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Setting and question

Guiding example

Suppose (Zl(")7 ce Z,S")) ~ P, where
1 L >

dPn(Zl, e ,Zn) = ? H HZ,' — Zsze_"Zf:I [zl dg(Cn(Z]_7 c. 7Zn).
N i<

Eigenvalues of a Gaussian random matrix, Ginibre matrix.
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Setting and question

Question

- 1T .
Study the limit behavior of i, = — Z(Sz(n). More precisely,
né 4

find an LDP on the set of probability measures P(C).

[Hiai and Petz (1998)]
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Setting and question

LDP : Find v, that goes to oo and / : P(C) — [0, oc] such that

P(fiy ~ v) = e n(I()+o(1)
for every v € P(C). Equivalently,

L og P (jin ~ 1) = —1(v) + o(1).

Vn
A bit more precisely, for any measurable set A C P(C),
1
— inf I(v) < lim —logP(ii, € A) < — inf_I(v).

vEA° n—0o0 Vp vEA
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Setting and question
Laplace principle

LDP regularized version :

lim 1 log E [e_""f(ﬁ")] =— inf {f(v)+I(v)}

n—o00 V, veP(C)

for every f : P(C) — R continuous and bounded.
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Setting and question
Restatement of the problem

N

Define
o G(z,w)=—2log||z— w| + |z||> + Iw]?
eIzl
o do(z) = dle(2).
We have

n
[Tz - zlPe "Rl  aten(a, ... 20)
i<j

n
=n"exp | — Z G(zi,z) | do®(z1,. .., zn).
i<j
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Setting and question

If we define

1 n
Hn(z1,...,25) = > Z G(zi, zj),
i<j

interpreted as the total (potential) energy of n particles, then

1
dP, = — —n?H,) do®".
E; exp( n ) o

n

How general can H, be?
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Setting and question

General setting

@ M Polish space;
@ o probability measure on M ;
@ H,: M" — (—o0, 00] measurable bounded from below ;

o {fn}n sequence of positive numbers.

Let 7y, be the finite measure given by

dy, = exp (—nByH,) do®n.

How the limiting behavior of v,
depends on the limiting behavior of H,,?
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Setting and question
Macroscopic energy

Suppose that, for every p € P(M), the following limit exists :

H(up) = Iim/ H,du®",

n—o0

and define the relative entropy

du du
Ent, = — | — ] do.
nto (1) /L(da>°g<da) ’
In the Ginibre case,

HMzééwG&wMMAMW)

== [ _togllz = widp(z)au(w) + [ lzfPdnca)
CxC
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Setting and question
Laplace principle goal

For x = (x1,...,x,) define

n

ﬂx = %Zéx,w

i=1

Goal : Laplace principle
If B, — 5 € (0,00], for f : P(M) — R bounded continuous,

lim
n—oo N n

IOg / e_nﬂnf(ﬁ)()d’}/n(X)

. 1
=— uEI7rD](fM) {f(,u) + H(p) + ﬁEntg(u)} .
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Idea of the proof and theorem
Main step : Dupuis and Ellis approach to LDP

Lemma (Legendre transform of the entropy)

@ E measurable space,
e v e P(E) and

e g: E — (—o0,00] measurable bounded from below.

Then
lo /egdyz — inf {/ dr + Ent, (7 }
g/ RS (7)

L og / &= (F(i)+Hh()) 5@ )
nﬁn Mn

L

— ot (00 + H0)ar) + o

TEP(M)

Ent e, (7) } )
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Idea of the proof and theorem
Laplace principle goal Il

New goal : Convergence of the infima
If B, — B € (0,00], for f : P(M) — R bounded continuous,

inf {/M (f(ﬁx)+ Hn(x)>d7(x)+ 1Entg®n(7')}

TEP(M™) nfBn

. 1
— #GQ{M) {f(u) + H(p) + ﬂEnta(u)} :
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Idea of the proof and theorem
Notion of limit

@ Sequence {H,}, uniformly bounded from below,
e H:P(M)— (—o0,x].

Definition (Macroscopic limit)

H is the macroscopic limit of H,, if
e Vu € P(M)
lim / H,dp®" = H()  and

n—o0
1\
o whenever = > 1", 6y —

liminf Hp(x1,...,%n) > H(p).

n—o0

This notion of convergence suffices !
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Idea of the proof and theorem

A Laplace principle

Theorem (Laplace principle for positive temperature)
Suppose

@ H is the macroscopic limit of H, and

@ [3, converges to some f3 € (0,00).
Then, for every bounded continuous f : P(M) — R,

lim
n—o0 nB,

Iog/ e—nﬁnf(ﬂx)d%(x)

. 1
= — ueg{M) {f(,u) + H(p) + BEntg(u)} .

