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ABSTRACT. An algebrizable singularity is a germ of singular holomorphic foliation which cannot be given by a
differential equation with algebraic coefficients, in any local chart. We first show that the typical saddle-node
singularity is not algebrizable, then we give an explicit example of such an equation.

1. INTRODUCTION

We consider differential equations in the complex plane near an isolated singularity, which can be located at
(0,0) by translation :

(1.1) A(z,y)dy = B(z,y)dx.

The coefficients A and B are germs of a holomorphic function with a common zero at (0,0) and no common factor.
We denote by A and A2 the eigenvalues of the linear part of the equation at (0,0). We will always assume that at
AL

least one of those is non zero, say Ao # 0, and set \ := - We recall the following classical result :

Theorem. (Poincaré and Dulac [D]) If A ¢ R<q then there exist two polynomials P,Q such that the previous
differential equation is orbitally equivalent through a local analytic change of coordinates to

P(z,y)dy = Q(z,y)dx.

If moreover A ¢ NU 1/N_ then we can furthermore choose P (x,y) = z and Q (z,y) = Ay (i.e. the equation is
linearizable).

It thus turns out that a generic equation is linear, or at least algebraic, when written in a convenient system
of analytic coordinates. Up to now an open question regarded whether every differential equation is algebraic in
some local chart. Such an equation will be called algebrizable. We aim to prove that it is not so in the case of a
saddle-node (A = 0), as was expected in []. Notice that these equations are nonetheless formally algebrizable [].

Theorem. 1 The typical saddle-node differential equation is not algebrizable.

We give a precise definition of “typical” in the upcoming paragraph. By carefully estimating Martinet-Ramis
modulus of classification [MR] we can produce an explicit example of such a nonalgebrizable equation :

Theorem. 2 The differential equation
2idy = y(1+47?) de
is not algebrizable.

1.1. Notations and basic definitions.

Throughout the article the notation D stands for the open unit disc of C. In all the sequel the changes of
coordinates we use are local analytic near (0,0), i.e. elements of Diff ((CQ,O), and the functions are germs of a
function at (0,0), i.e. elements of C{x,y}. The solutions to the ordinary differential equation 1.1 coincide with the
integral curves of the dual vector field

0 0

X = A— +B—.
A,B 8x+ oy

We say that two vector fields X and X (or, equivalently, the dual differential equations) are orbitally conjugate
when there exists ¥ € Diff (C?,0) and U € C{x,y}" such that ¥*X = UX. Here C{z,y}" stands for the multi-
plicative group of invertible germs.
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We denote by & the space of all equations (1.1) with A = 0, which we identify to an affine subset of C {z,y} x
C{z,y} through the map (A, B) — X4 B.

Let m € Nsg. We use bold-typed letters to indicate m-dimensional vectors z = (21, ..., z;,) and multi-indices
i= (.-, Jm). We define as usual [j| := >"/", jr and j! := []", ji!. We endow the space of germs C {z} with a
locally convex vector space structure by defining the family of norms of f (z) := Zj a;z) as

Qs
(1.2) (Vk € N#O) ||f||k = j|1|+J1|/k :

J
Unless special mention to the contrary we will always use the topology induced by this family of norms on spaces
of germs. Notice that |[-[|,; > [|][,-

Definition 1. We say that a subset 7 C C{z} is typical if its complementary is Baire meagre for the topology
defined above.

The proof of existence of non-algebrizable saddle-node equations was thought to be possibly achieved using
Baire-like arguments (an idea originating from D. Cerveau). In a sense this is what is done here, and this is what
Theorem 1 seems to imply also. That is not entirely the case, though. Indeed working in spaces of germs, which
are not complete for reasonable topologies, prevents us from directly invoking such arguments. To work around this
difficulty we use techniques borrowed from differential geometry.

Definition 2. Let n and m be positive integers.

(1) A function R from an open set @ C C™ to C{z} is said to be differentiable if for all w € 2 there exists a
linear application Ly from C™ to C{z} such that for all small u e C™ :

R(w +u) = R(w) + Ly (1) + o(||ul]) .

The linear application L, is continuous and will be denoted by Dy R in the sequel.

(2) An analytical set in C{z} is the range of a differentiable function.

(3) A map ¢ : C{w} — C{z} is said to be strongly Fréchet analytic (or simply, in this paper, analytic)
if for each f € C{w} there exists a (automatically continuous) linear application Dyp : C{w} — C{z}
such that for all k € N5 there exist C, > 0 and ¢ (k) € N5 such that for all h € C{w} :

le(f+h) —o(f) =DM, < Crllhly -

We explore these concepts in more details in Section 2. In particular the composition of an analytic map ¢ by a
differentiable map R yields a differentiable application o R (analycity in the sense of Gateaux). A strongly Fréchet
analytic map is furthermore continuous, showing that ¢ is also analytic in the sense of Fréchet.

1.2. Structure of the proof.

The definition of Martinet-Ramis modulus of orbital classification is given in Section 4. The first step in the
proof of Theorem 1 is devoted to show that the onto map pappr : € — Diff (C,0) ~ C{h}, associating to (1.1)
the saddle-component of its Martinet-Ramis modulus of orbital classification, is analytic. The important fact to
remember just now is that pasgr factorizes into a map from the quotient £/ Diff(cz,0) Onto C{h}. The analycity of
wyr was already known by Martinet and Ramis when the differential equation was written under Dulac prenormal
form, but for Banach spaces of functions continuous on a given poly-disk and not for germs. We begin with showing
in Section 3 that putting X 4 p under this prepared Dulac form is an analytic and open operation. Then we prove :

Theorem. 3 The map oympr : € — C{h} is analytic and open.

