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ABSTRACT. In this paper we intend to present a unified treatment of a variety of singular
interacting particle systems and their McKean-Vlasov limits. This unified approach is based
on the use of the relative entropy on the path space in the spirit of our previous works
together with C. Léonard.

We show how it can be used to derive existence and uniqueness for some singular diffusions,
in particular linear mean field stochastic particle systems and non linear SDE of McKean-
Vlasov type, including L?” — L? models, the 2D vortex model associated to the 2D Navier-
Stokes equation, sub-Coulombic interactions models or the Patlak-Keller-Segel model.

We also show the convergence and propagation of chaos as the number of particles grows to
infinity. This is (mainly) obtained at the process level, not only at the Liouville equation
(marginals flow) level. The paper thus contains new proofs and extensions of known results,
as well as new results.

The main results are given at the end of the Introduction.

Key words : singular McKean-Viasov equations, diffusion processes, Kullback information,
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1. INTRODUCTION AND MAIN RESULTS.

McKean-Vlasov non linear partial differential equations have been extensively used for mod-
eling the dynamics of complex systems in physical and life sciences in particular. They are a
macroscopic description of collective behaviour of particle systems for which the density of
particles p(t) solves

Opr(z) = Ay pr(x) + V. ((b+ K * p)pe) (z) - (1.1)

Here z € R%, b is some drift term describing a self-interaction and K describes interaction
between particles. It is not difficult to see that (1.1) preserves positivity and mass, so that
we may assume that p is a density of probability, i.e. py > 0 and [ prdx = [ podz = 1.

Of course we have chosen here to only look at “diffusive” particles of Ito type and one can
replace the Laplace operator by more general local or non local operators. Notice that up to
a linear time change, one can include in this framework the case where the diffusion part is
given by 02 A,.
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2 P. CATTIAUX

In order to understand the microscopic behaviour of the system one has to introduce a “linear”
stochastic version of (1.1), describing the individual behaviour of each particle, namely, for
i =1,...,N, the system of Stochastic Differential Equations (SDE)

N
, , , 1 j j
dXpt = V2dByY = bt — 5 3 KT - XY at, (1.2)
j=1

where B%" is a collection of N i.i.d. standard Brownian motions on RZ. If one assumes that
the initial random vector X(')’N is a finite exchangeable sequence, it is easy to see that the
same is true for Xi’N for all ¢ > 0. Assuming that the variables XG’N are i.i.d. with common
distribution po(dz), one can thus expect that the empirical measure v = + le\il O yiN
which is a random variable taking its values in the set of probability measures, satisfies so;ne
“law of large numbers” i.e. converges in some sense (weakly or strongly) and hopefully that
the limit is a non-random probability measure p;. This convergence implies that for all
k € N, the distribution of (th’N, e Xf ’N) weakly converges to the tensor product u?k. This
property is called since its introduction by Kac, the propagation of chaos property, at the

level of the marginals.

Since the interaction term in the drift of (1.2) writes as K * v} one can then expect that

XN converges in some sense to a non-linear diffusion process solution of the so called non
linear SDE,

dX, = V2dB, — b(X,)dt — (K = p;)(X;) dt, (1.3)
pe=pe(x)de = LX),
whose marginals flow satisfies (1.1).

The previous program was partly or fully completed in several situations during the last
decades. The first basic result is described in [121] section 1 and reads as follows

Theorem 1.1. Assume that b and K are global Lipschitz and bounded. Assume in addition
that the distribution of the initial condition X(‘]’N s given by ,u%@N.

Then there exists a strongly unique solution for both (1.2) and (1.3), where for t > 0 the
distributions of X,;’N and X; admit a density p;N and py. Furthermore p; given by (1.3)
solves (1.1).

In addition, building solutions with the same Brownian motion (synchronous coupling), it
holds for any i >1 and T > 0,

sup VN Efsup | X} — X;|] = C(T) < 400,
N t<T

and propagation of chaos holds true.

In particular, if QN , and Q denote respectively the distribution on C°([0,T], (RHN of the
processes (XN, ..., XPN) and X on a finite time interval [0,T], the Wasserstein distance
W1(QFN, Q%F) goes to 0 as N goes to infinity with a rate v'N.

The last sentence implies the propagation of chaos at the level of the paths of the processes
(we shall say process level for short), which is of course stronger than propagation of chaos
for the marginals.
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The existence of a density for the given laws is an application of elliptic regularity for the
particle system and a little bit of additional work for the non-linear S.D.E. Notice that the
densities p¥ of the marginals flow of Q™" solve a Fokker-Planck equation, often called the
Liouville equation in the PDE literature

0N () = 3 Agi ol () + 3 T (0a) + S K =l )w), (14)
A % 7

and process level propagation of chaos implies the convergence of pf N to ﬁ?k , that is prop-
agation of chaos at marginals level.

Since this time, a lot of works have been devoted to partly or fully extend Theorem 1.1 to
more general situations. The first immediate extension consists in replacing the independence
assumption ,u,éV = u6®N by uév is po chaotic i.e. is exchangeable and satisfies for all fixed k

that the distribution ,u,(()l’“"k)’N of (XS’N, ...,Xg’N) weakly converges to ME?N as N goes to
infinity.

Many of these works are using the original scheme of proof: prove existence and uniqueness
for (1.2), then for (1.3) using a fixed point theorem and finally prove propagation of chaos
by using a synchronous coupling between the linear and the non-linear SDE’s.

An alternate approach replacing the fixed point theorem consists in proving tightness for
the empirical measures using moment bounds, to show that all limit points are solving the
martingale problem associated with (1.3), show uniqueness for the latter and deduce propa-
gation of chaos from this uniqueness and Proposition 2.2 in [121]. This alternate approach
is described (in an even more general framework) in the survey [105] where the W distance
is replaced by the W5 distance.

We also refer to the more recent surveys [12, 78], and especially to the very recent massive
one [45, 44]. One would find in the bibliography of [78] and [118] a number of examples and
references of mean-field diffusive models we will not add in this paper in order to save place.

The extensions of Theorem 1.1 we are interested in, are in particular the ones where b or K
are no more bounded, nor global Lipschitz.

For non bounded examples let us mention aggregation models like the granular media equa-
tion (see [22, 23] for an analytic approach, [8, 7] for a probabilistic one based on a fixed point
argument, [33] for a (more general) probabilistic one using the alternate approach and look
at the references therein) or some stochastic FitzHugh-Nagumo equations for which we refer
to [50] and the references therein.

In the present paper we shall focus on singular kernels.

A particularly large family of interesting kernels is given for d > 2 by
x
K(z) =x W (1.5)
for some s, i.e. deriving from a Riesz potential. The constant x determines whether the
model is attractive for x > 0 or repulsive for x < 0. This terminology is motivated by the
following property : looking at the squared distance between two particles |XZ’N - Xg’N|2,

the interaction part — (K(XZ’N - th’N), XZ’N - Xf’N> of the dynamics is negative for x > 0
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(resp. positive for y < 0) when particles are close, inducing that this effect tends to make
the distance decaying (attraction) or growing (repulsion) in each case.

It is worth noticing that even the existence of a solution for the particle system is far to be
clear, so that all the program has to be performed.

For d =2, x > 0, b =0 and s = 0 correspond to the celebrated parabolic-elliptic (Patlak)-
Keller-Segel model introduced in [83, 84] in order to model some chemotaxis phenomena
observed in some bacteria populations like the Dictyostelium discoideum for instance. A
detailed description of the most important results on this model is given in subsection 6. Let
us simply indicate here that existence and uniqueness of a free energy solution to (1.1) is
known under mild assumptions on the initial condition (see [10, 54]) provided x < 4, existence
and uniqueness for the particle system is studied in [63, 38, 64] for y < 4, propagation of
chaos at the level of marginals is studied in [17] but replacing the euclidean space R¢ by
the torus T?, partly studied in [123] in the whole space at the level of marginals and in
[63] at the process level but for x < 1. Notice that [17] contains quantitative results on
propagation of chaos, while the results in [123, 63] are only qualitative. The Keller-Segel
model is presumably one of the most difficult to study due to the explosion of solutions for
x > 4 and to various phenomena, like for instance the existence of collisions between particles
with positive probability for the stochastic process.

A 7 relaxed Keller-Segel model corresponding to s = —n for n > 0 is studied in [68]. The
main difficulties of the classical one disappear, in particular there are no collisions, and one
can use the strategy in [62] for the Biot-Savart kernel we shall introduce below, in order to
perform the whole program and obtain propagation of chaos at the marginals level.

Still for d = 2, the 2D-vortex model corresponds to b = 0 and to the Biot-Savart kernel

1

Tr9 —I1 T

K = —_— _ = _
(=) X(W’W) Xaf?

for some constant x. It is linked to the 2D Navier-Stokes equation. One can see the initial
[112, 113] and the more generals [104, 62]. The key point for existence and (strong) uniqueness
is thus that there are no collisions in finite time, i.e. that for all T > 0, all i # 7,
inf XN - XN #0
odnf Xy i

almost surely as soon as the same holds at time 0. Once this is shown, the alternate strategy
of proof is used in [62] to get a qualitative analogue of Theorem 1.1 replacing convergence
in Wasserstein distance by convergence in distribution at the process level. For an analogue
3D model we refer to [59].

Quantitative results at the marginals level have been recently obtained in [69] on the torus
and in [55] on the whole euclidean space. The results [69] are also uniform in time.

In higher dimension d > 3, the repulsive case is studied in [118] for sub-Coulombic potentials,
ie. 0 < s < d—2 and in the very recent [47] on the torus, the latter also containing some
results in dimension 2 for the periodized Keller-Segel model studied in [17]. All these works
only consider the Liouville equation, hence the marginals level.

Another particularly interesting case is the one of the Dyson Brownian or Ornstein-Uhlenbeck
motion, corresponding to d = 1, x < 0 (repulsive situation), b = 0 or b(x) = —ax for some
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a > 0 and K(x) = 1/z which is connected to the spectrum of random matrices, studied in
the 90’s in [46, 117, 41, 43] and very recently in [16, 70].

The notion of propagation of chaos has been extended in several directions and a very general
theory is contained in [75]. In particular one may reinforce the weak convergence of ,ugl’""k)’N
to u?N by adding the convergence of some entropies (see [62] definition 2.3 for this notion).
This is sometimes called entropic propagation of chaos in the PDE literature.

Recall that for two probability measures p and v on the same Polish space the relative entropy

of v w.r.t. p (also called Kullback information or Kullback-Leibler divergence) is defined as

H(v|p) = / In <fl:> dv = anilfm (/ fdv — ln/ el du) : (1.6)

this quantity being infinite if v is not absolutely continuous w.r.t. . If Kullback information
is not a distance it controls the total variation distance d7y thanks to the celebrated Pinsker’s
inequality

sup
[1flleo<1

/ f<du—du>] = dry (o) < VIE). (L7)

Entropic propagation of chaos is proved for the vortex and the relaxed Keller-Segel models.

Recently other approaches have been proposed for the study of singular mean-field models,
in particular in order to obtain quantitative and/or uniform in time propagation of chaos,
i.e. results like sup,~ d(,ug’N, pe) < 0(N) for some distance d and some #(N) going to 0 as
N growths to infinity.

The first one, initiated in [77] and extended in [79], consists in studying the time evolution

of H(pil"”’N)’Nmi@N) where p; is the solution of (1.3). The Biot-Savart kernel is also studied
(as an example in a larger class) in [69] combining the Jabin-Wang approach and coupling
methods introduced in [53]. In these papers the dynamics is built on the torus T®¥ in order
to ensure some boundedness properties. The second one, explained in [118], is based on the
study of the time evolution of the modulated energy introduced by Serfaty. Convergence for
the modulated energy implies weak convergence ([118] Remark 1.5). Both approaches are
combined in [17] in order to cover more singular kernels including the Patlak-Keller-Segel
case for d = 2,

A new entropic approach was initiated by D. Lacker in [93] and [94], using probabilistic tools
and some hierarchy principle for the entropies (BBGKY hierarchy) at the process level. The
results in the previous references as well as in the last opus [95] of the method are written
with very general assumptions that are difficult to check on explicit singular examples (as
the authors themselves are claiming). In [76, 72] the authors combine Lacker’s approach and
Krylov estimates as e.g. in [88], that are used to check the assumptions made by Lacker.
Propagation of chaos for singular kernels like the ones we have described, is not shown and
seems very hard to obtain by using this approach.

Though singular, the kernels K we have discussed, satisfy K € L%(R?) for some o > 0. A
general theory for S.D.E.

dX; = V2dB; + g(t, X;)dt
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with a drift g € LP([0,T],L9(R™)) has been developed by Krylov and co-authors. Since we
are mainly interested here in homogeneous processes, we shall essentially consider the case
p = +o0. However, for non-linear SDE we have to consider general time dependent drifts.
Existence and uniqueness for such processes is obtained for ¢ > n (see e.g. [88]). Some results
were obtained in the critical case ¢ = n (see the discussion in Remark 3.9). The method has
been applied to interacting particles, with ¢ > d in e.g. [73, 124]. This limitation however is
too strong for the most interesting singular kernels we want to look at, except the n relaxed
Keller-Segel model. One can also look at [86] for another approach based on De Giorgi’s
method.

The main idea of the present paper is to look at the Kullback information (relative entropy)
on the path space, i.e. for probability measures that are the laws of diffusion processes rather
than looking at their time marginals. Except this use, our approach does not have many
similarities with the one of Lacker (except in section 7 where we will recall and get tiny
improvements of the results in [94]). We shall push further this idea including the proof of
existence and uniqueness for the particle system and for the non linear diffusion process, and
not only the propagation of chaos result.

In addition, we will show convergence and propagation of chaos at the process level (except
in one case), not only at the marginals flow level.

This paper (sometimes partly expository) is thus some kind of propaganda for relative entropy
on the path space. This notion offers a unified approach for many of the problems we have
introduced, in particular for the singular models we have discussed. It allows us to give
new (and often shortest) proofs for known results, to improve several existing results, and to
obtain new results, in particular for the Keller-Segel model.

Relative entropy on the path space has already been used in several other contexts, for
instance the study of the celebrated Schrodinger problem (see e.g. [98]), stochastic analysis
(see e.g. [96, 97, 99, 1, 30]), or large time behaviour and functional inequalities (see e.g.
[60, 67, 27, 32, 31, 28, 126]).

An overview of the contents of the paper.

In the next section 2 we will recall first (subsection 2.1) the basics on relative entropy on path
spaces and the associated Girsanov transforms, including the use of time reversal in order
to connect relative entropy and Fisher information (Proposition 2.2 and Corollary 2.3). We
also recall the main results of [34] for the construction of conservative diffusions with a given
flow of marginals of finite energy. The stationary situation in connection with Dirichlet forms
theory is discussed in subsection 2.2. We then relate absolute continuity of the law of the
particle system (w.r.t. Wiener measure) to the absence of collisions (Theorem 2.15). Finally
we apply these results to the construction of some singular particle systems (7 relaxed Keller-
Segel, sub-Coulombic or Dyson). If the results are mainly known, the method of construction
is new.

In section 3 we first recall the useful Gagliardo-Nirenberg type inequalities (Lemma 3.1) and
their application to generalized Hardy-Littlewood-Sobolev inequalities (Lemma 3.3). We
then recall the standard way to relate Fisher information and entropy dissipation for the
marginals, and compare with the results of the previous section. The next subsection 3.2
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contains a new approach and new results about existence and uniqueness of drifted Brownian
motions in R™ with a possibly singular drift g € LP(R™) for p > m (p > 2 if m = 2), see
Theorem 3.8. This Theorem completes the huge literature on the topic (see Remark 3.9)
and is new in the critical case p = m. We then apply the method of construction to particle
systems (Theorem 3.10) and rapidly discuss similar construction using the possible absence
of collisions. We refer to remark 3.9 for a more complete discussion on the literature.

Section 4 is devoted to the study of the non linear S.D.E for general (not too degenerate)
interaction kernels, including the aforementioned ILP case.

In Sections 5 and section 6, we study in details the four examples we are mainly interested
in: the n relaxed keller-Segel model which is the prototype of the P case, the sub-Coulombic
model which is the prototype of repulsive models, the 2D vortex model, possibly adding a
confining potential, which is “neutral” (i.e. nor attractive, nor repulsive) and finally the
Keller-Segel model with or without confining potential, which is the prototype of attractive
models. In each case we discuss existence, uniqueness and absolute continuity of the law of
the particle system, existence and uniqueness for the non-linear S.D.E. The results for the
sub-Coulombic model and the 2D vortex model complete the existing one in the literature,
in particular by estimating the relative entropy of the law of the particle system w.r.t. a
well chosen product measure (see Theorem 5.1, Theorem 5.5 and Theorem 5.7) as well as
the non-linear S.D.E (Theorem 5.4 and Proposition 5.9). These results are completed and
extended in Section 8.

Section 6 is entirely devoted to the Keller-Segel model. We recall the existing results for the
P.D.E. (1.1) and for the particle system. In particular we recall that collisions occur with a
positive probability, so that the law of the particle system is not absolutely continuous w.r.t.
the Wiener measure (or any product measure). We then spend some time to prove a result
suggested in [17] without any proof, namely that the marginals flow of the particle system
is an entropy solution of the associated Liouville equation (see Theorem 6.24) at least when
adding a confining potential. The proof is delicate and technical. We also see how existence
and some uniqueness for the non-linear S.D.E. is an immediate consequence of the results
of section 2 and the known analytic results for the Keller-Segel P.D.E. We also extend the
existing uniqueness results on the non linear PDE.

Section 7 is a little bit different. We mainly obtain tiny improvements of the results by
Lacker, and then apply them to singular models with cut-off. These results are related to
several papers in the literature.

Sections 8 and 9 are devoted to the proof of convergence and propagation of chaos for the
four singular models we are interested in. Based on the material of the first six sections, we
build on the usual strategy: proving tightness, thanks to some bounds on relative entropy
(or on moments), identify all possible limits as solutions of the non linear S.D.E., prove or
use some uniqueness result for the latter. We also derive a slightly original way to obtain
asymptotic independence of k particles (i.e. propagation of chaos). Let us give the main
results

Main results.
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In all what follows QN (resp. @®") denotes the law of the particle system defined in (1.2)
(resp. the law of the first k particles, for k& < N). Existence and uniqueness of the solution
of (1.2) is in general not as simple, and is part of the Theorems below.

We start with the P case.

Theorem 1.2. (see Theorem 8.10 and Theorem 9.6.)

Assume that K1jg»4 € LP(RY) for some p > d if d > 3 or p > 2 if d = 2 and some
A > 0 and that the additional drift b is continuous and bounded. Also assume that the initial
condition plY = p" dx is chaotic so that ,LL]S’N — (po dz")®* and satisfies H(uévhgg’]v) < CN.
Then QN is chaotic and for each k, QN weakly converges to (Q)®k where Q is the unique
solution of the non linear SDE (1.3) with initial condition podz.

In the case d =2, one can improve the result, defining Ko = K1k >4 and assuming,
[ Al izl de < oo

This result is new in the critical case d > 3 and p = d and for d = 2. The proof works for
the all range p > d and does not use L? bounds for the Girsanov density as previous ones for
p > d (the simpler proof of this kind being the one in [124]). The case d = 2 requires to deal
with fine properties of Orlicz spaces. At this point we may also mention that our method
of proof extends to diffusion processes with a non-constant or even a degenerate diffusion
matrix (like kinetic models), while the former approaches based on Hasminski’s result (see
Remark 3.9) do not. This will be done in a forthcoming work.

The 2D vortex model is studied in details in [62], and despite intermediate new results, we do
not obtain new results for propagation of chaos, except if we add some confinement potential
(though even in this case one can presumably adapt the proof of [62])

Theorem 1.3. (see Theorem 8.11.) The 2D wvortexr case with confinement. Let
1
d=2, K(z) :X\:;W'

Assume that the initial condition ,uév = pév dx is chaotic so that ,u’S’N — (po dz')®*, satisfies
H(ud W&N) < ON and finally satisfies [ |x|? po(z)dx < +o0. Also assume that the additional
drift b is a confining potential as in Theorem 5.7.

Then QN is chaotic and for each k, QN weakly converges to (Q)®k where Q is the unique
solution of the non linear SDE (1.3) with initial condition py dx satisfying fOT I(Qow; Mdt <
+00.

For the sub-Coulombic model we obtain

Theorem 1.4. (see Theorem 8.14.) Consider the sub-Coulombic case: d >3, x <0, ,
and

K(x) 1,20 for 0<s<d-—2,

B x
=X || +2
also assume that the additional drift b is bounded and Lipschitz. Assume that the initial
condition piY = plY dz is chaotic so that MS’N — (po dz)®*, and satisfies H(u |75™Y) < CN.
Finally assume that for some q¢ > d/d — s — 2, pg € L4(R?).
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Then QN is chaotic and for each k, QN weakly converges to (Q)®* where Q is the unique so-
lution of the non linear SDE (1.3) with initial condition po dx satisfying fOT |Qow; H|La dt <
+0o0.

At the qualitative level this result extends [118] in various directions. First it holds at the
process level and not only at the marginals flow level. Second, the conditions on pg are more
general, since only the case py bounded is studied in [118].

Finally for the Keller-Segel model we get

Theorem 1.5. (see Corollary 9.9 and Theorem 9.12.)
Consider the Keller-Segel case d =2, 0 < x < 4 and

X

with or without a confining potential U such that fe_Uda: < 400, i.e. an additional drift
b= VU and assuming that b is Lipschitz.

Assume that the initial condition uly = pl¥dx is chaotic so that ,LLIS’N — (po dz")®*, satisfies
[ o8 | Inpl¥|de < CN and | |x1|2p(1]’N dz' < +oo. Then

(1)  if0<x <2, QN is chaotic and for each k, QN weakly converges to (Q)®* where
Q is the unique solution of the non linear SDE (1.3) with initial condition podx whose
marginals flow is the (unique) free energy solution of the non linear P.D.E. (1.1).

(2) f0<x<4and [|z'P pé’N dr' < +oo for some p > 4y, pi’e%,T], the marginals
flow of one particle, weakly converges to the unique free solution of the Keller-Segel
equation.

We also prove several intermediate results. For example, that actually the non linear S.D.E.
admits only one solution such that its marginals flow is bounded in entropy uniformly in
time.

In [17] Theorem 1.1 a similar result is obtained for the Keller-Segel model on the torus, with
in addition a quantitative rate of convergence, but at the level of the Liouville equation, for
entropy solutions of the latter. Compactness of the state space is essential in the proof, as
well as additional assumptions on the non linear PDE. Theorem 1.5 is thus the first one giving
the convergence (not only tightness) and identifying the limit. The latter point is delicate
and requires to use Orlicz spaces and the extension of Theorem 1.2 to this framework.

We emphasize that, except for Theorem 1.5 (2), all the convergence results are obtained at
the process level. This is mainly new.

Another important point is that, except for the Keller-Segel case, the results obtained for the
non linear SDE in the final sections, do not call upon existing results in the PDE literature
for the non linear PDE. Moreover, these results extend many known results for the non linear
PDE.

To conclude this long introduction, let us say that we decided to study at the same time
all these models in order to compare their behaviour and to exhibit what are the differences
(attractive vs repulsive or neutral for instance). It turns out that Theorem 1.2 is also useful
in some of the other cases. As we briefly said before, the approach developed in the present
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work, can be adapted to much more general models. This will be done elsewhere. Of course
the previous approach only furnishes qualitative results, while part of the mainstream, is
now concerned with quantitative results. It is not hard to see that obtaining quantitative
results using our approach essentially depends on our ability to get better controls in N
for the relative entropy of the full particle system. This is exactly what is done in recent
quantitative papers, at the Liouville equation (marginals flow) level. It should be interesting
to relax Lacker’s transportation assumption in this direction.

Acknowledgments. I would like to heartily thank Nicolas Fournier who pointed out two
non negligible mistakes in the first version of this work. I also thank my old friends Christian
Léonard and Arnaud Guillin who encouraged (obliged) me to write this paper.

2. ENTROPY ON THE PATH SPACE, DIRICHLET FORMS AND APPLICATIONS.

2.1. Kullback information on the path space.

On Q4 = C([0,T],R%) equipped with its usual filtration, we introduce the probability
measure P which is the law (up to time 7') of a reversible diffusion process Y = (Y1, .., Y9,
the Y"’s being independent copies of the 1-dimensional process, satisfying

t
ye =yo + V2 By —/ V'(ys) ds
0

where y is a random variable with density po(y) = Z, Le=V¥), We will assume that existence
and strong uniqueness hold for this S.D.E. It is well known that vo(dy) = H?:l po(y®) dy =

Z‘;d e VW dy is a reversible measure for this process so that if we define on QdT the time
reversal operator

Rw)=w where @ =wp_4 (2.1)
it holds Po R~! = P.

The two main examples we have in mind are the Ornstein-Uhlenbeck process corresponding
to Va(y) = y?/2 and a gaussian reversible distribution, and Vi (y) = |y| or Vi a smooth (C?)
non-negative function that coincides with |y| for |y| > 1. The main advantage of the choice
of V1 is that V/ and V{” are bounded. Other choices of such V’s should also be interesting.

Remark 2.1. The choice of a product measure P is arbitrary. All what follows remains
true if V is a general potential such that the e~Vdz is a bounded measure and P is the
reversible diffusion process associated to this potential. The only point is that the dimension
dependence is not as explicit (see for instance Lemma 2.5 below). &

Let @ be another probability distribution on Q% with finite relative entropy w.r.t. P, i.e.
such that

H(Q|P) ::/m (Zg) dQ < +o0.
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Denote 1 = Q owy 1. First, since relative entropy is non-increasing by pushforward, it holds
H(no|vo0) < +o0o. If pg denotes the density of probability of 79 w.r.t. the Lebesgue measure,
the latter writes

H(nolv) = /(ln po(z) +V(z) +dlnZ) po(dz) < +oo. (2.2)

Since relative entropy is non-negative we immediately deduce that for any density of proba-
bility p,

/ p(x)Inp(z)dx > —dln Zy — /V(x) p(x)dz, (2.3)

so that in particular, as mentioned in [68] lemma 2.3, one can bound from below the entropy
h(p) by the opposite of some moments of p.

Remark that if pg is exchangeable, we get

/ po(z)Inpo(z)dx > —dlnZy — d /RV(U) po(u) du. (2.4)

Notice that in [68] the entropy is normalized (by 2/d in our framework) explaining why the
bound in lemma 2.3 therein, is dimension free.

Second, Girsanov transform theory ensures that there exists a R? previsible process 3. (we will
call the drift of @) such that dQ/dP is given by the exponential (Doleans-Dade) martingale
associated to the process (., i.e.

T T
%U:T = (dno/do) exp </0 (Bs, V2dBs) — /0 ]ﬂﬂds) (2.5)

where By = (1v2)(ws — [y VV (wy) du) is a Brownian motion. In addition it holds

T
H(QIP) = H(noho) + / /O B2 dt Q. (2.6)

More generally, if @) is absolutely continuous w.r.t. P with drift 5. furnished by the Girsanov
transform theory, a necessary and sufficient condition for H(Q|P) to be finite is that the
right hand side of (2.6) is finite, and in this case H(Q|P) is given by (2.6).

All this is developed in [34] (the correction [35] is not useful in the present framework), in
connection with the construction of conservative diffusion processes with finite energy, we
shall revisit later.

The key observation is that relative entropy is invariant under time reversal, so that here
H(QoR™'|P)=H(Q|P). (2.7)

This elementary observation was first made in [58, 57] in order to study time reversal on the
Wiener space, then developed in the unpublished [39] and pushed forward recently in [29].
We refer to the latter for all the results we shall now describe. Readers who are not familiar
with stochastic forward and backward derivatives should have a look at section 3 in [39].

Since Qo R~! has finite relative entropy we can use the same arguments as before and obtain
some “backward” drift 5. One then obtains (see [29] Theorem 4.9 or [39] Corollary 3.15)

Proposition 2.2. Assume that H(Q|P) < +oo. Then
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(1) For all t € [0,T], the time marginal law Q o w; ' = 1 is absolutely continuous w.r.t.
the Lebesgue measure, and its density p; satisfies

/(lnpt(:v) + V(2)) pe(x) dz < +oo.

(2) One can find two previsible processes B. and (3. such that,

T T
_ 2 _ a2 o Pl
HQP) = Howhw) + [ [ 4P dra@ = Hrbo + [ [ 15 drago k
(3) For all f € C*(RY), any vector u € R and almost any t > 0 it holds
- [ Vi a@ = [ (Gt bro B = VV@) FwdQ. (@)

The final equation (2.8) is called the duality equation. The accurate reader will check that the
previous result is written for “Markov” probability measures @ in [29] (but in the general form
in [39]). One can of course take conditional expectations w.r.t. o(w;) and obtain “Markov
type” drifts. It is precisely the aim of section 3 in [34] to prove that the obtained probability
measure has the same time marginals as the initial one. In any case, taking these conditional
expectations we get the following corollary (see [29] (4.12) or [39] lemma 4.9)

Corollary 2.3. In the situation of proposition 2.2, the density py satisfies the following
duality equation

Vapr = pr [(BP (Bilwr = ) + E?(Br_i 0 Rlwy = x)) — VV ()]

for almost all t € (0,T) in the sense of Schwartz distributions on R%. As a consequence, the
Fisher information

100 i= [ o V(o) e,
satisfies, for all T > 0, all A > 0,

T T
21+ N H(prdelro) + /O o) dt <401+ ) / /0 B2 dtdQ +

+<1+i) /OT/|VV(:U)|2pt(:c)dxdt+(1+)\) /(lnpg(az)JrV(x))po(m)dx.

Remark 2.4. Recall that in the definition of I(p), [Vp|?/p = 0 by convention on the set
p=0. %

The proof of the final bound is an immediate application of (a+b)% < (14+\)a?+ (14 (1/\)b?,
of Cauchy-Schwarz inequality for the conditional expectations and of (2) in proposition 2.2.
Since relative entropy H (nr|v9) > 0 we thus get a bound for the Fischer information..

