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About Coulomb gases

Motivation: Ginibre Ensemble

plot(eig(randcg(500,500) /sqrt(500)))
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About Coulomb gases
[ Electrostatics

Outline

Electrostatics
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L Electrostatics

Coulomb kernel in mathematical physics

B Coulomb kernel in RY, d > 2,

1
xeRY— g(x) = ]

Pl if d > 3.
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L Electrostatics

Coulomb kernel in mathematical physics

B Coulomb kernel in RY, d > 2,

1

log— ifd=2,

xeRY— g(x) = X
Pha if d > 3.
X

B Fundamental solution of Poisson’s equation

o if d = 2,

Ag=—c¢ where ¢4 =
9=—cad% ? {(d—z)\sd—w if d > 3.
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L Electrostatics

Coulomb energy and equilibrium measure

B Coulomb energy of probability measure u on RY:

6w = [[ ate-ymt@on(ay) e Ru {0}
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L Electrostatics

Coulomb energy and equilibrium measure

B Coulomb energy of probability measure p on RY:

6w = [[ ate-ymt@on(ay) e Ru {0}

B Coulomb energy with confining potential (external field)

Sulp) = Eu) + f V() (dx).
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About Coulomb gases

L Electrostatics

Coulomb energy and equilibrium measure

B Coulomb energy of probability measure p on RY:

6w = [[ ate-ymt@on(ay) e Ru {0}

B Coulomb energy with confining potential (external field)

S = 6@+ [ Viu(ax).
B Equilibrium probability measure (electrostatics)

uy = arginf &y
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About Coulomb gases

L Electrostatics

Coulomb energy and equilibrium measure
B Coulomb energy of probability measure p on RY:
6w = [[ ate-ymt@on(ay) e Ru {0}

B Coulomb energy with confining potential (external field)

S = 6@+ [ Viu(ax).
B Equilibrium probability measure (electrostatics)
uy = arginf &y
M If Vis strong then uy is compactly supported with density

1
—AV
2¢cy
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About Coulomb gases

L Electrostatics

Examples of equilibrium measures

dlg| Vv | B

1 | 2| o0linervarc (X) arcsine

1 ]2 x2 semicircle

2 |2 |x|? uniform on a disc
=>3|d Ix]2 uniform on a ball
=2|d radial

radial in a ring

<
V)

9]
¢



About Coulomb gases

|—Coulomb gas model

Outline

Coulomb gas model

/31
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About Coulomb gases

|—Coulomb gas model

Coulomb gas or one component plasma

B Energy of N Coulomb charges in R?

Hn(x, ..

2

xn) =N V() + ) glxi—

i=1 i#j
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LCoqumb gas model

Coulomb gas or one component plasma

B Energy of N Coulomb charges in RY:

HiuGrcoxm) = N2 [VOOmn(@0)+ [ [ = uam(anin(ay)

X#£y
B Empirical measure: uy = & 3, 8y,



About Coulomb gases

LCoqumb gas model

Coulomb gas or one component plasma

B Energy of N Coulomb charges in RY:

Gt 0) =N (| V(a0 + [ | alx = piaw(axmn(an)

X#£y
A -
v

éa\f (un)

M Empirical measure: puy = & YN, 8y,
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About Coulomb gases

LCoqumb gas model

Coulomb gas or one component plasma
B Energy of N Coulomb charges in RY:

HiuCrcom) = N2 [VOmn(@x) + [ [ alx =) um(@am(an))

X#Yy

J

v~

50\7& (k)

M Empirical measure: py = 1 3%, 8
M Boltzmann-Gibbs measure Py ; on (R?)":

exp <—gHN(X1,---aXN)>

Zyp
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About Coulomb gases

LCoqumb gas model

Coulomb gas or one component plasma
B Energy of N Coulomb charges in RY:

(o) = N2 ([ VOouw(an) + [ [ gty umtaxmn(ay)

X#£y

)

g

&7 (uw)
M Empirical measure: py = 1 S 4 8
M Boltzmann-Gibbs measure Py ; on (R?)":
exp (—%N%“’f (ﬂN))
ZVp
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About Coulomb gases

LCoqumb gas model

Coulomb gas or one component plasma
B Energy of N Coulomb charges in RY:
HiuGrcoxm) = N2 [VOmn(@x) + [ [ alx = y)um(@mn(an)

X#£y

g

)

50\3& (un)

