the sequence f̃ε also strongly converges to f .

If fε weakly converges to f , ||fε||Hε is bounded and lim infε ||fε||Hε ≥ ||f ||H0 . If the latter
lim inf is a limit and the inequality is an equality, fε strongly converges to f . See [92]
Lemmata 2.1 and 2.3.

We can then define the Γ-convergence and the Mosco convergence (or strong Γ-convergence)
following definitions 2.8 and 2.11 in [92] where by convention E(f) = +∞ if f /∈ D(E),

Definition 6.21. The sequence Eε Mosco converges to E if
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(M1) for any sequence fε ∈ Hε weakly converging to f ∈ H0, it holds

E(f) ≤ lim inf
ε

Eε(fε) ,

(M2) for any f ∈ D(E) there exists a sequence fε ∈ Hε such that fε strongly converges
to f and

E(f) = lim
ε

Eε(fε) .

The sequence Eε Γ-converges if (M2) is satisfied and (M1’) is satisfied where (M1’) is similar
to (M1) simply replacing the weak convergence by the strong convergence.

Γ-convergence is thus weaker than Mosco convergence.

Proposition 6.22. The sequence Eε Mosco converges to E0.

Proof. (M2) is almost immediate. If f ∈ D(E0), ∇f is dx almost everywhere defined and
Eε(f) ≤ E0(f). We may thus choose fε = f , and use again the monotone convergence
theorem.

We now study (M1). If fε ∈ D(Eε) one can find f̃ε ∈ C such that Eε(f̃ε−fε)+||f̃ε−fε||2Hε
≤ ε2.

If fε weakly converges to f ∈ H0, so does f̃ε and lim infε Eε(fε) = lim infε Eε(f̃ε). We may
thus assume that fε ∈ C.
Next fix some η > 0. For ε ≤ η, fε ∈ Hη as well as f ∈ Hη. Let g ∈ H0 (⊂ Hη). We claim
that

lim
ε

⟨fε, g⟩Hη = ⟨f, g⟩Hη .

Indeed

⟨fε, g⟩Hη =

〈
fε, g

GU,ηN

GU,εN

〉
Hε

→

〈
f, g

GU,ηN
GUN

〉
H0

= ⟨f, g⟩Hη

because g
GU,η

N

GU,ε
N

strongly converges to g
GU,η

N

GU
N

. To see the latter simply remark that
GU,η

N

GU,ε
N

is

uniformly (w.r.t ε) bounded and converges almost surely to (the also bounded)
GU,η

N

GU
N

.

Let g ∈ (C2)N , we have

Eε(fε) ≥ Eη(fε) ≥ 1

||g||Hη

⟨∇fε, g⟩Hη = − 1

||g||Hη

⟨fε,∇g⟩Hη − 1

||g||Hη

〈
fε, g∇ ln(GU,ηN )

〉
Hη

.

Since ∇ ln(GU,ηN ) is smooth and bounded, we may take the limit w.r.t. ε in the right hand
side and the lim inf in the left hand side, so that

lim inf
ε

Eε(fε) ≥ − 1

||g||Hη

⟨f,∇g⟩Hη − 1

||g||Hη

〈
f, g∇ ln(GU,ηN )

〉
Hη

=
1

||g||Hη

⟨∇f, g⟩Hη .

Taking the supremum over all g in the right hand side we thus have

lim inf
ε

Eε(fε) ≥ Eη(f)

for all η and the desired result follows by taking the (increasing) limit w.r.t. η. □
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According to Theorem 2.4 in [92] we deduce from the previous Proposition that the semi-
group PN,U,ε. associated to Eε strongly converges to the semi-group PN,U. associated to E0,
meaning that:

if fε strongly converges to f then PN,U,ε. fε strongly converges to PN,U. f .

Pick some g ∈ C0
b ((R2)N ). We claim that for all x /∈ C0 (recall that C0 is the collision set)

and all t > 0,

PN,U,εt g(x) converges to PN,Ut g(x).

Indeed one can find an open bounded neighborhood V(x) of x included in Cc0 ⊂ MN , hence
for all smooth h compactly supported in V(x),∫

h(y)PN,U,εt g(y)GU,εN (y) dy →
∫

h(y)PN,Ut g(y)GUN (y) dy .

On V(x), GU,εN and GUN are smooth, bounded with all their derivatives bounded, uniformly
w.r.t. ε.

Recall the discussion after Remark 6.14. We know that the above semi-groups admit smooth

density kernels ρN,U,εt (y, z) and ρN,Ut (y, z) and using this time proposition 1.12 (1) in [25] one
knows that, for any ε0 > 0,

sup
ε0≥ε≥0

||ρN,U,εt (., .)||
Cj

b (V(x)×(R2)N )
≤ C(j,V(x), t) .

We deduce that y 7→ PN,U,εt g(y) is smooth, bounded with bounded derivatives uniformly in
ε and it is now an easy exercise to show our claim.

It is now enough to integrate with respect to the initial density, to remember that C0 is dx
negligible and to use Lebesgue’s bounded convergence theorem to get

Proposition 6.23. For any χ < 4, any t > 0, ρN,U,εt weakly converges to ρN,Ut as ε→ 0.

Gathering Lemma 6.15, Lemma 6.17, Corollary 6.19 or Proposition 6.23, we have thus ob-
tained the following result

Theorem 6.24. When adding a confining potential such that ∇U is Lipschitz, the marginals
flow ρN,U. of the unique solution of Theorem 6.8 with χ < 4, is (almost) an entropy solution,
i.e. satisfies

H(ρN,UT dx|e−Ũdx)+
∫ T

0

∫ ∑
i

∣∣∣∣∣∣∇i ln ρ
N,U
t +∇Ũ +

χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2 ρN,Ut (x) dx dt ≤

≤ C(N,χ, ρN0 )

H(ρN0 dx|e−Ũdx) +
∫
ρN0

χ

N

∑
i<j

| ln(|xi − xj |)|dx

 ,

for some C(N,χ, ρN0 ), as soon as the initial condition is exchangeable and satisfies∫
ρN0 | ln ρN0 | dx < +∞ , sup

i ̸=j

∫
ρN0 | ln(|xi − xj |)| dx < +∞ and

∫
|x|2 ρN0 dx < +∞ .
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This (partially) confirms the [17] prediction when a confining potential is added.

Notice that similarly to Lemma 6.13, constants of type C(χ, ρN0 , T ) only depends on ρN0
through the distribution of the first two coordinates (x1, x2) (or any pair thanks to ex-
changeability), hence can be chosen independent of N if ρN0 is chaotic.

Remark 6.25. Recall that, contrary to the solution of the non linear PDE, the density

ρN,Ut , which exists, cannot satisfy
∫ T
0 I(ρN,Ut )dt < +∞. Indeed, otherwise, the interaction

drift would be square integrable, according to the previous Theorem, and Theorem 2.7 would
tell us that the law of the particle system has finite relative entropy, hence is absolutely
continuous w.r.t. a probability P equivalent to the Wiener measure. This is impossible since
we know that 2-collisions occur with a strictly positive probability.

This shows that some (mysterious) cancellations have to appear in (6.12). As for the non
linear PDE one should, formally, develop∫ ∑

i

∣∣∣∣∣∣∇i ln ρ
N,U
t +

χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2

ρN,Ut dx = I(ρN,Ut )

+

∫ ∑
i

∣∣∣∣∣∣ χN
∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2

ρN,Ut dx+

∫ ∑
i

〈
ρN,Ut ,

2χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

〉
dx

so that integrating by parts the scalar product∫ ∑
i

〈
∇iρ

N,U
t ,

2χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

〉
dx = −

∫ ∑
i

ρN,Ut

4πχ

N

∑
j ̸=i

δxi=xj (dx)

= − 4πχ

N

∑
i ̸=j

∫
ρN,Ut (xi,j)dx̃i,j

where x̃i,j = (x1, ..., xj−1, xj+1, ..., xN ) and xi,j = (x1, ..., xj−1, xi, xj+1, ..., xN ). Since the
squared terms are infinite, the latter has also to be infinite. ♢

Finally let us look at the 2D Keller-Segel non-linear SDE.

Actually one can directly use theorem 6.2 and its proof in [10], since as recalled in remark
6.4, the drift bt = K ∗ ρt = −χ∇c satisfies the finite energy condition∫ T

0

∫
|bt|2 ρt dx dt < +∞ .

We may thus use theorem 4.6 in order to get

Theorem 6.26. Assume that
∫
(ln ρ0(x) + |x|2) ρ0(x)dx < +∞ and 0 < χ < 4. If t 7→ ρt is

the solution of (6.2) built in theorem 6.2 for K(x) = χx
|x|2 , then there exists a (weak) solution

of
dXt =

√
2dBt − (K ∗ ρt)(Xt) dt with L(Xt) = ρt(x) dx .

In addition the law Q of this solution restricted to [0, T ] satisfies H(Q|P ) < +∞ where P
denotes the law of a standard 2-D stationary Ornstein-Uhlenbeck process, i.e. with invariant
probability measure the centered gaussian distribution with covariance matrix a Id for any
a > 0 and T > 0.
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Finally this solution is unique in the set of solutions such that their time marginals satisfy
(6.3) and ∫ T

0

∫
|∇ ln ρt +K ∗ ρt|2(x) ρt(x)dxdt < +∞ .

For uniqueness it is enough to use Theorem 6.3. Accordingly, since for two solutions Q1 and
Q2, their marginals flow satisfy (6.2), these marginals flow are the same denoted by ρt. Q

1

and Q2 are thus both solutions of the linear S.D.E.

dYt =
√
2 dBt − (K ∗ ρt)(Yt) dt

with finite relative entropy w.r.t. P , hence are given by the same Girsanov density.

Remark 6.27. As we already discussed, the same holds true for the Keller-Segel model with
confinement. In the special case of U(v) = |v|2 this result is a simple consequence of the
correspondence with the so called “self similar” coordinates. Indeed if we define

gt(x) =
1

1 + 2t
ρln(

√
1+2t)

(
x√

1 + 2t

)
,

as soon as ρ is a solution to the Keller-Segel P.D.E., g is a solution to the confined Keller-Segel
P.D.E. with confinement given by the quadratic U above. ♢

Thanks to what we have done before, uniqueness in Theorem 6.26 can be improved. Indeed
K1K>A ∈ Lp(R2) for any p < 2 so that if supt∈[0,T ] ||ρt||q < +∞ for some q > 1,

sup
t∈[0,T ]

||K1K>A ∗ ρt||r < +∞ for some r > 2 .

We may thus apply Theorem 3.8 and get that the linear SDE

dYt =
√
2 dBt − b(Yt)dt − (K ∗ ρt)(Yt)dt

has a unique weak solution Q̃ and H(Q̃|P ) < +∞ provided∫ ∫ T

0
|x|2 ρt(x) dt dx < +∞ .

Recall that P is the law of some Ornstein-Uhlenbeck process explaining the necessity of the
previous moment condition. If Q solves the non linear SDE (1.3), it is a weak solution of the

previous linear one. Accordingly Q = Q̃ satisfies H(Q|P ) < +∞ and we have shown

Corollary 6.28. Under the assumptions of Theorem 6.26, there exists at most one solution
of the non-linear SDE such that its marginals flow satisfies supt∈[0,T ] ||ρt||q < +∞ for some

q > 1 and
∫ ∫ T

0 |x|2 ρt(x) dt dx < +∞.

Actually we can go a step further. Indeed if

sup
t∈[0,T ]

||K1K>A ∗ ρt||r < +∞ for some r > 2 ,

and

sup
t∈[0,T ]

||ρt||q < +∞ ,
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the product satisfies ∫ ∫ T

0
(K ∗ ρt)(x) ρt(x) dt dx < +∞

provided for some ε > 0,

1

2− ε
+

1

q
= 1 +

1

r
and

1

q
+

1

r
= 1 .

Using interpolation the previous equalities are satisfied as soon as supt∈[0,T ] ||ρt||q′ < +∞ for

some q′ > 4/3.

Note that in the specific Keller-Segel case we may use the Hardy-Littlewood-Sobolev inequal-
ity

|| 1
|z|

∗ ρ||2s/2−s ≤ Cs ||ρ||s for s ∈ (1, 2) ,

so that the previous line of reasoning extends to q′ = 4/3.

According to the superposition principle recalled in Remark 2.13, there exists a solution to the
non linear SDE. According to the previous Corollary, this solution has finite relative entropy,
so that its marginals flow, which is ρ., satisfies (6.3). We may thus apply the uniqueness
Theorem for free energy solution of the Keller-Segel equation. In conclusion

Corollary 6.29. Under the assumptions of Theorem 6.26, there exists at most one solu-
tion of the Keller-Segel equation, such that supt∈[0,T ] ||ρt||q < +∞ for some q ≥ 4/3 and∫ ∫ T

0 |x|2 ρt(x) dt dx < +∞.

Remark 6.30. The previous result is almost the same as the uniqueness part of Theorem 2
in [4] (condition (1.3) therein allows some explosion of the L4/3 norm at the origin). Our proof
shows that this solution is the finite energy solution. Existence follows from the estimates
on the finite energy solution in [54]. ♢

Remark 6.31. For simplicity, we only considered uniform in time estimates in the previous
results. Using the results by Krylov et al it is easily seen that one can replace in Corollary
6.28, supt∈[0,T ] ||ρt||q < +∞ for some q > 1, by

ρ. ∈ Lp([0, T ],Lq) for some 2 ≥ q > 1 and p satisfying
1

p
+

1

q
< 1 .

Of course if integrability holds for some q > 2, it also holds for q = 2 since ρ. is in L1.