Notice that the same (2) in proposition 2.2 also furnishes

T
/(lin(x)—i—V(:U))pT(x)de//O ]ﬂt|2dtdQ+/(lnpo(:n)—i—V(x))po(x)dx. (2.9)

These two bounds can replace (with different constants) equation (3.8) in [68]. They also
will be related to (6.11) and the notion of entropy solution in [17].
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In some situations one can go further. For instance a simple application of Ito’s formula
furnishes the next lemma.

Lemma 2.5. In the situation of proposition 2.2, assume that V' is smooth and that, |V'| and
V"] are bounded by A. Then

/V(x)pT(x) di < /V(x) polx) da + AVdT (/ /OT |Bt]2dtdQ>% + AdT .

As a consequence

) T 3
/linpde > —(danv+/V(x)po(:c)dx+A\/8 (// |ﬁt|2dtdQ> + dAT)
0

T
/linpde < //0 ]ﬂt|2dtdQ+/(lnpo(m)—i—V(x))po(a;) dx (2.10)
and
T T B
/ I(p;)dt §4(1+>\)// |82 dt dQ+(14+(1/X)) d A2 T+(1+)) /(lnpo(x)+V(:1:))p0(x)dx.
0 0

(2.11)
The main result of [34] is a converse construction. Let ¢t — 14 be a flow of probability
measures on R? and (¢, ) + b(t, z) some measurable function.

Definition 2.6. We will say that v is an admissible flow if

(i) v satisfies the (b, Cp°) weak forward equation i.e. for all f € C’;’OO(RJr x R?) and
Al 0<s<t<T,

/f(t,:c)dw—/f(s,w)dus = /:/(auerAfor (2b(u, z) — VV (), Vo f)) dvy du.

(ii) b is of finite v-energy, i.e. for all T' >t > 0,

t
/ /|b(8,x)|2vs(d1:)ds < 400.
0
(i)  H(wly) < +oo.
Theorem (4.18) in [34] then says

Theorem 2.7. Let v be an admissible flow. Define fs = b(s,ws) 1s<r where T = sup,, 7, and
T, = inf{t > 0, fot |62 (u, wy) du > n}.

Then @ defined by (2.5) is a probability measure satisfying H(Q|P) < +o0o and is a weak
solution (up to time T') of the stochastic differential equation (SDE)

dX; =V2dB; + (2b(t, X;) — VV(Xy))dt
with initial distribution vy. In addition @ o wt_l = .

Remark 2.8. The proof in [34] uses stochastic calculus. In [36, 37] the same result (and
more general ones) is obtained by using Sanov theorem, i.e. a large deviation approach. <
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Actually the construction in [34] is more general. We may replace P by any measure with
initial measure 1y which is no more reversible nor invariant, provided P is the unique solution
of the associated martingale problem. Theorem 2.7 then becomes

Theorem 2.9. Assume that P is the unique solution of the martingale problem associated
to the generator Lp = A + 29V, with initial measure 6y (no other specific condition than
measurability is imposed on g). Let v be an admissible flow in the following sense

(i) v satisfies the (b, Cy°) weak forward equation i.e. for all f € C';’OO(RJr x R?) and
all0<s<t<T,

[ st = [ v = [ t [(0u8 + Bt 4 @0.2), 9.1 v

(il)  b— g is of finite v-energy, i.e. for allT >t >0,

/Ot/|(b_9)(5=$)|2us(d:z:)ds < oo

(iii)  H(m|fo) < +o0.
Then @ defined by (2.5) and Bs = (b — g)(s,ws) is a probability measure satisfying

T
H(Q|P) = H(v|60) +/ /\(b — 9)(s,2)|*vs(dr)ds < +o0.
0
Q is a weak solution (up to time T) of the stochastic differential equation (SDE)
dX; = V/2dB; + 2b(t, X;)dt
with initial distribution vy. In addition Q o w; ' = vy and vy(dx) = pi(x) dx for some flow of

probability densities.

One can also use similar time reversal arguments, but this time the duality equation involves
the marginals flow of P and is thus more delicate (see [29, 38]), except when P is time
reversible, in which case what has previously been done extends immediately. We shall
describe an application of this more general statement.

Remark 2.10. Let P be as in Theorem 2.9, with a time homogeneous drift g and assume
that PoR™' = P. Let Q = ?l%g P. @ is thus the solution of

dY; = V2dB; +29(Y)dt 5 Qowy'=wp.

In addition
H(Q|P) = H(v|6o)

is assumed to be finite. We thus deduce the existence of a time reversed drift 3, such that
T
H(wbo) = HQIP) = H(Qo R™|P) = H(vroo) + [ [ 13r-1PdtaQo r™!
0
and satisfying (if p; denotes the density of 1),

Vapr = pt |EQ(Br—s o Rlwy = ) + 2g(x)} (2.12)
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so that

H(v|600) > H(vrl|b)) / / |V In(p) — 29|% pr dax dt . (2.13)
When g derives from a potential i.e. 29 = -VU (thls is natural since P is reversible), one
recognizes the free energy functional F(p) = [ p(In(p) + U)dz, used in several studies of non

linear P.D.E., in particular, (2.12) can be rewritten

F(po) >F(pT / / \Vln pt)—f—VU‘thdi’dt

which is similar to (1.2) in [10] concerned with the Keller-Segel model. In other words, if it
exists an unique reversible solution to the martingale problem associated to L p, the marginals
flow, starting from a finite free energy condition, is naturally a free energy solution of the
associated Liouville equation. We shall see that this property is true in many cases.

In the previous situation we may obtain additional informations on p;. Indeed if dfy =
0o(x) dx, using reversibility we obtain

pi(x) = By [g’gmm - ] ()

In particular
[lpt/ollLa < [lpo/bol|La
for all 1 < ¢ < 400 and
inf(p;/00) > inf(po/6p) .
¢

Remark 2.11. It is interesting to notice the difference between finite relative entropy and
absolute continuity It is indeed well known that if a stochastic process Y. is such that
Y — fo Y;)ds is a Brownian motion, then the law @ of Y. on a finite time interval [0, 7] is

absolutely continuous w.r.t. the Wiener measure if and only if fo |h(Ys)|?ds < +oo almost
surely. One can of course replace the Wiener measure by any P which is equivalent, as the
one we are considering in this section. Passage to finite entropy is thus simply assuming that
this quantity has finite expectation. &

Remark 2.12. Let us say a word about weak uniqueness, since this aspect is not explicitly
stated in [34]. The two previous Theorems 2.7 and 2.9 are saying that a solution @ is built via
(2.5). This measure is actually the Follmer measure associated to the exponential martingale
(see [34] 1.13, 1.14 and 1.15 for this notion and references). In particular, contained in the
statement of these theorems, is the following fact: 7,, — T, () almost surely as n goes to
infinity. Now if @' denotes a solution of the SDE in the theorems, Girsanov theory says that
Q' and Q coincide up to the stopping times 7,. In particular 7, — T, Q' almost surely too

and Q = Q. %

Remark 2.13. The construction of a diffusion with given marginals flow is an old question.
We discovered it in Carlen’s paper [18] which was motivated by Nelson’s stochastic mechanics.
The method used in [18] is purely analytic. In our papers [34, 36, 37] we have shown that
this construction can be done (and extended) using relative entropy on the path space. Note
that the forward and backward derivatives used in in [29] are actually an extended version of
the ones introduced by Nelson. It seems that this question did not attract interest (except in
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some works on mathematical finance) during the following twenty years, some of our results
being “rediscovered” recently in particular in the mean field games theory (see e.g. [114]). A
new existence result appeared in [125] where the following is shown:

Theorem 2.14. If a flow n. of probability measures satisfies the (b, C;’OO) weak forward equa-

tion and the integrability condition ffOT |b(u, )| ny(dz) du < 400, one can build a solution
Q to the martingale problem such that n. is exactly the marginals flow of Q.

This is Theorem 2.5 in [125], called “superposition principle” therein.

It is worth to notice that, even if a less demanding IL' condition is required (instead of the
energy IL? integrability), weak uniqueness is not contained in the superposition principle, con-
trary to the entropic case (Remark 2.12). As explained in Remark 2.11, absolute continuity
is not ensured for the process built via the previous principle. &

2.2. Some useful elements of Dirichlet forms theory.

As we said the use of Dirichlet forms can be (at least at a “theoretical” level, as said
in [63]) very useful in our context. We shall here recall some useful results obtained in the
90th’s. We refer to [103, 66, 30] and the references in the last mentioned paper for all the
material described below.

Let v(dx) = p(z) dx be a o-finite, non necessarily bounded, positive measure. Consider the
symmetric bilinear form

Ep(f9) =/<Vf,Vg> dv
defined on C°(RY). If

p% € H. (RY) ie. for any R, / IV In(p)|>dv < 400, (2.14)
ly|<R

then the form &, is closable and its minimal extension (still denoted by &£, on its domain) is

a Dirichlet form.

Assume that v is bounded (hence a probability measure after renormalization) and ,0% €
H'(dz). (2.14) thus simply becomes the finite energy condition in Theorem 2.9 for the
stationary flow p; = p. We recall below the main results proved almost thirty years ago.

(1) If p # 0 dz almost everywhere, then it is also the maximal closed markovian
extension, i.e. Markov uniqueness holds.

(2)  Under the previous assumption, &, is regular and local, so that there exists a
v-symmetric diffusion @), associated to this form.

(3) @, is a weak solution of

dY; = V2dB; + V(In p)(Y;)dt (2.15)

with initial distribution equal to v. Furthermore (Qz),crd is a solution of the same
SDE starting from x for quasi-every .

(4) @, is absolutely continuous w.r.t. the Wiener measure with initial distribution v
denoted by W, and the density is given by (2.5) with 8 = Vp/p, hence for all T' > 0,

H(Qu|W,) < 400 in restriction to [0, 7.
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For v quasi every x, @, is absolutely continuous w.r.t the Wiener measure starting
from x with the same Girsanov density.
As a consequence, for v almost all z, H(Q,|W,) < +oo and

H(Q,W,) = / H(Qu|W2) v(de)

An interesting point, already proved in [106], is that, if p is a density of probability, the nodal
set i.e. N = {p =0} is not attained. According to section 4 in [30], one can “desintegrate”
@, in order to get the density of ), w.r.t. the Wiener measure starting from z, for all x
outside some explicit polar set, and the process does not hit the nodal set for those z’s, Q.
almost surely. It follows that if dvy = podr one can build a solution of (2.15) with initial
distribution vg. However, unless pg is bounded, we do not know whether this solution has
finite relative entropy w.r.t. W,,. Nevertheless, we may argue exactly as in Remark 2.12 and
prove uniqueness.

If p(z)dz is not bounded, some properties are preserved, in particular the last one, provided

the process is conservative. An easy way to see it is to consider a family p; of densities such
1

that py = p on the ball B(0,k) and p2 € H'(dz). This is easy to build. The corresponding

process coincides with the initial one up to the exit time 75 of this ball, so that, if o denotes
the hitting time of N, we have

Qu(Te Ao < +00) = Q¥ (T Ao < +00) = QF (7 < 4+00) = Qu(Tk < 400) k3400 0

since the process is conservative.

Notice that part of these results are the stationary version of Theorem 2.7 and are shown
using large deviations results in Theorem 5.5 of [37].

2.3. Absolute continuity and collisions.

If we consider QY the law solution of (1.2), if it exists, one may ask about the consequences
of its absolute continuity w.r.t. P. As we already said, absolute continuity is equivalent to
the almost sure finiteness of fOT |Bs|?ds. Actually absolute continuity is simply connected to
the absence of collisions. We shall state a general result in this direction.

Theorem 2.15. Consider the system (1.2) for N > 2. Assume that b = by + by where by
is bounded, by is local Lipschitz and the solution of dY; = v/2dB; — by(Y;)dt is conservative,
i.e. does not explode in finite time.

Assume in addition that, for any e > 0, K is local Lipschitz and bounded in the set |z —y| > €.
Define

€

e ={(a",...,2") € (RN ; inf|a’ — 27| > €}

Let Co = {(2',....,2V) € (RYN ; 2! = 27 for at least one pair i # j} be the collision set. By
convention K(0) = 0.

Let Q be a solution of (1.2) such that Q(X{ € Co) = 0, assumed to exist. Then there is an
equivalence between:

o for all T > 0, Q is absolutely continuous w.r.t. the Wiener measure (actually the
distribution of /2 times a dN -dimensional Brownian motion) in restriction to [0,T],
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e the hitting time of Cy is Q almost surely infinite, i.e. the solution of (1.2) has no
collisions.

Proof. We may first consider the case by = 0, and then get the result via a Girsanov transform.
The first part is then a simple consequence of the fact that for d > 1, a 2d-dimensional
Brownian motion starting away from 0 never hits the origin. The same will hold for the
distribution of any pair of particles under @ if () is absolutely continuous. Conversely, one
can build the solution starting from some x ¢ C( denoted by @, up to the exit time 7. of
Ce¢n{|z| < 7'} thanks to our regularity assumptions. This sequence of stopping times goes
to infinity according to our assumptions on ). One can thus build a strong solution up to
infinity. In addition in restriction to T'A 7., @, is given by the Girsanov density

TNTe 1 TAT:
zimow (- [T vaw) - 3 [ npas)
0 0

where 8] = b(wl)+ >, K(wl —w¥) and the reference measure is P,. Let A be Fr measurable
and such that P,(A) = 0. Then P,(AN{r. > T}) = 0 so that Qz(AN{r. > T}) =0. It
remains to use the fact that on Frar, Q@ = [Qz Qo wo_l(d:v), so that QAN{r=>T}) =0
and since {7 > T'} is non-decreasing (¢ is supposed to decrease to 0) and satisfies lim. Q (7 >
T) =1, we get Q(A) =0. O

2.4. Applications to some singular models.

In this subsection we will prove a general existence theorem for the particle system (1.2).
In order to understand the assumptions required for this goal, we shall first look at some
example.

2.4.1. The relaxed Keller-Segel model. Pick n > 0 and consider

pole) =exp |~ Do et =) e =) e @)Y
1<i<j<N

1
It is easily seen that p2 € H} (dz) but v(dz) = p(x)dx is not bounded.
In order to apply the Dirichlet forms approach, one can add a confining potential i.e. consider

pé\/[(x) = exp _NL Z |zt — 27| | exp(=Var(z)) , z=(z,...,2") e RHY,
1<i<j<N
where V); is smooth, nonnegative, vanishes on B(0, M) and coincides with |z|? outside
B(0,M +1). This time p)/dz is a bounded measure and M € H'(dzx). We may thus
apply what precedes and get the existence and uniqueness of a weak solution of

N . .
leNzM _ vaNvM

i, N,M _ N X t i A N,M .
dx; M =v2dBpY — N XN N dt —VVy(X;"")dt , i=1,..,N
t t

j=1 ’

with initial distribution any probability measure absolutely continuous w.r.t. ,0,]7\/[ , hence
w.r.t. dx. Actually one can also consider &, for quasi every x. Notice that arguing as in
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[38] subsection 3.1, one can prove that the sets of zero capacity are exactly the polar sets
for the process. If the initial measure is absolutely continuous w.r.t. Lebesgue’s measure,
we deduce from what we said in subsection 2.2 that () is absolutely continuous w.r.t. the
Wiener measure, and thanks to Theorem 2.15, that there are no collisions.

If we start from a non collision point z, we may build a solution up to the exit time 7 of
a small ball centered at = that does not intersect Cy. The law of XE/\T is supported by a
non-polar set, so that we can build a solution starting from it. It remains to concatenate
both laws to build a solution starting from x. Hence we get a solution starting from any non
collision point z, and this solution never hits Cy, so that it is a strong solution as the authors
of [68] are saying.

Since we have strong solutions, we may build a family of solutions for M € N* with the same
= XM 15, c<ry, where Ty is the exit time of B(0, M)
for the process XNM hence for XN It remains to show that limp; 100 T = Too = 400
almost surely, i.e. that the law @, of X' N'is conservative.

Brownian motion and define X}V

The proof is standard. First, limas—, 4 |XTM] = +00 almost surely. Second,

Z< Lo ;ﬁin>22mi—wﬂ‘l’7zo-
4,

Hence applying Ito’s formula, and provided x > 0, we get

t
XD, 1P < 1XP+2v2 / Lo<ry, Y (XN dBN") + 2dN(t A Ty) (2.16)
0

i

so that E,(] t/\TI| ) < |x]? + 2dNt implying M?P(Ty; < t) < |z|? + 2dNt for all M, and
finally T\, = +oc0 almost surely.
If x < 0, since 0 < 1 < 2, we may use |z° — 27]" < 1+ 2|z%|? + 2|27]? so that

Z< Zmz_m n>=Z ot = 9|7 < N(N +2]af).

5,J
It follows
t
XN, P < IXP +2v2 / Licy » (XN dBYN) + 2N(tATy)  (2.17)
0 i
¢ N
42 [ Lo, (V21X P) ds
0
so that

t
E.(1X{r, [*) < lof* + 2dNt + 2|x] / Eo(Ls<ry, (N +2|XY ) ds
0
According to Gronwall’s lemma we thus deduce that for any fixed t,

(|Xt/\TM’ ) S C(ta Na ’X’)

and we may conclude as before.
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This answers the question of existence and uniqueness for the n-relaxed model in [68], i.e.

N N X e xpN = xN .
dXt7 = \/idBt — N L ’XZ,N _ Xi]gN‘Q_n dt y 1= 1’ ceey N (218)
j:

and shows at the same time that there are no collisions. Notice that the previous construction
also furnishes a solution in the repulsive case x < 0.

2.4.2. A general result. We can now introduce the required assumptions

Assumption 2.16. b = b; + by where by is bounded, by is local Lipschitz and the solution
of dY; = \/2dB; — by(Y;)dt is conservative, i.e. does not explode in finite time.

In addition, for any € > 0, K is local Lipschitz and bounded in the set |z — y| > . Define
Ce={(@',...a™) e (RHN; inf o’ — 27| > €}
2
Finally Cy = {(z,...,2™) € (RY)N ; 2% = 27 for at least one pair i # j} denotes the collision
set. By convention K(0) = 0.
Assumption 2.17.

(1) There exists a potential U such that K = x VU, and a (smooth enough) potential V'
such that by = VV.

(2) The measure dv = pdx is bounded, where

p(x) = exp —% Z U — o) | exp(=V(z)) , z= (.., zN)e RHN.
1<i<j<N

(3) p2 € H'(dx).
and a second one

Assumption 2.18.
(1) There exists a potential U such that K = VU, and a potential V' such that by = VV.
(2) One can find a sequence (Vas)ar of smooth, nonnegative potentials such that Vs =0
on the ball B(0, M), and such that the potentials K and U + Vj; satisfy Assumption
2.17.

(a) Z<xzsz(azl —xj)> >0

o) Z<wi7ZK<xi—xj>> < e(N)(1+ [2f?)

for some ¢ > 0.
(4)
(a) (z,VV(z)) >0
or
(b) [z, VV(2))] < elz]?
for some constant ¢ > 0.
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We then have

Theorem 2.19. Assume that vy is a probability measure on (RN such that vy(Cy) = 0 and
that Assumption 2.16 is fulfilled.

If Assumption 2.17 is satisfied, there exists a unique weak solution to the system (1.2). The
law Qu, of this solution is absolutely continuous w.r.t. the Wiener measure with the same
wnitial condition Wy, and there are no collisions. Hence if by is local Lipschitz too, the solution
is strong. In addition for all T > 0, in restriction to [0,T], H(Q,|W,) < +oo, for v defined
in Assumption 2.17.

If Assumption 2.18 is satisfied, the same conclusion, except the finiteness of the relative
entropy, 1s true.

The proof is exactly the same as in the particular relaxed Keller-Segel case.
2.4.3. Some more examples.

(1) Granular media. — The granular media equation studied in [33] enters the framework
of Theorem 2.19. Of course the direct proof given in [33] is much simpler.

(2) (sub)-Coulombic potentials in dimension d > 3.  Consider

p(z) = exp % Z |zt — 27| ~* ;o z= (2} .2y e RHY,
1<i<j<N
ie. U(y) = —|y|~* for some s > 0. The measure p(x)dx is bounded on compact sets (Radon

measure), if and only if y < 0. Hence we can only consider this situation.

One has p% € H} (dz) but K(y) = M‘%ﬁ does not satisfy Assumption 2.18 (3). If by = VV
is a confining potential, i.e. if Assumption 2.17 is satisfied, one can apply Theorem 2.19 and
get the existence (and uniqueness) of a weak (resp. strong) solution to

N XN N

iN i,N X i,N .
dXp™ =V2dB"N — N 2 XN e dt — b(Xp™Mydt ., i=1,..,N (2.19)
J:

for any x <0, s >0 and b = VV + by where b; is bounded (resp. Lipschitz and bounded) .
In addition no collision occurs.

If we do not add a confining potential, one can build solutions up to the exit time T3 of large
balls, as we did for the n relaxed Keller-Segel model. However proving that sup,; Ths = 400
requires some extra computations similar to what we shall do later in order to directly prove
existence and uniqueness.

In the presence of a confining potential, this result entails the one obtained in section 4 of
[118] where the range of s is reduced to 0 < s < d — 2. We shall see that this restriction
is in a sense natural for proving conservativeness without confining potential. Actually this
restriction seems to be useless. Indeed the more s is large, the more Cy becomes repulsive
(since x < 0), while in Cf (for € = 1) the drift term becomes smaller.

By the way, it seems us that the proof of Lemma 4.2 in [118] is wrong because inequality
(4.13) therein is not correct, < has to be changed into >. In other words Assumption 2.18
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(3) (a) is not satisfied. However the statement of Lemma 4.2 in [118] (where there is no
confining potential) is correct as we shall see later.

(3) The Dyson processes.  The Dyson Ornstein-Uhlenbeck is the process associated to the
S.D.E

N
PN i\ N X 1 i, N .
XN =VRABN = BN = XN =1 N (220)

i t

where each particle X" € R. The associated reversible measure vV is thus given on R by
the density
— H |z — 2| XN e =Blal?
1<j

Assumption 2.17 is satisfied if and only if x/N < —1 so that we get existence and absence
of collisions in this repulsive case. We thus recover the result in [41] (Theorem 3.1 and
Proposition 4.1) except that we do not cover the equality case x/N = —1 for which the same
existence result is known (also see [117]). In addition we know that the law of the process
has finite relative entropy w.r.t. the law of the Ornstein-Uhlenbeck process. In the equality
case we only know thanks to Theorem 2.15 that the law is absolutely continuous.

We shall come back later to the proofs. Notice that recently [70] the authors proposed another
proof, for x/N < —1 (simply use a linear time change to compare the results) based on the
existence of a Lyapunov function and Khasminski explosion test.

In what precedes we may replace e~ [ by e #%¥() for some smooth t such that P(x) =0
if x| < M, and ¥(x) = |z|> for |[z| > M + 1. If T)s denotes the first exit time from
max; |#!| < M, this modified Dyson Ornstein-Uhlenbeck process coincides with the Dyson
Brownian motion obtained for 8 = 0, up to time Tjs. It is thus enough to show that T
goes to infinity almost surely for the latter. As for (2.17) it is enough to remark that

E(Y [Xhr, 1) < B IXG) + 2TV + [x|(V = 1)

since Y, >t —A— =N(N -1)/2.

One thus see that many existing results in the literature enter the entropic framework.

3. APPROXIMATIONS AND SINGULAR DIFFUSIONS.

In this section we shall introduce and use some analytic tools in order to study the existence
of singular diffusions without calling upon the Dirichlet forms theory, but still using relative
entropy.

3.1. Some analytic bounds.

We will collect in this subsection some useful bounds for the sequel.

The finiteness of Fisher information has some regularity consequences. The following is the
extension to R? of Lemma 3.2 in [62] written for d = 2:
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Lemma 3.1. Let p be a density of probability in RY, d > 2. Then denoting by ||.||, the
LP(dx) morm, and I(p) its Fisher information I(p) = [ p|V1np|*dz, it holds
(1) forallq € [1,(d/d—1)),

d(g—1) gd+q—d

IVollg <a o (I(p)) 2, (3.1)

with a = 4=L 4
q

d—q 41
(2) forallp e [1,(d/d—2)),

d(p—1) d(p—1)

lpllp < a7 (I(p)) 2, (3.2)

2p(d—1) 1
p(d—2)+d d%‘

(3) ford >3 (3.2) (resp. (3.1)) is still true for p=d/(d —2) (resp. p=d/d—1).

with a =

Proof. The proof of the two first items is the same as the one in [62]. First for any 1 < ¢ < 2,
Holder’s inequality furnishes

1
1Vollg < (1(0)Z 1]l 5y -
Next according to the Sobolev inequality (see e.g. [51] p-42),
d—1 gq « _qd
d—q43 S d—q
We may thus use interpolation between L%/(2-9) L' and L%, provided ¢* > q/(2 — q) ie.
g < d/d— 1. We obtain since p is a density of probability,

HPHq*S HVPHq for ¢

2d(g—1) d(g-1) 2d(g—1)

lollg/2—q) < llpllgt ™ < asdva=a [|[Vpl|g* (33)
and finally (3.1). Plugging this inequality in (3.3) we get (3.2) if we denote p = ¢/(2 — q).
Notice that for d =2 and ¢ = 2, (3.1) is still true but a = +o0.
For d > 3 first remark that (3.1) and (3.2) extend to the limiting d/d — 1 and d/d — 2, first
for compactly supported p. Indeed take some compactly supported g > 0 and an increasing
sequence p such that p — p’ < +o0o. On g < 1, gP decreases to gp/ and on g > 1 it increases,

so that, since g is compactly supported [ gPdx — [ gp/dx and the latter is bounded above
by any bound of the family [ gPdz.

Next one can build a non-negative smooth function ¥ on R such that ¢(u) =1 for u < 1,
Y(u) = 0 if u > 2 and |Ve|?/1) is bounded by some constant A where by convention we
define |V4|?/1) = 0 on the set ¢ = 0. Define 1y (x) = o (|z|/M).

Defining par(z) = zar p(x) Yar(x) where zps is a normalizing constant, we have as M — +o0,
2y — 1 since p € L, pys increases to p so that limyy [ ph,dz = [ p”dz and finally

2 2
Hoa) = [T usao+ o [ oty pioy e,

so that I(pas) goes to I(p), and the proof is complete. O

Remark 3.2. When d = 2 one can easily find unbounded densities with finite Fisher infor-
mation, i.e. the limiting case d/d — 2 is not allowed in (2). However one can improve on (2)
in the previous Lemma by showing the existence of exponential moments. This will be done
in section 9. &
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An immediate consequence is the following extending [62] Lemma 3.3:

Lemma 3.3. Let (Y1,Y2) be a random variable taking values in R? x RY with distribution
p(y1,y2) dy1 dya. Then for any v € (0,2) and any B such that v/d < 8 < 2/d (B = 2/d is
allowed if d > 3), there exists C(v, 3,d) such that

_ ) 48
By -y = [ LU gy < Crpa) 417 0).
RixRd |Y1 — Y2|7

Proof. The proof is exactly the same as in [62] with a modification due to dimension d instead
of 2. One performs the change of variable (y1,y2) — (y1 — y2,y1 + y2) so that the integral is
with respect to the marginal distribution of Y7 — Y5 denoted by p. Hence

/ Pl v2) dyldygz/ Pz) dz<1+/ Pa) g,
RixRrd |Y1 — y2|7 R |2[7 zl<1 |27

One then applies Holder inequality yielding, provided g > v/d,

. B
B - . -
/ p(z) dz < </|<1 |2] 7mdz) 1All1/a—p) < C(v, B, d) [1pll1/(1-p) -

o<t |27

We use next (3.3), provided 8 < 2/d, yielding [[p]|;/1—p < C(B,d) I%(ﬁ). It remains
to recall that the Fisher information of a marginal is less than the Fisher information of
the initial probability measure (super-additivity, see remark 3.5 below), so that I(p) < I(p')
where p' is the joint density of (y1 —y2, y1+%2). It is immediately seen that I(p’) < c(d) I(p'?)
where pl2 is the joint density of (y1,%2) so that we get the result using again the super-
additivity of the Fisher information. O

Remark 3.4. Consider
/ h(y1 — y2) p(y1, y2) dy1 dyz ,
R4 xR4

and assume that h € L*(R?) for a > d/2 if d > 3, a > 1 if d = 2. Then the same proof
shows that

d
/ Rl — 92) py1, 42) dyn dya < Clar,d) [1hlla I35 ().
R4 x R4

%

Remark 3.5. The super-additivity property of the Fisher information was first proved in
[19] Theorem 3. It says that for any density of probability p on R"™*" whose marginals on
R™ and R™ respectively are denoted by p; and pe, it holds I(p) > I(p1)+ I(p2) with equality
if and only if p = p; ® p2 (i.e. marginals are independent). It is amusing to remark that
another proof, in a more general framework, similarly using entropy on the path space, is
contained in [27] Proposition 3.5. &

Another consequence strongly used in the P.D.E literature is the following result, similar
to [68] proof of Proposition 3.1. Notice that, up to the constants, this result is exactly
the same as what we directly obtained in lemma 2.5 (2.11). We give a proof for the sake of
completeness and also to see what kind of analytic arguments are necessary for the derivation
of this inequality.
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Lemma 3.6. Let b(.,.) be some bounded smooth function. Let t — v (dx) = pi(x)dz be the
flow of probability laws of the solution of

dX, =V2dB; + b(X,)dt , Law(Xo) = po(a)dx .

Assume in addition that for some o > 0,

/lnpo(x) po(z)dx < +oo  and /Va(:v)po(dx) < 400

where Vo (z) = 2?21 |zi|%. Then

1 T T
/ pr Inprdx + 3 </ I(pt)dt> < / po Inpgdx + 2 (/ / b? pr dx dt) . (34)
0 0

Proof. Since b is smooth and bounded, using elliptic regularity (or Malliavin calculus) so is
pt for t > 0. p; then satisfies the forward equation
atpt = — dZ’Ux(Qb ,Ot) + Azpt .

Let h(p) = [ pln(p) dz. The first point is to show that —oo < h(p;) < +oo for all ¢ > 0.
Since b is bounded, the law @ of the solution of

dX; = V2dBy + b(Xy)dt ,  Law(Xo) = po(x)dx

is absolutely continuous (up to any finite time) w.r.t. the Wiener measure P with the same
initial distribution (recall that P is the distribution of v/2B.). In addition dQ/dP belongs to
all the L? for 1 < p < +00. With our assumption, for all ¢, f‘_/a (wt) dP < 400, so that the
same is true for @ for any o/ < a. According to (2.3), h(pt) > —oo, while h(p;) < 400 since
H(Q|P) < +co.