M Empirical measure: uy = 5 S, 8
M Boltzmann-Gibbs measure P 5 on (R)N:

exp (—%Nzé’f (uN)>
Zys

B V must be strong enough at infinity to ensure integrability
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About Coulomb gases

LCoulomb gas model

Coulomb gas or one component plasma
B Energy of N Coulomb charges in RY:

(o) = N2 ([ VOouw(an) + [ [ gty umtaxmn(ay)

X#£y

g

‘50\7& (un)

)

M Empirical measure: uy = 5 S, 8
M Boltzmann-Gibbs measure P 5 on (R)N:

exp (—%Nzé’f (uN)>
Zys

B V must be strong enough at infinity to ensure integrability
[ | Pﬁﬁ is neither product nor log-concave
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|—Coulomb gas model

Empirical measure and equilibrium measure

B Random empirical measure under IP"‘,’ﬁ.
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LCoqumb gas model

Empirical measure and equilibrium measure

B Random empirical measure under IP"‘,’ﬁ.

B Under mild assumptions on V, with probability one,

Un — Uy.

N—o0



About Coulomb gases

LCoqumb gas model

Empirical measure and equilibrium measure

B Random empirical measure under P")’ﬁ:

B Under mild assumptions on V, with probability one,
Un N Uy.
B Large Deviation Principle (Gozlan-C.-Zitt)

log P 4 (dist(uN, e r) 5

—= inf & —& .
N2 N—c0 2dist(;|1r,]uv)>r( V(K V(NV))
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About Coulomb gases

LCoqumb gas model

Empirical measure and equilibrium measure

B Random empirical measure under IP’"‘/’ﬁ:

B Under mild assumptions on V, with probability one,
Un N Uy.
B Large Deviation Principle (Gozlan-C.-Zitt)

log P 5 (dist(uN, e r) 5

—= inf & —& .
N2 N—o0 2dist(;|1r,1uv)>r( V(K V(”V))

B Quantitative estimates? How to relate dist and &y (-) — &v(uy)?
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|—Metrics and Coulomb transport inequality

Outline

Metrics and Coulomb transport inequality
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About Coulomb gases

|—Metrics and Coulomb transport inequality

Probability metrics and topologies

B Coulomb divergence (Large Deviations rate function)

Sv(u) —&v(uv)
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|—Metrics and Coulomb transport inequality

Probability metrics and topologies

B Coulomb divergence (Large Deviations rate function)

sy(p) —&v(uy)
B Coulomb metric

EU—v)



About Coulomb gases

LMetrics and Coulomb transport inequality

Probability metrics and topologies

B Coulomb divergence (Large Deviations rate function)

Ev(n) —Ev(uy)

B Coulomb metric
EU—v)
B Bounded-Lipschitz or Fortet—Mourier distance
du.v) = sup [ 100~ v) (@),

[flLip<1
I o <1
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About Coulomb gases

LMetrics and Coulomb transport inequality

Probability metrics and topologies

B Coulomb divergence (Large Deviations rate function)

Ev(n) —Ev(uy)

B Coulomb metric
Em—v)
B Bounded-Lipschitz or Fortet—-Mourier distance
du ) = sup [ 100 =) (@),
[flLip<1
Il <t
B (Monge-Kantorovich-)Wasserstein distance
Wo(u,v) = inf E(X—Y|P)"/P.
plV) = inf  E(X=YP)

X~ Y~y
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About Coulomb gases

LMetrics and Coulomb transport inequality

Probability metrics and topologies

B Coulomb divergence (Large Deviations rate function)

Ev(n) —Ev(uy)

B Coulomb metric
EU—v)
B Bounded-Lipschitz or Fortet—Mourier distance
du 1) = sup [ 100 =) (@),
[flLip<1

(L{PSS]

B (Monge-Kantorovich-)Wasserstein distance

W) =(_inf [ e—yPriaxan)”

wel(u,v)
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LMetrics and Coulomb transport inequality

Probability metrics and topologies

B Coulomb divergence (Large Deviations rate function)

Ev(u) —&v(uv)

B Coulomb metric
Em—v)
B Bounded-Lipschitz or Fortet—Mourier distance
du ) = sup [ 100~ v) (@),
IflLip<1
Il <1
B Kantorovich-Rubinstein duality
W) = sup [0~ v)(@0).

