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1 Introduction

Mathematical models are used in many fields (one can think of environmental risk assessment, nuclear
safety, Aeronautics) to model real phenomena. This modeling gives birth to some computer code. This
code is used to perform some simulations of the model. Nevertheless in real application the code is
very expensive in time. Those code representing physical phenomena take as inputs many numerical
parameters, physical variables (those variables could be some real number, some vectors or even some
functions) and give in general several outputs. Sensitivity Analysis (SA) is the part of applied mathematics
which analysis these kind of code. In general the inputs parameters are not well known, one said that they
are uncertain. In the statistical approach we model this uncertainty by considering the inputs as random
objets (random variables, random vectors or even stochastic processes). One of the aim of sensitivity
analysis is to study how the uncertainty in the output is related to the inputs uncertainty. Hence SA can
be for example use to detect the most influent variables, to detect the variables that are not influent (and
then fixed them to some nominal value), calibrate some model inputs. There exists many technics to
perform some SA. The are local (or derivative) technics or some more global technics. In these lectures,
we will focus on an particular aspect of SA, the one that is related to the ANOVA decomposition. This
technic is based on a decomposition of the variance that gives raise to some indices (called the Sobol
indices). As it will be shown later on, these indices can be seen as indicators on the importance of some
inputs parameters.

In these notes, we will restrain our presentation to the statistical analysis of Sobol Indices.

2 Anova or the Hoeffdings decomposition of the variance

2.1 Linear models

Let (X1,...,X4) be some inputs random objects and Y = f(X1,..., X,;) be the random output. Here f
is assumed to be unknown. In some applications f a is computer code seen as a black box, if one gives to
the computer some inputs, the code returns an answer, but we will assume that we don’t have access to
the code. In some others applications f can be some measurement of an real experience once the inputs
are fixed. One of the first method used by statistician is to fit some linear model, that is to consider that

d
Y =Y BX;
j=1

in that case, if the inputs are independent
d
Var(Y) = 8?Var(X;).
j=1

Hence ﬁ?% represents the part of the Variance of Y that is due to the input X;. Now if the model

is not linear, on can proceed an ANOVA type decomposition of the variance in order to quantify the
importance of an input.

2.2 The ANOVA-Hoeffding decomposition of the variance

2.2.1 A simple example

In order to understand this decomposition, we will first consider a very simple example. Let X; € {0, 1}
and X5 € {0, 1,2} be two independent random variables, having the uniform distribution respectively on
{0,1} and on {0,1,2}. Let G be an application from {0,1} x {0,1,2} to R then

G(X1,X2) = G + Gy (X1) + Gy (X2) + G2y (X1, X2). (1)



Where
1
Go=752

1 .
G{l}($1) = gZG(xl’j) — Gy, V1 € {0,1}

=l

G{g}(wg) = G(i,x2) — Gy ¥ x2 € {0,1,2}

=0
Gy (21, 22) = G(w1,22) — Gy (21) — Gy (w2) — Gy.

N |

One can see that

Now we have

E (GyG23(X2)) = 0 by symmetry.

E (Gy(X1)Gi2y(X2)) = (; Y E (G(ivXQ))> % > E(G(X1,5))

=0

E (GypGyi2)(X1,X2)) =0
E (G13(X1)Gp1,2y (X1, X2)) = E (Gay(X2) Gy 03 (X1, X3)) = 0.

Hence the variables appearing in decomposition (1) are orthogonal. We can then perform an L? decom-
position of the variance

Var (G(Xl, Xg)) = Var (G{l}(Xl)) + Var (G{Q} (XQ)) + Var (G{l)g}(X17 XQ)) . (2)

We will now generalize Equation (2) without specifying the law of the inputs.

2.2.2 The general model

Let X = (X1,...,X4) be independent random variables, such that X; belongs to some measurable Polish
space (E;, B(E;)).

Example 2.1. Take for exemple d = 4, X1 a Poisson random variable with parameter X > 0 ie for all

keN, P(X;=k) = e’)‘%, Xy ~ N(m,o?), the distribution of X3 is the exponential law of parameter

1(with density f(t) = exp(—t), for t > 0), and X4 has the Cauchy distribution on R (with density
1

h(t) = srramy)-

Example 2.2. Take for exemple d = 3, X1 a Poisson random wvariable with parameter A > 0 ie for

alk eN, P(X;=k) = e‘A),‘TT, X5 be some centered Gaussian vector of dimension 8 and X3 be some
brownian motion.



We denote by L? (Py) the set of all measurable function f on (E,&) such that E (f?(X)) < +oo . Where
E = Hfl E; and & = ®_,B(E;). The space L? (Py) is an Hilbert space with inner product defined by
for any f € L? (Py) and g € L? (Py)
< f,9>=E(f(X)g(X)).
For any A C {1,...,d} we set X4 = (X;);ca and L% the subspace of L? (Px) that are E4 measurable
(Ea= HieA E;) and
L4 ={f €Ly, Vg€ L%, E(f(Xp)g(Xa)) = 0}.

Theorem 2.1 (Hoeffding). Let G € L? (Px). Then G may be uniquely decomposed in 1.2 (Px) as the
following orthogonal expansion

GX)= Y Ga(Xa)(as) (3)

Ac{l,...d}

where
1. VAC{l,...d}, G4 € L?.
2. VA CAC{L,...d}, G4 €L 4.
3. VA", VA C{1,...d}, with AN A# A and for f € L%, E(Ga(Xa)f(Xa))=0.

proof We only prove the Theorem for d = 2, one can then give a general proof by induction. In fact the
proof is just a generalization of what we did in Equation (1). We write

G(Xl,XQ) = G@ + G{l}(Xl) + G{g}(Xz) + G{LQ}(Xl, Xg). (4)
Where
Gy = E (G(X1, X2))
Gy (X1) = E(G(X1, X2)[X1) — E(G(X1, X2))
G2y (X2) = E(G(X1, X2)|X2) — E(G(X1, X2))
G121 (X1, Xo) = G(X1, Xo) — G1y(X1) — Goy(X2) — Gy

The orthogonals properties are straightforward consequences that the inputs are independent and that
all the functions in the decomposition are centered. (I

Corollary 2.1. Under the assumptions of Theorem 2.2, if we set V4 = Var (Ga(X4)) = E (GA(XA)2).

Then
Var (G(X)) = Y Va.
AC{1,...,d}
and
o EAC{l,..‘,d} Va
~ Var(G(&))

Remark 2.1. It is a well known fact that for L? random variables the conditional expectation of E (Z|W)
is a W - measurable random variable that is the best approzimation in the L sence of Z by a W - measurable
random variable. Hence G, is the best aprozimation of the function G in L%. So Vi can be seen as
the quantification of the sensitiity of G with respect to the inputs Xa. Now the quantity V4 /Var (G(X))
would be the key quantity for the study of sensitivity analysis for L2 random variables. In this lectures
we will restrict our study to the studies of these quantities.

2.3 Sobol indices

Definition 2.1. Let A C {1,...,d}, X = (X1,...,Xq) be independent random variables and G be a
square integrable function of X, then we define

1. Sobol’ sensitivity index (the Sobol’ index) associated to A

Va

A
5= Var (G(X))



2. The first order index for the input X;
57 .= s},

3. The Total Sobol’s index associated to X,

S, A=1— 54
In particular
Sy =1
ot Var (G(X))

Here A={1,...,d} — A.
4. The closed Sobol’s index associated to A
clos - Z SA
A'CA

It is clear from Corollary 2.1 that

1= Z Sa. (5)

AE{L,...,d}

Remark 2.2. If one take a close look to the proof of Theorem we can see that for any subset A of
{1,...,d} one has by induction that

Ga(Xa) =E(G(X)|Xa) = Y Gar(Xa).

A'CA

Example 2.3. Let X := (X1, X2, X3) be three independent random variables and G a square integrable
random functions of X1, Xo, X3. Hoeffding decomposition is

GX)=m +G+Gy+G3+ Gio+Gi3+Gas+Gias

With
m=E[G(X1, X2, X3)]
G1 =E[G(X)|X1] - E[G(X)]
G2 =E[G(X)|X2] — E[G(X)]
G; = E[G(X)|X5] — E[G(X)]
G2 =E[G(X)|X12] —G1 —Ga—m
G13=E[G(X)|X13] —G1—G3—m
Ga3 =E[G(X)|Xe3] — G2 — G3 —
Gi23=G(X)—-G12—-Gi13—Ga3—G1 —G2—Gz—m

Example 2.4. Let X, Xo, X3 be three independent random variables N'(0,1) distributed and ay, as, a3, a4
four real numbers. Consider the following application

G(X1,X2,X3) = a1 X1 + a2 Xs + a3 X3 + a4 X1 Xo.