Section 4 is devoted to the proof of this theorem and of Theorem 2. The latter derives from a carefull study of
the growth of the coefficients of Martinet-Ramis modulus. Then the key to the proof of Theorem 1 is the

Theorem. 4 The space C{h} is not a countable union of analytical sets.

We prove Theorem 4 in Section 5. If the restriction of ¢a/r to polynomial equations of £ were onto C {h}
the conclusion of Theorem 4 would be violated. Hence we already know that there exist equations of £ that are
not algebrizable. Moreover the continuity of ¢yrr shows that the set of all algebrizable saddle-node equations is
contained in a countable union of closed subsets of £. Theorem 1 is therefore completely proved since prg is open.



A NONALGEBRAIC SINGULARITY OF DIFFERENTIAL EQUATION 3

2. TOPOLOGICAL PROPERTIES OF SPACES OF GERMS
Here we give basic properties of the topological spaces C {z} endowed with the norms

|a]
(Vk € Nyo) ISy, == ZJ,H—JW
T !
where f(z) = > ajz’ with z = (21,...,2,) € C™ and j = (j1,...,jm) € N™. What this means is that a
fundamental basis of neighbourhood of some germ fy is given by the countable family B = (B)) where B, is
the union of nested open balls

peN?

B, - uk>o{f NF = Foll, < %} .

In fact we will need also to consider the space C [[z]]; of formal power series in z such that the Borel transform
> %zj is a germ of a holomorphic function. By construction C [[z]], is given a locally convex topology defined by
the norms ||-||,..

We first begin with motivating the choice of this topology, in particular with respect to the heuristic idea at
the origin of this article : the modulus of orbital classification being in one-to-one correspondance with the “big”
functionnal space C{h}, the algebraic equations cannot fill the whole of this space. In some sense this is not
sufficient since, as we see right now, C {h} and C are equipotent. We will need the Fréchet-analycity of the modulus

map in order to carry out this argument.

2.1. A Peano curve in C{h}.

The space C {h} is naturally a subset of C ¥, which can be equipped with the product topology. The induced
topology on C{h} makes this space a connected and locally connected topological space. Moreover for any (p,r) €
N x Q the subset of C{h} defined by

Apr =3 f(h) =D a;h? : as| < pr!
>0

is compact. The union UNxQAp,r covers the whole C {h}, which means the latter is o-compact for the topology
under consideration. It is known [] that any compact, connected and locally connected space is a continuous image
of [0,1]. Therefore C {h} is a continuous image of R, and obviously of C, for the above not-too-pathological product
topology. A weaker consequence is that from a purely set-theoretical point of view C and C{h} are in one-to-one
correspondance.

2.2. Continuity of basic operations.

Proposition 3.

(1) The multiplication of the C-algebra C{z} is continuous.
(2) The inversion of the group (C{z}", x) is continuous.

(3) The map D; : C{z} — C{z}, which to f associates one of its partial derivative aa—z":_, is a continuous and

open endomorphism. More precisely

ID;flle < Clifllesa

for some universal constant C' > 0 depending on the dimension of z.

(4) Let ¢ a germ of a holomorphic function C{w} — C{z} be given such that ¢ (0) = 0. The map ©*
C{z} — C{w}, which to f associates p*f = f o, is a continuous endomorphism. More precisely there
exists a universal positive function v : R>o — Rs depending on the dimension of w such that

el < v Ulelle) 11 Teg -
(5) The composition map from C [[2]]] x (Co [[z]]])" to C[[z]]} defined by
(¢7 (wlu' "7¢p)) — ¢(¢17~ '7¢p)
18 continuous and analytic.

Remark.
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By definition of the retained topology, a linear map ¢ : C{w} — C{z} is continuous if, and only if, for all
€ > 0 there exist k (¢) > 0 and C (€) > 0 such that for all f € C{z} we have ||[¢ (f)|[, < C(O)[[f|l;)- We
could not have used a single norm, say ||-||;, to define the topology on C {z} since neither the differentiation
nor the dilatations \* : f (z) — f (Az) would have been continuous. For instance the sequence of functions
fn (2) == (n!)? 2™ belongs to the unit sphere of [|-]]; but [|A* fn]l; = A™ is unbounded whenever |A| > 1. We
shall give a more precise statement in the next paragraph.

In Section ## we will show that these operations are actually analytic, though the direct proof in this
special case is straightforward.

If we fix U € C{z}" then the map Ux : f € C{z} ~ Uf is a linear homeomorphism.

Obviously if ¢ is a biholomorphism then ¢* is a linear homeomorphism as well.

Before giving the proof of this proposition we need first to establish two technical estimates :

Lemma 4.

(1)

(2)

Proof.
(1)

Fiz two integers 0 < p < n and take a p-dimensional multi-index j = (j1,...,Jp) such that |j| = n and
Jx > 0. Then
plijl < nl.
J1
Fix two vectors I = (i1,...,in) and J = with non-negative integers as coefficients. Let My,
Jp

1 <k <m, ben matrices with non vanishing column such that My € M, ;, (N) and
My + ...+ | My, = J.
Then
Myl M, < Tiplhyt,
Take f =5 fnz™ € C{z}. Then for all >0 and k > 0 we have
[ful _ n (2r)"
ZWT < m“f“k-i-l

n>0

We define v (r) := F((QT:)_;).

