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Norm of operators with Gaussian kernels

1
® |[fllp = Ifllo@maxy = (Jrm [FX)[PAX)P

@ Centred Gaussian function : g(y) = e 9)+¢
with g : R" — R* (or C), quadratic form with Re(q) > 0.
@ Gaussian kernel : K(x, y) = e~ Qxy)+c
with Q : R™*" — R* (or C), quadratic form with Re(Q) > 0.

Kg(x) := - K(x,y)f(y)dy

Theorem (Lieb, 1990)

1X9llq.
gl

I1K|lp—q = sup { g centred Gaussian} holds if

@ 1 < p<qg< o inthe complex case
@ 1 < p,g < oo in the real case



Applications

@ Norm of the Fourier transform (Babenko, Beckner) :

K(X,y) — eZiTr(X,y>.



Applications

@ Norm of the Fourier transform (Babenko, Beckner) :

K(x.y) = e,

@ Gaussian hypercontractivity (Nelson) : for t > 0
Pif(x) = / f(e*’x + V1 —e2ly)dyn(y).
Rn

Ifp>1and g <1+ é&*(p—1)then

[Pt Lagym) < [1fllLo(yn)-



Multilinear Brascamp-Lieb inequalities

@ Handfor 1 < i< m, H,; Euclidean spaces
@ Bi: H— H;linearandonto, fi: Hi = R

® pj € (1,+00)

@ Q: H — RT' quadratic form (Q > 0)

S O I, f(Bix) dx
| [ [1ls




Multilinear Brascamp-Lieb inequalities

@ Handfor 1 < i< m, H,; Euclidean spaces
@ Bi: H— H;linearandonto, fi: Hi = R

® pj € (1,+00)

@ Q: H — RT' quadratic form (Q > 0)

S O I, f(Bix) dx
| [ [1ls

Theorem (Lieb, 1990)

sup I(fi,...,fm) =sup{l(g1,...,9m); gi centred Gaussian}
f,



Multilinear inequalities, with ¢; = 1/p;, h; = |f;|P

@ Handfor 1 < i< m, H; Euclidean spaces
@ B;: H— H;linear and onto, h; : H; — R™
@ ci<(0,1)

@ Q: H — R quadratic form (Q > 0)

_ Sy OWIIL, hi(Bx)® dx
HirL (.[H,- h/’)C'

Theorem (Lieb, 1990)

sup J(hi,...,hm) =sup{J(g1,...,9m); gi centred Gaussian}
At reooshim



Examples
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Examples

@ Holder’s inequality
@ Sharp convolution inequality on R" (Beckner) :
p,qr>1with1+1=1+1

I+ gllr < Cllfllpllgllq-
By duality, rewrites as

L. L fx=y)anhtx) axay < Clflolglial Il

@ Geometric Brascamp-Lieb (K. Ball) :
Let uq,...,um € R", with |y =1, ¢; € (0,1] and

Z Ciu; ® Uj = Idgn.
i=1

Thenfor f,: R — RT,

[ ntecon®oc<T1( [ 1)



Outline

e Inverse inequalities in search of a principle



@ Inverse Hélder : f,g > 0, p € (—o0, 1], [ fg > |f|/p]|9]|»



@ Inverse Holder : f,g > 0, p € (—oo,1], [ fg > [|f||oll9]»
orforA>1, [fAg'= > ([ f)A (f9)1_A'



@ Inverse Hélder : f,g > 0, p € (—o0, 1], [ fg > |f|/p]|9]|»
orfor A>1, [Pg'2> ([ H*(fg) N

@ Reverse hypercontractivity (Borell) :
Let p,g € (—oc, 1) with g > 1+€?!(p—1). For f: R" — R

[Pl Loy = [1fllLo(yn)-



@ Inverse Hélder : f,g > 0, p € (—o0, 1], [ fg > |f|/p]|9]|»
orfor A>1, [Pg'2> ([ H*(fg) N