Similarly, using in addition the superposition principle, we can assume that the same holds
for 2 ≥ q ≥ 4/3 in Corollary 6.29. ♢

Remark 6.32. One can also be interested by the repulsive Keller-Segel model with χ < 0.
This process is studied in [13] under the name dynamics of a planar Coulomb gas with a
gaussian confinement potential, generalizing to dimension d = 2 the Ornstein-Uhlenbeck
Dyson process. Existence and uniqueness for the particle system can be shown by using a
Lyapunov function for proving the absence of collisions. Non linear SDE and propagation of
chaos is mentioned in [13] subsubsection 1.4.6 but does not seem to have received a complete
treatment since that time. ♢
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7. Large number of particles: convergence in relative entropy and chaos.

We come to the large number of particles problem. In this section we denote by QN

(resp. Qk,N and Q̄⊗j) the law of the solution of the particle system (1.2) (resp. the law
of (X1,N

. , ..., Xk,N
. ) in the system (1.2) and the j tensor product of the law of the solution

of the non linear S.D.E. (1.3)), when they are well defined. For simplicity we will sometimes
denote by ηN and η̄j the full drifts, including interactions and self-interaction, of QN and
Q̄⊗j , i.e. for instance

ηi,N (t) = b(Xi,N
t ) +

1

N

∑
j

K(Xi,N
t −Xj,N

t ) .

In the whole section, the initial distribution µN0 is assumed to be exchangeable and to converge,

in a sense and with a rate to define, to some µ⊗N0 .

We also introduce an additional definition

Definition 7.1. Let Q̄ a solution of the non linear SDE (1.3). Denote by ρ̄. its marginals flow.
The linearized McKean-Vlasov equation associated to Q̄ is the linear (time inhomogeneous)
SDE

dYt =
√
2 dWt − b(Yt)dt− (K ∗ ρ̄t)(Yt)dt .

As explained in the introduction, it is expected that Qk,N (which is also exchangeable) con-
verges to Q̄⊗k as N goes to infinity for any fixed k, in some sense (total variation, Wasserstein
distance, relative entropy) implying weak convergence. Notice that convergence in relative
entropy is stronger than the entropic convergence described in the introduction and shown in
[62, 68]. We shall first recall some existing results (and methods) concerned with the relative
entropy convergence and then apply them to the situations we are interested in.

Exchangeability and the variational equivalent definition of relative entropy in (1.6) imme-
diately show that for k ≤ N − 1,

H(Qk,N |Q̄⊗k) ≤ 1

⌊N/k⌋
H(QN |Q̄⊗N ) ≤ k

N − k
H(QN |Q̄⊗N ) . (7.1)

It is thus tempting to try to get some upper bound for H(QN |Q̄⊗N ), ideally some bound
that does not depend on N . It is the approach developed some times ago in [5] where the
authors are using a description of QN as a Gibbs measure on the path space, provided ηN

is of gradient type (for a similar description in a non-mean field framework one can look at
[40]). A uniform in N bound is obtained in Theorem 1 of [5] and applied to the particle
system in their Theorem 3. The gibbsian description requires ηN to be a bounded smooth
gradient.

As remarked by Lacker (this remark is part of the “old” folklore, and was already made by
Föllmer, but seemingly not published), looking at the “reversed” relative entropyH(Q̄⊗N |QN )
is interesting because, with less stringent assumptions than before, an uniform in N upper
bound is true. However, the “projected” H(Q̄⊗k|Qk,N ) does no more satisfy (7.1) so that the
previous bound, if interesting, is far to be enough.

Notice that in our singular framework, looking at the reversed relative entropy has another
interest. When QN allows collisions (as for the Keller-Segel model), Q̄⊗N does not allow
collisions (due to the independence of its components). In particular QN is not absolutely
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continuous w.r.t. Q̄⊗N and the relative entropy is thus infinite, while Q̄⊗N has a chance to
be absolutely continuous w.r.t. QN .

7.1. Lacker’s approach.

Recently Lacker proposed in [94] a new method in order to show the convergence in
relative entropy (and entropic chaos at the same time). We shall briefly recall his approach,
in order to introduce some slight modifications.

Assume that both (1.2) and (1.3) have a weak solutionQN and Q̄. The key in Lacker’s proof is

thatQk,N is still an Ito process whose drift is obtained by conditioning w.r.t. (X1,N
.≤t , ..., X

k,N
.≤t ),

i.e is given by the non markovian drift

b̂i,k(t,X1,N
.≤t , ..., X

k,N
.≤t ) = b(Xi,N

t ) +
1

N

∑
i ̸=j,j=1,...,k

K(Xi,N
t −Xj,N

t ) +

+E

 1

N

∑
j=k+1,...,N

K(Xi,N
t −Xj,N

t )
∣∣∣X1,N

.≤t , ..., X
k,N
.≤t


= b(Xi,N

t ) +
1

N

∑
i ̸=j,j=1,...,k

K(Xi,N
t −Xj,N

t ) +

+
N − k

N
E
[
K(Xi,N

t −Xk+1,N
t )

∣∣∣X1,N
.≤t , ..., X

k,N
.≤t

]
, (7.2)

since almost surely, for all j ≥ k + 1,

E
[
K(Xi,N

t −Xk+1,N
t )

∣∣∣X1,N
.≤t , ..., X

k,N
.≤t

]
= E

[
K(Xi,N

t −Xj,N
t )

∣∣∣X1,N
.≤t , ..., X

k,N
.≤t

]
(7.3)

the latter equality being a consequence of exchangeability. Of course here |Xi,N
.≤t denotes the

conditioning w.r.t. the whole path of Xi,N
. up to time t.

Introduce the Q̄⊗k exponential local martingale

Zk,Nt =
dµk,N0

dµ⊗k0

exp

(∫ t

0
⟨βk,Ns ,

√
2 dBs⟩ −

∫ t

0
|βk,Ns |2 ds

)
where

βi,k,Ns = b̂i,k(s, ω≤k,N ) − b(ωi,Ns ) − (K ∗ ρ̄s)(ωi,Ns )

ω≤k,N being the generic element in C0([0, t], (Rd)k) and
√
2B. being the Q̄⊗k dk dimensional

Brownian motion (with variance 2t)

ωk,N. − ωk,N0 +

∫ .

0
(b(ωk,Ns ) + (K ∗ ρ̄s)(ωk,Ns ))ds .

If we assume that the linearized McKean-Vlasov associated to Q̄ has a unique weak solution,
and that

INT =

∫ T

0
MN
t dt < +∞ ; where MN

t = E[|K(X1,N
t −X2,N

t ) − (K ∗ ρ̄t)(X1,N
t )|2] , (7.4)

(where thanks to exchangeability, we may replace the indices (1, 2) by any pair (i, j) with
i ̸= j), then the entropic Girsanov theory introduced in subsection 2.1 and detailed in this
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more general context in [96, 34], tells us that QN = ZN,NT Q̄⊗N and H(QN |Q̄⊗N ) < +∞. In

particular QN is the unique weak solution of (1.2).

Contraction of relative entropy w.r.t. measurable mapping says that for all k ≤ N ,

H(Qk,N |Q̄⊗k) ≤ H(QN |Q̄⊗N ) < +∞ .

Also remark that for any k = 1, ..., N , all i ≤ k and j > k,

E
[
|E[K(Xi,N

t −Xj,N
t )|X1,N

.≤t , ..., X
k,N
.≤t ]− (K ∗ ρ̄t)(Xi,N

t )|2
]
≤ MN

t .

Define

Hk,N
t = H(Qk,N|Ft

|Q̄⊗k
|Ft

) .

Thanks to exchangeability, it holds

d

dt
Hk,N
t ≤ k(k − 1)2

2N2
MN
t +

k

2
E
[
|E[K(X1,N

t −XN,N
t )|X1,N

.≤t , ..., X
k,N
.≤t ]− (K ∗ ρ̄t)(X1,N

t )|2
]
.

(7.5)

Lacker’s idea is to get some hierarchy for these Hk
t , assuming that,

|E[K(X1,N
t −XN,N

t )|X1,N
.≤t , ..., X

k,N
.≤t ]− (K ∗ ρ̄t)(X1,N

t )|2

≤ γ(K)H([Qk+1,N
t ]|X1,N

.≤t ,...,X
k,N
.≤t

|Q̄t) (7.6)

where [Qk+1,N
t ]|X1,N

.≤t ,...,X
k,N
.≤t

is the conditional distribution of XN,N
.≤t knowing X1,N

.≤t , ..., X
k,N
.≤t .

Notice that both hand side are random, depending in particular on X1,N
t , so that (7.6) has

to hold almost surely for all value of X1,N
t . It is thus sufficient (and much more tractable)

to replace (7.6) by the stronger (still random)

sup
s 7→xs

|E[K(xt −XN,N
t )|X1,N

.≤t , ..., X
k,N
.≤t ]− (K ∗ ρ̄t)(xt)|2

≤ γ(K)H([Qk+1,N
t ]|X1,N

.≤t ,...,X
k,N
.≤t

|Q̄t) (7.7)

which will be called the Lacker transportation assumption, (LTA) for short.

If (7.6) is satisfied, then

d

dt
Hk,N
t ≤ k(k − 1)2

2N2
MN
t +

k

2
γ(K) (Hk+1,N

t −Hk,N
t ) , (7.8)

since

E(H([Qk+1,N
t ]|X1,N

.≤t ,...,X
k,N
.≤t

|Q̄t)) = Hk+1,N
t −Hk,N

t .

The constants are slightly different due to the
√
2 dWt in our equations. Gronwall’s lemma

yields

Hk,N
t ≤ e−(γ(K)/2)ktHk,N

0 +
k(k − 1)2

2N2

∫ t

0
e−(γ(K)/2)k(t−s)MN

s ds+

+
1

2
γ(K) k

∫ t

0
e−(γ(K)/2)k(t−s)Hk+1,N

s ds
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so that

Hk,N
t ≤ e−(γ(K)/2)ktHk,N

0 +
k(k − 1)2

2N2
INT +

1

2
γ(K) k

∫ t

0
e−(γ(K)/2)k(t−s)Hk+1,N

s ds , (7.9)

where we used a crude upper bound for the second term in the sum and INt ≤ INT .

Iterating the previous we get

Hk,N
T ≤

N−1∑
l=k

Bl
k(T )H

l,N
0 +

N−1∑
l=k

k(l − 1)2INT
2N2

Alk+1(T ) +AN−1
k (T )HN,N

T

where

Alj(T ) =

 l∏
i=j

i(γ(K)/2)

 ∫ T

0

∫ tj+1

0
...

∫ tl

0
e−

∑l
i=j i(γ(K)/2)(ti−ti+1) dtl+1...dtj+1

and

Bl
j(T ) =

l−1∏
i=j

i(γ(K)/2)

 ∫ T

0

∫ tj+1

0
...

∫ tl−1

0
e−l(γ(K)/2)tl −

∑l−1
i=j i(γ(K)/2)(ti−ti+1) dtl...dtj+1

if N ≥ l ≥ j, Akk+1(T ) = 1 and Bk
k(T ) = e−k(γ(K)/2)T .

Compared with (4.18) in [94] we have to shift the subscript of the A′s due to the expression
in (7.9).

If we assume that H(Ql,N0 |Q̄⊗l
0 ) ≤ C0 l

2 εN , and after noticing that HN,N
T ≤ HN,N

0 + N
4 I

N
T ,

one obtains, thanks to Lemma 4.8 in [94], the analogue of (4.24) in [94],

Hk,N
T ≤ C0 εN 2k2 eγ(K)T +

INT (k + 3)3

6N2
e3γ(K)T/2 +

k3 INT
2N2

+ (C0N
2εN +

1

4
NINT ) exp

(
−2N(e−γ(K)T/2 − k

N
)2+

)
. (7.10)

Since we are not interested in optimizing the dependence in k (i.e. replace k3 by k2 as in
[94]), we may stop here and state the following version of [94] Theorem 2.2

Theorem 7.2. Lacker’s theorem

Assume that both (1.2) and (1.3) have a weak solution QN and Q̄. Also assume that the lin-
earized McKean-Vlasov equation associated to Q̄ of Definition 7.1 has a unique weak solution.
Assume in addition that (7.4) and (7.6) are satisfied.

Then if for all k ≤ N , H(µk,N0 |µ⊗k0 ) ≤ C0 k
2 εN for some C0 < +∞, and of course µN0 is

exchangeable, then for any k ≤ N , H(Qk,N |Q̄⊗k) = Hk,N
T satisfies (7.10).

Compared with Theorem 2.2 in [94] we simply have relaxed the assumption on the initial
condition, and slightly improved the assumption (2) therein which is suptM

N
t =MN < +∞.

Of course (7.6) and (7.7) are consequence of the more restrictive: there exists 0 < γ(K) <
+∞ such that, for all t ∈ (0, T ), all ω ∈ C0([0, T ],Rd) and all probability measure Q′ on
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C0([0, T ],Rd) such that
∫
|K(ωt − ω′

t)|Q′(dω′) < +∞, it holds for all ω,∣∣∣∣∫ K(ωt − ω′
t)(Q̄−Q′)(dω′)

∣∣∣∣2 ≤ γ(K)H(Q′|Q̄) . (7.11)

Such an inequality seems very difficult to prove (due to the uniformity w.r.t. ω) except if K
is bounded, where it amounts to Pinsker inequality (1.7) i.e. one can choose

γ(K) = 2 ||K||2∞ .

In [71] the author proposes to use the improvement of Pinsker inequality shown in [14](∫
g d|µ− ν|

)2

≤ 4CH(µ|ν) with C =
1

6
µ(g2) +

1

3
ν(g2) .