The result is obvious for n = 1, and for p € {1,2} also. In particular for n > p := 2 if j; + jo = n and
J1, j2 > 0 then ]1’}—;2, > n. The result now follows by induction on p. Assume indeed that n > p > 1 is fixed
and take p positive j; s whose sum is n. Then Z]Z;ll je =n — jp and the recursion hypothesis implies

p—1
pis (=D d! < pip!(n=Gp)! <p(n—1)! <nl.
=1

Write :

n

| fn| 7" 7 | fnl T
Z n|)1+1/k - nzzo (n!)Hl/(kH) X (n!>1/k—1/(k+1).

nZO( :

The conclusion is given by the fact that the sequence defined by ¢, := r™/n! is maximum for n € [r,r + 1].
Let us suppose first that n = 1. Denote by d, 1 < k < p the numbers of non zeros coeflicients on the Eth
row. Using (1) yields []:L; My;!0x! < Ji! and the product of these inequality

p
MU okt < .
k=1

Now, the assumption on the matrices M} ensures that 22:1 0 > 11. Hence,

. p
’L_1
RN r(%) .

il! - ’Ll' - pil

which leads to .
MIE < g,
pr
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The conclusion follows from the product of the previous inequality applied with each matrix Mj.

We return now to the proof of Proposition 3.

Proof. Without loss of generality one can assume that w = (w) and z = (z).

(1) Let f(z) =>_ fnz" and g (2) = > gn2" be given. Then fg(2) =3_, -, (Z;H»q:n fpgq) 2™, meaning :

D SEAD S FAES SIS M—Hﬂhngnl,

n>0 n! pt+g=n n>0p+g=n

since WLP)! > 1 for all 0 < p < n. The same computation works for any ||-||,.
(2) Let U, V e C{z}". According to (1) one has || — ||, < [lU=V]|, HUHk |||~ Taking for V' the

general term of a sequence (U,,) C C{z}" converging towards U yields that U_n converges towards £
(3) Let f(2) =3 fnz™, so that Df (z) =>_ (n+ 1) fry12™. Hence

n 1 n n
IDfl, = Z%—me“/k%_36||f||k+1,

n>0 n>0

because of (2) of the previous lemma since (n + 1)>7*/* < 371 The map D is therefore continuous. Its
openness is obtained by integrating f’ : there exists a (obviously) continuous local section to D.
(4) Let f(2) = > ,50 fn2" and o (w) = 32, 5o paw™ With oo = 0. Without loss of generality one can assume

f(0) = 0. Because

Flo) = > 1 > a Y. Jlew]="

n>0 \0<p<n  ji+-+jp=n £

we derive
1
I[foell, < ZW Sl D T lesl
n>0 (n) 0<p<n Jit+tip=n £
P
_ap| |90Jz| |ap| ||
S Z 1+1/k Z Z H 1+1/k = Z n1+1/k Z N1+1/k
p>0 p<n ji+--+jp=n £ p>0 (p) p<n (n)
|ap| P
< 3l
p>

according to (1) of the previous lemma. The claim is now proved through the use of (2) of the same lemma.
(5) We only present the proof for p =m =1

(6)

G(Wr, )= Y > o > > oy, o, |27

JeMy 1 (N) | TeMi (V) MeM,,(N) k=1...n
|M|=J [Ni| = M,
Ny € MP-,ik (N)

O

2.3. “Sharpness” of the choosen topology.

We shall underline in the sequel of this article that the continuity of dilatations (that is, of compositions in
general) and of the differentiation is an important matter regarding the problem under consideration. Moreover in
many respects the topology we retain is handy, if not essential, to carry out our arguments. But a major issue we
reached during the elaboration of this paper has been whether or not it was justified to use this apperently arbitrary
and unusual topology. A first point in favor of this choice is the coefficient-wise analycity we first showed, although
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a single norm would have been sufficient. What we can state for now is that a countably generated locally convex
topology is necessary and sufficient in order to have continuity of the previous “natural” operations.

Lemma 5. Assume that a single norm ||| is given on C{z} and defines its topology. Then neither the dilatations
A f(z) = f(A2) for |\ > 1 nor the differentiation can be continuous endomorphisms.

Proof. For any n € N let @,, be the polynomial z — 2". Every polynomial P, := @,/ ||Qx|| belongs to the unit
sphere though ||[A\* P,|| = |A|" is unbounded whenever |\| > 1. Consider next the families defined by E,, := z — e"*
and F,, := E,/||E,||; because ||DF, || = n the differentiation cannot be continous. O

2.4. Topology on the space of Gevrey-1 power series.
We will be more interested in those power series f € C[[2]]; that are summable, in the sense that there exists a
finite collection of open sectors (V;), of aperture greater than 7 with vertex at the origin of C and whose union is

a punctured neighbourhood of 0, and of bounded functions f; € O (V;) admitting f for asymptotic expansion at 0
(see [| for more details). Let a sector V' of aperture greater than 7 be given. We denote by G (V') the C-algebra of
germs f of a holomorphic function defined and bounded on some rV for r > 0, admitting a Gevrey-1 asymptotic
expansion f (z) := Y >0 fn™ at 0, equipped with the norms ||-|[, defined for k € N by :

e = 3 (n,')f—ﬁ/

n>0

According to Watson’s lemma each of these is indeed a norm, and the canonical morphism of C-algebra AE :
G (V) — C/[[z]], is one-to-one (but not onto). Moreover if f € G (V') we obviously have

Al = IAE I -
2.5. Gevrey maps.

