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Exercice 1 (8 points)

Let
(
XH

t

)
t∈R be a Gaussian process such that

E
(
XH

s XH
t

)
= 1/2

{
|s|2H + |t|2H − |t− s|2H

}
for 0 < H < 1 and ∀t ∈ R, EXH

t = 0.

1. Show that ∀a > 0,
(
XH

at

)
t∈R

(d)
= aH

(
XH

t

)
t∈R where

(d)
= is the equality

of the distribution of the processes.

2. Show that E
(
XH

s −XH
t

)2
= |t− s|2H .

3. Show that if H > 1
2 P a.s. there exists a modification of

(
XH

t

)
0≤t≤T

which is locally Hölder with exponent γ < H − 1/2.

4. Show that

E
(
XH

s −XH
t

)2n
= Cn|t− s|2Hn

where Cn = EN2n and N is a standard centered Gaussian random vari-
able. Deduce from this fact that we can improve the result from 3. so that
γ < H.

Exercise 2 (8 points)

Let B = (Bt, t ≥ 0) be a Brownian motion for a filtration F = (Ft, t ≥ 0)
which satisfies the usual conditions. Let

Mt =
e−B2

t /2(1−t)

√
1− t

t ∈ [0, 1[.

1. Show that almost surely limt→1− Mt = 0.
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2. Show that (Mt, 0 ≤ t < 1) is a local martingale.

3. Compute ⟨M,M⟩t pour t < 1. Deduce that (Mt, 0 ≤ t < 1) is a
martingale.

4. Deduce that E
[
sup0≤t<1Mt

]
= +∞. (You can argue by contradic-

tion)

Exercise 3 (8 points)

Let (Xt)t≥0 be a standard Brownian motion starting from 0. Let

An(K,N) =
{
ω,∃s ∈

[
0, N −N/2n−1 [ such that |t− s| ≤ N/2n−1

⇒ |Xt(ω)−Xs(ω)| ≤ K|t− s|} , (1)

for K,N positive integers and n an integer such that n ≥ 2.

1. Show that∀N ∈ N∗,

{ω,∃t0 ∈ [0, N [ such that Xt(ω) is differentiable at t0}
⊂ ∪+∞

K=1 lim sup
n→+∞

An(K,N). (2)

Let us consider that differentiable at 0 means right differentiable at 0. Let
us fix K et N and shorten An(K,N) in An in what follows.

2. Let Yn,k = maxl=0,1,2

∣∣X(k+l)N/2n −X(k+l−1)N/2n
∣∣ for k = 1, . . . , 2n −

2, and for k = 0 let Yn,0 = maxl=1,2

∣∣XlN/2n −X(l−1)N/2n
∣∣.

Let us define Bn = ∪2n−2
k=0 {Yn,k ≤ 4KN/2n} for n ≥ 2. Show that

An ⊂ Bn.

3. Let an = P
(∣∣XN/2n

∣∣ ≤ 4KN/2n
)
. Show thatP (Bn) ≤ a2n+(2n−2)a3n

for n ≥ 2.

4. Show that an ≤ 8K(N/2n)1/2(2π)−1/2.

5. Show that
∑∞

n=2P (Bn) < +∞.

6. Deduce that P
(
lim supn→+∞Bn

)
= 0.

7. Deduce that the sample paths of a standard Brownian motion starting
from zero are almost surely nowhere differentiable.
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