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0. Introduction

The problem of the determination of the number of moduli of a germ of complex plane curve was
addressed by Oscar Zariski in his famous notes Zariski (1986), where he focused on the case of a
curve with only one irreducible component. The number of moduli refers to the number of analytical
invariants that remain once the topological class of S is given. The topological classification of an
irreducible curve S is well known and relies on a semi-group of integers extensively studied by Zariski
himself in the 70s. However, at this time, even in the case of an irreducible curve, the analytical
classification was a widely open question. Since then, a lot of progress has been made, and, up to
our knowledge, the initial question can be considered as mostly solved by the combination of the
works of Hefez and Hernandes (2009, 2011, 2013) and these of the author Genzmer (2022): the firsts
provided a family of algorithms that describes a sharp stratification of the moduli space of S, the
second a formula to compute the dimension of its generic stratum, and thus the number of moduli
of S.

In this article, we propose to go beyond the irreducible case and to study the case of a union
of smooth curves, one of the simplest situations once the irreducibility hypothesis is dropped. To do
so, we follow some methods introduced in Genzmer (2022): from the study the module of vector

E-mail address: yohann.genzmer@math.univ-toulouse.fr.

https://doi.org/10.1016/j.jsc.2022.03.002
0747-7171/© 2022 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.jsc.2022.03.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jsc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jsc.2022.03.002&domain=pdf
mailto:yohann.genzmer@math.univ-toulouse.fr
https://doi.org/10.1016/j.jsc.2022.03.002

Y. Genzmer Journal of Symbolic Computation 113 (2022) 148-170

fields tangent to a curve S, which we refer to as the Saito module of S, we propose an algorithm to
compute the number of moduli of S that can be easily implemented. The associated algorithm is built
upon the desingularization process of S, for which we have already at our disposal, some classical and
available routines on many symbolic computation softwares.
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1. Notation

Let S be a germ of curve in the complex plane. According to Zariski (1932), there exists a minimal
process of desingularization E that consists in a sequence of elementary blowing-ups of points. We
denote it by

E:EloEzo-noEN:(&,D)—)((CZ,O).

Here, D = E~1(0) is the exceptional divisor of E and C2 stands for the germ of non singular neigh-
borhood of D obtained from the successive blowing-ups over ((Cz, 0). The strict transform of S by
any process of blowing-ups F will be referred to as F*S. The decomposition of D in irreducible com-
ponents is written

N
D={JD
i=1

where D; is the exceptional divisor of the elementary blowing-up E;.

Let {t2,...,tm} C D1 be the tangency locus between E7S and Di. For any k=2, ..., M, Sy stands
for the germ of the curve E7S at t;. Doing inductively the same construction for each curve Sy, we
finally obtain a family of curves

whose numbering is chosen so that Ej is the blowing-up centered at the tangency locus between Sy
and the exceptional divisor. By extension, we set S; = S. For k=2, ..., M the desingularization of the
curve S, U Dq is a composition of blowing-ups that we denote

k k k
E]oEzo-noENk.

Each E’]‘. is a certain elementary blowing-up E,;, appearing in the decomposition of the initial pro-
cess E. This correspondence defines an injective map o,

ok {1,... N,y > {2,...,N}.

Notice that by construction, for any k=2, ..., M, o (1) =k and the images

.....

provide a partition of the set {2,..., N}.
Subsequently, the notation v ((J) will stand for the standard valuation of the object [I:

e if S is a germ of curve, then v (S) = v (f) is the algebraic multiplicity of any reduced local equa-
tion f=0 of S.
e if X is a germ of vector field written in some coordinates X = ady + bdy, then

v(X)=min (v (a), v (b)).
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If any confusion is possible, we will precise the point p where the valuation is evaluated. The associ-
ated notation will be v, (OJ).

Since E*S is smooth and transverse to the exceptional divisor, one can consider for any component
Dy, the number n,f of components of E*S attached to Dy.

We say that D; is in the neighborhood of Dy if i # k and D; N Dy # (. The set of all indexes i €
{1, ..., N} such that D; is in the neighborhood of D} will be denoted by 91 (k).

For i > 2, the component D; is the blowing-up of a point which belongs to, either a single compo-
nent D; or to a couple of components D; and D. The associated set of indexes {j} or {j, k} is called
the set of parents of D; and will be denoted by ‘B (i). By extension, we set 3 (1) = . Notice that for
any i =2,..., M, one has

P @) =(1}.
Finally, we introduce the following notation: for n € N and a,b e R

a Ja ifniseven;
b ~ | b ifnisodd.

n

2. Topological class of S and number of moduli

We recall the proximity matrix of S as defined in Wall (2004, p. 52).