Definition 6.
(1) Amap ¢ : C[[z]]; = C[[w]]; is said to be a Gevrey map if
|al m
Sp(f) = Z Z Z Am (aajla"' 7jm)Hfje Wa
la|>0 \m>0 |j1|+...+|jm|<|al =1

where f (z) = > fjz}, each coefficient A is in C and :
e A, (a,---) =0 whenever one j; vanishes,
e writing Ay, () as max {|A, (a,j1, .-, Jm)| : [j1| + -+ + [im| < [a]}, the power series 3, . Ay, (a) uv
is an element of C {u} [[v]],, that is :

Z Am () u®v™ € C{u,v}

m!

a,m

In the sequel the former power series will be denoted by

Ap(ww) = > Ap(a)uv™,

(2) If moreover ¢ (C{z}) C C{w} we say that ¢ is a convergent Gevrey map.

As a consequence the |al-jet of ¢ (f) is polynomial with respect to the |al-jet of f. For instance the basic
operations of Section ## are Gevrey maps. The next proposition generalizes the computations showing their
continuity. Before this we shall mention that Gevrey maps enjoy the composition property :

Lemma 7.

(1) A Gevrey map ¢ is convergent if, and only if, A, is a convergent power series.

(2) If ¢ : C[lz]]; — C[[w]]; and ¥ : C[[w]]; = C[[t]]; are Gevrey maps then ¢ o ¢ is also a Gevrey map.
Proposition 8. A Gevrey map is analytic. More precisely :

1t 18 locally Lipchitz, in the following sense : there exist two sequences of entire positive functions (X an

1) it is locally Lipchitz, in the followi h 2 f enti itive f ) w0 and
(k) pso depending only on the dimension of z and w such that, for all Gevrey map ¢ : C|[[z]]; — C[[w]],,
all f, g € C[lz]]; and all k

& (P11 lisr) — &k (P 1lgllsr)
[ rgr = Ngllgtn

le(F) =@l < CIf = glligr xn (r)

m
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where C >0, p> 0 andr = (r1,...,r,) € RZ( depends only on ¢, namely one can take any constants such
that
A (a) < Cmlp™r?,
(2) for the same constants and functions as above,
o€ (011 1ksr) (1 lss = Nallrs) + & (11llss) — & (211 1ess)
(e

e (f) ¢ (@)= Do (f =, < CIf =gz xe(r)

where

|al

Df(p : h:ZhaZa — Z Z Z Am (a,jl,"' ,jm)zhqufjeu

a a m>0 |jg |+ +|jm|<|al a=1  t#q
(3) the association (f,h) — Dy (h) defines a Gevrey map which is convergent if, and only if, ¢ is convergent.

Proof. The fact that ¢ is continuous comes from (1), whereas its analycity is given by (2) and (3). Once again we
only present the proof for z = (z) and w = (w). First let us notice that

-1l = D> -9 1o 115
<m <m q=1 1<q I>q

Write now ¢ (f) — ¢ (g) =: >, Row® and 0 := 1+ k—il We have, using Lemma 4(1),

[Ra| ~ 1 A - |fo — g0l 95| 77 /5]
alo - mlo m(a)zzz plo Z H jelo H jelo
' m=1 ! q=1 c<a b<c ’ Ji+tig—1+Jgr1+Fim=c—bl<lq Coe>q Y
a 1 m
1 _
< If=glleaa ) e Am (@)D Mgl I
m=1 ’ qg=1
If =gl &~ 1
< —= A (a) (I[F1135 0 = gl
||f||k+1—||9||k+1n;m!" m (@) (11 )
& (11 fllksr) = & (119llis1)
< ar x COlf = gllyy 2] =

(AP 1] PO

where
tm

m>0

As a consequence

&k (p||f||k+1) — &k (P ||9||k+1) Z a a

e (f)=e @y < CUf =9l QL /=1t 1) |

I er = gl =
which yields Claim (1) by setting
a’t®
Xk (t) = ;J l1/E—1/(k+1)

(the choice of a? instead of the natural candidate a is made to ensure the homogeneity with the estimates given for
Claim(2)).
The same kind of computations gives rise to Claim (2). Notice indeed that :

SN D (o) > Ap (i) | TT o5 =115 ) T 5

m=2 q=1 c<a b<c Ji+-Ajg—1+Jgr1++Im=c—b l<q £<q £>q

= Y33 S h-a) Y. An(aj)

m=2 g=1 c<a b<c (+++)=c—b s

Ra _Df@ (.f_g)a

1

(. =9 Lo 11 £ | T £

1 l<s qg>0>s £>q

Q
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from which we derive

|Ra _ngo(f_g)a|

i < - DI gl Y 3 i qZ||f||z+i ol
< aa—) 8l Z t Z A (IS = Tl
[ llees — Nollers 2=, !
— _|_ —
< ala—1)xCre||f _g||i+1 Pék (P||f||k+1) (||f||k+1 ||9||k+1) &k (P |2|9||k+1) &k (P||f||k+1) .
(||f||k+1 - ||9||k+1)
The conclusion (2) follows. Claim (3) is rather easy to prove. 0

3. STUDY OF DULAC PRENORMALIZATION PROCEDURE

One can assume that, up to a linear change of variables, the linear part of X4 p is diagonal :

Ax,y) = o(|[=yl])
B (z,y) y+o(llz,yll) .

In all the sequel the only changes of variables we allow will be of the form

(@,y) = (ax+o(lz,yll), By +ollzyll) aB#0

in order to preserve this diagonal form.