IflLip<1
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About Coulomb gases

LMetrics and Coulomb transport inequality

Probability metrics and topologies

B Coulomb divergence (Large Deviations rate function)

Ev(u) —&v(uv)

B Coulomb metric
Em—v)
B Bounded-Lipschitz or Fortet—Mourier distance
du ) = sup [ 100~ v) (@),
IflLip<1
Ifllop <1
B Kantorovich-Rubinstein duality
o (1.9) < Wia,v) = sup [ 101 V) (@)

[[flLip<1
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About Coulomb gases

|—Metrics and Coulomb transport inequality

Local Coulomb transport inequality

Theorem (Transport type inequality — C.-Hardy-Maida)

Wi(u,v)2< Cp&(p—v).
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About Coulomb gases

LMetrics and Coulomb transport inequality

Local Coulomb transport inequality

Theorem (Transport type inequality — C.-Hardy-Maida)

D < RY compact, supp(u + v) < D, &(u) < o0 and &(v) < o,

Wi(u,v)2< Cp&(p—v).
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About Coulomb gases

LMetrics and Coulomb transport inequality

Local Coulomb transport inequality

Theorem (Transport type inequality — C.-Hardy-Maida)

D < RY compact, supp(u + v) < D, &(u) < o0 and &(v) < o,

Wi(u,v)2< Cp&(p—v).

B Constant Cp is ~ Vol(Byvoi(p))
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|—Metrics and Coulomb transport inequality

Idea of proof of Coulomb transport inequality

B Potential: if U*(x) = g* u(x) then AU*(x) = —cg U
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|—Metrics and Coulomb transport inequality

Idea of proof of Coulomb transport inequality

B Potential: if U*(x) = g* u(x) then AU*(x) = —cg U
B Electric field: VU (x). “Carré du champ”: |[VU*|?



About Coulomb gases

LMetrics and Coulomb transport inequality

Idea of proof of Coulomb transport inequality
B Potential: if U*(x) = g u(x) then AU*(x) = —cq it
B Electric field: VU* (x). “Carré du champ”: |[VUH|?
B Integration by parts & Schwarz’s inequality in RY and L2

cdff(x)(u —v)(dx) = —jf(x)AU“_"(x)dx

B 1/2
< lip (101 [ 90 (0P
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About Coulomb gases

LMetrics and Coulomb transport inequality

Idea of proof of Coulomb transport inequality
B Potential: if U*(x) = g u(x) then AU*(x) = —cq it
B Electric field: VU* (x). “Carré du champ”: |[VUH|?
B Integration by parts & Schwarz’s inequality in RY and L2

Ca f f(x)(u—v)(dx) = — j f(x)AU* Y (x)dx
1/2
< lip (101 [ 90 (0P
B Integration by parts again
f VURY () Pdx = — f U=V (x) AUR Y (x)dx

=cg&(U—V).
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About Coulomb gases

LMetrics and Coulomb transport inequality

Idea of proof of Coulomb transport inequality
B Potential: if U*(x) = g u(x) then AU*(x) = —cq it
B Electric field: VU* (x). “Carré du champ”: |[VUH|?
B Integration by parts & Schwarz’s inequality in RY and L2

Ca f f(x)(u—v)(dx) = — j f(x)AU* Y (x)dx
1/2
< lip (101 [ 90 (0P
B Integration by parts again
f VURY () Pdx = — f U=V (x) AUR Y (x)dx

=cg&(U—V).
B Finally W1 (i, v)? < |Dy|cg& (U — V).
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About Coulomb gases

LMetrics and Coulomb transport inequality

Coulomb transport inequality for equilibrium measures

Theorem (Transport type inequality — C.-Hardy-Maida)

dpL (i, tv)® < CorL(Ev (1) — Ev(tv))-
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About Coulomb gases

LMetrics and Coulomb transport inequality

Coulomb transport inequality for equilibrium measures

Theorem (Transport type inequality — C.-Hardy-Maida)

For any probability measure 1 on R? with & (u) < oo

dpL (i, tv)? < Cor(Ev (1) — Ev(tv))-

Moreover if V has at least quadratic growth then

Wi (1, )2 < Cw, (v (1) — Ev (k).
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LMetrics and Coulomb transport inequality

Coulomb transport inequality for equilibrium measures

Theorem (Transport type inequality — C.-Hardy-Maida)

For any probability measure 1 on R? with & (u) < oo

dpL (i, tv)? < Cor(Ev (1) — Ev(tv))-

Moreover if V has at least quadratic growth then

Wi (1, )2 < Cw, (v (1) — Ev (k).