Definition 1. The proximity matrix of S is the N x N matrix PS whose entries are
1 ifi=j
(PS), =1 -1 ifiep() .
ij

0 otherwise

Given the numbering of the components of the exceptional divisor, the matrix PS is an upper
triangular matrix.
The data of PS (or of the topological type of E) and the integers (n;j)k=1 _y Characterize the

topological class of S. More precisely, following Zariski (1932), two curves S and S’ are topologically

equivalent if and only if there exists a permutation ¢ of {1,..., N} such that
.. s’ _pS
Vi =N, Pgiyg) = Pij
and

: s’ S
Vi <N, Mgy =1 -
Now, if S is a union of K smooth germs of curves then S admits a reduced equation of the form
fifa---fx=0
where fi is a germ of analytic function with a non trivial linear part:
1 20,2 1
Fi= 1+ 7%+ £y + £ + fllxy + -

with fj‘.)O =0 and f]m #0 or f}o # 0. Being in a fixed topological class translates into a finite set
of algebraic conditions depending on a finite number of complex variables f]’?l. Thus, there exists a

K
complex constructible subset! ¥ (S) C ((CN2> and a surjective map

K
1 Here, complex constructible subset means a subset of ((CNZ) that is a finite union of finite intersections of sets of the
form {Q =0 and R # 0} where Q and R are polynomial functions.
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% (S) — Top (S)

where Top (S) stands for the set of germs of curves topologically equivalent to S. A property is going
to be said true for a generic curve in its topological class if it is true for the image of a Zariski open
set in X (S), i.e., the intersection of X (S) with the complementary of the zero locus of a finite list

of polynomial functions on ((CNZ)K. In the present article, most of the results will assume that the
curve S is generic in its topological class, implying that the stated results will be true only for a curve
generic in its topological class.

When S is irreducible, Ebey (1965) constructed a non Hausdorff complex structure on the moduli
space of S, that is the standard quotient of Top (S) up to analytical equivalence relation. This quotient
happens to be the quotient of a complex constructible set of finite dimension by the action of a
connected solvable algebraic group. By definition, the generic dimension of this quotient is the number
of moduli of S. The extension of this construction to the general non irreducible case is a work in
progress. However, even in the general case, one can still give a suitable definition of the number
of moduli by a local approach: a curve S being generic in its topological class, one can consider a
miniversal deformation of S (Zariski, 1986), i.e., a commutative diagram

(5,0) —— (%,0)

| |

{0} —— (Ch,0)

through which factorizes any germ of deformation of (S, 0). In the parameter space (CL, 0), there is a
smooth stratum along which the topological type is constant and equal to the one of S. The dimension
of this stratum is by definition the number of moduli of S. In the last section of this article, we will
mention a cohomological description of the tangent space to this stratum due to Mattei (2000), upon
which our computation is based.

3. Saito vector field
In this section, S is any germ of curve - not necessarily a union of smooth curves.
3.1. Definition of a Saito vector field for a curve

Let Der (S) be the set of germs of vector fields X tangent to S, i.e., such that for a reduced equation
f of S, one has

X-fef).

According to Saito (1980), Der (S) is a free O,-module of rank 2 and any basis {X1, X2} of Der (S)
will be said a Saito basis for S. The number of Saito of S is

5(8) = xé’r}i?(s) v (X) =min (v (X1),v(X2)).

A vector field X € Der (S) is said to be optimal for S if

v(X)=5(S).

If E is any process of blowing-up, we denote by XE the divided pull-back vector field of X by E. It
is a family a vector field parametrized by the point of the exceptional divisor: for any c € D, (XE ) o is
written ula (or uayv 5) where Y projects onto X with respect to E and u? is the maximal power of u
that divides Y, where u (or uv =0) is a local equation of D at c. An alternative way to construct X
is the following: the vector field X induces a saturated foliation F at the origin of C2. The foliation
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F can be pulled-back by E in E*F which defines a saturated foliation in the neighborhood of D. The
vector field (XF)_ is any generator of the latter at c.

The vector field X is said to be dicritical if XE1 is generically transversal to the exceptional divisor
D1.
Below, we recall some material established in Genzmer (2020).

Theorem 2. Let S be a curve generic in its topological class. Then there exists a Saito basis {X1, X2} for S with
one of the following forms

e ifv(S)iseven
(&) :v(X1))=v(X2) = Y6) ¥ and X, are non dicritical.
(€q) 1V (X1) =V (X2) — 1= —1, X; and X; are dicritical.
e ifv(S)isodd
O vXD=v(X3)—1= % X1 and X, are non dicritical.
O vXD)=v(X2) = ”(Szil X1 and X3 are dicritical.

In particular, the Saito number of S is equal to

v (S) 1—-A
5(S)= 5~ { 1
2
v(S)
where A — 1 ifSisoftype(D)or(@).
0 else

The curve S being of type (&4) or (Dg), there exists a basis of the following form
(&) :v (X)) =v(X2) —2 =2 —1, Xy is dicritical but not X».
(O) vXD)=v(Xp) —1= &2)71, X1 is dicritical but not X».

If and only if S has no free point - see below.

By definition, the tangency locus Tan (E;S, D1) is the set of points
{ta, ..., tm} C Dy.

Since Xf‘ leaves invariant E7S, the locus of tangency Tan(Xf1 , Dl) between the vector field Xf1 and

D1 contains Tan (SE1 , D1). Following Genzmer (2020), we recall that S is said to have no free point if
and only if

Tan(X{", Dy ) =Tan (571, Dy).
The number of free points is, by definition, the number of elements of the difference
Tan(X}", D) \Tan (5%, Dy).

The number of free points depends only on the topological type of S. In Table 1, we present an
example of curve for each type of Saito bases. In this table, the notation £ f stands for the vector field

Ox foy — dy fox

obviously tangent to f =0.

