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Fig. 1. Phase portrait of X¢ and the graph of —%- + %-.

Where f(z,y,¢€), g(x,y,€) are arbitrary cubic polynomials:

f(z,y,€) = Ao 4+ Az + Xoy + Aszy + Maz® + Asy? + Aez?y + Aray? + dgz® + Aoy
9(z,y,€) = Y0 + 1 + Y2y + Y3y + Y12 + v5Y° + Y622y + Yray® + 52° + Yo0y°

and the parameters \; = ijo Nijel, Nij € R and v = ijo vi,;€, vij € R are
analytic functions of the small parameter e¢. For ¢ = 0 the system is integrable, with a
first integral

2 ot

2
Y
H=>%——+—
2 2 + 4
and its phase portrait is shown on Fig. 1. The exterior period annulus and the two
interior period annuli on Fig. 1 give rise to three displacement maps of X. with power

series expansions of the form
d(h,€) = €*My(h) + My y1(R) + ...

(where as usual h is the restriction of H on a suitable cross-section to the period annulus).
The number of the limit cycles bifurcating from each period annulus is bounded by the
number of the zeros of the first non-vanishing Melnikov function My. According to the
Poincaré-Pontryagin formula

M, (h) = / wodz = / gy, 0)dz — f(,0)dy

H=h H=h

is a complete elliptic integral. Its zeros correspond to limit cycles bifurcating from the
corresponding period annulus. It is well known, that in our case the first non-vanishing
Melnikov function M}, is a complete elliptic integral, see [7, Corollary 1], and [9,10], and
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its general form has been established in formula (23) and Theorem 3 of [7], as a linear
combination of complete elliptic integrals.

Our first result is an explicit formula for the second Melnikov function Ms, under the
hypothesis that M; is identically zero, see Proposition 3 and Proposition 4. The main
tool is the Iliev formula for My [11]. This formula was proved using the method of [3].
Our second result is an estimate for the number of the zeros of My, Lemma 3, 4, 5, 6.
From this we deduce the maximal cyclicity of the period annuli, when at least M7 or My
does nor vanish identically.

The paper is organized as follows. In section 2 we compute the Melnikov functions
Mi(h) and Ma(h) (when M;(h) = 0) in the interior and exterior eight-loop case see
respectively. In section 3 we recall some known Picard-Fuchs equations, which will be
used later. Finally, in section 4 we describe the monodromy of the Abelian integrals,
based on the classical Picard-Lefschetz theory, and then apply the so called Petrov trick,
to obtain estimates to the number of their zeros in a suitable complex domain.

For previous related results in a real or complex domain we refer the reader to [15,17,
18,5,2,14,6].

2. Computation of Melnikov functions

Let {7(h)}nr be the continuous family of ovals of the non-perturbed system, where

v(h) C{H = h}

with h € ¥ = (h., hs) in the interior eight-loop case and h € ¥ = (hs, +00) in the
exterior eight-loop case, where hy = 0, h, = —1/4 are the critical values of H.
Consider the complete elliptic integrals

Iz, = fxiydx if ¥= (he, hs)
v(h)
I~ :]{ zlydr if ¥ = (hg,+00)

v(h)

The Abelian integrals Iy, k > 0, can be expressed as linear combinations of Iy, I, I5,
with coefficients in the field R(h). In the exterior eight-loop case the symmetry (z,y) —
(£x,y) transforms the oval v(h) to —v(h) which implies that Ij.(h) = 0 for odd k.

As well known, if we parameterize the displacement map by the Hamiltonian level h,
then the following power series expansion holds

d(h,€) = P(h,e) — h = eMy(h) + EMy(h) + ... h €S (3)
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Where P(h,€) is the first return map, ¥ is an open interval depending on the case under

consideration. Our first goal will be to calculate explicitly the first Melnikov function

M; and then Ms in (3). We use the Iliev formula [11].
We denote:

F(2,9,0) = Aot + A1z + Aoy + Az 12y + Aa 12 + X519 + Ne 122y
+ A7 1zy? + As12% 4+ X 1y?

