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About Coulomb gases

Motivation: Ginibre Ensemble

−1.0 −0.5 0.0 0.5 1.0

−
1.

0
−

0.
5

0.
0

0.
5

1.
0

plot(eig(randcg(500,500)/sqrt(500)))

3/31



About Coulomb gases

Electrostatics

Outline

Electrostatics

Coulomb gas model

Metrics and Coulomb transport inequality

Concentration for Coulomb gases

Dynamics for planar case

4/31



About Coulomb gases

Electrostatics

Coulomb kernel in mathematical physics

� Coulomb kernel in Rd , d ě 2,

x P Rd ÞÑ gpxq “

$

’

’

&

’

’

%

log
1
|x |

if d “ 2,

1

|x |d´2 if d ě 3.

� Fundamental solution of Poisson’s equation

∆g “´cd δ0 where cd “

#

2π if d “ 2,

pd´2q|Sd´1| if d ě 3.
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About Coulomb gases

Electrostatics

Coulomb energy and equilibrium measure
� Coulomb energy of probability measure µ on Rd :

E pµq “

ĳ

gpx´ yqµpdxqµpdyq P RYt`8u.

� Coulomb energy with confining potential (external field)

EV pµq “ E pµq`

ż

V pxqµpdxq.

� Equilibrium probability measure (electrostatics)

µV “ arg inf EV

� If V is strong then µV is compactly supported with density

1
2cd

∆V
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About Coulomb gases

Electrostatics

Examples of equilibrium measures

d g V µV

1 2 81intervalc pxq arcsine
1 2 x2 semicircle
2 2 |x |2 uniform on a disc
ě 3 d }x}2 uniform on a ball
ě 2 d radial radial in a ring
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About Coulomb gases

Coulomb gas model

Coulomb gas or one component plasma

� Energy of N Coulomb charges in Rd :

HNpx1, . . . ,xNq “ N
N
ÿ

i“1

V pxiq`
ÿ

i‰j

gpxi ´ xjq

� Empirical measure: µN “
1
N

řN
i“1 δxi

� Boltzmann–Gibbs measure PN
V ,β on pRdqN :

� V must be strong enough at infinity to ensure integrability

� PN
V ,β is neither product nor log-concave
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About Coulomb gases

Coulomb gas model

Empirical measure and equilibrium measure
� Random empirical measure under PN

V ,β :

µN “
1
N

N
ÿ

i“1

δxi .

� Under mild assumptions on V , with probability one,

µN ÝÑ
NÑ8

µV .

� Large Deviation Principle (Gozlan-C.-Zitt)

logPN
V ,β

´

distpµN ,µV q ě r
¯

N2 ÝÑ
NÑ8

´
β

2
inf

distpµ,µV qěr

`

EV pµq´EV pµV q
˘

.

� Quantitative estimates? How to relate dist and EV p¨q´EV pµV q?
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About Coulomb gases

Metrics and Coulomb transport inequality

Probability metrics and topologies

� Coulomb divergence (Large Deviations rate function)

EV pµq´EV pµV q

� Coulomb metric
a

E pµ´νq

� Bounded-Lipschitz or Fortet–Mourier distance

dBLpµ,νq “ sup
}f}Lipď1
}f}8ď1

ż

f pxqpµ´νqpdxq,

�
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About Coulomb gases

Metrics and Coulomb transport inequality

Local Coulomb transport inequality

Theorem (Transport type inequality – C.-Hardy-Maïda)

D Ă Rd compact, supppµ`νq Ă D, E pµq ă 8 and E pνq ă 8,

W1pµ,νq
2 ď CD E pµ´νq.