A basis of the Saito module of S is said to be adapted if it has one of the first four types described
in Theorem 2. An adapted basis behaves well with respect to the blowing-up: indeed, in any case, if
{X1, X2} is an adapted basis for S then for any c € D1, the family
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Table 1
Examples of different types of Saito bases.
S f=x f=xy f=xyx+y) f=xy(x* —y?)
v (S) 1 2 3 4
X1, X2 Ox, X0y Xx, ydy Xox + ydy, tf Xdx + ydy, #f
v (X1), v(X2) 0, 1 1,1 1, 2 1, 3
Type O) (€) (D&) ( z,i)
s f=xy(@-y+--) f=xy (@ -y x+2y+- ) x+3y+-)
v (S) 5 6
X x X (Xdx + ydy) + -+ <x+%y)(xax+y8y)+-~-
1, X2 .
¥ (X0 + ydy) + -+ X% (xdy + ydy) + - --
v(X1), v(X2) 2,2 2,3
Type (Dy) - 1 free point (&y) - 1 free point

(), (<))

is a Saito basis for (E1S)_ or (E}{S U D1), depending on the type of the basis. Notice that this property
does not hold for any Saito basis and that the basis above may not be adapted.

For the sake of simplicity, we will say that S is of class 1 if S admits a Saito basis {X1, X»} of type
(&) or (Dgq). Otherwise, we will say that S is of class 2. The main difference between the two classes
is that the vector fields of an adapted basis for a curve of class 1 share the same valuations, whereas
they are different for a curve of class 2.

To keep track of the type of the successive blowing-ups of the curve S, we introduce the notion of
relative strict transform of S.

Definition 3. The relative strict transform of S by E, denoted by SE, is the following union of curves
sf=esu | D
ieJc{1,...,N}

where ] is inductively defined as follows:

ie] < S; UUjeq@(i)m]Dj is of type (&) or (D).

A branch of the process E is a sequence of integers (i1,~-~ ,ij) such that the blowing-up Ej, is
centered at a point ¢ which belongs to exceptional divisor of E;_,. We will denote by E'®" the
composition

ia»ib_ . . .
E =Ej 0Ej, 0---0Ej.

Finally, we are able to introduce the main object of interest here.

Definition 4. A germ of vector field is said to be Saito for S if for any branch (1,---,k) of E and
k < N, the vector field XE"* is optimal for SE'.

In other words, a vector field is said Saito for S if it is optimal for S and if this property propagates
all along the process of desingularization of S.

Given the definition, there is apparently no reason for such a vector field to exist in general.
However, we will see that this is actually the case for unions of germs of smooth curves generic in
their topological class.?

2 We conjecture that such vector field exists for any curve S generic in its topological class.
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Example 5. Let us consider the curve S defined by
s={f=x(x+for*+)y(y+h+) =0},

with fo #0 and fi; # 0. The two latter constructible conditions and the form of the function f fix
the topological type of S. The dots in the above expression stand for higher order terms. It can be
checked that S is of type (&) and that

X1 =x20 +2xydy + -
Xo =2xydy + y20y + -

is an adapted basis. In particular, the Saito number of S is

5(5)=2.

Moreover, for « € C \ {0}, after one blowing-up, X1 + @ X> is given, in the chart (x, t) for which
E1(x,t) = (x, tx)

by

(X1 +aX)F =x@t +a) oy +t(—t+a)d + -

which, at (x,t) = (0,0) - the singular point of S, - is of multiplicity 1 and tangent to the radial
vector field at order 1. In the other chart, the same occurs for the singular point of S3. Therefore,
X1 4+ aX, is Saito for S. Notice that, the vector field (X1 4+ «X2)E! admits an other singular point
whose coordinates are (0, «) in the coordinates of the chart above. At (0, @), the linear part is not
trivial and has two non vanishing eigenvalues whose quotient is not a non negative rational number.
In particular, according to Dulac (1904), X1 + o X2 admits a smooth invariant curve that is neither
contained in S nor tangent to a component of S. Finally, although X is optimal for S, X is not Saito
for S since the vector field XlE ! is written

X5 = 2xtdy — t20 4 - --

and its multiplicity is 2 at (0, 0) and thus not optimal for S, U D1.

3.2. Numerical properties of a Saito vector field

Let us investigate the topological properties of a Saito vector field.

First, let us recall some results from Hertling (2000).

Let O be the sheaf generated by the global functions ho E with h € O, and h (0) = 0. It is a simple
matter to get the following decomposition of sheaves

N
M=0 (— ZpiEDl)
i=1

where the integers piE are known as the multiplicities of D. The number ,oiE is also the multiplicity of
a curve whose strict transform by E is smooth and attached to a regular point of D;.

The valence val (D;) of D; is the number of components D attached to Dj, i.e., the cardinal of
I (i). The integer valy (D;) refers to the non-dicritical valence of D; with respect to the vector field X,
which is the number of XE-invariant components of D that are in the neighborhood of Dj.

The following definitions are proposed in Hertling (2000).

Definition 6. Let X be a germ of vector field at p given by
X=a(x,y)ox+b(x,y)0y
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(1) Let (S, p) be a germ of smooth invariant curve. If, in some coordinates, S is the curve {x =0} and
p the point (0, 0), then the integer v (b (0, y)) is called the index of X at p with respect to S and
it is denoted by

Ind(X,S,p).

(2) Let (S, p) be a germ of smooth non-invariant curve. If, in some coordinates, S is the curve {x = 0}
and p the point (0, 0), then the integer v (a (0, y)) is called the tangency order of X with respect
to S and it is denoted by

Tan(X, S, p).