1. Assume that as = as = 0.
Then we have
E(G(X)‘Xl) = ale, E(G(X)|X2) = CLQXQ and E(G(X)‘ng) = O,
we also have
E(G(X)‘X17X2) = a1X1 + GQXQ, E(G(X)|X1,X3) = a1X1 and E(G(X)|X2,X3) = a2X2.
Then L‘he2 Sobol’s indz’czes are
Sl_ a3 SQ_ 53_0512_0 513_0 523_0 51,2,3_0

a?+a?’ a +a2’
The closed Sobol indices for {1,2} is
Siay =514 81452 =1.

clos



2. General casg

Sl — a1 S2 — a3 S3 — a3
ai+a3+ad+a3’ ai+aZ+aZ+al’ ai+a3+ai+a?’
2
1,2 _ Ay 1,3 _ 2,3 _ 1,2,3 _
St = TFaltalial’ S =0, S 0, S 0.

The closed Sobol index for {1,2} is

2., 2, 2

12 _ 1,2 1 2 aitaj+ajg

Sclos_S +S5 4+ 5= 3 3 3 5 -
a2+ a2 +al + a2

Let us give some obvious properties of the Sobol indices.

1. If the function G does not depend on the random variable X; then S4 = 0 for any A such that
i€ A

2. If S22, = 1 then G only depends on the random which indices are in A.

3. S° quantifies the part of the variability that is due to the action of variable X; alone. We speak
of the first order importance of X;. S% quantifies the part of the variability that is due to the
interaction between the variable X; and X; when the first order have been removed. To understand
better this phenomenon take a; = as = a3 = 0 in the previous example then G(X) = a4 X7 X5 and
S1 =82 =0, 51,2 =1 meaning that alone X; and X3 has no influence on variability of the input,
but together they are responsible of all the variability.

A _ Var[E(G(x)|xa)
4. Note that 57, = Varow)

Exercise 1 (Ishigami function). The Ishigami model is given by:

Y = G(X1, X2, X3) = sin X1 + 7sin® Xo + 0.1X3 sin X; (6)
where (X;)j=1,2,3 are i.i.d. uniform random variables in [—m;7].
Show that
St =0.3139, S%=0.4424, S®=0.
Exercise 2 (Sobol G-function). Assume that X1,..., X4 are i.i.d random variables uniformly distributed
on [0,1]. Now take d real numbers ay,...,aq and define the Sobol G—function by

d
Y = gsobot(X1,...,Xa) = Hgk(Xk) (7)
k=1

. 4X,—2
with gi(Xy) = [4Xp—2|+ar ’;+GL+G’“.

Compute S* fori € {1,...,d}.

In general, it is not possible to compute explicitly the Sobol’s index. Indeed in most applications G is
unknown or very complicated it is then impossible to perform analytic computations. The statistician
would then want to give some estimation of these indices.

3 How to estimate Sobol index- the Sobol pick freeze Monte Carlo
method

3.1 General framework

We will focus on the estimation of closed index, since if we know all closed index we can recover all
indices.
As previously we consider a non necessarily linear regression model connecting an output ¥ € R to
independent random input vectors X = (Xy,...Xy) with for i = 1,...d, X; belongs to some probability
space &;. We denote

Y = f(X) = f(X1,. .., Xa) (8)



where f is a deterministic real valued measurable function defined on £ = &; x ...&;. We assume that
Y is square integrable and non deterministic (VarY # 0).

For applications, it is important to be able to estimate simultaneously several index, for this purpose let
u:= (uq,...,u;) be k subsets of I; := {1,...,d}. The vector of closed Sobol indices is then

qu . Var(E(Y|X;,i € uy)) Var(E(Y|X;,1 € ug))
o Var(Y) Y Var(Y) '
Example 3.1. Assume d =5, k =3 and take u:= ({1},{1,3,5},{2,4}) in that case
Su . Var(IE(Y|X1) Var(IE(Y|X1,X3,X5) Var(IE(Y|X2,X4))

o Var(Y) Var(Y) ’ Var(Y) '
It is easy to estimate Var(Y), the problem here is to estimate quantities like Var(E(Y|X;,4 € u1)). Indeed
in general, the estimation of conditional expectation is not an easy task. We will see in the next paragraph
a very nice trick allowing to transform the variance of the conditional expectation into some covariance.
For X and for any subset v of I; we define X'V by the vector such that X = X, if ¢ € v and X} = X7 if
i ¢ v where X/ is an independent copy of X;. We then set

YU = f(XY).

Example 3.2. Assumed =2 andY = f(X1, X2) and assumev = {1}, X = (X1, X2) and XV = (X3, X})
where XY is an independent copy of Xo (X} is also independent of X1 ),

Y = (X17X2) and YV := f(XhXIQ)

Remark 3.1. The idea is
you keep the variable if the index is in v and you take a new one if the index is not in v.

The next lemma shows how to express Sg, in terms of covariances. This will lead to a natural estimator.
Lemma 3.1. For any u C I, one has
Var(E(Y'|X;,i € u)) = Cov (Y, Y"). 9)
Proof It is easy to see that Y and Y™ have the same law, in addition we can assume without loss of
generality that E(Y) = 0. Now conditioning on the variables X;, for ¢ € u, Y and Y are independent so
Cov(VYH=EXYY"H =EE (YY" X,,icuw)]=E[E(Y|X;,i€u)E(Y"YX;,i€ u)
—E|E(Y|X;,i € u)®| = Var(E(Y|X;,i € u)).

O
Notation
From now on, we will denote Var(Y) by V, Cov(Y,Y") by C, and Zy the empirical mean of any N-
sample (Z1,...,Zn) of Z.

A first estimation for S§,. In view of Lemma 3.1, we are now able to define a first natural esti-
mator of S, (all sums are taken for ¢ from 1 to N):

SECI(&zml—uzm GEV) ARV - (e uzm)_ "o
| YV -GIY)T T ARG

A second estimation for S§. Since the observations comsist in (Y, Y;"', ..., Y**)1<i<n), a more
precise estimation of the first and second moments can be done and we are able to define a second

estimator of S§, taking into account all the available information. Define

k k
1 . 1 )
Zr=—— | Yi+ > V" M= —— [ Y2+ ()
(3 k"‘l + - 7 ? 7 k’"‘l (3 + - ( 1 )
j=1 j=1
The second estimator is then defined as
u w1 2 u u 2
w2V - (G B+ YY) N LYY — (5 XY +Y"))
TNc = . (11)

IyMp-(Exze? T Ly M- (L)’




Remark 3.2. Let us just explain why the second estimator is going to be a litle better. In Sy o in
order to estimate the expected value of E(Y') we only use one of the sample we have that is we compute
% > Y:. Nevertheless, since we have 2 N sample, it seems reasonable to use all the information we have
and consider 55 > (Y; + Y;*1). We see that in the second case the variance of the estimator of the mean
1s reduced by a factor 2.

4 Asymptotic properties of the Pick and Freeze estimators

In the previous section, we showed how to construct two estimators S¥, ) and Ty ¢ of the Sobol’s indices.
We will focus our study on Sy ¢, it is easy following the same road map to perform the same study for
TN ¢p- The two natural questions for a statistician is then

1. Are they consistant? That means do we have a.s. convergence of Sh.a’?
2. If yes, do we have a central limit theorem?

The method develop to answer these questions is based on the so-called Delta-method. In the next
sub-section, we provide the statistical background needed.

4.1 The Delta method

We recall here a well known result allowing to transfer a Central Limit Theorem via a differentiable
functions.

4.1.1 Some basic facts about stochastic convergences

The results of this paragraph are some well known results concerning stochastics convergences. The
proofs can be found for example in the book written by Van Der Vaart Asymptotic Statistic.

Theorem 4.1. Let (X,)n, (Yn)n and X, Y be some random vectors and ¢ be a constant . Then
i) If X, ”T> X then X,, PT’ X.

i) If X,, iﬁ X thens X, % X.

i) X, % ¢ if and only if X, % c.

) If X,, % X and d(Xn,Y,) PT> 0 then Y, % X.

v) (Slutsky) If Xy, % X and Y, % ¢ then (X, Yn) % (X,c).

vi) If X, PT> X andY, % Y then (Xn,Y,) % (X,Y).

We introduce here some useful notations

e X,, = op(1l) means that X, converges to 0 in probability and X,, = op(R,,) means that X, = Y, R,
where Y, converges to 0 in probability.

e X, = Op(1) means that the family (X,,),, is uniformly tight and X,, = Op(R,,) means that X,, = Y, R,
where the family (Y,),, is uniformly tight.

Lemma 4.1. Let X,, be a sequence of random vectors going to zero in probability. Then for any p > 0,
and any function R such that R(0) =0,

1 R(h) = o([|h]|") = R(Xn) = op ([ Xn[").
2. R(h) = O([|nl[") = R(Xn) = Op([[Xal")-
Theorem 4.2 (Classical C.L.T). Let (Z;)ien- be i.id random variables such that E (Z2) < oo, let m =
E(Z;) and 0® = Var(Z;). Let Z, = 237" | Z;. Then
Vi (Zn —m) 55 N(0,02).

