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Chapitre 1

Considérations générales

1.1 Un mot de présentation

L’univers des matrices aléatoires est, selon la formule consacrée dans un autre usage,
en expansion. Sont présentées dans cette these quelques-unes de nos modestes tentatives
pour pénétrer cet univers par diverses portes, dérobées pour certaines. Les récentes
années ont vu fleurir une abondante littérature sur le sujet en question, touchant a
des branches tres diverses des mathématiques, parfois inattendues dans ce contexte,
renouvelant ainsi un intérét vieux d’une cinquantaine d’années. Nos travaux, bien que
ne se situant pas au coeur des préoccupations classiques de la théorie des matrices
aléatoires, ont été largement inspirés par l'effervescence actuelle de cette derniere et
les grandes avancées qu’elle vient de connaitre. Si elles gravitent toutes sur une méme
orbite des mathématiques, les études ici rassemblées ne poursuivent pas, de maniere
directe, un objectif commun et les points de vue propres a chacune sont assez différents.
Le ciment qui les unit est d’en appeler a un méme cercle d’objets, d’outils et d’idées
ayant tous partie liée a la tres vaste théorie que nous avons évoquée.

1.2 Organisation de ce document

Cette these est divisée en cinq parties. La partie I correspond a I'introduction, dans
laquelle nous sommes. La partie II comprend 'article publié [Dou03] (chapitre 5) ainsi
que deux prépublications (chapitres 6 et 7). Elle aborde les liens qui existent entre
valeurs propres de certaines matrices gaussiennes, processus sans collision et combina-
toire des tableaux de Young. Dans la partie III, nous regroupons larticle [DMDMY 04]
(chapitre 8), écrit en collaboration avec C. Donati-Martin, H. Matsumoto et M. Yor,
ainsi qu'un texte non-publié (chapitre 9). Nous y examinons des extensions aux ma-
trices symétriques de processus stochastiques classiques en dimension un, les carrés de
Bessel d’une part et les processus de Jacobi d’autre part. Ensuite, notre partie IV fait
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16 1.3. A propos des matrices aléatoires

figurer l'article [DO04] (chapitre 10), en collaboration avec N. O’Connell, ainsi qu'une
note non-publiée (chapitre 11) qui en constitue une suite naturelle. Nous y discutons le
temps de sortie du mouvement brownien de régions de l'espace euclidien qui sont des
domaines fondamentaux pour 'action de groupes de réflexions, finis ou affines. Enfin,
la partie V est un appendice consacré aux propriétés du déterminant de Vandermonde
vis-a-vis des diffusions usuelles ainsi qu’a un rappel, en francais, sur la combinatoire
des tableaux de Young et ’algorithme RSK.

Nous avons souhaité diviser notre introduction (partie I) en plusieurs chapitres
(2, 3 et 4), chacun correspondant a une des parties (II, III et IV) pour présenter le
contexte dans lequel ces dernieres se situent et décrire brievement les résultats qu’elles
contiennent. En particulier, lorsqu’'un résultat de la these est annoncé en introduction,
nous 'accompagnons de la référence au théoreme ou a la proposition correspondants
dans les parties II, IIT et IV.

Dans 'espoir de faciliter la lecture, chaque chapitre de cette these possede sa propre
bibliographie, exception faite des chapitres d’introduction (partie I) qui partagent la
meéme bibliographie. Une bibliographie générale est aussi rassemblée en fin de docu-
ment.

1.3 A propos des matrices aléatoires

Tout d’abord, nous voudrions dire quelques mots de ce tentaculaire monde des ma-
trices aléatoires auquel notre travail a le sentiment d’appartenir. Voici la question fonda-
mentale, informellement exprimée : comment sont distribuées les valeurs propres d’une
matrice dont les coefficients sont des variables aléatoires? En termes mathématiques,
si M est une variable aléatoire de loi y,, sur I’ensemble M,,(C) des matrices n X n com-
plexes, quelle est la loi v, de 'ensemble de ses valeurs propres ? On peut faire remonter
I'intéréet pour une telle question aux travaux du statisticien J. Wishart dans les années
30 ([Wis28], [Wish5]) puis, indépendamment, & ceux du physicien E. Wigner dans les
années 50 ([Wighl], [Wigh5], [WighT7]).

Le premier moment de I’étude a consisté a définir les lois u,, en question : leur sup-
port et leurs invariances devaient correspondre aux données du probléme (physique ou
statistique) étudié. Ainsi, les statistiques multivariées ont été conduites a considérer des
matrices de covariance empirique, donnant plus tard naissance aux lois dites « de Wi-
shart » (voir [Jam60], [Jam64], [Mui82]). La modélisation de hamiltoniens en mécanique
quantique a amené Wigner a introduire les ensembles de matrices hermitiennes (resp.
symétriques) unitairement (resp. orthogonalement) invariants tres étudiés par la suite
et ses conjectures d’universalité ont fait porter I'intérét sur des matrices hermitiennes
ou symétriques dites « de Wigner » (ie dont les coefficients sont indépendants et iden-
tiquement distribués). Il existe d’autres lois de probabilité sur des espaces de matrices
qui font de nos jours I'objet de nombreux travaux, par exemple les matrices distribuées



Chapitre 1. Considérations générales 17

selon la mesure de Haar sur un sous-groupe de GL,(C) ([Joh97], [Rai98]), les ma-
trices de bande ([KK02], [Sh198]), les matrices non-hermitiennes ([Gin65], [Ede97]), les
matrices faiblement non-hermitiennes ([Gir95al, [Gir95b]), les matrices asymétriques
tri-diagonales ([GKO00]), etc.

Une fois la loi p,, définie, il est 1égitime de chercher a obtenir, a n fixé, la loi v,, des
valeurs propres Aq, ..., A,. Ceci n’est explicitement réalisable que lorsque pu, possede
assez d’invariance, par exemple pour la mesure de Haar sur ¢(n) (formule de H. Weyl)
ou pour des matrices gaussiennes (les premiers résultats sont obtenus indépendamment,
pour des matrices de covariance empirique, dans [Fis39], [Gir39], [Hsu39)).

Ensuite, 'on s’est demandé comment renormaliser les valeurs propres A, ..., A\,
en Ai,...,\, de telle manitre que la mesure spectrale empirique % >_; 05, converge
quand n — oo ? Lorsque cette convergence a lieu, on a cherché a en préciser la nature
(convergence des moments, convergence faible presque-sire ou en moyenne) ainsi qu’a
identifier la mesure limite. La recherche de telles « lois de grands nombres » constitue
I’étude du « régime global ». Depuis le célebre théoreme de la loi du demi-cercle de
Wigner, de nombreux résultats ont été obtenus dans cette direction, par un vaste
éventail de techniques : combinatoire et méthode des moments, transformée de Stieltjes,
polynomes orthogonaux, théorie du potentiel et mesures d’équilibre, etc.

On peut alors chercher a accompagner ces « lois de grands nombres » de résultats
plus précis sur les fluctuations ([CDO1], [SS98]), les vitesses de convergence ([GT03],
[GT04]) ou les grandes déviations ([Gui04]) associées.

On peut aussi choisir de s’intéresser a une valeur propre particuliere, la plus grande
(ou la plus petite) par exemple, si les valeurs propres sont rélles. Des théoremes
sont obtenus concernant sa limite presque-stire, dont il est, par exemple, pertinent
de se demander si elle coincide avec le bord du support de la mesure spectrale limite
([FK81],[BS04]). Les fluctuations de cette valeur propre sont aussi d'un grand intérét :
leur ordre de grandeur et leur nature précise ont fait I'objet des résultats récents les
plus marquants ([TW94], [BBAPO04]).

Enfin, un autre régime d’intérét, dit « régime local », concerne 1’étude, dans une
autre échelle, des interactions entre valeurs propres voisines, en particulier I’espacement
entre deux d’entre elles consécutives ([DKM199], [JohOlc]). Les comportements que ’on
observe a cette échelle exhibent de mystérieuses similarités avec ceux des racines de la
fonction zéta de Riemann, ce qui motive une intense activité en lien avec la théorie des
nombres ([KS99], [KS03]).

D’importantes contributions ([BOO00], [BO00], [Oko00], [Oko01], [Joh00], [Joh02],
[JohOla], [PS02] entre autres) mettent en évidence de surprenantes analogies, no-
tamment au niveau des comportements asymptotiques, entre les matrices aléatoires
et des problemes mathématiques apparemment tres éloignés (mesures provenant des
représentations de groupes ou de la combinatoire, modeles de croissance issus de la
physique). Leur point commun est de partager la structure de processus ponctuels
déterminantaux (cf [Sos00]) dont la théorie est un outil majeur pour analyse asympto-
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tique. Nous reviendrons, au chapitre 2, sur les similarités entre ces différents problemes
mais en insistant sur les identités non-asymptotiques.

Concernant 'aspect asymptotique de toutes ces questions, les défis actuels sont
doubles. D’une part, il s’agit, pour des modeles « intégrables » (ie dont la structure se
préte a des calculs exacts et explicites, comme par exemple les ensembles de matrices
invariants, les modeles de percolation de dernier passage avec variables géométriques, la
plus longue sous-suite croissante, etc) d’analyser leur comportement de manieére de plus
en plus fine. D’autre part, il s’agit aussi de prouver les « conjectures d’universalité »,
¢’est-a-dire de démontrer rigoureusement la validité de résultats connus seulement pour
certains modeles « intégrables » et dont on s’attend a ce qu’ils soient vrais en toute
généralité. Une avancée majeure dans ce domaine est réalisée dans [S0s99)].

Les matrices aléatoires jouent aussi un role important du coté de la géométrie des
convexes en grande dimension ou de la géométrie des espaces de Banach (voir [DS01],
[LPR*04] et les références qu’ils contiennent), des algebres d’opérateurs ([Haa02],
[HT99]) et des probabilités libres. Pour ces dernieres, les matrices aléatoires fournissent,
asymptotiquement, des prototypes de variables libres et les lois qui apparaissent comme
limites spectrales de grandes matrices s’interpretent naturellement au sein des proba-
bilités libres. Pour une introduction a ces dernieres, on consultera les passionnants
exposés [Voi00] et [Bia03]. On trouvera dans [Bia98] un lien supplémentaire et remar-
quable entre probabilités libres et représentations des (grands) groupes symétriques.

Nous voudrions enfin signaler les interventions que les matrices aléatoires ont faites
récemment dans des problemes tres divers et ou il n’est a priori question d’aucune
matrice aléatoire ! Par souci de brieveté et manque de compétence, nous nous bornons a
un recensement partiel et sans détail. Mentionnons donc I’étude de modeles de physique
théorique et de mécanique statistique (on pourra consulter [Kaz01], [KSW96], [GMO04],
[Eyn00] et leurs références), d’énumération de graphes ([DF01], [Zvo97]), des questions
de théorie des noeuds ou des cordes ([AKKO03], [ZJZ00]) et encore des problémes en
théorie de I'information ([TV04], [Kha05]).

Pour terminer, soulignons quelques éléments bibliographiques. La référence fon-
damentale est 'ouvrage [Meh91] de M.L. Mehta, qui présente, du point de vue de
leurs applications en physique, les ensembles de matrices aléatoires les plus courants
et contient un nombre considérable de calculs et formules (densité des valeurs propres,
fonctions de corrélation, etc). Le livre [Dei99] de P. Deift permet a la fois un retour
clair et rigoureux sur des résultats et techniques classiques (polynomes orthogonaux,
notamment) ainsi qu'une introduction a l'utilisation des méthodes de Riemann-Hilbert
dans ce contexte. Dans [For|, P. Forrester offre un traitement analytique trés com-
plet, inspiré a la fois par les préoccupations originelles de la physique et par la théorie
des systemes intégrables. On y trouve, en particulier, de riches discussions autour de
I'intégrale de Selberg et des équations de Painlevé. D’une veine tres différente, ’article
[Bai99] de Z.D. Bai insiste sur 'aspect méthodologique de la discipline et présente les
techniques utilisées dans 'obtension des résultats les plus importants du régime global
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(méthode des moments et transformée de Stieltjes). Les articles [JohO1b] de K. Jo-
hansson et [O’C03c| de N. O’Connell constituent de tres agréables lectures autour des
liens entre modeles de croissance, files d’attente, processus sans collision et matrices
aléatoires. Enfin, un remarquable article de survol est le récent [Kon04], qui dresse un
vaste panorama du domaine, choisissant le point de vue des gas de Coulomb comme
fil d’Ariane et exposant les résultats connus, les méthodes employées et les questions
ouvertes.
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Chapitre 2

Matrices aléatoires et combinatoire

Cette partie de notre travail discute quelques-uns des liens qui existent entre valeurs
propres de matrices aléatoires, processus sans collision et un objet combinatoire appelé
correspondance de Robinson-Schensted-Knuth (RSK en abrégé).

2.1 Contexte

2.1.1 La loi de Tracy-Widom

Rappelons tout d’abord le plus spectaculaire de ces liens. Soient (X ;)1<i<j<n (res-
pectivement (X;;)1<;<n) des variables aléatoires gaussiennes standards complexes (res-
pectivement réelles), ie E(X; ;) = 0, E(|X;;|*) = 1. On suppose les (X;;,1 <i<j <
N) indépendantes, on pose X;; = X;; pour i > j et XV = (X;;)1<ij<n. XV est une
matrice aléatoire dite du GUE(N). Elle induit, sur 'espace Hy des matrices hermi-
tiennes N x N, la loi suivante

Pr(dH) = Z3' exp ( . %Tr(HQ))dH, (2.1)

ol dH est la mesure de Lebesgue sur Hy ~ RN, Notons AV > --- > AN les valeurs
propres de XV, Alors, on a la convergence suivante

AY d
2/3 1
N* <2N1/2 — 1) = TW, (2.2)

ou T'W désigne la loi de Tracy-Widom définie a partir du déterminant de Fredholm
d’opérateurs intégraux associés au noyau d’Airy (cf [TW94)). Il convient de remarquer
que la normalistation et la loi limite dans (2.2) different de celles que 'on trouve
dans le théoreme central-limite classique. C’est, avec le résultat (2.2), la premiere fois
qu’'apparait la loi de Tracy-Widom. Maintenant, soit o une permutation aléatoire de

21
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loi uniforme sur Gy et LY := max{k; Ji; < --- < iy, o(iy) < - - < o(i)} la taille de
sa plus longue sous-suite croissante. Alors, il est prouvé dans [BDJ99] que

TGN (AN RN (2.3)
2N1/2 N—o0 ' '

On apergoit 1'exacte similarité entre les deux comportements asymptotiques (2.2) et
(2.3), tant pour le type de normalisation que pour la loi limite elle-méme. En réalité,
ces identités ne concernent pas uniquement la valeur propre maximale et s’étendent
aux autres valeurs propres de la maniere suivante. Si I’'on note

Ay={leNV; > >y, Y l;=N},

f! la dimension de la représentation irréductible de &y indicée par [ € Ay (égale au
nombre de tableaux de Young standards de forme [) et

(f")?

PN(Z) = N' y

(2.4)

alors Py est une mesure de probabilité sur Ay, appelée mesure de Plancherel. Si [V
est une variable aléatoire de loi Py, sa 1¢ composante [ a la loi de LY. On définit

yN = N3 (2 ;gm — 1) ainsi que les quantités analogues pour les valeurs propres du
GUE(N) : 2 := N1/3 (2;\\;:/2 — 1). Alors, pour k fixé, (z¥, ... z) et (y,...,y}) ont

la méme limite en loi lorsque N — oo (cf [Oko00], [BOOO00], [BDJ00)]). Il apparait, ainsi,
une similarité de comportements asymptotiques pour deux problemes completement
différents a priori.

2.1.2 Les gas de Coulomb

La question se pose naturellement de savoir si 'on peut observer un lien non-
asymptotique (ie a N fixé) entre les deux probléemes? Un premier élément de réponse
est que les lois de AV > -+ > ANV et [NV > ... > I partagent la méme structure de gas
de Coulomb de parametre 3 = 2.

Definition 2.1.1. On appelle gas de Coulomb de parametre 3 toute mesure de proba-
bilité de la forme

pnp(de) = Z];}ﬁ h(x)? N (dz), e W ={z ¢ RN : 21 >--- > 2y}, (2.5)

ou h(z) =[] <icjen(@i—2;) est la fonction de Vandermonde, yu est une mesure de pro-
babilité sur R (éventuellement discréte, concentrée sur N ouZ) et Zn g est la constante
de normalisation.
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La loi des valeurs propres A\Y > --- > A} du GUE(N) est un gas de Coulomb de

parametre 3 = 2 associé a la mesure gaussienne standard sur R. Si I > ... > ¥ est
distribuée selon la mesure de Plancherel sur Ay et si on note hYY =¥ + N — i, la loi
des hY > .- > hY est un gas de Coulomb de parametre 3 = 2 associé a la mesure

(non-normalisée) pu(m) = 1/(m!)?, m € N (cf [JohOla]).

Il existe des méthodes pour calculer les fonctions de corrélation de telles mesures et
analyser leur comportement asymptotique. On a recours aux polynomes orthogonaux
de p, ce qui explique le nom de « orthogonal polynomial ensembles » qu’on attribue
aussi & ces mesures (cf [TW98], [Kon04]).

2.1.3 Des identités en loi

On peut approfondir cette analogie en mentionnant une remarquable identité (due
a [Bar01], [GTWO1]) pour la valeur propre maximale du GUE(N) :
N
d
AVELNB) = sup Y (Bi(t:) — Bitio1)), (2.6)

O=to<--<ty=1"—"]

ol (B;)i1<i<n est un mouvement brownien standard N-dimensionnel. On observe que
la fonctionnelle £V d’une fonction continue est trés analogue & la fonctionnelle LY
d’une permutation. En fait, des identités similaires a (2.6) ont récemment été obtenues
pour toutes les valeurs propres ([OY02], [BJ02], [O’C03b], [BBOO04]). Elles apparaissent
comme les marginales a temps fixe d’identités valables pour des processus stochastiques.
Précisément, si Dy(R ) est 'espace des fonctions f : Ry — R, cadlag, nulles en 0, on
définit

(f@g)(t)= inf (f(s)+g(t)—g(s)) et (fOg)t)= sup (f(s)+g(t)—g(s)),

0<s<t 0<s<t
puis T : Dy(R, )Y — Dy(R, )Y par récurrence :
L (f,9)=(f®9,90f)
et pour N >2,si f=(f1,...,fn),
I = TV VLA ECA® ), N (A& ® fv1))) -
Le résultat fondamental de [OY02] est :
AN L 1M (By, (2.7)

ol B est le mouvement brownien standard dans R™ et (M) la trajectoire des valeurs

propres, rangées par ordre croissant, d’'un mouvement brownien hermitien (défini a la
remarque 2.2.1). L’identité (2.6) correspond, modulo les égalités B L _Bet AV <

max
—AN. . & la premicre composante de l'identité (2.7).

min’
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2.2 Une note sur les représentations de valeurs
propres de matrices gaussiennes

Nous avons considéré une égalité en loi analogue a (2.6) pour un autre ensemble
de matrices aléatoires, le LUE(N, M), M > N. Celui-ci est composé des matrices
yNM o — AZT, ou A est une matrice N x M dont les coefficients sont des gaussiennes
standards, complexes et indépendantes. De maniere équivalente, LUE(N, M) est la loi
suivante sur Hy :

Py(dH) = Zyhy(det H)M N exp(— Tr H)1ysodH . (2.8)
i >
([Joh0O0]) a montré que

YN’M

> 0 désignent les valeurs propres de , alors Johansson

pyM < H(M,N) ::max{ Z (I WEP(M,N)}, (2.9)
(i,)em
ot les (w;;, (4,7) € (N'\ {0})?) sont des variables exponentielles i.i.d. de parametre

1 et P(M,N) est I'ensemble des chemins 7 effectuant des pas (0, 1) ou (1,0) dans le
rectangle {1,..., M} x{1,..., N}.