9(2,9,0) =701 + 7117 + 72,1y + 1312y + 11127 + V5197 + 16,127y
+ 712y + ¥8,12° + Y0,19°

fe(z,9,0) = No2 + A12T + A2 2y + X320y + Mg 22? + A5 207 + A6 227y
+ A722y® + As 22% + A9 2y?

9e(2,9,0) = V0,2 + 11,22 + V2,20 + V3,20Y + Va2 + V5.25° + 6,277y
+ v7.20y% + 8.22° +Y0,29°

(7)

We recall, that non-perturbed Hamiltonian system has two bounded (interior) period

annuli and one unbounded (exterior) period annulus.
2.1. Computation of My

2.1.1. The interior Duffing oscillator

Proposition 1. The first Melnikov functions My for the perturbed interior Duffing oscil-

lator have the form
Mi(h) = ag(h)lo + a1l + asls
where
ag(h) = co + crh,ar = 2M41 + 73,1, 2 = 2,

and

1 3

4
co = A1,1+Y2,1,C1 = ?(/\7,1 +379,1),¢2 =61 +3As1 + -

7

Proof. It is well known that:

Ml(h): /wodﬂ«“: /g(l‘,y,O)dl‘—f(.l?,y,O)dy,

where

A71+ 79,1

(8)
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/ 9(z,y,0)dr = / W(v2,1 + 3,17 + 76,1$2) + y2(’y571 +yra) + ’79,1313]0553

H=h H=h
- / f(z,y,0)dy = — / M1z + As12y + Aa2® + Ae 127y + Araay® + As12°]dy
H=h H=h

Or

2 2
xdy = d(zy) — ydz, rydy = d(x%) — %dx, 22dy = d(x?y) — 2zydx
2 3 3

22ydy = d(xz%) — zy?dz, zy?dy = d(m%) - %dw, w3dy = d(xy) — 32%ydx

Therefore we can rewrite [,,_, w in the form [,,_, w = dQ(x,y,0) + yq(x,y,0)dz with

Q(m7y7 0) = 70,13; + E-TQ + Elﬁ + MZA
2 3 4
and
yq(x,y,0) = [(A1 +72,1) + (93,1 + 2 41)z + (76,1 + 3/\8,1)332]29
A A
+ [(y5,1 + %) + (Ne1 +7,1)2]y* + (Y01 + %)y?’.
Then
Mi(h) = (y21 + M) o+ (v3,1 + 22a,1) 11 + (6,1 + 3As1) 2
A
+ (% +7.1) / ydz,
H=h
and

x? L 12h 3
/ yide = / y(2h + 2? — 7) =2hly + I — 34 = 710-1-?]2
H=h

H=h
implies (8). O
2.1.2. The exterior Duffing oscillator

Proposition 2. The first Melnikov functions My for the perturbed exterior Duffing oscil-
lator have the form

My (h) = ao(h)Io + azls (9)

where
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ag(h) = ¢g + c1h, 09 = Cy

4 1 3
co = A1,1 + V2,1, c = 5()\7,1 +37%.1), C2 = Y6,1 + 3Ag,1 + 5)\7,1 + 70,1

Proof. It is similar to the proof in the exterior case, with the only exception that
;=0 O

2.2. Computation of My

If M, = 0, the Tliev formula [11] for the second Melnikov function Ma(h) reads

My(h) = /[Gm@awPA%h%—Gd%yﬂ%M%hwh
H=h

_ / @(h(x,yvo)ﬂy(%y’o))dm

H=h
+ / ge(xayvo)d$_f6(xayao)dy
H=h
where
Yy x
Hawz/}mamw—/m&mma Gla,y) = g(a,9,0) + Fu(z,y)
0 0

and G1(z,y), Ga(z,y) are the odd and even parts of G(z,y) with respect to y. Thus if

A
G(x,y) = y[(M1 +72.1) + (931 +20a1)7 + (6.1 + 3Xs.1)2% + 2 (Y01 + %)]