� Constant CD is « VolpB4VolpDqq
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About Coulomb gases

Metrics and Coulomb transport inequality

Idea of proof of Coulomb transport inequality
� Potential: if Uµpxq “ g ˚µpxq then ∆Uµpxq “ ´cd µ

� Electric field: ∇Uµpxq. “Carré du champ”: |∇Uµ |
2

� Integration by parts & Schwarz’s inequality in Rd and L2

cd

ż

f pxqpµ´νqpdxq “ ´
ż

f pxq∆Uµ´νpxqdx

ď }f}Lip

´

|D`|
ż

|∇Uµ´νpxq|2dx
¯1{2

� Integration by parts again
ż

|∇Uµ´νpxq|2dx “´
ż

Uµ´νpxq∆Uµ´νpxqdx

“ cd E pµ´νq.

� Finally W1pµ,νq
2 ď |D`|cdE pµ´νq.
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About Coulomb gases

Metrics and Coulomb transport inequality

Coulomb transport inequality for equilibrium measures

Theorem (Transport type inequality – C.-Hardy-Maïda)

For any probability measure µ on Rd with E pµq ă 8

dBLpµ,µV q
2 ď CBL

`

EV pµq´EV pµV q
˘

.

Moreover if V has at least quadratic growth then

W1pµ,µV q
2 ď CW1

`

EV pµq´EV pµV q
˘

.

� Free transport inequalities (d “ 2 and V “`8 on Rc)

� Growth condition is optimal for W1

15/31



About Coulomb gases

Metrics and Coulomb transport inequality

Coulomb transport inequality for equilibrium measures

Theorem (Transport type inequality – C.-Hardy-Maïda)

For any probability measure µ on Rd with E pµq ă 8

dBLpµ,µV q
2 ď CBL

`

EV pµq´EV pµV q
˘

.

Moreover if V has at least quadratic growth then

W1pµ,µV q
2 ď CW1

`

EV pµq´EV pµV q
˘

.

� Free transport inequalities (d “ 2 and V “`8 on Rc)

� Growth condition is optimal for W1

15/31



About Coulomb gases

Metrics and Coulomb transport inequality

Coulomb transport inequality for equilibrium measures

Theorem (Transport type inequality – C.-Hardy-Maïda)

For any probability measure µ on Rd with E pµq ă 8

dBLpµ,µV q
2 ď CBL

`

EV pµq´EV pµV q
˘

.

Moreover if V has at least quadratic growth then

W1pµ,µV q
2 ď CW1

`

EV pµq´EV pµV q
˘

.

� Free transport inequalities (d “ 2 and V “`8 on Rc)

� Growth condition is optimal for W1

15/31



About Coulomb gases

Metrics and Coulomb transport inequality

Coulomb transport inequality for equilibrium measures

Theorem (Transport type inequality – C.-Hardy-Maïda)

For any probability measure µ on Rd with E pµq ă 8

dBLpµ,µV q
2 ď CBL

`

EV pµq´EV pµV q
˘

.

Moreover if V has at least quadratic growth then

W1pµ,µV q
2 ď CW1

`

EV pµq´EV pµV q
˘

.

� Free transport inequalities (d “ 2 and V “`8 on Rc)

� Growth condition is optimal for W1

15/31



About Coulomb gases

Concentration for Coulomb gases

Outline

Electrostatics

Coulomb gas model

Metrics and Coulomb transport inequality

Concentration for Coulomb gases

Dynamics for planar case

16/31



About Coulomb gases

Concentration for Coulomb gases

Concentration of measure for Coulomb gases
Theorem (Concentration inequality – C.-Hardy-Maïda)

If V does has reasonable growth then for every β ,N, r

PN
V ,β

´

dBLpµN ,µV q ě r
¯

ď e´aβN2r2

`1d“2p
β

4 N logNq`bβN2´2{d`cpβqN

.

Moreover if V has at least quadratic growth then W1 instead of dBL.

� LDP shows that order in N is optimal

� Explicit constants a,b,c if V is quadratic
� Implies Wasserstein convergence:

PN
V ,β

´

W1pµN ,µV q ě r
¯

ď e´cN2r2
, r ě

#

b

logN
N if d “ 2,

N´1{d if d ě 3.