B Free transport inequalities (d = 2 and V = +o0 on R°)
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About Coulomb gases

LMetrics and Coulomb transport inequality

Coulomb transport inequality for equilibrium measures

Theorem (Transport type inequality — C.-Hardy-Maida)

For any probability measure 1 on R? with & (u) < oo

dpL (i, tv)? < Cor(Ev (1) — Ev(tv))-

Moreover if V has at least quadratic growth then

Wi (1, )2 < Cw, (v (1) — Ev (k).

B Free transport inequalities (d = 2 and V = +o0 on R°)
B Growth condition is optimal for W
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|—Concenlration for Coulomb gases
:

Outline

Concentration for Coulomb gases
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About Coulomb gases

LConcentration for Coulomb gases

Concentration of measure for Coulomb gases

Theorem (Concentration inequality — C.-Hardy-Maida)

If V does has reasonable growth then for every B, N, r

— 2 2
Pﬁ,ﬁ (dBL(HN,Hv) = r) < e @N°r
Moreover if V has at least quadratic growth then W1 instead of dgr. .

B LDP shows that order in N is optimal
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LConcentration for Coulomb gases

Concentration of measure for Coulomb gases

Theorem (Concentration inequality — C.-Hardy-Maida)

If V does has reasonable growth then for every B, N, r
Py g (dBL(HN,Hv) > r) < e~ BN+ 10—z (§NIog N) +BBN*—2/ 1 c(B)N

Moreover if V has at least quadratic growth then W1 instead of dg .

B LDP shows that order in N is optimal
B Explicit constants a, b, ¢ if V is quadratic
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LConcentration for Coulomb gases

Concentration of measure for Coulomb gases

Theorem (Concentration inequality — C.-Hardy-Maida)

If V does has reasonable growth then for every B, N, r
Py g (dBL(.uMHV) > r) < e~ BN+ 10—z (§NIog N) +BBN*—2/ 1 c(B)N

Moreover if V has at least quadratic growth then W1 instead of dg .

B LDP shows that order in N is optimal

B Explicit constants a, b, ¢ if V is quadratic

B Implies Wasserstein convergence:

logN it g — 2,

By (W1 (uN,uv)>f) <e”Mr > N
VP N-d ifd >3
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LConcentration for Coulomb gases

Concentration of measure for Coulomb gases

Theorem (Concentration inequality — C.-Hardy-Maida)

If V does has reasonable growth then for every B, N, r
Py g (dBL(.uMHV) > r) < e~ BN+ 10—z (§NIog N) +BBN*—2/ 1 c(B)N

Moreover if V has at least quadratic growth then W1 instead of dg .

B LDP shows that order in N is optimal

B Explicit constants a, b, ¢ if V is quadratic

B Implies Wasserstein convergence:

logN it g — 2,

By (W1 (uN,uv)>f) <e”Mr > N
VP N-d ifd >3

B See also Rougerie & Serfaty
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|—Concenlration for Coulomb gases

Idea of proof of concentration

M Starting point

PY 5 (W1 (n, i) = r) =

1

N
Zv,ﬁ Wi (tn,phv)=r

e~ BNET (w) gy
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LConcentration for Coulomb gases

Idea of proof of concentration
M Starting point

Py 5 (Wi (un, pv) = 1) =

1
ﬁ Wi (Uns )
B Normalizing constant
1
- <
v

EN2ET (um)g

oo | W25 6van) - (Bt -0 ) |



About Coulomb gases

LConcentration for Coulomb gases

Idea of proof of concentration
B Starting point

1

Py 5 (W1 (ks v) > 1) = e~ 26 (n) g
ﬁ Wi (Un,py)=r

B Normalizing constant

ZLB <o VB ean) - (Bt s ) }.