A
+97[(50 + 55) + (. + Asa)al

then

G(z,y) = Gi(z,y) + G2(z,y),  Gilz,y) =ypi(z,y?),  Ga(z,y) = pa(z,y°)

with

A
p1(x,y2) = (>\1,1 + 72,1) + (73,1 + 2)\4,1)1‘ + (76,1 + 3>\8,1)172 + yz(’Yg,l + %)

and

A3

5 )+ (v7,1 + Xe,1)z]

p2(2, %) = y*[(v5,1 +
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e Py(x,h) is the polynomial

A
PQ(.Z‘, h) = /P2(87 2h + QU(S))dS = 2hl‘(’)/571 + %) + h$2(7771 + /\6,1)
1'3 A 4 1‘5 )\3 1 .Z‘_6

751+ﬂ)+ 4(’771+)\61)

+?( ’ 2

o We note that

Gin(z,y) = Giy(z,v)/y

x x A
= (A1 +72,1)/y+ (131 + 2)\44); + (v6,1 + 3)\8,1)? + 3y(v9,1 + l)

3
(10)
°
— 2 3 5
9(2,9,0) =01 + 7112 + y412° + 78.12° + y(y2,1 + V3,12 + Y6,177)
+ yz('YS,l + 77’1!1‘) + 'yg’ly?’
[ ]
Y xT
F(-’I;ay):/f($7s70)d8—/g(8,0,0)d82)\O’ly_i_)\l’lxy_,yo’ll.
0 0
)\211 2 711 )\31
Ty 5 24 5 xy?
Y41 3 A1 3 Aed 9 9 . AT1 3
)\ 2 — —_— O e
T ATy 3x+39+2xy+3a:y
Ao,1 8,1
A 3 291, 4 181, 4
+ 8,1 y+ 1 1 €T
e Then
Fry) 1, [ :
_ r(z,y :——(/f(x,s,O)dS—/g(s,070)ds)
Y Y
0 0
xT A x2 A
:7)‘017>‘11I+701**£y+mf7ﬁmy
Y 2 2y 2
3
741l' )\51 2 )\61 9 )\71 ) 5
411' + — 3 Y 3 Y B) €T 3 Ty 81T

_doa s st
4 4 gy
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In fact:

y
2 2

/f(x, 5,0)ds = o1y + A2y + )\2,1% + )\3,110% + Mg 17y

0

3 4

Y
+)\51 3 + Xg12? 7—&-)\71 3 +)\8133 y+>\914

r x? 3 x?
/(sOO)ds—'yolx—f—’Yu +’Y413+’Ys,1z

2.2.1. The interior Duffing oscillator

Lemma 2 implies easily the linear independence of the functions Iy(h), hly(h),

and Iy(h). As Iy = ¢(4h — 3) then M; = 0 implies

AMi1+721=0
A71+ 3791 =0
221 +7v31 =0
V6,1 + 3Ag,1 =0

Proposition 3. The function My(h) has the follows form:
Ma(h) = (oo + 4arh)Io + (Bo + 4hB1) 11 + pl2
where
ap =—Xo1(A31 +2795,1) + A2+ 72,2
ar = (31 + 275,1)(_;)\8,1 —X51)

1
Bo=—(A3,1 +275,1) (A1 — g)\m)
+2(X6;1 +77,1) (Mo +2Aa1 — 2X71) + 2Xa20 + 73,2

1
B = —5)\7710\3,1 +275,1) + 3A71 (X6 +77,1)

1 8
p=A31+2751)(Aa1 — R ;A&l) = 2X1,1(X6,1 +97,1) + 76,2
+3hsat SAra ot o
8,2 7 7,2 779,2~

Proof. According to the Iliev formula

My = / [Gin(z,y)Po(x, h) — Gy (2, y) Pop(x, h)|dx

H=h

I (h)
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f/F( Y (fu(,9.0) + gy (2, 0))da