@ Reverse hypercontractivity (Borell) :
Let p,g € (—oc, 1) with g > 1+€?!(p—1). For f: R" — R

[Pl Loy = [1fllLo(yn)-

Remark : for some other g < 1, it happens

P

; g centred Gaussian} =1,
HgHLp('Yn)

P
o { 1P,

; g non-centred Gaussian} =0.
”gHLp(’}’n)



@ Sharp inverse Young inequality (Brascamp-Lieb) :
p,q,r € (0,1] with 1+ 1 = 1+ 1 and non-negative
functions

I gllr = Cllfllpllgllg-

By "duality", rewrites as

L. L fx=y)antx) axay = Clflolalial Il



@ Sharp inverse Young inequality (Brascamp-Lieb) :
p,q,r € (0,1] with 1+ 1 = 1+ 1 and non-negative
functions

I gllr = Cllfllpllgllg-

By "duality", rewrites as

L. L fx=y)antx) axay = Clflolalial Il

@ Prékopa-Leindler inequality (limit case p,q,r — 0) :
For A€ (0,1)and f,g: R" — RT,

A, 122
/ sup  f(x)'g(y)' dz > (/ f) </ g> .
R Ax+(1-X\)y=z RP RN



@ Inverse Brascamp-Lieb inequality (B.). Geometric form :
Let uy,...,um € R", with |uy;)| =1, ¢; € (0, 1] and

m
Z iU ® U = Idgn.

Then for f: R — RT,

* m Ci
sup fi(x;))“ dz > (/ f‘) .
/R” S cixjui=z H I E JR :



Inverse Brascamp-Lieb inequality (B.). Geometric form :
Let uy,...,um € R", with |uy;)| =1, ¢; € (0, 1] and

m
Z iU ® U = Idgn.
Then for f: R — RT,

* m Cj
sup fi(x;))“ dz > (/ f-) .
/]R” S cixjui=z H I /1} JR :

Remark :
rather "dual" to Brascamp-Lieb, even in general form :
f,' : H,' — RJr, B,' H— H,’, Sup on 27;1 C,'B;kX,' = Z.



Theorem of Chen, Dafnis and Paouris (2013)

@ N=nmn+ -+ np,
@ X =(Xj,..., Xy) random vector with distribution Ny(0, ).
@ p; € R* and P := diag(p1X1.1,. .., PmXmm),
o fi:R" - RT
Then, if X < P,

m m

[T #0%) < [ EAX)P)7

i=1 i=1

andif X > P,

Allows to recover many inverse inequalities.
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Setup for an inverse Lieb principle

@ Handfor 1 < k < m, Hx Euclidean spaces
@ By : H— Hjy linear and onto
@ fy: Hk — R with ffk S (0,+OO)
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Setup for an inverse Lieb principle

@ Handfor 1 < k < m, Hx Euclidean spaces
@ By : H— Hjy linear and onto
@ fi : Hx — Rt with [ f € (0, +0c0)
@ Q: H — R quadratic form with s positive eigenvalues
e1<m. . <m
@Ci,....Cm, >0>Ciym,,---,Cm
ety = & T i BB o

[T (S, f)™

@ B.x:=(Byx,...,Bmn,x), x € H.
® G:={(91,.--,9m); 9i : H — R} Gaussian}
® CG:={(91,.--,9m); gi: Hi — R} centred Gaussian}



Theorem (B. and Wolff, 2014)
If Querz. > 0 then

infJ = ing < +00,

else infg J = 400, and
@ infJ = 400 when B, is onto,
@ infJ = 0 when B is not onto.



Theorem (B. and Wolff, 2014)
If Querz. > 0 then

infd = ing < +o00,

else infg J = 400, and
@ infJ = 400 when B, is onto,
@ infJ = 0 when B is not onto.