B Regularization: g superharmonic, /.L,(Vs) = Un * Ag,

N
—N2ET () < —N28y (1)) + NE(Re) + N Y (Vxde — V) ().
i=1
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About Coulomb gases

LConcentration for Coulomb gases

Idea of proof of concentration
B Starting point

1

Py 5 (W1 (ks v) > 1) = e~ 26 (n) g
ﬁ Wi (Un,py)=r

B Normalizing constant

- < o0 { WD) - (Bt st ) |
Zvﬁ 2
B Regularization: g superharmonic, /.1,(\,8) = Un * Ag,

N
—N2ET () < —N28y (1)) + NE(Re) + N Y (Vxde — V) ().

i=1

B Coulomb transport —é’v(u,(\f)) +&v(uy) < — (lJ;(vs),lJv)
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LConcentration for Coulomb gases

Concentration for spectrum of Ginibre matrices

Corollary (Ginibre Random Matrices — C.-Hardy-Maida)

If M is N x N with iid Gaussian entries of variance ~ in C

B Eigenvalues of M ccexp(—NYIN IXilP) T 1<) 1% — X7
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About Coulomb gases

LConcentration for Coulomb gases

Concentration for spectrum of Ginibre matrices

Corollary (Ginibre Random Matrices — C.-Hardy-Maida)

If M is N x N with iid Gaussian entries of variance ~ in C

B Eigenvalues of M ccexp(—NYIN . |x;[? = 2is 9(Xi — X))
B Hered=2,0=2,V= |\2
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About Coulomb gases

LConcentration for Coulomb gases

Concentration for spectrum of Ginibre matrices

Corollary (Ginibre Random Matrices — C.-Hardy-Maida)

If M is N x N with iid Gaussian entries of variance %, in C then

N — L N2+ INlogN+N[L+2—logm

B Eigenvalues of M ccexp(—NYIN . |x;[? = 2is 9(Xi — X))
B Hered=2,0=2,V= |\2
B Provides limy—q W1 (n, Ue) =0 as.
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About Coulomb gases

LConcentration for Coulomb gases

Concentration for spectrum of Ginibre matrices

Corollary (Ginibre Random Matrices — C.-Hardy-Maida)

If M is N x N with iid Gaussian entries of variance %, in C then

N — L N2+ INlogN+N[L+2—logm

B Eigenvalues of M ccexp(—NYIN . |x;[? = 2is 9(Xi — X))
B Hered=2,0=2,V= |\2

B Provides limy—q W1 (n, Ue) =0 as.

B Open problem: Bernoulli +1 random matrices (universality)
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LConcentration for Coulomb gases

Concentration for spectrum of Ginibre random matrices

plot(eig(randcg(500,500) /sqrt(500)))
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About Coulomb gases

|—Dynamics for planar case
:

Outline

Dynamics for planar case
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About Coulomb gases

|—Dynamics for planar case

Ginibre distribution is not log-concave

B Hermitian (Dyson GUE)

—Tr(H2

H oIk

J,k=1
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About Coulomb gases

|—Dynamics for planar case

Ginibre distribution is not log-concave

B Hermitian (Dyson GUE) 1D H = UDU* {A € RV}

N
e_Tr(Hz) — H e_|ij|2

j,k=1
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About Coulomb gases

|—Dynamic:; for planar case

Ginibre distribution is not log-concave

B Hermitian (Dyson GUE) 1D H = UDU* {A € RV}

N
e T(H) = 11 e 1M gpectrum e~ X lzn(lj—lk)z
k=1

j<k



About Coulomb gases

LDynamics for planar case

Ginibre distribution is not log-concave

B Hermitian (Dyson GUE) 1D H = UDU* {1 € RN}

N
e T(H) = 11 e 1M gpectrum e~ X lzn(lj—lk)z
/’k=1

j<k
B Non-Hermitian (Ginibre) 2D

N
=T _ T o= IMuf

J,k=1
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About Coulomb gases

LDynamics for planar case

Ginibre distribution is not log-concave

B Hermitian (Dyson GUE) 1D H = UDU* {1 € RN}

N

_ 2 12 _\N 2

e M) — TTe ™ spectrum e 2=t T J(4— )
Jk=1 j<k

B Non-Hermitian (Ginibre) 2D M = U(D + N)U* {1 € CN}

N
e_Tr(MM*) = H e_“v’fklz

J,k=1
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About Coulomb gases

LDynamics for planar case

Ginibre distribution is not log-concave

B Hermitian (Dyson GUE) 1D H = UDU* {1 € RN}

N

_ 2 —|H.,. |2 _yN 2

e M) — TTe ™ spectrum e 2=t T J(4— )
Jk=1 j<k

B Non-Hermitian (Ginibre) 2D M = U(D + N)U* {1 € CN}

N

(MM M2 ST

e M) — TT e M spectrum e 2=t MF T T2 — Af?
Jik=1 j<k

29/34



About Coulomb gases

LDynamics for planar case

Ginibre distribution is not log-concave
B Hermitian (Dyson GUE) 1D H = UDU* {AeRN: 4y <--- < Ay}