� See also Rougerie & Serfaty
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Moreover if V has at least quadratic growth then W1 instead of dBL.

� LDP shows that order in N is optimal
� Explicit constants a,b,c if V is quadratic
� Implies Wasserstein convergence:

PN
V ,β

´

W1pµN ,µV q ě r
¯

ď e´cN2r2
, r ě

#

b

logN
N if d “ 2,

N´1{d if d ě 3.

� See also Rougerie & Serfaty
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Concentration for Coulomb gases

Idea of proof of concentration
� Starting point

PN
V ,β pW1pµN ,µV q ě rq “

1
Z N

V ,β

ż

W1pµN ,µV qěr
e´

β

2 N2E‰V pµNqdx .

� Normalizing constant

1
Z N

V ,β

ď exp

"

N2 β

2
EV pµV q´N

ˆ

β

2
E pµV q´SpµV q

˙*

.

� Regularization: g superharmonic, µ
pεq

N “ µN ˚λε ,

´N2E ‰V pµNq ď ´N2EV pµ
pεq

N q`NE pλεq`N
N
ÿ

i“1

pV ˚λε ´V qpxiq.

� Coulomb transport ´EV pµ
pεq

N q`EV pµV q ď ´
1
C W2

1pµ
pεq

N ,µV q.
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Concentration for Coulomb gases

Concentration for spectrum of Ginibre matrices

Corollary (Ginibre Random Matrices – C.-Hardy-Maïda)

If M is NˆN with iid Gaussian entries of variance 1
N in C

then

PN
|¨|

2,2

´

W1pµN ,µ‚q ě r
¯

ď e´
1

4C N2r2` 1
2 N logN`Nr 1

C`
3
2´logπs.

� Eigenvalues of M 9expp´N
řN

i“1 |xi |
2q
ś

iăj |xi ´ xj |
2

� Here d “ 2, β “ 2, V “ |¨|2

� Provides limNÑ8W1pµN ,µ‚q “ 0 a.s.

� Open problem: Bernoulli ˘1 random matrices (universality)
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Concentration for Coulomb gases

Concentration for spectrum of Ginibre random matrices
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plot(eig(randcg(500,500)/sqrt(500)))
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Dynamics for planar case

Outline
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Coulomb gas model

Metrics and Coulomb transport inequality

Concentration for Coulomb gases
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About Coulomb gases

Dynamics for planar case

Ginibre distribution is not log-concave

� Hermitian (Dyson GUE) 1D

H “ UDU˚

e´TrpH2q “

N
ź

j,k“1

e´|Hjk |
2

spectrum e
´

`

řN
i“1 λ 2

i `2
ř

jăk log 1
λk´λj

˘

� Non-Hermitian (Ginibre) 2D

M “ UpD`NqU˚ tλ P CNu

spectrum e
´

`

řN
i“1 |λi |

2`2
ř

jăk log 1
|λj´λk |

˘

� Ginibre is not log-concave (contrary to Dyson GUE)
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About Coulomb gases

Dynamics for planar case

Ginibre process

� State space

D “ CNzYi‰j tpx1, . . . ,xNq P CN : xi “ xju

� Boltzmann–Gibbs measure on D Ă CN ” pR2qN

� Energy

Hpxq “
1
N

N
ÿ

i“1

|x |2`
1

N2

ÿ

j‰k

log
1

|xj ´ xk |
.

� Ginibre if βN “ N2 (determinantal, exactly solvable)
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About Coulomb gases

Dynamics for planar case

Ginibre process

� Ginibre process on D Ă CN “ pR2qN reversible for PN

dX N
t “

d

2
βN

dBN
t ´∇HpX N

t qdt.

� Mean-field interacting particle system X N
t “ pX

i,N
t q1ďiďN

� 1D log-gases are log-concave:

§ Freeman Dyson
A Brownian-motion model for the eigenvalues of a random matrix.
Journal of Mathematical Physics 3 (1962) 1191–1198.