2.2.1 Un théoréme central-limite

Notre premiere observation est ’existence d’un théoreme central-limite qui fait ap-
paraitre GUE(N) comme une certaine limite de LUE(N, M) :

Théoréme 2.2.1 (cf Th 5.2.1). Soient YNM et XN des matrices respectivement du
LUE(N,M) et du GUE(N). Alors

YNM _MIdy 4
—
v M M—oo

Remarque 2.2.1. En réalité, nous démontrons une telle convergence au niveau des
processus stochastiques. Précisément, si ['on remplace les variables aléatoires gaus-
siennes utilisées pour définir LUE(N, M) et GUE(N) par des mouvements browniens,
on obtient des processus {YVM (), t > 0} et {XN(t), t > 0}, appelés processus de
Laguerre et mouvement brownien hermitien, qui vérifient le

Théoréme 2.2.2 (cf Th 5.2.2).

XN, (2.10)

YNM () — Mt1dy d N
( = ) (XN ()0 (2.11)

t>0 M—oo
au sens de la convergence faible sur C(Ry, Hy).
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2.2.2 La plus grande valeur propre

Les valeurs propres d’'une matrice hermitienne étant des fonctions continues de cette

matrice, on a donc
N,M
ot =My

T i

Ceci, joint a (2.9) et au principe d’invariance suivant, di a Glynn-Whitt [GW91],

AN

H(M,N)—M 4 N
AN su B;(t;) — B;(ti_1)), 919
VAT e g8y 2o Bill) = Bilti-) (2.12)

redémontre (2.6) trivialement.

2.2.3 Les autres valeurs propres

Notre deuxieme remarque est que le raisonnement précédent se généralise aux autres
valeurs propres. Précisément, pour 1 < k£ < N, si 'on définit :

Hy(M,N) :=max Y  w (2.13)
(i,j)emU--Umy,
ou le max est pris sur I’ensemble des chemins disjoints 7y, ..., 7 € P(M, N), alors
d ( NM N,M N,M
(Hy(M, N))1§k§N = (Nl B L R e ol )1§k§N . (2.14)

Ensuite, nous établissons un principe d’invariance pour Hy(M, N) (cf Eq (5.19)) :

Hk<M7 N) — kM d :
vVM Moo Q/(cN) = Sup Z Z( Bj(s?*lﬂrl) - B]'(S?fp) ), (2.15)

N
j=1 p=1
ou le sup est pris sur toutes les subdivisions (s?) de [0, 1] de la forme :
sfef0,1], ¥ <P <st s =0pouri <Oets’=1pouri>N—Fk+ L
Nous obtenons donc la représentation suivante pour les valeurs propres du GUE(N) :
(QéN)>1§k§N LY A Ay (2.16)

Remarque 2.2.2. Ce résultat implique que

(Q/(cN)>1§k§N < (F%V)(B)(l) + F%V_)l(B)(l) R Fg\]fv—)kH(B)(l)) ’

1<k<N
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ce qui est en accord avec l’équivalence, obtenue dans [O°C03b], entre la fonctionnelle T
et la correspondance RSK. La formule précédente apparait comme un analogue, dans ce
contexte continu, des formules de Greene exprimant la somme des tailles des premieres
lignes du diagramme obtenu en appliquant RSK a une permutation en fonction des
sous-suites croissantes disjointes de cette derniére.

[’ambition que suscitent naturellement de telles observations serait d’obtenir une
représentation analogue a (2.7) pour les trajectoires des valeurs propres du processus
de Laguerre dont on sait qu’elles ont la loi de carrés de Bessel conditionnés a ne pas
s'intersecter (cf [KOO01]). Nous n’avons pas été capable d’obtenir une telle représentation
mais, dans le but d’imiter I'approche de [OY02], nous avons été amené a considérer
une version discrete des carrés de Bessel et a définir le conditionnement associé.

2.3 Processus sans collision et ’ensemble de Meix-
ner

Si, dans (2.13), les (w;;, (i,7) € (N\ {0})?) sont remplacées par des variables
géométriques i.i.d. de parametre ¢, la version discrete de (2.14) s’écrit :

d
(Hi(M,N))cpeny = 1+ v2 4+ V)1 cpen (2.17)

ouv+N—-1>vn+N—-2>..--> vy alaloi du gas de Coulomb suivant, appelé
ensemble de Meixner,

N
Menog(y) = (Znog) " h@)? [Jwi(;), veW :={yeN"; y > - >yy},
j=1

o = M— N +1, wfj(y) = (erz*l)qy pour y € N et Zyg, est une constante de

normalisation telle que Mey , soit une mesure de probabilité sur W et h(y) est le
déterminant de Vandermonde

hy)= [ wi—w)-

1<i<j<N
Notre but est de faire apparaitre cet ensemble comme la marginale a temps fixe de

processus stochastiques discrets conditionnés a ne pas s’intersecter.

2.3.1 Harmonicité du déterminant de Vandermonde

Précisément, nous établissons la
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Proposition 2.3.1 (cf Prop 6.2.1). Soient Xi,..., Xy, N copies indépendantes d’un

processus de vie et de mort dans N, de tauz de vie B(z) = ax?+br+c et de tauz de mort

§(x) =az® + bx +¢, v € N. h est une fonction propre pour le générateur du processus

X = (Xy,...,XN) si et seulement si a = a et la valeur propre correspondante est
N(N—1)(N-2) 7\ N(N—1)

a———=+(b—"b)

—=5— En particulier, h est harmonique si el seulement sia =@

etb—b=—2a(N —2).

2.3.2 Processus de Yule sans collision

Si Xi,...,Xn sont des processus de Yule (f(z) = x+6, 0 > 0 et 6(x) = 0)
indépendants, h est harmonique pour le processus X = (Xj,..., Xy) tué au temps

TAT,ouT =inf{t > 0; X(t) & W} et 7 est un temps exponentiel de parametre
\ = Nv-1)
2

, indépendant de X. On peut alors définir la h-transformée suivante :
h
BAX(t) = y) = e MW p X() =y, T > 1), (2.18)

pour z,y € W. On peut voir ce nouveau processus comme le processus de départ
conditionné a ne jamais quitter W. On peut alors montrer la

Proposition 2.3.2 (cf Prop 6.3.1). Posons z* = (N —1,N —2,...,0). Alors, pour
tout y € W et tout t > 0,

PL(X(t) =y) = Meng1—e(y) = Ceh(y)* Po(X(t) = y) .

2.3.3 Processus de vie et de mort linéaires sans collision

SiYq,...,Yy sont N copies indépendantes d'un processus de vie et de mort avec
B(x) =x+46,0 >0et §(x) =z, alors h est harmonique pour Y = (Y7,...,Yy) et 'on
définit :

PEY () = 5) = g PaY (0 =0 T > 1) 219)

pour z,y € Wet T = inf{t > 0; X(¢t) ¢ W}. Alors

Proposition 2.3.3 (cf Prop 6.4.1). Siz*=(N—-1,N—2,...,0),y € W ett >0,

on a :

PL(Y(t) = y) = Mengi/a+0(y) = Dih(y)* Po(Y () = y).
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2.3.4 Frontiere de Martin

On peut facilement analyser ’asymptotique du noyau de Martin et montrer que la
compactification de Martin de X tué au temps T'A 7 est MC' =W U X, ou

Se={pel0.Np>...Zpn ol =) pi=1}

et une suite (y,,) € WY converge vers p € ¥ si et seulement si |y,,| — oo et y,/|yn| — p.
Le noyau de Martin (basé en x*) associé au point p € X est

CTr @)y T(NO+ A+ |z))
M(x7p)—1_[1 (0)z, T(NO+ X+ |z*)

i=

N

Schur,(p),

ou
det (pfi)gi,jgzv

h(p)
Nous remarquons que h est une fonction harmonique pour L* mais n’est pas extrémale,
ce qui differe de la situation des marches aléatoires (cf [KOR02], [0’C03b] et [O’C03al).
Il serait intéressant de trouver une mesure de mélange p; (a priori, nous devons dire
« une », puisque nous n’avons pas déterminé la partie minimale de la frontiere) telle
que :

Schur,(p) =

T (O)n T(NO+ x|+ N)
M) = hlz ).H @),, T(NOF |27 - A)

=1

Nl=*l=lal /Schurm(Np) wr(dp).
2

2.4 L’algorithme RSK appliqué a un mot échangeable

Si ¢ est la marche aléatoire simple symétrique sur Z démarrant en 0 et & est le
processus de son maximum passé alors une version discrete du théoreme de Pitman
([Pit75]) affirme deux choses : d’abord que 2€ — ¢ est une chaine de Markov et ensuite
que 26 —¢ alaloi de la chaine € conditionnée & rester éternellement positive ou nulle. De
récents travaux ([OY02], [BJ02], [O’C03b], [BBOO04]) ont étendu ce résultat dans des
cadres multi-dimensionnels. La correspondance RSK est un algorithme combinatoire
qui fournit I’analogue multi-dimensionnel F de la transformation f : £ — 2€ — &. Nous
avons examiné les deux affirmations du théoreme de Pitman lorsque 'on remplace f
par F' et & par X, le processus des types d’'un mot infini échangeable.

2.4.1 Le processus des formes

Précisément, nous considérons n = (,),>1, une suite échangeable de variables
aléatoires a valeurs dans [k] := {1,... k} et définissons le processus X € (N*)N par

Xin)={m<n|n, =i}, 1<i<k, n>0.
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On voit facilement X est une chaine de Markov de transitions

Px(a, ) = % Lo, s, (2.20)

ou a /" (3 signifie que 8 — a est un vecteur de la base canonique de RF et g est
une fonction qui détermine la loi de 1. Si X (n) est la forme des tableaux obtenus en
appliquant I'algorithme RSK au mot (n,...,7,), alors

Théoreme 2.4.1 (cf Th 7.3.1). X est une chaine de Markov sur Uensemble Q =
{INENF;, N\ > ... > \.} et ses transitions sont données par :

P)N((M, )\) = %]ﬂ/}\’ (221)

ot la fonction f est définie par

F) =3 Kaadla) (2.22)

et Ky, est le nombre (dit de Kostka) de tableaux semi-standards de forme X et de type
a (pour les définitions combinatoires, une référence est [Ful97] mais on trouvera un
résumé dans la section 7.2 et le chapitre 13 de cette these).

Remarque 2.4.1. Le processus X est une fonction déterministe de X, X = FE(X), ou
la fonctionnelle F* a été décrite par O’Connell dans [O’C03b]. Le théoréme 2.4.1 ap-
parait ainsi comme un analogue multi-dimensionnel de la premiere partie du théoreme
de Pitman.

Le théoreme de de Finetti affirme, dans ce contexte, que @ converge presque-

slirement vers une variable X, de loi dp sur S, = {p € [0,1]* , S p; = 1}. On a
alors

F) = / 5x(p) dp(p),

Xi+k—j
det(mij >
1<i,j<k

ou sy(x) = — est la fonction de Schur d’indice A\. Nous montrons que :
Hi<j €7 m])

Proposition 2.4.1 (cf Prop 7.3.3).

X(n) = X pos. (2.23)

lim
n—oo n

ot )A(:Oo, de loi dp, est le réarrangement décroissant de X .
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2.4.2 Le processus conditionné

Soit n’ un autre mot infini échangeable auquel on associe comme précédemment le
processus des types X’ et la « loi de mélange » dp’. Si 'on suppose

o' ({p € S; pr >+ >pi}) >0,

on peut conditionner X’ a rester éternellement dans 2 au sens usuel et le processus X’
ainsi obtenu est une chaine de Markov dont les transitions sont données par :

P2 = 253 Pl ), (224)

ou

g(A) = / sx(kp) dp'(p)

et d/;’ est la mesure de probabilité donnée par

dp/(p) = “SH — pj) 1w (p) df/ (p). (2.25)

1<j

2.4.3 Le lien entre conditionnement et RSK
Proposition 2.4.2 (cf Prop 7.4.2). X ala méme loi que X' si et seulement si p= //)\’

Un corollaire de cette proposition est la CNS p = p pour que la deuxieme partie
du théoréme de Pitman soit vraie, c’est-a-dire pour que processus des formes X et
processus conditionné X associés a un méme mot 7 aient la méme loi. Cette condition
est évidemment vérifiée lorsque 7 est une suite de variables i.i.d. En revanche, elle n’est
pas vérifiée lorsque 1 code la couleur des boules ajoutées aux instants successifs dans
une urne de Polya.

2.4.4 Une réciproque « a la Rogers » du théoreme de Pitman

Nous souhaiterions caractériser les mots infinis 7 tels que les processus associés X
et X soient markoviens. Nous ne savons pas résoudre ce probleme en toute généralité
mais pouvons en traiter un cas facile. Si (R, S) sont les tableaux obtenus en appliquant
I’algorithme RSK au mot w, nous définissons F' par

P((m,...,m) = w] = F(R,S).
Alors, on a la

Proposition 2.4.3 (cf Prop 7.4.4). Si F(R, S) = F(R) alors X est automatiquement
une chaine de Markov. Si, en outre, X est aussi markovien, alors n est échangeable.



Chapitre 3

Diffusions a valeurs matricielles

3.1 Contexte

3.1.1 Des variables aléatoires a valeurs matricielles

Les principales familles de lois de probabilité sur R admettent des généralisations
naturelles sur les espaces de matrices classiques. Par exemple, sur 'espace S, (R) des
matrices symétriques de taille n, on peut définir les mesures de probabilité suivantes :

1. le GOE(n) de densité (27)(n=1/4 ¢=tr4% A
2. le LOE(n,p), p > n — 1, de densité

2727, (p/2) 7t (det A)PnD/2emAZ Y G dA,

3. le JOE(n,p,q), p>n—1, ¢ >n —1, de densité

Con(lp+9q)/2) ot AV (g (1 — AYY@-n-1)2
T (/2T (q/2) (et A) (det(1, — A)) 1o, <act, dA,

ou dA = [],; dA;; est la mesure de Lebesgue sur S, (R) et I';, est la fonction Gamma
multivariée (cf [Mui82] ou bien section 8.5). Les GOE(n), LOE(n,p) et JOE(n,p,q)
sont respectivement les analogues de la loi gaussienne, de la loi Gamma et de la loi
Beéta sur R. Une fois définies ces « matrices aléatoires », il est naturel de se demander si
elles partagent les propriétés classiques des variables aléatoires réelles dont elles sont les
pendants. Par exemple, on doit a Lévy ([L.év48]) 'ancienne et remarquable observation

que, malgré le bon comportement des lois LOE(n, p) sous la convolution
LOE(n, p) * LOE(n,p') = LOE(n,p + p'),

LOE(n,p) n’est pas infiniment divisible, ceci a cause de I'appartenance de p a 'en-
semble dit de Gindikin {1,...,n — 1}Uln — 1,00[. On trouve dans la littérature, es-
sentiellement statistique, de tres nombreux travaux concernés par cette étude. L’in-
troduction des polynomes zonaux et des fonctions hypergéométriques matricielles par
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A. T. James et A. G. Constantine ([Jam61], [Jam68|, [Con63]) fut un progres majeur,
permettant I’écriture de certaines intégrales sur des variétés de Stiefel qui interviennent
dans les distributions non-centrales en statistique multivariée. On doit a C.S. Herz la
généralisation aux matrices symétriques des fonctions de Bessel ([Her55]) et [Con66],
[JC74] ont considéré les polynomes orthogonaux de mesures matricielles. De remar-
quables apports a I’étude des propriétés des lois de Wishart se trouvent dans les contri-
butions de G. Letac et coauteurs, notamment leur extension aux cones symétriques,
leur caractérisation et le calcul de leurs moments ([CL96], [LW00], [GLMO3]).

3.1.2 Des processus a valeurs matricielles

L’idée remonte déja a Dyson ([Dys62]) de proposer une généralisation supplémentaire
en considérant, non plus des variables aléatoires, mais des processus stochastiques a
valeurs matricielles comme le mouvement brownien hermitien. Cette vision dynamique
lui a permis de mettre clairement en évidence les répulsions qui existent entre les va-
leurs propres de telles matrices. En effet, il est possible de décrire explicitement les
trajectoires suivies par les valeurs propres et ’'on constate que 1’équation différentielle
stochastique qui les dirige met en jeu une force de répulsion électrostatique exercée
sur chaque valeur propre \; par toutes les autres A;, j # ¢ et de maniere inversement
proportionnelle a la distance qui les sépare, ie en 1/(\; — A;). De telles études ont été
menées dans [McK69], [Dyn61], [NRWS86], [Ken90], etc. Elles peuvent étre considérées
comme faisant partie des préoccupations plus vastes de la géométrie différentielle sto-
chastique (voir [RWO00]| pour une treés lisible introduction). On y établit par exemple
([PR88]) des résultats de skew-products généraux pour le mouvement brownien sur
une variété riemannienne M lorsque celle-ci admet une décomposition M ~ A x U.
D’agréables exemples de tels skew-products sont notamment fournis par les diffusions
matricielles quand on regarde la décomposition S,(R) =~ R™ x O, (R) correspondant
a la diagonalisation. Un intérét spécifique fut aussi porté aux trajectoires des valeurs
propres en elles-mémes, en lien avec la théorie des non-colliding processes ([CLO1],
[KT03a], [KT03b], [Gra99], [Gil03]). Mentionnons encore 1'usage que 'on peut faire
d’un calcul stochastique matriciel tel qu'il a été développé dans [CDGO1] et [BCGO03].
Inspiré par le calcul stochastique libre ([Bia97], [BS98]), il a permis d’établir des prin-
cipes de grande déviation pour les processus de mesures spectrales empiriques ainsi
que des inégalités concernant l’entropie libre de Voiculescu. Enfin, signalons qu’il est
possible de faire tendre vers l'infini la taille du processus de Wishart dont nous allons
parler dans 3.2 pour obtenir un processus de Wishart « libre » ([CDMO03]).
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3.2 Quelques propriétés des processus de Wishart
et une extension matricielle des lois de Hartman-
Watson

Parmi ces études de processus de diffusion a valeurs matricielles, nous avons porté
notre attention sur un travail de M.F. Bru ([Bru89c|, [Bru91], [Bru89al, [Bru89b]),
décrivant des généralisations matricielles des processus uni-dimensionnels que sont les
carrés de Bessel.

3.2.1 Le carrés de Bessel

Rappelons d’abord, brievement, les caractéristiques de ces derniers.

(i) Equation différentielle stochastique
Pour ¢ = 0, I"équation différentielle stochastique

dXt = 2\/ Xt dBt + 0 dt, XO =T 2 O, (31)

admet une unique solution forte. On appelle ce processus un « carré de Bessel » de
dimension § et 'on note @Q° sa loi.
(ii) Propriété d’additivité

Q4 * Q= QL
(iii) Relation d’absolue d’absolue continuité et loi de Hartman-Watson
SiF=0{Xs,sZth, 6=2(1+v)et Q¥ =Q°% on a

X, \"/? V2 [t ds
(v) _ [ 2t _ it B (V)
QY7 ( . ) exp ( 5 /O Xs) Q3 |7,

ce qui permet de déduire que la loi Q(mo)-conditionnelle de fot (X,)~tds sachant X; =y
est la loi de Hartman-Watson caractérisée par

A CTE I
ot r = \/Tg/t.

(iv) Inversion du temps
Si X est distribué selon Q2, {t?X (1/t), t > 0} est un carré de Bessel généralisé de drift
vz, démarrant en 0 (voir [Wat75] ou [PY81] pour une définition).
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(v) Entrelacement
Si Q(z,dy) désigne le semi-groupe de Q°, alors

0+ Nsor = Moy @?, (3.3)

ol Asy est I'opérateur de multiplication associé a (3s/25 /2, une variable Béta de pa-
rametre (§/2,0'/2), i.e.,
Nso f(x) = E[f (28526 /2)]-

3.2.2 Les processus de Wishart

Aidé du récapitulatif précédent, il est aisé de présenter, pour les processus de Wi-
shart, les résultats de M.F. Bru ([Bru89c|, [Bru91], [Bru89a], [Bru89b]) ainsi que les
notres.