The equality below is proved in Hertling (2000) and specializes to a classical result of Camacho et
al. (1984) if XE leaves invariant D.

Proposition 7. The multiplicity of X satisfies the equality

N

VX +1=) pfei (X, E)
i=1

where
(1) if D; is invariant by XE,

€ (X.E) = —valx (D) + 3 Ind (XE, D;. c) ;

ceD;

(2) if D; is non invariant by XE,

€ (X, E) =2 —valyx (D) + Z Tan (XE, D;, c) )

ceD;

Beyond the integers €; (X, E) which describe partially the topology of the vector field X, we will
introduce additional numerical invariants to control its topology. Besides, when X is Saito for S, we
will establish a relation between the latter and the integers €; (X, E).

The curve S be given, let AS = (A?),_, , be any element in {0, 1

}N

. Denote by 67 the integer

8,f=card{ie‘q3(k)|Ai5=1}.

We consider the following vector of integers

t

&S =

2
V(SK) =85

v (SK) — 8 A3
K Tk + 1k
2

k=1,....,N

Below, Theorem 8 will provide some geometric interpretations of the invariants above: actually,
A,f =1 will indicate that the vector field X leaves invariant the component Dj and thus, S,f will be

the number of X£-invariant parents of Dy in the process E. In particular, for any k, S,f €{0,1,2}.

We introduce the system of equations (7—{,5) whose unknown variables are the vectors £5 =

s
€

eNNand AS = (A7),_,

1

y defined by

s
€N
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() () e

A solution (ES, AS) is admissible if it satisfies the compatibility conditions: for any k=1,..., N
Ap=1= ¢ =n}
(*) : S S s - (3.1)
Ay=0= ¢ 22— Ziem(k) A;

From Proposition 7, it can be seen that the compatibility conditions are necessary so that a solution
of (H*) is induced by the numerical data (€; (X, E))i—1._

Actually, as a consequence of Proposition 7, a Saito vector field for S provides an admissible solu-
tion to the system (#°).

Theorem 8. If X is a Saito vector field for S then setting

= (€ (X, E))i—q
and AS = (AS)

.....

i=1,..., N

AS =

1

1 if D; is invariant by XE
0 else

yields an admissible solution (€5, AS) of (H5).

Proof. For k=1,..., N, let E’ be the intermediate process of blowing-ups that leads to S, and EX
such that
E=E oEk.

Let us denote by p the point of attachment of S to the exceptional divisor of E’. The vector field XE'
being optimal for <SE/) , we have
P

N

v (xf’) +1=Ypf'q (xE’, E’<) —s ((sf’)p) +1 (32)

i=k

A00), |

Now, it can be seen that for i # k
€ (XE’, Ek) — € (X, E)
and that

e (XE E¥) =€ (X, E) + 6.

Since pkEk =1and v ((SE’) ) =V (Sk) + 82, the relation (3.2) is written
p

Sk S
Zpl € (X,E)= v(,) + \\Alk
2

i=k
V(S —8;
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Now following Wall (2004), the matrix defined by

Ek)
(/0, N>i>k>1

is an upper triangular invertible matrix and its inverse is the proximity matrix PS. Thus, the vectors
£ and A® as defined in the statement provide a solution to the system (#°). Moreover, if A =0,
then

e (X.E) =2+ Y A} =6 (X, E) —2+valx (D)

ieN(k)
= Z Tan (XE, Dy, C) >0

ceDy
and if Af =1 then

ek (X.E) = —valx (D) + Y Ind (xE, D, c)

ceDy

—— Y A+ Y nd (XE,Dk,c)

ieN(k) c=DyNDj, ieN(k)

+ Z Ind (XE, Dy, c)
c#DyND;, i€ (k)

It can be seen that if Af =1 then Ind (XE, Dy, DN D,') > 1. Moreover, for any regular component of
SE attached to Dy at ¢, one has

Ind (xf, D, c) >1.
Thus,
Z lnd(XE,Dk,c> >n.
c#DgND;, i€ (k)
Finally, we are led to
€ (X, E) = .

Therefore, the solution (€5, AS) is admissible. O

If we restrict ourselves to the case where S is a union of germs of smooth curves, we can prove
that an admissible solution exists and is unique. We postpone the proof of the proposition below in
a final appendix.

Proposition 9. If S is a union of germs of smooth curves, then there exists a unique choice of AS such that the
associated solution of (’HS ) is admissible.

Example 10. The proximity matrix of Example (5) is
1 -1 -1
PP=l0 1 0
0 O 1
and one has

V(S1) =4, v(Sy)=2,v(S3) =2, n} =0, n§=2, n§=2.
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z+ foy?+--=0 y+ fiz?+---=0

Do D,
Fig. 3.1. Topology of the leaves of the vector field (X; + X2)E.
In addition, we have
=1, 6=e=1 Aj=1, A3=A5=0,

as illustrated in Fig. 3.1. Thus, we obtain that 8§ =0, 65 =83 = 1. Finally, one can check that

. 11 1)\ /1 3 2 +1
(PS) gs=lo1o|[1]=|1]=[5+1]|=6°

00 1/\1 1 2211

2 2

3.3. Existence of a Saito vector field

Below, we establish the existence of a Saito vector field for a union of germs of smooth curves.

Theorem 11. Let S be a union of smooth germs of curves. Suppose that S is generic in its topological class.
Then

(1) there exists a vector field X Saito for S.
(2) there exists | a germ of smooth curve such that S U has no Saito basis of type (Qic’i).

