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On-line Pick-Freeze Mirror algorithm for Sensitivity Analysis*

Manon Costaf, Sébastien Gadat *, Xavier Gendre 8, and Thierry Klein ¥

Abstract. The main objective of this paper is to propose a new approach for estimating the entire collection of
Sobol’ indices simultaneously. Our approach exploits the fact that Sobol’ indices can be rewritten
as solutions to an optimisation problem over the simplex of R?, to construct an online sequence of
estimators using a stochastic mirror descent algorithm. We prove that our estimation procedure is
consistent and provide a non-asymptotic upper bound for its rate of convergence. Furthermore, we
demonstrate the numerical accuracy of our method and compare it with other classical estimation
procedures.
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1. Introduction.

1.1. Motivation. The study of how a numerical code’s output depends on its input vari-
ables has become critically important in many fields, including physics, engineering, applied
mathematics, and signal and image processing, among others. Sensitivity analysis is partic-
ularly important in fields where meta-models are used, such as modeling coastal flooding [3],
optimizing aircraft geometry in aeronautics [42], and in various other areas of engineering.
Further examples can be found in [4, 36, 24]. The importance of sensitivity analysis is grow-
ing with the advent of artificial intelligence techniques, as the use of deep neural networks
with highly sophisticated architectures is gradually replacing costly, traditional, physics-based
codes for computing outputs through a regression paradigm, for example [16, 15]. However,
the complexity of these Al-generated models is often perceived as mysterious and difficult to
interpret, particularly with regard to how the output is influenced by the input variables. It
is nevertheless crucial to understand the effects of input variables on a code’s output, in order
to improve the generation of certain input variables and to enhance public acceptance of how
the code operates. Therefore, it is important to quantify the influence of variables on the
system with a reasonably limited number of evaluations and computations.

When these inputs are regarded as random elements, this problem is generally referred to
as global sensitivity analysis. Global sensitivity analysis considers the input vector as random
and provides a measure of the influence, in terms of output fluctuations, of each subset of its
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2 M. COSTA, S. GADAT, X. GENDRE, T. KLEIN

components. We refer to the seminal book [47] for an overview, to [8] for a synthesis of recent
trends in this field, and to [11, 47, 49, 52] for a discussion of the practical aspects of global
sensitivity analysis.

Of the various measures used in global sensitivity analysis, variance-based measures, de-
rived from Hoeffding’s decomposition of variance, are probably the most commonly used.
When considering an output Y of a computer code modeled as Y = f(X! ..., XP), one ob-
tains one of the most common measures of the sensitivity of Y with respect to a subset of
inputs X*,i € u for u C 1,---,p: the closed Sobol’ index ¥, defined by

_ Var(E[Y|X",icu]) E[E[Y|X"icu?]-E[Y]?
v Var(Y) B Var(Y)

In recent years, a myriad of different estimators have been proposed (see [8, Chapter 4] for a
full review). A first class gathers spectral methods that aim at constructing estimators based
on the spectral analysis of the input/output functional relationship and Parseval’s formula.
We refer to [55] for a basic description of the method and to [8, Chapter 4] for more recent
references. It should be noted that the asymptotic properties of these methods have been
little studied, as they are based on the theory of non-linear (quadratic) functional estimation.
A second class of methods requires that the covariates (X', ..., X?) be independent in order

to obtain the asymptotic properties of the estimators. Among them, the so-called Pick—Freeze
design of experiments aims at computing a Monte Carlo estimate of ¥, from a sequence of
evaluations of f on a sample of input values, fixing those of the subset u. The main advantage
is that only minimal assumptions on f are required to derive consistency and central limit
theorems. In particular, assumptions of integrability, but not regularity, on f are necessary
(see, for example, [25, 31]). Moreover, to estimate at rate y/n a single Sobol’ index, one needs
a design of experiments of size 2n. This implies that estimating all the p first-order indices
involves a sample of size (p + 1)n, and a 2Pn sample is required to estimate all Sobol’ indices.
This method has two drawbacks: the size of the DOE required to estimate all indices grows
exponentially with the number of input variables, and it relies on the very specific Pick—Freeze
experimental design.

In order to tackle these limitations, methods based on local averaging have been developed.
Among them are kernel estimators, which have been thoroughly studied for the case d = 1
[10, 7, 44, 54, 29], and provide central limit theorems and asymptotic efficiency as soon as the
function f satisfies regularity assumptions. Closely related are nearest-neighbor approaches,
which have been studied by several authors (see, e.g., [14, 33, 34, 12, 21, 28, 13]). For instance,
in [13], the authors propose a plug-in estimator with statistical consistency for any d, and a
central limit theorem with rate y/n for d < 3, provided that regularity assumptions hold.
In parallel, [4] consider a variant that is consistent for any d, but no rate of convergence is
provided. When d = 1, a central limit theorem for estimators based on ranks (i.e., nearest
neighbors on the right) is also proved in [23]. Recently, in [9], the authors used high-order
kernels to build asymptotically efficient estimators of Sobol’ indices of any dimension from
a single i.i.d. n input/output sample. Their result requires strong smoothness assumptions
on f and on the support of the input variables which may be restrictive in some irregular
situations.

This manuscript is for review purposes only.
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ON-LINE PICK-FREEZE MIRROR ALGORITHM FOR SENSITIVITY ANALYSIS 3

In order to build an estimator of Sobol’ indices using any of the methods described above,
the practitioner needs to have access to the complete dataset. Unfortunately, in some applica-
tions, the data are generated online and cannot be stored.The goal of this work is to introduce
and to study a new numerical scheme based on online data for simultaneously estimating the
2P Sobol’ indices taking into account their geometrical constraints.

1.2. Organisation of the paper. The article is organized as follows. Section 2 introduces a
variational characterization of the collection of all Sobol” indices as the minimizer of a strongly
convex function (Corollary 2.1). This section also summarizes well-known key concepts from
global sensitivity analysis. Section 3 presents the Pick—Freeze Mirror algorithm, proposed to
solve the constrained optimization problem and to construct a sequence S}, of estimators for
the Sobol” indices. Section 4 then presents numerical experiments that illustrate the perfor-
mance and practical behavior of the proposed algorithm on benchmark problems. Finally,
Section A is devoted to the proofs of our theoretical results.

2. Constrained variational characterization of Sobol’ indices.

2.1. Framework and notations. We introduce below a set of key definitions and notations,
which are highlighted in bold for improved readability.

Numerical code. We consider X = (X*,..., XP), a real-valued p-dimensional random vec-
tor representing the input of a numerical code, and Y, the output random variable associated
with a black-box function f : RP — R. The output Y is linked to the input X through the
simple relation

(2.1) Y = f(X) where X = (X!,...,XP).

We assume that X follows an unknown distribution Q, and that its components (X7),<, are

independent. For numerical purposes, we further assume that the variables (X7);<, can be
easily simulated. Our theoretical results require only that

(2.2) E[YY < 0.

Subset notations. Throughout the paper, we frequently consider subsets of variables, de-
noted by u C {1,...,p}\0. For convenience, we denote by T the set of all subsets of {1, ..., p}.
When u € Y, |u| denotes the cardinality of the subset u, with the convention that || = 0.
Below, g = 2P will refer to the cardinal of Y.

Sobol’ indices. A now-standard approach for global sensitivity analysis relies on the com-
putation of Sobol’ indices, a technique introduced in [41] and later popularized by [53]. These
indices are particularly suitable when the numerical code returns a real-valued output, denoted
by Y.