(i) Equation différentielle stochastique
L’équation (3.1) est remplacée par

dXt = 1/ Xt dBt + dB; \/ Xt -+ 5[m dt, XO =X, (34)

ou X est a valeurs dans I'espace S;t des matrices symétriques positives de taille m, B
est une matrice brownienne m x m et B’ est sa transposée. On appelle processus de
Wishart de dimension § une solution de (3.4) et on note par Q° sa loi, qui est bien
définie grace au

Théoréme 3.2.1 ([Bru9l]). (i) Si 6 € (m — 1,m + 1), (3.4) posséde une unique
solution en loi.

(i) Si 6 = m+ 1, (3.4) possede une unique solution qui reste définie positive en tous
temps.

(ii) Propriété d’additivité
Alors que / /

Q * Q= Qi1 (3.5)
reste vraie, la loi Q% n’est pas infiniment divisible & cause de I'appartenance de J a
I'ensemble de Gindikin A, = {1,...,m —1} U (m — 1, 00).
(iii) Relation d’absolue d’absolue continuité et loi de Hartman-Watson
Le résultat principal de notre travail est

Théoréme 3.2.2 (cf Th 8.1.2). Siv =0, ona :

det(X;)\ "/ 2t
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Ceci permet de définir un analogue matriciel de la loi de Hartman-Watson, ca-
ractérisé par

m+1 ex _V_Q ' r -1 s _ :iy(xy/4t2)
Qr oo (- [ as) o=y = PR 3
ou N (2
() = —det(z)) oFy((m 4 1)/2 4 v: 2) (3.8)

T.((m+1)/2+v)

est un analogue matriciel des fonctions de Bessel et oF; est une fonction hypergéométrique
matricielle définie en 8.5. Nous pouvons aussi écrire une relation d’absolue continuité
pour une dimension m + 1 4 2v avec —1 < v < 0, ce qui permet d’expliciter la loi du
premier temps ou det X est nul.

(iv) Inversion du temps

Nous définissons des processus de Wishart généralisés avec drift € S et montrons
qu’ils s’obtiennent aussi par inversion du temps a partir de processus de Wishart clas-
siques.

(v) Entrelacement

0+ Nsy = Nsor QY (3.9)

olt Asy est opérateur de multiplication associé a une variable Béta (s5/25 /2 sur Sy,
de parametre (0/2,¢'/2) (définie a la Def.3.3.2 dans [Mui82]) i.e.,

Aso f(x) = E[f (VaBsj2,5 2V/)].

3.3 Les processus de Jacobi matriciels

Ici, nous discutons les généralisations aux matrices symétriques d’une autre classe de
processus réels, les processus de Jacobi. En dimension 1, ces derniers sont des diffusions
sur l'intervalle (0, 1) associées au générateur 2z(1—z)0*+(p — (p + q)x) 9. Leur mesure
réversible est la loi Béta

I((p+q)/2)
L(p/2)l'(q/2)

Ces processus apparaissent, pour des dimensions p, g entieres, comme des projections
du mouvement brownien sur la sphere de R, n = p+ ¢ (voir [Bak96]) et interviennent
dans un skew-product attaché au quotient de deux carrés de Bessel ([WY]). On trouvera
dans [EK86] et [KT81] (resp.[DS]) des études de ces processus motivés par des modeles
de génétique (resp. de mathématique financiere). Disons enfin que les processus de
Jacobi jouent un role fondamental dans la classification des diffusions réelles associées

xp/Q_l(l — x)qﬂ_l 1(0,1)(@ dx.
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a une famille de polynémes orthogonaux ([Maz97]).

Notre objectif est de proposer une définition de processus de Jacobi matriciels a travers
I’étude d’une équation différentielle stochastique matricielle et de donner les premieres
propriétés de tels processus (interprétation géométrique pour des dimensions entieres,
relations d’absolue continuité, mesures réversibles et trajectoires des valeurs propres).
Le point de départ de notre travail est 1’équivalence entre deux constructions des lois
Béta matricielles, 1'une, classique, a partir de quotients de lois de Wishart et I'autre
consistant a prélever un coin rectangulaire d’'une matrice distribuée selon la mesure de

Haar sur SO, (R) (cf [Col03]).

3.3.1 Le cas de dimensions entiéres

Nous partons du mouvement brownien © sur SO, (R) et considérons la matrice X
formée des m premieres lignes et p premieres colonnes de O.

Théoreme 3.3.1 (cf Th 9.2.3). Le processus J := X X* est une diffusion sur l’espace
Sn={2€S8,: 0, <z<1,}. Sip>m+1etq>m+1, alors J est solution de
I’équation différentielle stochastique suivante :

dJ =N JdB\/1p, — J 4+ \/1pn — JAB*VJ + (pI — (p + q)J) dt, (3.10)

ou B est une matrice brownienne mxm et ¢ = n—p. J sera appelé processus de Jacobr
de dimensions (p,q).

3.3.2 Etude de ’EDS pour des dimensions non-entieres

Les coefficients de 1’équation multi-dimensionnelle (3.10) n’étant pas lipschitziens
mais seulement holderiens d’indice 1/2, I’étude des solutions de celle-ci demande quelques
précautions. Nos arguments sont proches de ceux de [Bru91] mais l'usage de temps lo-
caux permet de simplifier le traitement de l'existence en loi ((ii) du théoreme suivant).

Théoréme 3.3.2 (cf Th 9.3.1). (i) SipANg>m+1etJy=x ases valeurs
propres dans 10, 1], (3.10) a une unique solution forte dont les valeurs propres
restent éternellement dans )0, 1[.

(il) SipAqg>m—1 et Jy =1z asesvaleurs propres distinctes et dans [0,1], (3.10)
a une unique solution en loi.

(iii) Si elles sont distinctes au départ, les valeurs propres de J le restent éternellement
et peuvent étre numérotées \y > --- > \,. Elles vérifient ’EDS suivante :

e w P { e+ S (1= M) + N0 =N) }dt,

i — A
J (i) J

(3.11)
pour 1 <1 < m et des mouvements browniens réels indépendants by, ..., b,,.
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3.3.3 Propriétés du processus de Jacobi

On peut expliciter la mesure réversible du processus de Jacobi matriciel.

Proposition 3.3.1 (cf Prop 9.4.2). Sip > m—1 et ¢ > m—1, la mesure réversible du
processus de Jacobi de dimensions (p,q) est la loi Béta matricielle u, , sur Sy, définie
par :

L ((p+49)/2)
Fm(p/Z)Fm(q/2)

Si 'on note P17 la loi d'un processus de Jacobi de dimensions (p, q), les relations
d’absolue continuité s’écrivent :

fp.q(da) = det(x)(p*’”“*l)/2 det(1,, — x)(q*mfl)ﬂ 1o, <z<1,, AT .

Théoréme 3.3.3 (cf Th 9.4.3). Si F; = o0(Js, s <t) et T =inf{t| det Ji(1,, — J;) =

0}, nous avons :

det Jt>0‘ <det(1m - Jt))ﬁ

P4 _
2 |mnir>n (detj det(L,, — J)

t
exp (_/ ds (c +utr(J7h) +otr((Ln — Js)l))) P2 minir>ey
0

oia = (p' = p)/4, =g —aq)/4 w="L2 (B2 —m = 1), 0= L5 (L1 —m - 1),
c=m (p’Jrq:pfq) (m +1-— p’+q’2+p+q>_
Ceci permet d’écrire des relations d’absolue continuité entre dimensions (p,q) et

(q,p) ainsi qu’entre dimensions (m + 14 2u,m+1+2v) et (m+1—2u,m+ 1 —2v).
Si on note P#¥) = prtl+2um+142v - on peut en déduire la loi de T :

Corollary 3.3.2 (cf Cor 9.4.6). Pour 0 < p, v <1,

det Jt s det(lm — Jt) v
det det(1,, — x) '
Enfin, il est possible de définir, de maniere exactement analogue, un processus de Ja-

cobi hermitien (en remplacant les matrices symétriques par des matrices hermitiennes)
de taille m et 'on peut caractériser les trajectoires de ses valeurs propres.

PCH) (T > t) = @)

Proposition 3.3.3 (cf Prop 9.4.7). Les valeurs propres d’un processus de Jacobi her-
mitien de dimensions (p, q) ont les trajectoires de m processus de Jacobi uni-dimensionnels
de dimensions (2(p—m+1),2(q—m+1)) conditionnés (au sens de Doob) & ne jamais
entrer en collision.
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Chapitre 4

Mouvement brownien et groupes de
réflexions

4.1 Contexte

Les études qui suivent ont été inspirées par l'intérét récemment porté, en rela-
tion avec les matrices aléatoires, au mouvement brownien dans les chambres de Weyl
([BJ02], [O’C03b], [BBOO04]). Une observation qui remonte a Dyson ([Dys62]) est que
le processus des valeurs propres A;(t) > --- > A\, (t) d'un mouvement brownien hermi-
tien démarrant en 0 a méme loi qu'un mouvement brownien dans R™ démarrant en 0
et conditionné a ne jamais quitter C' = {r € R" : z; > --- > x,}. Ce dernier pro-
cessus admet une représentation en loi comme fonctionnelle du mouvement brownien
standard dans R" ([OY02],[BJ02], [O’C03b], [BBOO04]). Cette représentation est un
analogue multi-dimensionnel du théoreme classique de Pitman ([Pit75]) affirmant que
si B est un mouvement brownien réel issu de 0 et si M est son maximum passé, 2M — B
a la méme loi que B conditionné a rester éternellement positif. Il se trouve que la région
C est un domaine fondamental pour le pavage de I'espace R™ par le groupe symétrique
G,,. Ce dernier est un exemple de groupe fini engendré par des réflexions euclidiennes
(ie, de maniere équivalente, de groupe de Coxeter fini). De tels groupes font depuis
longtemps 1’'objet de nombreuses recherches en algebre, géométrie et combinatoire. En
particulier, ils ont été entierement classifiés et leur liste est codée par des diagrammes
de Dynkin (cf [Hum90] pour une introduction). [BBO04] prouve que des théorémes de
Pitman peuvent étre donnés pour les chambres C' associées a ces groupes. Cette contri-
bution majeure met en évidence les liens qu’entretient la « fonctionnelle de Pitman »
avec les chemins de Littelmann et la théorie des représentations. Pour différentes et
bien plus modestes qu’elles soient, les questions auxquelles nous nous intéressons dans
les travaux qui suivent ont en commun avec [BBOO04] de faire appel, dans un contexte
« brownien », au cadre algébraico-géométrique des groupes de réflexions et de leurs
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systemes de racines.

4.2 Problemes de sortie associés a des groupes de
réflexions finis

Parmi les temps d’atteinte associés au mouvement brownien, le plus simple et le
plus fondamental est, sans doute, le temps d’atteinte de 0 d’'un mouvement brownien
réel issu de x > 0, T' = inf{t > 0, B, = 0}. Sa loi peut étre obtenue par un principe
de réflexion. Celui-ci exprime le semi-groupe p}(z,y) du mouvement brownien tué en
0 en fonction du semi-groupe p;(z,y) du mouvement brownien standard :

P (@,y) = pelx, y) — pilz, —y). (4.1)
En intégrant sur y > 0, on obtient :
P.(T >t) =P,(B; > 0) — P.(B; < 0) =Py(|By| < ). (4.2)

L’argument essentiel est 'invariance de la loi brownienne par la réflexion x — —x. De
maniere générale, la loi d'un mouvement brownien dans R™ est invariante par tout sous-
groupe de O, (R), en particulier par tout groupe fini W engendré par des réflexions.
On peut alors chercher les analogues de (4.1) et (4.2) en remplacant {z > 0} par le
domaine fondamental C' associé au pavage de R™ par W et T par le temps de sortie de
C. La formule (4.1) se généralise en

piley) = ) e(w)pdle, wiy)), (4.3)

weW
ou e(w) = det(w) ([GZ92],[Bia92]). Dans le casou W = &,,,ona C = {z; > --- > x,,}
et (4.3) s’écrit :
pi(z,y) = det (pi(s, yj))1§i,j§n 3 (4.4)
formule que 'on doit a [KM59]. L’intégration de (4.3) donne

P (T >t)= Y e(w)Py(B, € w(C)). (4.5)

La formule précédente fait figurer une somme alternée de |W| termes, qui sont chacun
des intégrales multi-dimensionnelles délicates a calculer. Notre propos est d’obtenir,
par une approche directe, des formules alternatives comportant moins de termes et ne
faisant intervenir que des intégrales de dimension un ou deux.
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4.2.1 Le résultat principal

Le cadre est celui d’un systeme (fini) de racines ® dans un espace euclidien V', avec
systeme positif I et systeme simple A. W est le groupe (fini) associé a ® et la chambre
est :

C={zeV:Vaecll, (q,z) >0} ={zeV: Vae A, (o,z) >0}.

Nous définissons, dans la section 10.2.1, la notion de « consistance » pour un ensemble
I C II et notre résultat principal est le suivant :

Proposition 4.2.1 (cf Prop 10.2.3). Si [ est consistant, on introduit
I={A=wl: weW wlClIl}

et l'on peut définir sans ambiguité € 4 = e(w) pour A =wl € Z. Alors

P, (T >1t) =Y eaPy(Ty > 1), (4.6)

A€
ou Ty =inf{t: Ja € A, (By,a) =0} est le temps de sortie de l'orthant associé a A.

Cette formule est particulierement agréable lorsque I est orthogonal (ie que ses
éléments sont deux a deux orthogonaux), auquel cas elle s’écrit

PAT>1) =Y ea[]~ (a@)/\/i) , (4.7)

AeT acA

ou a(z) = (a,x)/|al et v(a) = \/gfoa e ¥’/2dy. Dans ce cas, on peut méme établir
une formule « duale » pour P, (7" < t). Cette derniere fait intervenir une « action » des
racines simples o € A sur les ensembles orthogonaux B C II définie par :

B si a € B,
a.B=<{ {a}UB siae B
So B sinon.

On peut alors définir la « longueur » {(B) de B par :

I(B)y=mf{leN: Jaj,as,...,q0. €A, B=qq...as.01.0} (4.8)
et I'on a:
P (T <t)=) (-1)'P'P,V3 € B, Ty < ], (4.9)
B

ou la somme porte sur les ensembles orthogonaux B C II et # ().
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4.2.2 Consistance et application au mouvement brownien

Pour la majorité des groupes finis de réflexions, nous exhibons un ensemble I dont
nous vérifions la consistance et pour lequel nous identifions Z. En conséquence, nous
pouvons appliquer le résultat principal 4.2.1 dans les différents cas.

Citons le cas de W = &,, pour lequel C' = {x; > --- > z,} et

P (T >t)= Z (—1)c™ H Dijs (4.10)

m€P2(n) {i<jyen

oul Py(n) est 'ensemble des partitions de {1,...,n} en paires (avec éventuellement un
singleton si n est impair), ¢(7) est le nombre de croisements dans la représentation

graphique de m € Py(n) (cf figure 4.1) et py; = Po(Te,—e, > 1) =7 (%)

N SN O
i 2 3 4

1 2 3 4 12 3 4
= {{174}7{2’3}} = {{172}7{3’4}} ™= {{173}7{2’4}}
c(r) =0 c(m) =0 c(r) =1

FiG. 4.1 — Partitions en paires et leurs signes pour n = 4
On peut traduire (4.10) en termes de pfaffien (cf 10.8.2 pour une définition) :

Pf (pij)z‘,je[n] si m est pair ,

4.11
Eln:1(_1)l+1 Pt (pz‘j)i,je[n]\{l} si n est impair, ( )

P.(T > t) :{

avec la convention que pj; = —p;; pour ¢ < j.
Signalons aussi le cas du groupe dihédral I5(m) des symétries d’un polygone régulier
a m cotés. T est le temps de sortie d'un cone d’angle w/m :

C={re®: r>0,0<0<n/m}cCcC~R%.
Si I'on note oy = ™ W/m=1/2) ¢t a) = €™ 2qy, le résultat s’écrit

B S (=) TIP(T,, > 1) si m est impair ,
Po(T > 1) = { S~ By (Tamyy > 1) sim =2 (mod 4). (4.12)
Si m est multiple de 4, la proposition 4.2.1 ne s’applique pas mais nous pouvons tout
de méme écrire des formules d’allure un peu différente (cf section 10.4.5).
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4.2.3 Calculs d’asymptotiques et de moyennes

Le résultat (4.6) permet d’analyser I'asymptotique de P,(T" > t) selon que ¢ est
grand ou petit. Par exemple, nous démontrons la

Proposition 4.2.2 (cf Prop 10.4.1). Si [ est consistant, on a le développement
sutvant :
P, (T >t) = h(z) Y E,(x)t @), (4.13)

q>0

oun = |II|, h(x) = [[,en (2, @), Ey(x) est un polynome W -invariant de degré 2q. En
particulier, il existe une constante k telle que :

P, (T > t) ~ “tsz) as t — oo. (4.14)
Nous étudions aussi le cas ou ¢ est petit et ou x est a égale distance de tous les
murs de la chambre (cf section 10.4.6).
Dans certains cas, il est aussi possible de calculer 'espérance de T'. Mentionnons
I'exemple du groupe symétrique pour lequel C' = {z; > --- > x,}. On a E,(T) =
(21 — x9)(x2 — x3) pour n = 3 et, pour p = |n/2] > 2,

Em(T): Z (_1)C(K)FP(ZL‘W)7 (415)

TEP>(n)
ol Tr = (T; — ;) ficjren € RE et
2P (p/2) 2 ...dz
F o P . 4.16
p<y17 7yp) 7rp/2 p 2 / / 21 - Zg)p/2,1 ( )

4.2.4 Formules de de Bruijn et combinatoire

Ensuite, nous remarquons, pour le cas W = &,, (n pair), que 'intégration de (4.4)
sur C' = {x; > --- > x,} donne une expression alternative pour P,(T" > t), ce qui
implique que

/Cdet (fiyi)i<ijen Ay =PEU(fis fi)r1<i j<n >

ou f; = pi(xy,.) et I(f,g9) = fy>z (f(y)g(z) — f(2)g(y)) dydz. Cette formule s’étend
par linéarité et densité a des fonctions suffisamment régulieres et intégrables. Elle a été
démontrée pour la premiere fois par de Bruijn ([dB55]) par des méthodes tout a fait
différentes. Notre approche nous permet d’en donner une version dans le cadre général

de la proposition 4.2.1 que I'on peut traduire explicitement dans chaque cas particulier
(cf section 10.5).
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Enfin, en appliquant la proposition 4.2.1 a des marches aléatoires, nous retrouvons
des résultats de Gordon et Gessel sur le dénombrement des tableaux de Young de
hauteur bornée (cf 10.6).

4.3 Problemes de sortie associés a des groupes de
réflexions affines

Les domaines dont nous avons examiné le temps de sortie dans la section 4.2 sont
des régions non-bornées, bordées par des hyperplans qui passent tous par 1’origine. Le
groupe de transformations associé a de tels domaines est fini et constitué d’isométries
linéaires, qui laissent invariante la loi du mouvement brownien. Mais celle-ci est aussi
invariante par translation, ce qui permet d’adapter les idées précédentes a certains
groupes infinis engendrés par des réflexions affines. Le domaine fondamental, appelé
« alcove », attaché a de tels groupes apparaitra comme une région bornée de 1’espace
euclidien, bordée d’hyperplans vectoriels ou affines. L’exemple le plus simple est celui
de l'intervalle (0, 1) C R, pour lequel le groupe associé est W, = {x — +x+2l, | € Z},
engendré par les réflexions © — —x et x — 2 — x par rapport a 0 et 1.

Le propos du chapitre 11 est de présenter les formules pour la loi du temps de sortie
de telles alcoves ainsi que de décrire un langage tres commode, celui des systemes de
racines affines, qui permet de transposer, sans effort, les preuves données au chapitre
10.