Remark 4.1. If the variable belongs to some R¥ having the same distribution as Z = (Zy,...,Zy) the
result is the same the limit distribution is the centered Gaussian vector with covariances matriz 3 defined
for1<i<kandl<j<kby (X)), =Cov(Z;,Z;).



4.1.2 The Delta method

Now assume that you want to estimate some unknown parameter  and that you know for some reason'

that v/n (T, — ) £, X. But unfortunately you are not really interested by the 6 but by some transfor-
mation of 0 let’s say ¢(6). The natural question would then be:

Do we still have something like v/ ( ¢(T},) — $(6)) —5777
The answer is obviously yes if ¢ is linear since the continuous mapping theorem insures that

¢ (Vi (T, —0)) =+ ¢(X)

and then by linearity
c

Vi (¢(Tn) — ¢(0)) — H(X).

The answer is not obvious in the general case. Nevertheless it’s seems reasonable to think that if ¢ is
differentiable, ¢ behaves locally as an linear mapping and the result should be true.

Theorem 4.3 (Delta method). Let ¢ be an application from R* to R™ differentiable at the point 0. Let
T, be some random vectors in R¥ and (r,), be a sequence of real numbers going to co. Then

ro (S(T) — 6(6)) = D(8)(T);

as soon as ry, (T, — 0) £5 T. Moreover the difference 1, (¢(Tn) — ¢(0)) — D&(0) (rn(Ty, — 0)) converges
to zero in probability.

Proof Using Prohorov’s Theorem, we know that since the sequence 7, (T, — ) £, T, she is uniformly

tight. Moreover Slutsky Theorem’s shows that T,, — § — 0. Consider now R(h) = ¢(8 + h) — ¢(8) —
D¢(0)(h), since ¢ is differentiable we know that R(h) = o(]|h||). Applying now Lemma 4.1,

O(Tn) = 6(0) — D(0) (T — 0) = R(T,, — 0) = op(||Tn — 0]))-
Multiplying both sides by r,,, one gets
' ®(Tn) = 10p(0) = ran DG(0) (T, — 0) = rnop(|| T — 0]).
rnop(|Th—0]) = op(rn]|Tn—0]). In addition since r,, (T, —0) is uniformly tight, we have that op (r,, ||T5, —

0]]) = op(1) 2. We have just proved the last part of the Theorem. Now D¢(f) is a continuous linear
mapping, hence by the continuity mapping Theorem we have

raD$(0) (T — 0) = Dp(9)(T).
We conclure using Theorem 4.1, point 4. O
Example 4.1 (Fondamental exemple). If v/n (T, — 0) £, N(0,%). Then
Vi (9(Tn) = 6(6) = N (0, Do(9), SD(0)")

Example 4.2. Let (X;) be a sequence of i.i.d random variables distributed as E(X), here X is an unknown
parameters in |0, +oo[. Then by the CLT we have

N (Xn - i) £, N(O, %).

Now applying the Delta method with ¢(x) = = we get

vn (Xln - )\> £ N(0,72).

1For example the C.L.T
20nme shall write op (rp||Tn — 0|)) = rn||Tn — 0||Zn with Z,, = op(1) then for an ¢ > 0 fixed, we take M such that
P (rn||Tn — 0]| > M) < €. It is then easy to see that Vn > 0, P (ry||Ty — 0||Zn > n) — 0.

10



4.2  Consistency and CLT for Sy

Theorem 4.4. IfE(Y?) < +oo then
SN.c1 and T o converge a.s. to Sg; when goes to nfinity.

Proof It is a simple application of the strong law of large numbers and the continuity mapping Theorem.
O

Theorem 4.5. Assume that E(Y*) < co. Then:

1.
VN (¥ = 58) 5 Ne(0.Tus) (12)
where 'y g = ((F“-,S)lvj)lgl,jgk with
(T s)s = Cov(YY",YY%) — SgCov(YY™,Y?) — S Cov(YY™,Y?) 4+ S&i S¢i Var(Y?)
o (Var(V))?
2. .
VN (T o = 58) 5 Ni(0.Tur) (13)

where 'y 7 = ((Fu,T)l,jhgl,jgk with

Cov(YY", YY) — SgCov(YY™, M™) — Sgi Cov(YY¥", M™) + S& S¢i Var(M™)

Tur)ij= 2
Turh, (Var(Y))

Remark 4.2. Note that in Theorem 4.5, we had the stronger assumption t E(Y?*) < oo. But since, we

want a C.L.T for Sums of quantities like Y}, it is necessary to impose that Y;? has a second order moment
that is E(Y?) < co.

Example 4.3. 1. Assume k =p, u= ({1},...,{p}) and E(Y*) < co. We denote Yi{j} by Y{. Here

w _ (Var(E(Y[Xy)) Var(E(Y'|X,))
SC‘( Var(Y) 7777 Var(Y) >

and

e (&Zlml “GR XY TN <Q}Vz<m+1§p>>2> |
| yI M- (R X2 Ny M- (F X2
The CLT becomes
VN (T o1 - S&) 5 N, (0,Tur)

—00

where Ty = ((F‘-"T)l’j)lgl,jgk with
(Var(Y))? (Cur)i; = Cov(Y YL, YY7) = S5 Cov(Y Y7, MY) — SL Cov(YY!, MY) + S, S Var(M"Y).

2. We can obviously have a CLT for any index of order 2. Indeed if we take k = 1 and (i,j) €
{1,...,p}? with i # j and w = {i,j}. We get Z* =L (Y +Y") and M* = § (Y2 + (Y™)?); thus

Var(E(Y'|X;, X))
u ? J Tu —
S& Var(Y) and N,Cl

IV - GREMHY)T
S (V2 (Yu)2) — (55 (Y + v)°

The CLT becomes .
VN (TN.c1—S&) = N (0,Tur)
N—o0

with

u\2
(Var(Y))? () = Var(YY") — 258 Cov(YY", Y?) 4 (S%l) (Var(Y?) + Cov(Y?, (Y™)?)) .

11



3. One can also straightforwardly deduce the joint distribution of the vector of all indices of order 2.
For example, if p =3 take k = 3 and u = ({1,2},{1,3},{2,3}) and apply Theorem 4.5.

Exercise 3. Show that SIl\l/,Cl is invariant by any centering (translation) of the Y;’s and Y;” ’s for j =
1,....k.

Proof of Theorem 4.5 Since Sy ¢ and Ty ¢, are invariant by any centering (translation) of the Y;’s
and qu’ 'sfor j = 1,...,k, we can simplify the next calculations translating by E(Y). For the sake of
simplicity, Y; and Yiuj now denote the centered random variables.

Proof of (12) :

Recall that

’ LY - (g XY)? ¥V - (x XYi)?
Let W, = (.Y, ,j=1,... kY, Y, j=1...,kY?! (i=1,...) and g the mapping from R?**2 to R¥
defined by
L1 —Yh LTk — YYk
g(zla"'7$k7y7y1a"'aykaz): 2 2 .
z—y z—y

Let X denote the covariance matrix of W; and set

E=E(Y),V =Var(Y),Cz = Cov(Y,Y?),Cx = Cov(Y,Y"),C = Cov(YZ,Y"), W = (YY", Y, Y2, Y, YYZ Y?)!

and
Var(YY") Cov(YY™Y) Cov(YY® Y2) Cov(YY® YY) Cov(YY® YY?) Cov(YYY Y?)
Cov(Y,YY™) 1% Cov(Y,Y?) Cx Cov(Y,YY?) Cy
g | Cov(¥2yy®)  Cov(y2y) Var(Y2) Cov(Y2,Y")  Cov(Y2,YY?)  Cov(Y2Y?)
o Cov(Y", YY™) Cx Cov(Y",Y?) 1% Cov(Y",YY?) C
Cov(YYZ,YY"®) Cov(YYZ?)Y) Cov(YYZ? Y?) Cov(YYZ?, YY) Var(YY?) Cov(YYZ)Y?)
Cov(YZ,YY™) Cz Cov(YZ,Y?) C Cov(YZ,YY?) 1%

First, the following central limit theorem holds
1 L
VN (N > Wi E(W)) v Naki2 (0,5)
We then apply the so-called Delta method to W and ¢ so that
= c
VI (g(Wx) — g(E(W) 5 N (0, Jy(BOW)SJ,(E(W))')

with J,(E(WW)) the Jacobian of g at point E(WW).
Define (g1,...,9%):=g. Fori=1,... )k, j=1,...,k,

SL(B(W)) = $0i

% (B(W)) =0

o EW) =0

FEEW) =~
(

Proof of (13) :
The proof is similar to the one of (12). We now define W; = (Y;Y;,j =1,...,k,Y;, Y7 i =1...,k, (Y}%)2)'.
We apply the delta method to g from R?**2 into R* defined by

y+u1 )2 y+ur \2
= () r — ()
g(ajlﬂ"'7xk7y7y1a"'aykﬂz)_ 23 2
y— (y+y1+...+yk) y— (y+y1+...+yk)
k+1 k+1

12



Fori=1,....k j=1,...,k,

Exercise 4. Let Y = X + X, with X1 and X5 i.4.d. N(0,1) distributed. Let u = ({1}, {2}

w [ Var(E(Y[X;)) Var(E(Y|X3))
56 = ( Var(Y) = Var(Y) >

Give an explicit formula for the covariance matrices of Theorem 4.5.