The existence of a unique analytic solution = = s (y) (a separatrix of X 4 p) tangent to the eigenspace {x = 0} at
(0,0) is well-known [BB] (or [CS] for a modern and more general approach). The other separatrix y = § (x), tangent
to {y = 0}, only exists a priori at a formal level [] (and generically this series, though unique, is divergent). The
reader will find in [D, p.59-63] the material needed to carry out the complete prenormalization procedure. What
we retain from it is the following steps :

e Applying the change of coordinates (z,y) — (z + s (y) ,y) transforms (??) into an equation X 4, p, where
Al (xvy) € Ic{xvy} .

o It is possible to further orbitally normalize A; to obtain a new vector field X 4, g, such that

AD (.I, y) = Ik+1

(3.1) Bp (x,y) = y+r(x)+yR(z,y)
with r(0) = ' (0) = R(0,0) = 0. The integer k € Nsq is a topological invariant (but not a complete
topological invariant).
e We define the map
D:(AB)ef — Bp-yeC{zy}.
At this stage this map may not be well defined. We will give a canonical way of obtaining D (A, B) from
the original vector field without ambiguity. We do this in the paragraph 3.2.

Denote by & the stratum of £ consisting of equations that can be put under the previous form (3.1). Let C[z,y]_,
be the space of all polynomials of degree at most d and define B

Py = &N ((C[x,y]gd X (C[x,y]gd) .
The aim of this section is to prove the following

Proposition 9.

(1) The stratum &, is open and dense in . It is the complementary of a codimension 1 subspace of £.
(2) Let d € Nsq be a given integer. The stratum Py is an open and dense set of the affine subspace € N

C [Uﬁay]gd xC [%y]gd-
(3) The map D|g, is analytic, open and onto the space
(C{:Evy}l = {R € (C{x,y} : R(w,y) = O(HLE,yH)} :
The paragraphs of this section are devoted to the proof of this proposition.

Remark 10.

(1) Since & is open and dense in £ it will be sufficient to prove Theorems 1 and 3 for &;.
(2) The map D is obviously onto since, as we will see, D (wz, y+ R) = R for any germ R € C{z,y},.
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3.1. The stratum &;.
An analytic manifold {S (z,y) = 0}, supposed to contain (0,0), is a separatrix of X4 p if, and only if, there
exists K € C{z,y} (called the co-factor of S) such that

Xap-S = KS.

If K (0,0) were not zero then the change of variables ¥ : (z,y) — (z — s (y),y) would bring X 4 g under the form
UX, p where :

U(z,y) = K(z+s(y),y) €C{zy}

which is impossible because of the assumption A = 0. Hence K (0,0) = 0. We are going to show the following result

Proposition 11. Write A(z,y) = > Ap ma™y™ and B (z,y) = Y Bp maz"y™ (then Ago = Ao1 = A1 = By, =
Bl,O =0 and B011 = 1)

(1) The p-jet of s is a polynomial in Ay m and By m for m+n < p.

(2) The map S : (A, B) — s is an open and Gevrey map.

(3) The stratum &, 1is the open and dense subset of £ defined by the relation

Azo # 0.
Proof. Claims (1) and (2) are deduced from the following formal computation. Let us write
s(y) = Zsjyj, so=s1=0.
Jj=0
Then for alln € N :

HOEDS S s | Y

San
where for p > j we have S, ; = 0. Write

E n, m
A (xvy) = Ap,mT Y , @p,0 = a1,0 = Ap,1 = 0
n,m

so that

AGW),y) = Y anms@"y™ =D [ D D anmSn, | v

p>0 \j+m=pn<j

W(A)p

The equation defining s
A(s(y),y) = B(s(y),y) ' ()
thus becomes, with a similar notation for B (x,y) = > by ma"y™ :

ZW(A)pyp = Zpspyp + Z < Z nW(B)msn> yP.

p>0 p>0 p>0 \m+n—1=p
After identifying the coefficients in y? we derive
(3:2) pspy=W(A)y+ > nW(B)msn
m-+n=p+1

and Claim (1) follows. As for Claim (2), on the one hand an easy induction shows that s, is a polynomial in
Gp,m and by, p,, with p variables and degree at most n + m < p, with coeflicients of the form % where n < p. As a

consequence S is a Gevrey map. On the other hand, let us be given (Ag, By) and sg := S (Ao, By). Take s € C{y}
with s(0) = s’ (0) = 0 and consider

A(z,y) = Ao(z,y)+ Ao (s0(y),y) — Ao (s (y),y) + Bo (s (y),y) s (y) — Bo(s0(y),y) 50 (y) -
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Then s is the separatrix of (A, By) € £;. Moreover, using Proposition 3 :
1A= Aol < [lAo(s0 () ;) = Ao (s (), + [1Bo (s0 ()5 ) [ls = solly, + [[Bo (s0 (-) ) = Bo (s () ), 15" = sl
< ls = sollpg1 ((1Aollisy + ClIBollisy) expmax (1, [[s]l, , [Isolli.) + [1Bo (s0 (), )l[1.)
we establish the existence of a continuous local section to S.
Let us finally consider Claim (3). First we apply the change of coordinates (z,y) — (z + s (y),y) which brings
Xa,p to X, ; p (in this situation the separatrix is straightened to {z = 0}). Write A (z,y) = ax + by + o (||z, yl|);
we claim that X 4 p belongs to & if, and only if, @ # 0. On the one hand suppose that there exists a local analytic

change of coordinates V¥ (z,y) = (ax + C (x,y),By + D (z,y)), with C and D in C{z,y},, defining a conjugacy
between X ; 5 and some UX , 5 with n:=U (0,0) # 0. Then :