Using the ANOVA-Hoeffding decomposition of the variance (see e.g. [30, 51, 20]), the
objective of Sobol’ indices is to compare the conditional variance of Y, when fixing the values
of a subset of variables (X i € u), to the total variance of Y’

(2.3) Var(Y) =YV, with V, = > (-1 -var®[Y]X7,i € v]) > 0

ueY vCu
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111
112
113

114

115
116
117

118

119
120

129

130

131

132
133
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We shall observe that Vj; = Var(E[Y]) = 0, regardless the distribution of the inputs X, so that
Vp is always zero and does not need any estimation procedure. The Sobol” S* = (S}),er and
closed Sobol’ * = (%),cy indices with respect to (X?,i € u) are defined by:

Va Var(E[Y|X?,i € u])
24 Sri= d Xr:=
24) “ Var(Y) o v Var(Y)
Simplex A,. Dividing both sides of (2.3) by Var(Y'), we observe that S* belongs to the

simplex of discrete probability distributions over subsets defined by:
JAWRES {s = (Sy)uer,Vu € T :5,>0 and sy=0 and Z Sy = 1.} )
ueY

Moreover, we also deduce from Equation (2.3) that Sobol’ and closed Sobol” indices are linked
through a linear transformation (see Appendix C for more details). Hence, we have:

(2.5) S* =MX* with V(u,0) € T xT  M,, = (-1l .

Finally, the matrix M can be inverted using the Rota-M&bius inversion formula [46], thus

(2.6) V(u,v) EYxT M, =1,c, and X*=M'S"

2.2. Pick-Freeze trick. In this section, we briefly recall the classical " Pick-Freeze” strat-
egy for estimating Sobol’ indices. We consider X’ = (X'!,..., X'P) an independent copy of
X =(X!,...,XP) so that (X, X') ~Q®Q.

Proposition 2.1 (Pick-Freeze trick).  For any u € Y, we have:
(i) IfY = f(X), Y = f(XW) where X is built from X and X' as

Vie{l,....,p} X =X"c, + X 14,
then Var(E[Y|X?,i € u]) = Cou(Y,Y ™) and

. CouY, Y("))

2.7) > = Var(Y')

In what follows, (Y,Y™) will be refered to as a Pick-Freeze sample.
(ii) Furthermore

i = arg guin 0ul0) with ()= B [((Y B[] - (v - Em)ﬂ ,

where the expectation has to be considered with respect to the pair of random variables

(Y,Y®) defined above.

This manuscript is for review purposes only.
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For a fixed subset u € T, the “Pick-Freeze” trick leads to the so-called “Pick—Freeze” es-
timator, which corresponds to a Monte Carlo version of definition (2.7). These estimators
have been extensively studied in the literature [53, 48, 37] and are known to be consistent
and asymptotically normal [31]. In addition to their favorable asymptotic properties, it is
worth noting that the number of evaluations of f required to estimate X7 is 2n, yielding a
convergence rate of y/n. To estimate K Sobol’ indices, this number increases to (K + 1)n, so
that the total computational cost reaches 2Pn, which grows exponentially with p.

2.3. Variational characterization of >¥* and S*. In this work, we propose a method for the
simultaneous estimation of all Sobol’ indices, assuming access to a sequence of data compatible
with the Pick—Freeze trick. The variational characterization of ¥*, stated in Proposition 2.1
(74), implies that a standard gradient descent method can be naturally applied to obtain an
accurate approximation of ¥, since the functional 6 — () is strongly convex.

We perform a convex aggregation of all the functions 1, using a collection of weights
(ay)uer € Ay, for now chosen arbitrarily, and define the function ¥* as follows:

(2.8) Vo = (@)uer | U(z) = % S Gutbu(ea).
ueY

The probability distribution (ay)yer which will be denoted by L% is for now chosen
arbitrarily such that:

(2.9) min a,, > 0.
ueY

For any such a, a straightforward consequence of Proposition 2.1 (ii) is that U is minimized
for x = X3*.
Finally, recall that S* = MX* and S* € A,, and define

(2.10) Vs € Ay P(s) := V(M Ls).

This leads to the following characterization result for the set of all Sobol’ indices, which will
serve as the cornerstone of our work.

Corollary 2.2 (Variational characterization of S*). For any discrete positive probability dis-
tribution a = (ay)uer, satisfying (2.9), the collection of Sobol’ indices S* is uniquely defined
as:

2.11 S* = in °
(2.11) arg min (),

where ®* can be written as an strongly convex function represented as an expectation:
2
(212 0r(s) = & | ((v ~ BIYDIM sl - (v - B

where U ~ LS and conditionally to U, (Y,YY) is a Pick-Freeze sample (see Proposition 2.1).

This manuscript is for review purposes only.
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6 M. COSTA, S. GADAT, X. GENDRE, T. KLEIN

Corollary 2.2 shows that S* minimizes the function ®%, which is strongly convex and differ-
entiable, over A,. Moreover, ®* is the expectation of a strongly convex function that can
be readily simulated using Pick-Freeze realizations. Consequently, the problem of estimating
all Sobol’ indices can be addressed via a constrained stochastic optimization algorithm. This
is precisely the approach we adopt in the following, employing a Stochastic Mirror Descent
algorithm detailed in the next section.

3. Online estimation of Sobol’ indices with Pick-Freeze S.M.D.. Our estimation strat-
egy is based on a mirror descent introduced in the pioneering work of [39]; it provides a versatile
approach that naturally handles constrained optimization problems through an appropriate
mirror map. Mirror descent can be seen as a natural generalization of the gradient descent
method, formalizable as an iterative Maximization-Minimization procedure. It is particularly
suited for the smooth minimization of a strongly convex function ®“ over the constrained
set Ay (see, e.g., [32], [5]). The mirror descent algorithm defines a smooth trajectory that
remains within the constrained set without requiring an additional projection step and effec-
tively ”pushes” the boundaries of the simplex to an infinite distance from any point strictly
inside A,. Moreover, it can be easily extended to a stochastic setting using iterative noisy
realizations of the gradients.

3.1. Bregman divergence on A, and mirror descent. We first introduce the strongly
convex negative entropy function over Ag:

q
(3.1) Yo e Ay h(v) := Zvi log v;.
i=1

If (-,-) denotes the standard Euclidean inner product, the h-Bregman divergence Dj, between
two probability distributions is defined as

V(w,v) € Ag, Dp(w,v) := h(w) — h(v) — (Vh(v),w — v).

Remark 3.1. A Bregman divergence induces a natural metric associated to u € A, while
we emphasize that the strong convexity of h induces the following lower bound:

w — v||?

(3.2) Dp(w,v) > I 5

A (deterministic) mirror descent with a step-size sequence (7y,)n>1 consists of minimizing, from
n to n + 1, the first-order Taylor approximation of ®® penalized by the Bregman divergence.
The iterative step corresponds to a sequence (6y,)n>1:

1

Tn+1

(3.3) fe1 = arg min {@a(en) +(VD(0), 0 — 0,) +
€8¢

Dh(G,Gn)} .

Equation (3.3) defines a general “proximal” descent method built using the Bregman diver-
gence Dy, on the function ®*. When Dj, is replaced by the standard Fuclidean distance, this
reduces to the standard gradient descent with step-size sequence (v )n>1-

This manuscript is for review purposes only.
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Since the function 0 — ®%(6,,) + (V®*(6,),0 — 6,,) + %1+1Dh(0,9n) is strictly convex,
the iterate 0,41 is characterized by the first-order optimality condition. Using the identity

VoDn(0,6,) = Vh(0) — Vh(6,), we obtain that 6,1 satisfies

VE(0,) + —— (Vh(Bass) — VA(B,)) = 0.
’Yn—l—l

Rearranging the terms yields
Vh(0nt+1) = Vh(0n) — Y1 VO(0,).