This inequality has to be used with µ = [Qk+1,N
t ]|X1,N

.≤t ,...,X
k,N
.≤t

, hence once again one needs

some uniform (in ω) control which is not easy to get. Notice that another weighted Pinsker
inequality is shown in [14] namely∣∣∣∣∫ g d|µ− ν|

∣∣∣∣2 ≤ 2

(
1 + ln

∫
eg

2
dν

)
H(µ|ν)

allowing us to slightly improve on the boundedness assumption of K replacing it by

sup
ω′

∫
eK

2(ω′−ω) Q̄(dω) < +∞ ,

which is quite difficult to check, but this time only depends on Q̄.

Remark 7.3. Why is the uniqueness assumption on the linearized McKean-Vlasov equation
important ? Because it implies that the Girsanov transform up to the time τn introduced
in the Remark 2.12 furnishes the unique solution of the SDE with drift b̂ up to this time.
Uniqueness of the solution up to T follows by the same argument as in Remark 2.12, so that
the Girsanov transform of Q̄⊗k is exactly Qk,N . ♢

Remark 7.4. If K is bounded, the main weakness of Lacker’s results is the exponential be-
haviour w.r.t. the L∞ squared norm of K. In order to use these results for an approximating
sequence of K by some bounded KN , it is necessary to use a logarithmic cut-off (as in [100]).

It is worth noticing that for a bounded K, a very similar quantitative bound (involving some

ec||K||2∞) is obtained in [73] Theorem 1.1 (ii), where the relative entropy is replaced by some
squared Wasserstein distance (see (1.19) in [73]). Recall that relative entropy controls the
squared total variation distance. It thus seems that obtaining a better bound in a general
bounded framework is not as easy.

Also notice that in the usual Lipschitz framework of McKean’s Theorem 1.1 the squared W2

Wasserstein distance is bounded by the initial squared distance plus

C1 T (||b||2Lip + ||K||2Lip) e
(C2 T (1+||b||2Lip+||K||2Lip))

k

N
.

Hence here again some approximation method will require some logarithmic cut-off. ♢
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7.2. Reversing the entropy.

Remark that during the discussion we have shown the following intermediate result: if
(7.4) is satisfied and the linearized McKean-Vlasov equation associated to Q̄ has a unique
weak solution, then for all k = 1, ..., N the SDE in (Rd)k,

dY k
t =

√
2 dWt + b̂.,k(Y.≤t) dt

also has a unique solution, which is thus Qk,N . This point was not known by Lacker in his
study of the reverse entropy, so that he only looked at the case K bounded.

Assume now

ĪT =

∫ T

0
M̄t dt < +∞ ; where M̄t = EQ̄

⊗2
[|K(ω1

t − ω2
t ) − (K ∗ ρ̄t)(ω1

t )|2] , (7.12)

i.e. the analogue of (7.4) replacing Q2,N by Q̄⊗2. Notice that this time these quantities do
not depend on N . This time, it holds

H(Q̄⊗N |QN ) ≤ H(Q̄⊗N
0 |QN0 ) + ĪT . (7.13)

If (7.12) is satisfied we thus have

H(Q̄⊗k|Qk,N ) ≤ H(Q̄⊗N |QN ) < +∞ .

Since Q̄⊗N ≪ QN,N , (7.3), written in the form

EQ
N,N

[
K(ωi,Nt − ωk+1,N

t )
∣∣∣ω1,N
.≤t , ..., ω

k,N
.≤t

]
= EQ

N,N
[
K(ωi,Nt − ωj,Nt )

∣∣∣ω1,N
.≤t , ..., ω

k,N
.≤t

]
for j ≥ k + 1 is still true Q̄⊗N almost surely.

Assuming now that, Q̄⊗N almost surely

|EQN,N
[K(ω1,N

t − ωk+1,N
t )|ω1,N

.≤t , ..., ω
k,N
.≤t ]− (K ∗ ρ̄t)(ω1,N

t )|2

≤ γ(K)H(Q̄t|[Qk+1,N
t ]|ω1,N

.≤t ,...,ω
k,N
.≤t

) (7.14)

we may follow the lines of the proof of Lacker’s Theorem, defining H̄k,N
t = H(Q̄⊗k

|Ft
|Qk,N|Ft

)

and starting with

d

dt
H̄k,N
t ≤ k(k − 1)

2N2
M̄t +

k

2
γ(K) (H̄k+1,N

t − H̄k,N
t ) , (7.15)

we can reverse the entropy and get the following slight generalization of Lacker’s reverse
Theorem 2.14 in [94]

Theorem 7.5. Lacker’s reverse theorem

Under the assumptions of Theorem 7.2, but this time with H(µ⊗l0 |µl,N0 ) ≤ C0 l
2 εN , for any

l ≤ N , replacing (7.6) by (7.14) and adding (7.4), it holds

H(Q̄⊗k|Qk,N ) ≤ C0 εN 2k2 eγ(K)T +
ĪT (k + 2)2

4N2
eγ(K)T +

k2 ĪT
2N2

+(C0N
2εN + ĪT ) exp

(
−2N(e−γ(K)T/2 − k

N
)2+

)
.

The previous result holds in particular if K is bounded, with γ(K) = 2||K||2∞ and bounding
ĪT by 4||K||2∞ T .
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7.3. Lacker’s method and chaos for singular interactions.

Since it is delicate to verify (7.6) unless K is bounded, one can try to consider a sequence
KN of bounded kernels converging in some sense toK and the associated QNN and Q̄N . Notice
that

max(INT,N , Ī
N
T ) ≤ 4T ||KN ||2∞ .

Let k be fixed. In order to simplify the discussion we will assume that

εN ≤ c
T ||KN ||2∞

N2
(7.16)

so that according to Theorem 7.5, H(Q̄⊗k
N |Qk,NN ) will go to 0 provided , as N → +∞

lnN − ||KN ||2∞ T − ln(||KN ||2∞ T ) → +∞ . (7.17)

It remains to control some distance between Qk,NN and Qk,N on one hand, Q̄⊗k
N and Q̄⊗k on

the other hand. The easiest part is the one concerned with the non linear S.D.E.’s. Actually
the part concerned with the particle systems is much more intricate, and will require other
tools. An alternate approach will be proposed in the next sections.

The Lq case. Consider first the situation of Theorem 4.1. The proof is precisely based on
the convergence of Q̄N to Q̄ in the σ(L1,L∞) topology. Extension to the kth tensor product
is immediate. Actually it is not difficult to reinforce the considered topology, because under
the assumptions of Theorem 4.1, we may replace KM − K by |KM − K|2, i.e. prove that
H(Q̄|Q̄N ) goes to 0. Some rates can be obtained in the various examples, but since ||KN ||∞
is bounded by ln

1
2 N , these rates are disastrous. We may apply this result to the η relaxed

Keller-Segel model. Using again Pinsker inequality we deduce converge in total variation
distance for which we may apply the triangle inequality. We have thus obtained:

Proposition 7.6. In the situation of Theorem 4.1, for an initial condition satisfying (7.16),

for any cut-off K ∧AN where AN goes to infinity and satisfies (7.17), dTV (Q
k,N
N , Q̄⊗k) goes

to 0 as N goes to infinity.

This result has to be compared with [109] where some other cut-off is introduced, and with
Theorem 1.1 in [73] where convergence in Wasserstein distance Wp (1 ≤ p < 2) is obtained
without cut-off (and also without rate). We shall come back to this later. ♢

More generally, it is enough to show that∫ T

0

∫
|KN ∗ ρt,N −K ∗ ρt,N |2 ρt dx dt +

∫ T

0

∫
|K ∗ ρt,N −K ∗ ρt|2 ρt dx dt → 0 (7.18)

in order to prove that H(Q̄|Q̄N ) → 0. Notice that even if we are able to show the previous

convergence, it only furnishes a convergence in total variation distance for Q̄⊗k
N to Q̄⊗k as

explained before. For this purpose it is actually enough to show convergence in total variation
distance for Q̄⊗k

N to Q̄⊗k. We shall study first the Keller-Segel model.

The Keller-Segel model (with or without confining potential). For the cut-off
KN we may use the one introduced in [10] subsection 2.5 (starting p.10) with the changes of
notation corresponding to the present paper (mainly KN here corresponds to ∇Kε in [10]).
We assume that the assumptions in Theorem 6.2 are satisfied.
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According to [10] Lemma 2.11, almost all bounds one can think about are uniform in N . In
particular (see (vii) in Lemma 2.11 of [10])

sup
N

∫ T

0
|KN ∗ ρt,N |2 ρt,N dx dt = sup

N
H(Q̄N |P ) < +∞ .

The latter implies that the family (Q̄N )N is relatively compact for the weak topology σ(L1,L∞)
and that any weak limit Q∗ satisfies H(Q∗|P ) < +∞ thanks to the lower semi-continuity of
relative entropy.

In addition according to [10] Lemma 2.12 any weak limit (in Lp(R+ ×R2)) of the marginals
flow ρ.,N of Q̄N is a free energy solution of the Keller-Segel equation (6.2). According to
Theorem 6.3 this solution is unique, so that the marginals flow ρ.,N weakly (in the previous
sense) converges to ρ..

Consider F (ω) =
∫ T
0 f(ωt) dt for a bounded f . Since some subsequence (η(N)) of Q̄N

converges to Q∗ it holds

EQ
∗
(F (ω)) = lim

N
EQ̄η(N)(F (ω)) = lim

N

∫ T

0

∫
f(x) ρt,η(N)(x) dx dt =

∫ T

0

∫
f(x) ρt(x) dx dt .

This shows that the marginals flow of Q∗ is ρ.. A consequence is that for any t > 0, ρt,N
converges to ρt for the σ(L1,L∞) topology, slightly improving on the result in [10].

In order to show that Q∗ = Q̄, it remains to show that Q∗ is a solution of the linear SDE,

dYt =
√
2 dBt − (K ∗ ρt)(Yt)dt .

As for the proof of Theorem 3.8 this amounts to prove that

lim
N

EQ̄N

[(∫ t

s
⟨∇φ(ωu), (KN ∗ ρu,N −K ∗ ρu)(ωu)⟩ du

)
H(ωv≤s)

]
= 0 , (7.19)

for smooth φ and bounded H. We will not follow this way and come back to (7.18).

Thanks to Lemma 2.11 in [10], one can easily check that one can use the results of [54]
replacing ρt by ρt,N . In particular Lemma 2.7 in [54] tells us that, for any p ∈ [2,+∞), as
soon as ρ0 ∈ Lp(R2) then

sup
N

sup
t∈[0,T ]

||ρt,N ||p < +∞ .

By interpolation, since we are dealing with probability densities, the same holds with any
1 ≤ p′ ≤ p. We will assume that ρ0 satisfies such a condition in the sequel.

Once remarked that |KN − K| = |KN − K|1|K|≥AN
for some AN going to infinity, we see

that KN −K ∈ Lr(R2) for all 1 ≤ r < 2 and that ||KN −K||r → 0 as N growths to infinity.
Using r = 1, it follows that ||(KN −K) ∗ ρt,N ||p′ → 0 for all 1 ≤ p′ ≤ p. Taking p′ = 2 + 2α
for some α > 0 and using Hôlder inequality we have∫ T

0

∫
|KN ∗ ρt,N −K ∗ ρt,N |2 ρt dx dt ≤ T ||(KN −K) ∗ ρt,N ||2p′ sup

0≤t≤T
||ρt||1+(1/α)

≤ T ||(KN −K)||21 sup
N,t

||ρt,N ||2p′ sup
t

||ρt||1+(1/α)

that goes to 0 provided 1+α
α ≤ p and 2(1+α) ≤ p, which is always possible as soon as p ≥ 3.

This tackles the first term in (7.18).
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For the second term, first choose some A such that ||K 1|K|>A||1 ≤ ε. As for the first term
we have, taking α = 1/2 in the computations,∫ T

0

∫
|K1|K|>A ∗ (ρt,N − ρt)|2 ρt dx dt ≤ T ε2 4(sup

N,t
||ρt,N ||23 + sup

t
||ρt||23) sup

t
||ρt||23

which is a constant (independent of N and ε of course) times ε2.

If we look now at the remaining term∫ T

0

∫
|K1|K|≤A ∗ (ρt,N − ρt)|2 ρt dx dt

we may argue as follows. First, since for each t, ρt,N converges to ρt for the σ(L1,L∞)
topology, (K1|K|≤A ∗ (ρt,N − ρt))(x) goes to 0 for all (t, x). In addition, since K ∈ L1, the

same estimate as before shows that |K1|K|≤A ∗ (ρt,N − ρt)|2 is bounded in L3/2(ρt dx dt),
hence uniformly integrable. We may thus apply Vitali’s convergence theorem to get that

lim
N

∫ T

0

∫
|K1|K|≤A ∗ (ρt,N − ρt)|2 ρt dx dt = 0 .

We have finally obtained

lim sup
N

∫ T

0

∫
|K ∗ (ρt,N − ρt)|2 ρt dx dt ≤ C ε2

from which we deduce the convergence to 0 since ε is arbitrary. We have thus shown:

Proposition 7.7. In the situation of Theorem 6.2, for an initial condition satisfying (7.16),
for the cut-off KN introduced in [10] and satisfying (7.17), if in addition ρ0 ∈ L3(R2),

dTV (Q
k,N
N , Q̄⊗k) goes to 0 as N goes to infinity.

Remark 7.8. The weak convergence to 0 of ρt,N for all t is a key element of the proof, since
we have to manage the square of |K ∗ (ρt,N − ρt)|. It does not follow from the results in [10]
nor the boundedness in an Lp as shown in [54], the latter furnishing for each t convergence
of subsequences.

We have shown convergence in entropy to get at the end some convergence in total variation
distance, which is stronger than the weak convergence one can expect if we follow the proof of
Theorem 3.8 as we mentioned in (7.19). In addition the fact that the expectation to consider
is the one w.r.t. Q̄N introduces some intricacies.