The goal is now to study the time evolution of h(p;) i.e. to compute

Oih(py) = /8tpt(1+lnpt)dx

= /(—divx(prt) + Azpt) Inppde.

In order to justify differentiation under the integral one can for instance recall that the heat

kernel associated to a smooth parabolic equation as here, is smooth and that all its derivatives

_la—yl?
have gaussian tails, i.e. are bounded by C(m)t~%2¢”~ «@m7 where m denotes the order of

the derivatives. It follows that for ¢ > 0,

sup  (—divg(2bps) + Arps) € L (dz)
s€lt/2,3t/2]

justifying the differentiation.
Next, a simple integration by parts furnishes

8th<pt) = / QbVIpt dr — I(pt)

Using the finite energy condition we deduce

onio) <2 ([ ¥ pte)de)” 1200 ~ 1)
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so that integrating w.r.t. dt and using Cauchy-Schwarz inequality we obtain

nor) i) <2 | T/ prtdasdt)é (/ ' I(m)dt)é -(/ ' Ipi)ir)

from which we deduce the result. O

The natural question is to extend the previous lemma to any admissible flow. In the following
remark we explain how to do and compare with the results obtained in lemma 2.5.

Remark 3.7. Consider an admissible flow ¢ — v; as in theorem 2.9. If b is not smooth or
bounded we may find a sequence of smooth and bounded b,, such that

T
/ /|b—bnl2pt(x)d:1:dt—>0 as n — +00.
0

(first approximate b in L2([0,T] x R?, p; dzdt) by a continuous and compactly supported by,
and then using a nice mollifier 7,, approximate uniformly b,, by b, * n,).

Denoting by @, (resp. @ that exists thanks to theorem 2.9) the associated probability
measures on the path space with the same initial 1, it holds

T
H(QIQn) = /0 / b= b ? po(a) de dt

that goes to 0. Since H(Q|Qy) goes to 0 so do all time marginals p} for ¢t > 0.

We first claim that liminf, I(p}) > I(p;). Many proofs appear in the literature as for
instance the general results in [115]. We give here a direct (idea of) proof. Assume that
liminf, I(p}') < +oo and choose a subsequence p}' such that lim, I(p}') = liminf, I(p}).
According to lemma 3.1 we know that p} is bounded in some L?. Since /p} is also bounded
in L2, it is not too difficult to get a subsequence (still denoted by p}) converging to some
pt weakly in I and such that m converges to ,/p; weakly in 2. It follows that V\/ETZ
converges to V,/p; in the set of (Schwartz) distributions, and since this sequence is bounded
in L2, the limit also belongs to 2. It remains to use Fatou’s lemma to control the time
integral. For a complete rigorous proof in this spirit see Proposition 13.2 in [11].

Choose some V such that |[V’| and |[V”| are bounded by K. Taking a subsequence if necessary,
we also have that [ Vppdz <liminf, [ Vphdz. According to lemma 2.5 we know that

T
’/pTlinda: < dC(K,T) (1+anv+/ /]b—VV|2dxdt> +/(1npo+‘7)p0d:1:.
0

It follows that, we may control both fOT I(py)dt and h(pr) by the liminf, fObe% pirdxdt.
These results are of the same nature as the ones we directly obtained in lemma 2.5.

One can also use the euclidean log-Sobolev inequality

/pT In ppdz < g In <4I(pT)> (3.5)

dme

which furnishes, for large Fisher information, a better bound. &
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3.2. Existence and uniqueness of entropic singular diffusions.

In this subsection we shall use all what precedes to study existence and uniqueness for
Ito processes with singular drift. Comparison with the existing literature will be made at the
end of the subsection.

We thus want to study the S.D.E. in R™

t
Xi=Xo+ V2B + / 29(X,)ds. (3.6)
0
The law of Xj is denoted by vg(dz) = po(z)dz. We may first use a cut-off g™ = 91g<m
which is bounded. One can thus, using Girsanov theory, build a (weak) solution Q™ which is
absolutely continuous w.r.t. W the Wiener measure, and more precisely the law of Xo+/2B;,
on the time interval [0,7] for any 7' > 0. We fix once for all such a T" and keep the same
notation @™ and W. As in subsection 2.1, we choose a smooth V (defined on R) such that
|V'| and [V"| are bounded by A, define V() = Py V(27) and define P as the distribution
of

t
Yt=%+\f23t—/ VV(Ys)ds
0

where Yj is distributed according to the probability measure vo(dy) = Z~1 e VW) dy.
Assume that

H(vo|v) = /(lnpo +V +1nZ)pydz < +00.
We thus have

T —
H(QM|P) = H(volyo) + / /0 M + V2 (wy) dt dQM

(recall that w is the generic element of the path space). We thus know that the law of XV
admits a density p (with respect to Lebesgue measure) so that,

T - T B
// \gM + VV|2(wt)dtdQM = // |gM —i—VV\Q(w) pi”(m) dt dz
0 0

satisfies for all A > 0
T ~ T 1
// |gM+VV]2(wt)dtdQM§(1+)\)/ /|gM|2p§Vfdxdt+ <1+A) mA2T. (3.7)
0 0

According to Corollary 2.3 we also know that fOT I(pM)dt < +o00 so that we may use (3.2)
for almost all ¢ €]0, T7.

In particular for m > 3 one may use lemma 3.1 and Hoélder’s inequality with p = m/(m — 2)
whose dual exponent is ¢ = m/2 yielding (see the value of a in Lemma 3.1)

/!gM\gpéde‘ = /!nggM|>A\2p?4dx+/|9M19M|g,4\2pi”dw
M M
< 1o p g™ 1jgarjs al?llq + A7
< a®I(p!") llg™ 1yparsallf, + A

(m —1)?

mf(pi‘”) g Ligp>all?, + A% (3.8)
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If we plug this inequality into (2.11) we thus obtain

(m—1)? T 2 ¥
mm—22 \J, I(py") dt ) |lg Lig> allin+C(V, po, Ty Ay, (191 g5 Al lms A) -

(3.9)

T
/0 I(p)dt < 4(1+N)? = 2)

Of course (3.9) is useful only if

(m —1)?

4Hgl|g|>AH72n m <1

in which case we get that [ I(pM)dt < C where C does not depend on M, hence sup,, fOT I(pM)dt <
+o0. If g1y5c € L™ for some C > 0 we may always find A > C such that the previous is
satisfied.

One can also be less demanding and apply Holder’s inequality for some ¢ > m/2, i.e. p <
m/(m — 2) so that m(p —1)/2p < 1ie. m(p—1)/2p =1 — ¢, for some ¢, > 0. We thus
obtain, this time for all m > 2,

/ 1(oM)dt < Clm.p) |19 Lo alls, / (LMY rdt + OV po. T, gy, 19 Lyl 20 A)
(3.10)
and again if |[g 1jg5 all2¢ < +o0c that sup,, fOT I(pM) dt < +oo.

In both cases, plugging this bound first in (3.8) and then the new obtained inequality in
(3.7), we deduce that sup,; H(QM|P) < +o0. This will yield the following result

Theorem 3.8. Let m > 2. Assume that H(vg|ly) < +oo and in addition that g1ljg~a €
LP(R™) for somep >m if m >3 orp>2if m=2.

Then equation (3.6) has an unique weak solution (solution in law) @, and this Q satisfies
H(Q|P) < 400 on [0,T] for all T > 0.

Proof. According to the discussion before the Theorem’s statement, the sequence Q™ is such
that sup,; H(QM|P) < 4o0. It follows that one can find a subsequence which is weakly
converging to some @ with H(Q|P) < liminfy; H(QM|P) < +o0, since relative entropy is
lower semi-continuous. Thanks to Dunford-Pettis theorem the convergence of d@Q /dP to
dQ/dP holds for the stronger o (L', L°°) topology.

Also remark that we can replace g™ by g in the left hand side of (3.8), so that it holds

T . T i
sup fo i lg|2oM dzdt < 400, and limps 1 o0 fo J/ lg—g™M |2pM dzdt = 0 since H\g—gM]ng N
0.

To prove that @ solves (3.6) it remains to show that it solves the corresponding martingale
problem i.e. to show that for all ¢+ > s, all bounded H defined on C°([0, s]), all smooth ¢
with compact support, it holds

B9 | ) (o) - ol + [ t (Bplea) + (Tl 290 )| =0, (1)

Since the previous is true replacing @ and g by QM and ¢, it is enough to prove

i ([ (Voo ain) Hone] =22 [( [ (Fotngain) e
(3.12)
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Since limps— 400 fst [ g — g™ *pMdxdu = 0, thanks to (3.8),

12" ([ (9, (6" — i) Hls)] =0,

while
i [ et gtenian) Hened| =82 [( [ (Vo gtnin) Hnc)]

follows from the o(IL',L°°) convergence of QM to Q. Indeed we can first choose A large
enough for sup,, fst [19—g*pMdrdu < & and f; [19 — ¢*|?pudzdu < ¢ according to (3.8),
and then replacing g by g* get the desired limit in M so that it only remains to let € go to
0.

Finally we have to prove uniqueness. Define T}, = inf{¢t > 0, fot |9+ VV|*(ws) ds > k}. Since
H(Q|P) < 400 (on [0,T]), Girsanov theory tells us that T, AT — T, ) almost surely. If
@' is another solution of (3.6), Girsanov theory again tells us that it coincides with @ on
[0,T A Ty, hence Ty AT — T, ' almost surely too and @ = @’ on [0, 7. O

Remark 3.9. About the literature.

Theorem 3.8 is mainly known, except in the critical case p = m. For weak solutions it has
been first obtained in [2] for homogeneous drift, the method being then extended to time
dependent drifts in [80]. A different approach was proposed by N. Krylov and co-authors. For
a complete bibliography on the topic see [85]. The proof we have given here can be extended
to several other situations: particle system, non linear SDE, more general processes than Ito
processes, thanks to the versatility of the entropic approach. This will be done in the next
subsection for particle systems, and in another work for the other cases.

We shall recall below, for later use, the arguments allowing to get a weak solution, following
Krylov’s ideas. The case g € LP(R™) for some p > m is contained for instance in [88]
including time inhomogeneous drift, while the case p = m is studied and partly solved in e.g.
[89, 91, 90, 3]. In all these papers existence of a strong solution is the main goal.

Actually a standard result by Khasminskii recalled in [72] Proposition 3.1 (also see [88])
says that for a R™ valued standard Brownian motion w, any g € L9([0,T],LP(dx)) with
%+%<1, any z € R™ and any s > 0 it holds

T
E <€Xp <H /O g*(s,x + ws)d8>) < C(k, T, p, ; |gllLao,rLe(d))) < 00 (3.13)

Notice that this upper bound does not depend on x since the P norm of g(s,z + .) is
equal to the one of g(s,.) thanks to the invariance by translation of Lebesque’s measure. It
immediately follows from Novikov’s criterion, that the Girsanov density associated to g is
a true martingale, the existence of a weak solution @, of (3.6) starting from z follows. In
addition the Girsanov density belongs to all the L¥(W,) where W is Wiener measure starting
from x. Indeed

E, (ek(ffgﬁdws—ff |g|2ds>) - E, (e(k Jo gv2dws—2k? [ 9|2 ds) (2k*k) [5 |g\2ds>>

1 1
< E2 (efoT 2k g2 duws— [ 4k wds) E2 (e2<2k2—k> Jo |g|2ds)
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thanks to Cauchy-Schwarz inequality. The first factor is equal to 1 according to Novikov’s
criterion, hence for k > 1,

E, <ek<foT g2 dws— [T \gPds)) <E2 (e2<2k27k) Js |g|2ds) _ (3.14)

In what precedes E, is the expectation w.r.t. the Wiener measure starting from .

It is worth to notice that the previous quantity can be bounded independently of z by
C(T7 k,p,q, Hg’ ‘]Lq([O,T},]LP(dx)))'

It follows the same exponential integrability with respect to @), since

Eq, (dQx/dW2)*) = Ew, ((dQy/dW,) ).

It immediately follows that (3.13) is still true if one replaces w. by X, so that the same
argument shows that the inverse of the Girsanov density also belongs to all the LF w.r.t W
or () (this is (ii) in Proposition 3.3 of [72]).

Assume for simplicity that g(s,x) = g(x) and that p > m. Girsanov theory tells us that @,
solves (3.6) and that the family (Q,),erm is strong Markov. As a consequence, for any initial
distribution vy, Q,, = [ Qz vo(dz) solves (3.6) with initial distribution vg. If vy satisfies the
hypotheses in Theorem 3.8, ), coincides with the solution built in this Theorem.

Notice that it is absolutely continuous w.r.t. W,,, and that its density satisfies the same
L* controls than Q.. Also notice that since we can always add or subtract a bounded drift
via another Girsanov transform (it does not change the k integrability), the required ILP
integrability can be restricted to g 1 4 as for our result.

Denote by p(x,.) the density w.r.t. Lebesgue’s measure at time ¢ of ... Let h be a compactly
supported and bounded function. Then for 1/u+1/v =1,

ey ? e dQy
[ 1) oy = [ b5 G @) W)

</ (j@i)”mw)w (/ R ) m(dw))l/u

(gl ( [ 1000 amty 2y Yo

IN

IN

so that if h is non-negative

/ h(y)pe(e.y) dy < C(T,u,p.llglly) ™ |[A]]u

Taking the positive and the negative part of h the previous extends to any compactly sup-
ported h, showing that for any 1 < v < +00 and any z

(v—=1)m

pe(z, )l < C(T, 0, p, [lgllp) 720 (3.15)

It immediately follows that the density py = [ pi(z,.) vo(dz) satisfies the same property,
thanks to Holder inequality. Notice that, according to (3.15),

p. € L1((0,T],LY(R™)) provided v < m/(m — 2). (3.16)
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Our result (despite the fact we are not looking for a strong solution) seems to be new for
p = m, for which we (presumably) do no more have a Girsanov density in some L* for some
k > 1 but only in the Orlicz space L=,

It is worth noticing that our proof immediately extends to the case of time inhomogeneous
drift g(t,.) provided supycpo 1) 9(%,.) 1jgj> allp < +oo for some (time independent) A. Actu-
ally using some Holder inequality w.r.t. time, it extends to the standard LP-ILY case. This
will be explained for the non linear SDE in the next section. &

Finally in the case d = 2 the result will be improved in the final section.

3.3. Application to particle systems.

We come back to (1.2) where for simplicity we will first assume that b = 0. We will
not use Theorem 3.8 since m = dN is too big. Instead we may look at the proof. It is easily
seen that all we have to do is to bound

/OT / K (wj — i) dQM dt

so that we may apply (3.8) with m = 2d, replacing p}! by p%?j the QM law of (wf,w{) and
g Ligj>allm by [IK 1jx)> all2a provided K 1554 € L**(RY) with o > d/2if d > 3, a > 1 if
d = 2 according to Remark 3.4.

Using again the super-additivity of Fisher information and the convexity inequality

2
1 , , 1 o A
Ty Sri o) < F T T K )
i J# E
we deduce the analogue of (3.10)

1(pM) < C(d, @) (N = 1) 1K Lol o (1) 75 + N C(V, p0, Tty o || KL e al 20 A)

(3.17)
for o as before and some &, > 0 except if @ = d/2. In the latter case we may again choose a
larger A as for the proof of Theorem 3.8. The remaining part of the proof of Theorem 3.8 is
unchanged so that we may state

Theorem 3.10. Assume that K1g~4 € LP(RY) for some p > d for d > 3 and p > 2 for
d = 2, and some A > 0. Assume in addition that b = by + by where by is bounded and
by = VU.

Assume that there exists a smooth V defined on R such that |[V'| and |V"| are bounded and
fe*(VJFU)dx < +oo where as before V(x) = >, V(). Introduce the probability distribution
yo(dz) = Z~1 e~ V@) 4y and define P as the symmetric diffusion process with reversible
measure g which is assumed to exist.

Finally assume that H(vg|yo) < +00. Then there exists an unique weak solution Q to (1.2)
with initial law vy. In addition H(Q|P) < +oo.

For the proof it is enough to remark that the drift of @ w.r.t. P is simply given by the
interaction kernel K, VV and b; since we have included VU in the the drift of P, and to
recall Remark 2.1.
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Remark 3.11. Discussion and examples.

Theorem 3.10 is also partially already known (except the absolute continuity of @) and is
contained (for p > d) in [73] Theorem 1.1 for instance (also see [71] Theorem 1.4). The proof
in [73] uses deep analytical results on singular PDE’s (as for Krylov’s approach), while ours is
more probabilistic and direct. Notice that if we assume in addition that K is local Lipschitz
and bounded in C¢ for all € > 0 (recall Assumption 2.16), we get a strong (pathwise) solution,
as for Theorem 2.19.

However, in our benchmark of examples the only one to which we may apply Theorem 3.10
is the relaxed Keller-Segel model. In dimension d > 3 we should also consider K,(z) =
x z/|x|¥T1 for s < 1 (which is example 1 (i) in [73]). This is a little bit disappointing in
comparison with Theorem 2.19 (except that the previous K does not satisfy the assumptions
in Theorem 2.19), but proves that approximations by smooth models is not efficient for very
singular models.

Of course one explanation is the following: the sign of x has no importance in what we have
done in this section, while we know that repulsive or attractive models can have very different
behaviours, as the Coulombic type potentials clearly show. &

3.4. Existence via the absence of collisions.

Consider the particle system in (R?)

dxiN = v2dBN — p(xiNydr — X Z

zN_XjN

XX XN — XPV)de  (3.18)
for some function b assumed to be a—Lipschltz and some h defined and regular on R — {0},
in other words the interaction kernel is given by x VA(|z|). We define 02/(0) = 0 and assume
that h is non-positive and non-decreasing (for instance h(u) = —1/u™ for some m > 0
corresponds to a (sub)-Coulombic type interaction). If x < 0 the system is repulsive. We
make this choice.

A non explosive pathwise solution exists up to the hitting time Ty of the collision set Cy
defined in Theorem 2.15. It is tempting to try to directly show that Ty is almost surely
infinite.

Introduce

== 2 M’
i#j
Applying Ito formula we have that for T' < Ty,

@, N 7,N
H(XYN) = / Z<ém ?N’h(x — xy, Z(Ai,k—Aj,k)>dt
k

i#j
zN N i, N N i, N
. Z (d— DR/ (XN — XINY 4 | xBN - xPN x N — X )dt
XzN X]N
1#£] | t T |
zN N i, N i, N
) — b(XINY, XN — X7 : :
Z ) X, t >h’(X”N — X}y dt (3.19)
XzN XJ7N t t
0 i£] t |

+ My



SINGULAR MEAN FIELD 33

where M is a local martingale, and a true martingale up to 7. the first hitting time of C;
defined in Theorem 2.15, and

A = (XPN = XN R(IXPY - X))

Exchanging the indices it is easily seen that

iN PN
Z uh/(Xi,N_XJ}N) Z(A —Aip) ) =
Y N t t ) i,k g,k =
i#£j |Xt _Xt | k
2
i, [N N
Xt?’ _‘th7 | 1y j,IN
j— ’ J7
oy | KX - x
i j;&i‘ t i

Since x < 0 (repulsive case) the first integral term in the right hand side is non-positive.
For the second term to be non-positive it is enough that

(d = 1) (u) + uh"(u) > 0.

Actually since h' is bounded on any interval [e,4o00[ for € > 0, if the previous property is
satisfied for small u’s, the second term is bounded. This implies that

B (u) < e(1/u)??

for small w. In particular if h(u) = —u~"™ this implies m < d — 2.
Finally if we assume in addition that uh'(u) < ¢|h(u)| the third integral term is controlled
by fOT ca H (XtN ) dt, since b is a-Lipschitz. a simple use of Gronwall’s lemma shows that

E[H(X7)..)] < E[H(X(') + Cle ™.

Hence if ¥ < 0, we deduce that 79 = +oo almost surely for Xév =z ¢ Cy, hence 19 = +00
almost surely if the law of XV is absolutely continuous.

The previous thus applies in the sub-Coulombic situation for any d — 2 > s > 0, furnishing
another proof of strong existence for the particle system with or without a confining potential
in this range of s’s. This is close to the proof chosen in [118] in a more general context (the
g therein generalizes the sub-Coulombic potential). Notice that the second line in (4.19) of
[118] is non-positive and not non-negative as it is said therein. We shall discuss a little bit
more on this point in a forthcoming section.

Of course the method is more general and relies on the existence of a Lyapunov function H
which is smooth outside the collision set, equals +00 on Cp, goes to infinity at infinity and
satisfies
NH<DN +cNH

for some positive constants CV and DY, where £V is the generator of the process X™.
The existence of such a Lyapunov function is known to ensure non-explosion (Khasminskii
test). The construction of such a Lyapunov function for the system (3.18) when adding a
self-interaction is made in [70] Lemma 2.1. For d = 1 it is also made with m = 2 (Dyson
processes) provided |x| is large enough.
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4. THE NON LINEAR S.D.E.
We turn to the study of (1.3) and its applications.

First consider a function L : R? — R which is assumed to be in Cye, i.e. C°°, bounded with
bounded derivatives of any order, and b be bounded and global Lipschitz.
We may define the system of S.D.E.’s

N

av;N = VRBY — b dr — o S LY - vy dr,

j=1
starting from an initial configuration Y3V whose law is assumed to be exchangeable. If for all
fixed k the distribution of (Yol’N, ey Yok’N) converges to (po(y)dy)®* as N goes to infinity, it is
well known that, for all 7' > 0, the distribution of the process (Y;I’N, e Y;k’N)te[O’T} converges
to the one of an i.i.d. k-uple of processes (V}}, ..., Ytk)te[o,T] each one being a solution of the

“non linear” S.D.E.
dY; = V2dB; — b(Ys)dt — (Lxpy)(Yy)dt (4.1)
Law(Y;) = p(y)dy Vte[0,T].
In addition this solution is unique. For all this see e.g. [121, 105].

Notice that L x p; is a bounded (time dependent) drift, so that the law Qp of Y. restricted
to the time interval [0,7T], satisfies H(Qp|P) < +oo where P is as in subsection 2.1 for
a V with bounded first and second derivatives. Recall that the drift §; is given by 8; =
$(VV = (L= py))(Y2). According to what we have done in the previous sections we thus
know some bounds on the entropy and the Fisher information of p;.

Assume that L € LY(R?) for some o > 1. We will first get a bound for H(Q|P) that only
depends on « and d. To this end we need to get controls for

/|L*pt|2ptd1:.

Since H(QL|P) < +oo we know that I(p;) < +oo for almost all ¢ so that p; € LP(R?) for
p<d/d—2if d> 3 and p < +oo for d = 2.

As in the previous section introduce Ly = L1jpj>4. La*pt € L7 (R%) for 14 % = % + é and

1La* pelle < [[Zalle lotllp- Tn addition
/ (L — L) * pi|* prda < A2
We have for another p’ < d/d —2 (but p’ < +00),

[ 1Lasn pide < llplly 11La s 2l By

o013 1 1
hence for r =2p'/(p' —1) ie. 2 =35 — 55 — 1

/\LA*pthtdx < loelly Nt 2 1Al (4.2)
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We thus obtain the analogue of (3.8),

In the context of an a priori bound for I(p;), the previous is interesting only if d(% — 2%’ — %) <

1, yielding o > d for d > 3 or o > 2 if d = 2. Indeed it can be used for L = KM where KM
is a sequence of regular (Cp°) kernels converging to K in L® norm. We will thus obtain the
following analogue of Theorem 3.8 and Theorem 3.10

Theorem 4.1. Let V be a smooth function such that eV € LY(R) and such that V' and
V" are bounded. Define V(z) = Z?Zl V(z%). Let po be a density of probability such that
[ po(lnpo + V)dx < +oo.
Assume that b is bounded and global Lipschitz and that K1 g~ € Le(RY) for some A > 0.
Then, there exists a (weak) solution of (1.3) i.e.
dX; = V2dB, — b(X;)dt — (K * p)(X,) dt,

v =p(x)de = L(Xy),
provided o > 2 if d =2 or aw > d for d > 3.
In addition this solution satisfies H(Q|P) < 4o0.
Proof. The proof is very similar to the one of Theorem 3.8 and here we may choose for
simplicity p = 1, p’ = a/(a — 2) in (4.3) so that the exponent of I(p;) is d/ca. First QM
converges to @ in the o(LL!,L>°) topology with H(Q|P) < +oc. In particular p} weakly

converges to p; which is the marginal distribution of @) at time ¢, and fOT I(py)dt < 400
thanks to (2.6). Hence (4.3) is still true when we replace L by K or by K — K™,

Since b is Lipschitz and bounded (hence does not play any annoying role), it remains to prove
that

12 ([ (Vi (6 gl )i ) Henc)] =
=50 ([ Vit (6 s pia) Hinea)]

Using (4.3) with K and p}M in place of L and py, it is easily seen, since f; 142 (pMY du, <
c(s,t) where ¢(s,t) does not depend on M (recall that d/a < 1), that

i ([ (Vo). (K = K)ol i) Henc)] =0
so that

i ([ Vit (6 < oY) ) Henc)] =
=t B [ [ (Tl (K pu)oie) Hlncs)]

To show that the latter is what we want we may first choose some B large enough so that
for all M,

B [ ([ (9, (6 = K7« ) o) Hlens)] <2
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and also
2 [( [/ (@t (06 = KP) = ponidn) Hnz) <

which is possible again using (4.3), and then use the convergence of @ to @Q in the o (L', L>°)
topology to control

29 ([ (9t (6« o)) Hwne)]

It remains to let € go to 0. g

Remark 4.2. Once again, Theorem 4.1 covers the relaxed Keller-Segel case for which a
proof appears in [68]. The interested reader can compare both proofs. As a general result
it also entails Theorem 1.2 in [72] for ¢; = +00 in equation (1.15) therein, but with a much
weaker integrability condition for the initial measure in our result. Actually, our approach
can be generalized without too much efforts to time dependent interaction kernels as in [72]
and then improve on the results therein. &

Remark 4.3. If L is time dependent, we may similarly introduce L, for a fixed A. (4.2) is
unchanged so that, using Holder inequality w.r.t. time we have to control

: 1
T - | .
(/ |Li!||(2)fdt> </ I(pt)ds(g_;p/_zl))dt>
0 0

for % + é = 1. As before what is required for this to be interesting is o > ds’ (> if d = 2),
yielding, provided L € L.2%([0, T],L%(R%)),

d 1

—+-<1

a s

i.e. generalizing the time inhomogeneous case up to the critical case (of equality). &

Corollary 4.4. Under the assumptions of Theorem 4.1 the solution of (1.3) admits for all
t > 0 a density p; w.r.t. Lebesque measure. In addition

(1) If a > d, p; € LP(RY) for all 1 < p < +o0.
(2) Ifa>d >3, p.€ LY[0,T],LP(RY)) for all 1 < p < d/d — 2.

Proof. Let Q be a solution of (1.3). First since p; € LY(RY), B(t,.) = K * p; € L*(R%). We
thus may apply Theorem 3.8 and Remark 3.9 (since $ is time inhomogeneous) ensuring that
the linear SDE

dY; = V2dB; — b(Yy)dt — B(t,Yy)dt

has an unique solution whose marginals flow satisfies the desired integrability properties. [J

Theorem 4.1 also furnishes via Ito formula an existence result for the non linear McKean-
Vlasov P.D.E.
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Corollary 4.5. Under the assumptions of Theorem 4.1, equation (1.1) admits a weak so-
lution, i.e. a flow of measures v, = pi(x)dx such that for all f € C’;’OO(RJr x R?) and all
0<s<t<T,

/f(t,x)dut—/f(s,a:)dysz/: /(8uf+Amf+<(b+K*pu),fo> dvgdu.  (4.4)

In addition this solution belongs to L*([0,T],LP(R?)) for any p € (1,d/d—2) and p = d/d—2
if d >3, and is a finite energy solution, i.e. fOT I(py)dt < +o00 and [ py|In(ps)|dz < +oo.

A converse statement directly follows from Theorem 2.9. Indeed (4.4) is exactly the weak
forward equation Theorem 2.9 with the non homogeneous drift (b + K * p;). We may thus
state

Theorem 4.6. Let V', b, pg be as in Theorem 4.1 and K be a measurable kernel. Lett — p; be
a flow of probability densities, weak solution of (4.4) such that fOT [ 1K * pi|? prda dt < +oc.
Then there exists a weak solution Q of (1.3) and H(Q|P) < +oo.

Example 4.7. Let us describe two situations (in addition to the one in Theorem 4.1) where
one can check the energy condition of Theorem 4.6

(1)  Assume that K € LYR?) for some a > 1. Choose p = p' = % provided

3a—27
g < 24 ie. a>d/3. (4.3) furnishes

Qla

(ﬂwamwéaﬁMmuw»

so that if I(p;) € LY*([0,T]) (in particular if supyejo,r) L (pt) < +00) we may apply
Theorem 4.6.

(2)  Let K and p = 53% as in the previous example. If ||p¢|| € L3([0,T], L3/ (Ba=2)(R4))
(in particular if sup,ejo 71 11Ptl130/(3a—2) < +00) wWe may directly apply (4.2) to show
that Theorem 4.6 applies.

We shall discuss explicit examples satisfying in particular the second condition in the next
sections.

For uniqueness we will have to discuss separately each example. However the next result
COVers some cases

Proposition 4.8. Assume that the assumptions of Theorem 4.1 are fulfilled for o > d (> 2
if d=2). Then there is only one weak solution of (1.3).