Using the conjugate properties of the convex function h (Fenchel-Legendre transform), this
relation can be rewritten as

Ops1 = VE T (VR(0,) — g1 VO () = VA* (VA(0p) — Y1 VE(6,)) -

In the context of our Dj-penalized minimization problem, the mappings Vh and Vh*, which
are inverse to each other, provide a natural interpretation of the algorithm: a gradient step
is first performed in the dual space (i.e., the image of Vh), and the new iterate 6,11 is then
obtained by mapping back to the primal space through VhA*.

In our setting, where h is given by the entropy defined in (3.1), a remarkable property is
that VA* admits an explicit expression; see e.g. [32, 6]. This allows us to obtain the following
explicit update:

0, e~ i1V (00)
|0 =+ Ve (On) |7

(3.4) Ot =

where the above relation is understood componentwise in R9. We refer to [32] for further
details.

3.2. The Pick-Freeze Mirror algorithm. An important feature of the definition of ®¢
is that this function can be expressed as an expectation over a triplet of random variables
(U,Y, YY), which are assumed to be easily sampled in our context. To design the Pick-Freeze
Mirror algorithm, we begin with the computation of V&?.

Proposition 3.2 (Computation of V@?). Assume that U is a random subset sampled
according to LY and conditionally on U, (Y, YY) is a Pick-Freeze sample, then for any s € Ay,
one has:

Ve (s) = ViE[¢(s, Y, YV, U)] = E [Vsé(s, Y, Y", U)]
where ¢(s,Y, YV U) is the random variable defined by:
(35)  Vols,Y.YU,U) = (v — B )M (v~ EY)M sl — (YU — E[Y])).

The first contribution of the previous proposition is to provide an exact expression for the
gradient of the function ®¢ for any value of s. In principle, it would also be possible to use this
expression to implement a gradient descent method for the functional ®*. However, a careful

This manuscript is for review purposes only.
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inspection of the gradient formula reveals that it is—or would be—mnecessary to perform 2P
Pick-Freeze evaluations by enumerating all subsets U, each coupled with an additional Monte-
Carlo routine to approximate the expectation of each random variable. Since this strategy
becomes numerically impractical as soon as the number of variables p exceeds 10, it is therefore
necessary, in order to define an effective algorithm, to replace both the Monte Carlo step and
the enumeration of subsets with a stochastic simulation strategy. This is made possible by
noting that the gradient can be written as an expectation with respect to U,Y and YV,
Furthermore, in Algorithm 1 (see below), we use only a single evaluation of U,Y and YV to
efficiently update our Sobol index estimates. In parallel with this cheap gradient strategy, we
also leverage the simplex constraint to update all coordinates of the current estimate with
just one Pick-Freeze evaluation.

In our setting, an additional challenge arises from the fact that E[Y], which is involved in
the computation of V& via Equation (3.5), is unknown and must be estimated online. Con-
sequently, we introduce a biased Stochastic Mirror Descent algorithm, which jointly estimates
both the mean of Y and all Sobol’ indices. This biased framework is similar to that used in
[6].

Description of the algorithm with unknown mean. We assume that we have at our disposal
a sequence of i.i.d. random variables (X, X}, Up)n>1, where (X,,, X}, Up) ~ Q@ Q® L%, and
L5 denotes the discrete distribution over T such that

Vn>1 Yue® P (U, = u) = ay.

We can therefore compute, for each n > 1, a Pick-Freeze sample (Y,,, v, v ) (f(Xn), F(XUn)),

as stated in Corollary 2.2. In particular, Proposition 3.2 shows that V¢(s,Y,, Y( ) ,Up) is an
unbiased estimator of the gradient V@ for any s € A,. We estimate E[Y] using the empirical
mean of the samples (Y},). Let m,, be defined by

Then, based on Proposition 3.2 and, specifically, Equation (3.5), a recursive estimator can
be derived by substituting the unknown mean with its empirical counterpart m,:

(86)  Voun(s) = Vusr = M) Mg, | (Vast = i) (M7 8], — (VL] = )

We emphasize that in Equation (3.6) above, we use m,, and not m,1 to compute %n 1
for the sake of the simplicity from a mathematical point of view.

Finally we can define the recursive sequence (gn)nzo as:

1 D ~ } Sne_nn+1v¢n+l(8n)

3.7 Sn = arg min ?n Sn,s—sn + ~ — -
(3.7) +1 gseAq{< ¢+1( ) ) Hsne_nnﬂvqsnﬂ(sn)

Nn+1 Hl

The Pick-Freeze Mirror algorithm then derives from a sequence of iterations that respec-

tively computes my,, samples (Y, YTSU), U,) and uses (3.7). This new method is summarized
in Algorithm 3.1.

This manuscript is for review purposes only.
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Algorithm 3.1 Pick-Freeze Mirror algorithm

Require: N > 0, Step-size Sequence (Y )n>1
mo +~0
Sg ~0
St lq‘f T

for n < 1to N do
Sample (X411, X, 1, Uns1) ~ Q® Q ® LS and compute Y41, Yn(ﬂ
Update the estimator of the expectation of Y:

{ Initialization with a uniform distribution of weights over A}

1

m(YnH — My,)

Mpt+1 = My +

{Empirical mean estimation}
Compute the estimator of V& at step n:

V¢n+1(gn) = (Yn+1 - mn)M(Z}H,; [(Yn—&-l - mn)[M_lén]UnH - (Yn(ﬂ - mn)

{ Gradient estimation}
Update the estimator of the collection of Sobol’ indices:

gne—ﬁwl%nﬂ(sn)

Sni1 = -
"8 e T G|

{Stochastic Mirror Descent}
end for

3.3. Theoretical results. We state below our theoretical results.

Almost sure convergence. Theorem 3.3 establishes the convergence of (Sn)n21 to the set of
Sobol” indices S* under weak assumptions on the sampling process (finite fourth moment of
Y) and on the step-size sequence. In particular, our result does not require any smoothness
assumptions on the numerical code f, unlike recent contributions [10, 7, 44, 54, 29], which use
a kernel-based approach that inherently imposes regularity conditions on the numerical code.

Theorem 3.3 (Almost sure convergence of (S,),>0 ). Assume that the sequence (7n)n>1
satisfies:

(3.8) D =00, and Y My < oo

Assume furthermore that Y has a 4-th order moment and that the discrete probability dis-
tribution a is lower bounded: min,cy a,, > 0, and that all the coordinates of Sg are strictly

positive, then (Sp)n>1 almost surely converges towards S*.

These results hold for a standard setup in stochastic algorithms with a decreasing learning
rate (1,)n>1. The key condition is the convergence of the series Y -, n2 together with the
divergence of > - 7nn. A typical application of Theorem 3.3 corresponds to 7, = non "
with a € (1/2,1]. The previous result guarantees the convergence of the algorithm for any

This manuscript is for review purposes only.
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initialization, under the assumption that none of the coordinates is equal to zero. In this sense,
the behavior of the algorithm is therefore insensitive to the initialization over an infinite
(asymptotic) horizon. By contrast, the influence of the initialization appears in the non-
asymptotic bounds given in our next result.