The second part of the proof prevents us from getting a quantitative rate of convergence. ♢

Remark 7.9. Proposition 7.7 can be compared with [109] but also, more directly with [100].
In the latter reference a very similar result is obtained in Theorem 1.3, but in Wasserstein
W1 distance. It requires in particular to show that the non linear S.D.E. in Theorem 6.26
has a strong solution, which is shown by using the same cut-off as the one we are using and
convergence. The main difference is that ρ0 is assumed to be bounded in [100] and it is shown
that under this assumption supt ||ρt||∞ < +∞ (Thm 1.1 (ii)). We confess that we do not
understand all the arguments in the Appendix of [100] in order to get this result, which is
crucial for this approach, even if we can easily believe that the result is true. Nevertheless,
it is shown in [54] Lemma 2.8 that ρ. ∈ C∞

b ([ε, T ] × R2) for all ε > 0, so that all the job
consists in the understanding of what happens for small t’s. ♢
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The 2D vortex model. Under the simplifying assumptions of Proposition 5.9 it is know
that supt ||ρt||∞ ≤ ||ρ0||∞ (see [69] proof of Theorem 2 for a clever argument). Actually in
[104] the authors are using a regularizing cut-off (see the top of p.487 therein), say KN , and
prove that the same result is true for the regularized equation i.e.

sup
N

sup
t

||ρt,N ||∞ ≤ ||ρ0||∞ .

One can thus easily adapt the proof we have done for the Keller-Segel model, since this
time we know the uniqueness of the solution for the non linear P.D.E. in the set of bounded
solutions (see e.g [69] Theorem 2). Details are left to the reader. It follows

Proposition 7.10. In the situation of Proposition 5.9, for an initial condition satisfying

(7.16), for the cut-off KN introduced in [104] and satisfying (7.17), dTV (Q
k,N
N , Q̄⊗k) goes to

0 as N goes to infinity.

Remark 7.11. Compared with the existing literature the previous proposition only improves
on the convergence type, since we are looking at the full law of the process and not only at
the marginals flow as in [62, 69, 55]. It is however weaker for at least three reasons: we
are using a cut-off and not looking at the true particle system, the initial condition is more
general in [62], [69, 55] contain quantitative results. ♢

We firmly believe that the situation is exactly the same for the sub-Coulombic repulsive
model.

8. Large number of particles: more on convergence and chaos.

We continue with the notations of the previous section. In the latter section, the point was to
obtain convergence to 0 for the relative entropy H(Qk,N |Q̄⊗k). Another standard approach
is first to show the weaker tightness of the family (Qk,N )N , then to show that there is only
one possible weak limit and identify this weak limit as Q̄⊗k. This is the strategy adopted
for instance in [124] for the Lp − Lq case, in [62] at the level of the marginals flow and in
[63, 123] for the Keller-Segel model. In these two references only tightness is shown together
with a partial identification of the possible limits. This will be discussed later.

8.1. Tightness.

Theorem 8.1. Let P denotes the reversible probability measure on Rd, with invariant prob-

ability measure γ0(dx) = Z−1 e−
∑d

j=1 V (xj)dx. Here V is smooth, non-negative, and |V ′| is
assumed to be bounded. Assume that H(µN0 |γ⊗N0 ) ≤ CN (µN0 being exchangeable as before).

In each of the following situations

(1) Lp-case. K1|K|>A ∈ Lp(Rd) for some p ≥ d if d ≥ 3 or p > 2 if d = 2 and some
A > 0. The additional drift b is bounded.

(2) sub-Coulombic case. d ≥ 3, χ < 0, b is bounded and Lipschitz, and

K(x) = χ
x

|x|s+2
1x ̸=0 for 0 < s ≤ d− 2 .

In addition for some q > d/(d− s), supN ||ρ̃N0,1,2||q < +∞, where ρ̃N0,1,2 is the density

of X1,N
0 −X2,N

0 .
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(3) The 2D vortex case with confinement. d = 2, K(x) = χ x⊥

|x|2 and b = −∇Ṽ
derives from the confining potential as in Theorem 5.7.

Then for all fixed k, supN>k H(Qk,N |P̄⊗k) ≤ C k(k + 1) < +∞ for some constant C that
does not depend on k.

Consequently, the family (Qk,N )N is tight.

Proof. It holds

H(QN |P ) = H(QN |dµ
N
0

γ⊗N0

P ) +H(µN0 |γ⊗N0 )

so that, in each situation, thanks to the assumption on the initial distribution and to the
calculation in the proof of Lacker’s theorem for case (1) (since (7.4) is satisfied in this case),
to Remark 5.2 for case (2) and to Theorem 5.7 for case (3), we have H(QN |P ) ≤ CN for
some C that does not depend on N . Since P is a product measure we may apply the trick
(7.1) yielding H(Qk,N |P̄⊗k) ≤ C kN

N−k ≤ C k(k + 1). □

In the Lp-case, this result is new for the critical p = d. Another nice proof, based on the Lq
(for any q < +∞) integrability of some Girsanov density for p > d, is made in [124] Lemma
3.2 (see Remark 8.2 for a comment on this result).

In the 2D vortex case without confinement, the previous result fails since we only knows
that H(QN |P ) ≤ CN2. Of course when collisions occur, as for the Keller-Segel model,
the previous approach also fails. One can thus come back to the standard approach using
Prokhorov’s tightness criterion. Namely, tightness of (Q1,N )N will follow from the following
estimates: for some N0,

(i) lim
a→+∞

lim sup
N≥N0

P(|X1,N
0 | > a) = 0 ,

(ii) ∀ε > 0 , lim
η→0

lim sup
N≥N0

P

(
sup

|t−s|<η
|X1,N

t −X1,N
s | ≥ ε

)
= 0 . (8.1)

An analogue is true for Qk,NN , k being fixed and N0 ≥ k.

For condition (ii) we may start with

P

(
sup

|t−s|<η
|X1,N

t −X1,N
s | ≥ ε

)
≤ P

(
sup

|t−s|<η
|B1,N

t −B1,N
s | ≥ ε/3

√
2

)

+P

(
sup

|t−s|<η

(∫ t

s
|b(X1,N

u )|du
)

≥ ε/3

)

+P

 sup
|t−s|<η

∣∣∣∣∣∣
∫ t

s

1

N

N∑
j=1

K(X1,N
u −Xj,N

u ) du

∣∣∣∣∣∣ ≥ ε/3

 .
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We then have

P

(
sup

|t−s|<η
|B1,N

t −B1,N
s | ≥ ε/3

√
2

)
≤ 3

√
2

ε
E

(
sup

|t−s|<η
|B1,N

t −B1,N
s |

)

≤ 3
√
2

ε
cuniv (η ln(T/η))

1
2 .

provided η < T/e, where cuniv is an universal constant. The last inequality follows from
|z| ≤ |z1|+ |z2| in R2 and [56] Lemma 3 or Lemma 4 where two different proofs are given for
the moments controls of the modulus of continuity of a linear Brownian motion.

Next

P

(
sup

|t−s|<η

(∫ t

s
|b(X1,N

u )|du
)

≥ ε/3

)
≤ 13||b||∞η>ε

when b is bounded (in particular b = 0 for the 2D vortex model). If b is a-Lipschitz, non
necessarily bounded, we have |b(y)| ≤ |b(0)|+ a|y| so that, for any p > 1,

sup
|t−s|<η

(∫ t

s
|b(X1,N

u )|du
)

≤ |b(0)| η + a η
p−1
p

(∫ T

0
|X1,N

u )|p du
) 1

p

.

We may thus write as soon as η|b(0)| < ε/6

P

(
sup

|t−s|<η

(∫ t

s
|b(X1,N

u )|du
)

≥ ε/3

)
≤

(
6a

ε

)p
ηp−1 sup

N
E
(∫ T

0
|X1,N

u )|p du
)
.

The desired control will be satisfied as soon as the last term in the right hand side is bounded.

For the last term

P

 sup
|t−s|<η

∣∣∣∣∣∣
∫ t

s

1

N

N∑
j=1

K(X1,N
u −Xj,N

u ) du

∣∣∣∣∣∣ ≥ ε/3

 ≤ 3

ε
E

 sup
|t−s|<η

∣∣∣∣∣∣ 1N
N∑
j=1

∫ t

s
K(X1,N

u −Xj,N
u ) du

∣∣∣∣∣∣
 .

For 1 < γ,∫ t

s

∣∣∣∣∣∣ 1N
N∑
j=1

K(X1,N
u −Xj,N

u )

∣∣∣∣∣∣ du ≤ (
t− s

T
)
γ−1
γ

∫ T

0

∣∣∣∣∣∣ 1N
N∑
j=1

K(X1,N
u −Xj,N

u )

∣∣∣∣∣∣
γ

du


1
γ

so that, if ∫ T

0
E

∣∣∣∣∣∣ 1N
N∑
j=1

K(X1,N
u −Xj,N

u )

∣∣∣∣∣∣
γ du ≤M(γ), (8.2)

in particular, thanks to convexity and exchangeability, if∫ T

0
E
[∣∣K(X1,N

u −Xj,N
u )

∣∣γ] du ≤M ′(γ) (8.3)

for all N > N0 large enough, condition (ii) in (8.1) is satisfied. Notice that this condition
is stronger than the L1 integrability required to control the second term for a Lipschitz
additional drift.
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It is immediate to see that the previous discussion extends to (X1,N
. , ..., Xk,N

. ) for all fixed k.

Remark 8.2. The previous proof applies in all the cases of Theorem 8.1 since condition
(8.2) is satisfied with any γ < d/(d− 1). There are some differences on the assumptions on
the initial condition (only tightness of the initial µN0 is required here). Of course the relative
compactness in Theorem 8.1 holds for the weak σ(L1,L∞) topology and is thus a little bit
stronger.

Notice that in Lemma 3.2 in [124], the supremum over (s, t) is outside the expectation, but
its size (t − s)2 is small enough thanks to Kolmogorov continuity criterion. We cannot use
this tightness result here since the power of |t− s| in our controls can be smaller than 1.

The line of reasoning used for this derivation is simpler but close to the one in [62] proof of
Lemma 5.2. ♢

We may thus state

Theorem 8.3. Assume that the initial measure is exchangeable and satisfies

sup
N≥N0

∫
|x1|2 ρN0 (x) dx < +∞ .

Also assume that b is bounded or Lipschitz. In each of the following situations

(1) The 2D vortex case. d = 2, K(x) = χ x⊥

|x|2 ,

(2) The Keller-Segel case. d = 2, K(x) = χ x
|x|2 , χ < 2,

the family (Qk,N )N is tight.

Proof. The Keller-Segel case is an immediate consequence of the previous line of reasoning
and Lemma 6.18, once remarked that the additional drift only needs to be bounded or
Lipschitz and not necessary gradient for this Lemma.

For the Biot-Savart kernel, it is enough to look at the calculations of subsection 5.3, in
particular equation (5.5) who shows that

sup
N≥N0

∫ T

0
E
[∣∣K(X1,N

u −X2,N
u )

∣∣γ] du < +∞

for all 0 ≤ γ < 2. □

Remark 8.4. For the Keller-Segel model a similar result is stated in [63] for χ < 1. Despite
the fact that the authors are proving at the same time convergence of the regularized model
we discussed in section 6 and tightness, the proofs are very close to what we have done
(and conversely), see e.g. the first inequality at the top of p. 2821 therein. Our use of [56]
simplifies the argument, and the extension of Lemma 6.18 allows us to cover the larger range
χ < 2.

For the 2D vortex model, tightness is shown in Lemma 5.2 of [62] also using very similar
arguments. ♢

It remains a gap to fill for the Keller-Segel model, namely 2 ≤ χ < 4. The situation is easier
at the marginals flow level. The following is Theorem 4 (i) in [123]
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Theorem 8.5. Assume that the initial empirical measure µ̄N0 = 1
N

∑N
j=1 δXj,N

0
weakly con-

verges to some ρ̄0 dx in probability.

Then, in the Keller-Segel model, for all χ < 4, the sequence (µ̄Nt )t∈[0,T ] = ( 1
N

∑N
j=1 δXj,N

t
)t∈[0,T ]

is tight.

Consequently, the sequence (ρ1,Nt )t∈[0,T ] (first marginal flow) is also tight.

The last statement is a consequence of [121] Proposition 2.2 (ii).

Let us recall some definitions in the previous statement.

(1) A sequence of random measures (like µ̄N0 ) converges to a given deterministic mea-
sure ν0 in probability, if for all ε > 0,

P(δ(µ̄N0 , ν0) > ε) → 0 as N → +∞

where δ is any distance associated to the weak convergence of probability measures
on R2.

(2) A sequence of flows of random probability measures (like t 7→ µ̄Nt for t ∈ [0, T ]) is
tight, if for all ε > 0, one can find a compact subset Aε of C0([0, T ],M1(R2)), such
that P(Acε) ≤ ε, where M1(R2) denotes the set of probability measures on R2.

Since C0([0, T ],M1(R2)) is Polish, the tightness of (µ̄Nt )t∈[0,T ] is equivalent to the tightness of

the law of (X1,N
t )t∈[0,T ] ([121] proposition 2.2 (ii)), as well as the law of (X1,N

t , ..., Xk,N
t )t∈[0,T ]

for any fixed k.

Let us give the main ingredients of the proof.

In order to prove the above tightness, it is sufficient to show that, there exists some non-
decreasing function ψ : R+ 7→ R+ with ψ(0) = 0, such that for any φ ∈ C2

b (R2) such that

||φ||∞ + ||∇φ||∞ + ||∇2φ||∞ ≤ 1

it holds

sup
N≥N0

E

[
sup

0≤s≤t≤T,t−s≤η

∣∣∣∣∫ φdµ̄Nt −
∫
φdµ̄Ns

∣∣∣∣
]

≤ ψ(η) . (8.4)

For the details of this claim see [123] proof of Theorem 4 (i) p. 12.