§ László Erdős & Horng-Tzer Yau
Dynamical Approach To Random Matrix Theory
Book in preparation (2017)

� 2D: no convexity / Brascamp–Lieb / Bakry–Émery / Caffarelli
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§ László Erdős & Horng-Tzer Yau
Dynamical Approach To Random Matrix Theory
Book in preparation (2017)

� 2D: no convexity / Brascamp–Lieb / Bakry–Émery / Caffarelli

24/31



About Coulomb gases

Dynamics for planar case

Ginibre process

� Ginibre process on D Ă CN “ pR2qN reversible for PN

dX i,N
t “

c

2
αN

βN
dBi,N

t ´2
αN

N
X i,N

t dt´2
αN

N

ÿ

j‰i

X i,N
t ´X j,N

t

|X i,N
t ´X j,N

t |2
dt.

� Mean-field interacting particle system X N
t “ pX

i,N
t q1ďiďN

� 1D log-gases are log-concave:
§ Freeman Dyson

A Brownian-motion model for the eigenvalues of a random matrix.
Journal of Mathematical Physics 3 (1962) 1191–1198.

§ László Erdős & Horng-Tzer Yau
Dynamical Approach To Random Matrix Theory
Book in preparation (2017)

� 2D: no convexity / Brascamp–Lieb / Bakry–Émery / Caffarelli

24/31



About Coulomb gases

Dynamics for planar case

Ginibre process

� Ginibre process on D Ă CN “ pR2qN reversible for PN

dX i,N
t “

c

2
αN

βN
dBi,N

t ´2
αN

N
X i,N

t dt´2
αN

N

ÿ

j‰i

X i,N
t ´X j,N

t

|X i,N
t ´X j,N

t |2
dt.

� Mean-field interacting particle system X N
t “ pX

i,N
t q1ďiďN

� 1D log-gases are log-concave:
§ Freeman Dyson

A Brownian-motion model for the eigenvalues of a random matrix.
Journal of Mathematical Physics 3 (1962) 1191–1198.
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� 1D log-gases are log-concave:
§ Freeman Dyson

A Brownian-motion model for the eigenvalues of a random matrix.
Journal of Mathematical Physics 3 (1962) 1191–1198.

§ László Erdős & Horng-Tzer Yau
Dynamical Approach To Random Matrix Theory
Book in preparation (2017)

� 2D: no convexity / Brascamp–Lieb / Bakry–Émery / Caffarelli
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Well posedness

Theorem (Well posedness – Bolley-C.-Fontbona)

� D is path-connected in pR2qN and H is coercive:

lim
xÑBD

Hpxq “ `8 and lim
xÑBD

|∇Hpxq| “ `8.

� X is not explosive: for any x P D

PpTBD “`8 | X0 “ xq “ 1.

� D is not convex and infD HesspHq “ ´8
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Poincaré inequality

Theorem (Poincaré inequality – Bolley-C.-Fontbona)

For any N, the law PN satisfies a Poincaré inequality.

� Bakry–Barthe–Cattiaux–Guillin Lyapunov approach

Hpxq “
1
N

N
ÿ

i“1

|xi |
2
`

1
N2

ÿ

j‰i

log
1

|xj ´ xk |

Lf “
αN

βN
∆f ´αN∇H ¨∇f

LeγH ď´ceγH ` c11K .
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Second moment dynamics

Theorem (Second moment dynamics – Bolley-C.-Fontbona)

pRtqtě0 “ p
1
N }Xt}

2
qtě0 is an ergodic Cox–Ingersoll–Ross process:

dRt “

d

8αN

NβN
Rt dBt `4

αN

N

„

N
βN
`

N´1
2N

´Rt



dt.