The proof of Theorem 11 relies deeply on the form of a Saito basis for S whose description is
given in Theorem 2: this description can be only made in a suitable way for a curve generic in its
topological class.

Proof. The proof is by induction on the maximal length of a branch in the desingularization of S.

If this length is zero, then S is a smooth curve. In some coordinates (x, y) such that S = {x =0},
the vector field X = dy is Saito for S. Moreover, if | is the line {y =0}, then the family {xax, yay} is
an adapted basis for S which is not of type (Gé).

We suppose now that the maximal length of a branch in the desingularization of S is strictly
positive. Let us consider {X1, X2} an adapted basis for S and

1,---,po,po+1,---,p1,p1+1,--)

a branch of E such that for each k, the curve (SEW’H) is of type 2 whereas in the open interval
Cpy
of integers |pk, pk+1l[, it is of type 1:

C1 <=+ <= Cpo—1 <= Cpg <= Cpo41 <=+ <= Cpy—1 <= Cpy <= Cpo+1 <.
1 1 2 1 1 2 1
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Notice that the index po may be equal to 1, so that, the first curve S; is of class 2. Hence, the above
description of a branch covers actually the general case.

Any family {Xfl'k, XzEl’k} for k < po—1 is a Saito basis for (SEM) : indeed, the curve (SE”‘)
Ck+1 Ck+1

being of class 1 for k < pg — 2, the Saito basis {Xfl'k, XZEU(] is also adapted. Considering a convenient

. . . . 1.pg—1 1.pp—1
combination of X; and X3, we can suppose that in the basis {Xf Po ,Xf Po } one has
El,po—l El,po—l
Vey, (x1 ) < Ve, <x2 ) : (3.3)
1,pg—-1 . . ,po—1 . . .
and XF """ is optimal for (SE1 Po ) . Since, the latter is a curve of class 2, there exists ¢ € C such

Cpo
that

El.po—1 El,po—l El.po—1
Vep, (X1 ) < Ve, | X2 +cXj

X2

making of the basis {Xf]'po_] , 5(2} an adapted basis for (SEl‘p°71> . Keeping on blowing-up along
Cpo
the branch until the point cp,, we get a succession of adapted bases. Now, at the point c,,, we have

to prove that the vector field Xfl'prl satisfies the inequality

1,p1—1 =~ .p1—1
vey, (XET) = e, (). (34)

Indeed, if the above inequality does not hold then there is no hope to obtain a vector field Y which

satisfies both inequalities (3.3) and (3.4), which means optimal for both curves (SEWOq) and
Cpo
(551.;,171) . However, we can establish the lemma below adapted to a branch along which the
pq
successive blown-up curves have the following type
Cpg < Cpg+1 < Cpg42 < -+ < Cpy—1 < Cpy.
2 1 1 1 2

Lemma 12. There exists a vector field Y optimal for (SEl'p"*l) such that YE"'™" is optimal for
Cp
(SElvPrl) °

Proof. Applying inductively the property (2) of Theorem 11 to (S El’pﬁl) yields a germ of smooth

Cpq

Cpq

curve [ such that

((s U z)f“’l”)

is not of type (¢&). Since (SEl'po_]>

Cpq

is of class 2 then ((5 Ul)E]"pO_]> is of class 1. Let us consider

Cpy Cpo

an adapted basis {Yq, Y5} for <(S Ul)E]'p(H) . Since the latter is of class 1, one has
CP(J

Vepy (Y1) = Ve, (Va).

The vector fields Y1 and Y, leave invariant the smooth curve lEl’pofl. Thus there exists a germ of
analytic function ¢ such that the vector field
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Y| —¢Ys

can be divided by a reduced equaqon L of the curve [E"?°7", According to the criterion of Saito (1980),
. . . .po—1 .
{Y1, Y2} being a Saito basis for SE""°"", the vector fields Y; and Y, satisfy

det (Y1, Y2) =uF,

El.po—l

where u is a unity and F is a local equation of S . Therefore, one has

Y1 — oY F
det 17452#2 =u—,
L L

and, still following the criterion of Saito, the curve (S Emo*]) admits the family
po
~ Y1 — oY
{Y1 172 L¢ 27Y2}

as Saito basis. Notice that Y is still tangent to IE"P7" and that
Vepo (Yl) < Vep, (Y2).

In particular, Y7 is optimal for SE""°"". Now suppose that

Ve, (Vf W]*]) > e, (YzE p”“]) +1.

EPo-P1-1

Then, multiplying by L leads to

vey, (LEO7TTEOTT ) 2 v, (VT 42 (3.5)
since v, <LEp°'pr]) =1. The family
EP0-P1—1 5 EPo-P1—1 EPo-P1—1
[t vEen T ygen

is a Saito basis for ((S Ul)El’prl> . However, the inequality (3.5) implies that the latter curve is of
Cpl
type (é(’j), which is a contradiction with the choice of I. Therefore, one has

& EPo-P1—1 EPo-P1-1
Vep, (Yl ) = Vep, (Yz

and Y; satisfies the lemma. O

The property established in the lemma is also satisfied by Xf]’pr1 since one can write

El.p1—1

Xt =aY; +bY;

where a, b € O, with a a unity. Thus, Xfl'p‘*1 is optimal for (SEl’pPl) and, repeating the argu-
Cpy
ments along the whole branch, we can see that the optimality property propagates.