(3.3) U(z+C,y+D)(axz+C)° = x/{<a+2—g)+éz—§,
Written for the term of least homogeneous degree this equation becomes, since B (z,y) =y + o (||z,y]|) :

na’z? = ax(ax+by) +y (5 +vy)

where § = 661286;/ (0,0) and v = %%ZTE (0,0). Hence an = a, meaning a # 0 as requested. On the other hand we use

Dulac’s result : we know that there exists such a ¥ between Xz 5 and some UX .y, 5. If a # 0 then necessarily

k =1, as can be seen for the analog of (3.3) (the term (B — y) % is indeed of homogeneous degree strictly greater

than 2 and thus cannot cancel out aaz?). To complete the proof we only have to mention that the condition a # 0
is equivalent to Az o # 0. But this is obviously the case : we even have As o = a according to

Alw+s(y),y) = zd(z,y)+ By s )
with s’ (0) = s(0) = 0.
Since the complementary {Az o = 0} is a closed subspace with empty interior for all norms [|-||, Claim (3) is
proved.

3.2. Continuity and openness of the prenormalization map D.
We first begin with building the map D. We start from X 4 p, whose “vertical” separatrix is {z = s (y)}.
e Applying the change of coordinates (z,y) — (z — s (y),y) transforms X4 p into X4, p, where

Bi(z,y) == B(z—-s(y),y)
Ai(z,y) = A(x—s(y),y) — Bi(z,y)s (y) = x (a0 (y) + aw Az (z,y))

with A5 (0,0) =1 and « # 0.
e There exists a unique holomorphic function y — C (y) such that C (0) = 0 and (z,y) — (£ (1+C (y)),y)
transforms X 4, B, into UX,> g, where :

UGy = g PO )
Bp (1,y) = Bl(%%z;%(y)),y)'

This function C'is the unique holomorphic solution to the (regular) linear differential equation with C (0) = 0

Bi(0,y)C"(y) = (1+C () ao(y)-

According to Proposition 11(2) U € C {x,y}" since U (0,0) = A5 (0,0) = 1.
e We thus define

D(A,B) := Bp-—-yecC{x,y}, .
From this construction and Proposition 11 it is easy to show the following :
Corollary 12. D is a Gevrey map, hence analytic.
We prove now the openness of D.
Corollary 13. The map D is open.
Proof. Consider a given D (Ao, By) = Ry € C{x,y}, and let R € C{z,y},. Then D(Ayp,Bo+ R)=Ro+ R,. 0O
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4. STUDY OF MARTINET-RAMIS MODULUS

Let Xr be the vector field dual to equation (3.1) with £ =1 and R € C{z,y}, :

0 0
4.1 Xp = 2°— —.
(4.1) R Iax+(y+R)8y
In all the following we let :
0’R
= 0,0
a 8x8y( 0)

which is obvisouly analytic and open with respect to R. A well-known result of Poincaré and Dulac [D] states that
it is a complete formal invariant for vector fields of £;. More precisely, X is formally conjugate to X,,. We
begin with explaining the sectorial normalization of Hukuhara-Kimura-Matuda and then we build Martinet-Ramis
modulus of orbital classification, according to [T1].

4.1. Sectorial normalization.
Consider s € C[[z]]; the unique formal separatrix tangent at (0,0) to the eigenspace {y = 0} of the linear part
of Xg. Let V be the sector :

2
vV o= {xE(C:O<|:1:|,|arg:1:—7r|<§}.

The space G (V) {y}, of germs of a function holomorphic on 7V x rD for some small » > 0 where D is the open unit
disk of C, is equipped with the norms ||-||, defined analogously as in (1.2) for k € Ny by :

Z fnpzPy" = Z %'

p>0 i g (p!n!
Lemma 14. The association
ReC{z,y};, — 5€G(V)
is a Gevrey map, hence analytic.

Now there exists a sectorial conjugacy S1 between Xpr and X N

Sl : (‘Tuy) = (.’L’,y—g(.’li))
5 R(z,y) — R(z,5(x))
R z,y = — S g 1% Yy
(+.3) - V) {s)
which is analytic with respect to R, according to the previous lemma, Lemma 3 and Corollary ??. We finally apply
the change of variable Sysending X, 5 to Xp,, where P € zyC + v2G (V) {y} :

Sot (z,y) <x,yexp/é(x,0) d‘r)

22
P(azy) = 7eayC+y’G(V){y}.
We split V' into the sectors
2
vt = Vﬁ{x : arga::Fig < ?ﬂ-} . VE =Vt XD,
and define the meromorphic 1-form
_ dz

T = x—z .

Theorem 15. ([T1[,[T2]) Let r > 0 be small enough and G € G(V){y} N O (rV x rD) such that G(-,y) is
asymptotic to G (-,y) where G (z,0) = o(z). Then :

(1) For any (z,y) € rV* there exists a path y* (z,y) : t € Rsg — rV*, tangent to Xp, such that v+ (z,y) (0) =
(2,y) and limy o0 7= (2,y) () = (0,0).
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(2) The relations
FE o (z,y) €rVE = —/ Gt
vE(w,y)
define functions F* € G (VE) {y}NO (rV*). They are the unique bounded sectorial solutions to the equation
(4.2) Xp-F = G.