The "gaussian minimizers principle" fails for :
m=m;=2,¢4=¢c=1and
Jre ii(X)2(x) dx dy
J(fi, ) ==
(fR f1) (fR f2)




Centred Gaussian minimizers

Theorem (B. and Wolff, 2014)
If Quers. > 0 and

st +dim(Hy) + - + dim(Hm, ) < dim(H)

then
infJ = infJ.
cg
If the above hypothesis is not verified then infJ = 0 or +occ.

Without the dimension condition, it may happen

infJ > 0and infJ =0.
cG G
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Reduction to B, = By x --- x By, bijective

@ If (a1,...,am, ) is far from Range(B;y x --- x Bp, ) :
choose fi := 15, ). Then

m
[[7(Bx)% =0,  forallxeH.
i=1



Reduction to B, = By x --- x By, bijective

@ If (a1,...,am, ) is far from Range(B;y x --- x Bp, ) :
choose fi := 15, ). Then

m
[[7(Bx)% =0,  forallxeH.
i=1

o Iffvf=1and v e (), kerB;:setx=y+tvwithylv

/ka(ka)dex: / H ﬁ(Bi}’)c’/ H fi(Bjy+tBjv)%dt dy.
K

{V}J‘ I§m+ R j>m+

y- a.e. the dt integral is o0, since
{t: §(By +tBv)T <1} = {t; [(By +Bv) > 1}

has finite measure.



Calculating for centred Gaussian functions

/ et = 1
R



Calculating for centred Gaussian functions

@ For A: H— H linear self-adjoint,

1

/ o) gy — { det(A)2 ifA>0
H 400 else



Calculating for centred Gaussian functions

@ For A: H— H linear self-adjoint,

/ o) gy — { det(A)2 ifA>0
H 400 else

@ For Ax > 0 on Hy and g(-) = e A,
/ Hgk BkX deX _/ XZCKB AkBkX)dX

Lemma
infJ = D‘%, where
cg

det cB:AB
D:_sup{ (Zkkkk)

+. -
[Idet(Aq)%* Ay > 0iself-adjoint on Hk} :



Shifting Gaussian functions

@ For A: H — H linear self-adjoint, and v € H

em(A vy

/ e—7r<X,AX>+27r<X,v) dx — { det(A)f% ifA>0 '
H

400 else



Shifting Gaussian functions

@ For A: H — H linear self-adjoint, and v € H

emA vy
/ e—7r<X,AX>+27r<X,v) dx — det(A)f% ifA>0 '
i +00 else

@ For Ay > 00n Hy, vk € Hx and g(+) = e ™A +27 (v

/Hgk(BkX)deX:/ effr<X,AX>+27r<X,v>dX’
H % H

where
A=) ckBiABcand v = ¢ Bjvk.
k

ThUS J(g1>' . 7gm) =

l —
{ <%(AAK)M)2 (A v=aAviev)) i A> 0 ,

+00 else



Shifts don’t spoil the constants

Lemma
Assume By =By x --- x By, : H— Hy x --- x Hp, isonto.

For1 < k < m, let vix € Hx and Ax > 0 operator on Hy.
Set

V=) ckBivk and A:= Y ckB;AxBx.
k
If A> 0 then

(A7, v) > (A Vi, ).

Consequently
infJ = infdJ.
cg g



det cB:AB
D:sup{ (Zkkkk)

T A If-adjoi Hg p .
[T det(Ay )% ;. Ag > 0 self-adjoint on k}

?
Plan of proof : if D < +oo0, VD = DintJ > DinfJ>VD



det cB:AB
D:sup{ (Zkkkk)

T A If-adjoi Hg p .
[T det(Ay )% ;. Ag > 0 self-adjoint on k}

?
Plan of proof : if D < +oo0, VD = DintJ > DinfJ>VD

Lemma
For each k < m, let Ax > 0 on Hy and gk : Hx — R} defined by

gk() = e ™A det(A)E,

Let f : Hx — Rt with [, f =1= fHk k. Then

/2
det (Z CkBZAkBk> !
- . > + .
D J(f17 7fm) = ( Hdet(Ak)Ck

Optimizing on A, completes the proof.