Proof. Let Q be a solution of (1.3). First since p; € LY (RY), B(t,.) = K * p, € LYR?).
We thus may apply Theorem 3.8 and the final comment of Remark 3.9 (since § is time
inhomogeneous) ensuring that the linear SDE

dY; = VZdB, — b(Y,)dt — B(t, Y:)dt

has an unique solution. Since @ is a solution, it is the only one and H(Q|P) < +oo. It
follows that fOT I(py) dt < +o0.
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Let @' be another solution of (1.3), with marginals p} and same initial pg. Denote by @Q; and
@} the restriction of @ and Q' to [0,t]. Applying Pinsker inequality, it holds

sup |10}, — pull < 2sup H(pulpl,) < 2H(QQ})
u<t u<t
t
2 / / |K * (ps — pL)|? ps d ds
0

t
2[|K x> all2 sup [0, — pull; / l|pslly ds + 2 A%t sup||pl, — pull}
u<t 0 u<t

IN

IN

for any p and p/ in [1,d/d — 2] if d > 3, [1,400) if d = 2, and satisfying % = é + 2%, + %
(recall (4.2)). Choose p =1 and p' = a/(a—2) < d/(d—2). We deduce from Lemma 3.1 (2)
and (3) that

where M +— C'(p/, T, M) is non-decreasing. First choose A such that
1
2

2(|K 15 all2C' (0, T, H(Q|P)) <
We thus have

sup |0}, — pullf < 4A%t sup ||pl, — pull}

u<t u<t

so that if ¢ is small enough, satisfying 44%t < 1 we deduce p, = pl, for all u < t.
We may now iterate the procedure, i.e.

2t 2t
2/ /!K*(ps—pé)lzpsddeZQ/ /\K*(ps—p;)stdxds
0 t

2t
2(|K 1> allZ sup ||p}, — pull? / ||pslly ds + 2 A%t sup ||p}, — pull}
u<2t t u<2t

IN

sup ||y, — pulli
u<2t

IN

and deduce as before p, = p!, for all v < 2t and finally for 0 < v < T. It follows that
Q and Q' are solutions of the same linear SDE as before, so that as we already said that

Q=Q" O

The previous result extends [73] Theorem 4.8 to the critical case a = d and to a larger class
of initial conditions. One can also see [116].

Remark 4.9. The previous proof actually shows that, in full generality, if K1 x|~ 4 € L® (R?)

for some o > 2, uniqueness holds in the set of solutions such that fOT |ps|lp ds < 400, for
P> af(a—2). O

In some cases one can give a direct proof of uniqueness

Proposition 4.10. Consider (1.3), assume that b is L-Lipschitz and that K satisfies | K (z)—
K(y)| < Clz -yl (ﬁ + ﬁ) for some 0 < m < d. Then there exists at most one solution

of (1.3) which is pathwise unique in the set of Probability measures whose marginals flow
satisfies p. € L1([0, T], LP(R%)) in particular if supe (0,11 ||ptllp < M for some p > d/(d—m).
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The proof is similar to the proof of Theorem 1.7 in [68] p.981-982 written for d = 2, the key
being the estimate (5.1) therein.

Remark 4.11. It is worth to notice that if K(x) = x/|z|™ for some m > 0, the previous
inequality is satisfied with the same m and C = m + 1. Look at the first two lines in the
proof of Lemma 2.5 in [68], and consider the case |z| < |y|. &

5. SDE AND NON LINEAR SDE FOR SOME SINGULAR EXAMPLES.

In this section we shall review the models we have quoted in the introduction, and give results
of existence and uniqueness for both the SDE system of particles and the non linear SDE.

5.1. The n relaxed Keller-Segel model.

Recall that this model corresponds to Ky (x) = x Ix\?%" 1,40 for z € R%

The existence of a strong solution for the particle system can be shown either by using Dirich-
let forms as in subsubsection 2.4.1 or approximations i.e. Theorem 3.10 (and no collisions
to get a strong and not only weak solution). The second proof shows that this solution is of
finite entropy.

The existence of a solution for the non-linear SDE is a consequence of Theorem 4.1. This
solution has finite entropy. The marginals flow of this solution thus satisfies fOT I(py)dt < +o0
so that, according to (3.2), p. € L([0, T],LP(R?)) for any 1 < p < 4+o00. According to Remark
4.11 we may apply Proposition 4.10 to get strong uniqueness in the corresponding set of
Probability measures.

Actually we have strong uniqueness without restrictions. Indeed if @’ is another solution
of the non linear SDE, it is also a solution of the linear SDE with drift b + K * p;. Hence
according to Remark 3.9 (see (3.16)) its marginals flow p’ € L1([0, 7], LP(R?)) for all p < +o0,
so that we may apply the previous uniqueness result.

The n relaxed Keller-Segel model is thus the prototype to which all we have done before
applies. Notice that we may take y > 0 or x < 0, as we said before the entropic approach
cannot separate repulsive and attractive situations.

5.2. The sub-Coulombic repulsive model.

We directly state a first result for the particle system

Theorem 5.1. For d > 3 look at K(x) = x ‘x'% 1,20 ford—22>s5>0 and x <0, i.e. the
repulsive situation in [118]. Assume in addition that b is a-Lipschitz.

Finally assume the following property: for all i # j, the distribution po;; of (X§ — Xg)
satisfies po,i; € LI(RY) for some ¢ > d/(d — s).

Then the particle system (1.2) admits a unique strong solution whose distribution Q) satisfies

H(Q|,’;—g P) < +o00, where P is the product measure introduced in subsection 2.1 with |V

bounded.



40 P. CATTIAUX

Accordingly, if [ po In(po/y0) dz < +o00, the marginals flow p; satisfies fOT I(py)dt < +00 so0
that p, € LY([0, T], LP(RN9)) for p € [1, Nd/Nd—2] and each marginal p? € L1([0,T],LP(R%))
forp<d/d—2.

Notice that, as explained in the proof of Lemma 3.3 the additional property is satisfied as
soon as I(py,i j) < +oo where pg; ; is the joint density of (X{, X7).

Proof. 1f b is a confining potential, according to subsubsection 2.4.3 we know that the particle
system admits a unique strong solution which is absolutely continuous with respect to the
Wiener measure with the same initial distribution, i.e. there is no collision. In addition the
stationary solution has finite relative entropy. If we want to consider more general initial
conditions we have to use the method in subsection 3.4.

Come back to (3.19) with h(a) = —(1/a)®. If 0 < s < d — 2, we have on one hand
T
B(H(XY) < B(HOG) +5a [ BHN) di
0

for any stopping time 7' showing that on one hand there are no collisions, on the other hand
E(H(X7)) <E(H(XQ)), e
for any fixed time T. Arguing as in the proof of Lemma 3.3, the assumption on pg ensures
that E(H(X{")) < +o0.
(3.19) shows in particular (recall the H > 0) that
2

2x|s (7 D N
E |2 /0 D dt| < E(H(X)

'7N '7N
7 ’XZ _Xg |S+2

+sa /T E(H (X)) dt
0
< E(H(Xp)) (14 e T)

since E(H(X}Y)) < E(H(X{"))e*™. Hence if E(H(X{")) < 400, the left hand side is also
finite. If b = 0, the left hand side is nothing else but

2N s x|~  H(QIW)

where H(Q|W) is the relative entropy of the law Q of X~ w.r.t. the Wiener measure with the
same initial condition. Adding a bounded b does not change the finiteness of relative entropy,
so that H (Q]f/—g P) is also finite, where P is the product measure introduced in subsection
2.1 with |V'| bounded as in Lemma 2.5.

If b is only Lipschitz and no more bounded, one sees that the same line of reasoning can be

used provided one can control the second moments of Xti’N (|b(x)| < ¢+ alx|). Using Ito’s

formula this control amounts to the control of E M) i.e. of E(H(X}V)) which was
t T

already done.

The others statements in the Theorem follow from the discussion on relative entropy, Lemma

3.1 and sub-additivity of the Fisher information. O
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Hence the particle system has an entropic solution with or without confinement. This has
to be related to some comments in the introduction (subsection 1.4 of [118]) about the
confinement force.

Remark 5.2. In the previous Theorem, assume that max; ; ||fo.;|ls = Cq- Then E(H (X)) <
C(s,a,T,Cy) N2. 1t follows that

H(QI%P) < C(s,a,T,|x],Cy) N .

This will be crucial in the sequel.
2

XN _ xd N
£ ¢ is much weaker than

It is also worth noticing that the integrability of ‘Zj X X7

the one of )
) Pt Al )
; ‘XZ}N _ XtJ}N|5+2 - ]XZ’N _ th,N‘Qs-s-Q
which is presumably not true. &

Clearly K ¢ L(R?) for any a > d so that the entropic approach of the non-linear SDE fails.
Fortunately the non-linear PDE (4.4) has some good properties (for our purpose). Let us
recall the following result shown in section 3 of [118] (we emphasize that this result assumes
that there is no confining potential, i.e. b = 0, see the discussion in Remark 1.6 of [118])

Proposition 5.3. Suppose b = 0, 0 < s < d — 2 and that pg is a probability density
which is bounded. Then there exists a flow t — py of probability densities, satisfying (4.4)
and belonging to C°([0,T],L>°(R%)). This flow belongs to C°([0,T],L>°(R%)) and satisfies
19100 < |1p0lloo- It is the unique solution of (4.4) in the set C°([0, T],L>°(R?)).

Here are the precise references in [118]. Remark 3.7 shows that the non-linear PDE is
positivity preserving and Remark 3.4 that mass is preserved. Proposition 3.1 shows existence
of a bounded solution on small enough time interval, Remark 3.4 shows that the LL°° norm
of p; is non-increasing in time, so that one can conclude (see Remark 3.5) to the existence of
a global (in time) bounded solution. Uniqueness is part of Proposition 3.1.

Notice that even if py is bounded we do not know (at this stage) whether the density of the
particle system at time ¢ is bounded or not, but we can apply Theorem 5.1.

We can thus apply Theorem 4.6 since for A large enough, K 1|54 € L' (R9) (this is true as
soon as s < d — 1) so that

T
/ /|K*pt12ptdxdt < T (sup [[oull2 1K Lo all? + A2).
0 0<t<T

We thus have obtained the existence of a weak solution to the non-linear SDE, which is of
finite entropy. Of course the previous bound is obtained via

[K xpr] < A+ sup |[piloo [|K 1jxp>all (5.1)
0<t<T
showing that the “drift” |K * p;| is bounded. The existence of a linear diffusion process with

this drift is thus standard via Girsanov theory. That this diffusion process has marginals
pt is more or less classical and it seems that calling upon the results of subsection 2.1, if
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presumably not necessary, is not as strange. Nevertheless this remark shows that dQ/dP
belongs to all the LP’s for 1 < p < 400 and not only L¥"*  Finally one can apply the
uniqueness part in Proposition 5.3.

Let us gather the results we have just described

Theorem 5.4. For d > 3 look at K(z) = x \:vl%“ 1,20 ford—2> 5> 0 and x <0. Finally
assume that py is a bounded density of probability.

Then there exists a solution Q of the non linear SDE (1.3). This solution is absolutely
continuous w.r.t. (po/v0)P with a density Zr € (N1<pcyoo LF((po/70)P) (in particular with
finite entropy) and such that the marginals flow satisfies supg<i<r ||ptl|oo < +00.

It is the pathwise unique solution in the set of Probabilities on the path space such that the
marginals flow satisfies supg<,<r ||ptl|oo < 400.

Notice that the limitation to the repulsive case seems to be necessary for Proposition 5.3 too.

We shall see in section 8 another approach of existence. A natural question will thus be to
get uniqueness in more general situations. To this end we may see how to apply Remark 4.9
or Proposition 4.10 and Remark 4.11. Since K € L%(R?) for a < d/(1+ s), in order to apply
Remark 4.9 we need d > 2(1+s) and p, € L'([0, T], L% (4=25=2)(R%)) which is of course worse
than the d/(d — s — 2) obtained in Proposition 4.10.

We are nevertheless led to look at a priori g integrability of the marginals of solutions to the
non linear SDE. This will be also done in section 8.

5.3. The 2D vortex model.

In dimension d = 2 we consider the Biot-Savart kernel K(x) = X%lx;&o where for

v = (z1,72) we define 1 = (—m2,71). The case of x < 0 is studied in [104], we will

also consider the case x > 0. Notice that in [62] a more general situation with some random
weights x; is also considered.

Look first at the particle system.
When b = 0, the natural candidate as invariant measure is given by the density

poo() = [[ = & areten((wh-a2)/ (w5 ~1) (5.2)
1<j

which is bounded (we may define arctan(0/0) = 0 if necessary), but does not satisfy (2.14),
so that we may not use the strategy of subsection 2.2. For b £ 0 the same is true.

Nevertheless one can use the strategy in subsection 3.4 and find a Lyapunov function proving
the absence of collisions. This is done in [122]. Actually, we may use the function

H(z) = =) In(ja’ — 2%
i#j

as in subsection 3.4.
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Up to a multiplicative constant the first part of the drift is given by
i, N N i, N k,Ny1 N k,Ny 1L
Z<Xz - X} ((Xz - XUt - X )>
PN N5’ PN EN N BN
i3,k ’X; - Xt] ‘2 |th - Xt ’2 \X,f - Xt ‘2

N N N kN N PN N kN
Z< X7 =Xt (Xt X )L> _ Z< X - X (X - X )L>
N N2 TviN RN N Nig' (vi N RN '
XN = xR XY - XN X7 = XPTR X X

1,5,k 1,3,k

l.e.

Exchanging the role of ¢ and j we see that both terms in the difference are opposite, so that
this difference is twice the first term. Now exchanging the role of j and k we have

Z Xi,N X_],N (XZ,,N N Xf’N)J' _ Z XZ,N _ Xf,N (X?N _ Xg’N)J_
X = XX - XPP D D R

7] k i7j7k

so that using that (u,v") = —(u’,v) the previous sum equals 0.
Finally, using that A, In(|z|?) = O for 75 0 (3.19) becomes

ZN i, N i, N
_b X]’ X7 _X]’
HXNY - H(x) —2/ Z ) Z(N )]Ntz ¢ >dt+Mu (5.3)
1] Xt _Xt ’

for all stopping time u with u < 7y (7. denotes the hitting time of the set C. defined in
Theorem 2.15), ensuring again that there are no collisions starting from a non collision x
arguing as follows. Since H is not everywhere positive we have to introduce Sy, the first time
H(X") becomes less than —L, for a positive L. We thus have

E[H(XPhrns,)] <E[H(X0)] +2Ta
so that if Xév = z a non collision point, 79 > T" A S}, almost surely for all L. It remains to
make L go to infinity.

Remark that the result does not depend on the sign of .

According to Theorem 2.15 the distribution QV of X on C([0,T], (R?)") is thus abso-
lutely continuous with respect to the corresponding Wiener measure or w.r.t P provided the
distribution at time 0 is absolutely continuous w.r.t. 7.

Contrary to the sub-Coulombic case, we cannot use (5.3) for studying the relative entropy.
One can however obtain interesting informations. Indeed, we may explicitly write the mar-
tingale part M;. It holds

7,N 7,N 7 J
— Xy ,dB! — dDBs
My = —2\[/ g )

i#j XN = XN
XN _ x N '
NG / As T A g
Z <J7fz |X§’N - Xg’N‘Z ’
the second equality being obtained by exchanging the roles of ¢ and j, so that
2
Xi,N _ xIN
s =Y [T S @
_]75@ |th’ - Xt.% |2
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Since |[U+| = |U|, once again, up to a constant and to the additional regular drift b we
recognize H (Q|§—8P) More precisely

PO X2 2 2
H(QIZIP) < 555 BOME) + N bl (5.4)

We are thus led to estimate E(HQ(XfLV)) for u = 0, T since the expectation of the square of
remaining term involving b in (5.3) is less than 4a?T N*. We will use the rough estimate
Iy ai j|? < N? Dot |la; j|* and the elementary

1
In?(v) < C+ov+~
v

for some constant C' and all v > 0. It allows us to reduce the problem to the study of
Ga(x) = Zi# |zt — 27|® for a =1 and oo = —1.
Using Ito’s formula, the same manipulations as for H show that

Ga(XN) — Ga(X, /OZ XY —b(x PNy, XN — X PNy | XN - x PN e gy
i#]
+20? / SOIXPY = XPNOdt + My
0 iz

for all © < 79. We immediately deduce using Gronwall lemma that for « =2, and ¢t < T,
E(G2(X})) < E(G2(X3')) + C(a, T) N*.

For any 0 < a < 2, using [v|* < 1 + |v|?], it follows
E(Ga(X]Y)) < E(G2(X())) + C'(a, T)N?.

We thus deduce

/ SCE(XY - XV d < o /T Go(X[N)dt + (1/20%) E(Ga(X7))
0 itj 0
< C(T,a,a) (N* + E(Go(XY))). (5.5)
and finally

T T
/ E(H*(XN))dt < C(T)N? | N* + / E(G1 (X)) dt + / SCE(X;N = xPNTY) at
0 0 Ay
(5.6)
so that using (5.5) with a = 1 and what precedes

/T E(H?(XN))dt < C(T,a) N? (N? + E(G2(X{"))). (5.7)
0

From (5.3) we deduce for all t < T,

E(M?) < 3EH* X))+ 3E(H*(XY)) + ca®T?N*
< 3EH*XM) + C(a, T)N*(N? + E(Go(X{Y))) + ca® T2 N*.
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so that integrating with respect to ¢ it holds for all time T,
2T
/ E(M?)dt < C(a,T) N* (N? + E(G2(X{"))) + ca®T? N*. (5.8)
0

Using that for T < t < 2T, E(M?) > E(M2), we deduce from (5.8) that

E(M7) < T 'C(a,T) N*(N? + E(G2(XJ))) - (5.9)
so that we have obtained the analogue of Theorem 5.1
Theorem 5.5. Ford = 2 look at K(x) = x % 1,40 and assume in addition that b is bounded
and a-Lipschitz.
If [ D |zt — 27|% po(dx) < +oo, then the particle system (1.2) admits a unique strong

solution whose distribution ) satisfies H(Q|fy—g P) < 400, where P is the product measure
introduced in subsection 2.1 with |V'| bounded.

Accordingly, if [ po In(po/y0) dz < +00, the marginals flow p; satisfies fo (pr)dt < 400 so
that p. € LY([0,T],LP(RY)) for p € [1,2N/2(N —1)].

Remark 5.6. The previous calculation shows that

H(QI% P) <C(a, T)N (1+Sup/ o —ﬂfj\on(de)> + N [Jbl[Z, -

This bound will be unfortunately insufficient for studying propagation of chaos. &

One can nevertheless obtain a somehow better bound for the free energy functional, assuming
that the additional drift b = VU as in subsection 2.1, with U(z) = 3>, U(2?) and [ eV <

+00, so that 6y = Z71 py ¢=U dz is a reversible probability measure for the particle system.
We will assume that U’ is Lipschitz, but non necessarily bounded in order to allow a gaussian
confinement.

We may then use Remark 2.10 and obtain

H(po i) > Hipraaloo) + [ [ Z Viln(p) + () +

Since

H(po dz|0y) = /po In(po) +Z U(z') + Z arctan((zh — 22) /(2% — o)) | da
@ %#J

we obtain that provided [ po|In(po)|dz = O(N) and max; [ |U(z?)|podr < +oo, the free
energy dissipation

2
T 7 i\ L
T 4 X > (z* —a’)

is of order N
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According to the discussion in subsection 2.1, the marginals flow of the solution is (up to
some constants) almost an entropy solution of the Liouville equation in the sense of [79]
definition 2 (so that we partly recover Proposition 1 therein).

First using |a + b|? > 3 [a|* — [b|*> we have

T
H(podx|6o) + / / b|? peda dt > H(pr d|6o)+
0

2
ar:—acjL
/ Z/ Viln(py) + QNZ i = 35]’2 prdx dt

Expanding the squared norm in the right hand 81de, using a truncation ¢ (z) with compact
support, the product term becomes

(2t — 27)

<v Y i > dx
i#]

one can integrate by parts. Since the divergence of the Biot-Savart kernel vanishes it remains

to look at
(% — z9)*t
Qo3 -=="2F
i#]
which goes to 0 by correctly choosing a sequence of ¢’s, since

(% — z9)t
i#]

For the left hand side we remark that |b|? is at most quadratic. Using one more time the
specificity of the kernel, it is immediately seen, since b is Lipschitz, that

E@&F>SE<XO%+c(v+[;Euxq%w)

so that E(|Xy|?) < ¢(T) E(]Xo|?) by using Gronwall.
Since H(prdz|fy) > 0, we finally have obtained a better result

Theorem 5.7. Assume that U(x) = > U(x7) is a confining potential such that VU is
Lipschitz, and that [ |z|?po(x)dx < +00. Then there exists a constant ¢(T) such that
I 1
Hipodslt) +(T) [ lePmia)de = Hlprdolon) + 5 [ 1ot + 5 HQP).
0

Recall that here vo(dx) = Z7 e U@y and P is the distribution of the vo symmetric diffusion
process dY; = dBy — VU (Yy)dt.

. . o 2 o Po o
In particular if H(podz|6p) = O(N) and [ |z|*po(z)dz = O(N), H(QI2P) = O(N).
Remark 5.8. In the case without confinement, using the calculations in the proof of Lemma
3.6 and an ad-hoc regularization K. of K such that divK. = 0, one obtains

/PT In(pr) dz + /OT I(pe) dt = /Po In(po) dz,
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i.e. formula (5.7) in [62].

As said in [62] this equation is interesting provided one can get a lower bound for the Boltz-
mann entropy [ pr In(pr)dz (which is no more necessarily non-negative). Such a (uniform)
lower bound is obtained provided one can find an upper bound for [ |z|¥ dpr (see [62] Lemma
3.1). That is why, the whole paper [62] is studying together polynomial moments, Boltz-
mann entropy and Fisher information. Notice that provided [|z|¥dpy = O(N) for some
fixed k > 0, then, according to Proposition 5.1 in [62], as soon as [ po|In(pg)|dz = O(N),

Jo I(pe)dt = O(N). o

In the sequel we assume that b = 0. It is shown in [6] Theorem B, that for any initial
density of probability pg, the nonlinear (4.4) has a solution belonging to C°((0, T], L>°(R?)).
If in addition pg is bounded, then ||p¢||co < ||p0]|co. Assuming some more regularity on pg
furnishes higher regularity for p; see [6] Theorem A or [55] Lemma 2.2. In addition this
solution is unique in the set of bounded functions.

Another existence result, using convergence of the particle system is shown in [62] Lemma
3.5 and Theorem 2.5 (one can also look at the former [104]).

In [62] section 7 another uniqueness result is shown in the set of solutions such that Vp €
1L29/Ga=2)([0, T],LI(R?)) for all 1 < ¢ < 2. If fOT I(pt) dt < 400, the latter condition is
satisfied according to 3.1 (1). This uniqueness result is self contained i.e. the proof does not
use the particle approximation, contrary to the existence part.

We thus have the analogue of proposition 5.3

Proposition 5.9. Assume that po is a probability density such that [ po (In(po) + |z|?)dz <
+00. Then, when b =0, if pg is bounded, there exists a flow t — p; of probability densities,
satisfying (4.4) and belonging to C°([0, T],L>°(R?)).

FEven if pg is not bounded, there exists at most one solution in the set of probability densities
flows such that fOT I(py) dt < +0.

Accordingly there exists a solution Q of the non linear SDE, satisfying the same properties
as in Theorem 5.4 and at most one weak solution in the set of probability measures such that

JTI(Qo (Xy) ") dt < +o0.

As we said, the proof of existence for this solution given in [62] is totally different, based
on the relative compactness (tightness) of the law of XV, Notice that the former [61] also
contains results in this direction. We shall look at this approach later.

Remark 5.10. We claim that the above result is still true if we add a confining potential
as before. To show this, it is enough to extend Ben Artzi’s proof following the presentation
made in the proof of Theorem 2 in [69]. We will not give the details, so that this result is
still a claim, and we shall see later another approach for uniqueness. &

5.4. Dyson processes.

To complete the picture, let us say a word on Dyson type models.

We gave an existence proof in subsubsection 2.4.3 for the particle system, recovering the
results in [41, 70] for x/N < —1. The existence of the particle system was obtained in [41]
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Theorem 3.1 for y < 0 using the theory of multivalued SDE’s developed by Cépa in his
PHD Thesis. Transporting the system on the torus, the authors have shown in [42] that for
0 > x/N > —1 collisions of two particles always occur, while for x/N < —1 they do not
(remark that the equality case xy/N = —1 is out of reach of our approach). In [43] they also
have shown that no k-collisions occur for & > 3. Actually the proof in [38, 64] using Dirichlet
forms presumably also works for the Dyson model, for y < 0.

The non linear SDE is not studied in [41, 70] where the limit for a large number of particles
is studied for a varying y = xyny — +oo after a linear time change (vanishing noise).

6. THE 2D PARABOLIC-ELLIPTIC (PATLAK)-KELLER-SEGEL ATTRACTIVE MODEL.

The (Patlak) Keller-Segel system introduced in [83], is a tentative model to describe chemo-
taxis phenomenon, an attractive chemical phenomenon between organisms. Since we do not
yet speak of this model, that contains new interesting features, we will give a more complete
description of the situation.

In two dimensions, the classical 2-D parabolic-elliptic Keller-Segel model reduces to the single
non linear P.D.E.,

Ap(x) = Ay pr(x) + X Vo (K * p)pe) (z) (6.1)
with some initial pg. It is not difficult to see that (6.1) preserves positivity and mass, so that
we may assume that pg is a density of probability i.e. the model enters the framework of
this work with K(z) = x # defined on R?. K is the gradient of the harmonic kernel, i.e.

K(xz) =V log(|z|). In order to compare our model to the usual formulation, the reader can
think that the parameter y is actually given by

am

2n D

where xo is the chemotactic sensitivity, « is the rate of production of chemoattractant by
the cells, m is the total mass and D is the product of the diffusivities.

As usual, p is modeling a density of cells, and ¢; = K * p; is (up to some constant) the
concentration of chemo-attractant.

X = Xo

A very interesting property of such an equation is a blow-up phenomenon. The following is
easily obtained by looking at the time evolution of the variance of a solution (see [10]):

Proposition 6.1. If x > 4, the maximal time interval of existence of a classical solution of

(6.1) is [0,T*) with
1
"< — 2 dz .
S ex (= 1) /|96! po(z) dx

The existence of a solution, up to this explosion time, is more delicate. One classically says
that x < 4 is the sub-critical case, y = 4 the critical case and x > 4 the super-critical one.

As in [10] one can consider a weak version of (6.1), i.e. looking for a continuous flow s — s
of probability measures on R? satisfying for all smooth function ¢ and all ¢t > 0

t
/sodut = /soduo+/ /Asodusder
0

_>2</0 //<K(x—y)7V%0(x)—W(y)ms(dx)us(dy)ds. (6.2)
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It is worth to remark that the integrand in the last term in (6.2), which is obtained thanks
to the symmetry of K, is bounded, so that the integral is well defined for any probability
distribution p. The oddness of K is a key point for writing the last term in this convenient
form.

We then have (see [10] Theorem 1.1 for x < 4 and [9] Theorem 1.3 for x = 4, also see [20])

Theorem 6.2. For x < 4, assume that po(dz) = po(x) dzx is an initial probability distribu-
tion. If

/ (122 + |10 pol(2)) po(dez) < +o0.

then there exists a flow of probability densities t — pi(x) defined for all t > 0, such that
pi(dx) = pi(dz)dx is a solution of (6.2).

Actually the solution built in these papers satisfies additional regularity properties. First for
any 1" > 0,

sup /($|2—|— 10 po|(2)) py () d < +00. (6.3)
t€[0,T]

Next, if we introduce the free energy of a density of probability p, defined by

F(p) = /plnpd:ﬁ + ;/c(p)pdx, (6.4)

where
() (x) = / n(jz — y)) pl(y) dy

then the solution in theorem 6.2 satisfies

o) + [ (9 10pu(a) 4 xVelp ) @)) pla) dods < i), (6.5)

Such a solution is called a free energy solution. This notion is particularly relevant for
uniqueness, for which we have the following (see [54] Theorem 1.3)

Theorem 6.3. If x < 4, and pg satisfies the assumption in theorem 6.2, there exists at most
one free energy solution of (6.2), i.e. satisfying (6.3) and (6.5).

Remark 6.4. Actually [10] contains slightly better results. Indeed according to Lemma 2.11
and the proof of Lemma 2.12 therein, for all ¢ > 0,

¢
/ / IV In ps(x)|? ps(z) dz ds < 400
0
and

t
/0 /|ch(ps)(ﬂf)’2ps(l’)dl’d.§<_|_OO

too.
Actually this point is automatic, as shown in [54] Lemma 2.2. Denote by

Dy(F) = /0 /(\Vln ps(x) + xVelps) (@) %) ps(x) do ds . (6.6)
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Using integration by parts and Ac(p) = 27 p, any solution of (6.1) satisfies

/Ot I(ps)dSJr/Ot / IXVelps) (@) |? ps(x) deds < Dy(F) + 47 x //Ot () deds .

fg I(ps)ds < +o0 and fg [ 1xVe(ps)(@)|? ps(z) dz ds < +oo follow from Lemma 3.1 (2) and
some clever manipulations, see the end of the proof of Lemma 2.2 in [54]. Conversely if these
two quantities are finite, D;(F) < +4oc is immediate. Remark that this can be rewritten
using

t t
/ / IXVelps)(x)]? ps(x) deds = / / |K % ps|? ps drds < 4+00.
0 0

At least formally one has F(p;) + DiF(p) = F(po), provided D;F(p) < +oo. However a
rigorous proof requires some additional regularity on p, (see e.g. [10] Lemma 2.2). This
regularity is shown in [54], in particular Lemmas 2.6, 2.7, 2.8. This regularity holds on time
intervals [to, 1] but for to > 0. An accurate reading shows that assuming (6.5) is not used in
these proofs. One can thus deduce for t >ty > 0, F(p;) + D:F(p) = F(ps,) + Dy F(p). Step
2 in the proof of Theorem 1.4 p. 1176 of [54] together with Lemma 2.9 therein (lower semi
continuity of the free energy) furnishes that (6.5) is actually satisfies as soon as Dy F' < 400.
The price to pay is that equality becomes an inequality in (6.5) because of lower semi-
continuity.

Hence uniqueness holds once, in addition to (6.3),

/0 /(]Vlnps(ac) + xVelps)(x)]?) ps(z) dads < +oo.

This will be of particular interest in the sequel. Notice that according to the results in
subsection 3.1, as said in Lemma 2.4 in [54],

p. € LP/®=D(j0,T],LP(R?)) for all 1 < p < +o0. (6.7)

Stronger regularity is known since, according to [54] Lemma 2.8, for alle > 0, p. € C;°([e, T'] x
R?).