N N
Tr(H Hi — N A242%._ log +——+
e TrH) = | | e IFl® spectrum e (D27 +23 °gak—l/)

/’k=1
B Non-Hermitian (Ginibre) 2D M = U(D + N)U* {1 € CN}

N N
12 —( 2L, MP+2Yy log =
e~ Tr(MM*) H e~ Ml spectrum e (Z,_1\ i1°+23} < log |z,_zk|)

J,k=1
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About Coulomb gases

LDynamics for planar case

Ginibre distribution is not log-concave
B Hermitian (Dyson GUE) 1D H = UDU* {AeRN: 4y <--- < Ay}

N N
Tr(H Hi — N A242%._ log +——+
e TrH) = | | e IFl® spectrum e (D27 +23 °gak—l/)

j’k=1
B Non-Hermitian (Ginibre) 2D M = U(D + N)U* {1 € CN}

N N
12 —( 2L, MP+2Yy log =
e~ Tr(MM*) H e~ Ml spectrum e (Z,_1\ i1°+23} < log |/1j—zk|)

]7k=1
B Ginibre is not log-concave (contrary to Dyson GUE)

29/34
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|—Dynamics for planar case

Ginibre process

B State space

D= Uiy {(x,

...,XN)E(CN:X,-=xj}
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About Coulomb gases

|—Dynamic:; for planar case

Ginibre process

B State space

D=(CN\U,'¢/'{(X1,...,XN)€CNZX,'=Xj}

B Boltzmann-Gibbs measure on D = CN = (R)V

1
PN(dX) = Z—e_NZ:N:1 |xi[? H |x,- —Xj|2dX
N

i<j
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About Coulomb gases

|—Dynamic:; for planar case

Ginibre process

B State space

D=CM Uigi{(x1,...,xn) € CN : x; = x;}

B Boltzmann-Gibbs measure on D = CN = (R%)V

1 NV |x
IP)N(dX) — — e Ny |xi
N

2 1
_22j<klogmdx
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About Coulomb gases

|—Dynamic:; for planar case

Ginibre process

B State space

D= CN\U,'7&]'{(X17...,XN) G(CN X = Xj}
B Boltzmann-Gibbs measure on D = CN = (R?)V
PN (dx) =

(@)=

1 N 2 1 1
A (S bl i Slos )

X
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About Coulomb gases

|—Dynamic:; for planar case

Ginibre process

B State space

D=CN\U;¢I'{(X1,...,XN)€(CNZX,'=Xj}

B Boltzmann-Gibbs measure on D = CN = (R?)V

PN(dx) = le_B"’H(X)dx

N



About Coulomb gases

LDynamics for planar case

Ginibre process

B State space

D (CN\U,';,EI'{(X“ .,XN)G(CN

DX = X}
B Boltzmann-Gibbs measure on D = CN = (R?)

PN(dx) =
N
B Energy

e_BNH(X)dX

Z IX|? + — 2 log

N -

Xkl



About Coulomb gases

LDynamics for planar case

Ginibre process

B State space
D= (CN\U;¢/'{(X1,...,XN) G(CN X = Xj}

B Boltzmann-Gibbs measure on D = CN = (R?)N

PN(dx) = Zle_BNH(X)dx
N

B Energy

Z|x| +— Zlog = Xk|'

/#k

B Ginibre if By = N? (determinantal, exactly solvable)

23/31
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About Coulomb gases

|—Dynamics for planar case

Ginibre process

B Ginibre process on D < CN

(R2)N reversible for PN

dx =,/ ﬂNdBN VH(XN)dt.
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Ginibre process

B Ginibre process on D = CN = (R?)V reversible for PV

: [2 v 2
axN =, [ =aBN - =
Bn

xMdt— =% L
Nt N

! Lt
N N
7 X=X
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Ginibre process

B Ginibre process on D = CN = (R?)N reversible for PN

: N N SO o XN - xPN
dx(V =, 22 RdgN — 2B xNar 20N S St

N N N = xN — xPN 2
JFi t t
M Mean-field interacting particle system XN = (X/™), _.y
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Ginibre process