H=h
+ / ge(:v,y,())dx - fe(x7y70)dy
H=h

where

/ gedx — fedy = A2 + Y22 + = (/\7 2+ 3v0.2)h] 1o + (2A42 + 73,2) 1
H=h

1 3
+ 6,2 +3Xg2+ A7 2 + ?’79,2][2

7
By using (11), (13), (14) and (15) we have: pi(z,y?) = 0 then Gy(z,y) = 0 and (10)
becomes zero.

Thus

+ gy)dx + % gedm - fedy
H=h H=h

1
=+[—X0,1(A31 +275.1) + A1,2 +v2,2]d0 + [(As,1 + 2’75,1)(—7)\8,1 — X5,1)]4hIy

1
+ (g1 +2v51) (M1 — g)\m)
+2(X61 +77.1) (Ao +2X01 — 2X71) + 242 + 321

1
+ [*5)‘771(>\371 + 2")/571) + 3)\7,1(>\6,1 + 77,1)]h11

1 8
+ (A1 +275,1)(Aa1 — ?A5,1 — §>\s,1) —2X11(N61 +77,1) + V6,2
1 3
+ 3>\8,2 + ?)\7’2 + ?79,2]12. O

2.2.2. The exterior Duffing oscillator
In a way similar to the interior Duffing oscillator, we conclude that if M; = 0 then

)\171 + 72,1 = 0 (16)
A71+ 371 =0 (17)
Y6,1 +3As1 =10 (18)

Proposition 4. The function My(h) has the follows form:
Ms(h) = (4h + 1) (a0 + 4arh + ash?®) 1o + (Bo + 4hB1) 15 (19)

where
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ap=—Xx0,1(A31+27,1) + A2 +722 — 70,1 (2A1 +731)
4
ap = —Xo,1(A3,1+295,1) + A2 + 722 — ?()\5,1()\3,1 +275,1))

V4,1
— (

3 2241 +73,1)

4 8
+ ?(Am +379,2) — ?(A&l(/\(i,l +v71)) +

8 A3
+15(’)’3,1 +2M41) (51 + 5 )

4 4 8
Qg = —?()\5,1()\371 +275,1)) + ?(/\7,2 + 379,2) — ?(/\8,1()\671 +v7,1))

A
Bo = —[2A41A31 + 73’1;3’1 + 204,175,101 +2M1,1 06,1 + 21,1771 — V6,2
1 3
—3M82 — =A79 — =
8,2 7 7,2 779,2

\ 16
+%()\3,1 +275,1) + 7()‘871()‘611 +77.1)

17 A
—5(2M41 + ”Yz,l)(H Fy0,1) + = (13,1 + 2Aa0) (15,1 + 2]

3 15 2
A
B = —[2X41A3,1 + %731 +2X4,175,1 + 2A1,1 86,1 + 2A1,177,1 — V6,2
1 3
S W V.
8,2 7 7,2 779,2

A 16 1 A
+%<)\3,1 +295,1) + 70‘8’1()‘6!1 +71)) - 5(73’1 t22a1)051 ¥ %)]

Proof. The same way of proof of property 3, we use also the formula of Tliev [11]:

My(h) = / [Gin(z,y)Po(x, h) — G1(2,y) Pop(x, h)|dx

H=h

— [ O o 0,0.0) + gy .0
H=h

+ ge(fayao)dx - fe(xayao)dy

By using (16), (18) and (19) we have p1(z,9%) = (v3.1 + 2A4,1)x and (10) becomes

x
Gin(z,y) = (13,1 + 2)\4,1)5

A
. / (Gin(z,y)Pa(z,h) — Gi(z,y) Pon (2, h)]dr = —2(v3.1 + 2A01) (75,1 + ;’1 )12



B.B. Hamed et al. / Bull. Sci. math. 157 (2019) 102796 11

A 1 A
+2h(v31 + 2X1.1) (5,1 + %)Ié + 5(73,1 +2X41) (75,1 + %)L’;

1 A
- 1—0(73,1 +2X41) (5,1 + %)Ié

and by using the Picards-Fuchs equations (see for instance [1], for more details) we have
I = (4h + 1) (515 — Ip)
I} = (4h + 1)1 (4hIy + 515)

4 4 4
If = (4h + 1)—1[5(4h + 1)1 + gh(5f2 —Iy) + §(4hI0 + 515)].