Moreover F* (x,0) = F~ (z,0) = 0.
(3) Here we consider NT given as F* above for G := g.
(a) The sectorial changes of coordinates

N (zy) = (zyexp (—N* (z,y)))

transforms the formal model X ., into Xp.

(b) The functions

1
H* : (z,y) €erVE — yexp (— — plogz — N+ (x,y))
x
are sectorial first-integrals of Xp with connected fibers. Hence the leaves of the foliations defined by
Xp on VT coincide with the level sets of H*.
We need to show the following :

Proposition 16. The maps (R,G) — F* are Gevrey maps, hence analytic. Therefore so are R+ HT. We have
the estimate

7], <
Proof. ee O

4.2. The map ¢yr.
Theorem 17. ([MR]) The unique germ of a diffeomorphism @y g such that
evr (HT) = H™,

together with the scalar p and the Stokes coefficient aprr € C measuring the divergence of 3, is a complete invariant
for orbital analytical classification of vector fields of €1, modulo the action of Cxo by linear rescaling (¢, a) ~
(c*p,a/c). Each couple (o, ) is the invariant of some Xg. In particular opr @ €1 — Diff (C,0) is surjective.

Here we present the link between pprr and the integral representation of the sectorial normalization, which will
be the essential ingredient in what follows. From Theorem 15 we deduce that the function F* — F~ is a first-integral
of Xp on rV*® where

Vi o= VixD

Ve o= {x:|argw—w|<%}.

Hence, because H+ has connected fibers, F'* — F'~ factors uniquely as a function
To(@)eCh} , 5 (F*~F ) =To(G)oH' —p.
Notice that by construction Tp (G) (0) = p.
Corollary 18. We have
emr(h) = hexp(2inTp (P)(h)) .
Proof. Since H* (z,y) = yexp (2 — plogz — N* (z,y)) we can write
-

oF = P (2irp+ Nt = N7) =exp (2inTp (P) (H")) .
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4.3. Computation of v,/r.
We present here a way of computing algorithmically 7p (G) knowing the coefficients of P = pxy+3- ., Po (z)y
and those of G.

n

Lemma 19. Assume that b € No or a € No. Then
TP (,Tayb) (h) = u+ Ca7bhb + Z Ca,b,n (P) h"
n>b
where
(o)
I' (a+ bp)

does not depend on P and cqp,n, depends only on P, for m <n.

Ca,b

The proof of this result relies on the following implicit inversion formula :

Lemma. The equation H™ (z,Y (x,h)) = h defines implicitely a germ of a function (x,h) — Y (z,h) € G (V) {h}
such that, for allbe N :

Y(.h)' = WE@"[1+Y mE@"| > > (HFJ»EJ“(x)) Fj, b (x)

n>0 1<q<n it tjq=n \l=2
where exp (ON (2,y)) =: 37,50 Fnp (2) y™ and
E(x) = atexp(-1/z).

Proof. The proof is done by induction on N > 0 where we show that, for all b > 0, the expansion of Y (z, h)b in
powers of h matches the above formula for 0 < n < N up to addition of some error term o (hb+N ) Clearly if N =1
the claim is true. Write now 0

We are now back to the proof of Lemma 19.

Proof. To compute T (a:ayb) (h) we need to integrate the differential form z?~2y’dx over the asymptotic cycle
v (h) included in the leaf

{H* (z,y) =h} NV

The previous lemma allows us to write Y (z,h) = hat*e~'/* + 0 (h), so that by letting 17 be the projection of ~ (h)
to {y = 0} (which does not depend on h nor on P) and using the fact that h is a constant we derive :

hb

Tp (z%y°) (R) = oy /77 g2t dg 4o (h?)
(=), b
= ———h’4o(h

I' (a+ bp) (#7)
since the integral in the right hand side is, after a convenient change of coordinates, the Hankel integral represen-
tation of % Hence the value of cq .

Write now N* (z,y) = 3,0 Nn (2) y™. Each function N, (z) is determined inductively by solving the linear

differential equation :

(4.3) BN (@) +n (14 p2) N (2) = Pu(@)— 3. aPpaaly ()
pt+q=n
with initial condition ?? As a matter of fact N, (x) depends only on P, (z) for m < n. The claim now follows from
the formula of the previous lemma. O
4.4. Proof of Theorem 3.
Since Dulac’s map D is analytic and open we can restrict our study to those vector fields of £ under Dulac form
(4.1). According to Corollary 18 it is sufficient to show the result for R — T3 (R) The computations done in

Proposition 19 imply that the p-jet of T3 (R) is polynomial in the p-jet of R. Hence once we know that R — Th (R)

is continuous the analycity of @asr will follow from Corollary ??, for moreover the map R — R is analytic (Lemma
14).
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4.4.1. Continuity of T.
From the algorithm presented in Proposition 19 we derive now that, for a given P, the linear map G — Tp (G)
is continuous (and thus analytic). More precisely :

Proposition 20. There exists K > 0 such that for any G € G (V) {y} and k € No we have
Te (G, = KIIGI, -
4.4.2. Openness of T .
The openness of T : P — Tp (P) will follow from the following proposition :
Proposition 21. Take P and consider T = Tp (P) Fiz e > 0 sufficiently small and o € N so that Re (1) +0 > 0
for any P in the balls By, of radius € centered at P for the norms [|-l,- Then the map
S : C{zy} — C{hn}
S = Tpus (P+5)
is a local homemorphism near 0.