Transportation proof

@ By Brenier’s theorem : 3¢y : Hx — R convex s.t.
Vi pushes fi(x)dx to gx(x)dx, i.e.

fi() = gk(Veor(-)) det(VZpx ().
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fk(-) = gk(Veox(-)) det(V2ex(-))-
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VZo(x) =Y ckBiVPpo(Bix) By,
k



Transportation proof

@ By Brenier’s theorem : 3¢y : Hx — R convex s.t.
Vi pushes fi(x)dx to gx(x)dx, i.e.

fk(-) = gk(Veox(-)) det(V2ex(-))-
o Define o(x) := Y ckpk(Bkx), X € H.
K

Vo(x) = chBkwk(ka) € H,

VZo(x) =Y ckBiVPpo(Bix) By,
k

@ On Q:= {x € H; V2p(x) > 0},

0 < det(V2y(x)) < D[ det (VZpk(Bix))*.



DJ(fy,...,fn) = D/ka(ka)dex

= 0 [T (9Teu(Bix) det(V2ou(Bix)))” ox



.....

fn) = D / T f(Bix)°

[ TLan(Ver(Bix)* DT det(V2 (B0 o



DJ(,...,Tm D/ka (Bikx)%ax
_ / TT 0x(Ve(Bix))® D] det(V2y(Bex))*dx

/ it TT o)™ |det 724 ax

> kB vk=Vp(x

Y



DJ(fy, ... fm) = D/ka(ka)ckdx
_ / TT 0x(Ve(Bix))® D] det(V2y(Bex))*dx

|nf Vv, Ck deth”’X dX
/ZCkBZVk—Vw(X)Hgk( k)™ e(x)|

> inf .
/ZCkIBr};vk—ZHgk(vk) az
H

Y

V@\QBNO?

[ emsup{Z Ce(Ay Vi Vi) 3 kB vie=2} o7
[1det(Ax)%/2




DJ(fy, ... fm) = D/ka(ka)ckdx
_ / TT 0x(Ve(Bix))® D] det(V2y(Bex))*dx

inf vk )% | det V2 (x)| dx
/ZCkBZVk—Veo(X)Hgk( )™ e(x)]

> inf .
/ZCkIBr}ka—ZHgk(vk) az
H

Y

Vo ONtO?

—msup{3_ Ck(Ag Vi Vie)i 3 ek B vie=2}
[e dz
[ det(Ax)c/2

If A:= )" cxB;AxBx > 0, then by former lemma

DJ(fr, ... fn) >

[e ™A' 22) gz [ det (3" ckB;AxBx) Ve
~ [Idet(Ac)e/2

[T det(Ax)cx



Ensuring surjectivity

Lemma

P(x)
|x

= +o0. Then

Lety : R" — R, of class C? with limy| .,
vy ({x; V29(x) 2 0}) =R".

Proof. Let a € R".
X — ¥ (x) — (x, a) achieves its minimum at some Xxp, and

Vi (x) = a, V2y(x) >0 [



Ensuring surjectivity

Lemma
Letv : R" — R, of class C? with lim | 400 % = +o0. Then

Vi ({x; V2y(x) > 0}) — R".

Proof. Let a € R".
X — ¥ (x) — (x, a) achieves its minimum at some Xxp, and

Vi(x)=a,  V(x)>0 [
By approximation, one can ensure that

e(x)= Y cipi(Bx)+ > cipi(Bix)

i<my J>my

is superlinear.
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General case, a la Bennett-Carbery-Christ-Tao

For f, : Hx — RT, k < mand ¢ € (0, +00)™ x (—oc,0]™ M+

- Sy TTq fi(Byx) % dx
HZ]:-I (ij fk) k

Theorem (B.-Wolff, 2017, Q = 0 for shortness)
Assume B, = By x --- x By, : H—= Hy x--- x Hpy, is bijective.
Theninfd; > 0 iff :

e dim(H) = _ cxdim(H), and

@ for all subspaces V C HwithB,V =BV x ---x By V,

dim(V) > ) " ¢ dim(Bk V).