Non-asymptotic upper bound. Using the perspective introduced in [38, 26] to assess the
computational cost of convex stochastic optimization, it is possible to derive a more quanti-
tative result on the sequence (Sn)nZL This result is expressed in terms of the expected value
of ®* throughout the algorithm. For this purpose, we introduce below a quantity related to

the discrete probability distribution used for sampling the subsets U according to a:

(3.9) |a]exp,e :=E {2€|U|} = Z a2,
ueY

Theorem 3.4 (Non-asymptotic risk bound). Consider any finite horizon n > 0 and the se-
quence (SZ)kzl; the Cesaro averaged sequence built from the sequence (Sg)k>1:

§n _ E:Z:1nk+lsk.
" 2221 Mke+1

i) Assume that (Ni41)k>0 is piecewise constant defined by:

lp<na1

Nk+1 = )
V1t lallexp2)n

then
E[®*(S}})] — min &
. & 1 log(n
<1+ lallesp.2 (Dh(s asl)+CE[Y4])%+5”CLHGXPV(IT’(Y) grf )

1) If (Mg41)k>0 is horizon free (that does not depend on the final iteration n) defined by
ka1 = no(k +1)7/2, then Vn € N:

logn
v

4. Experimental results . In this section, we explore the numerical performances of our
algorithm. Our numerical experiments are conducted solely on simulated scenarios, providing
preliminary evidence of the practical effectiveness of our method. In future work, we plan to
benchmark the approach on realistic real-world datasets. A python code is accessible online
and contains the basic functions to run our algorithm and a notebook with examples '.

E[0"(S})] — min ©* < C (Di(S",81) + alloxp.z + B[V

"https://plmlab.math.cnrs.fr/costa2150/mirror- pick-freeze,/
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4.1. Baselines and Competing Methods. Our study focuses on comparing our method
with two existing estimation techniques for Sobol” indices: the standard Pick-Freeze estimator
for individual Sobol’ indices [31], and the kernel-based estimator of [9]. We consider both
regular and irregular functions f. Let us first briefly discuss the advantages and limitations
of these two methods.

e The asymptotically efficient version of the Pick-Freeze estimator for closed Sobol’
indices studied in [31] (referred to as "PF1” below). For each subset u, it computes a

Monte Carlo estimator T;, x of 3, based on a Pick-Freeze sample (Y, Yi(u))lgig N

al 1 v+ v @]\
1 YzY L S
(]
whN = N i N i 2
121/12"‘ Y( )) _(12 Yi+Yi()>
=1 Ni:l 2

— Advantages: The Pick-Freeze estimators are consistent and satisfy a (joint)
central limit theorem under the sole assumption that the output has a finite
fourth-order moment.

— Drawbacks: To estimate all 2P~ Sobol’ indices at a /n rate, a sample of size
2Pn is required.

e The kernel-based estimator given in equation (20) of [9], using an Epanechnikov kernel
of order 2 and 4 (see [19] for a definition), with the kernel bandwidth optimized via
leave-one-out on the regression function (”Kernel 2”7 and "Kernel 47).

— Advantages: A simple i.i.d. sample of size n is theoretically sufficient to esti-
mate all Sobol” indices at the y/n rate.

— Drawbacks: The input variables are assumed to be compactly supported and
absolutely continuous with respect to the Lebesgue measure. Moreover, reg-
ularity assumptions on the regression function are also required. Although
asymptotic normality is established for all Sobol” indices, the computational
cost of evaluating the estimator appears to grow exponentially with the order
of the indices.

For all these techniques, 50 replicates of the estimators are computed up to step Ng = 500.
We compare these methods with our Pick-Freeze Mirror Descent algorithm (Algorithm 3.1)
using a decreasing step sequence 7, = 19/v/n + 1, where 7 is a tuning parameter. To fairly
compare the results and account for the fact that the Pick-Freeze Mirror algorithm computes
all indices simultaneously, we consider the algorithm at times Ny and 2PNy, corresponding
respectively to ”Mirror_PF-1” and ”Mirror_PF-2".

4.2. Numerical code used and comparison.

4.2.1. Case of a smooth regular function: the Bratley function. We first consider the
Bratley function, defined as

P 7
fBratley(Xla ey XP) = Z(_l)l H XJ?
i=1 7=1

This manuscript is for review purposes only.
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where X' ~ U([0,1]) are i.i.d. and p = 5. For this function, [9] considered the performance of
their algorithm for the estimation of both the first-order and total-order indices. Recall that
the first-order indices are the Sobol’ indices associated with singletons, while the total-order
indices are defined as
tot __ *
ST =120, oy

In particular, since the total-order indices depend on the closed Sobol” indices, we estimate
them using our sequence (Sy,),>1 and (2.5).

4.2.2. Case of a discontinuous function. We then consider a discontinuous function
defined by
Faise XM, X® X®) = XDy )+ (X)L g5 + X O,

for X@ iid A(0,1) random variables. This case is interesting because it does not satisfy
the regularity assumptions required for the kernel based methods, nor the assumption on
compactly supported random variables.

4.2.3. Comparison. We first observe that, as expected, the ”Mirror_PF-1” method per-
forms worse than ”Mirror_PF-2”. This is entirely reasonable, since the comparison essentially
reflects the behavior of our algorithm after 1 and Ny epochs, respectively (where one epoch
corresponds to the full set of 2P variables in our problem). Nevertheless, in many cases,
”Mirror_PF-1", despite using an extremely small number of iterations, still achieves reason-
ably good performance given its very low computational cost for estimating all Sobol” indices.

Next, it should be noted that the ”"Mirror_PF-2” method consistently outperforms the
baseline ”PF1” method, which consists in independently repeating the Pick-Freeze procedure
for each variable under consideration: in particular, the variance of ” Mirror_PF-2” are smaller
than those of the Pick-Freeze method when considering the mirror algorithm at step 2PNj.
This clearly demonstrates the benefit of formulating our problem as a constrained optimization
task, which allows all indices to be updated simultaneously. Moreover, the ”Mirror_PF-1”
method with a single epoch sometimes achieves results comparable to the baseline ”"PF1”
(this is in particular the case for the null indices of X3 X @ and XO for [Bratley), thus
efficiently exploiting the simplex constraint in the search for the Sobol” indices.

Finally, the comparison of our methods with the kernel-based methods Kernel2 and Ker-
nel4 requires more nuance. Indeed, for the regular Bratley function, the two kernel methods
produce results that are quite close to each other, while, for an equivalent number of iterations
in the algorithm, they perform similarly to the ” Mirror_PF-2” method and clearly outperform
both ”Mirror_PF-1” and PF1. However, this observation for the class of regular functions
completely disappears in the case of non-regular functions. In this case, we observe that the
kernel estimators fail to estimate the correct Sobol” indices, whereas the Mirror Pick-Freeze
and the Pick-Freeze methods still provide good results. The rather excellent results of ker-
nel methods for smooth functions and the very disappointing performance for discontinuous
functions are entirely consistent with the behavior of the kernel-based methods, which rely
on a function decomposition that is not valid when the functions are non-smooth. Finally,
let us stress that a major drawback of kernel methods is the cost in memory required to run
the estimation. On this aspect, our online algorithm performs at low memory cost even for a
large number of input variables.
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Figure 1. Estimators of the first-order indices (left panel) and total-order indices (right panel) of the
Bratley function obtained with different methods. The reference value is shown as a gray line.