Finally, for any branch B, we consider a vector field X optimal along the branch B and a generic
combination of the form

ZO[BXB, op € C

The latter is a Saito vector field for S, which finishes the proof of property (1).
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S Sol

Fig. 3.2. Topology of the Saito vector fields of S and SUIL

Now, let us prove the second statement of Theorem 11. The vector field X; being Saito, Theorem 8
ensures that his topological data provide an admissible solution of the system (7—[5). Since S is a
union of smooth curves, for any i =2,..., M,

8 =A§.
In particular, the following relation holds
s s M S
n A M-1 A
ef=71+“+—2 Af_zbk. (36)
2 k2 L 2
Vi Uk—A‘]s

Suppose that v (S1) is even, then for any smooth curve [, the valuation v (S1 UI) is odd, thus SUI
cannot be of type (@Q). Hence, we may suppose v (S1) odd. If S is of type (9O4) then for any generic
smooth curve SUI is of type (&;) and not of type (6{1). If S is of type (O) then SUI! is of type (&).
Thus, we can also suppose that S is of type (Dé). It remains a couple of cases to investigate

Case 1. nf > 0. Let I; be some irreducible component of S such that l1E is attached to Di. Let [ be any
germ of smooth curve such that I and Ifl are transverse but attached to the same point of
Dq. Notice that S and S U are not in the same topological class, but both can be supposed
as generic as necessary in their own topological class. We assert that S Ul cannot be of type
(QE&). Indeed, if it was so, then the multiplicity of its Saito vector field XfU’ would be equal
to

\)(X]SUl)z v(S1)+1 1= v(§1)—1
2 2
which is exactly the multiplicity of a Saito vector field for S. However, one can obtain the
topology of X;"! from the one of X; provided that S is of type (O) and S Ul is of type (&}).
As depicted in Fig. 3.2 it consists in replacing the invariant smooth curve l; by two tangent
smooth curves | and [ that are transverse after the first blowing-up. In the process, it can be
seen that the valuation of the associated vector field increases by one, which contradicts the
equality (3.7).

Case 2. nf =0. Since S is of type (D/d), it follows from Genzmer (2020) that one has

M

S _ s

€ =2— E Ap.
k=2

=v(X1) (3.7)

Combining with the relation (3.6) yields
M
0 3
Slasty =3 55)

Let us consider [ a generic germ of smooth curve such that IE1 is attached to S, and suppose
that SUI is of type (6:1)' Applying the same arguments as above leads to
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% O
ASUl_ A§Ul_ — 4

k=3 Vk vy +1

Since [ is attached to Sy, the curve S U] satisfies

Vk #2, (SUD) = Si.

Now Proposition 8 ensures the unicity of the family of integer (A,f) which provides a com-
patible solution to (H°). Therefore, for any k # 2, one has

sul S
AT =Ay.
Combining the two relations above yields
{ 0 1 { 0
su_1 5= s_1-
AyT—3 2 )
V41 V2

In particular, if v, is odd, then Ag = 0. Thus, if for any generic germ of smooth curve [ such
that IE1 is attached to S; for i =2,...,k, the curve SUI is of type (%)- then we have the
following alternative: either v; is even or Ais = 0. But the latter contradicts (3.8). O

4. Number of moduli of S

According to Mattei (2000), if S is any curve generic in its topological class, its number of moduli,
denoted by M, is equal to

M?® =dimg H' (D, Xslp)
where X is the sheaf of germs of vector fields on 62 tangent to the total transform E~!(S) of S
by E. Indeed, the first group of cohomology of the sheaf Xs|p can be identified as the tangent space

to the space of parameters of any miniversal deformation of S. This dimension can be inductively
computed along the desingularization of S following the result below.

Theorem (Genzmer, 2022). For any germ of curve S, the number of moduli M3 is written
M
MS = dim¢ H' (D1, %} |D1) + MskoD
k=2

where 36} is the sheaf of germs of vector fields on the total space of E1 tangent to the total transform E Les).

This theorem is the one upon which our whole strategy is based.
Following Genzmer (2020) and setting

o (5)=dimg H' (D1, X4, ).
one has: if S is generic in its topological class then
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CAC 2)4(” ) if S is of type (&)
a2
7(‘) (5)4 3 if S is of type (D)
M
oE)=1 06 - 2)4(v ) =4 _ 1+€ + Z A} if S isof type (&) (41)
k=2
v (5) —3)? z
f—Z—i-Ef—i-ZA,f if S is of type (Dy)
k=2

Thus the expression of o (S) depends firstly, on the type of the curve S, secondly, on some topo-
logical data associated to S and its Saito vector field. When S is a union of germs of smooth curves,
these data can be obtained from an admissible solution of (7—[5) since Proposition 14 and Theorem 8
assert that this solution is unique and given precisely by the topological data of a Saito foliation for
S.

The formula (4.1) recovers the number of moduli computed by Granger for the curve ¥, : x" + y" =0
in Granger (1979), n > 2. Indeed, this curve is desingularized by one blowing-up and it can be seen
that for n > 5, it is of type (&y) or (Dg4) with

. n

n o__ 2

€ —{n+1~
2

Therefore, one has

92 .
@ 42) if n is even

@03 fpisodd

which is in accordance with the results of Granger.