4.3.1 Le cadre géométrique

Dans un espace euclidien V', on se donne un systeéme (irréductible) de racines ®, avec
systéme simple associé A, systéme positif associé ®T et groupe associé W. On suppose
que ¢ est crystallographique, ce qui signifie en substance que W stabilise un réseau.
On définit le groupe W, associé a  comme le groupe engendré par les réflexions affines
par rapport aux hyperplans H,, = {z € V : (z,a) = n}, a € &, n € Z. De maniere
équivalente, les éléments de W, s’écrivent, de fagon unique, sous la forme 7(I)w, on
w € W, L est le Z-module engendré par &V = {a¥ = 2a/(a, ), a € ®} et 7(1) est la
translation de [ € L. L’alcove fondamentale est

A={zeV: Vaed" 0<(z,a) <1}

Il est tres pratique d’introduire aussi le langage suivant. On définit le systeme de
racines affines comme ®, := ® x Z, le systeme de racines affines positives @} :=
{(ayn) : (n=0eta € M) oun < —1} et le systéme de racines affines simples
A, = {(a,0), . € A; (—a&,—1)}. Si A = (a,n) € §,, on pose A(z) = (o, z) —n et
Hy :={z eV : \Nx)=0} = H,,. On peut enfin définir 'action de w, = 7(l)w € W,
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sur une racine affine A = (a,n) € ¢, par w,(\) = (wa,n + (wa,l)) € ®,. De cette
fagon, on a w,Hy = H,,») et I'alcove fondamentale peut étre décrite ainsi

A={zeV:Vred/ \Nz)>0}={zeV: Ve A, \z) >0}

4.3.2 Le résultat principal

Nous définissons la notion de consistance pour un ensemble I, C @} (cf section
11.3.1) et prouvons la

Proposition 4.3.1 (cf Prop 11.3.2). Si I, est consistant, on peut définir sans am-
biguité 4 = det(wy) st A = wol, € I, .= {A =w,l, : w, € Wy, wI, C ®F}. Alors,
la loi du temps T de sortie de A pour le mouvement brownien B est donnée par

Po(T>t) =Y eals(Ta>1), (4.17)

A€T,
ou Ty =inf{t >0: INe€ A, \(B;) = 0}.
Nous voulons mentionner 'exemple de A,,_; qui correspond & la chambre
A={zeV: 1+x,>21 > >ux,}

dans R" (ou dans {x;+- - -4z, = 0}). Sin = 2p est pair, I, = {(eg;_1—e2;,0), (—e_1+
2, —1); 1 <1 < p} est consistant et Z, s’identifie avec I'ensemble Pp(n) des partitions

de [n] en paires. Le signe correspond & la parité du nombre de croisements de la partition
(cf figure 11.1). Ainsi, (4.17) s’écrit

PT>t)= > (=1 [ 65 ="Pf Gir)isep (4.18)

wE€P2(n) {i<j}em

ou ﬁij = ]P)x(T(ei—ej-,O),(—ei—i—ej,—1) > t) = Pw(‘v’s <t 0< st — Xg < 1) = ¢(Iz — Z;j, 2t) et
¢(z,t) =P,(Vs <t,0 < By < 1) pour un mouvement brownien standard Bi.

Lorsque n est impair, notre approche échoue : I’ensemble [, n’est plus consistant. Cette
différence peut étre vue directement au niveau des partitions : I’échange de 1 et n dans
les blocs de m € Pa(n), qui correspond a Iaction de la réflexion par rapport au mur
affine {z; — x, = 1} de l'alcove fondamentale, n’altere le signe de 7 que lorsque n
est pair. Lorsque n est impair, la conservation du signe par cette opération signifie
que les éléments de {w, : wyl, = I,} ne sont pas tous de déterminant 1, ce qui est
contraire a la définition de consistance. Le cas du triangle équilateral, correspondant
malheureusement & n = 3, n’est pas justiciable de la formule (4.17)! 11 y a la un
phénomene que nous comprenons mal, d’autant que 'espérance de T' est explicitement
connue dans ce cas (cf [AFR]).
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Citons aussi le cas de Gy dont I'alcove fondamentale est un triangle 7 d’angles
(m/2,7/3,7/6). Notre résultat s’applique a la loi du temps de sortie T de 7 :

P.(Tr >T)=P,(Tr, >T) =P, (T, >T)+ P, (T, >T),

ou les Tk, sont les temps de sortie de trois rectangles issus du pavage du plan par le
groupe affine associé (cf Eq (11.12) et Fig 11.2).
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A note on representations of
eigenvalues of classical Gaussian
matrices
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in Math., 1832, Springer, Berlin, 2003.

Abstract : We use a matrix central-limit theorem which makes the Gaussian Unitary
Ensemble appear as a limit of the Laguerre Unitary Ensemble together with an ob-
servation due to Johansson in order to derive new representations for the eigenvalues
of GUE. For instance, it is possible to recover the celebrated equality in distribution
between the maximal eigenvalue of GUE and a last-passage time in some directed
Brownian percolation. Similar identities for the other eigenvalues of GUE also appear.

5.1 Introduction

The most famous ensembles of Hermitian random matrices are undoubtedly the
Gaussian Unitary Ensemble (GUE) and the Laguerre Unitary Ensemble (LUE). Let
(Xij)1<i<j<n (respectively (X;,;)i1<i<ny) be complex (respectively real) standard inde-
pendent Gaussian variables (E(X, ;) = 0, E(]X;;|?) = 1) and let X;; = X, for i > j.
The GUE(N) is defined to be the random matrix X = (X, ;)1<i j<n. It induces the
following probability measure on the space Hy of N x N Hermitian matrices :

Py(dH) = Z3' exp ( . %Tr(H2)>dH (5.1)

99



60 5.1. Introduction

where dH is Lebesgue measure on Hy. In the same way, if M > N and AVM is a
N x M matrix whose entries are complex standard independent Gaussian variables,
then LUE(N, M) is defined to be the random N x N matrix Y™ = ANM(ANM)*
where * stands for the conjugate of the transposed matrix. Alternatively, LUE(N, M)
corresponds to the following measure on Hy :

Pym(dH) = Zyy(det H)M =N exp(— Tr H)y>odH . (5.2)

A central-limit theorem which already appeared in the Introduction of [Jon82] asserts
that GUE(JV) is the limit in distribution of LUE(N, M) as M — oo in the following
asymptotic regime : N
YoMy 4 yw (5.3)
\/M M—oo
For connections with this result, see Theorem 2.5 of [Det01] and a note in Section 5
of [OY01]. We also state a process-level version of the previous convergence when the
Gaussian entries of the matrices are replaced by Brownian motions. The convergence
takes place for the trajectories of the eigenvalues.

Next, we make use of this matrix central-limit theorem together with an observation
due to Johansson [Joh0O] and an invariance principle for a last-passsage time due
to Glynn and Whitt [GW91] in order to recover the following celebrated equality in
distribution between the maximal eigenvalue A\Y, of GUE(N) and some functional of

max

standard N-dimensional Brownian motion (B;)i<i<n as

M ®  sup > (Bilty) = Bilti)) - (5.4)

O=to<-<tn=1"%_5

The right-hand side of (5.4) can be thought of as a last-passage time in an oriented
Brownian percolation. Its discrete analogue for an oriented percolation on the sites of
N? is the object of Johansson’s remark. The identity (5.4) first appeared in [Bar01] and
[GTWO1]. Very recently, O’Connell and Yor shed a remarkable light on this result in
[OY02]. Their work involves a representation similar to (5.4) for all the eigenvalues of
GUE(N). We notice here that analogous formula can be written for all the eigenvalues
of LUE(N, M). On the one hand, seeing the particular expression of these formula, a
central-limit theorem can be established for them and the limit variable € is identified in
terms of Brownian functionals. On the other hand, the previous formulas for eigenvalues
of LUE(N, M) converge, in the limit given by (5.3), to the representation found in
[OY02] for GUE(N) in terms of some path-transformation I" of brownian motion. It is
not immediately obvious to us that functionals I' and €2 coincide. In particular, is this
identity true pathwise or only in distribution ?

The matrix central-limit theorem is presented in Section 5.2 and its proof is post-
poned to the last section. In section 5.3, we described the consequences to eigenvalues
representations and the connection with the O’Connell-Yor approach.
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5.2 The central-limit theorem

Here is the basic form of the matrix-central limit theorem :

Theorem 5.2.1. Let YNM and X be taken respectively from LUE(N, M) and GUE(N).
Then
YNM _ MIdy 4
—
v M M—o0

We turn to the process version of the previous result. Let AMM = (A4;;) be a
N x M matrix whose entries are independent standard complex Brownian motions.
The Laguerre process is defined to be YNM = ANM(ANM)* Tt ig built in exactly the
same way as LUE(N, M) but with Brownian motions instead of Gaussian variables.
Similarly, we can define the Hermitian Brownian motion X% as the process extension

of GUE(N).

XN, (5.5)

Theorem 5.2.2. If YNM s the Laguerre process and (XN (t))io is Hermitian Brow-
nian motion, then :

YNM(t) — MtIdy N
( VM ) 5 (XN (1) (5.6)

t>0 M—oo
in the sense of weak convergence in C(Ry, Hy).

As announced, the proofs of the previous theorems are postponed up to section
5.4. Theorem 5.2.1 is an easy consequence of the usual multi-dimensional central-limit
theorem. For Theorem 5.2.2; our central-limit convergence is shown to follow from a
law of large numbers at the level of quadratic variations.

Let us mention the straightforward consequence of Theorems 5.2.1 and 5.2.2 on
the convergence of eigenvalues. If H € Hy, let us denote by I;(H) < --- < Iy(H) its
(real) eigenvalues and I[(H) = (I1(H),...,Iy(H)). Using the min-max formulas, it is
not difficult to see that each [; is 1-Lipschitz for the Euclidean norm on Hy. Thus, [ is
continuous on Hy. Therefore, if we set ™M = [(YNM) and ANV = [(XT)

p =M d
(A7 rcsew i O s (51)

With the obvious notations, the process version also takes place :

N,M

pp o (t) — M t) ) d N (42

Y A (t ; 5.8

(< VM 1<i<n/ 120 M s (CHCIE SN)'?ZO (5:8)

Analogous results hold in the real case of GOE and LOE and they can be pro-

ved with the same arguments. To our knowledge, the process version had not been
considered in the existing literature.
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5.3 Consequences on representations for eigenva-
lues

5.3.1 The largest eigenvalue

Let us first indicate how to recover from (5.7) the identity

W ®  sup Y (Bi(t) = Biltio)) (5.9)

0=tp<..<ty=1 i—1

where A = A} is the maximal eigenvalue of GUE(N) and (B;

1 <
a standard N-dimensional Brownian motion. If (w;;, (i,j) € (N\ {0})?) are i.i.d.
exponential variables with parameter one, define

H(M,N) = max{ 3wy me P(M, N)} (5.10)

(i,9)em

where P(M, N) is the set of all paths 7 taking only unit steps in the north-east direction
in the rectangle {1,..., M} x {1,..., N}. In [Joh00], it is noticed that

H(M,N) < p (5.11)

where pNM = VM is the largest eigenvalue of LUE(N, M). Now an invariance prin-
ciple due to Glynn and Whitt in [GW91] shows that

N
HM,N)—M 4
LN su B;(t;) — Bi(ti_1)) . 519
VT e gLy, 2Bl = Bilti) (5.12)

On the other hand, by (5.7)

N,M __ M
Mmaxﬁ]\é)\ﬁax . (513)

Comparing (5.11), (5.12) and (5.13), we get (5.9) for free.
In the next section, we will give proofs of more general statements than (5.11) and
(5.12).

5.3.2 The other eigenvalues

In fact, Johansson’s observation involves all the eigenvalues of LUE(/V, M) and not
only the largest one. Although it does not appear exactly like that in [Joh00], it takes
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the following form. First, we need to extend definition (5.10) as follows : for each k,
1<k <N, set

Hk(M,N):maX{ Z (U 7T1,...,7TkEP(M,N),Wl,...,wkalldisjoint}.
(i,§) Em1U---Urmy,
(5.14)
Then, the link, analogous to (5.11), with the eigenvalues of LUE(N, M) is expressed
by
Ho(M,N) £ ¥ + N+ iy (5.15)

In fact, the previous equality in distribution is also valid for the vector (Hy(M, N))1<k<n
and the corresponding sums of eigenvalues, which gives a representation for all the ei-
genvalues of LUE(N, M).

Proof of (5.15). The arguments and notations are taken from Section 2.1 in [Joh00].
Denote by M n the set of M x N matrices A = (a;;) with non-negative integer entries
and by M3, y the subset of A € My n such that X(A) = > a;; = s. Let us recall that
the Robinson-Schensted-Knuth (RSK) correspondence is a one-to-one mapping from
vy to the set of pairs (P, Q) of semi-standard Young tableaux of the same shape
A which is a partition of s, where P has elements in {1,..., N} and @ has elements
in {1,...,M}. Since M > N and since the numbers are strictly increasing down the
columns of P, the number of rows of A is at most N. We will denote by RSK(A) the
pair of Young tableaux associated to a matrix A by the RSK correspondence and by
A(RSK(A)) their commun shape. The crucial fact about this correspondence is the
combinatorial property that, if A = A(RSK(A)), then for all k&, 1 <k < N,

)\1+)\2+...+)\k:max{ Z ;i m,...,m € P(M,N), m,...,mall disjoint }
(1,§)€Em1U--- Uy,
(5.16)
Now consider a random M x N matrix X whose entries (x;;) are ii.d. geometric
variables with parameter ¢q. Then for any \° partition of an integer s, we have

P(A(RSK(X)) = \°) = > P(X = A).

AEMS, v s MRSK(A)) =0
But for A € M3, y, P(X = A) = (1 — ¢)""V¢* is independent of A, which implies
POVRSK(X) = AY) = (1 — )¢ L0, M, )
where LA, M, N) = ${A € My n, N(RSK(A)) = \°}. Since the RSK mapping is

one-to-one

LY, M,N)=Y(\°, M)Y(\° N)
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where Y/(A\°, K) is just the number of semi-standard Young tableaux of shape A\° with
elements in {1,..., K'}. This cardinal is well-known in combinatorics and finally

(hY + M — N)!

LM, N)=cy}y [ -

1<i<j<N 1<i<N

where cpyyy = [ J! (M — N+ )!land h? = \? + N — i such that hy > hy > -+ >
0<i<N—1
hy > 0. With the same correspondence as before between h and A\, we can write

L (=M (h? + M — N)!
P(HRSK(X) =) = ey swnm 1L (W9 =m)" 11 i

1<i<j<N 1<i<N

def
= p(M7N7Q)<hO) *

Now set ¢ = 1 — L~! and use the notation X; instead of X to recall the dependence
of the distribution on L. An easy asymptotic expansion shows that

LNparwa-r—n([La]) — dyfy I @ —=)* J] =M Ne™ = pLosw.an (@)

L—oo
1<i<j<N 1<i<N

where prugv,ar is the joint density of the ordered eigenvalues of LUE(N, M). This can
be used to prove that

1
Lh(RSK(XL)) = (NN ) (5.17)

On the other hand, if 7 is a geometric variable with parameter 1 — L™!, then zp/L
converges in ditribution, when L — oo, to an exponential variable of parameter one.
Therefore, using the link between h and A together with (5.16), we have

k
%(Z hi(RSK(XL))>1<k<N P (Hi(M, N))i<k<n -

Comparing with (5.17), we get the result. O

Now, let us try to adapt what we previously did with H(M, N) and pY to the
new quantities Hy(M, N). First, we would like to have an analogue of the Glynn-Whitt
invariance principle (5.12). To avoid cumbersome notations, let us first look at the case
k =2, N = 3. In this case, the geometry involved in the Hy(M, 3) is simple : we are
trying to pick up the largest possible weight by using two north-east disjoint paths in
the rectangle {1,..., M} x {1,2,3}. The most favourable configuration corresponds to
one path (the bottom one) starting at (1,1) and first going right. Then it jumps to
some point of {2,..., M} x {2} and goes horizontally up to (M, 2). The upper path
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LSM | [tM ] M

Fia. 5.1 — Configuration of paths in the case k =2 and N =3

starts at (1,2), will also jump and go right up to (M, 3). The constraint that our paths
must be disjoint forces the z-coordinate of the jump of the bottom path to be larger
than that of the jump of the upper path. This corresponds to the obvious figure 5.1.

This figure suggests that in the Donsker limit of random walks converging to Brow-
nian motion, we will have

Hy(M,3)—2M 4 (3 aet
O de By () + By(s) + By(1) — By(t) + Bs(1) — B
i Moo 2 osig)g( (1) Bl + Ball) = Balt) 4 Bll) = Bols))

where (By, B, Bs) is standard 3-dimensional Brownian motion.
For the case of k = 2 and general N, we have the same configuration except that
the number of jumps for each path will be N — 2 so that

N
HQ(M,N) —2M d (N) def
—= 05" = sup Y (By(sj-1) — Bi(sj-2) + B;(t;) — Bj(tj-1))

v M M—o0 =

(5.18)
where (Bj)i1<j<n is a standard N-dimensional Brownian motion and the sup is taken
over all subdivisions of [0, 1] of the following form :

O=s51=8=1tg<s1 <11 <8<t < - <iyos<sy 1=ty 1=syv=ty=1.
Proof of limit (5.18). Let us first consider the case of Hy(M, N) :

Hy(M, N) = max{ Z w; ;5 M, T € P(M,N); m, 7 disjoint}

(4,7)€m1UT2

Since our paths are disjoint, one (say m) is always lower than the other (say ) :
for all ¢ € {1,..., M}, max{j; (i,j) € m} < min{j; (i,j) € m}. We will denote
this by m; < ms. Then, it is not difficult to see on a picture that, for any two paths
m < me € P(M,N), one can always find paths 77 < 75, € P(M,N) such that
m Umy C mpUm, , ) starts from (1, 1), visits (2, 1) then finishes in (M, N — 1) and 7},
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starts from (2,1) and goes up to (M, N). Let us call P(M, N)’ the set of pairs of such
paths (7, 7}). Thus

Hy(M,N)=max{ »  wi;; (m,m)€PMN)}.

(4,7)Em1UT2

Now two paths (m,m) € P(M,N) are uniquely determined by the non-decreasing
sequences of their N — 2 vertical jumps, namely 0 < t; < ... < ty_o < 1 for m; and
0<s; <...<sy_g <1 for m such that :
- m is horizontal on [ [t; 1M |, [t; M ]] x {i} and vertical on {|t;M |} x [i,i+ 1],
- myis horizontal on [ | s;-1 M|, | s;M | |x{i+1} and vertical on {|s; M |} x[i+1,i+2],
- s; <t;forallie {1,...,N—2}, this constraint being equivalent to the fact that
m < T .
The weight picked up by two such paths coded by (¢;) and (s;) is
- w1+ wap 4 - 4 Wi ) on the first floor,
- wip+ o Wem2 + W M2+ Wik, 2 on the second floor,
- WisyM|,3 T T WisyMm],3 + Wiggm],3 T -0+ Wiegar),3 ON the third floor,
- and so on, up to floor N for which the contribution is wsy_,ar)n + -+ war N -
This yields

Lsj—1M] [t M]

Hy(M, N) —supz( S ot Y wl,j).
i= SJ 2MJ Z'ZttjflMJ
Hence,
[sj—1M]

wij = (81— 85-2)M

< i=|s;—2M]
vV M

[t; M]

Hy(M,N) —2M al
= sSu
= P

J=1

wig — (L — ;)M

+ \_tj 1M] )
—M .