27/31



About Coulomb gases

Dynamics for planar case

Second moment dynamics

Theorem (Second moment dynamics – Bolley-C.-Fontbona)

pRtqtě0 “ p
1
N }Xt}

2
qtě0 is an ergodic Cox–Ingersoll–Ross process:

dRt “

d

8αN

NβN
Rt dBt `4

αN

N

„

N
βN
`

N´1
2N

´Rt



dt.

In particular, with ΓN “ GammapN` N´1
2N βN ,βNq, for any t ě 0

W1pLawpRtq,ΓNq ď e´4 αN
N t W1pLawpR0q,ΓNq.
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In particular, with ΓN “ GammapN` N´1
2N βN ,βNq, for any t ě 0

W1pLawpRtq,ΓNq ď e´4 αN
N t W1pLawpR0q,ΓNq.

Furthermore for any x P D and t ě 0, we have

EpRt | R0 “ rq “ re´
4αN

N t `

ˆ

1
2
`

N
βN
´

1
2N

˙

´

1´ e´
4αN

N t
¯

.
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Uniform Poincaré for single particle
Theorem (Poincaré for one-particle – Bolley-C.-Fontbona)

If βN “ N2 then the one-particle marginal P1,N of PN is log-concave
and satisfies a Poincaré inequality with a constant uniform in N.

� If βN “ N2 then one particle marginal of P1,N has density

z P C ÞÑ ϕNpzq “
e´N|z|2

π

N´1
ÿ

`“0

N`|z|2`

`!
.

� Circular law

lim
NÑ8

sup
zPK

ˇ

ˇ

ˇ

ˇ

ϕNpzq´
1t|z|ď1u

π

ˇ

ˇ

ˇ

ˇ

“ 0.

� The function z ÞÑ log
řN´1

`“0
|z|2`

`! is concave!
� Second moment of ϕN bounded in N then KLS Bobkov’s theorem
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McKean–Vlasov mean-field limit

dX i,N
t “

c

2
αN

βN
dBi,N

t ´2
αN

N
X i,N

t dt´2
αN

N

ÿ

j‰i

X i,N
t ´X j,N

t
ˇ

ˇ

ˇ
X i,N

t ´X j,N
t

ˇ

ˇ

ˇ

2 dt.

µ
N
t “

1
N

N
ÿ

i“1

δX i,N
t

� Regimes: pαN ,βNq “ pN,N2q and pαN ,βNq “ pN,Nq
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McKean–Vlasov mean-field limit

Theorem (McKean–Vlasov (in progress) – Bolley-C.-Fontbona)

If σ “ limNÑ8
αN
βN
P r0,8q then limNÑ8 µN

t “ µt with

d
dt

ż

R2
f pxqµtpdxq “ σ

ż

∆f pxqµtpdxq´2
ż

R2
x ¨∇f pxqµtpdxq

`

ż

R4

px´ yq ¨ p∇f pxq´∇f pyqq
|x´ y |2

µtpdxqµtpdyq

or more compactly

Bt µt “ σ∆µt `∇ ¨ pp∇V `∇W ˚µtqµtq.

� Regimes: pαN ,βNq “ pN,N2q and pαN ,βNq “ pN,Nq
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McKean–Vlasov mean-field limit for nonlinear PDE

� Christian Léonard
Une loi des grands nombres pour des systèmes de diffusions
avec interaction et à coefficients non bornés.
Annales IHP PS 22 (1986), no. 2, 237–262.

� Alain-Sol Sznitman
Topics in propagation of chaos. Saint-Flour XIX—1989
LNM 1464 (1991) 165–251.

� Patrick Cattiaux & Arnaud Guillin & Florent Malrieu
Probabilistic approach for granular media equations
in the non-uniform convex case.
PTRF 140 (2008), no. 1-2, 19–40.

� Nicolas Fournier & Maxime Hauray & Stéphane Mischler
Propagation of chaos for the 2D viscous Vortex Model
JEMS 16 (2014), no. 7, 1423–1466.

� Ginibre difficulty: singular non-convex interaction & non-product invariance
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That’s all folks!

Thank you for your attention.
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