4.3. Investigating three different sampling strategies. Finally, in this paragraph, we
briefly investigate the influence of the sampling strategy. The distribution a determines how
our algorithm selects the different subsets throughout the iterations. We choose to compare
uniform sampling ("unif”) with two adaptive strategies. In the latter, the distribution a
is updated at each step of the algorithm based on the current value of the sequence S,.
Specifically, we set a  S,, in strategy ”S” and a o 1 / S,, in strategy 71 /S”. We also compute
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Figure 2. Estimators of the first-order indices (left panel) and the total order indices (right panel) for the
function faisc for the different methods. The reference value is represented with a gray line.

an averaged version of the algorithm in the uniform case, referred to as ”avg”.
We perform 100 repetitions of the algorithm for different time horizons

n € (2P) x {500, 1000, 1500, 2500, 3500, 5000} .
We consider the discrete function fg;s.2 defined by

Jaisc2(XD, X®, X)) = XW1 30 0y + XP Ly gy + X,

and a step sequence 1, = 6/y/n + 1.

The advantage of this choice lies in the fact that the true values of the Sobol’ indices can
be computed exactly. For each strategy, we compute the mean squared error of the estimated
closed Sobol’ indices, obtained as M -1§,,. For comparison, we also compute the 2P Pick-Freeze
estimators based on {500, 1000, 1500, 2500, 3500, 5000} observations. The mean squared errors
obtained in this case correspond to the line labeled ”PF” in Figure 3.

Interestingly, we observe that the uniform strategy performs better than the adaptive
strategies in this case. Furthermore, when considering an averaged version of the algorithm,
we recover a convergence rate of 1/n, similar to that of the Pick-Freeze method. Finally, this
last method, using a uniform weight for a combined with Cesaro averaging, appears to achieve
the best results among all our strategies.

These simulations illustrate that the choice of a has a direct impact on the quality of our
numerical results. Similarly, the choice of a also likely affects the performance of the averaged
algorithm.

5. Conclusions and perspectives. In this section, we gather comments on the results
we have obtained, in particular their limitations and how they could be further extended or
complemented.

Discussion on the theoretical results (Theorems 3.3 and 3.4). We note that the result stated
in Theorem 3.3 is purely asymptotic, as it is expressed in terms of a limit in n, and it is not
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Figure 3. MSE on the 2° closed Sobol’ indices computed over 100 repetitions of the Pick-freeze mirror
algorithm for different choices of the sampling distribution a.

quantitative, in the sense that the “rate” of convergence of the sequence (Sn)nZI toward the
target S* remains unknown, as our proof method does not allow such a rate to be identified.
In particular, it would be highly valuable to complement our result with an almost sure
convergence rate (see [27, 50, 35]), which constitutes a stronger statement but would certainly
require a more refined martingale decomposition.

Theorem 3.4 thus constitutes a first attempt to make our study of the proposed algo-
rithm more quantitative. We emphasize that item ¢) of Theorem 3.4 is not a true convergence
result, which is indeed impossible to obtain for a constant step-size stochastic algorithm.
Nevertheless, it can be regarded as a benchmark result, following common practice in convex
optimization for machine learning. It provides a convenient way to assess the mean-square
behavior of a stochastic optimization algorithm in a convex landscape. In this context, ob-
taining an upper bound on the excess risk of order 1/4/n is not surprising, as it corresponds
to the minimax rate of convergence in many stochastic optimization problems with convex
landscapes (see, e.g., [39]). Item i) of Theorem 3.4 concerns the case of a decreasing step
sequence. The result holds for any finite simulation horizon but leads to a slightly weaker
upper bound with an additional logarithmic factor in the bound of point 7).

Towards a central limit theorem. Even if the bound does not appear to explicitly involve
the ambient dimension of the problem, it is implicitly present both in the term ||a||exp 2 and
in the fourth-order moment of the random variable Y. This result preliminary captures the
effect of the dimension d of the inputs, and of the sample size n. Perhaps more concisely,
it would be valuable to establish a central limit theorem for the properly rescaled algorithm
(Sn — S*)p>1, which would provide a precise characterization of the limiting variance. This
would allow us to obtain the exact rate of convergence, as well as to quantify the effect of the
dimension through the limiting variance—covariance matrix. See, e.g., [19, 22, 1] for examples
of CLTs derived in various contexts using martingale representations or the Markov process
perspective. Such extensions could be the subject of future research.

Discussion on the theoretical results (Theorems 3.3 and 3.4). Beyond understanding the
dependence on n and d, it would also be highly valuable to highlight the role of a, that is, the
sampling distribution itself, in the results obtained by our method as illustrated in Section
4.3. As a first step, by focusing primarily on the constant |alexp2. For a fixed number of
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coefficients, the quantity ||a||exp,2 decreases as the distribution a increasingly favors subsets of
smaller size. Nevertheless, one should not conclude that it is advisable to choose a distribution
a such that ||a||exp2 is very small, since the result concerns the value of ®%, not of Sj, itself.
Indeed, while it is possible to relate the proximity of ®¢(S;) to its minimum with the proximity
of S} to S*, this relation critically depends on the strong convexity constant of ®¢ (associated
with V2®%), which is significantly degraded if a is chosen to produce a very small ||a||exp,2-
Hence, the influence of a through ||a|exp2 and the spectral properties of V2®® warrants a
deeper mathematical investigation, which lies beyond the scope of the present paper and will
be addressed in future work.

As a second step, one could also investigate the choice of a by examining the limiting
variance obtained through a potential central limit theorem. In particular, the study could
focus on selecting a by minimizing a functional involving the trace of the limiting covariance
matrix (or any other criterion based on the resulting limiting distribution).

Numerical improvement. Finally, one may adopt a more algorithmic perspective to extend
our estimation strategy. It is relatively clear that any algorithm will suffer from the curse
of dimensionality, since when X contains p variables, there are 2P Sobol indices to estimate.
Consequently, any method will exhibit an exponential dependence on p for generic functions,
in the absence of additional assumptions on the function f. Faced with the combinatorial
explosion of subsets, it is common in computer science to resort to greedy strategies of the
divide-and-conquer type. In order to design an efficient iterative method, one could consider
adopting a hierarchical sequential algorithm that groups variables together through Sobol
indices adapted to such groups. This constitutes a research topic in its own right, which
deserves dedicated and sophisticated developments that we will address in future work.

Appendix A. Proof of the theoretical results. This technical section is devoted to the
proofs Theorem 3.3 and in Theorem 3.4.

A.1l. Gradient of ®¢.

Proof of Proposition 3.2. For s € Ay and h € R? we verify that:

B%(s + h) — B9(s)

=Y aBlY —EYDM A (Y —E[YDIM sy — (Y —E[Y]))] + o |h[)
ueY

ueY %
=Y e (E[(Y —E[Y))M} (Y — EYD[M ], — (Y* —E[Y])] ,h) + o(|A[?)
ueY

= (V&*(s), h) + o(|h|*)

where M, I refers to row u of the matrix M~!. Let us finally remark that if U is a discrete
T-valued random variable distributed according to the probability distribution a, then we can
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rewrite V& as:

Vel(s) =) auB [(Y —EY)M,! (Y —EY]D[M 's]y — (V" ~E[Y]))]

5

ueY
=E [(Y —E[Y))M! (Y —E[Y))[M'sly — (YY — E[Y]))] . [

A.2. Proof of Theorem 3.3 (almost sure convergence). The proof of almost sure con-
vergence follows the general approach of [32], with specific attention given to the presence of
an estimation bias in the algorithm due to the online approximation of E[Y]. This bias is
handled in a manner quite similar to that of [6], although the control of this bias term is, of
course, specific to the context considered in the present work. Finally, although the approach
based on relative smoothness introduced in [2] offers a powerful framework for analyzing mir-
ror descent methods (even in the stochastic cases, see [18, 17]), it cannot be employed in our
setting, as the conditions required to apply the results of [18, 17] are not satisfied. Indeed,
while the function ®* exhibits uniform Hessian bounds over the entire simplex (see in par-
ticular Appendix C), the entropy function h given in Equation (3.1) defining our Bregman
divergence is not differentiable on the boundary of the simplex so that the metric induced by
Dy, cannot be upper-bounded by the one induced by the Hessian of ®%.

