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Hierarchical Orthogonal Functional Decomposition

Model : Y = f (X ) + ε, where f can be written as a sum of
increasing dimension functions (ANOVA decomposition) :

f (X ) = f∅︸︷︷︸
constant term

+
∑

i

fi(Xi)︸ ︷︷ ︸
main effects

+
∑

1≤i<j≤p

fij(Xi ,Xj)︸ ︷︷ ︸
interaction effects

+...+ f1,...,p(X )︸ ︷︷ ︸
residual

.

Theorem : HOFD
Under some assumptions on the density function of X , this de-
composition is unique as soon as ∀u, fu ∈ H0

u , where :

H0
u = {fu, 〈fu, fv 〉 = 0, ∀v ⊂ u,∀fv}.



How to determine the sparse HOFD ?
Algorithm 1: Greedy HOFD

Input: Orthonormal system (φi
li
)L
li=0 for i ∈ J1,pK, i.i.d

observations O := (Xj ,Yj)j=1...n.
Initialization : Split O in a partition O1 ∪ O2 of size (n1,n2).
• For any u ∈ S, use a HOGS procedure with observations
O1 to construct the approximation

ĤL,0,n1
u := Span{φ̂u

1,n1
, · · · , φ̂u

Lu ,n1
} of HL,0

u .

• Use an L2-Boosting algorithm on O2 with the random
dictionary

D = {φ̂1
1,n1

, · · · φ̂1
L,n1

, · · · , φ̂u
1,n1

, · · · , φ̂u
Lu ,n1

, · · · }

to obtain the Sparse Hierarchically Orthogonal
Decomposition.



Hierarchically Orthogonal Gram-Schmidt procedure

To simplify, we only consider the interaction effects of order
lower than 2.
The procedure aims at constructing a basis of HL,0

u where
L ∈ N∗.

1 Initialization : (φi
li )

L
li=0 basis of L2. Then :

HL
i = Span{1, φi

1, ..., φ
i
L}.



Hierarchically Orthogonal Gram-Schmidt procedure

To simplify, we only consider the interaction effects of order
lower than 2.
The procedure aims at constructing a basis of HL,0

u where
L ∈ N∗.

2 Let u = {i , j}. To construct a basis for HL,0
ij which satisfies the hierar-

chical orthogonal constraints, we are looking for a basis of the form :

φij
lij (Xi ,Xj ) = φi

li (Xi )× φj
lj (Xj ) +

L∑
k=1

λi
k,lijφ

i
k (Xi ) +

L∑
k=1

λj
k,lijφ

j
k (Xj ) + Clij ,

where the constants are determined by resolving the constraints, that
lead to a linear system :

Aijλ = Dlij .



Empirical procedure

In practice, we use an empirical version of the HOGS
procedure which consists in substituting the inner product by its
empirical version :

〈h,g〉n1 =
1
n

n1∑
s=1

h(xs)g(xs).

The empirical version of the basis is then denoted as

∀u, ĤL,0,n1
u = Span{φ̂u

1,n1
, · · · , φ̂u

Lu ,n1
}.



Empirical procedure

Assumptions on the model (Hb) :

(H1
b) M := supi∈J1,pK,li∈J1,LK

∥∥∥φi
li
(Xi)

∥∥∥
∞
< +∞,

(H2
b) The number of variables pn satisfies log pn

n −→
n→+∞

0

(H3,ϑ
b ) The Gram matrices of the linear system satisfy :

∃C > 0 ∀(i , j) ∈ J1,pnK2 det(Aij) ≥ Cn−ϑ.

Theorem

Under Assumptions (Hb) the sequence
(
φ̂u

lu ,n1

)
u

satisfies :

sup
u,lu

∥∥∥φ̂u
lu ,n1
− φu

lu

∥∥∥ P−−−−→
n→+∞

0.



Greedy selection of sparse HOFD

f can be approximated by :

f (X ) ' f̄ (X ) =
∑

u

∑
lu

βu
lu φ̂

u
lu ,n1

(Xu).

To estimate the coefficients (βu
lu )lu , we use L2-Boosting

algorithm on the second sample (ys, xs)s=1,...,n2 . Denote D
the dictionary of functions

D = {φ̂1
1,n1

, · · · φ̂1
L,n1

, · · · , φ̂u
1,n1

, · · · , φ̂u
Lu ,n1

, · · · },

and Gk (f̄ ) the approximation of f̄ at step k as a linear
combination of elements of D.



Algorithm 2: The L2-Boosting

Input: Observations O2 := (ys, xs)s=1,··· ,n2 , shrinkage
parameters γ ∈]0,1] and number of iterations kup ∈ N∗.

Initialization : G0(f̄ ) = 0.
for k = 1 to kup do

• Select φ̂uk
luk ,n1

∈ D such that∣∣∣〈Y −Gk−1(f̄ ), φ̂uk
luk ,n1
〉n2

∣∣∣ = max
φ̂u

lu ,n1
∈D

∣∣∣〈Y −Gk−1(f̄ ), φ̂u
lu ,n1
〉n2

∣∣∣ .
• Compute the new approximation of f̄ as

Gk (f̄ ) = Gk−1(f̄ ) + γ〈Y −Gk−1(f̄ ), φ̂uk
luk ,n1
〉n2 · φ̂

uk
luk ,n1

.

end
Output: f̂ = Gkup (f̄ ).



Consistency of the algorithm
Other assumptions on the model :

(Hε,q) E(|ε|q) <∞, for one q ∈ R+.

(Hs) The true parameter β0 satisfies
∥∥β0

∥∥
1 <∞.

Theorem

Assume that functions (φ̂u
lu ,n1

)lu ,u are estimated from the first
sample O1 under (Hb). Then, f̂ is defined on O2 as

f̂ (X ) = Gkn (f̄ ), with f̄ =
∑
u,lu

βu,0
lu φ̂u

lu ,n1
(Xu).

If we assume that (Hs) and (Hε,q) are satisfied, then there
exists a sequence kn := C log n such that

‖f̂ − f̃‖ P−−−−→
n→+∞

0.