Donsker’s principle states that

LsM]
Z Wsj — sM

i=1 d
— — (B;(s))1<j<n
( vM )1§j§N M=o~ ==

where the convergence takes place in the space of cadlag trajectories of the variable
s € R, equipped with the Skorohod topology. This allows us to conclude (see [GW91]
for a detailed account on the continuity of our mappings in the Skorohod topology). O
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For general k and N, the same pattern works with & disjoint paths having each
N — k jumps. This yields the following central-limit behaviour :

Hy(M,N) =M 4 oo af Ny
! Ol su — Bi(s*_)), 5.19
N w2 D (Bisp) = By (519)

where the sup is taken over all subdivisions (s?) of [0, 1] of the following form :
Pef0,1], s <t <, sP=0fori<Oands?=1fori>N—Fk+1.

Now, imitating the argument for the \Y . we obtain that

max’

O S AN+ AN (5.20)

where we recall that )\JIV < .0 < A% are the eigenvalues of GUE(N). In fact, the

previous equality is also true when considering the vector (Q;N))lgkg ~ and the corres-
ponding sums of eigenvalues, which yields a representation for all the eigenvalues of

GUE(N).

A representation for the eigenvalues of GUE(N) was already obtained in [OY02].
Let us compare both representations. Denote by Dy(R,) the space of cadlag paths
f: Ry — R with f(0) = 0 and for f,g € Dy(R,), define f ® g € Dy(R;) and
f©g€Dy(Ry) by

f®g(t)= inf (f(s)+g(t)—g(s)) and foOg(t)= sup (f(s)+g(t)—g(s)).

0<s<t 0<s<t
By induction on N, define I'™ : Dy(R )Y — Dy(R,)N by
L (f,9)=(f®9,90f)
and for N > 2 and f = (f1,..., fn)
TH = TV VAL f), N (A& ® fv1)) .
Then the main result in [OY02] is
AN LT (B)(1) (5.21)

where B = (B;)1<i<y is standard N-dimensional Brownian motion and AN is the vector
of eigenvalues of GUE(N). In fact, it is proved in [OY02] that identity (5.21) is true
for the whole processes and not only their marginals at time 1.
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Thus
d N N N
ANV AN N 2TV B )+ T (BYA) -+ T, (B)(1).
Comparison with (5.20) gives
d
O LW (BY1) +TRV(B)(1) + -+ TV, (B)(1). (5.22)

This equality in distribution also holds for the N-vector (QIE;N))lﬁkS N-

Now let us remark that the definition of the components F,gN) of TW) is quite
intricate : it involves a sequence of nested “inf” and “sup”. On the contrary, ngN) is
only defined by one “sup” but over a complicated sequence of nested subdivisions. We
ignore whether these identities are : trivial and uninteresting ; already well-known ; true
for the deterministic formulas (ie true when replacing independent Brownian motions
by continuous functions) or true only in distribution.

Our concern raises the question about the link between the I'™) introduced in
[OY02] and the Robinson-Schensted-Knuth correspondence that gave birth to our Q).
Very interesting results in this direction are obtained by O’Connell in [O’C03].

Finally, let us notice that the heart of our arguments to get the previous represen-
tations is the identity (5.14). The proof presented here is taken from [Joh0O0] and is
organized in two steps : first the computation of the joint density for (Hy(M, N))i1<p<n
by combinatorial means and second the observation that this density coincides with the
eigenvalue density of LUE(N, M). It would be tempting to get a deeper understanding
of this result. This would all amount to obtaining a representation for non-colliding
squared Bessel processes.

5.4 Proofs

Proof of Theorem 5.2.1. Let us denote by Z\) the matrix (A ;A1;)1<kj<n SO that
yNM — E;VZI ZW. Since (ZW) ;5 are independent L2 random variables with commun
law Z, the multi-dimensional central-limit theorem states that :

1 o J

— ZU - MIdy) == Ny (0,CovZ).

(2 ) i, N (0, CovZ)
Thus, we just need to check that the covariance structure of Z coincides with that of X
taken from GUE(N). In this case, Cov(Xap, Xcd) = 0a40cp for 1 < a,b,¢,d < N. For
Z, Cov(Zap, Zea) = E(Aa,lA—mAc,lﬁ,l) — g p0c.4. We have to distinguish three cases
to compute e = E(A, 1A, 1A.1A44.1) : either all indexes are equal (a = b = ¢ = d) and
e = E(]A,1]*) = 2, or else one index is different from the three others and e = 0, or
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else they are equal by pairs, which gives rise to three more situations : a =b # c=d
for which e = E(|Aa1|*)E(|Ac1]?) = 1, a = ¢ # b = d for which e = E(A2,)E(A3,) =0
and a = d # b = ¢ for which e = E(A2)E(A},) = 1. In each case, € — 0450c,a = da,adc,
which is our result. O

Remark 5.4.1. In fact, one can also give an elementary proof by direct computation on

the density of Y N'M just using Stirling’s formula and the following asymptotic expansion
logdet(Idy +€eH) = e Tr H — % Tr H? + O(€?) for small e.

Proof of Theorem 5.2.2. We will write A instead of AMN For1 <i< N,1<j<M,
the superscript 5 when applied to a matrix stands for its entry at line ¢ and column
j. The value at time t of any process x will be denoted either z(t) or z;. Let us set

CYUM@) — Mildy  AA*(t) — Mtldy

Zu(t) = =
Then
1 M L 1 M " ”
70 = (ST ARAT — Mtsy) , dZV = —= (A*dA" + AT AT,
MM ; ’ VM ;

which implies

M
. e 1 o i
k=1

The quadratic variation follows to be :
i il 1 N i3k —ik ik
(7,700, = MZ/O (A®AL Su; + ALV ARS,0) ds .
k=1
By the classical law of large numbers, we get that this converges almost surely to :
¢ o o, ¢
/ (E(AzlAi )5i’j +E(Ai A;l)ézj/> ds = / 5ij/5i’j25 ds = tzéij/éi/j .
0 0

Note that he previous formula shows that, in the limit, the quadratic variation is 0
if i # j" and ' # j, which is obvious even for finite M without calculations. However,
if for instance ¢ = j' and i’ # j, then the quadratic variation is not 0 for finite M and
only becomes null in the limit. This is some form of asymptotic independence.

First, let us prove tightness of the process Zj; on any fixed finite interval of time
[0, 7). Tt is sufficient to prove tightness for every component, let us do so for Zi} for
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example (Z}} is real). We will apply Aldous’ criterion (see [KL99]). Since Z1}(0) = 0
for all M, it is enough to check that, for all € > 0,

lim limsup sup P(|Zy (7 +0)— Zyj (1) >€) = 0 (5.23)

=0 M—ooo 7,0<0<8
where the sup is taken over all stopping times 7 bounded by T'. For 7 such a stopping
time, e > 0 and 0 < 0 < ¢§ < 1, we have

P(|1Zy(7 +0) = Za(7)] > €) gle((Zﬁ(TJr@) — Zy(1)%)

T+60
1
- SE( / A2, 2310
M T+6
k T
< sup [AYP)
O<s§T+1

k

= ZE( sup |AMP)

€2 0<s<T+1

Since ¢ = E( sup |AN|?) < oo, then

0<s<T+1
. 11 11 20 cr
limsup sup P(|Zy (7 +0) = Zy (1) >€) < ——.
M—oo 71,0<60<6 €

This last line obviously proves (5.23).

Let us now see that the finite-dimensional distributions converge to the appropriate

i zmtvV—lym
V2

limit. Let us first fix ¢, j and look at the component Z M . We can write

M
1
(@, yn)e =0 (T @a)e = (Yars Yar)e = i ;/0 oy ds (5.24)
where o = |A“’“|2 + |A%%]2. We are going to consider x);. Let us fix T > 0. For any
(v, .. ) [T, 7" and any 0 =ty < t; < ... <t, <T, we have to prove that
E(exp (z Z vi(za(ty) — xM(tj_1)>) T oD (Z Ej(t? — t§_1)> : (5.25)
=1 j=1

We can always suppose |t; — tj_1] < ¢ where ¢ will be chosen later and will only
depend on T (and not on n). We will prove property (5.25) by induction on n. For



Chapitre 5. Eigenvalues of classical Gaussian matrices 71

n = 0, there is nothing to prove. Suppose it is true for n — 1. Denote by (F;)i>o the
filtration associated to the process A. Then write :

n n—1
E(JJ;l uj(mM(tj):vM(tjﬂ)) _ E<ez J§1 vi(xpr(ty)—oar(tj—1)) E(ei(ch(tn)—xM(tnq)) |‘/':%n71)> )
(5.26)

We define the martingale M, = e#n*m (t)*Tn@M =m)t Hence

V'r27, tn
E(eil/n(fl'jw(tn)iju(tn_l))|ftn71) — E < 67<$JVI7$JVI>,5”71 |‘En1)

My,

with the notation (z, z)! = (x,x); — (x, x),. This yields

V2 )
e @B (et -enl) | £, ) 1 =K ( Cor | j—"tnl) (5.27)

i tn (42 42
where we set (3 = e ¢ (P mMl = =t1)) _q Using that le* — 1] < |z|e®l, we deduce
that

Vi tn
|§M| < K|<ZL‘M7"L‘M>tn ) (t2 ti 1)| e 2 <J»‘M7$M>tn71

where K = v2/2. The Cauchy-Schwarz inequality implies that

th 42 2\1/2 v (@) 1/2
E(lCu]) < K (E ({oar 2an)iy_, — (6 — t51)) E(e :

By convexity of the function x — €*

M t M 2 k
2 tn 1 n ]_ Vn (tn*tn—l) sup Qg
el/n<33]M,$M>tn71 = exp E VTQL/ aﬁ du| < E e 0<u<tn
tn—l

k=1

and thus

t —tn—1 sup ak V2 (ty,—t 1 sup al
E(e v2{zar,zar) it 1) < _§ E( T )ogugtn “) _ E<€ (fn =t )ogugtn “)

Now let us recall that a} = |A}|? + |A7!|?, which means that o' has the same law as a
sum of squares of four independent Brownian motions. It is then easy to see that there
exists & > 0 (depending only on T') such that E(exp (7?6 sup al)) < oco. With this

0<u<T

(tn—tn 1) sup ozl
choice of §, K’ = E(e osustn ) < 0o and thus :

E(|¢u]) < KK’ (E (<$M,5L‘M>§Z_1 — (t —ti 1))2>1/2 — 0

M—o0
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(by the law of large numbers for square-integrable independent variables). Since | M. Lhin \ <

1, we also have

Therefore

In turn, by looking at (5.27), this means that

E(e’ivn(l‘kf(tn)—$lvl(tn—1)) |ft 71) L_l) e 2 (t2 -2 1)'

M—o0

Now, plug this convergence and the induction hypothesis for n — 1 into (5.26) to get
the result for n.

The same is true for ;. To check that the finite-dimensional distributions of Z,
have the right convergence, we would have to prove that :

(e (32 ot — o) + (69 o1

i=1

- Vi o

=1

But since (zp, yumr) =0,

2 2
M, = exp (i0h:03(0) + pao(0) = 2, aash = 5 s

is a martingale and the reasoning is exactly the same as the previous one.

Finally, let us look at the asymptotic independence. For the sake of simplicity, let
us take only two entries. Set for example zy; = Zi! and yyr = vV2Re(Z12). Then we
have to prove (5.29) for our new x s, Y. Since (xp, yrr) # 0, M, previously defined
is no more a martingale. But

2 2
N; = exp ( (Vnzpr (t) + pnyne(t)) — %<$M>xM>t — &@M, Ym)t — Vnun<$M,?/M>t)

2
2
is a martingale and the fact that (zxs, yar)e ML 0 allows us to go along the same lines

as before.

O
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Chapitre 6

Non-colliding processes and the
Meixner ensemble

Abstract : We identify a class of birth-and-death processes X on N such that the
Vandermonde determinant A is an eigenfunction for the generator of N independent
copies of X. In two particular cases, we define the h-transform of the process killed
when exiting the Weyl chamber W = {z € NV 2 >a9 >0 > xy} and prove that
its fixed-time marginals are distributed according to the Meixner ensemble. We also
include an analysis of the Martin boundary.

6.1 Introduction

Let N be the set of non-negative integers, N € N\ {0,1} and W = {z € NV ; 2, >
x9 >--->axpn}. For ¢ €]0,1] and 6 > 0, the Meixner ensemble (with § = 2) is defined
to be

N
Menoq(y) = (Znog) " R [[wiy),  vew,
7j=1

where wg(y) = (y+§7l)qy = % ¢V for y € N, Zn 4, is a normalisation constant

such that Mey g , is a probability measure on W and h(y) is the Vandermonde function

hy) = T[T wi—w)-

1<i<j<N

Such ensembles associated with different kinds of weights w, either discrete or conti-
nuous, are classical in various contexts. They appear as the joint distribution of the
eigenvalues of usual random matrices as well as measures on integer partitions (with
at most NN parts) arising from combinatorial or group-theoretic considerations (see
[Joh00], [Joh02], [Joh01], [BO00]). From a slightly different point of view, they prove

75
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to be the fixed-time distribution of some non-colliding processes (see [0Y02], [KOR02],
[KOO01]). The Meixner ensemble exhibits those two aspects : on the one hand, [JohO00]
has shown that it is the law of the shape of the tableaux obtained by applying the RSK
correspondance to a matrix filled in with iid geometric entries. On the other hand, our
goal was to establish that the Meixner ensemble can also be described as the fixed-time
marginal of some non-colliding processes.

We will exhibit a pure birth (resp. birth and death) process X (resp. Y') on N such
that the Meixner ensemble turns out to be the fixed-time distribution of /N independent
copies of X (resp. Y) conditioned never to collide.

In view of this, section 6.2 identifies some birth and death generators with poly-
nomial rates for which h is an eigenfunction. In sections 6.3 and 6.4, we define the
associated Doob h-transforms and the Meixner ensemble is shown to appear as their
fixed-time marginals. In section 6.5, we give a description of the Martin boundary for
the Yule processes case.

Notation : For x € NV we write |z| = Zf\il x;.

6.2 Harmonicity of h for birth and death processes

Let us denote by V; the discrete gradient operator in the direction of the ith
coordinate : V;f(x) = f(x+e;)— f(x) where (e;) is the canonical basis of RY. Consider
the operator L defined by :

N

Lf(z) = ZP(SCi)Vz‘f(x)

i=1

where P € R[X].
Lemma 6.2.1. If h is the Vandermonde function h(z) = [],_;(zi — ;) in RN then
Lh(z) is a skew-symmetric polynomial in x4, ..., xxn. This implies that th(%) 1S a sym-

metric polynomial in x1,...,xN.

Proof. 1f the action of G on functions is given by

(0.f)(x) = f(To@), - Tow)),

then we easily check that L(o.f) = o.Lf (when P(z)V is the generator of a Markov
process of law j, the previous commutation just expresses the & y-invariance of u®V).
Thus, L preserves skew-symmetric functions. Now, any skew-symmetric polynomial
cancels when z; = z; and is therefore divisible by h, the result of this division being
symmetric. ]

Lemma 6.2.2. 1. YV, V;h(z) =0
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2. 30 2 Vib(z) = S5 h(a)
8. YL wiVih(z) = {(N = 1)(a + -+ ay) + M5 E2 ) h(x)

Proof. Lemma 6.2.1 asserts that S(z) = thz(f)) is a symmetric polynomial. In the case

where P(x) = 1, the degree of Lh is strictly less than that of h, hence S = 0. For
P(x) = z, degree considerations guarantee that S is a constant, which is computable
by evaluating Q at z* = (N —1, N —2,...,0). For P(x) = 22, S is of degree at most 1
and symmetric. Thus S(x) = M(x1+---+2x)+p. A is found to be N —1 by comparing
the coefficients of z¥.. The value of i is then obtained by evaluating at z*. O

Remark 6.2.1. The same line of reasonning shows that if v is an exchangeable dis-
tribution on NV then > yeny (M +y) = h(z)) v(y) =0 (the left-hand side is a skew-
symmetric polynomial in x1,...,zN, of degree < N(N — 1)/2). This means that h
1s harmonic for the random walk with increment distribution v. This result was first

proven in [KOR02].

_ Now, define V; by V;f(x) := f(z — ;) — f(x). We remark that V;f = V—J, where
f(z) := f(—=x), which allows us to deduce from Lemma 6.2.2 similar identities with
V,. We finally get the

Proposition 6.2.1. If we define the operator L by
N —
Lf = {(ax} +ba; +¢)Vif + (@} +ba; +2)Vif},
i=1

then

Lh = {(a—a)(z\f— 1)Zsci+ (a+a)N(N_ 16>(N_2) +(b—5)LNQ_ D}h.

(6.1)
Thus, h is an eigenfunction of L if and only if a = @ and the corresponding eigenvalue
is aw + (b— b)w In particular, h is harmonic if and only if a = @ and
b—b= —%a(N —2).

6.3 Non-colliding Yule processes

Let X = (Xy,...,Xxy) be N independent copies of a one-dimensional Yule process
with branching rate 1 and immigration § > 0 and let L be its generator :

N
Lf =) (z:+0)Vif,



78 6.3. Non-colliding Yule processes

for f: NV — R. Then, Proposition 6.2.1 states that L*h = 0 where A\ = N(]g_l) and
L f = Lf — Af. In other words, if 7 is a random time independent of X with an
exponential distribution of parameter A, then A is harmonic for the process X', which
is X killed at time 7. Since the components of X can’t jump simultaneously, X’ has
no transition from W to W*. Therefore, the restriction of h to W is a strictly positive
harmonic function for the process X’ killed when exiting W. Thus, one can consider
the following Doob h-transform :

P"(X(t) =y) = %Pm(){(t) =y, TNT>t)= e’\t% P.(X(t) =y, T > 1), (6.2)

where z,y € W and T = inf{t > 0; X(¢) ¢ W}. This new process can be thought of
as the original one conditioned to stay in W forever.

Proposition 6.3.1. Suppose 0 > 0 and set x* = (N —1,N —2,...,0). Then for any
y e W and any t > 0,

P2 (X(t) =y) = Meng1-e—(y) = Ce h(y)* Po(X(t) = y) .

Proof. Denote by p?(i, j) the transition probability for the one-dimensional (uncondi-
tioned) process : p!(i,j) = P;(X (t) = j), j > i. We know that

T R (R il G I (6.3
where ¢, =1 — et and (::L) = (0 if m < —1. It is convenient to notice that

)R

where P(X) = [[(X —i+ 1) and (6); =00 +1)---(0+i—1) fori > 1, By =1,
=1
(0)g = 1. Indeed, P;(j) =0if j € Nand j < i. Thus,

9.._(1_Qt)6+i j+9—1 J—i
e G i}

For z,y € W, the Karlin-McGregor formula ([KM59]) asserts that
P,(X(t) =y, T > t) = det(p{ (zi, y;) h1<ij<n- (6.4)
Factorizing along lines and columns, one obtains that

N
. 1
Po(X(t) =y, TAT>1) = (1—q)V0rlegrFIT] 7
=1 Zi

N
yi+60—1
H ( J ) det (Pxi(yj))gi,jSN'

J=1 Yi
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Since P, is a polynomial of degree m and leading coefficient 1, the matrix (Py_;(y;))1<ij<n
is equal to the product AB where B = (yjN ’i)lgmg ~ and A is some upper-triangular
matrix whose diagonal coefficients are 1s. Therefore, det (Py—i(y;)),<; jon = h(y). It
follows that

P (X(t) =y, TAT>1t)=C(t0.2°) h(y) [] (8 a ;f yj) q”. (6.5)

j=1
Now, plug this into (6.2) with x = z* to get the result. O

Proposition 6.3.2. If0 =0, we set 1 = (1,1,...,1). Then, for anyy € W and t > 0,
we have

P (X(t)=y+1)=Meni1t(y) = Clh(y)*Pi(X(t) =y +1).