Proof of Theorem 3.3.
The proof is organized into three parts. The first part leverages the variational formulation
of mirror descent to establish a one-step inequality for the Bregman divergences. The second
part provides a precise, quantitative estimate of the bias between the estimated drift at iter-
ation n and the theoretical drift, which arises from replacing E[Y] with the empirical mean
My, in the gradient. In the final part, the convergence of the sequence is established using the
Robbins—Siegmund lemma, together with several technical estimates.

Step 1: Obtaining a recursion on Dj(S*, Sn) Recall the definition of Sn+1

. _ . ) 1 .
S,11 = arg min {<V¢n+1(Sn), s—Sp) + Dy (s, Sn)} ,
s€Ay Tin+1
then the first order condition reads
Vs € Ag: nn+1<%n+l(sn)’ 5 —Sut1) + (ViDr(Sn+1,S0), 8 — Sns1) > 0,

where V1D, refers to the gradient with respect to the first variable. As V1D (z,y) = Vh(z)—
Vh(y) (Lemma B.2) we deduce that:

Vs €Ayt np1(Vny1(Sn). Snir — 8) < (VA(Spi1) = VA(Sn).s — Snpa)
< Dh(sa Sn) - Dh(s, Sn—H) - Dh(sn—Ha Sn)7

where the second inequality derives from the three point lemma B.1. Therefore, using simple
algebra and Inequality (3.2), we obtain that:

~ A~

_ L 1 . .
Dy (s,Sn+1) < Du(5,Sn) = Mnt1(Ve,11(Sn), Sny1 — 5) — §HST7«+1 — Snll3.
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196  We can now substitute Sn+1 — s by Sn — s in the middle term and write that:

A N N N

497 77n+1<v¢n+1(gn)v Sny1 — 5> = Nn+1 <v¢n+1(gn)v Sn — 5> + Mn+1 <v¢n+1(gn)a Sn+1 — Sn>-

498 The Young inequality induces:

— A A A 1 —~ A 1 ~ A
499 41 (V6501(Sn), S = S| < SmaillVena (Sn)l3 + 18041 = Salls.

500 This finally leads to the key inequality:

_ . 1 _ .
501 (A1) Dy (5,Sn+1) < Du(s,Sn) = tns1(Vdpy1(Sn), Sn — ) + 577721+1\|V¢n+1(sn)\\§-

2 Step 2: Comparison between %n +1(Sn) and V®*(S,). Recall that from Proposition
3 3.2

| 0%(S,) = E [VH(Sn, Vi1, V), Un+1)|]-"n} :

505 we can then write

506 (A.2) Vo 1(Sn) = VOUS,) + AMyy1 + Ry,

507 where AM,,11 is a (F,)-martingale increment defined by:
08 (A3) AMpi1 = Vy11(80) — E [V, 1(80)| Fa

509 and Ry41 is a rest/bias term that comes from the estimation of E[Y] with 7i, in Equation
510 (3.6):

S (Ad) Rt = E [V, (80)|Fa| - VOUS,).

512 Using Equation (A.2) in (A.1), we deduce that:

513 D (s, Sn+1) < Dx(s, Sn) — nn+1(V(I>a(Sn), S, — S) — M1 {(AMp 11, S, — s)
514 i Bus1, 80— )+ 8 98,080 B

515 Let us choose s = S* in the previous inequality to obtain

)16 Dh(S*7 Sn—i—l) < Dh(S*7 Sn) - 77n+1<vq>a(sn)7 Sn - S*> — n+1 <AMn+1a Sn — S*>

~

* 1 —y Q
517 (A.5) — M1 (Rpt1, S — 8%) + 577721+1||V¢n+1(sn)||%~
518 Now from the Cauchy-Schwarz inequality and then the Young inequality, we have

519 141 {Rn+1,Sn — S*) < Mgt | Rt l|2]|Sn — S7|2
1+ IS, — S*|3
; .

520 (A.6) < Mt 1]| Rt |2
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We now use Inequality (A.6) in (A.5) together with the strong convexity of h in inequality
(3.2) to obtain:

~

N N 1 N
Dh(S*v Sn+1) < Dh(S*v Sn)(l + an+1||Rn+1||2) — Nn+1 <vq>a(sn)’ Sn - S*>

~

L1 1 .
= M1 (AM1,Sn = 87) + St [ R [l2 + §ni+1llv¢n+1(5n)||§-

We observe that R,.;1 is F,-measurable and computing the conditional expectation with
respect to F,, leads to:

* & * & 1 a(& Q *
E[Dn(S*, Spt1)|Fn] < Dr(S™,Sp) (1 + 57771+lHRn+1H2) — M1 (V®*(Sy), Sn — S%)

1 1 —~— ~
(A7) + 5"7n+1||Rn+1”2 + 577721+1E[Hv¢n+1(sn>”g’fn]-

Step 3: Conclusion of the proof. Using Lemma A.1 and our set of assumptions on the
step-size sequence (3.8), we deduce that:

> B[ Rall2] < oo.
n>0

Notice that since all the terms are non-negative,

E Z%HIanHz Sznn—HE[HRnH?]a
n>0 n>0

and it shows that > o, Mnt1||Rnll2 is almost surely finite and [[,,~o(1 4+ nns1]|Rnll2) < o0
almost surely as well. In the meantime, Lemma A.2 associated with conditions (3.8) also
shows that: . R

Y Elna Vo (Sa)ll3] < oo

n>0

We can now apply the Robbins-Siegmund Lemma (stated in Lemma B.3) and deduce that a
random variable D, exists such that:

(A.8) Dp(S8*,Sn41) — Dog € L' and > 17,11(VP(S,),Sn — S%) <00, as.
n>0

Using the convexity of ®¢ we obtain

(A.9) S Dot (cpa(én)) <3 001 (VEU(S,), 8, — §7) < 400,  as. n

n>0 n>0

The rest of the proof proceeds now in a standard way in stochastic approximation theory.
From Equation (A.9) and ), <, nn+1 = +00, we know that a subsequence (S, )r>1 exists
such that: -

lim (V®%(S,,),Sn, —S*) =0, as.

k——+o00
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The strong convexity of ®* may be translated into the following inequality:
Vs e A, (VO (s),5 — S*) > palls — S*|%,

where p, > 0 refers to the lowest eigenvalue of V2®“ over A, (see Proposition C.1 in the
appendix). It then implies that

lim S,, =S as.
k——+o0

In the meantime, we also deduce from Equation (A.8) that Dy, (S*, Snk) — D a.s. and the
continuity of the Bregman divergence D}, yields Dy, = 0 a.s. Finally, the lower bound (3.2)
implies that the entire sequence S, converges towards S*.