If o = inf (H i %Entg) < 00, it implies an LDP with

1
rate function H + BEntg — ¢ and speed nfS,
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Idea of the proof and theorem

Positive temperature case limit

18/29

Suppose that

(n) (n) n
xM 0 x$imMy ~ .
( 1 ) 7n(Mn)

Under the conditions of the preceding theorem :

Theorem (Limit of empirical measures)

If H+ %Entg has a unique minimizer fieq,

1< n

- 5 n H .

n; Xi() n—o0 Heq
1=




Idea of the proof and theorem

Infinite 5

What happens when 3, — oo ? Two more conditions.

e {H,}, confining : Let x, = (x1,...,Xn).

liminf Hy(x,) < oo = {fix,}n is precompact in P(M).

n—oo

e H regular : If H(u) < oo, there exists j, — p such that

Vn, Enty(pn) <oo and  lim H(p,) = H(p).

n—oo
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Idea of the proof and theorem

Another Laplace principle

Theorem (Laplace principle for zero temperature)
Suppose

@ H is the macroscopic limit of H,,

@ (3, tends to infinity,

e {H,}n is confining and

o H is regular.

Then, for every bounded continuous f : P(M) — R,

log / &) 1y, ()

=~ inf{F(u) + H(w)}

lim
n—oo nf,

20/29



Idea of the proof and theorem

Zero temperature case limit

Suppose that

xM o oxmny o
% )~ )

Under the conditions of the preceding theorem :

Theorem (Limit of empirical measures)

If H has a unique minimizer fieq,

5N
; Zl 5X,'(n) n—o00 ;ueq-
=
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Idea of the proof and theorem

[-convergence

Theorem (I'-convergence)

Suppose
@ H is the macroscopic limit of H, and
e {H,}, is confining.
Then, for every bounded continuous function f : P(M) — R

lim inf {f (fix,) + Hn(xn)}

n—o00 x,e M"

= Hei;;{M) {f() + H(p)} -
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Idea of the proof and theorem

Deterministic case limit

Suppose that

lim |Ha(X™, . X8) —inf H,,] —0.

Under the conditions of the preceding theorem :

Theorem (Limit of empirical measures)

If H has a unique minimizer ficq,

1 n
; Z;(Sx,.(") n—o00 Hea:
1=
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Examples
Two-body interaction

Suppose H, is given by

1
Hn(Xl, R ,Xn) = 2 Z G(X,',Xj)

i<j
for some G : M x M — (—o0, 00].
o H(u)= 2fM><M G(x, y)du(x)du(y).

e G bounded from below = {H,}, unif. bounded from below.
@ G lower semicont. = H is the macroscopic limit of H,.

e G(x,y) — oo when x,y — oo = {H,}, confining.

H regular : enough to ask u, < o instead of Ent,(u,) < co.
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Examples
k-body interaction

G : MK — (—00, oc] lower semicont. and bounded from below.
Ho(x1, ...y xn) = — Z G(Xiy, - -5 Xi,)-
{in, ik} C{1,...,n}
Macroscopic limit

1
H(p) = 15 » Gdp®*.
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Examples
Random polynomial energy term

G:MxM~— (—o00,00] and v € P(M)

Hp(x1, ..., xp) = n,—; ! log </M e Xzt G(X"’X)du(x)> .

This term appears for Gaussian random polynomials!

Under some conditions, the macroscopic limit is

o =~ ot { [ 6tennn}.

XEsupp v
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Thank you for your attention !
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Concrete examples

Ginibre ensemble. {X;;};;>1 i.i.d. complex standard Gaussians.

Define X
X, = ( " ) .
Vn 1<ij<n

Law of eigenvalues of X,, : M = C with 5, = n,

G(z,w) = —2log|lz — w +[|z|* + [|lw|?

oIz

and do(z) = dlc(2).

™

LDP : [Hiai and Petz (1998)].

29/29



29/29

Spherical ensemble. )N(,7 ~ X, independent. Define
Y, = XXt
Law of eigenvalues of Y, : M = C with 5, = n,

G(z,w) = —2log |z — w| +log(1 + |z[2) + log(1 + |w[?)

1

and dO'(Z) = W

dlc(2).

LDP : [Hardy (2012)].



Gaussian Kac polynomials. {a;};>¢ i.i.d. complex standard
Gaussians. Define .
pn(z) = Z aiz'.
i=0

Law of zeros of p, : M = C with 8, = n,
G(z,w) = —2log|z — w| +2log, |z| + 2log, |w|,

do(z) = % min(L, |2|~4)déc(2),

with the extra term for v the uniform measure on the unit circle.

LDP : [Zeitouni and Zelditch (2010)].
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