Now ∣∣∣∣∫ φdµ̄Nt −
∫
φdµ̄Ns

∣∣∣∣ ≤ U ts + V t
s +W t

s + T ts

where

U ts =
1

N

∣∣∣∣∣∑
i

∫ t

s
⟨∇φ(Xi,N

u ), dBi,N
u ⟩

∣∣∣∣∣ ,
V t
s =

1

N

∣∣∣∣∣∑
i

∫ t

s
⟨∇φ(Xi,N

u ), b(Xi,N
u )⟩du

∣∣∣∣∣ ,
W t
s =

1

N

∣∣∣∣∣∑
i

∫ t

s
∆φ(Xi,N

u ) du

∣∣∣∣∣
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and

T ts =
1

N

∣∣∣∣∣∣
∑
i ̸=j

∫ t

s

1

2

⟨∇φ(Xi,N
u )−∇φ(Xj,N

u ), Xi,N
u −Xj,N

u ⟩
|Xi,N

u −Xj,N
u |2

du

∣∣∣∣∣∣ .
As before we obtain the last term by exchanging the roles of i and j. Using the assumptions
on ∇φ and ∇2φ,

U ts + V t
s + T ts ≤ (||b||∞ + 1 + 1/2) |t− s|

while, according to [56] Theorem 1,

E

[
sup

0≤s≤t≤T,t−s≤η
W t
s

]
≤ c (η ln(T/η))

1
2 ,

yielding the result with ψ(η) = C (η ln(T/η))
1
2 .

8.2. Towards consistency.

In this subsection we shall show that any weak limit in Theorems 8.3, 8.1, is a solution
of the corresponding non linear equation. The method of proof is almost standard (one can
find some similar arguments in [62] for instance). We shall nevertheless give the main el-
ements of proof, in order to fill some gaps in previous works, and to show how the use of
entropy on the path space simplifies many arguments.

Proposition 8.6. In any of the situations of Theorem 8.1 and Theorem 8.3 (assuming in
addition that b is continuous in the Lp case), introduce

QN =
1

N

N∑
j=1

δXj,N
.

where X .,N
. denotes the whole path of the process on the time interval [0, T ]. Then QN is

tight and any weak limit Q is almost surely a solution of the non linear S.D.E. (1.3).

Proof. The statement on tightness follows from proposition 2.2 (ii) in [121].

Take some subsequence, still denoted by QN , that weakly converges to some Q. Recall that
Q is a random variable taking values in the set of probability measures on the path space.
In order to prove that Q almost surely solves (1.3), it is enough to look at the associated
martingale problem. Take some 0 ≤ s < t ≤ T . Following a now standard method (see
[15] for example) for any given continuous and bounded h defined on C0([0, s],Rd), any
φ ∈ C0

b (Rd) and any probability measure ν defined on C0([0, T ],Rd) we introduce

F(ν) =

∫ ∫ [
φ(ωt)− φ(ωs)−

∫ t

s
∆φ(ωu)du −

∫ t

s
⟨b(ωu) +K(ωu − ω′

u),∇φ(ωu)⟩ du
]

h(ω.) ν(dω) ν(dω
′) .

The statement of the Theorem amounts to

F(Q) = 0 almost surely . (8.5)
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In order to prove (8.5) the first step is that

E[(F(QN ))2] ≤ C(φ, h, s, t)
1

N
. (8.6)

It turns out that

F(QN ) =
1

N

 N∑
j=1

h(X .,N
. ) (Aj,N (t)−Aj,N (s))


where

Aj,N (t)−Aj,N (s) = φ(Xj,N
t )− φ(Xj,N

s )−
∫ t

s
∆φ(Xj,N

u )du

−
∫ t

s

〈
b(Xj,N

u ) +
1

N

∑
i ̸=j

K(Xj,N
u −Xi,N

u ),∇φ(Xj,N
u )

〉
du

=

∫ t

s
⟨∇φ(Xj,N

u ), dBj,N
u ⟩

is thus a square integrable martingale increment. (8.6) immediately follows using standard
stochastic calculus.

Since we always assume that b is bounded and continuous, if K is also bounded and con-
tinuous, then F is continuous and bounded for the topology of weak convergence, so that
E(|F(Q)|) = limN E(|F(QN )|) = 0. But in all the cases we are interested in, K is not
bounded.

For ε > 0, let ψε(u) be a continuous function on R+ such that 1u≤2ε ≤ ψε(u) ≤ 1u≤ε. In all
the cases except the Lp case, we replace K by Kε = K ψε(1/|K|) in order to define Fε. In the
Lp case we have first to regularize K into a continuous function, this regularization inducing
a small error term in all what follows and then pass to the limit. We will not detail this step,
assume that K is always continuous in the sequel, and make the previous approximation.

Since Fε is continuous and bounded, it holds

E(|Fε(Q)|) = lim
N

E(|Fε(QN )|) . (8.7)

It remains to control

E(|F(QN )−Fε(QN )|) and E(|F(Q)−Fε(Q)|) .
As we already remarked, in all these cases, there exists some γ > 1 such that

sup
N

∫ T

0

∫ ∫
|K|γ(ωu − ω′

u)QN (dωu)QN (dω′
u) du < +∞ .

Using Hölder and Markov inequalities, we deduce that

sup
N

∫ T

0

∫ ∫
|K −Kε|(ωu − ω′

u)QN (dωu)QN (dω′
u) du ≤ C(T, γ) εγ−1 .

The same is true for |Kη −Kε| for any η > 0, so that taking the limit in N , it is still true for
|Kη −Kε| replacing QN by Q, and finally for |K −Kε| using monotone convergence.

We have thus shown that both supN E(|F(QN )−Fε(QN )|) and E(|F(Q)−Fε(Q)|) go to 0
as ε→ 0.
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Finally, using the triangle inequality

E(|F(Q)| ≤ C (
1√
N

+ 2εθ + E(|Fε(QN )−Fε(Q)|)

so that choosing first ε small enough, and thenN large enough, the left hand side is arbitrarily
small, i.e. E(|F(Q)|) = 0 so that F(Q) = 0 almost surely. □

Remark 8.7. In order to simplify several proofs we almost always assumed that b is bounded.

Actually, provided supt E(X
1,N
t ) ≤ C < +∞ where C does not depend on N , we may skip

the bounded assumption and only assume that b is Lipschitz (hence with linear growth),
using another cut-off if necessary. Part of the arguments have been developped at the end of
the previous subsection. This is the case in particular for the Keller-Segel and the 2D vortex
models with a gaussian confining potential. ♢

As for Theorem 8.5, in the general Keller-Segel model we have the analogue result at the
marginals flow level

Proposition 8.8. In the situation of Theorem 8.5 any weak limit of (µ̄Nt )t∈[0,T ] is almost

surely a solution of the equation (1.1). In particular, any weak limit of (ρ1,Nt )t∈[0,T ] is a
solution of (1.1).

As for the proof of Theorem 8.5 the key is that the “difficult” terms can be written as∫ T

0

∫ ∫
⟨K(x− y),∇φ(x)−∇φ(y)⟩ µ̄Ns (dx) µ̄Ns (dy) ds

where

(x, y) 7→ ⟨K(x− y),∇φ(x)−∇φ(y)⟩
is bounded, and is continuous outside x = y which is of zero measure w.r.t. µ̄s⊗ µ̄s ds, where
µ̄. is the corresponding limiting measure (see [123] step 2 of the proof of Theorem 4 (ii) for
more details).

Proposition 8.6 contains an interesting existence corollary, extending some existence results
we have already recalled or proved

Corollary 8.9. Assume that H(ρ̄0dx|γ0) < +∞ where ρ̄0 is the density of X̄0. The non
linear S.D.E. (1.3) has a solution, with initial distribution ρ̄0dx in the following cases

(1) sub-Coulombic case. d ≥ 3, χ < 0, , and

K(x) = χ
x

|x|s+2
1x ̸=0 for 0 < s ≤ d− 2 .

In addition for some q > d/(d−s), ||ρ̄0||q < +∞ and and b is bounded and Lipschitz.

(2) The 2D vortex case with confinement. d = 2, K(x) = χ x⊥

|x|2 , the additional

drift b is a confining potential as in Theorem 5.7 and
∫
|x|2 ρ̄0(x)dx < +∞.

(3) The 2D vortex case. d = 2, K(x) = χ x⊥

|x|2 , and
∫
|x|2 ρ̄0(x)dx < +∞.

Consequently the non linear P.D.E. (1.1) has a solution with initial condition ρ̄0 in all these
cases.
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It is enough to use what we achieved to do with an initial ρN0 = ρ̄⊗N0 , since any limiting Q
will do the job. Recall that in subsection 5.2 in the sub-coulombic situation, or in Proposition
5.9 we assumed that ρ̄0 is bounded.

Notice that in the Lp case and for the Keller-Segel model (with χ < 4), we also recover the
existence part of Theorem 4.1 and Theorem 6.26. In the latter case, we have thus obtained
the existence of a solution to the Keller-Segel equation (with χ < 4), but we do not know (at
this stage) that it is a free energy solution as in Theorem 6.2.

8.3. Convergence.

We start by tackling the Lp situation.

Theorem 8.10. Assume that K1|K|>A ∈ Lp(Rd) for some p ≥ d if d ≥ 3 or p > 2 if d = 2
and some A > 0 and that the additional drift b is continuous and bounded. Also asume

that the initial condition µN0 = ρN dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k and satisfies

H(µN0 |γ⊗N0 ) ≤ CN .

Then QN is chaotic and for each k, Qk,N weakly converges to (Q̄)⊗k where Q̄ is the unique
solution of the non linear SDE (1.3) with initial condition ρ̄0 dx.

Proof. According to Proposition 4.8 (1.3) has a unique weak solution Q̄. Any weak limit in
Proposition 8.6 is thus equal to the deterministic measure Q̄. According to [121] Proposition
2.2. (i), QN is thus chaotic. □

In the framework of a convolution kernel K, this result extends Theorem 1.6 in [124] to more
general initial conditions and to the critical case d = p. Still for p < d, [73] Theorem 1.1 (i)
contains a similar statement, but replacing weak convergence by convergence in Wasserstein
W2 distance for one particle, while propagation of chaos is shown in [73] Theorem 5.1 by the
same method as [124] (itself inspired by [15]). The fact that the Girsanov density belongs to
all the Lq is crucial in these proofs.

In order to study the other singular models we start with a simple remark. For N = 2n,
consider the pair empirical measure

QN
2 =

1

N

n∑
i=1

(δ(X2i−1,N
. ,X2i,N

. ) + δ(X2i,N
. ,X2i−1,N

. ))

which is a symmetric probability measure on C0([0, T ],Rd ⊗ Rd). In a sense we are looking
at pairs of coordinates. Of course, if N is odd, we are loosing one term (the last XN for
instance), but it is immediate to see that this error term will disappear in the limit in what
follows.

Introduce the pair functional defined for probability measures ν on C0([0, T ],Rd ⊗ Rd) by

F2(ν) =

∫ [
φ(ωt, ηt)− φ(ωs, ηs)−

∫ t

s
∆φ(ωu, ηu)du −

∫ t

s
⟨b(ωu, ηu),∇φ(ωu, ηu)⟩ du

]
h(ω., η.) ν(dω, dη)−

−
∫ ∫ [∫ t

s

(
⟨K(ωu − ω′

u),∇1φ(ωu, ηu)⟩+ ⟨K(ηu − η′u),∇2φ(ωu, ηu)⟩
)
du

]



88 P. CATTIAUX

h(ω., η.) ν(dω, dη)ν(dω
′, dη′) .

Notice that ∫
K(ωu − ω′

u)QN
2 (dω′, dη′) =

1

N

∑
j

K(ωu −Xj,N
u )

so that the same calculations as in the proof of Proposition 8.6, show that

F2(QN
2 ) = h(XN

. )

√
2

N

n∑
i=1

∫ t

s
⟨∇1φ(X

2i−1,N
u , X2i,N

u ) +∇2φ(X
2i,N
u , X2i−1,N

u ), dB2i−1,N
u ⟩

+h(XN
. )

√
2

N

n∑
i=1

∫ t

s
⟨∇2φ(X

2i−1,N
u , X2i,N

u ) +∇1φ(X
2i,N
u , X2i−1,N

u ), dB2i,N
u ⟩ .

Hence E[(F2(QN
2 ))2] ≤ C(φ, h, s, t) 1

N , and we may thus argue as in the proof of Proposition
8.6.

The tightness of the distribution LQN
2 of QN

2 is a consequence of the one of Q2,N since the

intensity measure I(LQN
2 ) is given by∫

f dI(LQN
2 ) = E

[
1

N

n∑
i=1

(f(X2i−1,N
. , X2i,N

. ) + f(X2i,N
. , X2i−1,N

. ))

]
= E[f(X1,N

. , X2,N
. )] ,

and as shown in the proof of Proposition 2.2 (ii) in [121] tightness of LQN
2 is equivalent to

tightness of I(LQN
2 ). We then deduce as before that any weak limit Q2 satisfies F2(Q2) = 0

almost surely.

Arguing as in the proof of Proposition 2.2 (i) in [121], introducing the same truncature Kε

as before, we have

|F2,ε(Q
2,N )− E[F2,ε(Q2)]| ≤ |F2,ε(Q

2,N )− E[F2,ε(QN
2 )]|+ |E[F2,ε(Q2)]− E[F2,ε(QN

2 )]|
where the second term goes to 0 using convergence and the first one goes to 0 using symmetry
(see [121] (2.3)). Taking another subsequence if necessary, we may assume that Q2,N weakly
converges to Q̄2. The same argument as the one used at the end of the proof of Proposition
8.6 shows that |F2,ε(Q̄2)−F2(Q̄2)| goes to 0 as ε→ 0. hence taking limits first w.r.t. N and
second w.r.t. ε we have obtained that

F2(Q̄2) = 0 .