4.3 Application to significance Test

In order to simplify the notation we will write the vectors Sg, as column vectors. In this section, we
give a general procedure to build significance tests of level « and then illustrate this procedure on two
examples.

Let u := (u1,...,ux) so that for any ¢ = 1,...,k, u; is a subset of I, := {1,...,p}. Similarly, let
v = (v1,...,v) and W := (w1,...,w;) be [ be so that for any ¢ =1,...,[, v; C I, and w; C I,.
Consider the following general testing problem

Hy: 5S¢, =0and SE =53 against H;: Ho is not true.
Remark 4.3. Note that one can also test
Hy: 58, <s against Hy:S5¢ > s,

or
Hy: 5S¢, <S%  against Hy:Sg > S&.

Appling Theorem 4.5 we have

Sy Sa C
G ::VN(( L, me )—( v o w)) = Ng(0,T7). 14
N N,C1 — SN,C] S — S8 Nooo T T 0.1) (14)

Since we have an explicit expression of I' we may build an estimator I'y of I" thanks to empirical means.
Note that (I'w), converges a.s. to I'. Define

G ::m< , Sha )
N,Cl — PN,Cl
Then:
o Slcll
Gy =0y (Sél - S&) ‘

Corollary 4.1. Under Hy, Gy Nﬁ> Niess (0,T).
—00
Under Hy, |Gn(1)] + |G N (2)] Na'—‘i' 0.
—00

This corollary allows us to construct several tests. It is a well-known fact that in the case of a vectorial
null hypothesis "there exists no uniformly most powerful test, not even among the unbiased tests". In
practice, we return to the dimension 1 introducing a function F' : R**! — R and testing Ho(F) : F(h) =0
(respectively Hi(F) : F(h) # 0) instead of Hy : h =0 (resp. Hy : h # 0). The choice of a reasonable test
"depends on the alternatives at which we wish a high power".

13



Remark 4.4. If we take as test statistic Ty = AGy where A is a linear form defined on R'™*, under

Hy, Ty N£> N (0, AT A’"). Replacing T by 'y and using Slutsky’s lemma we get
—00
(AN AN 2Ty 5 N(0,1).
N—o0

Thus we reject Hy if (AFNA’)_l/QTN > zo where z,, is the 1 —a quantile of a standard Gaussian random
variable.
One can have a similar result when A is not anymore linear but only C* by applying the so-called Delta
method.

4.3.1 Numerical applications: toy examples

Example 1 In this first toy example, we compare 5 different test statistics through their power function.
Let X = (X1, X2) ~N(0, I5), and

Y = f(X)=MX1+ M Xo 4+ X1 Xo,
with 2A% + A% = 1. We consider here the following testing problem
Hy: St =852 =) =0 against H;: A\ #0.
Then, computations lead to
[(1,1) =T(2,2) = 3 — 2X7 — 11} + 24X\ — 24\¢
[(2,1) =T(1,2) = —7A] + 24X7 — 24A}.

The Gaussian limit in Theorem 4.5 is N5(0,3Idy) under Hy while it is asymptotically distributed as
N5(0,T') under H;.

Test 1: we take as test statistic T, = Gn(1) + GN(2).

Under Hy, Tn 1 N£> N(0,6) so wereject Hy if Tiv,1 > 2z, where 24/V/6 is the (1—a) quantile of a standard
—00

Gaussian random variable.While under H;, following the procedure of Remark 4.4 with A = (1 1).

(TM1 - NNA%) /2[T(1,1) +T(1,2)))"/? N—% N(0,1).
—00
It is then easy to compute the theoretical power function.

Test 2: since the Sobol indices are non negative, the testing problem is naturally unilateral. However in
view of more general contexts we introduce the test statistic Ty 2 = |Gn(1)] + |Gn(2)]. We reject Hy if
Ty > zq where z,/ V3 is the (1 — ) quantile of the random variable having

2 2

7= M (u/V2)1z, (u)

as density (® being the distribution function of a standard Gaussian random variable). Under Hj, the
power function of T > and the limit variance are estimated using Monte Carlo technics.

Test 3: in the same spirit, we introduce the test statistic Ty 3 = |Gn(1) + Gn(2)]. We reject Hy if
Tn.3 > zo where z,/v/6 is the (1 — a/2) quantile of a standard Gaussian random variable.Under Hy, the
power function of T 3 and the limit variance are estimated using Monte Carlo technics.

Test 4: we use the L? norm and consider Tn 4 = (Gn(1))? + (Gn(2))%. Under Hy, T 4/3 N£> x2(2)
— 00
so we reject Hy if T 4 > z, where z,/3 is the (1 — a) quantile of a x2 random variablewith 2 degrees of

freedom. Under H;, the power function of T 4 and the limit variance are estimated using Monte Carlo
technics.

Test 5: we use the infinity norm and consider Ty 5 = maz(|Gy(1)];|GN(2)]). We reject Hy if Ty 5 > zq

where 2, /v/3 is the [1 ++/1 — a]/2 quantile of a standard Gaussian random variable.Under H7, the power
function of T 5 and the limit variance are estimated using Monte Carlo technics.
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’ N \ Min \ Mean \ Max ‘
10 | 0.041 | 0.0463 | 0.048
50 | 0.042 | 0.0482 | 0.050
100 | 0.044 | 0.0489 | 0.051
500 | 0.047 | 0.0510 | 0.053
1000 | 0.049 | 0.0510 | 0.055

Table 1: Results for the Ishigami function

Example 2 Let X = (X1, X5, X3) ~ N(0,13), 2A? + A2 = 1 and
Y = £(X) = M(Xa + X3) + Ao X Xo.

Let us test if X7 has any influence ie Hy : Sé}} =0, Sé}’z} = S’g} and Sé}’g} = ng} . Applying
Theorem 4.5 we easily get

1 1
1 QSN’CI 1 2SC1 L
e > 2 5 2
Gy :=VN Syar—Sna | — | Sa —5& = N3(0,T).
sh3 g3 sLe g3 || N7
N,Cl1 ~ PN,Cl cl Cl

Here under Hj the covariance limit I" in Theorem 4.5 is the identity matrix. Under H; we use its explicit
expression given in Theorem 4.5 to compute an empirical estimator I'y.

Ishigami function The Ishigami model is given by:
Y = f(X1, X2, X3) = sin X; + 7sin? X5 + 0.1X3 sin X (15)

for (X;);=1,2,3 are i.i.d. uniform random variables in [—m; w]. Exact values of these indices are analytically

known:
s —0.3139, S =o0.4424, & =0

We perform simulations in order to show that our test procedure allows us to recover the fact that
Sé?} = 0, even for relatively small values of N. In Table 1, we present the simulated confidence levels
obtained for N € {10, 50, 100, 500, 1000} by the following procedure. For each value of N, we use a 1000
sample to estimate the confidence level and we repeat this scheme 20 times. We give in Table 1 the
minimum, the mean and the maximum of these 20 distinct simulated values of the confidence levels.

4.3.2 Numerical applications: a real test case

It is customary in aeronautics to model the fuel mass needed to link two fixed countries with a commercial
aircraft by the Bréguet formula:

Mpyer = (Mempty + Mpload) (e 1070 1) . (16)

The fixed variables are
 Mempty © Empty weight = basic weight of the aircraft (excluding fuel and passengers)
® Mpioad : Payload = maximal carrying capacity of the aircraft
e g : Gravitational constant
e Ra : Range = distance traveled by the aircraft
The uncertain variables are
o V : Cruise speed = aircraft speed between ascent and descent phase

e F: Lift-to-drag ratio = aerodynamic coefficient

15



’ variable \ density \ parameter ‘
1% Uniform (Vimin, Vinaz)
F Beta (7,2, Foin, Frnaz)
SFC [ 6y %=1, (]| 61=17.23,0,=3.45

Table 2: Uncertainty modeling

e SFC : Specific Fuel Consumption = characteristic value of engines

We model the uncertainties as presented in Table 2.
The probability density function of a beta distribution on [a,b] with shape parameters («a, ) is

(z—a) V(b — )71
g(a,ﬂ,a,b)(:v) = (b— a)P—1B(a, §) 1 [a,b](x) >

where B(-,-) is the beta function. We take the nominal and extremal values of V' and F' as in Table 3.