Then
[Gin(z,y)Pa(z, h) — Gi(x,y) Pan(x, h)]dx
H=h
A 4 17 32
- -1 A TURY 1l N A

/ gedx - fedy
H=h

4 1 3
=[A2+ 722+ ;(Am + 379,2)h] Lo + [¥6,2 + 3As 2 + ?M,z + ?79,2]12

By using (16) we have also

(fo+9y) = 2x1+v31)z+ (A31+275.1)y + 2(Xe,1 + v7,1)2Y
Then

F(Z’ y) (fz + gy)da + ]{ gedx — fedy
H=h H=h
==

X0,1(A3.1 +275.1) + A1,2 + v2,2] o

4 4 8
+[—?()\5,1()\3,1 +275.1)) + ?(Am +379,2) — ?()\8,1()\6,1 +v7,1))|h1o

—[2A41 31 +

A
%7371 +2X4,175,1 + 2X1,1 06,1 + 201,177,1 — V6,2 — 3Ag,2

1
7

16
+7()\8,1()\6,1 +y7.1))| 12

Ya1
3

As.1

- (A31+275.1)

3
A7 — 7792 +

+70,1(2Aa1 +v3,1) 15 + (2Aa1 +73,1)14

Or we have I}, = (4h + 1)71 (515 — Iy) and I} = (4h + 1)~ (4hl + 513).
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Then we can obtain by using the above information Proposition 2. O
3. Picards-Fuchs equations

The results of this section are known, or can be easily deduced, see [12,13,18].
First we note that the affine complex algebraic curve

Ip={(z,y) €C: H(z,y) = h}

is smooth for h # 0, —1/4 and has the topological type of a torus with two removed points
oo (at “infinity™). Its homology group is therefore of rang three, the corresponding De
Rham group has for generators the (restrictions of) polynomial differential one-forms

ydz, zydz, z ydr
which are also generators of the related Brieskorn-Petrov C[h]-module [4].

Lemma 1. The integrals I;, i = 0,2, satisfy the following system of Picard-Fuchs:

1 1

o) = SRI(H) + S15(h) (20)
L(h) = 14—51116(h) + (gh + %) () (21)

Proof. See proof of lemma 5 of Petrov [16] for details. O

The above equations imply the following asymptotic expansions near h = 0 (they
agree with the Picard-Lefshetz formula)

Lemma 2. The integrals I;, © = 0,2, have the following asymptotic expansions in the
neighborhood of h = 0:

3 35 4

Io(h) = (—h + §h2 - 6—4h3 +o)mht o arh + ash?® + ..
1 5 315 16

Lih)=(=h2 = 2R3 — Z=Sh%. YInh + — + 4h + boh? + ...

2(h) = (3 O R T U s

Proof. For proof see [§8]. O
4. Zeros of Abelian integrals in a complex domain

Our goal will be to find the upper bounds number of the zeroes of the Abelian integrals
defined in (8) and (19) on the interval of existence of the ovals {y(h)}.
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h

2 1

Fig. 2. Phase portrait of Xo and the graph of —%- + %-.

All families of cycles will depend continuously on a parameter h and will be defined
without ambiguity in the complex half-plane h : I'm(h) > 0. This will allow a continua-
tion on C along any curve avoiding the real critical values of H.

We use the well known Petrov method which is based on the argument principle.
This gives an information on the complex limit cycles of the system in the interior and
exterior eight-loop, see later Lemmas 3, 5 and 6, respectively.

Our primary motivation was that the complex methods we use, are necessary to
understand the bifurcations from the separatrix eight-loop. Another reason is, that the
complexity of the bifurcation set of M;, Ms in a complex domain is directly related
to the number of the zeros of My, Ms. This observation can be possibly generalized to
higher genus curves.

4.1. The interior eight-loop case

In this section, we consider the interior eight-loop case, with period annulus as shown
in Fig. 2 (hatched part). Let v(h) C {H = h} be the continuous family of ovals of
the non-perturbed system defined on the maximal open interval X = (h,, hs), where for
h=h.= —i the oval degenerates into two centers d_1, d; respectively at the singular
point (—1,0), (1,0) and for h = hs = 0 every oval _; or §; becomes a homoclinic loop
of the Hamiltonian dH = 0.