Proof. 1f X, is the one-dimensional Yule process with § = 0 on N\{0}, then formula
(6.3) shows that X; —1 has the law of a one-dimensional Yule process with immigration
6 = 1, which concludes the proof seeing proposition 6.3.1. O

6.4 Non-colliding linear birth and death processes

Now, let us consider Y = (Y,...,Yy), N independent copies of a one-dimensional
birth and death process on N with death rate 6(z) = = and birth rate f(z) = = + 6
where € > 0. The generator of Y is

N
Lf=> {(zi+0)Vif +2.Vif},
=1

for f: N¥ — R and Proposition 6.2.1 guarantees that A is harmonic for Y. Since the
components of Y are independent and have only jumps in {£1}, Y has no transition
from T to W°. In the same way as in Section 6.3, we can consider the Doob h-transform
of the original process defined by

PAY(t) =) = D (Y(t) =y, T > 1) (6.6)

where z,y € W and T'=inf{t > 0; Y(t) ¢ W}.
Proposition 6.4.1. Ifz*=(N—-1,N—-2,...,0),ye W andt >0,

PL(Y(t) = y) = Mengi/a+0(y) = Dih(y)* Po(Y () = y).
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Proof. In [KM58], an explicit formula is given for the generating function of the one-
dimensional (unconditioned) transition probability p(i,j) :

S = ot L)

0+1 _ 0+1i
2 T+ 075 (1= gs)"

_ 1t _ . .
where 7 = == and ¢ = 75 It is easily deduced that

min(i,y;) . .

. 1 (9 + Z) 1

pe(iy) = aib, Y <z) u! (7_@2)' (6.7)
1=0 Y )

Whereai:(lﬂfﬁ, by, =q, u=7,(8)p,=pB+1)--(B+p—1)forp=>1and

Hence p.(0,y;) = ao (G_;jyj)qyj, which yields
N
0—1+vy, ,
Pax) =) = [T (") 7)o (639
- j

7j=1

for y € NV,
Now, we can write
i—l

(6+ )1 (9—1+yj) IT(0—1+y;+m) [Ty —L+n)

_ m=1 n=1
(y; = 1) Y;

(0);
with the convention that empty products are 1. Define

i—1 l

Pw =gy 2 () Lo 1w om [Tos—tm

m=1 n=1

I
Remark that if { > y; then [](y; — [+ n) = 0. Thus the restriction in the sum (6.7)

n=1
can be forgotten to result in

| 014y,
pe(d,y;) = aiby, ( yj) Pi(y;)-

Yj
The use of the Karlin-MacGregor formula and the computation of the determinant are
exactly the same as in the proof of Proposition 6.3.1. U

Remark 6.4.1. It is interesting to remark that the representations of the Meixner en-
semble presented in Sections 6.3 and 6.4 are quite different from the one in [0’C03a/
obtained by conditioning random walks with geometric increments to stay ordered fore-
ver (this conditioning is shown to be equivalent to the application of the RSK algorithm,).
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6.5 Martin boundary for Yule processes
We recall the definition of the Green kernel of X killed at time T°A 7 :
G(z,y) = / P.(X; =y, T AT >t)dt,
0

and that of the Martin kernel based at z* :
G(r,y)
G(z*,y)

We also need the definition of the Schur function with index x € W :

M(z,y) =

det(2}7)1<ij<n

Schur,(p) = h()
Proposition 6.5.1. We have
(O)n_i T(NO+ X+ |z|)
Schur, (p),
M(z,y) —>H ). T(NO T hT 2] chur,(p)

as [y| — oo and y/ly| — p.

In other words, the Martin compactification of X killed at time T' A 7 (with base
point z*) is MC = W U X, where

Yi={pe0,V|p>...>0pn, Ip| =1},

and the topology on MC' is given by usual neighbourhoods for points of W and the
following system of neighbourhoods for p € ¥ :

Y
Venn(®@) ={q€X||lg—pll <e}U{y e W]yl > M, Hm—pH <n}.

Alternatively, a sequence (y,,) € WY converges to p € ¥ if and only if |y,| — oo and
Yn/|Yn| — p. The Martin kernel associated with p € ¥ is

(@) n—i T(NO+ X+ |z|)
M(z,p) = H (0> TN+ A+ |2 Schur,(p).

i=1

N
Proof. 1f C(y) = H (yﬁe "), recall that

]:

Po(X(t) =y, TAT > 1) = Cly) (1 — ;)" Hg0 7" H det w (U5))
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so that, after changing variables u = e~" in the integral,

N

1
H @ det (Py,(y;)) BINO + [z + A, [y — |z| + 1),
=1 Ti

where B is the Beta function. Thus,

(0)n—i det (P, (y;)) B(NO+ |2[ + A |y| — || +1)
w1 (0)a hy) — BINO+[z*| + Ay — 25| +1)

t B(a,b) = I'(a)l'(b)/T(a +b), T(a+c)/T(a+c*) ~a“¢ as

Now, using the facts tha
;) ~ det (y}”) as y — 00, we get

a — oo and det (P, (y

N

() x—i T(NO+|z] + A e

Mz,y) ~ [[2 1) g e, =71,
=1

(0)., T(NO+ |z*|+ N)

which concludes the proof if we remember that Schur, is a homogeneous polynomial
of degree |z| — |z*|. O

9)N i D(NO+[z[+N) Nlz*=l=|
T(NOT ]z [+A)

:]2

Remark 6.5.1. Define ¢(x) =
that

Then, it is easy to check
i=1

L () = W“‘ﬁ’v“) 9 G(£/9)(z),

where Gg(z) = le\il (9(x +¢€;) — g(x)) is the generator of N independent Poisson
processes. Thus, the correspondance f — f/¢ is a bijection between LA -harmonic func-
tions and G-harmonic functions preserving positivity and minimality. Therefore, the
relation

M(z, p)
()

15 consistent with the Martin boundary analysis of Poisson processes killed when exiting

W performed in [KOR02)].

= Schur, (Np)

In conclusion, h turns out to be a harmonic function for L* but not an extremal
one, which is different from the random walks situation (see [KOR02], [O’C03b] and
[O’C03a]). It would be interesting to find a mixing measure (a priori we have to say

(19l

a” since we haven’t determined the minimal part of the boundary) p, such that :

ﬂ? T(NO + |z] 4+ \)

NI="1=lz] /s hur, (N dp).
N&+’$*|+)\) 5 CllI'( p)ﬂh( p)

=1
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Remark 6.5.2. As P. Biane kindly pointed it to us, the processes investigated here
are very close to those studied in the recent preprint [BO04/. Indeed, in the notations
of formula (4.6) in section 4.3 of [BOO04J, our (one-dimensional) processes X and Y
respectively have the rates a1(t) = 1, fi(t) = 0 and as(t) = [a(t) = 1. If we set
&i(t) =1 —e™" and &(t) = 143, the equation (4.7) in [BOO04], which is
& Qi

=2,

GL-&) &
is verified for i = 1,2, which proves that mg¢,)Pi(s,1) = Tog, ), where Pi(s,t) is the
semigroup of the process between times s and t and

. L(0+n)
Toq(n) = (1 —q) O+ 1) q

is the negative binomial distribution on N. If we notice that £;(0) = 0 and that 7 = dy,
we have that To¢, ), (1 = 1,2) are the distributions at time t of our (one-dimensional)
processes X and Y starting from 0. This fact already appeared in our proofs (in fact,
all the transition probabilities p (x,y), not only for x = 0, are needed for us and given
in formulae (6.3) and (6.7)). However, our curves &, & are not admissible in the
terminology of [BOO04]. At the cost of losing time-homogeneity, we can change time in
order to match their constraints : set

n

~ 0 = —1+v1+4e?
Gi(r) =¢7, &(r) =
14+ v1+e>
which are admissible curves and call N, & Nog, the associated birth-and-death processes
as in [BO04]. Then, fort >0, we have

1
(Ne,a (5 log(1 — e‘t)) > 0) L (X, t>0)

and 1
<Ne,§2 (5 10g(t+t2)) ;b2 0) LY, t>0).

Now, the partitions-valued processes Ay g 4 g defined in [BOO04] are related to X and
Y by the same time-change

1 3 J .
( NN6-1E, <§10g(1 —e t)) > 0) = (X}, t>0)
and 1
2 4 (~xh
( IN,N+6—1,§2 <§ log(t +1¢ )) , t 2> 0) = (Yt, t> 0) ,

where X' is defined by N, = X\; + N — i for a partition A\; > -+ > Ay and X", Y" have
the Ph-law of X, Y.
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Chapitre 7

The RSK algorithm with
exchangeable data

Abstract : On the one hand, we show that the shape evolution of the tableaux
obtained by applying the RSK algorithm to an infinite exchangeable word is Markovian.
On the other hand, we relate this shape evolution to the conditioning of the walk driven
by another infinite exchangeable word. A necessary and sufficient condition is given for
Pitman’s 2M — X theorem to hold in this context. The example of Polya’s urn is
discussed as well as a partial version of Roger’s result (characterizing diffusions X such
that 2M — X is a diffusion) in this discrete multi-dimensional context.

7.1 Introduction

Suppose ¢ is the simple symmetric random walk on Z starting at 0 and € is its
past maximum process, £(n) = max{{(m), 0 < m < n}. Then, a discrete version
of Pitman’s theorem states two things : first, 26 — & is a Markov chain and second,
26 — ¢ has the law of ¢ conditioned to stay non-negative forever. This theorem dates
back to [Pit75] and, since then, there has been an intensive literature concerning its
reverberations and refinements in various contexts (see, for example, [RP81], [HMOO01],
[Ber92], [Bia94], [MY99a], [MY99b)).

Recent works ([OY02], [O’C03b], [O’C03a], [BJ02], [BBO04]) have extended the
result to a multi-dimensional setting. The RSK correspondence is a combinatorial al-
gorithm which plays a key-role in these discussions and provides a functional & on
paths which is the relevant generalisation of the one-dimensional transform & — 2€ —¢.

The main result of our work is that, when X is the type of an exchangeable random
word, the first part of Pitman’s theorem still holds (®(X) is a Markov chain). We
establish a necessary and sufficient condition for the second part of Pitman’s theorem
to be true in this case. This condition appears to be very special and rarely verified.

85
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The example of Polya’s urn is mentioned in connection with Yule branching processes
(linear pure birth processes). We also discuss a partial converse of Pitman’s theorem
looking for all Markov chains X such that ®(X) still has the Markov property.

7.2 Some preliminary combinatorics

In this section we recall some definitions and properties of integer partitons, ta-
bleaux, the RSK algorithm and Schur functions. The exposition here very closely fol-
lows that of [0’C03a] (with kind permission of the author). For more detailed accounts,
see the books by Fulton [Ful97], Stanley [Sta99] and Macdonald [Mac79].

7.2.1 Words, integer partitions and tableaux

[k] is the alphabet {1,2,... k}. A word w = (wy,...,w,) with n letters from [k]
is an element of [k]™. If a; = |{j; w; = i}| , the vector a € N* will be called the
type of w and written o = type(w). If (e1,...,ex) is the canonical basis of R, then
Q= €y, + -+ €y,. It is convenient to write |a| = >, a; = n.

Let P denote the set of integer partitions

M =X>>0: A=) N < oo}

If [A\| = n, we write A\ = n. The parts of \ are its non-zero components. It will be
convenient to identify the set of integer partitions, with at most k parts, with the set

Q:{aENk|a12---2ak}.

In this identification, the empty partition ¢ corresponds to the origin 0 € N¥.

The diagram of a partition X is a left-justified array with \; boxes in the i-th row.

Call 7}, the set of tableauz with entries from [k], ie of diagrams filled in with numbers
from [k] in such a way that the entries are weakly increasing from left to right along
rows, and strictly increasing down the columns. If T € 7, its shape, denoted by sh T,
is the partition corresponding to the diagram of T and type(T') is the vector a € N*
where a; be the number of i’s in T'. Elements of 7, are sometimes called semistandard
tableaux.

A tableau with shape A\ - n is standard if its entries (from [n]) are distinct. Let
S, denote the set of standard tableaux, with entries from [n] and let f* denote the
number of standard tableaux with shape A. .

For a, 3 € N¥, we write a /' 3 when 3—a € {ey, ..., e} The knowledge of a word
w € [k]™ is equivalent to the knowledge of the sequence 0 /' o' / --- /" o™ where
o' = type(wy, ..., w;). We denote by T : w — (a!,...,a") the induced bijection.
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For integer partitions, ¢ = A\ /Al 7 ... 7 A" = X means that the diagram of \!
is obtained from that of Ai"! by adding a single box. If S € S,,, we can define integer
partitions A, ..., A" as follows : A" is the shape of S, A"~ ! is the shape of the tableau
obtained from S by removing the box containing n, and so on. This procedure gives
a bijection L : S — (A',...,\") between standard tableaux S with shape A - n and
sequences

¢/ AN S SN =

7.2.2 The Robinson-Schensted correspondence

The Robinson-Schensted correspondence is a bijective mapping from the set of
‘words’ [k]™ to the set

{(P,Q) €T xS, : shP =sh@Q}.

Suppose T' € 7}, and i € [k]. We define a new tableau by inserting i in 7" as follows.
If 7 is at least as large as all the entries in the first row of T', simply add a box labelled
1 to the end of the first row of 7. Otherwise, browsing the entries of the first row from
left to right, we replace the first number, say j, which is strictly larger than ¢ by .
Then we repeat the same procedure to insert j in the second row, and so on. The
tableau T" < i we eventually obtain by this row-insertion operation has the entries of
T together with 1.

The Robinson-Schensted mapping is now defined as follows. Let (P, Q) denote the
image of a word w = wy ... w, € [k]". Let PV be the tableau with the single entry w;
and, for m < n, let PO"*) = p(™ 4., Then P = P™ and @ is the standard
tableau corresponding to the nested sequence ¢ / sh P 7 ... 7 sh PM™. We call
RSK this algorithm (K stands for Knuth who defined an extension of it to integer
matrices instead of words) and we write (P, Q) = RSK(w).

7.2.3 Schur functions

Set 0 = (k—1,k—2,...,0) € Q. For u € Q and a set of variables = = (z1, ..., ),
set

a,(z) = det (z}7) (7.1)

1<ij<k *
Then as(z) = det (:cffj) reiger [Iicj<i(@i — ;) is the Vandermonde function. For
A € €, the Schur function s) is defined by

Sx = Qxis/ 05

There is an equivalent combinatorial definition given in terms of tableaux. For oo € N*
we write % = (" - - - 23", Then

sa(x) = thype @, (7.2)
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where the sum is over all tableaux with shape A and entries from [k]. Alternatively, the
Kostka number K, is the number of tableaux with shape A and type a and we can

write
sx(x) = Z Kyox®. (7.3)

Schur functions have the important property that they are symmetric.

7.3 The shape process

7.3.1 Markov property of the shape evolution

We will consider a sequence n = (1,),>1 of random variables with values in [£].
X ={X(n), n >0} will be the “type process” of the infinite word 7 :

X(0)=0 and X(n)=type(m,...,m) =€y +---+e, forn>1 (7.4)

In words, X takes values in N* and its ith coordinate increases by one at time n if
Ny =1: X;(n) = {m < n|n, =i}|. We remark that : | X (n)| = n.

Our crucial assumption is the exchangeability of the sequence n = (1,)n>1. This
property is equivalent to the fact that, for any word w = (wy, ..., w,) with letters in
k], Plm = wn,...,n, = wy| just depends on w through its type. We will denote by ¢
the function such that :

Pln = wy,...,n, = wy,] = q(type(w)) .
If0 ot /.- 7 am recalling the bijection T, we can compute :

PX(1)=a',...,X(n) =" =P[(n,...,n.) =T *(at,...,a")]
= q[ type(T~(a?,...,a™))] = q(a™). (7.5)

This proves that X is a Markov chain on N¥ with transitions given by :

Px(a, ) = == 1a 3. (7.6)

The fixed-time marginals of X can be expressed :
n
PX(n)=a] = Z q(a) = <0z> q(a) Ljg)=n-
w, type(w)=a

Then let (R™, S™) be the image of the word (71, ...,7,) by the Robinson-Schensted
correspondance and define X (n) to be the common shape of R™ and S™.



Chapitre 7. The RSK algorithm with exchangeable data 89

Theorem 7.3.1. X is a Markov chain on the set of partitions with at most k parts
and its transition probabilities are given by :

Py \) = % 1o (7.7)

where the function f is defined on partitions with at most k parts by
F) = > qltype(R ZKM (7.8)
RET;, , shR=\
Proof. Let (R,S) € T;; X S,,. Then
P[(R™,S™) = (R,S)] =P[(m,...,n:) = RSK(R, 5)]
= q(type(RSK™!(R, 5))) 1sur=shs = q(type(R)) Lnr=shs-

Suppose ¢ /AL 7 - 7 A" Recalling the bijection L introduced at the end of section
7.2.1 and defining S = L7\, ... A7)

PIN(1) =A%,...,N(n) = A" = P[S" = ]
= 2 anr=n PI(R", 5") = ( S) = 2Lsur=x» q(type(R)) = f(A"). (7.9)
Equality (7.9) proves the theorem. O

In [O’C03b], O’Connell gave explicit formulae for the shape of the tableaux obtained
by applying RSK with column insertion to a word. We recall here how those formulae
are expressed when considering RSK with row insertion. Let Aj, be the paths z : N — N¥
such that (0) = 0 and z(n) —x(n — 1) € {0,e1,...,ex} for n > 0. For 1,25 € Ay, we
define 1 Axy € Ay and x1 v 29 € Ay by

(w1 8 32)(n) = Oggn[%(m) + 22(n) — z2(m)] (7.10)
(x1vx2)(n) = Olgnn?gn[xl(m) + z2(n) — x2(m)]. (7.11)

Those operations are not associative and, if not specified, their composition has to be
read from left to right. For instance, x1 A xy A x3 means (z7 A xz3) A x3. We then define
FF: A — Ay by

F*(2) = (21 v T2, T2 A1) (7.12)
and
FFz) = (t1vaev ... vag, P (75 (2))), (7.13)
where
™) = (oo m, 230 (B1v22), .., Tp A (219 ... vTr_1)) - (7.14)

If z(m) = type(wy, ..., w,) and RSK denotes the RSK algorithm with row insertion,
then
F¥(x)(n) = sh (RSK(wy, ..., w,)). (7.15)
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Remark 7.3.1. The functional G* described in [0°C03b] is such that G*(z')(n)* =
sh (RSK/ (w1, ... ,w))) where RSK' denotes the RSK algorithm with column insertion,

n
2'(i) = type (wy,...,w}) and y* = (Yx_i+1)1<i<k- Definitions of G¥ and F* differ by
the inversion of roles of up-triangles and down-triangles, which reflects the difference
between row and column insertions. The relation between the two functionals is as

follows. Fizn >0 and set z'(m) = x(n) — x(n —m) for 0 < m < n. Then,
F*(x)(n) = G (') (n)*. (7.16)

Seeing that o' (m) = type(wy, ..., w,,) with w' = (w,...,w,), (7.16) is consistent with

m

the fact that the R-tableaux of RSK(w) and RSK'(w') coincide.

Corollary 7.3.2. If X is the type process of an infinite exchangeable word with letters
in [k] then F*(X) is a Markov chain on the set Q. In particular, when k = 2, & =
X; — X5 and £(n) = max{{(m), 0 < m < n}, then & and 2§ — & are Markov chains.

Proof. The first part is a rephrasing of theorem 7.3.1 since X = F* (X). The second
part consists in noticing that the Markov property of (Ff(X), Fy(X)) implies that of
FF(X) — FF(X) =26 — €, since (FF(X) + FF(X))(n) =n. O

Remark 7.3.2. In general, & and 26 — & are not time-homogeneous.

Remark 7.3.3. When X s just a random walk, & s the simple symmetric one-
dimensional random walk and the last part of the corollary is the first part of the
classical Pitman’s theorem in this discrete context.

Remark 7.3.4. We can easily express the fized-time marginals of N by summing (7.9)
over S € §,, with shape \ :

PIN(n) = Al = f* f(A) Lyrn. (7.17)
Remark 7.3.5. It is also possible to compute the following conditional expectation :

_ K)\aQ(a)
fN)

This can be checked by observing the equality between the following sigma-algebras :
o(N(m),m <n)=oc(S").