We similarly have

F(Q̄) = 0 ,

for any weak limit of Q1,N , i.e. any weak limit of Q1,N solves the non linear S.D.E.

Since Q̄2 solves the associated martingale problem, one classically deduce the existence of a
standard Brownian motion (B̄1

. , B̄
2
. ) such that Q̄2 is the law of

dX̄1
t =

√
2 dB̄1

t − b(X̄1
t ) dt − (K ∗ ρ̄1t )(X̄1

t ) dt ,

ρ̄1t (x) dx = L(X̄1
t ) ,

dX̄2
t =

√
2 dB̄2

t − b(X̄2
t ) dt − (K ∗ ρ̄2t )(X̄2

t ) dt ,

ρ̄2t (x) dx = L(X̄2
t ) ,

with initial condition ρ̄0(x1) dx
1 ⊗ ρ̄0(x2) dx

2 provided the initial condition ρN0 is chaotic.
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Even if the two non-linear SDE’s are autonomous, it is not clear that X̄1
. and X̄2

. are inde-

pendent. Thanks to exchangeability we know that Q̃1 = Q̃2, when Q̃i denotes the law of
X̄i
. . In particular Q̃1 ⊗ Q̃2 is a solution of the previous system, so that if we know that this

system admits only one (weak) solution, any weak limit of Q2,N is given by the law of two
independent processes.

Notice that if Q̄2 is absolutely continuous w.r.t. the Wiener measure (on the product path
space), Girsanov theory tells us that its drift is given by the sum of the two drifts g1(t, x

1)+
g2(t, x

2) so that the Girsanov density factorizes. Since the Wiener measure itself is a product
measure, we deduce as before that Q̄2 is a product measure. According to what we have

already recalled Q̃1 ≪ P iff
∫ T
0 |K ∗ ρ̄1t |2(X̄1

t ) dt is almost surely finite. Since both marginals

of Q̄2 are equal to Q̃1 as soon as
∫ T
0 |K ∗ ρ̄1t |2(X̄1

t ) dt is almost surely finite,
∫ T
0 (|K ∗ ρ̄1t |2 +

K ∗ ρ̄2t |2)(ω̄t) dt is also Q̄2 almost surely finite, so that Q̄2 is absolutely continuous, i.e. the

latter property is equivalent to the absolute continuity of the marginal Q̃1.

We may state

Theorem 8.11. The 2D vortex case with confinement. Let d = 2, K(x) = χ x⊥

|x|2 .

Assume that the initial condition µN0 = ρN0 dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k, satisfies

H(µN0 |γ⊗N0 ) ≤ CN and finally satisfies
∫
|x|2 ρ̄0(x)dx < +∞. Also assume that the additional

drift b is a confining potential as in Theorem 5.7.

Then QN is chaotic and for each k, Qk,N weakly converges to (Q̄)⊗k where Q̄ is the unique

solution of the non linear SDE (1.3) with initial condition ρ̄0 dx satisfying
∫ T
0 I(Q̄◦ ω̄−1

t )dt <
+∞.

Proof. Conditions on b and the initial measure ensure that supN H(Q2,N |P̄⊗2) < +∞ ac-
cording to Theorem 8.1, and we deduce from the lower semi-continuity of the relative entropy

that H(Q̄2|P̄⊗2) < +∞. It follows that
∫ T
0 I(ρ̄t)dt < +∞. Uniqueness of the solution is thus

given by Proposition 5.9 with a slight difference: if there is no confinement one has to assume
that the Boltzmann entropy of ρ̄0 is finite, while here, lower semi continuity of the relative
entropy shows that H(ρ̄0|γ0) < +∞, which is enough for our purpose. Notice that this
uniqueness shows that ρ1 = ρ2 in the pair particles non-linear SDE. It is also classical that
chaos for the first two coordinates implies chaos for any finite set of coordinates. □

In the Biot-Savart situation the proof we have given is simpler than the one in [62], but we
have to add a confinement potential.

Actually, in what precedes, we used relative entropy to get uniqueness for the non linear
SDE. In the 2D vortex case, the uniqueness part in Proposition 5.9 only requires that∫ T
0 I(ρ̄s)ds < +∞. Again, according to super-additivity of the Fisher information, and
lower semi continuity, this condition will be satisfied provided∫ T

0
I(ρNs )ds ≤ C(T )N .

This bound is exactly what is obtained in Proposition 5.1 of [62] but, as we discussed in Re-
mark 5.8 it requires to prove some uniform (in N) lower bound for the normalized Boltzmann
entropy. We thus have the following result, which is the one obtained in [62]
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Theorem 8.12. For the 2D vortex case (without confinement), under the same assumptions,
the same conclusion as in Theorem 8.11 is true if the initial condition satisfies the additional
moment condition supN≥N0

∫
|x1|2 ρN0 (x)dx < +∞.

We turn now to the sub-Coulombic model. All what we have done for the 2D vortex
model in the proof of Theorem 8.11 is still available, assuming this time the hypotheses
in Corollary 8.9 (1), except the final uniqueness result for the non linear S.D.E. As explained
at the end of subsection 5.2, our goal will be to find conditions for the flow of densities
ρ̄. ∈ L1([0, T ],Ld/d−s−2(Rd)) and apply Proposition 4.10.

We start with a very natural Lemma we found in [107]. We recall the proof for completeness.

Lemma 8.13. Let Q̃ be the law of a diffusion process

Xt = X0 +
√
2Bt +

∫ t

0
g(s,Xs) ds .

Assume that g ∈ C∞
b ([0, T ] × Rd). Denote by mt the density of Xt for t ≥ 0. Assume that

m0 ∈ Lq(Rd). Then for 1 ≤ q ≤ +∞,

||mt||q ≤ e
q−1
q
t supu≤t ||(∇.g(u,.))−||∞ ||m0||q .

Proof. Assume first that m0 is bounded with compact support and q < +∞. Due to our
assumptions we know that mt ∈ C1(]0, T ], C∞(Rd)) ∩ Lq(Rd), has gaussian tails and that
mt → m0 as t→ 0 in Lq(Rd). The following calculation is thus rigorous for t > 0

d

dt

∫
mq
t dx =

∫
q mq−1

t ∂tmt dx

= q

∫
mq−1
t (∆mt −∇.(g(t, .)mt)) dx

= − q(q − 1)

∫
mq−2
t |∇mt|2 dx + q(q − 1)

∫
mq−1
t ⟨∇mt, g(t, .)⟩ dx

= − q(q − 1)

∫
mq−2
t |∇mt|2 dx − (q − 1)

∫
mq
t ∇.g(t, .) dx

≤ (q − 1) ||(∇.g(t, .))−||∞
∫

mq
t dx .

By Gronwall’s lemma, for any t ≥ t0 > 0 we thus have

||mt||q ≤ e
q−1
q

supt0≤u≤t ||(∇.g(u,.))−||∞ (t−t0) ||mt0 ||q
and we may let t0 → 0 thanks to the continuity at the origin of the Lq norm. Extension to
a general initial m0 in Lq follows using approximation. For q = +∞, we have

((1− ε)||m||∞)
q−1
q ||m||qm1/q(1|m|≥(1−ε)||m||∞) ≤ ||m||

q−1
q

∞ ||m||1
and since for all ε > 0, m(1m≥(1−ε)||m||∞) > 0, the result is obtained by using first q → +∞
and then ε→ 0, the left hand side of the previous inequality with mt and the right hand side
with m0. □
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An immediate consequence is the following. Let Q̃ be the law of a diffusion process as before
for a general g. If there exists a sequence gn of smooth drifts as before such that, on one
hand the associated Q̃n weakly converges to Q̃ (or more generally the convergence holds true
at the level of the marginals), on the other hand

sup
n

sup
u≤t

||(∇.gn(u, .))−||∞ = St < +∞ ,

then the time marginals of Q̃ have densities m. satisfying

||mt||q ≤ e
q−1
q
t St ||m0||q .

This is an immediate consequence of Riesz representation theorem and the density of con-
tinuous and bounded functions in Lq/q−1 for q > 1, the result for q = 1 being obvious.

We will apply this result with g(t, x) = −(K ∗ ρ̄t)(x)− b(x) and an approximating sequence

gn(t, x) = −(Kn ∗ ρ̄t)(x)− b(x)

with
Kn(y) = χ

y

|y|s+2 + ψn(|y|2)
where ψn(u) =

1
n ψ(nu) for some smooth non-increasing and non-negative ψ with ψ(0) = 1

and ψ(1) = 0. We thus have

∇.Kn(y) = χ
(d− s− 2)|y|s+2 + ψn(|y|2)− 2ψ′

n(|y|2) |y|2

(|y|s+2 + ψn(|y|2))2
≤ 0

if χ < 0. It follows that
||(∇.gn(u, .))−||∞ ≤ ||(∇.b)+||∞ ,

and since Kn, hence gn is smooth that for all n and all 1 ≤ q ≤ +∞,

||mn,t||q ≤ e
q−1
q
t ||(∇.b)+||∞ ||m0||q . (8.8)

It is worth to notice that here mn,t denotes the density of the solution of the linear S.D.E
with drift gn.

If we denote by Q̃n the distribution of the solution of this linear S.D.E., it remains to show
that Q̃n converges to the solution of the non-linear S.D.E. Q̄ whose marginals flow is ρ̄.. Recall
that, under the assumptions of Corollary 8.9 we know that H(Q̄|P ) < +∞, in particular

EQ̄
(∫ T

0
|K ∗ ρ̄t|2(ωt) dt

)
< +∞ .

It is immediate that |Kn| ≤ |K| and Kn → K almost everywhere as n → +∞. Applying
Lebesgue bounded convergence theorem we deduce that

EQ̄
(∫ T

0
|(K −Kn) ∗ ρ̄t|2(ωt) dt

)
→ 0

i.e. that H(Q̄|Q̃n) → 0. Thanks to Pinsker inequality again, we thus have that Q̃n goes to
Q̄ in total variation distance, hence weakly.

Gathering all we have done, we deduce that any weak limit of Qk,N satisfies the non lin-
ear S.D.E. (1.3), and, provided the initial density ρ̄0 ∈ Lq, has a marginals flow ρ. ∈
L1([0, T ],Lq(Rd)). According to Proposition 4.10 if q > d/d − s − 2, there exists a unique
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solution of (1.3) such that its marginals flow satisfies this integrability condition, so that
there exists a unique weak limit of Qk,N . Let us summarize

Theorem 8.14. Consider the sub-Coulombic case: d ≥ 3, χ < 0, , and

K(x) = χ
x

|x|s+2
1x ̸=0 for 0 < s ≤ d− 2 ,

also assume that the additional drift b is bounded and Lipschitz. Assume that the initial

condition µN0 = ρN0 dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k, and satisfies H(µN0 |γ⊗N0 ) ≤ CN .

Finally assume that for some q > d/d− s− 2, ρ̄0 ∈ Lq(Rd).

Then QN is chaotic and for each k, Qk,N weakly converges to (Q̄)⊗k where Q̄ is the unique so-

lution of the non linear SDE (1.3) with initial condition ρ̄0 dx satisfying
∫ T
0 ||Q̄◦ω−1

t ||Lq dt <
+∞.

9. More on the 2D situation and the Keller-Segel model.

First consider the Keller-Segel model with confinement, d = 2, K(x) = χ x
|x|2 , χ < 4. We

have seen in the previous section that, if χ < 2, the family Qk,N is tight and that any weak
limit Q̄ of Q1,N satisfies the non linear SDE (1.3). For χ < 4, Theorem 8.5 and Proposition
8.8 can similarly be completed, and a similar result is true for the marginals flow and the
limiting Keller-Segel PDE. The only remaining problem is to get some uniqueness for the
limits.

In all this section we assume (at least) that ρN0 is exchangeable and satisfies the integrability
assumptions in Theorem 6.24. We generically denote by ρ̄. the marginals flow of some weak
limit.

If we add a confining potential, Lemma 6.13 together with Corollary 6.19 or Proposition 6.23
furnish in our context

sup
0≤t≤T

H(ρN,Ut dx|e−Ũdx) ≤ C(χ,U)N .

As usual we deduce that

sup
0≤t≤T

H(ρ̄t dx|e−Udx) ≤ C(χ,U) ,

and since similarly ∫
|U | ρ̄t dx1 < +∞

taking again lim infN , using Lemma 6.18 (1) and Fatou’s lemma, we finally obtain

sup
t∈[0,T ]

∫
ρ̄t| ln(ρ̄t)| dx1 < +∞ .

The previous result is still far from the required Lq bound for q > 1 ensuring uniqueness of
the non linear SDE in Corollary 6.28. Remember that the proof of this Corollary is based
on the study of the linear SDE

dXt =
√
2 dBt −∇U(Xt)dt− (K ∗ ρ̄t)(Xt)dt
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and the application of Theorem 3.8 in the time dependent situationK∗ρ̄t ∈ L∞([0, T ],Lp(R2))
for some p > 2.

In the general situation we are facing (where ρ̄ is a weak limit of the marginals of the particle
system), one may ask about the integrability of K ∗ ρ̄t. Since ρ̄t belongs to the Orlicz space
Lx lnx we are led to work in some Orlicz spaces. We shall briefly recall the material of this
theory we need for the sequel.

9.1. The (super) basics for Orlicz spaces.

A function Φ : R+ → R is a Young function if it is non-decreasing, convex, satisfies Φ(0) = 0
and limu→+∞Φ(u)/u = +∞. The convex conjugate Φ∗(a) = supu>0 (au− Φ(u)) is also a
Young function.