When pg is bounded, this result is shown in to Theorem 1.3 in [21], for bounded solutions.
If pp € L? it is shown in [54] Lemma 2.7, that the free energy solution built in Theorem 6.2
satisfies supg<i<r ||p¢|[Lr < +00. O

Remark 6.5. Another notion of solution called “mild” solution is discussed in [4, 127].
Existence for general initial data, and uniqueness in the set of such solutions is obtained
therein. A mild solution is a solution that can be expressed via Duhamel formula for the
heat semi-group. In particular an a priori L3 bound is required. It is shown in [54] section
3 that the (unique) free energy solution is a mild solution. O

The assumptions in theorem 6.2 can be relaxed, when x < 4, the following is proved in the
recent [65] (Theorem 2 therein), where the moment condition (6.8) is shown

Theorem 6.6. If x < 4, for any initial probability measure ug, there exists a flow of prob-
ability measures t — p; defined for all t > 0 and solution of (6.2) . Furthermore, for all
T>0,and all2>~> X,

T
/0 / / & — 42 pa(de) paldy) < Clyax) (1 +T). (6.8)
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Unfortunately, no uniqueness result is known in this more general context. Notice that if
po satisfies the assumptions in Theorem 6.2, according to Remark 6.4 and Lemma 3.3 the
previous integrability (6.8) holds for all 0 < v < 2.

Remark 6.7. In the sequel we will also be interested by the model with an added drift
b(z) = VU (z) = Z?zl U'(z7) for some nice U we will call a confinement potential and the
corresponding drift an advection term. As for the 2D vortex model we will assume that U”
is bounded. When U is convex, —(z, VU) < 0 inducing a true confinement. There is no
difficulty to add a second bounded drift term, but for an easier reading we will not introduce
this additional term.

Despite our tentatives, we did not find in the jungle of the literature on Keller-Segel models,
the analogue of the results recalled before for a = 0, except one case: a change of coordinates
in self similar variables naturally introduces a quadratic confinement potential (see e.g [54]
p.1164 formula (1.16) and what precedes). One can thus transfer the previous results to this
situation.

We nevertheless claim that all that we recalled before is still true if we add a confinement as
we defined before. The only way we found to see it is to rewrite the proofs in [10] and [54].
We shall not give all the details here, only explain how to modify some notations, and why
the confinement does not perturb the heart of the problem.

First, we may look at the second moment

T
/\m|2pTd:U:/|m|2p0dx—|—(4—x)T— 2/ /(m,VU} pedx dt
0

where the last term is non-positive as soon as U is convex. It follows that, as for the usual
Keller-Segel model, existence of a global solution is only possible for x < 4. In this case one
also sees that the second moment is finite at time 7 if it is finite at time 0.

In order to mimic the proofs in [10] it is enough to modify the free energy functional by adding
% i U pdz i.e. replace xc by xe+U. We follow the numbering in [10]. Lemma 2.3 is still true,
up to this modification, and since [ f U dz > 0 for a non-negative f, adding this term in the
Hardy-Littlewood-Sobolev inequality (2.6) does not modify the lower bound, and Lemma 2.5
is unchanged. The approximation method in 2.5.3 is modified, replacing yc® by 6° = xc* + U.
The key lemma 2.11 is also unchanged, once one remarks that Ac® is replaced by Acf + AU
with a bounded AU, so that for instance in the proof of (iv) p.14, one simply has to add
a constant in the right hand side of the first inequality. We stop here, but the reader can
easily follow line by line [10] and see that, in the worst case, only constant additional terms
appear and do not modify the main statements, the most important results being Lemma
2.12, proposition 3.3 or Lemma 3.4, where for instance the dissipation (or production) of the
free energy is a simple consequence of the non positivity of its time derivative, as in Lemma
2.3.

One can do exactly the same with [54]. The modification of xc does not introduce any
difference in the proofs. For instance, Step 4 on p. 1177 uses the self similar coordinates,
introducing a quadratic term |z|?/2 in formula (2.27). This term is changed into |z|?/2+h(z)
for an at most quadratic h and all the estimates starting from (2.29) are still true. &
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From the point of view of the non linear PDE the situation is close to the case of the sub-
Coulombic potential. However for the particle system, the situation is very different. Indeed
one cannot use nor subsection 2.4 with the invariant measure candidate
Gn(dz) = H 2 — 27| " ¥ da
1<i<j<N

nor subsection 3.3 since K ¢ L?(R?).
One can nevertheless prove the following

Theorem 6.8. Assume that b =0 and K(x) = x ﬁ 1,20 for some x > 0.

Let MN = {z € (R®)N there exists no triple i # j # k such that 2* = 27 = 2*}. Then for
N > 2 and x < 4, there exists a non explosive solution Q. of (1.2) starting from any
x € MN. Moreover the process is strong Markov and admits a symmetric o-finite invariant
measure given by
Gn(dz) = H l2° — 2 |” ¥ da .
1<i<j<N
In addition, for all T > 0,

T
Z /0 1wz‘,N:wg,N dt = 0, QJ; a.s. (69)
1#]
If x > 4 the solution explodes in finite time.
If x < 4 % = xn the process lives in MY i.e. there are no k-collisions for k > 3 and is
unique (in distribution).

The first part in this general form is due to [64] (see proposition 2 and proposition 3 therein)
and uses Dirichlet forms theory (due to the normalizing coefficients our x is 26 in [64]).
The use of Dirichlet forms theory was previously introduced in [38] where a similar result
is claimed for N > 4 and y < 4 %—j Actually the (too simple) proof of the absence of k
collisions given in [38] subsection 2.5.1 is incomplete (for the interested readers one also has
to consider the case € = 0 therein). A complete proof of this fact is contained in [63] Lemma
15 and its proof. [63] also provides us with a proof of existence for x < 4 %, using some

compactness argument we shall revisit later on.

The (non trivial) fact that G is locally bounded on the whole space is shown in Appendix
A of [64], while [38] only considered this measure restricted to M.

For x > 4 explosion is shown in [38] subsection 2.4 and a very precise description of how
multiple collisions occur before explosion is done in [64] Theorem 5.

Uniqueness in the sense of Hunt processes is also shown in [38] Theorem 3.2 and the same
argument works for the more general case of [64]. It follows that one can build a unique
solution with any initial distribution pé\f (x)dx, since M has Lebesgue measure 0, and this
solution satisfies (6.9). We are using here the notation Gy which is the one used in the recent
[17]. The latter property (6.9) is Lemma 3.4 in [38].

Uniqueness starting from a non 3-collision point such that in addition no multiple 2-collisions
occur is shown in [38] and uses an explicit computation made in [63] Lemmata 19 and 20.
If several pair of coordinates are equal (two by two) it can be easily extended. This more
precise result will be useless in the sequel.
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Another crucial result is that 2-collisions are not only allowed but always occur with positive
probability as shown in [63] Proposition 4 (with an initial exchangeable condition) or in [38]
subsubsection 2.5.2

Proposition 6.9. For any solution of (1.2) in the Keller-Segel setting, and any t > 0,
P(3s € [0,t],3i #j; XN = XNy > 0.

In particular a solution @ to (1.2) cannot be absolutely continuous w.r.t. P or to the Wiener
measure with the same initial condition.

For the consequence stated above, recall that if B and B’ are two independent 2-dimensional
Brownian motions, Z = |B — B’|? is a squared Bessel process of dimension 2, so that the
origin is polar, i.e. the hitting time of 0 for Z is almost surely infinite. This shows that for
a collection of independent 2-dimensional particles whose law is absolutely continuous w.r.t.
the Wiener measure, collisions (starting from a non-collision point) never occur.

Remark 6.10. It is interesting to see that Keller and Segel themselves proposed in [84]
a microscopic description of their aggregation model, which is nothing else (in a modern
formulation) than the particle system (1.2). &

Remark 6.11. In all what precedes one can add a linear confinement potential as in Remark
6.7 simply using a Girsanov transform, since the additional drift is bounded. We shall explain
below that one can also add a quadratic confinement potential. &

In the recent [17], the authors have studied the Liouville equation (recall (1.4)) associated to
(1.2) for the Keller-Segel model, i.e.

X zt — 2l
3tM1]tV:§ Vi MiNN E [ — 22 + D i (6.10)
i=1 j=1

where as before 0 = 0/0. The authors introduce in their definition 2.1 the notion of (relative)
entropy solution, as follows:

Definition 6.12. A solution (in the sense of Schwartz distributions) uf¥ of (6.10) is said to
be an entropy solution if for all T" > 0,

T
/0 1uN|Gx) dt < H(ulY|Gw) — HGY|G) (6.11)

where as usual H(u|v) and I(p|v) denote the relative entropy (Kullback-Leibler information)
and the relative Fisher information, i.e.

I(u|v) :/‘vm (Z”j)

Since G is not bounded one has to be careful with these definitions. It is immediate that
both hand sides in (6.11) are unchanged if we replace Gy by ¢Gy for any nonnegative
constant. Remark that one can always choose an appropriate c¢ for the relative entropy H to
be nonnegative as in the usual probabilistic situation, but ¢ depends on p.

2
dp

Actually the authors of [17] replace R? by the 2 dimensional torus II, and consider periodic
solutions after periodizing the potential In(|x|?). The meaning and definition of the stochastic
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system (1.2) has to be reformulated. The existence of an entropy solution of (6.10) is shown
in [17] Proposition 4.1.

Notice that, formally in (R?)™
2

b —2d
/O I |Gy) dt = //Z Vilnp + NZW Za| | @ 612

so that (6.11) is similar to (6.5) in the context of the particle system. Recall that [17] works in
a ITV the N-tensor product of the 2D torus, so that the previous equality has to be modified.

Another point is concerned with a sentence at the top of p.4 of [17] i.e. “Of course any
strong solution to (1.2) (in the probabilistic sense) would also yield an entropy solution to
(6.10).” Since the notion of strong solution in the probabilistic sense is not defined in [17],
the meaning of this sentence is only speculating. However, the proof of the existence of an
entropy solution given in the Appendix of [17], is based on a € regularization different from,
but similar to the one used in [63] for proving the existence of a solution of the particle
system. Since we know the (weak) uniqueness of a solution at the particles level, it indicates
that, provided one can extend this result to our situation, pN U will be an entropy solution.
Actually some key uniforms (in ¢) estimates in the [17] proof are obtained via a large deviation
estimate (Proposition 2.1 therein) inspired by [79]. If replacing the Lebesgue measure which
is bounded on the torus by e~Ydx on the whole space is presumably what has to be done to
extend the argument in [17], we confess that we were not able to understand all the steps of
the proof in sections 2 and 3 of [17].

We shall thus give a proof of a precise statement. The (potential) reader in a hurry can skip
what follows up to the statement of Theorem 6.24.
Instead of working on the torus we will add a confining smooth potential U defined on R, as
for the 2D vortex model.
Next, we replace Gy by the measure G¥;(dz) = e U@ G ~n(dz). The existence and uniqueness
(for x < xw) of a G% symmetric diffusion process

Xz NU X §N,U

owWN,U i, N zNU
dX;0 = V2Bt - VU XN - & Xy XN T dt (6.13)
J#i

can be shown exactly as for Theorem 6.8 in the same range y < 4. If \Vm is bounded, one
can also use a Girsanov transformation.

Our goal is to use Remark 2.10. The main difficulty is that if N is large, G% is not a bounded
measure. To overcome this difficulty, first consider the approximate model Q™'U¢ where we
replace |z — y|? by € + |z — y|2. This time the associated

GYF = H (c+ |2 —2?)"2v e V@ dg
1<i<j<N

is bounded with a normalization constant denoted by Z.. Applying (2.13) we thus have
H(pY de| 271 GYF) — H(pN Y de| 271 GRF) > (6.14)
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2

>/T/ Vilnp Ve v+ 2 —— ) ) da dt
n -— T IT:Y X X .
~Jo i P N & et Jal — a2 Pe

The key is that the normalization constant, that already disappeared in the right hand side
thanks to the gradient, also disappears in the left hand side which is equal to

/ n(py /GUg)p d:c—/ln(ngE/G%’S) NU‘gdm(> 0).

A natural idea is to pass to the limit as € — 0 and expect first that limits exist, and second,
that they include the marginals flow p™°V

We shall follow the previous program by letting first € go to 0. This is the analogue of
subsection 4.2 in [17]. We will however give a complete proof.

We shall first control the left hand side in (6.14). Recall that the normalizing constant
disappears, so that the first term in this left hand side reduces to

H(pévdx\e_ﬁdac) +/ ot % Z In(e + |z* — 27|?) da (6.15)
1<J
NMUe  We will thus assume, first that U is

normalized so that e~V is a density of probability and in addition that

the second one being snmlar replacing ,00 by pp

H(pévdx|e_0dx) < 400 and / oY Z |In(|z° — 27])| dz < o0, (6.16)
i#]
so that we may use Lebesgue’s theorem and get that the sum of the two terms in (6.15) goes
to [ p) In(GY)dz as € — 0.

It remains to bound

H(pg’U’ada:\eﬁdx)—i-/ nue X Zln (e + |2" — 27|?) dx
1<J

from below. Since the first term is non-negative, it is enough to look at the negative part of

the second one, i.e. replace the In by —In™ its negative part.

Ue

To simplify the argument we will assume that pév hence p¥ " is exchangeable, so that we

have
H(p NUde\e de) < H(pévdx|e_0dx)+/po len e+ |2t Ct?j’2)‘dl‘
7>1
NUg XV — 1) - 1_ g2
+ /pT (x)T Zln (e + |z' = 2/) da, (6.17)

j>1

According to the variational formulation of relative entropy, and after a standard approxi-
mation by a bounded function, we have for any 8 > 0

3 / NUe (z) Zln— (€+ |x1 _xj|2) dr < H(pg’U’edx‘e_ﬁdﬁ)‘F (6.18)
j>1
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+1In /6/82]'>1 1n7(8+‘x1—xj|2) H er(zj) er(:zl)de d.I‘NdZE1
i>1
The last term is equal to

1 —U(z) —U(x

where C'(f) does not depend on ¢, provided § < 1.
We have obtained

N -1 7
o XWV=1D H(pYYedale Vdx) < C(B,p)) N . (6.19)
46N
If x < 4 we thus get a first desired result, namely
sup sup H(in’U’de]e_Uda:) <C(x,pN, T)N . (6.20)
e 0<t<T

Plugging this result in (6.18) we also have

sup sup /piv’U’s(ac) Zln_ (e + [z —27)?)dz < C'(x.ph . T)N.
£ 0<i<T =

An immediate consequence of (6.20) is the following
Lemma 6.13. If (6.16) is satisfied and p) is exchangeable, for all x < 4 the family of flows
(t€ 0.7 0" )eoy
is tight. In addition any weak limit pV satisfies
sup H(pf dale™Udx) < C(x, o)) N,
0<t<T

and

sup /inU(a:) Zln* (Jo' —27?) dz < C'(x,pdY, T)N .
0<t<T =

In the previous results, constants of type C(X,péV,T) only depends on p(])V through the distri-

bution of the first two coordinates (x',x2) (or any pair thanks to exchangeability), hence can
be chosen independent of N if p(])V is chaotic.

Proof. The first inequality is a consequence of the lower semi continuity of relative entropy.
For the second one remark that for e < g, In™ (e + ¢! — 27|?) > In™ (g9 + |2' — 27?) s0
that
[V S (ot et T do < o TN
j>1
One can thus make € go to 0, using weak convergence, and then let g go to 0 using monotone
convergence theorem. O
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Remark 6.14. The assumption [ |In(|z? — 27|)| p) do < +oo is satisfied, according to the

proof of Lemma 3.3, as soon as g PN Py o (28, 27)~! € LI(R?) for some ¢ > 1. Actually
since z — |In([z])| belongs to the Orlicz space Lo (B(0,1)), where B(0,1) is the unit ball of
R? and ®(u) = e'“' — 1, Orlicz-Hélder inequality ensures that [ |In(|z? — 27|)| p¥ dz < 400
as soon as [ pd’ | In(p} )|dx < +o0.

Similarly, it is easy to see that, if v and hv are probability measures,

/hlnh\dug/hlnhdy—i—%_l

It follows that for a density of probability p, and U as before, assuming that e~V is normalized
as a density of probability,

/p]lnp|dx§ /p|1n(p/e_0)\dx+/|l7|pdx < /pln(p/e_ﬁ)dm—i— /|U|pd1‘ + 2¢71

It means that the second assumption on p}’ in (6.16) is satisfied as soon as the first one is
satisfied and U € L!(pdz). O

Notice that p™'¥¢ is smooth on (0, 7] x (R?)" thanks to ellipticity results (probabilists can
call upon Malliavin calculus), since the coefficients of the generator LNUe are smooth.

Let t +— p; be any weak limit of the previous family. Introduce now
AN = {z € (R?)®N; Il’;éln l" — 27| > 1/1}. (6.21)
i#]

on this set. One has (9; + LN'Y)p. = 0 on any [s,T] x AN for any s > 0 in the sense of
Schwartz distributions, hence p. is also smooth on this set for the same reason.
Actually we can say much more, namely that

N,U,e

1P} < C(j,V,l,R)t*0) (6.22)

for any j € N* and some a(j) > 0 where B(0, R) is the euclidean ball of radius R. What is
important here is that the previous bound is uniform in ¢, because all the coeflicients and
their derivatives are bounded on A" N B(0, R) uniformly in €. A similar bound is true for

||Cj (ANNB(0,R))

piv U The same is true for pt. Once again, aficionados of Malliavin calculus will find a proof
in [24] Theorem 1.15 and its proof, and the above statement in [25] Theorem 1.5.(i), in a
more general hypoelliptic framework. In order to take into account the initial density (the
results in [24, 25] are concerned with the density kernels, i.e. an initial Dirac measure) it is
enough to differentiate under the integral sign.

It is then standard to show that piv U< and V,oiv Ue weakly converge to p; and Vp; in ]L2(AZN N

B(0, R)) so that one easily gets, for s > 0, both
2

T VR |

X r —T N,U,e

2y | | V(@) dzdt —
/s /A;vﬁBm,m N et —alP| |7

T i
IL' X
— E pr () dedt
/s /AlNﬁB(O,R) N W |ai — 27 ]2 !
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T L
/ / Viin,U’ev & % dzr dt —
s JANMB(0,R) N & e+ o' — 2|

JFi

T J
NU X x
5 oV § TN et
/s /AleB(o,R) < o < |2 —:B3|2>

as € — 0. The same holds with the terms involving U if U is smooth.

and

In addition, at least for [ and R large enough,

sup / / IV In(pNV9) 12 pN Ve dpdt < +o00.
ANNB(0,R)

This bound follows from the fact that

inf inf pNUE = (s, T,R,U,N) >0. (6.23)

€ s<t<T,yeANNB(0,R)
Here is a proof with a probabilistic flavour. First, since the initial measure has a density,
one may find Iy > 0 and Ry such that péV(Al]g N B(0,Rp)) > 0. If I > 2lp and R > 2Ry
we may consider the processes killed when they exit Aé\lfo N B(0,2Ryp). Since their laws are
equivalent to the one of a similarly killed Brownian motion (with variance 2t), with densities
and inverse densities bounded in all the ILP’s uniformly in &, all these laws are equivalent
with densities and inverse densities bounded in all the IL”’s uniformly in €. The uniform
in € lower bound (6.23) follows from a similar uniform lower bound for the densities of the
killed processes, which itself follows from the previous argument once a strictly positive lower
bound is obtained for a given €y. The latter is standard see e.g [26] p.612-613.

Consider random variables ZZV Ve supported by AlN N B(0, R) with densities proportional to

piv U in this set. It is easily seen that they converge in distribution to a random variable

ZtN U with density proportional to p; and that the normalizing constants in € also converge

to the normalizing constant for the limiting distribution. According to Proposition 13.2 in
[11] again and to Fatou’s lemma, we deduce that

hmmf/ / |V In(p NU€)|2in’U’€dxdt >
ANNAB(0,R)

T
> / / |V In(p¢)|? prdadt .
s ANNB(0,R)

We have thus shown

T bl
.. 7 X x T N,U,e
hmlnf/ / E V-lnpN’U’sﬁ—VU—i-f E —_ p (z) dx dt >
€ s JANNB(O,R) - ‘ t N o e+ |zt — 2d|? t

(6.24)

/T/ Vil s Zx_xj (z) da d
> np; + —l-f pe(x)dz dt,
s JANAB(O,R) |2 — 27 |?

i
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and finally
2
. r N,Ue zt— N,U,e
hn}gmf ; Z Vilnp, —l—VU—i-f Z i pp " (x) da dt >
2
liminf/T/ Z Viln N’Usﬁ—VU—i—fZ it NUL(2) da dt >
S ANmB OR) p ! pt 8+‘Z’Z—aﬂ’2 pt -
2
! 1 X o) dz d
> —_— .
_/S /AleB(o,R) i Vilnp, + VU + & Z o a2 pe(x) dxdt

It remains to use the increasing limit as [ and R go to 1nﬁn1ty, since A{V N B(0, R) grows to
the whole space, and then as s goes to 0. We already know the existence of the density p;
which is almost everywhere defined as well as Vp;. We have thus obtained

Lemma 6.15. Assume that (6.16) is satisfied and that pév is exchangeable. Then for all x < 4

there exists C(N, x, p(])V) such that any weak limit p of the tight sequence p™'"U'¢ satisfies
2
T T zt — 2l
H(pr dzle da:)—i—/o / : Vilnp, + VU + & Z i pi(z) de dt <

—U X i j
< o) | H dele o)+ [ X% 3 (e’ — afl)da

i<j

Remark 6.16. Notice that in the previous result the constant C'(N, x, pév ) goes to infinity
as X — 4 (recall (6.19)), while in [17] (2.5), hence in Proposition 4.1 (choosing ¢ = 1 therein,
hence A = y < 4) this constant actually equals 1. &

To complete the picture we have to prove

Lemma 6.17. Assume that (6.16) is satisfied and that pév is exchangeable. Then for all
x < 4 any weak limit p of the tight sequence p™'"V¢ solves the Liouville equation, provided

sup sup /|U|pi\7’U’(S dx < +o00.
€ t

The proof is similar to the one in [17], the key being (4.9) therein. Let us briefly recall the
argument. First, as we already used, p solves the Liouville equation in the set of Schwartz
distributions on the open complement of the collision set, and is smooth in this set, i.e.
all its derivatives are almost everywhere well defined. It is thus enough to consider BlN =
(AN)eN B(0, R) for some R > 0, and to control

e gt

forall 0 <u < s <T. Applying Cauchy—Schwarz inequality we get

1 1
s 3 s 3
M < (/ /]Vha(G%"g/pév’U’E)]2,o,fV’U’6 dx dt) (/ /1BlN(az) pN Ve dy dt)

(Y /Y 0<)  dar
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The first term in the product is uniformly (w.r.t. &) bounded according to Lemma 6.15.
For the second one we again use Orlicz-Hélder inequality with ®(u) = e* — 1 and its con-
jugate ®*(u) = (uln(u) — w + 1)14>1. On one hand the Lg norm of Ipn is less than
¢ In"!(1/vol(BY)) which goes to 0 as | — +oo for a fixed R (it is of order 1/Inl as men-

tioned in [17]). On the other hand the Lg+ norm of pN U€ is less than ¢ J/ pN e | In(p, N, UE)\ dx
the latter being less than

c(H(p NUEda:|e Udac /|UinU€da:—|—2e_1)

according to remark 6.14. We deduce that for all fixed R, the second term in the product
goes to 0 as [ — 400, uniformly w.r.t. e.

The three previous Lemmata furnish the analogue of Proposition 4.1 in [17].

The point now is to know whether for (almost) all ¢, piv Ue in’U’ as € — 0, or at least if

the previous holds for some subsequence ¢,,, the same for almost all ¢.
A first partial answer is given by the following Lemma

Lemma 6.18. Let X” be the particle system of the Keller-Segel model introduced in Theorem
6.8 and Theorem 6.8 with or without an additional the confinement potential (in this case
recall that the confinement potential is at most quadratic). For all 0 < e <1 (1 is arbitrary
and we emphasize that € = 0 is allowed), it holds

(1)  Forallt >0, Zévzl E(|X7Ne12) < T, a)(Zj.V:l E(!Xg’NF) + NT), where a is
the Lipschitz constant of VU.
(2)  Forall0<vy<2—(x/2),

N
> E dt <ON (O E(XPNP) +N),
N, i, N
/ (XJ FoX) €|> s

i#£]

where C' is a constant that only depends on T, a (the Lipschitz constant of VU ), v
and x.

This Lemma is mainly contained in [123] Lemma 16 and Proposition 10 in the case U = 0. The
proofs in [123] are written under the assumption that the initial distribution is exchangeable
and only concern the process XV, not the approximations. We shall give here a (slightly
simplified but very similar) complete proof taking care of the dependence in e. The Lemma
has an important consequence

Corollary 6.19. For y < 2, QNV:Ue weakly converges to Q™Y as e — 0.

The Corollary extends Theorem 6 in [63] obtained for y < 1.

A standard proof for x < 2, is that since (2) holds for 4 > 1 the family Q™:V< is tight.
A proof of this fact will be given in subsection 8.1 in the framework of large N instead of
small e. One can also directly follow the proof of Theorem 6 in [63] (a small improvement is
contained in our derivation in subsection 8.1). It is then standard to show (as in [63]) that
any weak limit solves the martingale problem with £ = 0.
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We recall (and claim) that the methodology of [63] precisely consists in showing that @~V
weakly converges to @™V on [0,.5;] where S; denotes the first time where the minimal sum
of the distances between three particles becomes less than 1/1 for large [ i.e.

DY = {z € (R?)®V; for all distinct indices i, j, k , |z* — 27| 4 |27 — 2*| + |2F — 27| > 1/1},
(6.25)
using the same approximation in € we are using. This is explained in Lemmata 12,13,14 p.
2827-2830 of [63] and in the proof of their Theorem 7, where it is shown that any limit law
solves the particle system SDE. Since we know that there is only one weak solution, the claim
is proven. It is not difficult to see that the same is true for the confined system.

A consequence of Corollary 6.19 is of course that, as expected piv Uie weakly converges to
piv Uase 0.

Another proof of the latter, directly using Lemma 6.18 (and not the Corollary) is using the
superposition principle recalled in Remark 2.13. Indeed, each limiting p; solves the Liouville
equation ((1) in the Lemma ensures the integrability of ) according to what precedes. (2)
for x < 2 ensures that the drift is integrable w.r.t. the flow p.. Thus, there exists a solution
Q to the particle system, with initial distribution P and marginals flow p. Since there

exists only one (weak) solution to the particle system, @ coincides with this solution and its
marginals flow with piv U

We turn to the proof of Lemma 6.18.

Proof. of lemma 6.18. Proof of (1). Using Ito’s formula and the usual care (localizing first
with stopping times), one obtains

SOXPR = Z IXPNP + M + ANt —Z/ 2(XINE VU (XINE)) ds

J
j,N,e i,N,e i,N,e
Xﬁ , X1 - X))
Z Xj7N75 Xi’N’E 2 dS,
Z#J e+ X =X

where M. is a local martingale. Exchanging again ¢ and j in the final term, we see that it is
equal to

i,IN,e i,N,e i,IN,e i,N,e
1 Z <X§ - Xs 7Xg - XS >

- . < N(N-1)/2
e+ ‘Xg,N,s . X;,N,a‘g — ( )/

i#]
and in addition is non-negative, so that finally, using again localization for some stopping
time in order to control the martingale term

. . t )
SE(XP) < S EGYP +ONT+a [ YRR (620
i i 0

Here we have used |(z, VU (z))| < ¢+ a|z|? for some constant ¢. We may conclude thanks to

Gronwall’s lemma. When U is convex, (VU(y),y) > 0 and the bound does not depend on
U.
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For the proof of (2) consider some function g : Rt — R and G(x) = D it g(|z* — 2712). We
assume that g is everywhere defined and smooth. Applying Ito formula we thus have

G(XN%) = G(X)%) + My + S} + S + 5}

where M. is a martingale the three other terms being of the form S/ = fo R ds with

B = <23 g(XiNE - XNy (XN - XN TU(XEN) - YO (X3
i#j
R? = Z Xz N,e Xg7N7E’2) (Z (Ai,k — Aj,k))
1#£j k

<X§’N7€ . Xg,N,E X;’,N,a - X§,N,a>
b
o+ IXE — XEVp
RY = 83 (g (X0 = XENEP) 4 XIS XENAPR (XN X))
i#]

where A; =

For the last term recall that the martingale part of X* — X7 is 2 times a Brownian motion
so that there is a 2A yielding the 8.

The most tricky term is R?. In order to get some control we will assume that
¢’ is non negative and non increasing .

Denote
U = X;’N’E . Xg,N,e’ v = Xg,N,s . va,N,s7 w = X;c,N,e . X;,N,s ]

Each term of the sum is written (up to a circular permutation on u, v, w) as

g'([ul?) <U <5+u|]w|2 * e+vlv|2>>

so that exchanging the role of the indices one gets
2x
2 _
B=3v 2
1,5,k
uf?) w N v
g'(lul*) e+ w|? £+ [v]?
12 w u
S0 (v (e + 557

v
W'@(Hmﬂkﬂw»'

Since ¢’ is non increasing on R*, so is u + ¢/(u?) = ¢(u). Thus we may apply Lemma 9 in
[123] with (p,%), where ¥(u) = (5 +u2)~!. The sum of the three terms above is larger than

jw?