The family J;, represents a continuous family of cycles vanishing at the centers §_;
and 9.

Theorem 1. The maximal cyclicity of the interior period annulus {(z,y) € R? : H(z,y) >
0} of dH = 0 with respect to one-parameter analytic deformation (1) is

(i) three, if My # 0.
(ii) four, if My =0 but My # 0.
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yt(h)

7(ho)

7~ (h)

Fig. 3. The analytic continuation of a cycle y(h) in the domain D = C \ [0, +00).

4.1.1. The monodromy of Abelian integrals
An Abelian integrals I(h) of the form (2) is a multivalued analytic functions in h € C,
single-valued in the complex domain (Fig. 3)

D =C\|0,+0c0).

Moreover, along the segment [0, +00) the integral I(h) has a continuous limit when h € D
tends to a point hg € [0, +00). Namely, for h € D, let {7(h)}n be a continuous family of
cycles, vanishing at the saddle point as h tends to hs = 0.

The family {y(h)}, has two analytic complex-conjugate continuations on (—o0,0),
depending on the way in which the h approaches this segment [0, +00). For h € (0, +00)
denote y(h) = v+ (h) the limit obtained when I'm(h) > 0. The cycle vy~ (h) is defined
in a similar way. It is important to note, the as I(h) is real-analytic on (—o0,0), then

v~ (h) =yt (h) for h € (0,4+00) (as follows also from the Schwarz reflection principle).
Finally, the Picard-Lefschetz formula implies

Y (h) =7 (h) + do(h)
where dp(h) is a continuous family of cycles vanishing at the saddle point as h — 0.
4.1.2. Zeros of the first return map in a compler domain

Lemma 3. The first non-vanishing Poincaré-Pontryagin-Melnikov function (8) has at
most three zeros in the complex domain D.

Lemma 4. The second Poincaré-Pontryagin-Melnikov function (15) of the first return
map has at most four zeros in the complex domain D.

Proof of Lemma 3. It follows from theorem of Petrov [16]. We sketch the proof:
We denote

Mi(h) = ag(h)Io(h) + a1 l1(h) + aglz(h) = % w=1I,(h),heD

v(h)
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The monodormy of I is I; on the ray {0 < h} (because of symmetry). Then I1(h) =
a+ bh = ¢(4h + 1), where ¢ € R. Indeed, I;(h) is univalued, of moderate growth, has no
poles, vanishes at h = —1/4, and grows no faster that h as h tends to infinity. It follows
that

Mi(h) = ag(h)Io(h) + agla(h) + c(4h + 1).
We shall use the argument principle for analytic functions in the domain
Dr=Dn{|h| < R}

as follows. Consider a contour encircling Dg. The number of zeros of the integral M (h)
in this domain is the number of rotations of the curve described by M;(h) about the
origin as h describes the contour.
e As h describes the circle {|h| = R}, for some fixed sufficiently big R > 0, the integral
M; (h) behaves as hi. Thus the increase of the argument of M; (k) is close to ZZ < 4.
e Along the cut [0, R], the number of zeros of M;(h) about the origin is bounded by
the number of zeros of the imaginary part of M;, and

Im M, (h) = / w, where dp =~y — 7.
do(h)

Therefore

Im My (h) = ap(h) ]{ ydzr + ag % r*ydz, h€0,R]

do(h) do(h)

and by lemmas 7 and 8 of Petrov [16] cannot exceed 1. We conclude that the total
increase of the argument of M; along the border of Di can not exceed three, which
proves Lemma 3. O

Proof of Lemma 4. We denote

Mg(h) (Oéo + 4&1h)]0 + (BO + 4h[31 I + pIQ w = h € D,

v(h)

where «;, 8; and p are defined in (15).
By making use the expression of I} = ¢(4h + 1). Then