M> =0 (Z,) = :

Algorithm 1 computes an admissible solution of (7). The proof of Algorithm 1 is given in Ap-
pendix. Algorithm 2 computes the number of moduli of S.

Example 13. Let us consider the curve Sy 4 defined by the proximity matrix

1 -1 0
psa2za—[0 1 -1
0 0 1

and the integers nf =4, ng =2, ng =4. The curve S4 4 is topologically equivalent to the one given
in some coordinates (x, y) by

VX422 (y+ 3% x ---
x(x+y2) e
(X_y2> (X_y2+y3) (X—y2+2y3) (X—y2+3y3):0

Then we get the data summarized in Table 2. Therefore, the number of moduli of S4 3 4 is equal
to 13+4+2=19.

We implemented, among other procedures, the Algorithm 1 and Algorithm 2 on Sage 9.* to com-
pute the number of moduli. See the routine Courbes.Planes following the link

https://perso.math.univ-toulouse.fr/genzmer/
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Algorithm 1 Algorithm to compute an admissible solution of (H°).

INPUT : PS, (n},---.n})
IFPS=(1):
IFn§ =1 : RETURN (1,1).
IF n5 =2 : RETURN (2, 1).

s n3
IF H3Z3 : RETURN 7’-‘,— ,0

—oNi— O

n
IF PS#£(1) :
FORk=2,...,M :
Extract from PS the proximity matrix of PSk,
Apply Algorithm 1 to the input

Sk (+Sk Sk )
(P ’("ukm’ Mok

to get a family of admissible solutions {(£%, AS)}, _, .
SET o
0 ifk=1
50 _ 4
Ak _{Aff ifk=0'(j).

and the associated vector G50,
Apply Algorithm 1 to the input

Sy Sk Sk
(P “("ckm“’ ’”ak(Nm))

to get a family of admissible solutions {(£5kP1, ASkWP1)}
SET T

1 ifk=1
Al = . ,
KT A ifk=0'().

and the associated vector G5-1, )
RETURN : Exactly one solution of (#5) defined by ((PS)_ G50, AS'O) and

((pS)‘l &S, AS‘I) is admissible.

Algorithm 2 Algorithm to compute the number of moduli of S.
INPUT : PS, (nf,---.,n%)

IF PS =(1):
552
RETURN : % if nj is even
: . .
@003 pS s odd
IFPS£(1):

Compute an admissible solution for (HS) by Algorithm 1.

Determine the type of the curve S and the values of €§ and (A,f),(:l___‘M .
Compute o (S).

FOR k=2,...,M:

Compute inductively the number MSUP1,

RETURN : M = o () + M, MISkUD1,
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Table 2
Number of moduli of S43 4.
S1 S, UDq S3UD;
Type (€a) (D) Oa)
Saito Picture C:iy
ps (¢Y]
v (Sk) 5
ny 5
A$ ©
5 ©
s 4
& ( 5 €)
s 2
€ ( ;5 3
o (S) 4 2

5. Appendix

Once a proximity matrix PS5 and a family of integers (nf, ,n,f) are given, one can choose an

arbitrary vector AS, compute the associated integers (Slf and obtain the vector &°. Then, the invertible
system (H°)

() () o=

provides a unique corresponding solution £5. However, there is no reason for this solution (55 , AS)
to be admissible. Nevertheless, we will prove that for any union of germs of smooth curves - not
necessarily generic in its topological class - we have the following proposition.

Proposition 14. If S is a union of germs of smooth curves, there exists a unique choice of AS such that the
associated solution of (H°) is admissible.

To prove the above proposition, first, let us establish a lemma that describes the behavior of the
system (HS) when one goes from S to S Ul where [ is somehow a generic smooth curve.

Lemma 15. Let | be a smooth curve such that the strict transform E}l is attached at D1 at no point of attach-
ment of any component of E3S.

o If there exists AS with A7 = 0, such that the solution of (#°) is admissible, then the same AS provides
an admissible solution for the system (H5Y).

e If v(S) is odd and there exists AS with Af =1, such that the solution of (HS) is admissible, then the
same AS provides an admissible solution for the system (HSUI).

Proof. The lemma above can be seen on the behavior of the system (’HS) when nf is increased by
1: indeed the hypothesis on | ensures that E is still the desingularization process of S Ul and that
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[ SUl_ 5—1—1
sul
L nk Vk #1

Since S is a union of smooth curves, its proximity matrix P° is written

(1 -1 -« =10 --- 0)
PS=1. ) .

with the number —1 repeated M times on the first line. Therefore, one can expand the expression of
€; as below

M S
v(S1) -8 AS v (Sp) — 8 AS
615272 Ly 11 —Z -5 ko lk (5.1)
2 ke 2
v(S1)—87 V(S —87

By construction, §; = 0. Now, if A =0, since the solution (€%, AS) is admissible, one has €] >
2 — Zﬁ\iz Ais. If nf is increased by one, it does not affect v (S;) for k > 2 but it changes v (S7) into
v (S1) + 1. However, if v (S1) is even then
v (S1Ul) 0 v (S1) 0

2

= 1
3 2+1+

L L2
v(S1Ul) v(S1)
and if v (S1) is odd then

v(S1UlD 0 Vv (S1) 0
2 Tl T 1
L2 L2
v(S1Ul) v(S1)