B Ginibre process on D = CN = (R?)N reversible for PV

' — o o 3N _ N
dxN = [a=tdBpN — 2= T xpNar— 2=l N STt
N N N X =X

B Mean-field interacting particle system XN = (X;’N)K,g,\,
B 1D log-gases are log-concave:
» Freeman Dyson
A Brownian-motion model for the eigenvalues of a random matrix.
Journal of Mathematical Physics 3 (1962) 1191-1198.
» Laszlé Erdés & Horng-Tzer Yau
Dynamical Approach To Random Matrix Theory
Book in preparation (2017)
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Ginibre process

B Ginibre process on D = CN = (R?)N reversible for PV

' — o o 3N _ N
dxN = [a=tdBpN — 2= T xpNar— 2=l N STt
N N N X =X

B Mean-field interacting particle system XN = (X;’N)K,g,\,
B 1D log-gases are log-concave:
» Freeman Dyson
A Brownian-motion model for the eigenvalues of a random matrix.
Journal of Mathematical Physics 3 (1962) 1191-1198.
» Laszlé Erdés & Horng-Tzer Yau
Dynamical Approach To Random Matrix Theory
Book in preparation (2017)

B 2D: no convexity / Brascamp—Lieb / Bakry—Emery / Caffarelli
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Well posedness

Theorem (Well posedness — Bolley-C.-Fontbona)

B D is path-connected in (R?)N and H is coercive:
lim H(x) =40 and lim |[VH(x)| = +00.
x—0D x—0D

B X is not explosive: for any x € D

P(Top = +00 | Xo = X) = 1.

25/31



About Coulomb gases

LDynamics for planar case

Well posedness

Theorem (Well posedness — Bolley-C.-Fontbona)

B D is path-connected in (R?)N and H is coercive:
lim H(x) =40 and lim |[VH(x)| = +00.
x—0D x—0D

B X is not explosive: for any x € D

P(Top =400 | Xo =x) = 1.
B Dis not convex and infpHess(H) = —o0
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Poincaré inequality

Theorem (Poincaré inequality — Bolley-C.-Fontbona)

For any N, the law PN satisfies a Poincaré inequality.
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Poincaré inequality

Theorem (Poincaré inequality — Bolley-C.-Fontbona)

For any N, the law PN satisfies a Poincaré inequality.

B Bakry—Barthe—Cattiaux—Guillin Lyapunov approach

(04
Lf = 2N

—Af—anVH-Vf
N

Le™ < —ce™ + 14
26/31
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Second moment dynamics

Theorem (Second moment dynamics — Bolley-C.-Fontbona)

(R) =0 = (% 1X%]%) 10 s an ergodic Cox—Ingersoll-Ross process:

8oy N N —
dR; =, | — R;dB; + —R dt.
CTA BT [ﬁN ]
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Second moment dynamics

Theorem (Second moment dynamics — Bolley-C.-Fontbona)

(Rt)i=0 = (1N 1X:]12) 1> IS an ergodic Cox—Ingersol-Ross process:

| 8oy N N-
dR; =\ | X RydB +4— | — ——R dt.
t NBy t =+ N[ N+ oN t]

In particular, with Ty = Gamma(N + X1 By, By), forany t > 0

Wi (Law(R:), Tn) < e % E Wy (Law(Rp), Tw)-
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Second moment dynamics

Theorem (Second moment dynamics — Bolley-C.-Fontbona)

(R) =0 = (% 1X:]12) 1o IS an ergodic Cox—Ingersoll-Ross process:

8¢ N N —
dR; = RdB —R dt.
CTA BT [ﬁN ]

In particular, with Ty = Gamma(N + "1 By, Bn), for any t > 0
W4 (Law(Rt), FN) < 6_4%” W4 (LaW(Ro), FN)

Furthermore for any x € D and't = 0, we have

4oy 1 N 1 4oy
E(R | Ro=r) = re” n't S (1——~’).
(Ri|Ro=r)=re +<2+BN 2N> e

27/31
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Uniform Poincaré for single particle

Theorem (Poincaré for one-particle — Bolley-C.-Fontbona)

If By = N? then the one-particle marginal P*"N of PN is log-concave
and satisfies a Poincaré inequality with a constant uniform in N.
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Uniform Poincaré for single particle

Theorem (Poincaré for one-particle — Bolley-C.-Fontbona)

If By = N? then the one-particle marginal P*"N of PN is log-concave
and satisfies a Poincaré inequality with a constant uniform in N.