’ variable \ nominal value \ min \ max ‘

Vv 231 226 | 234
F 19 18.7 | 19.05

Table 3: Minimal and maximal values of uncertain variables

The uncertainty on the cruise speed V represents a relative difference of arrival time of 8 minutes.

The airplane manufacturer may wonder whether he has to improve the quality of the engine (SFC) or
the aerodynamical property of the plane (F'). Thus we study the sensitivity of My, with respect to F'
and SFC and we want to know if Hy : S°FC¢ > S¥ or H; : S5FC¢ < SF. Applying the test procedure
described previously we can not reject Hy.

5 Concentration Inequalities

5.1 Motivation
The starting point is the STRONG LAW OF LARGE NUMBER

Theorem 5.1. Assume (X,,)n>1 95 a sequence of i.i.d random variables such that E (|X,,|) < +oo then

Xi+...+ X, sy E(X).
n n— o0

For the statistician E(X7) represents an unknown quantity to be estimated and % is an natural
estimator. In the real life n never goes to infinity, we only have a finite number of observations (n = 100,
n =1000). It is then natural to wonder for a fixed n if £14=4Xn j5 close or far from E(X;). The speed
of convergence is also unnatural question we can be interested in.

The first answer concerning the rate of convergence is given by the central limit theorem

2 exists

Theorem 5.2. Let (X,)n>1 be a sequence of i.i.d random variables such that the variance o
(i.e.E (X2) < +00) then
Xi+...+ X,

\/ﬁ( - —E(Xl)) Lok N0, 02).

n—oo

Roughly speaking this theorem tells us that % goes at rate y/n to E(X;). Nevertheless, this is
an asymptotic result and gives us nothing when n is fixed (in particular if n is small).

The aim of concentration inequalities is to give non asymptotic results allowing to quantify the error
XddXy E(X;) for a fixed n. There exists several concentration inequalities, we will only present the

n
one needed for our purpose.
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5.2 Bennett’s inequality

Theorem 5.3 (Bennett’s inequality). Let Xi,...,X, be n independent random variables with finite

variance. Assume that for all index i, X; < b. Set

S = Z (X; —E(X3))

and .
v=> E(X}).
=1

Foru e R, set p(u) =e* —u—1 and for u > =1, h(u) = (1 +u)log(l +u) —u Then

1. Fort>0
Ps(t) == log (E (¢')) < nlog (1 + anZ(bt)) < :7¢(bt)
2. Forxz >0,
P(S>uz) <exp (;;h <b;>>
Proof
1.

Step 1: One can assume (without loss of generality) that b=1 .

Step 2: Note first that u dz&’;) is increasing. Hence since X; <1 it is obvious that
P(tX;) <t X7(t) = X7 (' —t—1)
N <X+ 1+ XP (f —t— 1)

Step 3: We computs 1g(t) and use step 2

n

1 = ilog (E {et(X,-,—IE(Xi))D - Z (log (E [e]) — tE(X;))

i=1

< zn: (log (1 +tE(X;) + E(X}) (e —t — 1)) — tE(X;))
i=1

using the concavity of u +— log(1 + u) we have

i1 E(X; "L E(X,
Zfis(t)ﬁn(log (1+t21—1 ( )+v(€tt1)) 7t27’:1 ( ))
n n n
<w (et —t— 1) .
Which proves the first point.

2. We use the Cramér’s method?
P(S>x) < etz s (t) < e—tm—i-v(et—t—l)
The right hand side is optimized for ¢ = log (1 + %), we then get
P (S > l‘) < e—log(l—ﬁ-%)x—kv(%—log(l-&-%))

< G*U[(lJr%) log(1+%)7%] .

3We recall that if h is a positive function then Markov inequality says that P (h(X) > h(z)) < w,
h(z) = et®
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Remark 5.1. One can see that
2

M) 2 S sy

which provides
2

P (S > x) < e_iz(ufbm/?:)'

Notation
V will denote Var(Y') and as previously h is defined for > —1 by

hiz)=142)In(l +z) — .

5.3 Concentration inequalities for Sy ¢

Let us introduce the following random variables

U =Y,V = (S& £ y)(Y)? et J;7 = (S8 £ y)Yi — V"
Set Vi (resp. V{7, V" and V) the moment of order 2 of the variables U;" (resp. U, J;" and J; ).
Theorem 5.4. Soitb > 0 ety > 0. We assume that Y; and Y;"belongs to [—b,b]. Then

P (S¥.c1 > S& +y) < My + 2M, + 2Ms, (17)
P (SN.c1 < S8 —y) < My + 2Ms + 2Ms, (18)

NV by yV +p2
Mlexp{ bh(vw} My — exp{ VIV (o [0V
U U bz, bV, 2

NV b [yV NV, by yV
b Vv 2 b%} Vi 2
NV b2
2y expd VI (o [V
b2, bV, 2

where

and by = b*(1 + Sg +vy).

Proof
Since S§ and S}, ¢ are invariant when one translate the variables Y and Y™ we can assume that E(Y') = 0.

1. U;" et U are bounded by by, J;m and J;~ by by /b, moreover

and
VE = Var(YY") + (S8, + y)?Var(Y?) — 2(S8, £ 4)Cov(YY™, Y?) + 42V

Vi = ((S& £9)° + 1)V — 2(S8 £ y)Cl.
2. Proof of (17). As

{a+b>c} c{a>c/2}Uu{b>c/2} et {ab>c} C {la|>Vc}U{|b| > e}

18



we have

P(Sya =S8 +y) = P

IN
~

Inequality (17) comes from the application of Bennett’s inequality (apply Bennett’s result five time).

3. Proof (18). Similarly we have

N
P(Sya<S&-y) = P (]1] Z (U7 +EU)) + (-Yn)Jy = yV)
=1 y N .
< P (Z (U7 +E(U")) > Ny> +P (Z}g >N y)
i=1 i=1

Inequality (18) comes from the application of Bennett’s inequality (apply Bennett’s result five time).

O

Exercise 5. Let Y = X + Xo where X1 and X5 are i.i.d. uniformly distributed on [0,1]. Let u = {1},
and compute in that case S§, and the bound My, My and Ms.

6 Case of Vectorial outputs

6.1 Motivation

We begin by considering two examples that enlighten the need for a proper definition of sensitivity indices
for multivariate outputs.

Example 6.1. Let us consider the following nonlinear model

f’b(XlaX2)> _ < X1+ X1 X0+ X5 >

__ rad —
Y = f"(X1, Xa) = ( ;’b(Xl,XQ) aX; +bX:1 Xo + Xo

where X1 and Xo are assumed to be i.i.d. standard Gaussian random variables (r.v.s).
First, we compute the one-dimensional Sobol indices S’j(fia’b) of ff’b with respect to X; (1,j =1,2). We
get

(S* ("), M (f5") (1/3,a%/(1 +a* + %))

(S2(F1").8%(f5") = (1/3,1/(1+a® +%)).
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So that, the ratios
S 1,2
do not depend on b. Moreover, for |a| > 1, as this ratio is greater than or equal to 1, X1 seems to have

more influence on the output.
Now let us perform a sensitivity analysis on ||Y||. Straightforward calculus lead to

STV )?) = S2(||)Y|]?) <= (a—1)(a®+a®* +5a+5 — 4b) > 0.

For the quantity ||Y ||, the region where X is the most influent variable depends on the value of b. This
region s not very intuitive.

Example 6.2. Here, we study the following two-dimensional model

X1 cos X
Y=/, X2) = (Xll sian)

with (X1, X2) ~ Unif([0;10]) ® Unif([0;7/2]).
We obuviously get

10

Sl(flavb):,s’l( g’b):m5052
" u 3(m2 -8
52(f1’b) — 52( 276) — 4E7T2—6; ~ 0.36.

So that X1 seems to have more influence on the output than Xs.
If we consider ||Y||?, we straightforwardly get ||Y||?> = X? that does not depend on Xo.

A last motivation to introduce new Sobol indices is related to the statistical problem of their estimation.
As the dimension increases the statistical estimation of the whole vector of scalar Sobol indices becomes
more and more expensive. Moreover, the interpretation of such a large vector is not easy. This strengthens
the fact that one needs to introduce Sobol indices of small dimension, which condense all the information
contained in a large collection of scalars.

In the next section we define new Sobol indices generalizing the scalar ones and containing all the
information.