Proof. The proposition is true at a formal level, that is given T € C {h} there exists a unique S = S (T') € C[[z7y]]
such that this series solves formally the system (#+#). Indeed the leading term allowing to determine the coefficient

Sp in front of (a:"y)b is ¢pop # 0. Two things now remain to be proved : that S (T) is actually a convergent power
series; that T — S (T') is continuous. |

4.5. Proof of Theorem 2.

5. AN ANALYTICAL BAIRE PROPERTY OF C {h}

Though we cannot prove that C{h} is a Baire space for the locally convex topology defined by (|[-[[y).cy_,: We
prove now that this space cannot be covered by countably many analytic subspaces.
5.1. Preliminaries.

For 7 > 0 let A") be the subspace of C {h} defined by

AU = $ f(h) = a;h? : there exists C > 0 such that |a| < Cr?
Jj=0
together with the norm ||| :
™)~ qup 1!
LA = sup =5

(.A(T), ||'||(T)) is a Banach space because it is isometric to the subspace of CY formed by all bounded sequences

equipped with the sup-norm.
Lemma 22. Let S be a closed set in C{h} for the family of norms (||-|[,)

the norm ||||(k)

k>0 Then SN A s closed in A" for

Proof. Let (fn) be a sequence in S N A, which tends to f when n tends to infinity for the norm ||-||(T). Then f
belongs to A, since it is closed. Moreover, as

1= flle < € [1fa = £,
the sequence is convergent in C {h}. Since S is closed f must belong to S too. O
The following lemma is trivial.

Lemma 23. A family f1,..., fn € C{h} is free over C if, and only if, there exists p € N such that their p-jets are
free over C.

According to this lemma, if R is of maximal rank at « there exists p € N such that the function JP R, which to
R associates its p-jet, is of maximal rank. Since the latter space is of finite dimension, the function J?R is locally
one-to-one around «. So is the application R. Hence the

Corollary 24. If D, R is of mazximum rank then R is locally one-to-one near a.

The key point to Theorem 3 is the following proposition :
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Proposition 25. Let R : Q — C{h} be continuous, differentiable and one-to-one on an open set Q& C C™. Let
E < C{h} be any subspace of infinite dimension and suppose that Do R is of mazimal rank for some a € Q. Then
there exist § in E and £ > 0 such that for any 0 < [t| < & the germ R(«) +td does not belong to R(S2).

Proof. Suppose the claim is false and fix 6 € E\ {0}. There exists a sequence (uy),y C C™ such that, for n large
enough, a + u, € Q2 and

R(a—f—un):R(a)—i—%.

Any accumulation point u of u,, satisfies R(a + u) = R(«a). Because R is one-to-one u must vanish, which in turn
implies that u,, converges towards zero. Besides, the definition of differentiability we use implies, for fixed k,

omwm=’ Qﬂ(ﬁﬁ)‘nﬁm
—o(1).

Dividing by ||uy|| yields
DaR< o ) LI
lunll ) nlfunll ]

Now by compactness of the unit sphere of C™ we can assume that ﬁ tends to some u # 0 when n tends to

= [[ul|

Do R (u,) — %
k

k

infinity. Hence m has to tend to someAd as n tends to infinity and, according to the rank assumption, A # 0.
As a matter of consequence

D,R(u) =M,

which cannot be possible for every § in E, for the image of the differential map D, R is finite dimensional. O

5.2. “Analytical Baire” property of C{h} : proof of Theorem 4.
We show here Theorem 4 by supposing on the contrary that C {h} is a countable union of analytic sets :

c{ny=U URin©n),
neNjeN
where R; ,, is a differentiable function defined on an open set €2; ,, of C". Taking if necessary a finite covering of each
Q;.n, one can suppose that R;, is of maximal rank on €2;,. Indeed the set of points where R;, is not of maximal
rank is an analytical subset ¥; , of Q;,. The analytical set 3; , admits a decomposition ;, = UC} where each
cell Cy, is biholomorphic to an open set of some CP with 0 < p < n. Hence we get the following decomposition

Rjn () = Rjn (n\Zjn) [ Rim (Ci) -
k
Now on each cell C} one can look at the points where R, ,,|c, is not of maximal rank and do the same procedure
as above. This construction stops in a finite number of step, since at each stage the dimension of the open set we
consider is strictly decreasing. By Corollary 24 if n > 0 one can assume that R, , ((is extendable analytically on
a open set €); , C €, on which it is injective))[je ne comprends pas ce que tu veux dire par la, je propose : is
one-to-one on €2, ,], by taking a finer covering if necessary. Finally since any open set of C? is a countable union of
compact sets, we obtain the following decomposition

ciny=J U U RinEina) -
neNjeN geN

where ;. = U ey Kjn,q and each Kj , 4 is a full compact subset of some C? with p < n.

The set R;,, (Kjn,q) is compact and therefore closed for the topology induced by (||-[|,) According to Lemma

k>0
22 the set R;,, (Kjnq) NADY is also closed in A™M) for the norm ||-||(1). It is besides of empty interior : since A"
is infinite dimensional if R; () belongs to A1) we can invoke Proposition 25 to obtain § € A™) such that for ¢
small enough

Rjn(@) +16 & Rjpn (Qjn) ,

which ensures that any small ball for the norm ||-||(1) in AV around R;,, (o) cannot be contained in R;,, (Q;.,).
Finally we obtain the sought contradiction since then AM) can be split into a countable union of closed subset with
empty interior :

AD = (U U Byl g 1 AD

neN jeN geN
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which is impossible since A1) is a Banach (thus Baire) space. This ends the proof of Theorem 4.
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