The associated Orlicz space LΦ(Rn) is the set of functions f defined on Rn and satisfying∫
Φ(|f |/c)dx < +∞ for some c > 0. It is a vector space and can be equipped with two norms:

the Orlicz norm (or dual norm) is defined by

|f |Φ = sup{
∫

|g f | dx ;

∫
Φ∗(|g|) dx ≤ 1} ,

and the Luxemburg norm (gauge norm) is defined as

NΦ(f) = inf{c > 0 ;

∫
Φ(|f |/c)dx ≤ 1 } .

These norms are equivalent, more precisely NΦ(f) ≤ |f |Φ ≤ 2NΦ(f). Lϕ equipped with
these norms is a Banach space.

We shall say that a function Φ is moderate if, for any α > 0 there exist c(α) and C(α) such
that c(α)Φ(u) ≤ Φ(αu) ≤ C(α)Φ(u). It is immediate that for a moderate Young function
and α > 0, LΦ = LαΦ and that the norms NαΦ and NΦ are equivalent.

To any C2 function Φ only convex at infinity and such that Φ(u)/u → +∞ at infinity, one
can associate several Young functions as follows.

First, if Φ is convex on [c0,+∞) (we may always assume that c0 ≥ 1) using convexity
and Taylor formula we have for u ≥ c0, Φ(c0) − Φ(u) ≥ (c0 − u) Φ′(u) so that Φ′(u) ≥
Φ(u)
u + 1

u (c0Φ
′(u)−Φ(c0)). Since Φ(u)/u→ +∞, Φ′(u) → +∞ as u→ +∞, so that one can

find c1 ≥ c0 such that c0Φ
′(c1) ≥ Φ(c0). It follows that for all u ≥ c1, Φ

′(u) ≥ Φ(u)
u . We can

thus define for all c ≥ c1,

Φ̃c(u) =
Φ(c)

c
u1u≤c +Φ(u)1u≥c (9.1)

which is a Young function. If Φ is moderate, so is Φ̃c.

Another natural way consists in first choosing c0 ≥ 1 such that Φ′(c0) ≥ 1 and introduce for
any c ≥ c0

Φ̄c(u) = u1u≤c + (Φ(u)− Φ(c))1u≥c (9.2)

which is again a Young function, moderate if Φ is.

If we choose the same large enough c such that Φ(c)/c ≥ 1 one of course has Φ̄c ≤ Φ̃c so that

NΦ̄c
≤ NΦ̃c

.
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Conversely if we choose c large enough such that Φ(c)/c ≥ 2 one has (Φ(c)/c) Φ̄c ≥ Φ̃c. If Φ̄c
is moderate, one can find α(c) and β(c) such that Φ̄c(u/α(c)) ≤ (Φ(c)/c) Φ̄c(u) ≤ Φ̄c(u/β(c))
so that the norms N(Φ(c)/c)Φ̄c

and NΦ̄c
are equivalent, hence,

for some a(c) > 0 , a(c)NΦ̄c
≥ NΦ̃c

provided Φ is moderate .

Orlicz spaces are generalizing Lp spaces (corresponding to Φ(u) = up/p and Φ∗(a) = aq/q
with 1

p +
1
q = 1). One can thus expect that several properties are preserved. The first one

immediately follows from the above construction, namely the Orlicz-Hölder inequality∫
|f g| dx ≤ |f |ΦNΦ∗(g) ≤ 2NΦ(f)NΦ∗(g) .

An interesting generalization is proved in Theorem 2.3 of [111], namely

If for all u, Φ−1(u)Ψ−1(u) ≤ Θ−1(u) then NΘ(fg) ≤ 2NΦ(f)NΨ(g) . (9.3)

In the same spirit, one can extend Young’s inequality for a convolution product (Theorem
2.5 in [111])

If for all u, Φ−1(u)Ψ−1(u) ≤ uΘ−1(u) then NΘ(f ∗ g) ≤ 2NΦ(f)NΨ(g) . (9.4)

Let now Φ,Ψ and Θ be convex at infinity and satisfying the condition in (9.4) for u large
i.e u ≥ c. This condition is trivially satisfied for Φ̄c, Ψ̄c and Θ̄c for u ≤ c where all inverse
functions are identity.

If now condition (9.3) is satisfied for u ≥ c, we have for u ≤ c, Φ̄−1
c (u) Ψ̄−1

c (u) ≤ c Θ̄−1
c (u),

so that

NΘ̄c
(fg) ≤ κ(c)NΦ̄c

(f)NΨ̄c
(g) for some κ(c), provided Ψ or Φ or Θ is moderate.

In the sequel, by abuse of notation, if Φ is convex at infinity such that Φ(u)/u → +∞ at

infinity, we shall denote LΦ the Orlicz space associated to either Φ̃ or Φ̄.

Convolution with Riesz kernels was studied in a huge number of papers under the denomi-
nation Fractional integration. Let we discuss this in the two dimensional case.

Recall the Hardy-Littlewood-Sobolev inequality we already used for proving Corollary 6.29
says that

|| 1
|z|

∗ ρ||2r/2−r ≤ Cr ||ρ||r for r ∈ (1, 2) . (9.5)

At a formal level, up to the constant Cr (in particular because C1 = +∞), this result says
that, even if 1/|z| does not belong to L2(R2) but belongs to all L2−ε(R2) for ε > 0, the
integrability of the convolution product is the same as the one given by Young’s convolution
inequality with 2 and not only 2− ε. Working in Orlicz spaces is not enough because there
is no optimal space to which z 7→ 1/|z| belongs.
However (9.5) is a simple consequence of the analogue of Young’s convolution inequality in
Lorentz spaces. Indeed, 1/|z| belong to the weak L2(R2) space, denoted by L2,∞ which is
a particular Lorentz space. We will not recall the basics on these spaces here, since we will
only use the previous result. Convolution in Lorentz spaces was first studied by O’Neil in
[110] in general form (see Theorem 2.6 therein) and applied to Hardy-Littlewood-Sobolev
inequality in Theorem Fractional integration on n-space at the bottom of p.139 of [110]. It
is an alternate approach to the more popular proof based on the Hardy-Littlewood maximal
inequality.
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Later on, O’Neil in [111] extended (9.5) to ρ in Orlicz spaces. Actually he introduced in
section 3 a notion of Orlicz-Lorentz space (denoted MA) associated to a Young function
A and proved in Theorem 4.7 a general convolution inequality for two functions belonging
respectively to some MA and some Orlicz space (denoted LB therein). Theorem 4.7 applies
to a modification near the origin of B(u) = u ln(1 + u2) and A(u) = u2. The more refined
version shown in Theorem 5.2 directly applies to the previous B (also see Theorem 3.8 in
[120]).

A different proof based on the maximal function is given in Theorem 6.8 of [74] (also see
Lemma 4.3 and Remark 3.1 in [81]). Another approach is used in [82] in this and more
general framework.

In any case it furnishes the following result, useful in the Keller-Segel context

Proposition 9.1. In R2, let ρ be a density of probability. Let g = ρ ∗ (1/|z|). There exists
some constant C such that, if

∫
ρ ln(1 + ρ2) dx =M < +∞ then∫

g2 ln(1 + g2) dx ≤ C(1 +M) < +∞ .

9.2. 2D singular models and Orlicz spaces.

The next step is to extend Theorem 3.8 in dimension d = 2 to the case where the drift
g is such that g2 ∈ Lκ(R2) for some κ(u) ≫ u but ≪ up for p > 1, and large u’s.

To this end, following the proof of this Theorem we see that it is enough to choose A such
that sup0<t≤T Nκ(|gt|2 1|gt|>A) is small enough (depending on universal constants like the
one in the equation below) and to prove that for any probability density ρ

Nκ∗(ρ) ≤ C (I(ρ) + 1) . (9.6)

It remains to come back to Lemma 3.1 and its proof to get the desired (9.6).

We can mimic the proof of Lemma 3.1, using the so called Orlicz-Sobolev inequalities (see
[52, 87, ?] and the more recent and sharp results in [48, 49]) and then the Hölder-Orlicz
inequality.

Actually such a result is already known in a sharp form, as a consequence of the Trudinger-
Moser inequality in the whole R2 obtained in [119]. We thank Nicolas Fournier for indicating
us this reference and, at the same time, for pointing out a mistake in a first version of the
present paper. Here is Theorem 1.1 in [119]

Theorem 9.2. Define

||f ||S =

(∫
R2

(|∇f |2 + |f |2) dx
) 1

2

.

Then for α > 0 it holds

(1) if α ≤ 4π, sup||f ||S≤1

∫
R2 (e

αf2 − 1) dx ≤ C(α) < +∞,

(2) if α > 4π, sup||f ||S≤1

∫
R2 (e

αf2 − 1) dx = +∞.

Corollary 9.3. Consider the Young function Θ(u) = eu − 1. There exists a constant C(Θ)
such that, for any density of probability ρ on R2 it holds

NΘ(ρ) ≤ C(Θ) (1 + I(ρ)) .
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Proof. Let ρ = f2 be a positive function, normalized such that

1 = ||f ||2S =

(
1

4
I(ρ) + ||ρ||1

)
.

For α > 0, introduce h(α) =
∫
(eαρ − 1) dx. We want to find α0 > 0 such that h(α0) ≤ 1 for

all such ρ.

To this end, since h = h1 + h2 defined below, it is enough to find α0 such that both

h1(α0) =

∫
(eα0ρ − 1)1ρ≤1 dx ≤ 1

2
and h2(α0) =

∫
(eα0ρ − 1)1ρ>1 dx ≤ 1

2
.

The functions hj are non-decreasing, with hj(0) = 0 and hj(α) ≤ C(4π) for α < 4π. In
addition they are smooth for α ≤ 1 < 4π − 1 and, since

∫
ρdx ≤ 1,

h′1(α) =

∫
ρ eαρ 1ρ≤1 dx ≤ eα ≤ e

while

h′2(α) =

∫
ρ eαρ 1ρ>1 dx ≤

∫
e(α+1)ρ 1ρ>1 dx

≤
∫

(e(α+1)ρ − 1)1ρ>1 dx +

∫
1ρ>1 dx ≤ C(2) +

∫
ρdx ≤ C(2) + 1 .

The existence of α0 follows.

We deduce that for any probability density, NΘ(ρ/(1 + (I(ρ)/4)) ≤ 1/α0 and the result
follows. □

Remark 9.4. The second part of Theorem 9.2 indicates that Θ is in some sense the largest
function such that Corollary 9.3 is satisfied. Instead of giving a general statement we shall

give a counterexample in a specific case, namely look at the case Θβ(u) = eu lnβ(u) for some
β > 0 and large u’s. This counterexample is also due to N. Fournier.

Consider some ρ behaving like ln(1/|x|2) | ln2 |−γ(1/|x|2) for x close to the origin. It is easy to
see that |∇ρ|2/ρ behaves like 1/(|x|2 ln(1/|x|2) | ln2 |γ(1/|x|2)) which is integrable (recall that
d = 2) provided γ > 1. For such a γ we thus have I(ρ) < +∞. However for β > γ, Θβ(c ρ)(x)

behaves like exp
(
c ln(1/|x|2) | ln2 |β−γ(1/|x|2)

)
which is not integrable for any c > 0. ♢

Remark 9.5. The proof of Theorem 9.2 given in [119] is very different from the line we
suggested before. It uses two main tricks. First a symmetrization argument allowing to
control what happens outside some large ball, then the usual Trudinger-Moser inequality in
the remaining ball. ♢

We may thus state the following improvement of Theorem 3.8

Theorem 9.6. In dimension d = 2 consider the SDE, Xt = X0 +
√
2Bt +

∫ t
0 2gs(Xs)ds .

Assume that H(ν0|γ0) < +∞ (recall Theorem 3.8) and that for A large enough,

sup
0<t≤T

NΦ(gt 1|gt|>A) < +∞
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where Φ is a Young function behaving like u 7→ u2 ln(1 + u2) at infinity, that is, there exists
A′ such that

sup
0<t≤T

∫
g2t ln(|gt|)1|gt|>A′ < +∞ .

Then the previous SDE has a unique weak solution Q and this Q satisfies H(Q|P ) < +∞.

As a consequence the results in Theorem 8.10 extend for d = 2 if the interaction kernel
satisfies the previous integrability condition and the additional drift b is bounded.

Proof. In the proof of Theorem 3.8 we write for M > A,∫
|gMt |2ρMt dx =

∫
|gMt 1|gMt |>A|

2ρMt dx +

∫
|gMt 1|gMt |≤A|

2ρMt dx

≤ A2 + C NΦ(g
M
t 1|gMt |>A)NΘ(ρ

M
t )

apply corollary 9.3 and conclude as for the proof of Theorem 3.8. □

Remark 9.7. The Keller-Segel case.

Denote gt = K ∗ ρ̄t. Then gMt = (K 1|K|≤M ) ∗ ρ̄t can be used in the proof of Theorem 3.8.
One can however slightly modify the proof of (3.8) in order to get uniform estimates in t.
Indeed for M > A,∫

|gMt |2ρMt dx ≤ 2

∫
|gAt |2ρMt dx + 2

∫
|(K 1A<|K|≤M ) ∗ ρ̄t|2ρMt dx

≤ 2A2 + C NΦ((K 1A<|K|≤M ) ∗ ρ̄t)NΘ(ρ
M
t )

C being a universal constant. It thus suffices to choose A in such a way that NΦ(K 1A<|K|)
is small enough to get the desired uniform in t bound. ♢

We may now state an immediate consequence for the Keller-Segel model

Theorem 9.8. If K(z) = χ z/|z|2 1z ̸=0 in R2, the non linear SDE (1.3) has at most one
solution satisfying sup0≤t≤T

∫
ρ̄t ln(1 + ρ̄t) dz < +∞.