AN\ o) =P[X(n)=a| N(m),m <n;N(n) =)\ (7.18)

Remark 7.3.6. The following intertwining result holds :
PsA = APx. (7.19)

This is standard in the context of Markov functions (see, for example, [RP81] and
[CPY98]).
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Example 7.3.1. The fundamental example is of course a sequence 1 of itd random
variables of law p : Plmy = 1] = p, for 1 < 1 < k. The process X = Z, defined by
(7.4) is just a random walk and its behaviour under the Robinson-Schensted algorithm

is studied by O’Connell ([O’C03b], [0’C03a]). In this case,
- q(a) =pi* . ..pt =p°
— f is a Schur function : f(\) = sA(p)
We will write Z for the simple random walk corresponding to p = (%, ey

).

=

7.3.2 Consequences of De Finetti’s theorem

Define the simplex Sy = {p € [0,1]¥ , 3" p; = 1} which can be identified with the
set of probability measures on [k]. A version of De Finetti’s theorem in this context
states that @ converges almost surely to a random variable X, € S, and that,

conditionally on X, = p, n is an iid sequence of law p. We will denote by dp the law
of X . From this result, we can deduce that :

q(a) = /P[m = Wi, = Wn|Xeo = pldp(p) = /po‘ dp(p) = E[Xg]  (7.20)

and hence

FO) = 3 Kou E[X2] = Elsy(Xa0)] = / 5x(p) dp(p) (7.21)

Thanks to the symmetry of Schur functions, it is clear that, for any permutation
o € &y, the words (7,)n>1 and (0(nn))n>1 give rise to the same law of the shape
evolution X.

If Pro(p,\) = %1u _~x is the transition kernel of the simple random walk Z killed
when exiting €2, then (7.7) shows that

_ N

% (1, A) = WA () Pza(p, A), (7.22)

which makes Py appear as a Doob-transform of Py g by the function A — [ s, (kp) dp(p).
The analysis of the Martin boundary of Pzgq (see [KOR02], [0’C03b] and [O’C03a])

indicates that

X _
P[ lim (n) =p| X =p| =1,

n— oo n

where p is the decreasing reordering of p. Thus, we deduce the :

Proposition 7.3.3.

Xn) _ X a.s., (7.23)

lim
n—oo n
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where X has the law p of the order statistics (ie decreasing reordering) of X .

In particular, if X, takes values in {p € Sg; p1 > ps > -+ > pi}, then Xy = Xoo.
In fact, (7.23) could be seen directly from the explicit formula of the functional F*
at a deterministic level. Indeed, we record here a property of the RSK algorithm :

Proposition 7.3.4. If z(n)/n — p as n — oo then F¥(x)(n)/n — p, where p is the
decreasing reordering of p.

Proof. We use the notation x ~» p to mean that x(n)/n — p and max(q) = max(q, ..., q)
if ¢ € R!. First, it is an easy check that if (z1,22) ~ (p1, p2) then (21 v 22, 20 2 11) ~
(max(p1, p2), min(py, p2)). Thus, we deduce that, if z ~» p € R*, 7%(x) ~ 0% (p) € RF1,
where 7% is defined in (7.14) and

Qk(p) = (min(pe, p1), min (p3, max(py, p2)), - .., min (pg, max(py, ..., Pk—1))) -

Now, we set 6(y) = (y1vy2v ... vy) for y € A;, which has the property that d(y) ~
max(q) if y ~ ¢q. The definition of F* is equivalent to

FF(z) =46 (Tk_i+2 o...ot* o Tk(a;’)) )

so that, if x ~ p,
FF(z) ~ max (6" o... 060" 0 6"p)). (7.24)

(2

If we prove that
P : 6%(p) € RF! is a permutation of the vector (pa, . .., k),
then, by iteration, 8*~*20 ... 001 0 §*(p) is a permutation of (p;,...,px) and
max (9’“‘”2 o...00" 1o Qk(p)) = pi,

which, seeing (7.24), is the result. Let us show P when all the components of p are
distinct, which is enough by continuity and density. Then, if p; = p;, we have

min (pj1, max(py, ..., p;)) = min(pji1,pi) = p; = pr forj >

and

min (pj1, max(ps, ...,p;)) < max(py,...,p;) < p; =p; for j <4,

which proves that 0%(p) does not contain p;. O
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7.3.3 Polya urn example

Let us describe a version of Polya’s urn with a parameter a € (R, )*. We will have k&
possible colours of balls, numbered from 1 to k. We say that the urn is of type € N*
if it contains z; balls of colour ¢. The dynamics is the following : if the urn has type x
at time n then we add a ball of colour ¢ with probability (a; + z;)/(|a| + |z|), so that
its type at time n + 1 becomes x + ¢;. If we define £(n) to be the type of the urn at
time n, then : N

i T~ T
We will denote by P4 the law induced by the chain ¢ starting at =, with parameter a.
We define
X(n)=¢(n) —&0) =€y +---+ey,,

where 7; € [k] to be the colour of the ball added between time ¢ — 1 and time 4.
It is a well-known and fundamental fact that 7 is an exchangeable sequence and
more precisely :

P2l ) = u] = altype(w)) where g(a) = 7L (7.25)

lal +]2])ja)’

with the notation (y), = Hle(yi)(yi +1)...(y; + oy — 1) for y € R¥ a € N*.
The law of X, under P} is known as Dirichlet-multinomial. It is described as

folllows : let I'y, ..., 'y be independent Gamma random variables with respective pa-
rameters by = a; + x1,...,br = ar + xp, then
d 1
Xow==7—""""—"([T4,.... ),
P1+"'+Fk(1 k)

and the explicit expression of the law of the previous random variable is given by

_ F<bl +...+ bk) b1 —1 b —1

dp) = 1 dpy ...dpg_1. 7.26

Now take k independent continuous-time Yule processes Y7, ..., Y, with branching

rates 1, immigration rates ai,...,a; and starting from 0. The generator of ¥ =
(Yi,...,Y3) is

Lf(y) = Z (@i + @) (f(z + &) = f(2)),

and the embedded discrete-time chain is the process X previously described. We can
apply the RSK correspondance to the word whose letters record the coordinates of
the successive jumps of Y, like in the discrete-time setting, and we denote by Y the
resulting continuous-time shape process. If M, is the number of jumps of Y before
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time ¢, the process M is a (one-dimensional) Yule process with branching rate 1 and
immigration rate |a| = 37, ;. We have Y; = X (M;). We can define ®*, the continuous-
time analogue of F*, by the recursive equations (7.12) and (7.13) with the triangle
operations now defined by

(fi0 £2)(8) = ik [1i(5) + folt) = fo(5)] (7.27)
(Fra£2)(8) = s [(s) + falt) = fals)] (7.25)

Proposition 7.3.5. Y = ®(Y) is a (continuous-time) Markov process with values in
Q.

Proof. Once we notice that M; = \}7}\, it is easy to describe the Markov evolution of

Y :if Y, = pu then Y, waits for an exponential time of parameter |a| + || and jumps to
A with probability Py (u, A). O

Remark 7.3.7. For k = 2, Proposition 7.53.5 means that

(Yﬁ +sup(Y) —¥2), Y} —sup(Y) — Yﬁ))
t>0

s<t s<t

is a Markov process. However, (Z; = Y,! —=Y?)i>0 and (2sup,<, Zs — Z;)i>0 no longer
are since Y +Y? is not trivial, unlike in the discrete-time case.

7.4 The conditioned process

7.4.1 Presentation

Let us now consider the type process X’ of another infinite exchangeable word 7’.
X! will be the almost-sure limit of @ and dp’ the law of X/ . In the sequel, for any
process V', we will abbreviate the event {Vn > 0, V(n) € Q} in {V € Q}. Our goal is
to condition the process X’ on the event { X’ € Q} that it stays in Q forever. For this
purpose, we recall the following result obtained in [O’C03b] and [O’C03a] about the

random walk Z,, :
P[Z, € 2] Z,(0) = A = p™aris ()L (), (7.20)

where W = {p € Si; p1 > -+ > pi}.Thus, we can compute :

Cpi=PIX €)= [PIZ,c Udf(p) = [ 1 alpn)dfp) (730
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We will suppose that p'(W) > 0, which makes sure that P[X’ € 2] > 0 and allows us to
perform the conditioning in the classical sense. More precisely, if ¢ / AX! /- 7 A",
we get,using (7.29) :

PIX'(1) = A, ..., X (n) = A", X' €

P[Z,(1) = A\, Zy(n) = X" Z, € Q) dp' (p)

)

- Zp(n) = N P[Z, € Q[ Z,(0) = A" dp'(p)

P axnis(p) 1w (p) dp'(p).

I
\?\
N
o
>,

Hence, the law of X’ under the probability P[- | X’ € Q] is the law of the Markov chain
X’ whose transition probabilities Pg appear as Doob-transforms of Pzgq :

P ) = 203 Paalp. ), (731)

where g(A) = K [ p=0axis5(p) 1w (p) dp'(p).
Recalling that ay, s = as s\, we obtain that

g(\) = / 53(kD) D25(0) Lys 5590 A ().

The Martin boundary analysis of Py g (see [KOR02], [O’C03b], [0’C03al) proves the

Proposition 7.4.1.

—~

X' =
lim (n) =Xy a.s., (7.32)
n—oo n
where )/(\’OO has the law pA’ given by
~ 1
dp'(p) = = p~°as(p) 1w (p) dp' (). (7.33)

C,

Remark 7.4.1. The "almost-sure” in proposition 7.4.1 is not precise since we have
only defined the law of X'. We mean that we can find an almost-sure version of this
convergence on some probability space.

7.4.2 Connection with RSK and Pitman’s theorem

Let X and X’ be the processes defined in sections 7.3.1 and 7.4.1 with corresponding
mixing measures p and p'.
Our previous analysis shows the
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Proposition 7.4.2. X has the same law as X if and only if p = /;’

Hence, starting from a process X’ with corresponding measure p’ with p'(WW) > 0,

Proposition 7.4.2 gives us a way of realizing the law of the conditioned process X’ :
construct an infinite word 7 with mixing measure CL/ p%as(p)lw(p) dp'(p) and apply
P

RSK to it, then the resulting shape process has the law of X,

Corollary 7.4.3. Suppose that p(W) > 0. Then X has the same law as X if and only
of

p=p. (7.34)
In particular, if p is supported on W, (7.34) is verified if and only if p is supported on
a level set of the function p — p~as(p).

Proof. Just use the fact that, for a function h, h(p) dp(p) is null if and only if p{h =
0} = 1. 0

Example 7.4.1. The case of a point mass p = 0, with ¢ € W is covered by corollary
7.4.3, which is the second part of Pitman’s theorem for random walks.

Example 7.4.2. The Dmchlet multinomial distribution p defined in (7 26) does not
verify (7.34) so that X cmd X don’t have the same distribution. In fact, X does not have
the law of any process X' since [ PPas(p)~ p(dp) = oo. However, we can realize X
by applying RSK to an exchangeable word with mixing measure Cipp_‘sa(;(p)lw(p) dp(p)
and looking at the induced shape process. The latter has the law of the composition of
a Polya’s urn conditioned to have forever more balls of colour 1 than of colour 2, more
balls of colour 2 than of colour 3, etc.

7.4.3 In search for a Rogers’ type converse to Pitman’s theo-
rem

Take 7 an infinite random word, X its type process and X the shape process when
applying RSK to 7. We would like to characterize the possible laws of 1 such that X
and X are (autonomous) Markov chains. This would be a multi-dimensional discrete
analogue of Rogers’ result classifying all diffusions Y such that 2Y — Y is a diffusion
(see [Rog81]). We are unable to solve the problem in full generality. However, there is
a restriction of it which is fairly easy to deal with. First, define the function F;, by

P[(11,. .., 1) = w] = F,(RSK(w)). (7.35)

Then, the same line of reasoning as in the proof of Theorem 7.3.1 shows that X is a
Markov chain if and only if for all A ~ A" the value

2snr=y (R, 5')
2sni=r Fn (R, 5)
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only depends on A\, \" and not on the standard tableaux S, S’ such that shS = A, shS’ =
M.

Proposition 7.4.4. If F,(R,S) = F,(R) then X is a Markov chain. If X is also a
Markov chain, then n is exchangeable.

Proof. The first part is trivial from the previous discussion. We denote by P(a, 3) the
transition probabilities of the chain X, by R(w) the R-tableau obtained by applying
RSK to the word w and by (w,l) the word (wy,...,wy,,!l) if w = (wy,...,w,) and
[ € [k]. Then, use the Markov property of X to get that

FW(R(w7 l)) = P[(nla K 7nn+1) = (w7 l)]
= Pl(m,...,n.) = w] P(type(w), type(w) + e;)
= Fy(R(w)) P (type(w), type(w) + e;) .

Recalling that R(w,l) = R(w) < [ (tableau obtained by row-insertion of [/ in R(w)),
we have

Fy(R(w) < 1)
Fy(R(w))

Rw)—l) _ Fy(Rw')<l

= P (type(w), type(w) + €;) ,

proving that F}( ) if type(w') = type(w). We can easily iterate this

n(R(w)) — Fp(R(w))

property for succesive insertions of letters ly,...,[; :
Fn(R(w) <—l1,...,lj) _ Fn(R(w’) <—l1,...,lj)
Fy(R(w)) Fy(R(w'))

Knowing that type(R(w)) = type(w) and that RSK is onto, we can say that if the
tableaux R, R’ have the same type, then

Fn<R<—l1,...,lj) i Fn<R/<—l1,...,lj)

£y (R) Fy(R') '

(7.36)

Now, we need the following combinatorial

Lemma 7.4.1. If the tableaur R, R’ have the same type, there exist letters Iy, ..., 1,
such thatR<—l1,...,lj :thll,...,lj.

Proof. We proceed by induction on the cardinality of the alphabet. If k = 1, type(R) =
type(R’) implies R = R’. Suppose k > 2, o = type(R) = type(R’) and define i (resp.
i") to be the number of letters different from 1 in the 1st line of R (resp. R'). When we
insert m := max(i,i’) letters 1 in both tableaux R and R', we obtain two tableaux R
and R’ Witll a ﬁrsz line filled with oy +m letters 1. The other lines of R and R’ form two
tableaux R and R/, not containing 1 and of the same type. By induction, there exist
letters If,...,0/ in{2,3,...,k} such that R 1},...,ll. = R < [l},... . Therefore,
inserting letters I},1,15,1,...,1/ |1 makes the tableaux R and R’ equal, which proves

' m?

our claim. O
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Then,

if type(R) = type(R’), find letters [y,...,/; as in Lemma 7.4.1 and use

equation (7.36) to get F},(R) = F,(R'). This shows that P[(ny, ...,n,) = w] just depends

on the type of w, which concludes our proof that 7 is exchangeable. O

Bibliographie

[BBOO04] P. Biane, P. Bougerol, and N. O’Connell, Littelmann paths and brownian
paths, To appear in Duke Mathematical Journal., 2004.

er . Bertoin, An extension of Pitman’s theorem for spectra osttive Lév

[Ber92]  J. Bertoin, A ' f Pi s th for sp Ily positive Lévy
processes, Ann. Probab. 20 (1992), no. 3, 1464-1483.

[Bia94]  P. Biane, Quelques propriétés du mouvement brownien dans un cone, Sto-
chastic Process. Appl. 53 (1994), no. 2, 233-240.

[BJO2]  P. Bougerol and T. Jeulin, Paths in Weyl chambers and random matrices,
Probab. Theory Related Fields 124 (2002), no. 4, 517-543.

[CPY98] P. Carmona, F. Petit, and M. Yor, Beta-gamma random variables and in-
tertwining relations between certain markov processes, Revista Matematica
Iberoamericana 14 (1998), no. 2, 311-367.

[Fulo7]  W. Fulton, Young tableauz, London Mathematical Society Student Texts,
vol. 35, Cambridge University Press, Cambridge, 1997, With applications to
representation theory and geometry.

[HMOO1] B. M. Hambly, J. B. Martin, and N. O’Connell, Pitman’s 2M — X theorem
for skip-free random walks with Markovian increments, Electron. Comm.
Probab. 6 (2001), 73-77 (electronic).

[KOR02] W. Konig, N. O’Connell, and S. Roch, Non-colliding random walks, tandem
queues, and discrete orthogonal polynomial ensembles, Electron. J. Probab.
7 (2002), no. 5, 24 pp. (electronic).

Mac79] 1. G. Macdonald, Symmetric functions and Hall polynomials, The Claren-
don Press Oxford University Press, New York, 1979, Oxford Mathematical
Monographs.

[IMY99a] H. Matsumoto and M. Yor, Some changes of probabilities related to a geo-
metric Brownian motion version of Pitman’s 2M — X theorem, Electron.
Comm. Probab. 4 (1999), 15-23 (electronic).

[MY99b] , A wversion of Pitman’s 2M — X theorem for geometric Brownian
motions, C. R. Acad. Sci. Paris Sér. I Math. 328 (1999), no. 11, 1067-1074.

[O’C03a] N. O’Connell, Conditioned random walks and the RSK correspondence, J.

Phys. A 36 (2003), no. 12, 3049-3066, Random matrix theory.



Chapitre 7. The RSK algorithm with exchangeable data 99

[O’C03b]

[0Y02]
[Pit75]
[Rog81]
[RPS1]

[Sta99]

, A path-transformation for random walks and the Robinson-
Schensted correspondence, Trans. Amer. Math. Soc. 355 (2003), no. 9, 3669—
3697 (electronic).

N. O’Connell and M. Yor, A representation for non-colliding random walks,
Electron. Comm. Probab. 7 (2002), 1-12 (electronic).

J. W. Pitman, One-dimensional Brownian motion and the three-dimensional
Bessel process, Advances in Appl. Probability 7 (1975), no. 3, 511-526.

L. C. G. Rogers, Characterizing all diffusions with the 2M — X property,
Ann. Probab. 9 (1981), no. 4, 561-572.

L.C.G. Rogers and J.W. Pitman, Markov functions, Ann. Probab. 9 (1981),
no. 4, 573-582.

R. P. Stanley, Enumerative combinatorics. Vol. 2, Cambridge Studies in
Advanced Mathematics, vol. 62, Cambridge University Press, Cambridge,
1999, With a foreword by Gian-Carlo Rota and appendix 1 by Sergey Fomin.



100 Bibliographie




Troisieme partie

Matrix-valued diffusion processes

101






Chapitre 8

Some properties of the Wishart
processes and a matrix extension of
the Hartman-Watson law

C. DONATI-MARTIN, Y. DOUMERC,
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Publ. Res. Inst. Math. Sci. 40 (2004), no. 4, 1385-1412.

(Dedicated to Gérard Letac on the occasion of his retirement,
and to Marie-France Bru who started the whole thing...)

Abstract : The aim of this paper is to discuss for Wishart processes some proper-
ties which are analogues of the corresponding well-known ones for Bessel processes. In
fact, we mainly concentrate on the local absolute continuity relationship between the
laws of Wishart processes with different dimensions, a property which, in the case of
Bessel processes, has proven to play a rather important role in a number of applications.

Key words : Bessel processes, Wishart processes, Time inversion, Hartman-Watson

distributions.
Mathematics Subject Classification (2000) : 60J60 - 60J65 - 15A52

8.1 Introduction and main results

(1.0) To begin with, we introduce some notations concerning sets of matrices :
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— M, m(R), M, (C) : the set of n x m real and complex matrices

— Sn(R),S,,(C) : the set of m x m real and complex symmetric (not self-adjoint)
matrices

— S, ¢ the set of m x m real non-negative definite matrices

- g;g : the set of m x m real strictly positive definite matrices

— For A € M,, n(R), A" denotes its transpose. Note that A a4e St.

(1.1) The present paper constitutes a modest contribution to the studies of matrix
valued diffusions which are being undertaken in recent years, due to the growing interest
in random matrices; see O’Connell [O’C03] for some recent survey. More precisely,
we engage here in finding some analogues for Wishart processes of certain important
properties for squared Bessel processes, which we now recall (for some similar efforts
concerning the Bessel processes, see [Yor01], pp.64-67 and [GY93]).