6.2 Definition of the new indices

We denote by X := (Xi,...,Xy) the random input, defined on some probability space (2, F,P) and
valued in some measurable space £ = F; X --- X E;. We denote also by Y the output

Y = f(Xy,...,X4),

where f : E — R* is an unknown measurable function (d and k are positive integers). We assume
that Xi,..., X, are independent and that Y is square integrable (i.e. E(||Y]|?) < 0co). We also assume,
without loss of generality, that the covariance matrix of Y is positive definite.
Let u be a subset of {1,...,d} and denote by ~u its complement in {1,...,d}. Further, we set X, =
(Xiyi € u) and By = [[;c, B
As the inputs Xi,..., X, are independent, f may be decomposed through the Hoeffding decomposition
see Theorem 2.2

F(X) = c+ fuXu) + frou(Xauw) + fumu (X Xou), (19)

where ¢ € R¥, fy : By — RF, fou: Ewy — RF and forut B — R* are given by
c=EY), fu=EY|Xu) —¢, fru=EY|Xu) — ¢ furu=Y — fu— fou—c
Thanks to L?-orthogonality, computing the covariance matrix of both sides of (19) leads to
Y2 =Cuy+Cuu+Cynru. (20)
Here 2, Cy, Cuy and Cy .y are denoting respectively the covariance matrices of Y, fu(Xu), fou(Xeu)
and fu ~u(Xu, Xou)-
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Remark 6.1. Notice that for scalar outputs (i.e. when k = 1), the covariance matrices are scalar (vari-
ances), so that (20) may be interpreted as the decomposition of the total variance of Y. The summands
traduce the fluctuation induced by the input factors Xy and Xy, and the interactions between them. The
(univariate) Sobol index SU(f) = Var(E(Y|Xy))/Var(Y) is then interpreted as the sensibility of Y with
respect to Xy. Due to non-commutativity of the matriz product, a direct generalization of this index is
not straightforward.

In the general case (k > 2), for any square matrix M of size k, the equation (20) can be scalarized in the
following way

Tr(MY) = Te(MCy) + Tr(MCoy) + Tr(MCy on)-

This suggests to define as soon as Tr(MYX) # 0 the M-sensitivity measure of Y with respect to X, as

Tr(MCy
SHMf) = Tr((M(;))‘
Of course we can analogously define
S™U(M; f) = T}%gg;l), SU(M; f) = Tr(T]r\fj\C;ug)")

The following lemma is obvious.

Lemma 6.1.

1. The generalized sensitivity measures sum up to 1
SU(M; f) + S™HM; f) + ST (M f) = 1. (21)

2. 0<SY(M; f)<1.
3. Left-composing f by a linear operator O of R* changes the sensitivity measure accordingly to

T (MOC,0')  Tr(0'MOC,,)
Tr(MOXOY) — Tr(O'MOY)

SU(M;Of) = = S*(0'MO; §). (22)

4. For k=1 and for any M # 0, we have S“(M; ) = S*(f).

6.3 The important identity case

We now consider the special case M = Idj (the identity matrix of dimension k). We set S“(f) =
S"(Idg; f). The index SY(f) has the following obvious properties

Proposition 6.1.
1. S¥(f) is invariant by left-composition of f by any isometry of R* i.e.

for any square matriz O of size k s.t. O'O = Idy, S™(Of) = S“(f);

2. S™(f) is invariant by left-composition by any nonzero scaling of f i.e.

forany A€ R, SU(Af) = S"(f);

Remark 6.2. The properties in this proposition are natural requirements for a semsitivity measure. In
the neat section, we will show that these requirements can be fulfilled by S*(M; f) only when M = \Idy,
(A € R*). Hence, the canonical choice among indices of the form S™(M; f) is the sensitivity index S*(f).
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6.4 Identity is the only good choice

The following proposition can be seen as a kind of reciprocal of Proposition 6.1.
Proposition 6.2. Let M be a square matriz of size k such that

1. M does not depend neither on f nor u;

2. M has full rank;

3. SY(M; f) is invariant by left-composition of f by any isometry of R¥.
Then S“(M;-) = SU(-).

Proof We can write M = Mgy, + M antisym where ngm = Mgym and Mﬁ\misym = —M Antisym- Since,
for any symmetric matrix Vv, we have
Tr(MantisymV) = 0, we deduce that S"(M; f) = S"(Mgym; f) (C, and X being symmetric matrices).
Thus we assume, without loss of generality, that M is symmetric.

We diagonalize M in an orthonormal basis: M = PDP!, where PP = 1d; and D diagonal. We have

w o o T(PDP'Cy) Tr(DP'CyP) .
SO = Lpppy) T ™DPEP) (D5 L),

By assumption 1. and 3., M can be assumed to be diagonal.

Now we want to show that M = AIdj for some A € R*. Suppose, by contradiction, that M has two
different diagonal coefficients A\; # Ag. It is clearly sufficient to consider the case k = 2. Choose f = Ids

(hence, p = 2), and u = {1}. We have ¥ =Id; and Cy, = (} ). Hence on one hand S*(M; f) = )\1’11)\2.

On the other hand, let O be the isometry which exchanges the two vectors of the canonical basis of R2.
We have SY(M;0Of) = Al)-sz' Thus 3. is contradicted if A\; # Ay. The case A = 0 is forbidden by 2.
Finally, it is easy to check that, for any A € R*, S"(Aldg;-) = S*(Idg;-) = SU(-). O

We now give two toy examples to illustrate our definition.

Example 6.3. We consider as first ezample
aX1
Y = f49 X1, Xo) = ,
f ( 1 2) (Xg)

with Xy and X5 i.4.d. standard Gaussian random variables. We easily get

S = - and S =

—_— — — —_ 1
a?+1 a2 +1 L=55(F).

Example 6.4. We consider Example 6.1

Xi+ X1 X0+ X
__ rad = ! g ;
Y = (X1, X2) = <aX1+bX1X2+X2).

We have

1+a? 2

1/ ra,b 2/ ra,b

N — d V)= ———
SHf) T and S*(f*”) PRI
and obviously

Sl(fa’b) > SZ(fa,b) — a2 > 1.

This result has the natural interpretation that, as Xy is scaled by a, it has more influence if and only if
this scaling enlarges X1’s support i.e. |a| > 1.
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6.5 Estimation of S"(f)
6.5.1 The Pick and Freeze estimator

In practice, the covariance matrices C, and X are not analytically available. So as in the scalar case
(k = 1),we will estimate S"(f) by using a Monte-Carlo Pick and Freeze method, which uses a finite
sample of evaluations of f.

For this purpose we set Y = f(X,, X/,) where X/, is an independent copy of X., which is still
independent of Xy. Let N be an integer. We take N independent copies Y7,...,Yn (resp. Y%, ..., Y V)
of Y (resp. Y"). Fori=1,...,k,and i =1,..., N, we also denote by Y;; (resp. qul) the I*® component
of Y; (resp. Y;"). We then define the following estimator of S“(f)

u 2
k 1 N : u 1 N Yii+Y[
21:1 (N Zi:l YulYi,l - (N Zi:l 2

SuN = . (23)
’ k N Y'iz +(}/iu )2 N Y;‘,,,+Y;.u 2
2ot (11/ Do e — (% it ’2 ’L) )
Remark 6.3. Note that this estimator can be written
Tr (Cu N)
N = — 24
N = T (S) 2

where Cy v and X are the empirical estimators of Cy = Cov(Y,Y™) and ¥ = Var(Y') defined by
N N ¢
N R A RS R A
Cun = 37 2V, (NZ 2 N; 2

and

N t
R AR A o N B e AW IR S A
Y= — it Nt B0 Sk SV (e i — A A
N N; 2 N3 N3

6.5.2 Asymptotic properties

A straightforward application of the Strong Law of Large Numbers leads to
Proposition 6.3 (Consistency). Su,n converges almost surely to S®(f) when N — +o0.
We now study to the asymptotic normality of (Sy n)n-

Proposition 6.4 (Asymptotic normality). Assume E(Y}*) < oo foralll=1,...,k. Forl=1,...,k, we
set

U= (Yo —E@) (Y —EMY),  Vi= (Y- EM))* + (V1 - E(¥)*.

Then
VN (Sun = 8(f) 5 N (0,0%) (25)
—00
where
o? =a? Z Cov(Up, Up) + b? Z Cov(V;, Vi)
LUe{1,....k} LUe{1,..k}
+ 2ab Z Cov(U;, Vi), (26)
LUe{l,...k}
with
1 a
b= —25%()

[\

O= ooy
21— Var(Y1)
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6.6 Numerical illustrations

In this section, we provide numerical simulations for the sensitivity indices S"(f) defined in Section ?7.
We consider again Example 6.4 with Kk =p =2, a = 2 and b = 3 which leads to the following model

- X+ X+ X1 X,
Y = f(X1,X2) = (2X1 +3X1 X, +X2) '

In the “Gaussian case” (respectively “Uniform case”), we take X7 and X» independent standard Gaussian
random variables (resp. independent uniform random variables on [0, 1]). In these two cases, a simple
analytic calculation yields the true values of the sensitivity indices S(f) and S?(f).