!I2

Jul? /
(Il)gﬂu,Q— g (o) - —g(lw\Q)m-
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Summing up over (i, 7, k) (recall that in the sum we only consider the cases where the indices
are different), we obtain

4?N7 ‘7N7
R2 > — M § g’(|Xi’N’€ _ Xj,N,€|2) |X; X
s = s s - -
N = (e + | XNVe — XNy
> —2y § g (| XiNe - xXpNe2y (6.27)

i#]
Summing up, and using that VU is a Lipschitz, we obtain for

g = XN = XV,

R+ R} + R > [(8—2x—2auij) g (uij) + 8uijg" (uij)] - (6.28)
i#j
For 0 <a <1,n7>0and r > 0, choose g(r) = (n + r)*. We have
J(r)=am+r*" and ¢"(r)=ala—1)@H+r)*>
We thus have
R+ RI+RY> D a(8a— 2y — 2aui)(n +uij)* !
i#]
so that taking expectations we obtain

v

E (> (n+ | Xpe — xphep2)e
i#j

T
> / E (D aBa—2x —2a| X0 — XV P) (n + [ XN — XPNeP)yet | ds.
0 i#]
The left hand side is bounded w.r.t € according to the first part of the lemma.
If @ > x/4 and 2au < 40 — x one may bound the right hand side from below by

T
/ E [ Y atda — )+ [XIV — XPVPP ) 1 e e, ds.
0 i
We deduce that

T
/ E (Y (n+|XNe - XxPNe)et 1) iNe_xiNejag, 45
0 i#]
is bounded uniformly w.r.t. £ and we can pass to the limit  — 0 using monotone convergence.
For |X§’N"€ — Xg’N’EP > u the term under the integral sign is bounded, so that we get (2) in
the Lemma.
The dependence in N is easy to trace. O

If Corollary 6.19 furnishes the expected answer for x < 2, for y > 2 we do not know about the
weak convergence of the distributions Q™'Y¢. We shall however see that a weaker convergence
holds true, implying the desired convergence of the marginals flow.
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To this end we will again call upon Dirichlet forms theory, and more precisely upon conver-
gence for Dirichlet forms. Indeed, each Q™:U¢ for ¢ > 0 is associated to a Dirichlet form

&)= [ (V1Y) dGh

defined on L2(M™, G%E dz) with domain D(&.) and core C2°(M™) where M* is introduced
in Theorem 6.8. Notice that on MY, G, € LF (M™) for p < 2N/x.

For € > 0 the reader can be surprised. Indeed the natural Dirichlet form is defined on the
whole (R?)N. Actually the symmetric forms we have defined on C>°(M*) are closable, and
their smallest closed extension are regular and local. They are thus associated to some Hunt
process coinciding with X™V:U¢ up to the exit time of M. This exit time is almost surely
infinite for the standard Brownian motion (0 is polar for a 2 dimensional Brownian motion),
and since Q™'V¢ is absolutely continuous w.r.t. the Wiener measure, this time is also almost
surely infinite for XU, In other words the Dirichlet forms (€., D(&.)) we have defined as
closure of the forms defined on their core, coincide with the ones built on the whole space.
For ¢ = 0 we recall that the Dirichlet form was introduced in [38] subsection 3.1 and studied
in [64] section 11.

We will show that this family of Dirichlet forms is convergent in Mosco sense ([108]). Actually,
since we are dealing with varying Hilbert spaces H, := L2(M?Y, G][{;E dx), we have to use an
extension of Mosco’s results to this setting. This extension is done in [92] (also see [101, 102]).
In what follows, limits w.r.t. € are limits along some sequence ¢, going to 0, and as usual
E(f) denotes E(f, ).

First of all, notice that C = C°(M?") is a dense subset of all the H.. In addition, the
sequence of Hilbert spaces H. is converging to Hy in the sense of [92] p.611, since if f € Hy,
f belongs to all H, and lim._ || f||m. = ||f||z, using monotone convergence. Indeed G%’E
increasingly converges to GJL\]].

Next we may define the convergence of sequences, adapting the ones in [92] to our situation
Definition 6.20. We say that
(1)  fe € H. strongly converges to f € Hy, if there exists a sequence f- € C such that
lim | f. — fllm, =0 and  lim||fe — fellm. =0,
(2)  fe € H. weakly converges to f € Hy, if
lim (fe, ge) . = (f, 9) 1o

for any sequence g. € H. strongly convergent to g € Hy.

Recall that if f. strongly converges to f, ||fe||m. — ||f||m, in particular this sequence is
bounded and that if || f; — fEH m. — 0, the sequence f- also strongly converges to f.

If f. weakly converges to f, ||fe||m. is bounded and liminf. || fo||g. > || f|lm,. If the latter
liminf is a limit and the inequality is an equality, f. strongly converges to f. See [92]
Lemmata 2.1 and 2.3.

We can then define the I'-convergence and the Mosco convergence (or strong I'-convergence)
following definitions 2.8 and 2.11 in [92] where by convention £(f) = +o0 if f ¢ D(E),

Definition 6.21. The sequence £ Mosco converges to £ if
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(M1) for any sequence f. € H. weakly converging to f € Hy, it holds
E(f) < liminf &.(f:),
15

(M2) for any f € D(&) there exists a sequence f. € H. such that f. strongly converges
to f and

E(f) = lign E(fe)-

The sequence & I'-converges if (M2) is satisfied and (M1’) is satisfied where (M1’) is similar
to (M1) simply replacing the weak convergence by the strong convergence.

I'-convergence is thus weaker than Mosco convergence.

Proposition 6.22. The sequence £ Mosco converges to &.

Proof. (M2) is almost immediate. If f € D(&), Vf is dx almost everywhere defined and
E(f) < &(f). We may thus choose f. = f, and use again the monotone convergence
theorem.

We now study (M1). If f. € D(&;) one can find f. € C such that Ss(fg—f5)+||f5—fg||%{s < €2,

If f. weakly converges to f € Hy, so does f. and liminf. E-(fe) = liminf, Es(fs). We may
thus assume that f. € C.

Next fix some n > 0. For e <1, f. € Hy as well as f € H,. Let g € Hy (C H,). We claim
that

ligl <fz—:7g>Hn = <f’g>H’7 ’

Indeed
GYn GqUn
{fe:9)m, = <fa,gG{}’,€> - <f,9 U = (f.9)m,
N H. N Ho
e Gy . Gy .
because g o= strongly converges to g@. To see the latter simply remark that U= 18
N N
U,
uniformly (w.r.t €) bounded and converges almost surely to (the also bounded) Cg\{,n.
N
Let g € (C?)V, we have
1 1 1 U
E(f) = &(f) = Vi), = = e Vo), — i (£ gV I(GRN)
) = &l 2 g (Ve gl = = g Ve Vohin, = g (e gV IEN)

Since Vln(G%’”) is smooth and bounded, we may take the limit w.r.t. € in the right hand
side and the liminf in the left hand side, so that
.Vam, — o (a7 (@) — (V1.9)
y VI)H, — » g n = y4)H, -
! HgHHn N H”I HgHHn !

Taking the supremum over all g in the right hand side we thus have

limainf E(fe) = &y(f)

liminf & (f:) > —
3

for all n and the desired result follows by taking the (increasing) limit w.r.t. 7. O

n
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According to Theorem 2.4 in [92] we deduce from the previous Proposition that the semi-
group PNV associated to & strongly converges to the semi-group PNV associated to &,
meaning that:

if f. strongly converges to f then PNV f. strongly converges to PV:U f.
Pick some g € CP((R%)Y). We claim that for all z ¢ Cj (recall that Cp is the collision set)

and all ¢t > 0,

PtN’U’eg(m) converges to PtN’Ug(:L').

Indeed one can find an open bounded neighborhood V() of z included in C§ C M N hence
for all smooth h compactly supported in V(z),

/ h(y) PNV g(y) GY () dy — / h(y) PNV () G () dy

On V(z), G][\],’E and G¥, are smooth, bounded with all their derivatives bounded, uniformly
w.r.t. .
Recall the discussion after Remark 6.14. We know that the above semi-groups admit smooth
density kernels in’U’s (y, z) and piv ’U(y, z) and using this time proposition 1.12 (1) in [25] one
knows that, for any 9 > 0,

60Szugg0 |‘in7U7E(" ,)HC{)‘(V(I)X(RQ)N) < C(], V(l‘), t) .
We deduce that y — PtN’U’Eg(y) is smooth, bounded with bounded derivatives uniformly in
€ and it is now an easy exercise to show our claim.
It is now enough to integrate with respect to the initial density, to remember that Cy is dx
negligible and to use Lebesgue’s bounded convergence theorem to get

13

Proposition 6.23. For any x < 4, anyt > 0, in’U’ weakly converges to in’U as e — 0.

Gathering Lemma 6.15, Lemma 6.17, Corollary 6.19 or Proposition 6.23, we have thus ob-
tained the following result

Theorem 6.24. When adding a confining potential such that VU is Lipschitz, the marginals
flow p™MU of the unique solution of Theorem 6.8 with x < 4, is (almost) an entropy solution,
i.e. satisfies

2
N,U -U r N,U 5 X zt— N,U
H(pp" dxle”" dx)+ E Vilnp,”" +VU + N E o p; " (x)dedt <
0 - —
7 JFi

zi — 272

< CWox.pd) ( H dele o)+ [ X5 (' = af)ds |

1<J

for some C’(N,X,,oév), as soon as the initial condition is exchangeable and satisfies

/pév|lnpévydx<+oo, sup/pévlln(\xi—xj])|dx<+oo and /|x!2pévdx<+oo.
]



SINGULAR MEAN FIELD 67

This (partially) confirms the [17] prediction when a confining potential is added.

Notice that similarly to Lemma 6.13, constants of type C’(X pév ,T) only depends on pév
through the distribution of the first two coordinates (z? x2) (or any pair thanks to ex-
changeability), hence can be chosen independent of N if Po is chaotic.

Remark 6.25. Recall that, contrary to the solution of the non linear PDE, the density
piv U which exists, cannot satisfy fOT 1 (piv ’U)dt < +o00. Indeed, otherwise, the interaction
drift would be square integrable, according to the previous Theorem, and Theorem 2.7 would
tell us that the law of the particle system has finite relative entropy, hence is absolutely
continuous w.r.t. a probability P equivalent to the Wiener measure. This is impossible since
we know that 2-collisions occur with a strictly positive probability.

This shows that some (mysterious) cancellations have to appear in (6.12). As for the non
linear PDE one should, formally, develop

2

zt— N,U N,U
/Z Vilnp Z]w’ o2 pydx=1I(p; ")
i

JF

— NU 2X -
[ N | e [ SRS )
JF
so that integrating by parts the scalar product

/Z< NU’2XZ‘; _:Z]|2>d$ - /Z NU47TXZ(59N—M dz)

J#i
47TX
= Z 931,] )i
i#]
where #;; = (2!, ..., 297 2% 2N) and x;; = (2!, ..., 2771 2t 29T L 2N). Since the
squared terms are infinite, the latter has also to be infinite. &

Finally let us look at the 2D Keller-Segel non-linear SDE.

Actually one can directly use theorem 6.2 and its proof in [10], since as recalled in remark
6.4, the drift by = K * p, = — x Ve satisfies the finite energy condition

T
/ /]bt]2ptdxdt < +o0.
0

We may thus use theorem 4.6 in order to get

Theorem 6.26. Assume that [(Inpo(z) + |2|?) po(x ) <400 and 0 < x < 4. Ift— p; is
the solution of (6.2) built in theorem 6.2 for K(x) = then there exists a (weak) solution
of
dX; =V2dB, — (K p)(Xy) dt — with  L(X;) = py(x) da .

In addition the law @Q of this solution restricted to [0,T] satisfies H(Q|P) < 400 where P
denotes the law of a standard 2-D stationary Ornstein- Uhlenbeck process, i.e. with invariant
probability measure the centered gaussian distribution with covariance matriz ald for any
a>0andT > 0.
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Finally this solution is unique in the set of solutions such that their time marginals satisfy

(6.3) and

T
/ / |Vinps + K * pi|* () pe(x)dzdt < +o00.
0

For uniqueness it is enough to use Theorem 6.3. Accordingly, since for two solutions ()1 and
Q2, their marginals flow satisfy (6.2), these marginals flow are the same denoted by p;. Q!
and Q? are thus both solutions of the linear S.D.E.

dY; = V2dB, — (K = p)(Y;) dt
with finite relative entropy w.r.t. P, hence are given by the same Girsanov density.

Remark 6.27. As we already discussed, the same holds true for the Keller-Segel model with
confinement. In the special case of U(v) = |v|? this result is a simple consequence of the
correspondence with the so called “self similar” coordinates. Indeed if we define

1 T
gt(z) = 112t Pin(v/1+21) ( 1+2t> )
as soon as p is a solution to the Keller-Segel P.D.E., ¢ is a solution to the confined Keller-Segel

P.D.E. with confinement given by the quadratic U above. &

Thanks to what we have done before, uniqueness in Theorem 6.26 can be improved. Indeed
Klgsa € LP(R?) for any p < 2 so that if sup,e(o 7y ||ptllq < 400 for some ¢ > 1,

sup |[|[K1gsa * pellr < 400 for some r > 2.
t€[0,T]

We may thus apply Theorem 3.8 and get that the linear SDE
dY, = V2dB, — b(Y;)dt — (K * p;)(Yy)dt
has a unique weak solution @ and H(Q|P) < 400 provided

T
// 2|2 pe(z) dt dz < +o0.
0

Recall that P is the law of some Ornstein-Uhlenbeck process explaining the necessity of the
previous moment condition. If @ solves the non linear SDE (1.3), it is a weak solution of the
previous linear one. Accordingly @ = @ satisfies H(Q|P) < 400 and we have shown

Corollary 6.28. Under the assumptions of Theorem 6.20, there exists at most one solution
of the non-linear SDE such that its marginals flow satisfies supycpo r) |lptllq < +o00 for some
qg>1and ff(;[ 2|2 pi(z) dt dx < +o0.

Actually we can go a step further. Indeed if

sup ||K1gsa * ptllr < 00  for some r > 2,
t€[0,T]
and

sup ||ptllg < +o0,
t€[0,T]



SINGULAR MEAN FIELD 69

the product satisfies

/ /OT (K * pt) () pe(z) dt dzx < +oo

provided for some ¢ > 0,

1 1 1 1 1
+-=1+- and -—-+-=1.
2—¢ ¢ r q T

Using interpolation the previous equalities are satisfied as soon as sup;c(o 7 ||pt|ly < 400 for
some ¢ > 4/3.

Note that in the specific Keller-Segel case we may use the Hardy-Littlewood-Sobolev inequal-
ity

Iy #pllajams < Callolls for s € (12)

so that the previous line of reasoning extends to ¢’ = 4/3.

According to the superposition principle recalled in Remark 2.13, there exists a solution to the
non linear SDE. According to the previous Corollary, this solution has finite relative entropy,
so that its marginals flow, which is p , satisfies (6.3). We may thus apply the uniqueness
Theorem for free energy solution of the Keller-Segel equation. In conclusion

Corollary 6.29. Under the assumptions of Theorem 6.26, there exists at most one solu-
tion of the Keller-Segel equation, such that supycpom ||ptllq < 400 for some q¢ > 4/3 and

ffoT |z|? py(z) dt dz < +o00.

Remark 6.30. The previous result is almost the same as the uniqueness part of Theorem 2
in [4] (condition (1.3) therein allows some explosion of the L*/® norm at the origin). Our proof
shows that this solution is the finite energy solution. Existence follows from the estimates
on the finite energy solution in [54]. &

Remark 6.31. For simplicity, we only considered uniform in time estimates in the previous
results. Using the results by Krylov et al it is easily seen that one can replace in Corollary
6.28, supycjo,r) ||ptllq < 400 for some g > 1, by

1 1
p. € LP([0,T],1L9) for some 2 > g > 1 and p satisfying — + - < 1.
p q

Of course if integrability holds for some g > 2, it also holds for ¢ = 2 since p, is in L.

Similarly, using in addition the superposition principle, we can assume that the same holds
for 2 > ¢ > 4/3 in Corollary 6.29. &

Remark 6.32. One can also be interested by the repulsive Keller-Segel model with x < 0.
This process is studied in [13] under the name dynamics of a planar Coulomb gas with a
gaussian confinement potential, generalizing to dimension d = 2 the Ornstein-Uhlenbeck
Dyson process. Existence and uniqueness for the particle system can be shown by using a
Lyapunov function for proving the absence of collisions. Non linear SDE and propagation of
chaos is mentioned in [13] subsubsection 1.4.6 but does not seem to have received a complete
treatment since that time. O
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7. LARGE NUMBER OF PARTICLES: CONVERGENCE IN RELATIVE ENTROPY AND CHAOS.

We come to the large number of particles problem. In this section we denote by QY
(resp. Q" and Q®J) the law of the solution of the particle system (1.2) (resp. the law
of (X5, ..., X®N) in the system (1.2) and the j tensor product of the law of the solution
of the non linear S.D.E. (1.3)), when they are well defined. For simplicity we will sometimes
denote by n’V and 7’ the full drifts, including interactions and self-interaction, of @~ and
Q%7 i.e. for instance

i i 1 i j
V() =0 + o D0 KX - X,
J

In the whole section, the initial distribution ,uév is assumed to be exchangeable and to converge,
in a sense and with a rate to define, to some M?N .
We also introduce an additional definition

Definition 7.1. Let Q a solution of the non linear SDE (1.3). Denote by p. its marginals flow.
The linearized McKean-Vlasov equation associated to @ is the linear (time inhomogeneous)
SDE

dYy = V2dW, = b(Y)dt — (K % i) (Yi)dt

As explained in the introduction, it is expected that Q¥ (which is also exchangeable) con-
verges to Q®% as N goes to infinity for any fixed k, in some sense (total variation, Wasserstein
distance, relative entropy) implying weak convergence. Notice that convergence in relative
entropy is stronger than the entropic convergence described in the introduction and shown in
[62, 68]. We shall first recall some existing results (and methods) concerned with the relative
entropy convergence and then apply them to the situations we are interested in.
Exchangeability and the variational equivalent definition of relative entropy in (1.6) imme-
diately show that for K < N — 1,

HQVIQ™Y) < " H(Q|G%Y). (7.1)

kN | ARk

1
= [V7A]
It is thus tempting to try to get some upper bound for H(QY|Q®"), ideally some bound
that does not depend on N. It is the approach developed some times ago in [5] where the
authors are using a description of @V as a Gibbs measure on the path space, provided ™V
is of gradient type (for a similar description in a non-mean field framework one can look at
[40]). A uniform in N bound is obtained in Theorem 1 of [5] and applied to the particle
system in their Theorem 3. The gibbsian description requires 7V to be a bounded smooth
gradient.

As remarked by Lacker (this remark is part of the “old” folklore, and was already made by
Fsllmer, but seemingly not published), looking at the “reversed” relative entropy H(Q®Y|Q)
is interesting because, with less stringent assumptions than before, an uniform in N upper
bound is true. However, the “projected” H(Q®*|Q") does no more satisfy (7.1) so that the
previous bound, if interesting, is far to be enough.

Notice that in our singular framework, looking at the reversed relative entropy has another
interest. When Q' allows collisions (as for the Keller-Segel model), Q®V does not allow
collisions (due to the independence of its components). In particular @V is not absolutely
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continuous w.r.t. Q®V and the relative entropy is thus infinite, while Q®V has a chance to
be absolutely continuous w.r.t. QY.

7.1. Lacker’s approach.

Recently Lacker proposed in [94] a new method in order to show the convergence in
relative entropy (and entropic chaos at the same time). We shall briefly recall his approach,
in order to introduce some slight modifications.

Assume that both (1.2) and (1.3) have a weak solution @~ and Q. The key in Lacker’s proof is
that Q™Y is still an Ito process whose drift is obtained by conditioning w.r.t. (X 1§]tv, o X I;]tv),
i.e is given by the non markovian drift

. . 1 ) )
PR LX) = ) ey Y KeGN X+
Z;é]J:l,,k’
1 i\N NN | v 1,N k,N
TE|v Y K - x| X X
j=k+1,..,N
A 1 , ,
= (X" + ¥ S KXY -xIN) +
i#4.5= 10k
N -k iN E+1,N\ | w1,V kN
+ = B [K(xY - X] )’X.ﬁ L XL ()

since almost surely, for all 7 > k + 1,
i, N E+1,N\| v1,N k,N N N | y1,N kN
BIROGN = XX x ] = B (RGN - x| XYL x Y] )
the latter equality being a consequence of exchangeability. Of course here \XZSJX denotes the

conditioning w.r.t. the whole path of X" up to time t.
Introduce the Q®* exponential local martingale

rn dug™ LN Lok 2
zZ;N = ?@k exp </ (BEN \/24dB,) —/ 1Ba | d8>
du 0 0

0

where
BEEN = (s, =k Ny — b(wiN) — (K i) (i)

w=FN heing the generic element in C°([0, ¢], (R?)¥) and v/2 B. being the Q®* dk dimensional
Brownian motion (with variance 2t)

N [N+ (I p) Y ds.
0
If we assume that the linearized McKean-Vlasov associated to () has a unique weak solution,
and that

T
N :/ MN dt < 400; where MN = E[|K(X}N — X2N) — (K p) (XM, (7.4)
0
(where thanks to exchangeability, we may replace the indices (1,2) by any pair (i,j) with
i # j), then the entropic Girsanov theory introduced in subsection 2.1 and detailed in this
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more general context in [96, 34], tells us that QV = Z:]FV’N Q®N and H(QV|Q®N) < +00. In
particular Q" is the unique weak solution of (1.2).
Contraction of relative entropy w.r.t. measurable mapping says that for all £k < N,

H(Q"NQ%") < H(QYIQ¥N) < +o0.
Also remark that for any k=1,...,N, all ¢ <k and j > k,

E1BIK (Y = XPNIX Y, XY = () (M) 2] <

Define
BN kN A
HEN = HQEN Q8.

Thanks to exchangeability, it holds

d kn _ k(k—1)? k LN N,Ny|+1,N kN LN

PTRG WMtN t5E [|E[K(Xt — XX X2 = (K p) (X))

(7.5)
Lacker’s idea is to get some hierarchy for these HF, assuming that,
BLE (X = XX X = () (X
k+1,N A

< y(K) H([Q; ]|X}§,1§,,,,7Xje§,1tv|Qt) (7.6)
where [ fH’N]'XLN s~ 1s the conditional distribution of XJX’tN knowing X1<’1;7, ,Xk<1tv

<t <t S S <

Notice that both hand side are random, depending in particular on th ’N, so that (7.6) has
to hold almost surely for all value of th N Tt is thus sufficient (and much more tractable)

to replace (7.6) by the stronger (still random)
N,N N k,N _
sup [E[K (z; — X, X 2, o X = (K 5 py) ()]

ST

< y(K) H([QfH’N]‘Xl,N Xﬁéiv@t) (7.7)

<t
which will be called the Lacker transportation assumption, (LTA) for short.
If (7.6) is satisfied, then

d kN
a s

k(k—1)? k
B 0+ Ky (o — i), (r8)

since
k+1,N A k+1,N k,N
E(H([ t ]|X‘17Jt\’ ..... XkSJ;"Qt)) - Ht - Ht :
The constants are slightly different due to the v/2dW; in our equations. Gronwall’s lemma
yields

kN eyt kN R = 12 e ks
Ht < e HO + W ) e Ms ds +
1

t
+ QV(K)k‘/ ef(V(K)/2)kJ(t75) H5+1’N ds
0
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so that

k(k — 1) 1 t
Hf’N < e~ (V(K)/2)kt Héf’N + (2N2 ) N+ 57([() k/o e~ (V(K)/2)k(t—s) H§+LN ds, (7.9)

where we used a crude upper bound for the second term in the sum and ItN < I}V .
Iterating the previous we get

k,N — l LN p 1k(l—1)21N N-—1 N,N
Hyp SZBk(T)Ho + WA]{H-I( )+ Ay (T) Hy
1=k 1=k
where
! l S S (K /2) (bt
AL(T) = H K)/2) / / / iy ) iyt
and
J+1 ti-1 - 1 B
B;,(T): K)/2) / / / 0K /200 =S5 G —ti) gy g

if N>1>j, A’,jﬂ( ) =1 and BE(T) = e FO(K)/2)T
Compared with (4.18) in [94] we have to shift the subscript of the A’s due to the expression
n (7.9).

If we assume that H(Q%N@%@l) < Cpl%ey, and after noticing that HNN < HNN + % X,
one obtains, thanks to Lemma 4.8 in [94], the analogue of (4.24) in [94]
IN k43 3 k‘3 IN
1 k
+ (CoN%ey + ZM;V ) exp <—2N(e‘7(K)T/2 — N)i) . (7.10)

Since we are not interested in optimizing the dependence in k (i.e. replace k® by k? as in
[94]), we may stop here and state the following version of [94] Theorem 2.2

Theorem 7.2. Lacker’s theorem

Assume that both (1.2) and (1.8) have a weak solution QY and Q. Also assume that the lin-
earized McKean-Viasov equation associated to Q) of Definition 7.1 has a unique weak solution.
Assume in addition that (7.4) and (7.6) are satisfied.

Then if for all k < N, H(,ulg’Nm%@k) < Cok%en for some Cy < 400, and of course
exchangeable, then for any k < N, H(Q®N|Q®*) = HfJN satisfies (7.10).

Compared with Theorem 2.2 in [94] we simply have relaxed the assumption on the initial

condition, and slightly improved the assumption (2) therein which is sup, M} = MY < +cc.

Of course (7.6) and (7.7) are consequence of the more restrictive: there exists 0 < v(K) <
400 such that, for all t € (0,7), all w € C°([0,T],R%) and all probability measure Q' on
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C0([0, T],RY) such that [ |K(w; — w})|Q'(dw’) < +o0, it holds for all w,

2

[ K@= @) < ) HQIQ), (7.11)

Such an inequality seems very difficult to prove (due to the uniformity w.r.t. w) except if K
is bounded, where it amounts to Pinsker inequality (1.7) i.e. one can choose

Y(K) = 2| KI5
In [71] the author proposes to use the improvement of Pinsker inequality shown in [14]

2
. 1 1
(/ﬁdm—vo <ACH(plv)  with €= 2 pu(g®) + 3 v(g).

This inequality has to be used with p = | f LA N kN, hence once again one needs

<t <t

lx
some uniform (in w) control which is not easy to get. Notice that another weighted Pinsker

inequality is shown in [14] namely
2 2
<2 <1+ln/ e’ dv) H(ulv)

‘/gﬂu—ﬂ

allowing us to slightly improve on the boundedness assumption of K replacing it by

sup / W) Q(dw) < 400,

w

which is quite difficult to check, but this time only depends on Q.

Remark 7.3. Why is the uniqueness assumption on the linearized McKean-Vlasov equation
important 7 Because it implies that the Girsanov transform up to the time 7, introduced
in the Remark 2.12 furnishes the unique solution of the SDE with drift b up to this time.
Uniqueness of the solution up to T follows by the same argument as in Remark 2.12, so that
the Girsanov transform of Q% is exactly Q%N . O

Remark 7.4. If K is bounded, the main weakness of Lacker’s results is the exponential be-
haviour w.r.t. the L*° squared norm of K. In order to use these results for an approximating
sequence of K by some bounded Ky, it is necessary to use a logarithmic cut-off (as in [100]).
It is worth noticing that for a bounded K, a very similar quantitative bound (involving some
ecllK Hgo) is obtained in [73] Theorem 1.1 (ii), where the relative entropy is replaced by some
squared Wasserstein distance (see (1.19) in [73]). Recall that relative entropy controls the
squared total variation distance. It thus seems that obtaining a better bound in a general
bounded framework is not as easy.

Also notice that in the usual Lipschitz framework of McKean’s Theorem 1.1 the squared Ws
Wasserstein distance is bounded by the initial squared distance plus

CoT (1+1bl[2, +K[32,) F
CLT (bl + 16]1Z5) € O W )

Hence here again some approximation method will require some logarithmic cut-off. &
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7.2. Reversing the entropy.

Remark that during the discussion we have shown the following intermediate result: if
(7.4) is satisfied and the linearized McKean-Vlasov equation associated to () has a unique
weak solution, then for all k =1, ..., N the SDE in (R%)*,

AYF = V2dW, + b* (Y.<) dt

also has a unique solution, which is thus Q*%. This point was not known by Lacker in his
study of the reverse entropy, so that he only looked at the case K bounded.

Assume now
Ir = / M;dt < +oc0; where M; = Q®2[|K( —w?) — (K * ) (W), (7.12)

i.e. the analogue of (7.4) replacing Q*>" by Q®2. Notice that this time these quantities do
not depend on N. This time, it holds

H(Q®MQ) < HQFVIQ¢) + Ir . (7.13)
If (7.12) is satisfied we thus have
H(Q®QMY) < H(Q*MQN) < +oo.
Since Q®N <« QNN (7.3), written in the form

NN N k+1,N\| 1N kEN] _ QNN WN _ GNy\| 1N k,N
E9 K(w™ —wy )W<ta-- W<t}—EQ [K(Wt Wi )W<t,-- W<y

for 7 > k + 1 is still true Q®" almost surely.
Assuming now that, Q®" almost surely

NN 1,N k+1,N\| 1,N kN _\, 1,N
B K (w, " —w T ) wlzy w2y ] = (K pr) (w, )]

< y(K) H(Q:] kHN] S ,wkgj) (7.14)
we may follow the lines of the proof of Lacker’s Theorem, defining ]:Itk’N = H(Q |_7_-t\Q‘]_-t )
and starting with

d kN k(k—1) - k —k+1,N kN
o PN < s My () (TN - Y, (7.15)

we can reverse the entropy and get the following slight generalization of Lacker’s reverse
Theorem 2.14 in [94]

Theorem 7.5. Lacker’s reverse theorem

Under the assumptions of Theorem 7.2, but this time with H(M6®I|,U,6’N) < CyglPey, for any
Il < N, replacing (7.6) by (7.14) and adding (7.4), it holds

H(Q®F|1QPN) < Cpen2k? T 4

4N? 2N?2
. k
+(CoN%en + Ir) exp (—zN(e—WK)T/? — N)i) .

The previous result holds in particular if K is bounded, with v(K) = 2||K||3, and bounding
Ir by 4] |K|[3, T
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7.3. Lacker’s method and chaos for singular interactions.

Since it is delicate to verify (7.6) unless K is bounded, one can try to consider a sequence
K of bounded kernels converging in some sense to K and the associated Q% and Qx. Notice
that

max(I] y, I7') < 4T || Kn||2 -

Let k be fixed. In order to simplify the discussion we will assume that

T||Ky||?
en <c ”Ng’”‘” (7.16)
so that according to Theorem 7.5, H (Q%ﬂ@ﬁ,]v) will go to 0 provided , as N — +o0
InN — ||[Ky||AT — In(||Kn||%T) — +oo. (7.17)

It remains to control some distance between Qi}N and Q%" on one hand, Q%k and Q®* on
the other hand. The easiest part is the one concerned with the non linear S.D.E.’s. Actually
the part concerned with the particle systems is much more intricate, and will require other
tools. An alternate approach will be proposed in the next sections.