Corollary 9.9. Consider the Keller-Segel case d = 2, 0 < χ < 2 with a confining potential U
such that

∫
e−Udx < +∞, i.e. an additional drift b = ∇U and assuming that b is Lipschitz.

Assume that the initial condition µN0 = ρN0 dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k, and

satisfies
∫
ρN0 | ln ρN0 |dx < CN and

∫
|x1|2 ρ1,N0 dx1 < +∞.

Then QN is chaotic and for each k, Qk,N weakly converges to (Q̄)⊗k where Q̄ is the unique
solution of the non linear SDE (1.3) with initial condition ρ̄0dx whose marginals flow is the
(unique) free energy solution of the non linear PDE (1.1).

The proof is simple: thanks to the discussion at the beginning of the section and Proposition
9.1, we may apply Theorem 9.6 showing that the linear SDE

dXt =
√
2 dBt −∇U(Xt)dt− (K ∗ ρ̄t)(Xt)dt



98 P. CATTIAUX

has an unique weak solution which is of finite relative entropy (assuming that
∫
|∇U |2 ρ̄tdx <

+∞.) Since any solution of the non linear SDE is a solution of the linear one, we may conclude
for the Theorem.

In particular, any weak limit Q̄ of Q1,N in Theorem 8.3 (2) has finite relative entropy, hence
is unique according to Theorem 6.26. In addition, according to the discussion at the end of
subsection 8.3, since Q̄ is absolutely continuous w.r.t. P , propagation of chaos holds true.
Hence the Corollary.

The previous Theorem holds with a quadratic confining potential, so that using the “self
similar” coordinates as discussed in Remark 6.27 (at the process level) we can state

Corollary 9.10. Corollary 9.9 is still true for the Keller-Segel model without confinement
(U = 0).

Remark 9.11. Notice that the knowledge of the convergence of the marginals flow is not
enough for the previous argument. Indeed, if we know the uniqueness of the solution of the
linear SDE, we do not know the uniqueness of the solution of the associated Fokker-Planck
equation. ♢

9.3. More on the Keller-Segel model.

The limitation to χ < 2 in Corollary 9.9 is due to the moment estimate (2) in Lemma
6.18 where we can choose γ > 1 only if χ < 2, yielding the same limitation for the tightness
result (2) in Theorem 8.3. We did not succeed in improving this tightness property.

We shall thus look at the marginals flow level and to this end use Theorem 6.24.

Theorem 9.12. Consider the Keller-Segel case d = 2, 0 < χ < 4 with a confining potential
U such that

∫
e−Udx < +∞, i.e. an additional drift b = ∇U and assuming that b is Lipschitz,

or with U = 0.

Assume that the initial condition µN0 = ρN0 dx is chaotic so that µk,N0 → (ρ̄0 dx
1)⊗k, and

satisfies
∫
ρN0 | ln ρN0 |dx < CN and

∫
|x1|p ρ1,N0 dx1 < +∞ for some p > 4χ.

Then ρ1,N,Ut∈[0,T ] weakly converges as N goes to infinity to the unique free energy solution of the

Keller-Segel equation.

Proof. If ρN0 is chaotic and satisfies, for some constant c,∫
ρN0 | ln ρN0 | dx ≤ cN ,

∫
ρN0 | ln(|x1 − x2|)| dx < c and

∫
|x1|2 ρN0 dx ≤ c

it holds∫ T

0

∫ ∑
i

∣∣∣∣∣∣∇i ln ρ
N,U
t +∇Ũ +

χ

N

∑
j ̸=i

xi − xj

|xi − xj |2

∣∣∣∣∣∣
2 ρN,Ut (x) dx dt ≤ C ′N , (9.7)
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where C ′ is another constant. Using exchangeability, the fact that ∇Ũ is at most linear and

that ρN,Ut is a density of probability, we deduce that for all i∫ T

0

∫ ∣∣∣∣∣∣∇i ln ρ
N,U
t +

χ

N

∑
j ̸=i

xi − xj

|xi − xj |2
1|xi−xj |≤1

∣∣∣∣∣∣
2 ρN,Ut (x) dx dt ≤ C , (9.8)

for some C depending on c and C ′ only.

Denote
ωi(x) =

∏
j ̸=i

(1 ∧ |xi − xj |)
χ
N ,

and for θ > 0,

κi(x) =
∏
j ̸=i

(1 ∨ |xi − xj |)
χ
N .

Let ρ be a non-negative function, α ∈ (0, 1] and 0 ≤M ≤ +∞. Introduce

ρ̃ := ρω1 , (ρ̃)1(x1) :=

∫
ρ̃(x) dx2...dxN

H(α,M, ρ) := min(ρ, ρα)1|x1|≤M = (ρ1ρ≤1 + ρα1ρ≥1)1|x1|≤M , (9.9)

ρ1(x1, α,M) :=

∫
H(α,M, ρ)(x) dx2...dxN .

If ρ is a density of probability, ρ̃ and (ρ̃)1 are sub-probability measures (total mass less or
equal one)

According to Theorem 2, formula (9) in [19] (also see [27] Theorem 3.8), it holds

1

4
I((ρ̃)1) =

∫ ∣∣∣∇(
√
(ρ̃)1)

∣∣∣2 dx1 ≤ ∫ ∣∣∣∇1(ρ̃)
1
2

∣∣∣2 dx1 dx2...dxN . (9.10)

Applying this inequality to ρN,Ut we obtain,

I((ρ̃N,Ut )1) ≤
∫ ∣∣∣∣∣∣∇1 ln ρ

N,U
t +

χ

N

∑
j ̸=1

x1 − xj

|x1 − xj |2
1|x1−xj |≤1

∣∣∣∣∣∣
2

ρN,Ut (x)

N∏
j=2

(1 ∧ |x1 − xj |
χ
N ) dx

≤
∫ ∣∣∣∣∣∣∇1 ln ρ

N,U
t +

χ

N

∑
j ̸=i

xi − xj

|xi − xj |2
1|xi−xj |≤1

∣∣∣∣∣∣
2

ρN,Ut (x) dx , (9.11)

and finally thanks to (9.8) ∫ T

0
I((ρ̃N,Ut )1) dt ≤ C . (9.12)

Applying Lemma 3.1 (2) and using that (ρ̃N,Ut )1 is a sub-probability measure (total mass less
than 1), we have, for all p ∈ [1,+∞)

||(ρ̃N,Ut )1||p ≤ c(p) (I((ρ̃N,Ut )1))
p−1
p . (9.13)
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We will first deduce some integrability for the first marginal.

Indeed, let g be a bounded function defined on R2. It holds for any α ∈ (0, 1), any β > 0,
θ > 0, any M < +∞ and any ε > 0,∫

g(x1) (H(α,M, ρN,Ut ))1(x1) dx1 =

∫
g(x1)H(α,M, ρN,Ut )(x) dx =

=

∫
g(x1) min(ρN,Ut , (ρN,Ut )α)(x)1|x1|≤M

(ε+ ω1)
α

(ε+ ω1)α
(ε+ κ1)

θ

(ε+ κ1)θ
dx

≤ AB (9.14)

where for conjugate q, p i.e. 1
p +

1
q = 1,

A :=

(∫
gq(x1) (ε+ ω1)

βq (ε+ κ1)
θq min((ρN,Ut )q, (ρN,Ut )αq)(x) dx

)1/q

(9.15)

and

B :=

(∫
1|x1|≤M (ε+ ω1)

−β p (ε+ κ1)
−θp dx

) 1
p

. (9.16)

We may then take limits as ε goes to 0 in the final inequality.

For the second factor B we may write

B =

(∫
1|x1|≤M

N∏
k=2

(1 ∧ |x1 − xk|)−βpχ/N (1 ∨ |x1 − xk|)− θpχ/Ndx1dx2...dxN

) 1
p

≤

(∫
1|x1|≤M

N∏
k=2

(1 ∧ |yk|)−βpχ/N (1 ∨ |yk|)− θpχ/N dx1dy2...dyN

) 1
p

(9.17)

≤

(∫
1|x1|≤M

(∫
R2

(1 ∧ |y|)−βpχ/N (1 ∨ |y|)− θpχ/N dy

)N−1

dx1

) 1
p

Choose

p = λN ; λβχ < 2 ; λθχ > 2 .

It follows that the intergral w.r.t dy is finite, so that finally there exists a constant c depending
on λ, β, χ but not on N such that

B ≤ cM2/λN . (9.18)

For the first factor A we use Hölder inequality for any s > 1, furnishing

A ≤ A1A2
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with

A1 =

(∫
gsq(x1)ωβqs1 min((ρN,Ut )q, (ρN,Ut )αq)(x) dx

) 1
qs

(9.19)

A2 =

(∫
κ
θqs/s−1
1 min((ρN,Ut )q, (ρN,Ut )αq)(x) dx

) s−1
qs

We choose
αq = 1 ; βq s = 1

and use again ρq ≤ ρ when ρ ≤ 1 so that for u > 1

A1 ≤
(∫

gsq(x1)ω1 ρ
N,U
t dx

) 1
qs

=

(∫
gsq(x1) (ρ̃N,Ut )1(x1) dx1

) 1
qs

≤ c(q, s, u) ||g||qsu (I((ρ̃N,Ut )1))
1

qsu . (9.20)

Using convexity

κ
θqs/s−1
1 (x) ≤ 1

N − 1

N∑
j=2

(1∨ |x1 − xj |)θqsχ(N−1)/N(s−1) ≤ 1

N − 1

N∑
j=2

(1∨ |x1 − xj |)θqχs/s−1 .

It follows, using exchangeability

A2 ≤
(∫

(1 ∨ |x1 − x2|)θqχs/s−1 ρN,Ut dx

) s−1
qs

. (9.21)

Similarly to Lemma 6.18 (1), or to lemma 5.6 in [123] (written for k = 6), for any k > 0 and
t ∈ [0, T ],∫

(1 ∨ |x1 − x2|)k ρN,Ut dx ≤ C(k, T )

(
1 +

∫
(1 ∨ |x1 − x2|)k ρN0 dx

)
. (9.22)

Assuming that the right hand side in (9.22) is finite, gathering all previous estimates we have
obtained∫

g(x1) (H(α,M, ρN,Ut ))1(x1) dx1 ≤ C ||g||qsuM2/λN I((ρ̃N,Ut )1))
1

qsu , (9.23)

where C depends on χ, ρ1,2,N0 the joint initial distribution of (x1, x2), λ, q, s, u, θ, β, T but
not on N . The parameters have to satisfy

p = λN ; q =
p

p− 1
=

1

1− (1/λN)
; α =

1

q
= 1− (1/λN)

β =
1

qs
= s (1− (1/λN))

λ <
2

βχ
=

2

s (1− (1/λN))χ
for instance λ =

2

sχ
; θ >

2

λχ
for instance θ > s ;

so that we still have two free parameters u > 1 and s > 1.

Remark that

||1|x1|≤M (ρN,Ut )1||r ≤ ||(H(α,M, ρN,Ut ))1||
1
α

r/α = ||(H(α,M, ρN,Ut ))1||1/(1−1/λN)

r/(1− 1
λN

)
(9.24)
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Combining (9.23) and (9.24) we thus have obtained with

4

3
= r =

qsu

qsu− 1
(1− (1/λN)) i.e. su = 4

1− (1/λN)

1 + (3/λN)

||1|x1|≤M (ρN,Ut )1||r ≤ CM
2

λN−1 I((ρ̃N,Ut )1))
1

4(1+(3/λN) . (9.25)

We may take first the limit as N grows to infinity, use the l.s.c. of the L4/3 norm, and then

take the limit as M grows to infinity, use (9.12) and 1 + I ≥ I
1
2 in order to obtain∫ T

0
||ρ̄t||24/3 dt ≤ C , (9.26)

for any weak limit ρ̄. of (ρ
N,U
. )1. Recall that the previous inequality implies that∫ T

0
(K ∗ ρ̄t) ρ̄t dt < +∞

so that, according to the superposition principle, there exists a solution to the non linear
SDE (1.3) with marginals flow given by ρ̄t.

According to Theorem 9.8, there is only one such solution with finite entropy marginals
flow. Since we know that the non linear process associated to the free energy solution of
the Keller-Segel equation exists (Theorem 6.26), it is the unique solution of the non linear
SDE. Consequently there is only one weak limit for (ρN,U. )1 which is given by the free energy
solution of the Keller-Segel equation.

It remains to check the integrability condition (9.22) for k = θqχs/s − 1. For N large, it is
enough that k > s2χ/s− 1. Optimizing on s furnishes s = 2 (and so u close to 2).

We may finally cover the case U = 0 using self similar coordinates as before. □
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[13] F. Bolley, D. Chafäı, and J. Fontbona. Dynamics of a planar Coulomb gas. Ann. Appl. Probab.,
28(5):3152–3183, 2018.

[14] F. Bolley and C. Villani. Weighted Csiszár-Kullback-Pinsker inequalities and applications to transporta-
tion inequalities. Ann. Fac. Sci. Toulouse Math. (6), 14(3):331–352, 2005.

[15] M. Bossy and D. Talay. Convergence rate for the approximation of the limit law of weakly interacting
particles: application to the Burgers equation. Ann. Appl. Probab., 6(3):818–861, 1996.
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[35] P. Cattiaux and C. Léonard. Correction to: “Minimization of the Kullback information of diffusion
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[42] E. Cépa and D. Lépingle. Brownian particles with electrostatic repulsion on the circle: Dyson’s model
for unitary random matrices revisited. ESAIM Probab. Statist., 5:203–224, 2001.
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[69] A. Guillin, P. Le Bris, and P. Monmarché. Uniform in time propagation of chaos for the 2d vortex model
and other singular stochastic systems. Available on ArXiv: 2108.08675 [math.PR], 2022.
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