A.3. Proof of Theorem 3.4 ( non-asymptotic upper bound). The following proof follows
an approach recently proposed in [6] to obtain a non-asymptotic bound for biased stochastic
mirror methods. Nevertheless, care must be taken to meticulously track the sequence of
inequalities in order to preserve the dimension-dependent constants that have a significant
influence on the final bound. Moreover, although the proof strategy is similar to that of [6],
it still requires bias controls that are specific to the model considered here, as well as precise
inequalities on the spectra of the change-of-variable matrices M used.

Proof of Theorem 3.4. The starting point of the non-asymptotic bound is Equation (A.7)

that can be written as

E[Dh(S*7 Sn-i—l)‘-’rn] < Dh(S*v Sn+1) - nn+1<V®“(Sn), Sn - S*>

Dt 1|| Rt ]2 & * 1 Vo, 1 (S
N +H2+\ (141180 = 8713) + S 1 EIIV 1 (S 31F]

< Da(S*,Sn+1) = 71 (29(Sy) — 2%(S7))

5 1 —~ 4
gttt Bagillo + S BV (Sn)lI31 0],

~ N

where we used in the last line the convexity of ®¢ that yields —(V®%(S,),S, — S*) <
—(9%(S,,) — ®%(S*)) and the compactness of A, that yields ||S,, — S*||3 < [|S, — S*||? < 4.
We now compute the overall expectation, use Lemma A.1 and Lemma A.2, and obtain that:

N1 E[0%(Sy) — ©9(S*)] < E[Dh(S", Sn) — Di(S",Sn41)]

2
M = Q
+ 511 B Boa[|2] + ~5E[ V41 (Sn) I3

< E[Dh(S*v Sn) - Dh(S*’ SnJrl)]

2
n
# Sl Var(1) 222 1€ (14 flalloe ) B2

The rest of the proof then proceeds following a standard argument with Cesaro mean and
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567 telescopic sums:

n n
L a * * k
565 S i (BO%(81)] — °(S")) < Di(S",81) + 5lalfexp Var(¥) 30
k=1 k=1
569 +C (1 + ,/Hauexpg) E[Y*] %
k=1
Defining now the weighted Cesaro average as:
§n — D b1 77k+lsk
" ZZ:]_ Nk+1
570 then, the convexity of ®¢ yields:
. " E[®%(Sy)] — ®*(S*
571 E[q)a(SZ)] — min ®* < Zk:l 7lk+1( L ( k)] ( ))
Zk:1 Mk+1
e < DASTS Sl Var() Sy ek 4§ (1t allep) B
N D ket Mk+1
573 It remains to optimize both terms of the right hand side of Inequality (A.10) by choosing an
574 appropriate step-size sequence (1+1)kr>0. There exists two classical choices.
575 e Either (1x41)r>0 is piecewise constant (depending on the final number of performed
576 simulations):
nt VeE<n-1
577 =
v Tt 0 Vk>n-—1.
578 In that case, Inequality (A.10) reads:
. Dy(S*,S1) C
579 E[®%(S])] — min & < ]1(7;1) + Bl (1 + 4/ ||a||exp,2> E[Y4]n*
nn
1
580 + 5|l exp Var(Y) Ogé”) .
We finally optimze the choice of n*, which leads to:
. 1
n = .
(1+ Vllallexp,2)n
581 Our final upper bound is then:
_ . C
582 E[®*(S7)] — min ®* < /1 + 1/||alexp.2 (Dh(S*, S1) + 2E[Y‘*]> n~1/?
1
583 + 5/|al|exp Var(Y) og(n)
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e Or (Mg+1)k>0 is a decreasing step-size sequence of the form g1 = no(k + 1)~

with o € [1/2,1). In that case the right hand side of Inequality (A.10) decays as
Oy me1) "t < mo(n+1)72FL. The situation becomes somewhat more technical and
tedious to describe precisely, and only the dependence on the number of iterations re-
mains straightforward to characterize. In particular, one can verify that with o = 1/2
and 7y < 1, a large enough C' exsists such that:

logn
v’

which constitutes a slightly weaker bound than the inequality obtained in the previous
case. |

E[0"(S})] — min ©* < C (Dy(S",81) + allexp.z + E[V])

A.4. Controls on the bias terms.

Lemma A.1. Control of E[|R,+1|]2] For any n > 1, one has:

lallexp,1/2 Var(Y]

El|| R <
1 Rngalla] < R

Proof of Lemma A.1. We recall that the bias term involved in R,11 is given by:

Rt =B |V6,11(80) 7| — V2°(8).

According to definition (A.4), we are led to compute:

E {%rwl (sn) ’]:n}

~ ~ — U ~ _
= E | (Vs1 = i) (Vaes = ) M 8], = (V] = ) ) MG, 1]

Let us use the decompositions:

and

Vo1 = Mn = (Y1 — E[Y]) + (E[Y] — my)

YY) — @, = (V) —EY]) + (B[Y] - )

n

and the simple algebra:

(a+e)<(a+e)0—(5+e)> :a(aC—ﬁ—a>—|—6(20¢C—0¢—B)+62(C—1),

we deduce that

%nﬂ(s) = VH(s, Ynt1, YTSQ, Uny1)

+ (E[Y] = ) (200 ~ EVDIM 8], = (Yo — EIY]) = (%] - EY])) M7
+ (E[Y] = n)? (M1

. 1) [M_l]T

Un+1 Un+17:'
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We then compute the conditional expectation with respect to J,, of the previous expression
and combine our last decomposition with Equation (3.6) to get:

Ry =(E[Y] = ma)E [{20V ~ EYDIM ™80, = (V= YD} IMTYE, 1]

(A.11) + (E[Y] = ) E[(M™'Su]u, 0 = DM, LT

n+1

We first consider the conditional expectation:

E ({200 - BYDIM 'S, — (V0 = YD} IMTUE 17

= E[20%, - V)M S, Ju,. M,
~E [0 - M IR

For the first term remark that Y}, is independent of U, and of F,,, therefore

7

Unst1y:

E [2(Ya — EVDIM ™ Sulv, s M7, 1]
= 2E[Y, — E[Y]E [[M7'8,]u,.,[M7'JF,,, IFa] =0.
Similarly, we can rewrite the second term as

B (Yo=Y DM, I
= B |((Ya —EY)) + (EIY] - Y \D)MUE, 7]
—B | -EYDMTE I

Un+17:

— B[y —Ep M.
Let us consider a coordinate of the above column vector
E[(Y®) — E[Y)M}] = E [E[(v™) - E[Y)) UM} | =o.
As a consequence, the bias term simply reduces to the following ¢-dimensional vector:
(A.12) Ros1 = (E[Y] = ) ’E[(M™'Sulu,., = DIM TG, Pl

We are led to compute for s € Ay, and U the discrete random variable distributed according
to a the following vector: E[([M™!s]y — 1)[M 1% ]. At this stage, we use the value of M~
given in Equation (2.6), the triangle inequality and get:

|Rutallz < (BIY] = ) B [[M7'S0lu,., — 1] M

|.7-“n] .

Upt1,:

Since for any s € A, we have [M~'s]y =" ., sy € [0,1] and that

M I3 = Z lycy = 2"
ver
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we then use our definition of [|a||exp,1/2 given in Equation (3.9) and get:

1Rnt1ll2 < llallexp,1/2(B[Y] = in)?.