The LY case. Consider first the situation of Theorem 4.1. The proof is precisely based on
the convergence of Qy to @ in the o(IL!, L) topology. Extension to the kth tensor product
is immediate. Actually it is not difficult to reinforce the considered topology, because under
the assumptions of Theorem 4.1, we may replace KM — K by |[KM — K2, i.e. prove that
H(Q|Qx) goes to 0. Some rates can be obtained in the various examples, but since ||Ky||oo
is bounded by Inz N , these rates are disastrous. We may apply this result to the 7 relaxed
Keller-Segel model. Using again Pinsker inequality we deduce converge in total variation
distance for which we may apply the triangle inequality. We have thus obtained:

Proposition 7.6. In the situation of Theorem 4.1, for an initial condition satisfying (7.16),
for any cut-off K N An where An goes to infinity and satisfies (7.17), dTV(Qlf\}N, Q%) goes
to 0 as N goes to infinity.

This result has to be compared with [109] where some other cut-off is introduced, and with
Theorem 1.1 in [73] where convergence in Wasserstein distance W, (1 < p < 2) is obtained
without cut-off (and also without rate). We shall come back to this later. &

More generally, it is enough to show that

T T
/ / |KN * pe.n —K*pt’N|2ptdxdt + / / |K * pr. N —K*pt|2ptda:dt — 0 (7.18)
0 0

in order to prove that H(Q|Qy) — 0. Notice that even if we are able to show the previous
convergence, it only furnishes a convergence in total variation distance for Q%k to Q® as
explained before. For this purpose it is actually enough to show convergence in total variation
distance for Q%k to Q®*. We shall study first the Keller-Segel model.

The Keller-Segel model (with or without confining potential).  For the cut-off
Ky we may use the one introduced in [10] subsection 2.5 (starting p.10) with the changes of
notation corresponding to the present paper (mainly Kx here corresponds to VK¢ in [10]).
We assume that the assumptions in Theorem 6.2 are satisfied.
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According to [10] Lemma 2.11, almost all bounds one can think about are uniform in N. In
particular (see (vii) in Lemma 2.11 of [10])

T
stp/ |KN*pt,N\2pt,Ndwdt:s]L\1]p H(QN|P) < 400.
0

The latter implies that the family (Q ) is relatively compact for the weak topology o (IL!, L>°)
and that any weak limit Q* satisfies H(Q*|P) < +oo thanks to the lower semi-continuity of
relative entropy.

In addition according to [10] Lemma 2.12 any weak limit (in LP(R* x R?)) of the marginals
flow p_n of Qn is a free energy solution of the Keller-Segel equation (6.2). According to
Theorem 6.3 this solution is unique, so that the marginals flow p_n weakly (in the previous
sense) converges to p..

Consider F(w fo (wi)dt for a bounded f. Since some subsequence (n(N)) of Qn
converges to Q* it holds

EQ (F(w)) = hm EQ"(N) = hm / / (@) pe vy (z) d dt = / / f(x) pe(x) dxdt .

This shows that the marginals flow of @* is p.. A consequence is that for any ¢ > 0, p; N
converges to p; for the (L', 1L°°) topology, slightly improving on the result in [10].

In order to show that Q* = @, it remains to show that Q* is a solution of the linear SDE,
dY; = V2dB; — (K * p;)(Y;)dt .
As for the proof of Theorem 3.8 this amounts to prove that

i £ ([ (Wi, (e puy = K pu)on) ) B =0, (119

s

for smooth ¢ and bounded H. We will not follow this way and come back to (7.18).

Thanks to Lemma 2.11 in [10], one can easily check that one can use the results of [54]
replacing p; by p: n. In particular Lemma 2.7 in [54] tells us that, for any p € [2,4+00), as
soon as py € LP(R?) then

sup sup ||pen|lp < +oo.
N t€[0,T]

By interpolation, since we are dealing with probability densities, the same holds with any
1 < p’ < p. We will assume that pg satisfies such a condition in the sequel.

Once remarked that |Ky — K| = [Ky — K| 1>, for some Ay going to infinity, we see
that Ky — K € L"(R?) for all 1 <7 < 2 and that ||[Ky — K[|, — 0 as N growths to infinity.
Using r = 1, it follows that |[(Ky — K) * pg x|,y — 0 for all 1 < p’ < p. Taking p’ = 2+ 2«
for some o > 0 and using Hélder inequality we have

T
| [ oy =K spnPprdzdr < Tx = K) 5 pearlly sup lnlisoro
0 0<t<T

IN

T||(Kn — K)H% S;I;”Pt,NH]%/ Slngpt”lJr(l/a)

that goes to 0 provided lJfTa < pand 2(1+ «) < p, which is always possible as soon as p > 3.
This tackles the first term in (7.18).
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For the second term, first choose some A such that |[K 1x>all1 < e. As for the first term
we have, taking a = 1/2 in the computations,

T
| Kb ey = 0 prdade < T atsupllpev |} + sup |l ) sup Il
O b

which is a constant (independent of N and e of course) times 2.

If we look now at the remaining term

T
/ / (K1 ki<a * (pry — pr)I prda dt
0

we may argue as follows. First, since for each ¢, p; ny converges to p; for the o (L, L)
topology, (K1|xj<a * (pe,ny — pt))(w) goes to 0 for all (t,x). In addition, since K € L!, the
same estimate as before shows that |K1jxj<a * (pr,n — p)|? is bounded in L3/%(p, dz dt),
hence uniformly integrable. We may thus apply Vitali’s convergence theorem to get that

T
11]{}1/ / |K1ikj<a * (pex — po)[° pedadt = 0.
0

We have finally obtained

T
lim sup / / |K * (pen — po)|? prdodt < Ce?
N 0
from which we deduce the convergence to 0 since ¢ is arbitrary. We have thus shown:

Proposition 7.7. In the situation of Theorem 6.2, for an initial condition satisfying (7.16),
for the cut-off Ky introduced in [10] and satisfying (7.17), if in addition py € L3(R?),
dTV(Qf\}N, Q®F) goes to 0 as N goes to infinity.

Remark 7.8. The weak convergence to 0 of p; v for all ¢ is a key element of the proof, since
we have to manage the square of |K * (p;,ny — pt)|. It does not follow from the results in [10]
nor the boundedness in an ILP as shown in [54], the latter furnishing for each t convergence
of subsequences.

We have shown convergence in entropy to get at the end some convergence in total variation
distance, which is stronger than the weak convergence one can expect if we follow the proof of
Theorem 3.8 as we mentioned in (7.19). In addition the fact that the expectation to consider
is the one w.r.t. Qu introduces some intricacies.

The second part of the proof prevents us from getting a quantitative rate of convergence. <

Remark 7.9. Proposition 7.7 can be compared with [109] but also, more directly with [100].
In the latter reference a very similar result is obtained in Theorem 1.3, but in Wasserstein
W1 distance. It requires in particular to show that the non linear S.D.E. in Theorem 6.26
has a strong solution, which is shown by using the same cut-off as the one we are using and
convergence. The main difference is that pg is assumed to be bounded in [100] and it is shown
that under this assumption sup; ||p¢]|cc < +00 (Thm 1.1 (ii)). We confess that we do not
understand all the arguments in the Appendix of [100] in order to get this result, which is
crucial for this approach, even if we can easily believe that the result is true. Nevertheless,
it is shown in [54] Lemma 2.8 that p, € C5°([e,T] x R?) for all € > 0, so that all the job
consists in the understanding of what happens for small ¢’s. &
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The 2D vortex model. Under the simplifying assumptions of Proposition 5.9 it is know
that sup, ||pt|lee < ||po]leo (see [69] proof of Theorem 2 for a clever argument). Actually in
[104] the authors are using a regularizing cut-off (see the top of p.487 therein), say Ky, and
prove that the same result is true for the regularized equation i.e.

sSup sup Hpt,NHoo < HPOHOO’
N t

One can thus easily adapt the proof we have done for the Keller-Segel model, since this
time we know the uniqueness of the solution for the non linear P.D.E. in the set of bounded
solutions (see e.g [69] Theorem 2). Details are left to the reader. It follows

Proposition 7.10. In the situation of Proposition 5.9, for an initial condition satisfying
(7.16), for the cut-off Ky introduced in [104] and satisfying (7.17), dpy( ﬁ}N, Q®*) goes to
0 as N goes to infinity.

Remark 7.11. Compared with the existing literature the previous proposition only improves
on the convergence type, since we are looking at the full law of the process and not only at
the marginals flow as in [62, 69, 55]. It is however weaker for at least three reasons: we
are using a cut-off and not looking at the true particle system, the initial condition is more
general in [62], [69, 55] contain quantitative results. &

We firmly believe that the situation is exactly the same for the sub-Coulombic repulsive
model.

8. LARGE NUMBER OF PARTICLES: MORE ON CONVERGENCE AND CHAOS.

We continue with the notations of the previous section. In the latter section, the point was to
obtain convergence to 0 for the relative entropy H(Q®Y|Q®*). Another standard approach
is first to show the weaker tightness of the family (Q*V)y, then to show that there is only
one possible weak limit and identify this weak limit as Q®*. This is the strategy adopted
for instance in [124] for the LP — L case, in [62] at the level of the marginals flow and in
(63, 123] for the Keller-Segel model. In these two references only tightness is shown together
with a partial identification of the possible limits. This will be discussed later.

8.1. Tightness.

Theorem 8.1. Let P denotes the reversible probability measure on R?, with invariant prob-
ability measure yo(dr) = Z 1e” i V@ gy, Here V is smooth, non-negative, and |V'| is
assumed to be bounded. Assume that H(ud |[v&™) < ON (ud being exchangeable as before).
In each of the following situations
(1) LP-case. K154 € LP(R?) for somep>difd>3 orp>2ifd=2 and some
A > 0. The additional drift b is bounded.
(2) sub-Coulombic case. d >3, x <0, b is bounded and Lipschitz, and

x
K(m):Xng@éo for 0<s<d-2.

In addition for some q¢ > d/(d — s), supy Hﬁé\fl,qu < 400, where ﬁé\fl,? is the density
of Xg™N — x.
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(3) The 2D vortex case with confinement. d=2, K(x)= X% and b= —VV
derives from the confining potential as in Theorem 5.7.

Then for all fived k, supy~;, H(Q¥N|P®F) < Ck(k + 1) < +oco for some constant C that
does not depend on k.
Consequently, the family (Q¥N)y is tight.

Proof. Tt holds
dp’
H(QY|P) = (QNI % P)+ Hug he™)

so that, in each situation, thanks to the assumption on the initial distribution and to the
calculation in the proof of Lacker’s theorem for case (1) (since (7.4) is satisfied in this case),
to Remark 5.2 for case (2) and to Theorem 5.7 for case (3), we have H(Q™|P) < CN for
some C that does not depend on N. Since P is a product measure we may apply the trick
(7.1) yielding H(Q®N|P®*) < C - < C'k(k + 1). O

In the ILP-case, this result is new for the critical p = d. Another nice proof, based on the L4
(for any ¢ < +00) integrability of some Girsanov density for p > d, is made in [124] Lemma
3.2 (see Remark 8.2 for a comment on this result).

In the 2D vortex case without confinement, the previous result fails since we only knows
that H(QV|P) < CN2. Of course when collisions occur, as for the Keller-Segel model,
the previous approach also fails. One can thus come back to the standard approach using
Prokhorov’s tightness criterion. Namely, tightness of (Q"")y will follow from the following
estimates: for some Ny,

(@ lim th>s]1v10p P(| Xy > a) = 0,

.. . . N 1,N

(i1) Ve >0, lim limsup P sup |X/ N —X'V|>e)=0. (8.1)
=0 N>No |t—s|<n

An analogue is true for Qlf\}N, k being fixed and Ng > k.

For condition (ii) we may start with

[t—s|<n [t—s|<n

+P <|t81;|2n (/ lb(X L N)|du> > 5/3)

+P [ sup / ZKX“V XN du| > /3
[t—s|<n |J/s

P( sup \XS’N—X;’N|ZE> < IP’( sup |Bt1’N—B;’N]2€/3\/§>
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We then have
2
IP’( sup |Btl’N — BMNV| > 5/3\/§> < 3\—f]E < sup |Btl’N - B;’N|>

N

|t—s|<n € |t—s|<n

< 22 i O (T )}

provided n < T'/e, where cyniy is an universal constant. The last inequality follows from
|z| < |2']+ 22| in R? and [56] Lemma 3 or Lemma 4 where two different proofs are given for
the moments controls of the modulus of continuity of a linear Brownian motion.

Next
IP’( sup (/ |b( XlN)\dU) > 8/3> < 1)) son>e
[t—s|<n

when b is bounded (in particular b = 0 for the 2D vortex model). If b is a-Lipschitz, non
necessarily bounded, we have |b(y)| < |b(0)| + aly| so that, for any p > 1,

1

T P

sup (/ b X“V>|du)< b(O) 7+ an’7 (/ |X5’N>|Pdu)
[t—s|<n 0

We may thus write as soon as 7|b(0)| < /6

6a\P T
sup (/ |b(X \du) >e/3 ] < () nP~! sup E (/ | XLy P du) .
[t—s|<n € N 0

The desired control will be satisfied as soon as the last term in the right hand side is bounded.

NI

For the last term

N t
p E : 1 ,

lt=s|<n =1 |t=s|<n
For 1 < v,
1
- 1
1 & LN N t—som [ (T]1 N oy i
s NZK(Xu’ = XpN)| du < ()77 ) ZKX - XIMN| du
j=1
so that, if
T 1 N ‘ K
/0 E ||y 2 KXY =XEMN) | du< M(y), (8:2)
j=1
in particular, thanks to convexity and exchangeability, if
T
| B[l - xi[] au <) (8.3)
0

for all N > Ny large enough, condition (ii) in (8.1) is satisfied. Notice that this condition
is stronger than the L' integrability required to control the second term for a Lipschitz
additional drift.
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It is immediate to see that the previous discussion extends to (X 1V, ..., X®N) for all fixed k.

Remark 8.2. The previous proof applies in all the cases of Theorem 8.1 since condition
(8.2) is satisfied with any v < d/(d — 1). There are some differences on the assumptions on
the initial condition (only tightness of the initial yj)’ is required here). Of course the relative
compactness in Theorem 8.1 holds for the weak o(IL!,L>°) topology and is thus a little bit
stronger.

Notice that in Lemma 3.2 in [124], the supremum over (s,t) is outside the expectation, but
its size (¢ — s)? is small enough thanks to Kolmogorov continuity criterion. We cannot use
this tightness result here since the power of |t — s| in our controls can be smaller than 1.

The line of reasoning used for this derivation is simpler but close to the one in [62] proof of
Lemma 5.2. &

We may thus state

Theorem 8.3. Assume that the initial measure is exchangeable and satisfies

sup / 2% o (z) dz < + 00

N>N,

Also assume that b is bounded or Lipschitz. In each of the following situations
1

(1) The 2D vortex case. d=2, K(z)= x‘xfz

(2) The Keller-Segel case. d=2, K(z) =y ‘x%, X < 2,

the family (Q™N)y is tight.

Proof. The Keller-Segel case is an immediate consequence of the previous line of reasoning
and Lemma 6.18, once remarked that the additional drift only needs to be bounded or
Lipschitz and not necessary gradient for this Lemma.

For the Biot-Savart kernel, it is enough to look at the calculations of subsection 5.3, in
particular equation (5.5) who shows that

T
sup / E [}K(X;»N —XZ’N)H du < +o0
N>Ng J0

for all 0 <~ < 2. g

Remark 8.4. For the Keller-Segel model a similar result is stated in [63] for xy < 1. Despite
the fact that the authors are proving at the same time convergence of the regularized model
we discussed in section 6 and tightness, the proofs are very close to what we have done
(and conversely), see e.g. the first inequality at the top of p. 2821 therein. Our use of [56]
simplifies the argument, and the extension of Lemma 6.18 allows us to cover the larger range
X < 2.

For the 2D vortex model, tightness is shown in Lemma 5.2 of [62] also using very similar
arguments. &

It remains a gap to fill for the Keller-Segel model, namely 2 < x < 4. The situation is easier
at the marginals flow level. The following is Theorem 4 (i) in [123]
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Theorem 8.5. Assume that the initial empirical measure ﬂév = % Z;V:1 0 s weakly con-
0

verges to some pgdx in probability.

Then, in the Keller-Segel model, for all x < 4, the sequence (ﬂiv)te[O,T] = (% Zjvzl 5X,{’N)t€[07T]
1s tight.

Consequently, the sequence (P;’N)te[o,T] (first marginal flow) is also tight.

The last statement is a consequence of [121] Proposition 2.2 (ii).
Let us recall some definitions in the previous statement.

(1) A sequence of random measures (like i) converges to a given deterministic mea-
sure vg in probability, if for all € > 0,

P(5(ad) ,v0) >¢€) — 0 as N — 400
where ¢ is any distance associated to the weak convergence of probability measures
on RZ2.

(2) A sequence of flows of random probability measures (like ¢ — ¥ for ¢t € [0,7]) is
tight, if for all € > 0, one can find a compact subset A. of C°([0,T], M'(R?)), such
that P(AS) < &, where M!(R?) denotes the set of probability measures on R2.

Since C([0, T, M'(IR?)) is Polish, the tightness of (i} )telo,7] 18 equivalent to the tightness of
the law of (XtLN)te[O,T] ([121] proposition 2.2 (ii)), as well as the law of (X", ..., th’N)te[O,T]
for any fixed k.

Let us give the main ingredients of the proof.

In order to prove the above tightness, it is sufficient to show that, there exists some non-
decreasing function ¢ : RT — RT with 1(0) = 0, such that for any ¢ € CZ(R?) such that

lelloo + [1Velloo + [[V0lloo < 1

/@dﬂiv/sodﬂiv

For the details of this claim see [123] proof of Theorem 4 (i) p. 12.
Now

it holds

sup E
N>No

sup
0<s<t<T,t—s<n

] < ¥(n). (8.4)

‘/wdﬂiv—/sodﬂévl <UL+ VI+WE+T!
where

(X5™),dByY)

vt -
=N

Z/ VQO XZN (XzN)>d

(X5") du
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and

dul .

T =~ |} /t 1 (Vo(Xa™) — Vo(xi™), xu™ — xi™)
CONE 2 X - X
As before we obtain the last term by exchanging the roles of ¢ and j. Using the assumptions
on Vi and V2o,
Ug + Vi + To < (|bllos + 1 +1/2) [t — 5|

while, according to [56] Theorem 1,

SIS

E

sup Wﬁ] < c(nIn(T/n))z,
0<s<t<Tt—s<n

yielding the result with ¢(n) = C (n ln(T/n))%.

8.2. Towards consistency.

In this subsection we shall show that any weak limit in Theorems 8.3, 8.1, is a solution
of the corresponding non linear equation. The method of proof is almost standard (one can
find some similar arguments in [62] for instance). We shall nevertheless give the main el-
ements of proof, in order to fill some gaps in previous works, and to show how the use of
entropy on the path space simplifies many arguments.

Proposition 8.6. In any of the situations of Theorem 8.1 and Theorem 8.3 (assuming in
addition that b is continuous in the P case), introduce

QNzliV:fSXjN
N & o

where X~V denotes the whole path of the process on the time interval [0,T]. Then QN is
tight and any weak limit Q is almost surely a solution of the non linear S.D.E. (1.3).

Proof. The statement on tightness follows from proposition 2.2 (ii) in [121].

Take some subsequence, still denoted by Q¥ that weakly converges to some Q. Recall that
Q is a random variable taking values in the set of probability measures on the path space.
In order to prove that Q almost surely solves (1.3), it is enough to look at the associated
martingale problem. Take some 0 < s < t < T. Following a now standard method (see
[15] for example) for any given continuous and bounded h defined on C°([0, s], R?), any
¢ € CP(RY) and any probability measure v defined on C°([0,77,R?) we introduce

F)= [ [ [t - eton — [ Aetatu = [ B+ Klou = el Vit du

h(w) v(dw) v(dw') .
The statement of the Theorem amounts to

F(Q) =0 almost surely . (8.5)
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In order to prove (8.5) the first step is that
1
E[(F(QY)*] < Cle,hs.t) + - (8.6)
It turns out that

1 (& .
= Z Ny (APN(t) — ATV (s))

where

W0 - ) = ) )~ [

t ) 1 ) ) .
N N i, N N
— /8 <b(Xi )+ I g KX} — X)), Ve (X! )> du

i#j
t
- / (V(X3N), dBIN)

is thus a square integrable martingale increment. (8.6) immediately follows using standard
stochastic calculus.

Since we always assume that b is bounded and continuous, if K is also bounded and con-
tinuous, then F is continuous and bounded for the topology of weak convergence, so that
E(|F(Q)|) = limy E(|F(QN)|) = 0. But in all the cases we are interested in, K is not
bounded.

For £ > 0, let ¥.(u) be a continuous function on RT such that 1,<9. < ¥.(u) < 1,<.. In all
the cases except the L case, we replace K by K. = K 1.(1/|K]|) in order to define F.. In the
IL? case we have first to regularize K into a continuous function, this regularization inducing
a small error term in all what follows and then pass to the limit. We will not detail this step,
assume that K is always continuous in the sequel, and make the previous approximation.

Since F. is continuous and bounded, it holds
E(|7:(Q)]) = lim E(|F(@M)]) . (8.7)

It remains to control
E(|F(QY) = F(QM)]) and E(|F(Q) — F=(Q)])-
As we already remarked, in all these cases, there exists some v > 1 such that

T
sup/ //|K’7(wu—w;) QN(dwu) QN(dw’u) du < +oo.
N Jo

Using Holder and Markov inequalities, we deduce that
T
Sup/ // K — Ke|(wy — wh) QN (dwy) QN (dw!) du < C(T,~) e’
N Jo

The same is true for |K, — K.| for any n > 0, so that taking the limit in NV, it is still true for
|K,, — K| replacing OV by Q, and finally for |K — K| using monotone convergence.

We have thus shown that both supy E(|F(QY) — F.(QN)|) and E(|F(Q) — F-(Q)|) go to 0
ase — 0.
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Finally, using the triangle inequality
1
E(F(Q)I < C(ﬁ +2¢° + E(|F(QY) - F(Q)))

so that choosing first € small enough, and then N large enough, the left hand side is arbitrarily
small, i.e. E(|F(Q)]) = 0 so that F(Q) = 0 almost surely. O

Remark 8.7. In order to simplify several proofs we almost always assumed that b is bounded.

Actually, provided sup, E(th’N) < C < 400 where C does not depend on N, we may skip

the bounded assumption and only assume that b is Lipschitz (hence with linear growth),
using another cut-off if necessary. Part of the arguments have been developped at the end of
the previous subsection. This is the case in particular for the Keller-Segel and the 2D vortex
models with a gaussian confining potential. &

As for Theorem 8.5, in the general Keller-Segel model we have the analogue result at the
marginals flow level

Proposition 8.8. In the situation of Theorem 8.5 any weak limit of (ﬂ,{v)te[oﬂ s almost

surely a solution of the equation (1.1). In particular, any weak limit of (Pi’N)te[o,T] s a
solution of (1.1).

As for the proof of Theorem 8.5 the key is that the “difficult” terms can be written as

T
/O [ [ 5= 0. 960) - Vo) 12 d) 52 () s

where
(z,y) = (K(z = y), Vo(z) = Ve(y))
is bounded, and is continuous outside & = y which is of zero measure w.r.t. [is ® jis ds, where

. is the corresponding limiting measure (see [123] step 2 of the proof of Theorem 4 (ii) for
more details).

Proposition 8.6 contains an interesting existence corollary, extending some existence results
we have already recalled or proved

Corollary 8.9. Assume that H(podx|yo) < +oo where po is the density of Xo. The non
linear S.D.E. (1.3) has a solution, with initial distribution podx in the following cases

(1) sub-Coulombic case. d>3,x<0,, and
x
K(z) :XW].Q;;AQ for 0<s<d-—2.

In addition for some ¢ > d/(d—s), ||po||lq < +00 and and b is bounded and Lipschitz.
(2) The 2D vortex case with confinement. d=2, K(x)=x %, the additional
drift b is a confining potential as in Theorem 5.7 and [ |z|? po(z)dz < +o0.
(3) The 2D vortex case. d=2, K(z)= X%; and [ |z|? po(z)dz < +o0.

Consequently the non linear P.D.E. (1.1) has a solution with initial condition poy in all these
cases.
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It is enough to use what we achieved to do with an initial p}’ = ,589]\7 , since any limiting Q
will do the job. Recall that in subsection 5.2 in the sub-coulombic situation, or in Proposition
5.9 we assumed that pg is bounded.

Notice that in the LP case and for the Keller-Segel model (with x < 4), we also recover the
existence part of Theorem 4.1 and Theorem 6.26. In the latter case, we have thus obtained
the existence of a solution to the Keller-Segel equation (with x < 4), but we do not know (at
this stage) that it is a free energy solution as in Theorem 6.2.

8.3. Convergence.

We start by tackling the P situation.

Theorem 8.10. Assume that K14 € LP(R?) for somep>d ifd>3 orp>2ifd=2
and some A > 0 and that the additional drift b is continuous and bounded. Also asume
that the initial condition ,uév = pNdx is chaotic so that MS’N — (podz")®F and satisfies
H(uj' lyg™) < CN.

Then QN is chaotic and for each k, Q" weakly converges to (Q)®k where Q is the unique
solution of the non linear SDE (1.3) with initial condition podx.

Proof. According to Proposition 4.8 (1.3) has a unique weak solution Q. Any weak limit in
Proposition 8.6 is thus equal to the deterministic measure (). According to [121] Proposition
2.2. (i), @V is thus chaotic. O

In the framework of a convolution kernel K, this result extends Theorem 1.6 in [124] to more
general initial conditions and to the critical case d = p. Still for p < d, [73] Theorem 1.1 (i)
contains a similar statement, but replacing weak convergence by convergence in Wasserstein
W5 distance for one particle, while propagation of chaos is shown in [73] Theorem 5.1 by the
same method as [124] (itself inspired by [15]). The fact that the Girsanov density belongs to
all the ILY is crucial in these proofs.

In order to study the other singular models we start with a simple remark. For N = 2n,
consider the pair empirical measure

1 n
Q) = 7 2 (pxamrw x2um) + Oz x2i1m))
i=1

which is a symmetric probability measure on CY([0, 7], R? ® R?%). In a sense we are looking
at pairs of coordinates. Of course, if N is odd, we are loosing one term (the last X* for
instance), but it is immediate to see that this error term will disappear in the limit in what
follows.

Introduce the pair functional defined for probability measures v on C°([0, T],R% ® RY) by
t t
Fo(v) = / [cp(wt,m) — p(ws,ms) — / Ap(wu; mu)du — / (b(wu; u), Vep(wu, 1)) dU]
h(w.;n.) v(dw, dn) —

[T o=, Vgt + B =, D) ]
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hw.,n.) v(dw, dn)v(dw', dn') .
Notice that

/ K(w 1)OY (du', dn) Z K (wy — X3

so that the same calculations as in the proof of Proposmon 8.6, show that

2 n t ] ' ' ' .
F2(QF) = h(XN) N Z / (Vip(X2~LN X2N) | v, X 20N x 21Ny gp2i-LN)
— /s

V2 ¢ ' i— i i i— i
RO ST Y [ (T (XN XN 4 Gyp (X, XY, dBE).
— J,

Hence E[(F2(91))?] < C(p,h, 5,t) %, and we may thus argue as in the proof of Proposition
8.6.

The tightness of the distribution ﬁQéV of Qév is a consequence of the one of Q> since the
intensity measure I(£Q2) is given by

n

[ rarcay) = [}V D (FXETIN, XEN) 4 (XN, XHTIN) | < B (XM, X2V)),
i=1

and as shown in the proof of Proposition 2.2 (ii) in [121] tightness of £Q2 is equivalent to
tightness of I(£QY). We then deduce as before that any weak limit Qy satisfies F2(Qa) = 0
almost surely.

Arguing as in the proof of Proposition 2.2 (i) in [121], introducing the same truncature K.
as before, we have

P2 (@) —E[F2e ()]l < [F2e(QPY) = E[Fo(Q))]] + [E[F2s(Q2)] — E[F2(Q2))]]
where the second term goes to 0 using convergence and the first one goes to 0 using symmetry
(see [121] (2.3)). Taking another subsequence if necessary, we may assume that Q>N weakly
converges to Q2. The same argument as the one used at the end of the proof of Proposition
8.6 shows that |F2 . (Q2) — F2(Q2)| goes to 0 as € — 0. hence taking limits first w.r.t. N and
second w.r.t. € we have obtained that

Fa2(Q2) =0
We similarly have
F(Q)=0,
for any weak limit of QU, i.e. any weak limit of Q1" solves the non linear S.D.E.

Since Q3 solves the associated martingale problem, one classically deduce the existence of a
standard Brownian motion (B!, B2) such that Qs is the law of

dX} = V2dB} — b(X})dt — (K« pH)(X})dt,
pi(e)de = L(X}),

dX? = V2dB} — b(X2)dt — (K = p2)(X2)dt,
pi(x)de = L(XP),

with initial condition py(x1) dr! ® po(z2) dz? provided the initial condition p) is chaotic.
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Even if the two non-linear SDE’s are autonomous, it is not clear that X! and X? are inde-
pendent. Thanks to exchangeability we know that Q1 = Q2, when Q; denotes the law of
X', In particular Q1 ® Q1 is a solution of the previous system, so that if we know that this
system admits only one (weak) solution, any weak limit of Q> is given by the law of two
independent processes.

Notice that if Qo is absolutely continuous w.r.t. the Wiener measure (on the product path
space), Girsanov theory tells us that its drift is given by the sum of the two drifts gy (¢, ') +
go(t, %) so that the Girsanov density factorizes. Since the Wiener measure itself is a product
measure, we deduce as before that Qo is a product measure. According to what we have
already recalled Q; < P iff fOT |K * p}|?(X}) dt is almost surely finite. Since both marginals
of Q5 are equal to Q1 as soon as fOT |K * pi|2(X}) dt is almost surely finite, fo (|K * pt|*> +
K * p?|?) (@) dt is also Q2 almost surely ﬁmte so that Q9 is absolutely continuous, i.e. the
latter property is equivalent to the absolute continuity of the marginal Q.