Sketch for necessity |

@ Assume Vi,

Jit TR fi(Brx) %dix

C :
[Tk-+ (fHk fi(x) dX> 2 o0




Sketch for necessity |

@ Assume Vi,

Ju T fe(Byex) % dx
[Tk-+ (f/—/k fi(x) dX) '

> C > 0.

@ Let R>0.
@ Replace f, with gx(-/R) and x with Rx :



Sketch for necessity |

@ Assume Vi,

Sy TTe=1 fc(Brx)%dx
[T (i, fex) ) ™

> C > 0.

@ Let R>0.
@ Replace f, with gx(-/R) and x with Rx :

RAim(H)— 3> ¢ dim(H) fH Hk 1gk(BkX)de)c(k >C>0.
Hk:1 (fHk 9r(x >




Sketch for necessity |l

@ Let V C H a subspace :

H=VaV:,  Hc=BVa(BV)



Sketch for necessity |l

@ Let V C H a subspace :

H=VaV:,  Hc=BVa(BV)

@ infd; = C > 0 means : for all f;

Jui Jy TTke f(bry + pkz, Bkz)%dy dz

- 5 > C>0.
[ Tk=1 (f(BkV)i Jg,v f(y,2) dy dZ)




Sketch for necessity |l

@ Let V C H a subspace :

H=VaV:,  Hc=BVa(BV)

@ infd; = C > 0 means : for all f;

Jve Jy TTkeq fe(bky + prz, Brz)%dy dz

5 > C>0.
IT¢- (f(BkV)l Jo,v Ty, 2) dy dz)

@ Let R > 0. Replace f(y, z) with gx(y/R, z) and y with Ry.
Am(V)—3 o dim(By V) fvl Sy TTh=q gk(bky + L2, Brz) % dydz _
o 2
[T (f(Bkv)L kaV 9k (Y, )dydz)




Rank 1 case

Setting:1 <n=my <m

Ut ..., Un € R\ {0} with (uy, ..., uy) basis.

Set i ~ j when u; has a non-zero i-th coordinate

Forfy :R—R", 1<k <mandc e (0,+)" x (—o0, 0] "

_ e TTe=q fi (4%, Uk))ckdx'
ITeeq (Ja fe)™

JC(f1,...,fm):



Rank 1 case

Setting:1<n=m; <m

Ug,...,Uun € R\ {0} with (uy, ..., up) basis.

Set / ~j when u; has a non-zero i-th coordinate

Forfy :R—R", 1<k <mandc e (0,+)" x (—o0, 0] "

Jrn TTRE B (X, uk)) * ax
JC f ey fm = - c .
N AL

Theorem (B.-Wolff, 2015)
infd, >0 — CE1[[1’,7]]+POS<{1{,‘}—1{/}; lN]})
— ce[1,400)" x ,0]™", ch—nand

vSct,nl, S(c-1)< Z g

ieS j; S~j



Extreme rays of the positivity domain

Lete > 0, (uy,..., un) be the canonical basis,and n~n+1:

J. @: (X 1)) (5, U)oy (6, )~
- /ﬁ () (/ o (Xn) " F 1 (ia/X/) Ean) axy - - dx,_ 1

(T o) ()" (s o)

Y



Extreme rays of the positivity domain

Lete > 0, (uy,..., un) be the canonical basis,and n~n+1:

J. @: (X 1)) (5, U)oy (6, )~
- /ﬁ fi(x) (/ fo(Xn)' T fopq (ia/X/) Ean) axy - - dx,_ 1

() ()" (2 o)

Hence inf J, > 0 for
Cc= (1,...,1,1 +€,*€,0,...0) :1ﬂ1,n]|+5(1{n} *1{,7_’_1}).

Y



More to do

@ complex kernels

@ non-linear versions

@ geometric applications

@ Cauchy maximizers (HLS, Sobolev..)
o ..
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