Ms(h) = p(h) + ao(h)lo(h) + azlz(h) + pl>

where
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ap(h) = ag + 4arh

1
wu(h) = 160h2(—§)\771(>\3,1 +2v5.1) + 3 7.1(X61 +77.1))
1
+ h[—126(—§/\7,1()\3,1 +275.1) +3A7.1(X61 +v7.1)) + 450] — 350

and apply, as in the proof of Lemma 3, the argument principle to Ms. The number of
zeros of the integral in this domain is the number of rotations of the curve described by
Ms(h) about the origin as h describes the border of Dp.

e As h describes the circle {|h| = R}; the integral Ms(h) behaves as h? and the
increase of the argument of My(h) is close to 4.

e Along the cut (0, R], the number of zeros of My(h) about the origin is bounded by
the number of zeros of the imaginary part of Ms(h) and

Im Ms(h) = ag(h) % ydz + (a2 + p) ]{ z?ydx, h€0,R).
So(h) So(h)

Lemmas 7 and 8 of Petrov [16] imply that the number of the zeros of I'm Ms(h) cannot
exceed 1.

Consequently, the total number of circuits cannot exceed four, which implies Lemma 4
and hence Theorem 1. O

4.2. The exterior eight-loop case

In this section we consider the exterior eight-loop case, with period annulus as shown
in Fig. 1. Let y(h), be the continuous family of exterior ovals of the non-perturbed
system defined on the maximal open interval 3 = (0, +00), where

A(h) € {H = h).

Theorem 2. The mazimal cyclicity of the exterior period annulus {(z,y) € R? : H(z,y) >
0} of dH = 0 with respect to one-parameter analytic deformation (1) is

(i) two, if My # 0.
(i) four, if My =0 but Ms # 0.

Remark 1. The above Theorem claims that from any compact, contained in the open
exterior period annulus {(z,y) € R? : H(z,y) > 0}, bifurcate at most four limit cycles (if
My # 0). Tt says nothing about the limit cycles bifurcating from the separatrix eight-loop
or from infinity (i.e. the equator of the Poincaré sphere).
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4
— +T
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v,

Fig. 4. The vanishing cycles do(h), 51 (h),5_1(h) for 7% < h <0.

4.2.1. The monodromy of Abelian integrals
The Abelian integrals I(h) of the form (2) are multivalued functions in h € C which
become single-valued analytic functions in the complex domain

D=C\ [0, —00).

Along the segment [0, —00) the integrals have a continuous limit when h € D tends to
a point hg € [0, —o0), depending on the sign of the imaginary part of h. Namely, if
Im(h) > 0 we denote the corresponding limit by I (h), and when Im(h) > 0 by I~ (ho).
We use a similar notation for the continuous limits of loops y(h) when h tends to the
segment [0, —oo). We have therefore

I*(h) = / w
vE(h)
where w is a polynomial one-form. The monodromy I (h)— 1~ (h), h € [0, —00) depends

therefore on the monodromy of «(h) which is expressed by the Picard-Lefshetz formula.
Namely, for h € D, define the continuous families of closed loops

60(]7’)7 51 (h), 671 (h)

which vanish at the singular points (0,0),(0,1),(0,—1) when h tends to 0 or —1/4
respectively, and in such a way that Im(h) > 0, see Fig. 4. This defines uniquely the
homology classes of the loops, up to an orientation. From now on we suppose that the
loop ~y(h) for h > 0 is oriented by the vector field Xy, and that the orientation of
do(h),d1(h),d_1(h) are chosen in such a way that

y(h) = do(h) + 81(h) + 6_1(h), h € D.

According to the definition of the vanishing cycles
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Fig. 5. The analytic continuation of a cycle y(h) in the domain D = C \ [0, —c0).

v (h) = &g (h) + 67 (h) + 01, (h), h € (=00,0], (22)
and the Picard-Lefschetz formula implies
v (h) = =65 (h) + 6 (h) + 6%, (h),h € [-1/4,0] (23)
and
v (h) = =8¢ (h),h € (—o00, —1/4] (24)
For a further use we note that (Fig. 5)

o (h) =

5 55 (h), h € (=1/4,+00) (25)
o7 (h) =6y

(h),6=1(h) = 6T, (h),h € (—00,0) (26)

Lemma 5. The first non-vanishing Poincaré-Pontryagin-Melnikov function (8) has at
most two zeros in the complex domain D.