B If By = N2 then one particle marginal of P""N has density
e—N|z|2 N—1 NZ|Z|2€

I
T = /!

zeCr on(2) =
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Uniform Poincaré for single particle

Theorem (Poincaré for one-particle — Bolley-C.-Fontbona)

If By = N? then the one-particle marginal P*"N of PN is log-concave
and satisfies a Poincaré inequality with a constant uniform in N.

B If By = N2 then one particle marginal of P""N has density

e—N|z|2 N—1 NZ|Z|2€

zeCr on(2) =
I
T = /!
M Circular law ]
. {lz|<1}
| Z)———2| =
i, sup o) ==
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Uniform Poincaré for single particle

Theorem (Poincaré for one-particle — Bolley-C.-Fontbona)

If By = N? then the one-particle marginal P*"N of PN is log-concave
and satisfies a Poincaré inequality with a constant uniform in N.

B If By = N2 then one particle marginal of P""N has density

e—N|z|2 N—1 NZ|Z|2€

zeCr- on(2) =
T = /!
M Circular law ]
{lz|<1}
li S b1 §f
i, suplowta) = =5

B The function z — log 33 |z€|, is concave!
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Uniform Poincaré for single particle

Theorem (Poincaré for one-particle — Bolley-C.-Fontbona)

If By = N? then the one-particle marginal P*"N of PN is log-concave
and satisfies a Poincaré inequality with a constant uniform in N.

B If By = N2 then one particle marginal of P""N has density

e_N|Z|2 N—1 NZ|Z|2€

zeCr- on(2) =
T = /!
M Circular law ]
{lz|<1}
li S b1 §f
i, sup o) ==

B The function z — log 33 |z€|, is concave!

B Second moment of ¢y bounded in N then KLS Bobkov’s theorem
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McKean—Vlasov mean-field limit

- o o o XN xiN
axiN = [2ZNapiN — 2 XN o 2N t L dt.
N N N =

iN _ 3N
Xt _Xt

1 N

N

Hy = NZSXY,N
=
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McKean—VlIasov mean-field limit

Theorem (McKean—Vlasov (in progress) — Bolley-C.-Fontbona)

If 6 = limy_o % e [0,00) then limy_oo ulN = s with
[} t

d% sz(x) He(dx) = GfAf(x) Ue(dx) —QJRZX.Vf(X) 11 (dx)
+ f (x =) (VF(x) ~ VH(y))
R4

Ix —y|?

pe(dx) e (dy)

or more compactly

Oty = OAW+ V- (VV+ VW i) ).
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McKean—VlIasov mean-field limit

Theorem (McKean—Vlasov (in progress) — Bolley-C.-Fontbona)

If 6 = limy_o % e [0,00) then limy_oo ulN = s with
[} t

C% sz(x) He(dx) = GJAf(X) Ue(dx) —QJRZX.Vf(X) 11 (dx)
+ f (x =) (VF(x) ~ VH(y))
R4

Ix —y|?

pe(dx) e (dy)

or more compactly

Oty = OAW+ V- (VV + VW ) y).

B Regimes: (o, By) = (N,N?) and (an, Bn) = (N, N)
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McKean—Vlasov mean-field limit for nonlinear PDE

B Christian Léonard

Une loi des grands nombres pour des systemes de diffusions
avec interaction et a coefficients non bornés.
Annales IHP PS 22 (1986), no. 2, 237-262.
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Propagation of chaos for the 2D viscous Vortex Model
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B Christian Léonard

Une loi des grands nombres pour des systemes de diffusions
avec interaction et a coefficients non bornés.
Annales IHP PS 22 (1986), no. 2, 237-262.

Alain-Sol Sznitman
Topics in propagation of chaos. Saint-Flour XIX—1989
LNM 1464 (1991) 165-251.

Patrick Cattiaux & Arnaud Guillin & Florent Malrieu
Probabilistic approach for granular media equations
in the non-uniform convex case.

PTRF 140 (2008), no. 1-2, 19-40.

Nicolas Fournier & Maxime Hauray & Stéphane Mischler
Propagation of chaos for the 2D viscous Vortex Model
JEMS 16 (2014), no. 7, 1423—1466.

Ginibre difficulty: singular non-convex interaction & non-product invariance
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That'’s all folks!

Thank you for your attention.
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