We may state

Theorem 8.11. The 2D vortex case with confinement. Letd=2, K(z)=x %

Assume that the initial condition ) = p} dz is chaotic so that l‘o — (po dz')®F, satisfies
H(ud &) < ON and finally satisfies [ |z|? po(z)dx < +o00. Also assume that the additional
drift b is a confining potential as in Theorem 5.7.

Then QN is chaotic and for each k, Q" weakly converges to (Q) where Q is the um’que
solution of the non linear SDE (1.3) with initial condition py dx satisfying fo (Qod; )dt <
+00.

Proof. Conditions on b and the initial measure ensure that supy H(Q*"|P%?) < +oco ac-
cording to Theorem 8.1, and we deduce from the lower semi-continuity of the relative entropy
that H(Q?|P®?) < +oo. It follows that fo (p)dt < 400. Uniqueness of the solution is thus
given by Proposition 5.9 with a slight difference: if there is no confinement one has to assume
that the Boltzmann entropy of pg is finite, while here, lower semi continuity of the relative
entropy shows that H(po|yo) < 400, which is enough for our purpose. Notice that this
uniqueness shows that p' = p? in the pair particles non-linear SDE. It is also classical that
chaos for the first two coordinates implies chaos for any finite set of coordinates. O

In the Biot-Savart situation the proof we have given is simpler than the one in [62], but we
have to add a confinement potential.

Actually, in what precedes, we used relative entropy to get uniqueness for the non linear
SDE. In the 2D vortex case, the uniqueness part in Proposition 5.9 only requires that
fo (ps)ds < +oo. Again, according to super-additivity of the Fisher information, and
lower semi continuity, this condition will be satisfied provided

/T I(pN)ds < C(T)N
0

This bound is exactly what is obtained in Proposition 5.1 of [62] but, as we discussed in Re-
mark 5.8 it requires to prove some uniform (in N) lower bound for the normalized Boltzmann
entropy. We thus have the following result, which is the one obtained in [62]
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Theorem 8.12. For the 2D vortex case (without confinement), under the same assumptions,
the same conclusion as in Theorem 8.11 is true if the initial condition satisfies the additional
moment condition sup sy, [ 2% pf (z)dx < +o0.

We turn now to the sub-Coulombic model. All what we have done for the 2D vortex
model in the proof of Theorem 8.11 is still available, assuming this time the hypotheses
in Corollary 8.9 (1), except the final uniqueness result for the non linear S.D.E. As explained
at the end of subsection 5.2, our goal will be to find conditions for the flow of densities
p. € LY([0,T],LY¥%=5=2(R%)) and apply Proposition 4.10.

We start with a very natural Lemma we found in [107]. We recall the proof for completeness.

Lemma 8.13. Let Q be the law of a diffusion process
t
X, = Xo+ V2B, +/ g(s, Xs)ds.
0

Assume that g € C;°([0,T] x RY). Denote by my the density of Xy for t > 0. Assume that
mo € LI(RY). Then for 1 < q < +oo,

-1
Tt Supugt ||(Vg(u7)

lmllg < e V=l | 1mol,

Proof. Assume first that mg is bounded with compact support and ¢ < +o0. Due to our
assumptions we know that m; € C*(]0,T], C>®(R%)) N LI(R%), has gaussian tails and that
my — mg as t — 0 in LI(RY). The following calculation is thus rigorous for ¢ > 0

d -
dt/mgd:v = /qmg L8, my da

= q / mgfl (Amy — V.(g(t,.)my)) dx
= —qlg—1) / md2 |Vmy|? dz + q(q—1) /m?_1<th,g(t, ) dx
= —q(qg—1) / m?_2 |Vmg|?dz — (¢ —1) / miV.g(t,.)dr

(0= 1) [(Vg(t, ) lloe / mi dz

By Gronwall’s lemma, for any ¢t >ty > 0 we thus have

IN

1
Hthq < eqT supy<u<t [(V.g(1,.)) - [|oo (t—t0) Hmtqu

and we may let tg — 0 thanks to the continuity at the origin of the LY norm. Extension to
a general initial mg in LY follows using approximation. For ¢ = 400, we have

1 a1
(@ =lmlloe) = llmllgm" (L a—sjpmyi) < lmllod [Imlly

and since for all € > 0, m(1,,>(1—¢)|jm||») > 0, the result is obtained by using first ¢ — +oo
and then € — 0, the left hand side of the previous inequality with m; and the right hand side
with mo. O
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An immediate consequence is the following. Let Q be the law of a diffusion process as before
for a general g. If there exists a sequence g,, of smooth drifts as before such that, on one
hand the associated Qn weakly converges to Q (or more generally the convergence holds true
at the level of the marginals), on the other hand

supsup |[(V.gn(u; .))—[loc = St < +00,
n u<t

then the time marginals of Q have densities m. satisfying

l[mallg < €T 5 jmo||
tllq 6 moq

This is an immediate consequence of Riesz representation theorem and the density of con-
tinuous and bounded functions in L%%1 for ¢ > 1, the result for ¢ = 1 being obvious.

We will apply this result with g(¢t,z) = —(K * p)(z) — b(x) and an approximating sequence

gn(t,x) = =(Kn * pr)(z) — b(z)

with y
Kn(y) =X
ly|*+2 + P (lyl?)

where ¢, (1) = 1 ¢(nu) for some smooth non-increasing and non-negative 1) with ¢(0) = 1
and (1) = 0. We thus have

(d—s = 2)[yl*** + vallyl*) — 2¢75(ly*) ly*

V.K,(y) =x <0
g (577 + GullyP)P
if x < 0. It follows that
(Vg ()~ lloo < [I(V.0)1]]o0
and since K, hence g, is smooth that for all n and all 1 < g < 400,
[ glly < €T TP g, (8.8)

It is worth to notice that here m,; denotes the density of the solution of the linear S.D.E
with drift g,.

If we denote by Q,, the distribution of the solution of this linear S.D.E., it remains to show
that ), converges to the solution of the non-linear S.D.E. @ whose marginals flow is p.. Recall
that, under the assumptions of Corollary 8.9 we know that H(Q|P) < +o0, in particular

_ T
0

It is immediate that |K,| < |K| and K,, — K almost everywhere as n — +o0o. Applying
Lebesgue bounded convergence theorem we deduce that

E® (/OT (K — K,) * o2 (wr) dt> —0

i.e. that H(Q|Q,) — 0. Thanks to Pinsker inequality again, we thus have that Q,, goes to
@ in total variation distance, hence weakly.

Gathering all we have done, we deduce that any weak limit of Q" satisfies the non lin-
ear S.D.E. (1.3), and, provided the initial density py € L%, has a marginals flow p €
LY([0, T],L9(R?)). According to Proposition 4.10 if ¢ > d/d — s — 2, there exists a unique



92 P. CATTIAUX

solution of (1.3) such that its marginals flow satisfies this integrability condition, so that
there exists a unique weak limit of Q*". Let us summarize

Theorem 8.14. Consider the sub-Coulombic case: d >3, x <0, , and

K(z)=x 1,20 for 0<s<d-2,

x
‘:B s+2
also assume that the additional drift b is bounded and Lipschitz. Assume that the initial
condition pY = pl¥ dx is chaotic so that MS’N — (po dz")®*, and satisfies H(ud |[7$™) < CN.
Finally assume that for some q > d/d — s — 2, py € LI(R?).

Then QN is chaotic and for each k, QN weakly converges to (Q)®k where Q is the unique so-
lution of the non linear SDE (1.3) with initial condition py dx satisfying fOT |Qow; Y|La dt <
+00.

9. MORE ON THE 2D SITUATION AND THE KELLER-SEGEL MODEL.

First consider the Keller-Segel model with confinement, d = 2, K(x) = x ﬁ, x < 4. We
have seen in the previous section that, if y < 2, the family Q*" is tight and that any weak
limit @Q of Q'Y satisfies the non linear SDE (1.3). For x < 4, Theorem 8.5 and Proposition
8.8 can similarly be completed, and a similar result is true for the marginals flow and the
limiting Keller-Segel PDE. The only remaining problem is to get some uniqueness for the
limits.

In all this section we assume (at least) that pév is exchangeable and satisfies the integrability
assumptions in Theorem 6.24. We generically denote by p. the marginals flow of some weak
limit.

If we add a confining potential, Lemma 6.13 together with Corollary 6.19 or Proposition 6.23
furnish in our context

sup H(in’de]e*Uda:) <C(x,U)N.
0<t<T

As usual we deduce that

sup H(psdxle Vdz) < C(x,U),
0<t<T

and since similarly
/]U\ﬁtdml < 400

taking again liminfy, using Lemma 6.18 (1) and Fatou’s lemma, we finally obtain

sup /pt|ln(pt)]dx1 < +00.
te[0,7

The previous result is still far from the required LY bound for ¢ > 1 ensuring uniqueness of
the non linear SDE in Corollary 6.28. Remember that the proof of this Corollary is based
on the study of the linear SDE

dX; = V2dB; — VU(Xy)dt — (K % py)(Xy)dt
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and the application of Theorem 3.8 in the time dependent situation Kxp; € L>°([0, 7], LP(R?))
for some p > 2.

In the general situation we are facing (where p is a weak limit of the marginals of the particle
system), one may ask about the integrability of K x p;. Since p; belongs to the Orlicz space
L,n, we are led to work in some Orlicz spaces. We shall briefly recall the material of this
theory we need for the sequel.

9.1. The (super) basics for Orlicz spaces.

A function ® : Rt — R is a Young function if it is non-decreasing, convex, satisfies ®(0) = 0
and lim, 1o ®(u)/u = +o00. The convex conjugate ®*(a) = sup,-q (au — ®(u)) is also a
Young function.

The associated Orlicz space Lg(R™) is the set of functions f defined on R™ and satisfying
J ®(|f|/¢)dx < +oo for some ¢ > 0. It is a vector space and can be equipped with two norms:
the Orlicz norm (or dual norm) is defined by

fla =sup{/ 9 f|da /@*ugndm <1},

and the Luxemburg norm (gauge norm) is defined as

Na(f) = inf{c > 0; / &(|f|/c)dz <1}

These norms are equivalent, more precisely No(f) < |flo < 2No(f). Lg equipped with
these norms is a Banach space.

We shall say that a function ® is moderate if, for any « > 0 there exist ¢(«) and C(«) such
that c¢(a)®(u) < ®(au) < C(a)®(u). It is immediate that for a moderate Young function
and o > 0, Lg = L, and that the norms N, and Ng are equivalent.

To any C? function ® only convex at infinity and such that ®(u)/u — +oco at infinity, one
can associate several Young functions as follows.

First, if ® is convex on [cp, +00) (we may always assume that ¢y > 1) using convexity
and Taylor formula we have for u > ¢, ®(cp) — ®(u) > (co — u) ?’'(u) so that &'(u) >
% + L (co®'(u) — ®(cp)). Since ®(u)/u — +00, ®'(u) — +00 as u — +0o0, so that one can
®(u)

find ¢; > ¢p such that ¢y ®'(c1) > ®(co). It follows that for all u > ¢, ®'(u) > —=. We can
thus define for all ¢ > ¢4,

~ P(c

O (u) = i) uly<e + P(u) Ly>c (9.1)

which is a Young function. If ® is moderate, so is ...

Another natural way consists in first choosing ¢g > 1 such that ®(¢g) > 1 and introduce for
any ¢ > ¢y

D (u) = uly<e + (2(u) — ®(c)) Ly>e (9.2)
which is again a Young function, moderate if @ is.
If we choose the same large enough ¢ such that ®(c)/c > 1 one of course has ®. < ®. so that

Nq)c < ngc .
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so that the norms N /¢)s, and Ng, are equivalent, hence,
for some a(c) >0, a(c) Ng_ > Ng_ provided ® is moderate .

Orlicz spaces are generalizing P spaces (corresponding to ®(u) = u?/p and ®*(a) = a?/q
with ]l) + % = 1). One can thus expect that several properties are preserved. The first one
immediately follows from the above construction, namely the Orlicz-Holder inequality

/ Fgldz < |fo Na-(g) < 2Na(f) Na-(g).

An interesting generalization is proved in Theorem 2.3 of [111], namely
If for all u, @' (u) ¥ (u) < ©71(u) then No(fg) <2Na(f)Nu(g). (9.3)

In the same spirit, one can extend Young’s inequality for a convolution product (Theorem
2.5 in [111])

If for all u, ® 1 (u) U1 (u) < uO® ' (u) then No(f*g) <2Ns(f)Nu(g). (9.4)

Let now @, and © be convex at infinity and satisfying the condition in (9.4) for u large
i.e u > c. This condition is trivially satisfied for ®., ¥. and O, for u < ¢ where all inverse
functions are identity.

If now condition (9.3) is satisfied for u > ¢, we have for u < ¢, ®71(u) U1 (u) < O (u),
so that

Ng,(fg) < k(c) N (f) Ng,(g) for some r(c), provided ¥ or ® or © is moderate.

In the sequel, by abuse of notation, if ® is convex at infinity such that ®(u)/u — +oo at
infinity, we shall denote LLg the Orlicz space associated to either ® or ®.

Convolution with Riesz kernels was studied in a huge number of papers under the denomi-
nation Fractional integration. Let we discuss this in the two dimensional case.

Recall the Hardy-Littlewood-Sobolev inequality we already used for proving Corollary 6.29
says that

1
Hm *Pllarjz—r < Crllpllr for e (1,2). (9-5)

At a formal level, up to the constant C; (in particular because C7 = +00), this result says
that, even if 1/|z| does not belong to L2(R?) but belongs to all L27¢(R?) for ¢ > 0, the
integrability of the convolution product is the same as the one given by Young’s convolution
inequality with 2 and not only 2 — . Working in Orlicz spaces is not enough because there
is no optimal space to which z — 1/|z| belongs.

However (9.5) is a simple consequence of the analogue of Young’s convolution inequality in
Lorentz spaces. Indeed, 1/|z| belong to the weak L?(R?) space, denoted by L*° which is
a particular Lorentz space. We will not recall the basics on these spaces here, since we will
only use the previous result. Convolution in Lorentz spaces was first studied by O’Neil in
[110] in general form (see Theorem 2.6 therein) and applied to Hardy-Littlewood-Sobolev
inequality in Theorem Fractional integration on n-space at the bottom of p.139 of [110]. It
is an alternate approach to the more popular proof based on the Hardy-Littlewood maximal
inequality.
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Later on, O’Neil in [111] extended (9.5) to p in Orlicz spaces. Actually he introduced in
section 3 a notion of Orlicz-Lorentz space (denoted M4) associated to a Young function
A and proved in Theorem 4.7 a general convolution inequality for two functions belonging
respectively to some My and some Orlicz space (denoted Lp therein). Theorem 4.7 applies
to a modification near the origin of B(u) = uIn(1 + u?) and A(u) = u?. The more refined
version shown in Theorem 5.2 directly applies to the previous B (also see Theorem 3.8 in
[120]).

A different proof based on the maximal function is given in Theorem 6.8 of [74] (also see
Lemma 4.3 and Remark 3.1 in [81]). Another approach is used in [82] in this and more
general framework.

In any case it furnishes the following result, useful in the Keller-Segel context

Proposition 9.1. In R?, let p be a density of probability. Let g = p* (1/|z]). There exists
some constant C such that, if [ pIn(1+ p?)dx = M < +oo then

/92 In(1 + ¢g*)dx < C(1+ M) < +o0.

9.2. 2D singular models and Orlicz spaces.

The next step is to extend Theorem 3.8 in dimension d = 2 to the case where the drift
g is such that g% € L, (R?) for some (u) > u but < u? for p > 1, and large u’s.

To this end, following the proof of this Theorem we see that it is enough to choose A such
that supgos<p Ne(|ge|* 14,>4) is small enough (depending on universal constants like the
one in the equation below) and to prove that for any probability density p

Ne+(p) < C(I(p) +1). (9.6)

It remains to come back to Lemma 3.1 and its proof to get the desired (9.6).

We can mimic the proof of Lemma 3.1, using the so called Orlicz-Sobolev inequalities (see
[52, 87, ?] and the more recent and sharp results in [48, 49]) and then the Holder-Orlicz
inequality.

Actually such a result is already known in a sharp form, as a consequence of the Trudinger-
Moser inequality in the whole R? obtained in [119]. We thank Nicolas Fournier for indicating
us this reference and, at the same time, for pointing out a mistake in a first version of the
present paper. Here is Theorem 1.1 in [119]

Theorem 9.2. Define
1
2
Istls = ([ v +ispyas)”
Then for a > 0 it holds
(1) if o <Am, supps<1 Jro (e —1)dz < C(a) < 400,

(2)  ifa>dn, sup)p <1 Jre (e*f* —1)dz = +o0.

Corollary 9.3. Consider the Young function ©(u) = e* — 1. There exists a constant C(O)
such that, for any density of probability p on R? it holds

Ne(p) < C(©) (1 +1(p)).
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Proof. Let p = f? be a positive function, normalized such that

L= I = (5 2060+ ol )

For o > 0, introduce h(a) = [(e®” — 1) dz. We want to find o > 0 such that h(ag) < 1 for
all such p.

To this end, since h = hy + ho defined below, it is enough to find g such that both
1 1
hi(ap) = /(eo‘op —1)1,<cide < 5 and  ha(ap) = /(eao" —1)1,51de < 3

The functions h; are non-decreasing, with h;(0) = 0 and hj(a) < C(4nm) for a < 47. In
addition they are smooth for v < 1 < 47 — 1 and, since [ pdx <1,

By () = / pe*lycide < e*<e
while

ba) = /peo‘plp>1dx§ /e(o‘+1)plp>1dx

/(6(a+1)p — 1) 1,0 da + / 1,s1dz < C(2) +/pd:c <C(2)+1.

The existence of aq follows.

IN

We deduce that for any probability density, No(p/(1 + (I(p)/4)) < 1/ap and the result
follows. O

Remark 9.4. The second part of Theorem 9.2 indicates that © is in some sense the largest
function such that Corollary 9.3 is satisfied. Instead of giving a general statement we shall

w In® (u)

give a counterexample in a specific case, namely look at the case Og(u) = e for some

B > 0 and large u’s. This counterexample is also due to N. Fournier.

Consider some p behaving like In(1/|z|?) | Ing |~7(1/|z|?) for = close to the origin. It is easy to
see that |Vp|?/p behaves like 1/(|z|? In(1/|x|?) |Ing |Y(1/|x|?)) which is integrable (recall that
d = 2) provided v > 1. For such a v we thus have I(p) < +oo. However for 8 > v, ©g(cp)(x)
behaves like exp (c¢In(1/|z|?) |Ing [°=7(1/|2|?)) which is not integrable for any ¢ > 0. &

Remark 9.5. The proof of Theorem 9.2 given in [119] is very different from the line we
suggested before. It uses two main tricks. First a symmetrization argument allowing to
control what happens outside some large ball, then the usual Trudinger-Moser inequality in
the remaining ball. O

We may thus state the following improvement of Theorem 3.8

Theorem 9.6. In dimension d = 2 consider the SDE, X; = Xo+ V2 By + f(f 29s(Xs)ds .
Assume that H(vy|vyo) < +oo (recall Theorem 3.8) and that for A large enough,

sup  No (gt 1)g,>a) < +00
0<t<T
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where ® is a Young function behaving like u + u? In(1 4 u?) at infinity, that is, there exists
A’ such that

sup / gf In(|g¢]) Lig|>ar < +00.
0<t<T

Then the previous SDE has a unique weak solution @ and this Q satisfies H(Q|P) < 4o0.

As a consequence the results in Theorem 8.10 extend for d = 2 if the interaction kernel
satisfies the previous integrability condition and the additional drift b is bounded.

Proof. In the proof of Theorem 3.8 we write for M > A,

M2 M M 2 M M 2 M
/|9t I"py dz = /‘gt 1|gtM\>A’ Py dr + / |9 1\gg‘/f|§A‘ p; dx
M M
< A?+C Noly{ L5 4) Ne(pi")

apply corollary 9.3 and conclude as for the proof of Theorem 3.8. O

Remark 9.7. The Keller-Segel case.
Denote g; = K * p;. Then gM = (K 1x|<m) * p can be used in the proof of Theorem 3.8.

One can however slightly modify the proof of (3.8) in order to get uniform estimates in ¢.
Indeed for M > A,

/gi”!zpi”dfc < 2/\9?‘!%%”61% - 2/!(K1A<|K|<M)*ﬁt\2pi”dw

< 2A4%+ C No((K Laciri<ar) * pt) No(p)")

C being a universal constant. It thus suffices to choose A in such a way that Ne(K 14< k)
is small enough to get the desired uniform in ¢ bound.

We may now state an immediate consequence for the Keller-Segel model

Theorem 9.8. If K(z) = xz/|z|? 1,20 in R?, the non linear SDE (1.3) has at most one
solution satisfying supg<i<p [ pr In(1 + py) dz < +00.

Corollary 9.9. Consider the Keller-Segel case d = 2, 0 < x < 2 with a confining potential U
such that fe_Uda: < 400, i.e. an additional drift b = VU and assuming that b is Lipschitz.
Assume that the initial condition /,L(])V = pévd:c 1s chaotic so that ug’N — (podz")®*, and
satisfies [ pd |np|de < CN and [ |2")? pp™ da' < +oo.

Then QN is chaotic and for each k, Q" weakly converges to (Q)®k where Q is the unique

solution of the non linear SDE (1.3) with initial condition podx whose marginals flow is the
(unique) free energy solution of the non linear PDE (1.1).

The proof is simple: thanks to the discussion at the beginning of the section and Proposition
9.1, we may apply Theorem 9.6 showing that the linear SDE

dX; = V2dB; — VU(Xy)dt — (K % py)(Xy)dt
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has an unique weak solution which is of finite relative entropy (assuming that [ |VU |2 prdx <
+00.) Since any solution of the non linear SDE is a solution of the linear one, we may conclude
for the Theorem.

In particular, any weak limit Q of @' in Theorem 8.3 (2) has finite relative entropy, hence
is unique according to Theorem 6.26. In addition, according to the discussion at the end of
subsection 8.3, since @ is absolutely continuous w.r.t. P, propagation of chaos holds true.
Hence the Corollary.

The previous Theorem holds with a quadratic confining potential, so that using the “self
similar” coordinates as discussed in Remark 6.27 (at the process level) we can state

Corollary 9.10. Corollary 9.9 is still true for the Keller-Segel model without confinement
(U =0).

Remark 9.11. Notice that the knowledge of the convergence of the marginals flow is not
enough for the previous argument. Indeed, if we know the uniqueness of the solution of the
linear SDE, we do not know the uniqueness of the solution of the associated Fokker-Planck
equation. &

9.3. More on the Keller-Segel model.

The limitation to x < 2 in Corollary 9.9 is due to the moment estimate (2) in Lemma
6.18 where we can choose v > 1 only if xy < 2, yielding the same limitation for the tightness
result (2) in Theorem 8.3. We did not succeed in improving this tightness property.

We shall thus look at the marginals flow level and to this end use Theorem 6.24.

Theorem 9.12. Consider the Keller-Segel case d =2, 0 < x < 4 with a confining potential
U such that [ e VUdx < 400, i.e. an additional drift b = VU and assuming that b is Lipschitz,
or with U = 0.

Assume that the initial condition ub = pldx is chaotic so that ,ugN — (podz")®*, and
satisﬁes fpév|lnp0 |dx < CN and f\$1|p 1Ndx < 400 for some p > 4x.

Then pte[() 7] weakly converges as N goes to infinity to the unique free energy solution of the
Keller-Segel equation.

Proof. 1f p(])V is chaotic and satisfies, for some constant c,

/Po |Inp}|dz < eN /po |In(|z! — 2?|)|dz < ¢ and /|:1:12p de <c

it holds
2

T _pJ
/ / 3 Vil 4 T +— Z ‘x v oMU () dedt < C'N,  (9.7)
0 i

xt — xd|?
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where C’ is another constant. Using exchangeability, the fact that VU is at most linear and

that piv Yisa density of probability, we deduce that for all i
2
NU a’ —ad NU
/ / Vilnp, Z T 2 Ljpi_aij<1 p; " (r)dxdt < C, (9.8)
for some C' depending on ¢ and C’ only.
Denote ' o
wile) = [[ A Az =2l )~
J#i
and for 8 > 0,
ki(z) = H (1V]z' — 27|~ .
JF#
Let p be a non-negative function, a € (0, 1] and 0 < M < +o0. Introduce
po= pwr , (Pt = /ﬁ(x) da?...dz™
H(a,M,p) = min(p, p®) 1z<pr = (pLlp<t + 0% 1p>1) Lgrj<ar (9.9)
ot a, M) = /H(Q,M,p)(x) da?...daxY

If p is a density of probability, 5 and (5)! are sub-probability measures (total mass less or
equal one)

According to Theorem 2, formula (9) in

0= e

Applying this inequality to p; mu

/-\_/

I((Pt U) ) < / Vilnp~ oY+

and finally thanks to (9.8)

Applying Lemma 3.1 (2) and using that (p

than 1), we have, for all p € [1,400)

—_~

[1(py

PN < o) (o7

[19] (also see [27] Theorem 3.8), it holds

we obtain,

2
V| dat < / ’vl(ﬁ)% dzt da?...dz™ (9.10)
‘ 2
X rl — 2 1
N 1T_ g2 let=ai|<t
N pwr] |xt — |
N .
H (1At —x3|%)da:
7j=2
. - 2
X 1‘1 — xJ N,U
JF#i
(9.12)

)! is a sub-probability measure (total mass less

— p—1

D) (9.13)
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We will first deduce some integrability for the first marginal.

Indeed, let g be a bounded function defined on R2. It holds for any « € (0,1), any 8 > 0,
6 >0, any M < +oo and any € > 0,

/9(961)(H(a,M,pr’U))l(xl)dxlZ/g(wl)H(a,M,piv’U)(w)de

_ N NUYe (e +w)” (et m)’
= [ 0 minGl )@ Vear (i

< AB (9.14)

dzx

where for conjugate ¢, p i.e. 1% + % =1,

1/q
A= ( / g%(x") (e +w1)™ (e + £1)™ min((p" )%, (o)) () dx) (9-15)

and

B:= (/ Lt j<m (€+w1)_ﬁp(6—|—m)_9pdm>p : (9.16)
We may then take limits as € goes to 0 in the final inequality.

For the second factor B we may write

1
N P
B = (/ e [ (LA [t —2b))=F/n (1\/|1:1—xk|)_9pX/Ndx1d:n2...de>
k=2
N P
< (/ Lgtj<m H(lA\y’“l)‘ﬂp"/N(l\/!yk)‘OPX/NdxldyQ-.-dyN) (9.17)
k=2
N-1 %
< ( [ e ([ anti o vl ay) dx1>
Choose

Pp=AN; ABx <2; N0y > 2.

It follows that the intergral w.r.t dy is finite, so that finally there exists a constant ¢ depending
on A, 3, x but not on N such that

B <MV, (9.18)

For the first factor A we use Holder inequality for any s > 1, furnishing

A< A As
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with
1
A= ([ ot min ) o) d ) (9.19)
s—1
1. s
Ae = ([ R i ()0 o)
We choose
ag=1; Bgs=1
and use again p? < p when p <1 so that for u > 1
1 o 1
gs qs
s ([amehenan)” = ([ o) @) e
TN
< g, s,u) [lgllgsu (L((py 7)1)) 7w (9.20)
Using convexity
y 1 N N
Ogs/s—1 < 1 1_ .j\0asx(N=1)/N(s—1) (1 eqxs/s 1
Ky (w)_N_ljZ_;(V!fﬂ ) S o 1; Vet —

It follows, using exchangeability

s—1
Ay < </(1 V |zt — 2?)fre/s1 gy da:) " (9.21)

Similarly to Lemma 6.18 (1), or to lemma 5.6 in [123] (written for k = 6), for any k£ > 0 and
t € [0,T],

/(1 Vzt = 22k oY de < C(k, T) (1 + / (1V |z = 2?)* plY dx) : (9.22)

Assuming that the right hand side in (9.22) is finite, gathering all previous estimates we have
obtained

—

/ g(a") (H(a, M, p"") () dat < C|lgllgsu MPN 1((o) V)75 (9.23)

where C depends on ¥, ,0(1)’2’N the joint initial distribution of (z!,22), X, q,s,u, 8, 3,T but
not on N. The parameters have to satisfy

P 1 1
— AN - — = : =-=1-—(1/AN
p LIS T T T anN) ¢ YT (1/AN)
1
= —=s5(1-{1/AN
§ = o =s(1-(1/AN)
2 2 2 2
A< —= for instance A= —; 8 > —  for instance 6 > s;
Bx  s(1=(1/AN))x X AX

so that we still have two free parameters v > 1 and s > 1.

Remark that
1/(1=1/AN)
ez (07 e < NG 0 M, Y DI, = 1 (o, Mg )G 0.2
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Combining (9.23) and (9.24) we thus have obtained with

4 qsu . . — (1/AN)
3="= p— (1-(1/AN)) ide. su= TGN
Trjzar (o) I < € M= 1((pMY) ))‘“”éMN) (9.25)

We may take first the limit as N grows to infinity, use the Ls.c. of the L*3 norm, and then
1
take the limit as M grows to infinity, use (9.12) and 1+ I > I2 in order to obtain

T
/0 1oull3j5dt < C, (9.26)

for any weak limit p. of (p™'¥)!. Recall that the previous inequality implies that

T
/ (K % py) prdt < 400
0

so that, according to the superposition principle, there exists a solution to the non linear
SDE (1.3) with marginals flow given by p;.

According to Theorem 9.8, there is only one such solution with finite entropy marginals
flow. Since we know that the non linear process associated to the free energy solution of
the Keller-Segel equation exists (Theorem 6.26), it is the unique solution of the non linear
SDE. Consequently there is only one weak limit for (p™¥)! which is given by the free energy
solution of the Keller-Segel equation.

It remains to check the integrability condition (9.22) for k = fqys/s — 1. For N large, it is
enough that k& > sy /s — 1. Optimizing on s furnishes s = 2 (and so u close to 2).
We may finally cover the case U = 0 using self similar coordinates as before. ([l
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