7 A first approach for indices based on the whole distribution

We consider, here a numerical code Y seen as a function of the vector of the distributed input (X, ),=1....
(d € N¥),
Y:f(Xla"'aXd)v (27)

where f is a regular unknown numerical function on the state space F1 x Fy X ... X E4z on which the
distributed variables (X7,...,Xy) are living. The random inputs are assumed to be independent. We
recall that thanks to the so-called Hoeffding decomposition, f is expanded as an L?-sum of uncorrelated
functions involving only a part of the random inputs. For any subset v of I; = {1,...,d}, this leads to
an index called the Sobol index that measures the amount of randomness of Y carried in the subset of
input variables (X;);c,. Since nothing has been assumed on the nature of the inputs, one can consider
the vector (X;);c, as a single input. Thus without loss of generality, let us consider the case where v
reduces to a singleton. The numerator H, of the Sobol index related to the input X, is

H, = Var (E[Y|X,]) = Var(Y) —E |(Y —E [Y|Xv])2} (28)

while the denominator of the index is nothing more than the variance of Y. In order to estimate H, we
saw the the clever trick of the Pick and Freeze method. More precisely, let XV be the random vector
such that X! = X, and X = X/ if ¢ # v where X] is an independent copy of X;. Then, setting

V= f(X7) (29)
an obvious computation leads to the nice relationship
Var(E(Y|X,)) = Cov (Y,Y"). (30)

The last equality leads to a natural Monte Carlo estimator (Pick and Freeze estimator)

2

N
TJ@,QZ%ZYYD— Z (Y; + V) (31)

where for j = 1,---, N, Y; (resp. Y}") are independent copies of Y’ (resp. Y"). As pointed out before,
Sobol indices are based on L? decomposition. As a matter of fact, Sobol indices are well adapted to
measure the contribution of an input on the deviation around the mean of Y.

We introduce a new sensitivity index that is based on the conditional distribution of the output and
requires only 3 x .

The code will be denoted by Z = f(X1,...,X4) € RE. Let F be the distribution function of Z. For any
t = (t1,...,t;) € RF,

F(t)=P(Z<t)=E [l z<n]

and F"(t) the conditional distribution function of Z conditionally on X,:

FU(t) =P (Z < t|Xy,) =E [I{z<i | Xo] -
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Notice that {Z < t} means that {Z; <1ty,...,Z < t;}. Obviously, E[F"(t)] = F(t). Now, we apply the
previous framework with Y (¢) = 112<5 and p = 2. Hence, for t € R* fixed, we have a consistent and
asymptotically normal estimation procedure for the estimation of

E [(F(t) - Fv(t)ﬂ .

We define a Cramér Von Mises type distance of order 2 between £ (Z) and L (Z|X,) by

Dicvar = [ B[(F®) - F'@)7] dr(). (32

The aim of the rest of the section is dedicated to the estimation of Dj ), and the study of the asymptotic
properties of the estimator. Notice that

v v 2
D5 cva =E [E[(F(2) - F*(2))*]]. (33)
Let us note that these indices are naturally adapted to multivariate outputs.

Remark 7.1. Unlike the procedure for p = 2, we did not normalize the generalized Sobol index of Y (t).
The purpose, that becomes clear in this section, is to avoid numerical explosion during the estimation
procedure. Indeed, the normalizing term would be F(t)(1 — F(t)), like in the Anderson-Darling statistic,
canceling for small and large values of t. Nevertheless, in view of the following proposition, one can
consider 4Dy oy instead of D3 oy in order to have an index bounded by 1 as for the Sobol index. The
asymptotic properties will not be affected by this renormalizing factor, so we still consider Dy oy -

Proposition 7.1. One has the following properties.
1. 0< D3 vy < 52 Moreover, if k=1 and I 1s continuous, we have 0 < Dj oy < :

2. D3 oy 18 invariant by translation, by left-composition by any nonzero scaling of Y.

We then proceed to a double Monte-Carlo scheme for the estimation of D ), and consider the following
design of experiment consisting in:

1. two N-samples of Z: (Z]"",Z;"?), 1< j < N;

2. a third N-sample of Z independent of (Z;)’l7 Z;”Q)KKN: Wi, 1<k

N
=

The empirical estimator of Dj oy, is then given by

2
N

N
~ 1 1
DQ,CVM = N Z Z Zu 1<Wk} {Zu 2<Wk} ﬁ Z (]I {Z};,lgwk} + ]J {Z;),ngk}) . (34)
k=1 j=1

The consistency of ﬁg,cv u follows directly from the following lemma:

Lemma 7.1. Let G and H be two L'—measurable functions. Let (U;)jcry and (Vi)rery be two inde-
pendent samples of iid rv such that E[G(Uy,V1)] = 0 and E[H(Uy,Us, V1)] = 0. We define Sy and T
by

N N
1 1
Jk=1 i,),k=1

Then Sy and Ty converge a.s. to 0 as N goes to infinity.

Proof. (i) If we prove that E[S%] = O (#), we then apply Borel-Cantelli lemma to deduce the almost
sure convergence of Sy to 0. Clearly,

541 = w5 SUEIG(W,, Vi )G (Usy, Vi )G(Ui, Vi )G (Ui, V3, )
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where the sum is taken over all the indices i1, i3, i3, %4, j1, j2, J3, j4 from 1 to N. The only scenarii that
could lead to terms in O (%) or even O (1) appear when we sum over indices all different except 2 i’s or
2 j’s or over indices all different. Nevertheless, in those cases, at least one term of the form E[G(U;, V;)]
appears. Since the function G is centered, those scenarii are then discarded.

(ii) Analogously, it suffices to show that E[T%] = O (5). The only scenarii that could lead to terms

in O (%) or even O (1) appear when we sum over indices all different except 2 i’s, 2 j’s or 2 k’s or over
indices all different. Nevertheless, in those cases, at least one term of the form E[H (U;, U;, Vi)| appears.
Since the function H is centered, those scenarii are then discarded. O]

Corollary 7.1. lA)g,CVM 1s strongly consistent as N goes to infinity.

Proof. The proof is based on Lemma 7.1. First, we define Z; = (Z;’l,Z;’z), G(Z;, W) =1 goa iy U ize2cw s
i SWk i SWk

F(Z;, W) = (]J{ZU rewy e, }) and H(Z;, Z;, W) = F(Z;, Wi)F(Z;, W,). Second we pro-
ceed to the followmg decomposmon

R 1 N N 1 N 2
Dycovm = N Z Z {zy 1wy {22<wi} T | 9N Z (”{Z}km} +1 {Z;’kwk})
k=1 j=1 j=1
1 N N
- N2 Z ”{Z}“KM}”{Z}*"KM} T 4AN3 Z (”{Z;’*lgwk} + ]J{Zz"kwk}) (”{Z}“lgwk} + “{z;*kwk})
J.k=1 1,5, k=1
1 & -
= < > G(Z, W) - e Z (Zi, Zj, W)
jk=1 et
1 & 1 &
=Nz Z {G(Z;, Wk) — E[G(Z;, W)} — N3 Z {H(Z;, Z;, Wy) — E[H(Z;, Zj, Wi)]}
j k=1 i,j, k=1
1 & 1 &
t a2 Z ElG(Z;, Wi)] - 3 Z E[H(Z;, Zj, Wk)]
J.k=1 i,5,k=1
1 1
=2 > {G(2;, W) —E[G(Z;, W - NG > {H(Zi, Z;,Wy) = E[H(Zi, Z;, Wi)]}
J.k=1 i,5,k=1
1 1
YE[G(Z1,Wh)] — (1 - N) E[H (21, Z2,W1)) = - EIH(Z1, Z1, Wh)].

The two first sums converges almost surely to 0 by Lemma 7.1. The remaining term goes to E[G(Z1, W1)]—
E[H(Zy, Z2,W1)] as N goes to infinity.