Lemma 6. The second Poincaré-Pontryagin-Melnikov function (19) of the first return
map has at most four zeros in the complex domain D.

Lemma 7. The Abelian integrals Io(h) and I} (h) do not vanish in D.

Proof of Lemma 7. I)(h) is a period of the holomorphic one-form %

on the elliptic
curve I';,, and therefore does not vanish. For real values of h Ijj(h) represents the period
of the orbit y(h) of dH = 0, while Iy(h) equals the area of the interior of y(h). It is
remarkable, that Iy(h) does not vanish in a complex domain too. Indeed, consider the

analytic function

Io(h)
F(h)=—=—==,heD.
Io(h)
We shall count its zeros in D by making use of the argument principle as the proof of
previous lemma (see subsection 4.1.2).
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Let D C C be a relatively compact domain, with a piece-wise smooth boundary. We
suppose, that f : D — C is a continuous function, which is complez-analytic in D,
except at a finite number of points on the border dD. We suppose also that f does
not vanish on 0D. Denote by Zp(f) the number of zeros of f in D, counted with
multiplicity. The increment of the arqgument Varsgp(argf) of f along 0D oriented
counter-clockwise is well defined and equals the winding number of the curve f(0D) C
C about the origin, divided by 2w. The argument principle states then that

2nZp(f) = Varap(argf) (27)

Apply now the formula (27) to the function F' in the intersection of a big disc with a
radius R and the complex domain D. Along the circle of radius R, for R sufficiently big,
the decrease of the argument of F is close to 27, while along the branch cut (—oc, 0) we

have
B e . Io(h) o IO(h)
2VETIm(E () = F* (h) = F™(h) = 5 = 2055
_ fpyde §oyde  wn)
f'y-*- d?m ﬁy_ d?x |3§v+ df|2’
where

fw— ydx fﬁ,+ d?x
W (h) = det

$,- vde .-

According to subsection 4.2.1, the function has two different determinations along
(=00, —1/4) and (—1/4,0), both of which have no monodromy, and hence are rational
in h. In fact, (20) implies that W (h) is a non-zero constant. If W(h) = ¢ in (—oo, —1/4),
then it equals 2c in (—1/4,0). Therefore along the branch cut the argument of F* or
F~ increases by at most 7. Summing up the above information, we conclude that F has
no zeros in D. O

Proof of Lemma 5. We denote

F(h) = J[‘{)l((hh)) = Ml(h) = Oéo(h) + QQ%, heD

We apply, as in the proof of Lemma 7, the argument principle to F. Along a big circle
the increase of the argument of F' is close to m. Along the branch cut (—oo, 0] we have

2/=TIm(F(h) = F*(h) = F~(h) = a%
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where
[ yr?dx $,+ yd

W(h) = det = ch(4h + 1), c = const. # 0.
f,y, yx2dx f,y, ydx

Therefore the imaginary part of F(h) along the branch cut (—oc,0) vanishes at most
once, at —1/4 Summing up the above information, we get that F has at most two zeros
in the complex domain D. O

Proof of Lemma 6. We denote

My (h)
Io(h)

F(h) = (4h+ 1) ,heD,

and apply, as in the proof of Lemma 7, the argument principle to F'. By making use
of (19) we have

F(h) = u(h) fg’;i FA(R) (28)
where
)\(h) = g + 4o h + 40[2h2, M(h) = Bo + 451h. (29)

Along a big circle the increase of the argument of F' is close to 4w. Along the branch cut
(—00, 0] we have as before

2V =1Im(F(h)) = F*(h) = F~(h) = p(h) 775
where

[ yr?dx ¢, yd
W (h) = det = ch(4dh + 1),¢c = const. # 0.

fv‘ yax2dx fv‘ ydx
Therefore the imaginary part of F(h) along the branch cut (—oo,0) vanishes at most

two, at —1/4 and at the root of p(h). Summing up the above information, we get that
F has at most four zeros in the complex domain D. 0O
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