Thus setting ESU’ = 61 or 61 + 1 depending on v (S1) being odd or even and

1

A=A i=1,...,N
V=€ i#1

yields an admissible solution of the system (HSU').
Now, if v (S1) is odd and Af =1, then one has

M
V(S +1 v (S, AS
5= L _ Z VSO —§ lk
V(S -8
and 615 > nf. The multiplicity v (S1) being odd, one has

v(S1Ul 1 v(S1)+1

V&b Ll _vGo+t
2 3 2

v(S1Ul)

Thus setting ESU’ = 615 + 1 yields an admissible solution of the system for S Ul since

V=l +1>nf+1=n". O

Proof of the proposition. The proof is by induction on the length of the desingularization of S. First,
let us prove the proposition for a curve S desingularized after one blowing-up. The system (HS)

reduces to the sole equation
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(5.2)

2
v(51)

s_ v | A7
€ = +

1 2 1
Ifv(S)= nf =1 or 2 then Af =1 is the unique admissible choice since ef is respectively equal to
1 and 2, which are all bigger than the respective nf, whereas if Af =0 one finds always 1 which is
smaller than 2 =2— Y nq) A7. If V(S,) =n] >3 then € <ny thus A} =1 is excluded. However,
Af =0 brings an admissible solution to the equation (5.2) since 615 > 2.

For the inductive step, let us consider the unique choice (Afi‘())k LN provided by the inductive
= i

application of the proposition to each S;. In the same way, consider the unique choice (A,f"’l)k N
= i

obtained when the proposition is applied to each S; U D1. Then we set

0 ifk=1
S.0. AS0 _ ‘
A ' Ak - A]S-i’o ifk:O'l(j)7
and
1 ifk=1
S1. AS. 1 _ \
ATEAT = Ajs.f’] ifk=0l(j).

Notice that the above values of A,fi’* are well defined since for any k #1, one has

Imo* Nimo! = ¢.

From these data, we can compute the integers 8,5"*, * =0, 1 and the vectors of integers G5*, «=0,1
respectively associated to A5:? and AS-1. Then, we can consider the associated solutions

(55, a5%) (53)

of the invertible system (#°).
For any k=2,..., M, 8 ° = 0. Thus, the vectors &5 and &5 satisfy

(65’0)k — (esk)l, k=2,...,M.

Moreover, for any k=2,..., M, 85’1 =1 and therefore
SYUD s
(GSkUDl) =M+ Al, 1 =M+ Ak +1=(65’1> +1.
1 2 % 2 % k
v(S¢UD1) v(Sp)—1
In particular, for k=2,..., M, one has

e = (ESkUDl)l = (55’1)k +l=¢"' +1.

we conclude that both solutions (5.3) for x =0, 1 satisfy the compatibility conditions (3.1) for any
k=2,...,M and also for any k > M + 1, since for k > M + 1,

65,0 — 65,1 — 65,- ) )

(S )k ( ,-)k ( )] where k = O" (J) )

0_ S1__S
mel = =n;
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To finish the proof, we are going to see that exactly one of the solutions (5.3) satisfies the compati-
bility condition for k =1.
Following (5.1) one has

1 0
ef'1+ef’0:v(51)+L% +\‘%
v(S1)  v(S1)

=1

M M
3 V(S —1 J{Af’] ~ v(S,-)Jr{Af*O
2 1 2 1
i=2 2 i=2 2
v(SiH—1 v(Si)

Observe that v (S7) — Zi[\iz v(S)) = nf. Thus, the relation above reduces to

M S.1 5,0
S1, S0_ s -1 Ay Ay
alte’=n+1-)" i B B
i=2 2 2
v(5))—1 v(Si)
M 5,0
A;°
_ .S
=m +1—Z Als’l .
i=2 L i
v(Si)
A}°
If v (S;) is even then {AIN = Ais,o. If v (S;) is odd, then
V(Sli)
5,0
\‘Ai _AST
0 el A
A
v(Si)

But Lemma 15 ensures that
A=0= AP'=0
v(S) oddand A} =1 = A} =1
Thus whether v (S;) is odd or even, one has

S,0
\‘Ai _ ASO
s1 — =i -
Al

i
v(Si)

Finally, we are led to the relation

M
e +el=nj+1-) AP (5.4)
i=2

Hence, one of the following inequalities holds

or
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ns AS
Fr e e 0 000 ® (0,0)
=N~ I I B A & (01
e e 00 0 00 e (1,0
SN-N-N N I Y o (L1
EN-I-N-N I I Y )
Fre e oo oo
roese oo oo

R R —E—

1 2 3 4 5 6 7

. . - . S [AS AS
Fig. 5.1. Unique admissible choice of A°> = (Al , Az).

022 A"

the two being mutually exclusive according to (5.4). By induction, this concludes the proof. O

Example 16. Suppose that S is desingularized after two successive blowing-ups, then its proximity
matrix is written

s (1 —1
() )

In Fig. 5.1, we present the unique choice of AS = (x,%) € {0, 1}*> depending on nj and n3 that leads
to an admissible solution of (’Hs).
For instance, if n{ =3 and nj =5 then v (S1) =8 and v (S2) = 5. Setting AS = (1,0) yields

o= (2).

One can check that
-1 1 1\(3 5 8041
S S _ _ _ 2 _ &S
(77) e _<0 1>(Z>_(2>_ s )=°

€=3>n{=3 &=2>2-0

so the solution (£°, A®) is admissible.

and
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