We finally obtain the desired result while considering the global expectation:

. Var|Y
B b] < g1 2ELEDY] — 700)?] < gz o .
Lemma A.2. Control of ]E[||%n+1(én)||2] A constant C' independent of p exists such
that:
E (196081 <€ (14 lalone ) 517

Proof of Lemma A.2. Let us recall that

/\ . N N o N~ B

Von1(Sn) = Va1 = iitn) (Vs = ) M8,y = (] = 7)) MY

We can then compute the square norm and obtain:
— . N N . U . \2
HV(bn-s—l(Sn)’P = Yoy — mn)2 ((Yn—H — M) [M 1Sn]Un+1 - (er—i—% - mn)> (M~ 1]Un+1, H2

< {201 = M) (M8l )2 + 201 = ) 2 (V0] = ) b I M 0,01

We apply the Cauchy-Schwarz inequality and obtain:

E (9004180 I] < 28 [(Vaa = ) (M8l )]
+ 2B (s — M 1]y B [0 — ]
< 2B | (Yier — i) (M 'S, )]

+ 2B~ B (1Mo, ] B [0 - )]

where in the last line we used the independence between Y, and U,yi. From the same
argument as the one used in Lemma A.1, we have for any s € Ag:

4
(A.13) M 'slp = > sy €[0,1] and [[M]y,[l3 = (Z 1@) = 22Ul

vCU veY

We then deduce that:
E (196,11 (80)I12] < 2E [(Yars = )'] + B [(Yasr — in) W (M)

<16 (E[(Yas1 — E[Y])'] + E[(E[Y] - <1+¢E 1My }>

<16 (E[(Yn+1 Y)Y + 04]E[§;4]> <1 + \/m> ,

where the last bound follows from Lemma B.1. Combining all these inequalities proves the
result. |
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646 Appendix B. Standard properties on (stochastic) optimization methods. We list below
647 some technical results that are useful for our purpose in the proof of Theorems 3.3 and 3.4.
648 Properties of Bregman divergence. We recall some standard results that are valid for any

649 Bregman divergence Dy. We refer to [40] for further details.

Lemma B.1 (Three points lemma). For any triple of points (z,y,z), one has:
Dy, 2) = D, y) + Daly, 2) — (VA(2) — Vhy),z — ).
Lemma B.2 (Gradient of the Bregman divergence). For any pair of points (x,y), one has:

VoDn(x,y) = Vh(z) — Vh(y).

650 Moments of sums of random variables.
Proposition B.1. [Dharmadhikari and Jogdeo, see [}3], Example 16 p. 60] Assume that
X1,..., X, are centered independent random variables with finite moments of order p > 2.

Then an explicit constant C), exists such that:

n
B[ X1+ ...+ Xal'] < Cun??" VY EIXGP,
k=1

Moreover, Cy, is universal and given by:

plp—1) 3 2 (p—2)/2m 2 p2m—l
Cpy=—=1Vv2 )1+ -K, ith =|p/2 d Kopy= —_—
=2 e (1 2R i ) RS
651 Robbins Siegmund Lemma. We shall state one of the most useful result on stochastic
652 algorithms. This result is known as the Robbins-Siegmund Lemma and stated below.

353 Lemma B.3 (Robbins-Siegmund Lemma, see [45]). Consider a filtration (Fp)n>0 and 4 se-
54 quences of random variables (Ap)n>0, (Bn)n>0, (an)n>0 and (Bn)n>0 that are F,-measurables,
655 mon-negatives and integrables such that these sequences enjoy the next assumptions:
56 (1) (an)n>0, (An)n>0 and (Bn)n>0 are Fy-predictables.

5

5

657 (2) supyeq[,>1(1+ an(w)) < +oo and 3, 5o E[Bn] < +o0.

658 (3) E[Bn+1|Fn] < (1 + an—i—l)Bn + Bn—}—l - An—i—l-

659 Then,

660 (i) B, — B in L' where By, is an integrable random variable and sup,,~, E[B,] < +occ.

661 (1) > n>0 ElAn] <00 and 3, ~q An < +00 almost surely.

Appendix C. Properties on the matrix M and on the spectrum of V2®?. This section
is devoted to obtaining properties of the matrix M depending on the dimension. Here, we
will stress the dependency by writing

Tp={uc{l,....p}}
662 and M, the matrix such that for all u,v € T,

663 (M) = (1) 1ls, .
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664 Let us remark that the elements of T, can be ordered using the lexicographic order on
665 numbers written in binary. The correspondence writes

666 =0, {1}=1
667 {2} =10, {1,2} =11
668 {3} =100, {1,3} =101, {2,3} =110, {1,2,3}=111---

669 Furthermore
670 Y1 =T, U{uU{p+1}ueX,}

671 This recursion allows to write a recursion on matrices M, when rows and columns are ordered
672 as above:

M 0
673 (C.1) M, = (—1\/1101, Mp> .

Invert of M. Upon closer examination of the matrix M, the general term M, , corre-
sponds to the Mobius function for subsets ordered by inclusion?, denoted by pxy(v,u) =
(—=1)l“=lI1,,. This, in turn, allows for the use of the Rota-M&bius inversion formula [46]
that states that for two functions f and g:

YoeT: g(v) :Zf(u) = VueT: f(u):ZuT(v,u)g(u).

vCu vCu

As a consequence
V(u,v) € T x 7T M;’}) = 1ycu-

674 Eigenvalues of Mpl\/[g. From (C.1), we deduce that if V,, = Mpl\/[g, then

v, -
o (3 39)
p+ _‘/p 2‘/p

(=2}
3
ot

676

677 Lemma C.1. For any p > 1 the eigenvalues of V,, = Mpl\/I;‘f can be obtained by a recursion
678 as

3+v5, 3—5
679 Sp(Vo) = {1},  Sp(Vpt1) = { 5N Ty AAE Sp(Vp)} -

» P
630 In particular the largest eigenvalue of V), equals (3+2\/‘?’) and its smallest is (3*2‘/5) =

—-p
681 (32—‘/5) )

682 Proof. Let X\ be an eigenvalue of V), and u an eigenvector, then for a € R

(93 v w (Vo =Vo\[(u\ [ AMl—-au \ [ A1l-a)u
o P \au) ~ \=V, 2V, ) \au) = \A(=1+2a)u) — Ai(fljza)au )

2This observation was kindly shared with us by P. Rochet, to whom we extend our sincere thanks.
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As a consequence, (au) is an eigenvector of Vj,41 if and only if

-1+ 2a
la:w > d*+a—-1=0.
This amounts to choose a = %‘/5 We deduce from this reasoning that if A is an eigenvalue

of V}, then 312‘/5)\ are eigenvalues of V1. By recursion we obtain all the eigenvalues of V.l

Proposition C.1. For any distribution a and any s € A, the Hessian Matriz V?®%(s)
verifies:

V20%(s);; = Var(Y)EMy My = Var(Y) | > auM, M} |, VijeT.
uC{1,,p}

Moreover, the lowest eigenvalue of V2®%(s) verifies:

p
inf{\ 1 \ € Sp(V2B(s))} > Var(Y) 3_2\/5 mina,
ue

Proof. The formula for the Hessian matrix derives from a simple computation. Concerning
the smallest eigenvalue with a lower bounded discrete probability distribution a, we can apply

P
Lemma C.1 and obtain that the lowest eigenvalue is Var(Y') X mingey a, X (3_2\/‘?’> . [ |

Let us remark that in the case of a uniform distribution a, the computation can be carried
out explicitly: )
2 & (uni Var (Y’ Ty\—1
V2 unif)(g) = 5 (MMT)7
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