It remains to show that D3 oy, = E[G(Z1, Wh)] — E[H (Z1, Z2, W1)]. On the one hand,

DY cyar = / E[(F(t) - F"($))2)dF(t) = E[H2(W)

= E[Cov(1 {27 <wh ) L {Zl”"zéWl})]

= Ew[Bzl zpcmyd zp2cwn] = Ezll oy )
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On the other hand,
E[G(Z1, Wh)] = E[H (21, Z3, Wh)]

1
=E[l {Z”'1<W1}]J {z“v2<wl}] - Z]E[(]J (zpr<wy 1 {Z;“Zgwl}) (H{Z;’*lgwl} +1 {Z;’vzgwl})]

=EwlEz[l 701 cwiy Vizpecwnll = B zpa cwiy Y 22 cmy]
= Ew Bzl (o cwy V2o 2cwn ] — BB o0 gy 1 (202 <y W]
:IEW IEZ {ZU 1<W1} {Z1 §W1} E [ {ZU 1<W1}‘W]_] []J{Zv 2<W1}‘W]_]]

[Ez[U Il =
[Ez[1 | -E[E
[Ez[U || -E[E

=Ew[Ez[1 {Z 1<W1} {zy 2<W1}H E[E[1 {Zyt<w, }\Wlﬂ [E[1 {2572<W1}|W1H
[Ez[1 I -Ef[l
[Ez[U ] -E[1
[Ez[1 ] =

=EwlEz[V zprcwiy ¥ izp2cwnl] = By cwy JBOY (22 <y
= EwlBz[l iy cmyd pzp2cwnll = B 20 cuny )
=Ew[Ez[Uzon ey Vi zo2cuyy] — Ez[l Zf’léwl}m'

O

We now turn to the asymptotic normality of D2 covm- We follow van der Vaart [1] to establish the
following proposition (more precisely Theorems 20.8 and 20. 9, Lemma 20.10 and Example 20.11).

Theorem 7.1. The sequence of estimators D 5.cvm s asymptotically Gaussian in estimating Dy oy py
that is VN (D27CVM - DQ,CVM) is weakly convergent to a Gaussian centered variable with variance &
given by (35).

Proof. We define

Ei NZH{Z“<S}’ i=12
1,2
Gy (t.t) = Zﬂ{zvl<t}u{zv2<t},
j 1

1 N
k=1

and rewrite BS,CV s as a regular function depending on the four empirical processes defined behind:

~ Gl +G%\?
Dg,CVM:/ G}\}Q( N2 N) dF .

Since these processes are cad-lag functions of bounded variation, we introduce the maps ¥1, ¢o :
BVi[—00,4+00]? = R and ¥ : BV;[—oc0, +00]* — R by

i B+ F
Ui(Fy, Fy) = /(Fl) dFy and  U(Fy, Fy, Fy, Fy) = 41 (Fy, Fa) = 2 ( 5 3,F4) :
where set BVy[a, b] is the set of cA d-1A g functions of variation bounded by M.

By Donsker’s theorem,

\/N(G}V—F,G?V—F,G}f—é,FN—F) £ G

— 00

where G(t,s) =P (Z"! <t, Z"? < s), G(t) = G(t,t) and G is a centered Gaussian process of dimension
4 with covariance function defined for (¢,s) € R? by

M(t,s) = E (X, XT) — E(X,)E(X,)"
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T
and Xt = (]J {Zv 1<t} 1 {Zv:2<t}>» 1 {zv1 gt}]J {Zv2<t}>» 1 {Wgt}) .

Using the chain rule 20.9 and Lemma 20.10 in [1], the map ¥ is Hadamard-differentiable from the domain
BVi[—00,+00]* into R. The derivative is given by

hi+ he
(h1, ha, b, ha) = g, gy (hsy ha) — 1#/(F13F2’F4) ( 5 ,h4)

where the derivative of ¢ (resp. ¢) are given by Lemma 20.10:
(hl,hg) — hg(po Fﬂtg — /hg_dgﬁ ol + /(pl(Fl)hlng

taking ¢ = Id (resp. @(x) = x?) and h_ is the left-continuous version of a cA d-1A g function h.
Since

ﬁg,CV]V[ =V (G}VaG?\hG}\f’FN) )

we apply the functional delta method 20.8 in [1] to get limit distribution of v N (lA)g’CV v — D5 oy M)
converges weakly to the following limit distribution

/h4,d(F2 -G)+ /hng - /F(h1 + hy)dF.

Since the map W is defined and continuous on the whole space BV;[—o0, +00]%, the delta method in its
stronger form 20.8 in [1] implies that the limit variable is the limit in distribution of the sequence

(ercm (VN (Gh - F.Gy - Gy - G,Fy - F))
:\/N[/(FN_F)d(FQ—é)) +/<G}\}2—5—F(G}V+G?\,—2F))dF] .
We define

U= [ wend (F2(0) - G(t.0) = GOW3 Wa) ~ OV,

1
Vi= / [ zorcnVizeecy = (Wzoacy + Vzea<n) FOAFE) = 5 (F(Z51)? + F(272)?) = F(Z™ v 2°7).
Obviously,
BU) = [ (Glts.t2) ~ Ft2)?) dF ()
BU?) = [ (Gltssts) - F(t2)?) dF (D),
B(V) = [ (02 - G(t.0) dF ()
1 1
B = [ Peyare+ [[ [F(t\/s) (v s) = F(0? — F(s)?) + 3 F(0)?F(s)? | dG(t,5)
By independence, the limiting variance £? is
€2 = VarU + VarV. (35)
O
8 Practical
Exercise 6 (Ishigami function). The Ishigami model is given by:
Y = G(X1, X2, X3) = sin X; 4 7sin? Xy + 0.1X3 sin X (36)

where (X;)j=1,2.3 are i.i.d. uniform random variables in [—m; ).
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1. Show that
St =0.3139, S%?=0.4424, S®=0.

2. Make a program, that gives the Pick and Freeze estimator of these indices (see Equation (10) and
Equation (31)).

3. Illustrate Theorem 4.5 in dimension 1 with a program.

Exercise 7 (Sobol G-function). Assume that X1, ..., Xq are i.i.d random variables uniformly distributed
on [0,1]. Now take d real numbers ay,...,aq and define the Sobol G— function by

d
Y = gaobor(X1, .-, Xa) = [ ] ox(Xx) (37)
k=1

with gk(Xk) = %.

1. Compute S* fori € {1,...,d}.

2. Make a program, that gives the Pick and Freeze estimator of these indices (see Equation (10) and
Equation (31)).

8. llustrate Theorem 4.5 in dimension 1 with a program.

Exercise 8. Consider X1 and Xy two independent standart Gaussian variable and
Z = f(X1,X5) = (2X1 + 3X1Xs —|—X2) .

Make a program that computes ﬁg’CVM defined in Equation 34

9 Answer to some exercices

Answer to Exercice 1. We will first compute de Variance of Y. For doing so, we start by computing
its mean. By linearity and independence of the inputs one has

E(Y)=E(sin X;) + 7E (sln X;3) 4+ 0.1E (X3) E (sinXl)

—/ sin(t dt—i——/ sin® dt—&—— t4dt/ sin(t

Now since sin(t) = sin(—t) we have ["_sin(t)dt = 0 and using the fact that sin®(t) = (1 — cos(2t)) it is
easy to see that 5= [T sin®(t)dt = L. In the same way using that sin®(t) = % (3 — 4 cos(2t) + 2 cos(4t))
we see that = [T sin®(t)dt = 2. Hence

Now, let us compute E(Y?)

E(Y?) = E (sin® X1) + 49E (sin® X;) + 0.01E (X3) E (sin X7) + 14E (sin X1) E (sin”® X>)
+ 1.4E (sin® Xo) E (X3) E (sin X1) 4 0.2E (X3) E (sin® X;)
=E (sin® X1) + 49E (sin* X;) + 0.01E (X3) E (sin X7) + 0.2E (X3) E (sin® X;)
1 147 78 m

5778 T1s00 T 50

Hence N .
1 14 4
Var(Y)= s+ ol T T4

— = ~ 26.
2 8 1800+50 4 6-09

Now 4

B = (14 5 )sinx) + ]
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We can now compute S*

2
4 : 1 t
L VaExy)  Var|[(Leg )] (14 5) 03130
Var[E (V)] Var[E (V)] T

E(Y|Xz) = 7sin?(Xy).

We can now compute S?
E(Y]X Var [7sin®(X»). 2
g2 = Var[E(Y|Xa)] _ Var [7sin’( 2”:1 S =~ 04424,
Var [E (Y)] Var [E (Y)] lyury o 49
In the same spirit E(Y|X3) = 0). Hence S3 = 0.
Answer to Exercice 2. For any k we have E (|4X), —2|) = 1. Hence E (gx(Xx)) = ﬁg: =1. We
deduce easily that by independence that
EY)=1.
5 r+2ar+E(|4X,—2)2 a2+2a;,+18 — ap)?+1
Let us compute® E (g,%(Xk)) = 2k ak(1+((l|k)2k *) = k+(?+ka+k)% 4 _ (1g+’;)k;3 , one can deduce that
d
3(1+ap)*+1
Var(Y?) = —_—— — L.
x(¥7) kl;[l 3(1+ ax)?
Now since for any index I, E (g;(X;)) = 1 we have
E(Y‘Xk) = gk(ch)~
Hence ( 2
31+ag)*+1 1
Var [E(Y|X)] = E (gi(X)?) - 1= oot +1 1
ar [E(Y[Xy)] (91 (Xk)%) 3(1+ ap)? 3(1+ ax)?
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4Compute fol |4t — 2|dt
5Recall that E (|[4X) — 2|) = 1, and compute fol (4% — 2)2dt
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