(1.a) Definition of BESQ processes For z = 0 and § = 0, the stochastic differential
equation

dXt :2\/ Xt dBt+5dt, X(] =T, (81)

with the constraint X; = 0 admits one and only one solution, i.e., (8.1) enjoys pathwise
uniqueness. The process is called a squared Bessel process, denoted as BESQ(J), and
its distribution on the canonical space C(R,R) is denoted by Q?, where, abusing the
notation, we shall still denote the process of coordinates by X;, ¢ = 0, and its filtration
by X, = o{X,, s < t}.

The family {Qéx}(SZO,xZO enjoys a number of remarkable properties, among which
(1.b) Additivity property of BESQ laws We have

Q)+ QY = Q7 (8.2)
for every 0,0’ x, 2’ = 0. This property was found by Shiga-Watanabe [SW73] and consi-
dered by Pitman-Yor [PY82] who established a Lévy-Khintchine type representation
of (each of) the infinitely divisible Q9’s.

(1.c) Local absolute continuity property Writing § = 2(1 + v), with » =2 —1, and
Q° = QY there is the relationship : for v > 0,

X\ v? [t ds
W= (3) e (-5 [ £) @l (53

from which we can deduce that the Q{”-conditional law of fot (X,)"tds given X; =y is
the Hartman-Watson distribution 7, (du), r > 0, u > 0. It is characterized by

/OOO exp (—%) e (du) = ZEZ;
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where [, denotes the usual modified Bessel function; precisely, there is the following
consequence of (8.3) : for v 2 0,

(5Bl e

where r = ,/xy/t, and more generally,

, w? [t ds 1 I e (r)
QY {exp (—3/0 Z) | X —y} A

The relation (8.3) was obtained and exploited by Yor [Yor80] to yield, in particular,
the distribution at time ¢ of a continuous determination 6#; of the angular argument of
planar Brownian motion, thus recovering previous calculations by Spitzer [Spi58], from
which one may derive Spitzer’s celebrated limit law for 6, :

2 aw
O o) Cy as t— oo, (8.5)
In(t)

where ('] denotes the standard Cauchy variable, with parameter 1. It is also known

that .
4 ds (law)
W ; - — (1/2) as t— o0, (86)

where T{; /2 denotes the standard stable (1/2) variable. We recall that

2

Blexp(iACy)] = Blexp(~ 3T /a)] = exp(—|A), A € R

The absolute continuity property (8.3) has been of some use in a number of problems,
see, e.g., Kendall [Ken91] for the computation of a shape distribution for triangles,
Geman-Yor [GY93] for the pricing of Asian options, Hirsch-Song [HS99] in connection
with the flows of Bessel processes, and more recently by Werner [Wer04] who deduces
the computation of Brownian intersection exponents also from the relationship (8.3).
(1.d) Time inversion Let X; be a Q% distributed process and define i(X); = t2X (1/t),
then i(X) is a generalized squared Bessel process with drift \/z, starting from 0. (See
[Wat75] and [PY81] for the definitions of generalized Bessel processes). As an appli-
cation, Pitman and Yor [PY80] give a “forward” skew product representation for the
d-dimensional Brownian motion with drift.

(1.e) Intertwining property If Q!(z,dy) denotes the semigroup of the BESQ(J)
process, there is the intertwining relation

0+ Ny = Ns 5@, (8.7)
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where A; s denotes the multiplication operator associated with (5/2 5 /2, a beta variable
with parameter (0/2,d'/2), i.e

Ass f(x) = E[f (28572, /2)],

for every Borel function f : R, — R, . The relation (8.7) may be proven purely in an
analytical manner, but it may also be shown in a more probabilistic way, with the help
of time inversion, using a realization of X% as the sum X°®+ X% of two independent
BESQ processes (see [CPY98] for details).
(1.2) With the help of the above presentation of the BESQ processes, it is not difficult
to discuss and summarize the main results obtained so far by M.F. Bru ([Bru89a,
Bru91]) concerning the family of Wishart processes, which take values in S}, for some
m € N, to be fixed throughout the sequel.

For values of § to be discussed later, WIS(d, m,z) shall denote such a Wishart
process with “dimension” 9§, starting at z, to be defined as the solution of the following
stochastic differential equation :

dXt \/ Xt dBt + dB \/ Xt -+ 5[ dt XO =X, (88)

where {B;,t = 0} is an m x m Brownian matrix whose components are independent
one-dimensional Brownian motions, and I, is the identity matrix in M, ,,(R). We
denote the distribution of WIS(8,m,z) on C(R,,S;}) by Q°.

Assume that x € S and that z has distinct eigenvalues, which we denote by
A1(0) > -+ > A,(0) 2 0. Then, M.F. Bru [Bru91] has shown the following

Theorem 8.1.1. (i) If 6 € (m — 1,m + 1), then (8.8) has a unique solution in S} in
the sense of probability law.
(ii) If 6 = m + 1, then (8.8) has a unique strong solution in S .
(iii) The eigenvalue process {\;(t),t = 0,1 < i < m} never collides, that is, almost
surely,

A(t) > > A\u(t) 20, Vi > 0.

Moreover, if 6 =2 m+ 1, then A\, (t) > 0 for all t > 0 almost surely and the eigenvalues
satisfy the stochastic differential equation

£) =2/ \i(t) dB;(t +{5+Z () i}dt i=1,..,m,

(t)

=2/ \i(1) dﬁ"(t)+{5_m+1+22,\.t+(t;k(t)} dt, (8.9)

k#i i(t)

where [By(t), ..., Bm(t) are independent Brownian motions.
(iv) If 6 2 m + 1, then

d(det(X;)) = 2det(X;)/tr(X; ) dB(t) + (0 — m + 1) det(X,)tr(X, ') dt (8.10)
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and

d(log(det(X,))) = 2¢/tr(X; 1) dB(t) + (6 — m — 1)tr(X; 1) dt, (8.11)
where § = {B(t),t =2 0} is a Brownian motion.
(v) For any © € S;f,

Q;[exp(—tr(0X,))]
= (det(I + 2t0)) "2 exp(—tr(z(I + 2t0)'O)] (8.12)
1
= exp(—tr(z/2t))(det(I + 2t0)) /2 eXp(Q—ttr(:c(I +2t0)71)).
For the sake of clarity, we postpone the discussion of further properties of Wishart
processes as presented in M.F. Bru [Bru91] to Section 8.2.

(1.3) We now present some of our main results and, in particular, the extension for
Wishart processes of the absolute continuity property (8.3).

Theorem 8.1.2. With the above notation, we have for v 2 0 :

det(X;)\"/? Vit
m+2r) — [ (X Y ds ) Q™5 8.1
Qm |»T't <det(:p)) €xp 9 /; I‘( s ) S Qx |»T't ( 3)

Just as in the case of squared Bessel processes, the semigroup of WIS(d,m, z) is
explicitly known, and we deduce from Theorem 8.1.2 our main result in this paper :

Corollary 8.1.3. Let v =2 0. Then we have

i1 RN 1 (det(@)\ a2, y)

Qt [exp( 5 /0 tr( X )ds) |Xt—y} = <det(y)) o« (.9) (8.14)
Lo((m 4 0/2) 4w oFallm+1)/2 + vi2)
T((m+1)/2+v) oF1((m +1)/2; 2)

L
0(2)

where z = xy/4t?, qt denotes the transition probability of the Wishart process of
dimension 0 = m + 1+ 2v, T'y, is the multivariate gamma function, (F1 is a hypergeo-
metric function (see the appendiz for the definition of Ty, and ¢Fy ) and 1,(z) is the
function defined by

~—

)

<o (det()
L(z) = T,.((m+1)/2+0)

oF1((m+1)/2+ v; 2). (8.15)
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Note that in the case m = 1, T,,(z) is related to the usual modified Bessel function
I,(2) (see [Leb72]) by I,(2) = I,(2z%/2). Clearly, formula (8.14) appears as a generali-
zation of the result (8.4) for m = 1.

Notation : In general, quantities related to Wishart processes will appear in boldface.

Proofs and extensions of (8.13), with two general dimensions instead of m + 1 and
m + 1 + 2v, are given in Section 8.2.

As in the case of the Bessel processes, we obtain the absolute continuity relationship
for the negative indexes in the following way.

Theorem 8.1.4. Assume 0 < v < 1 and let Ty be the first hitting time of 0 for
{det(X;)}. Then we have

B det(X,)\ " vt
m+1—2v o 7 1 . m+1
Qx ‘ft ({t<To} — ( det(:z:) ) exp 2 /(; tr(Xs ) ds Qa: ‘ft

_ det(X;)\ ™" QU
det(x) v '
From formula (8.16) we may deduce the law of Tj for WIS(m + 1 — 2v, m, x), which
will also be given in Section 8.2. In particular, we obtain :

(8.16)

Corollary 8.1.5. For 0 < v < 1, we have

—v _ _ i/1/ Yy
QU Ny > t| Xy =y) = (f) (E) . (8.17)

(1.4) In this paper, we also obtain some extension of the time inversion results for
Bessel processes (see (1.d)). For this, we need to introduce Wishart processes with
drift. For 6 = n an integer, we define a Wishart process with drift O = OO as the
process
XO = (B, +6t)(B, + 6t) = B,+0t,

where {B;,s = 0} is an n X m Brownian matrix starting from 0 and © = (0,;) €
M, m(R). Its law turns out to only depend on © = ©'O. In Section 8.3, we extend
the definition of these processes to a non-integer dimension § and we show that these
processes are time-inversed Wishart processes.

8.2 Some properties of Wishart processes and proofs
of theorems

8.2.1 First properties of Wishart processes

(2.a) Wishart processes of integral dimension In the case § = n is an integer,
WIS(n, m, z) is the law of the process {X; = B.Bs = Bs,s = 0}, where {B;} is an
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n X m Brownian matrix starting from B, with EO = B{By = .

(2.b) Transition function Let 6 > m — 1. Formula (8.12) shows that the distribution
of X; for fixed ¢ is the non-central Wishart distribution W,,(8,t1,,, ¢t 'z;) (Muirhead’s
notation), see Theorem 10.3.3 in Muirhead [Mui82]. The transition probability density
qs(t, z, dy) with respect to the Lebesgue measure dy = [[,< ; dy,; of the Wishart process
{X;} is thus given by -

q5<t7 z, y)

1)/2 0
g P gl ) (@) R (G ) ()

1 1 det(y)\ OV xy
- exp(——t Lo 12 (22,
(2t)mim+1)/2 exp(—g;tr(@ + 1) (det(ai)) o-nvi2(g)

where T',, is the multivariate gamma function, ¢F; is a hypergeometric function (see
their definitions in the appendix) and I,(z) is the function defined by (8.15). The
transition probability density qs(t, z,y) may be continuously extended in x belonging
to S, and we can consider the Wishart processes starting from degenerate matrices.

Indeed, the Wishart processes starting from 0 will play some role in the following. Note

that
as(t,0,y) = (Qt)‘sm/;l_‘m((;/?) exp(—%tr(y))(det(y))(ém1)/2_

(2.c) Additivity property We have the following property (see [Bru91]) : If { X;} and
{Y;} are two independent Wishart processes WIS(6, m, z) and WIS(d’, m, y), then { X;+
Y;} is a Wishart process WIS(d+6', m, x+y). Nevertheless, the laws Q2 of WIS(4, m, )
are not infinitely divisible since the parameter ¢ cannot take all the positive values,
in fact, 6 needs to belong to the so-called Gindikin’s ensemble A,, = {1,2,....,m —
1} UJ(m — 1,00) (see Lévy [Lév48] for the Wishart distribution).

(2.d) The eigenvalue process The drift in the stochastic differential equation (8.9)
giving the eigenvalues of the Wishart process is a repelling force between these ei-
genvalues (which may be thought as positions of particles) which prohibits collisions.
We now discuss some other models of non colliding processes. In [KO01], Kénig and
O’Connell consider the eigenvalues of the Laguerre process (defined as in (2.a) repla-
cing the Brownian motion B by a complex Brownian motion and the transpose by the
adjoint for n = m). Then, the eigenvalue process satisfies the same equation as (8.9)
except that the drift is multiplied by “2”. It is shown that this process evolves like m
independent squared Bessel processes conditioned never to collide.

Gillet [Gil03] considers a stochastic differential equation for an m-dimensional pro-
cess, called a watermelon, whose paths don’t intersect. It turns out that this process
corresponds to the square roots of the eigenvalues of a Laguerre process and then can
be interpreted as the process obtained from m independent three dimensional Bessel
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processes conditioned to stay in the Weyl chamber W = {(x1, 22, ..., 2p); 21 > 23 >
S>> T}
We also refer to Cépa-Lépingle [CLO1] and Grabiner [Gra99] for other closely related
studies about non-colliding particles.
We now study the filtration of the processes which appear in the density (8.13).

Proposition 8.2.1. (i) Let {D;,t = 0} be the filtration generated by the process { Dy =
det(Xy)}. Then {D;} is equal to the filtration generated by the eigenvalues {\;(t),1 =
L,...,m,t 20} of the process {X;}. Therefore, the density in (8.13) is D; measurable.
(i) Let AS the probability law of the eigenvalues (X;(t);i=1,...,m) of a WIS(6,m, z)
with X the vector of the eigenvalues of x; i.e., the solution of (8.9) starting from .
Then, the absolute continuity relation (8.13) reads

g, - (BEMOY™ (_V; [0k ds) A,

Proof. (i) Denote by Ly = In(D;) = >~ In(\;(¢)). L; is Dy measurable. According to
equation (8.9), we have

In(A;(t)) = T@)dﬁi(t} + Ki(A(1))dt

for a function K; on R™ and

m t
= / —4/ tr(X; 1) ds,
0

which shows that tr(X; ') = d(L, L), / dt is D, measurable.
Now, let us define L,(t) = tr(X, "), p € N with Lo(t) = L(t). It is easy to verify

that
d

% <Lp7 Lq>t = Lp+q+1<t>

and therefore, it follows that all the processes L,(t) = > ,(A\;(t))"? are D; measu-
rable. Now, from the knowledge of all the processes L,, p € N, we can recover the
m-~dimensional process {\;(t),i =1,...,m,t = 0}.

(ii) We just write the density in terms of the eigenvalues. [

8.2.2 Girsanov formula

Here, after writing the Girsanov formula in our context, we prove Theorem 8.1.2, i.e.,
the absolute continuity relationship between the laws of Wishart processes of different
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dimensions. We also show that we may obtain, by using the Girsanov formula, a process
which may be called a squared Ornstein-Uhlenbeck type Wishart process.

Let Q%,x € S}, 5 > m — 1, be the probability law of WIS(8, m, z) process {X;,t =
0}, which is considered as the unique solution of

dXt = \/ Xt dBt + dB; \/ Xt + 5Imdt, XO =, (819)

where {B;} is an m x m Brownian matrix under Q°. We consider a predictable process
H = {H}, valued in S,,, such that

t ¢
EF =exp (/ tr(HydBs) — %/ tr(H?) ds)
0 0

is a martingale with respect to Q2 and denote by Q% the probability measure such
that

Qs =& Qilz, (8.20)
where {F;} is the natural filtration of {X;}. Then the process {3;} given by

t
/Bt = Bt — / Hs ds
0
is a Brownian matrix under Q% and {X,} is a solution of

dXt =\ Xt dﬁt + dﬁ; Xt + (\/ Xth + Ht \/ Xt + 5Im) dt (821)
We consider two special cases : H; = VX{l/z, v>0,and H = \W/X;, A € R.

Remark 8.2.1. Here is a slight generalization of (8.20) : let {Hs} be a predictable
process with values in M, ,(R) and {Bs} be an n x m Brownian matriz under P.
Then, if PH is given by

t 1 t R
dPH |z = exp </ tr(H. dB,) — 5/ tr(Hs)ds) - dP| g,
0 0

t . ‘ .
Gy = By — fo H.ds is an n x m Brownian matriz under PH.

Case 1 Let H; = I/Xt_l/Q. Then the equation (8.21) becomes

dXt =\ Xt dﬁt + dﬁt, Xt + ((S + QV)]mdt,

which is the stochastic differential equation for a WIS(d + 2v, m, z) process. That is,
we have obtained

2

t t
Q|5 = exp <y / (X712 dB,) - = / tr(Xsl)ds) Q. (8.22)
0 0
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We can write the stochastic integral on the right hand side in a simpler way when
0 = m + 1 and thus obtain Theorem 8.1.2, as we now show. B

Proof of Theorem 8.1.2. Developing the determinant of y € S} in terms of its
cofactors, we obtain V,(det(y)) = det(y)y~! and, hence,

V,(log(det(y))) =y " (8.23)

We know, from (8.11), that {log(det(X};))} is a local martingale when 6 = m + 1.
Moreover, by (8.23), we obtain from It6’s formula

oglaet (X)) = oget() + [ (X (/XedB + dBV/X0))

0
t
= log(det(x)) + 2/ tr(XY2dB,).
0

Hence, by (8.22), we obtain

det(X}) v/2 v o[ _
m+1+2V _ _ t X 1 d . m+1 . |:|
Q:v |~7:t < det(:zc) ) exp 9 A 1"( s ) S Q:v |~7:t

Remark 8.2.2. According to Theorem 8.1.2, we have the following absolute continuity
relationship, ford =m+1+2X and ' =m+1+2v, \,v =0,

, det(X,)\ /2 R L L
L - tr(XY) ds) Q2 24
Q: |7 ( det(x)) exp 5 /0 r(X; ) ds | - Qglr, (8.24)

from which we deduce for o € R

(1080 o (2152 [Pt o) - [ (2]

The moments of det(X;) are given by the following formula (see [Mui82] p. 447) :

QX)) = (20 T (s i)
For x =0, we have
Culs+3/2) o TI0 Dls +8/2 = (i = 1)/2)

Qpl(det (X)) = (26)™ = (21)

' (6/2) [[2 T(6/2 - (i —1)/2)
for s >0, which is the Mellin transform of the distribution of det(X;) under Q. Hence,
letting Y1, ..., Yy, be independent gamma variables whose densities are given by
1
re/2—(i—-1)/2)
we see that the distribution of det(X;) under Qf coincides with that of (2¢)™Y; -+ Y,,.
This result is a consequence of Bartlett’s decomposition (cf. [Mui82, Theorem 3.2.14]).

et D2 e s 0 =1, ..., m,
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Case 2 Let Hy = A/ X;, A € R. Then (8.21) becomes

dXt =V Xt dﬁt + dﬁ; Xt + (2)\Xt + 5-[m) dt

By (8.19), we obtain

d(tr(X,)) = 2tr(+/X, dB,) +md dt

and

/O tr(V/X dB,) = 5(tx(X.) — tr(a) — mot).

Hence, from (8.20), we have obtained that the probability measure *Q? given by

2

A P
AQ2 |5 = exp (i(tr(Xt) —tr(z) — mét) — 7/0 tr(Xs) ds) Qo5 (8.25)

is the probability law of the process given by
dXt = (\/ Xt dﬁt + dﬁ; \/ Xt) + (2)\Xt + 5]m)dt, XO =, (826)

for a Brownian matrix {3;} (under *Q?). See M.F. Bru [Bru91] for a study of squared
Ornstein Uhlenbeck processes and related computations of Laplace transforms.

8.2.3 Generalized Hartman-Watson laws

We concentrate on the case & =2 m + 1 for a while and write § = m + 1 + 2v.
We denote by q,ﬁ“) (x,y) the transition probability density with respect to the Lebesgue

measure of the generalized Wishart process (a solution to (8.8)) {Xt(y)} given by (8.18).
Then, we have

a(ey) _ (2O)"VET,((m+1)/2)

qﬁo)(:c,y) o (2t)mm+1420)2 T, ((m 4+ 1)/2 + v) (det(y))”
oF1((m+1)/2 4 vizy/4t%)
oF1((m+1)/2; xy/4t?)
_ I,.((m+1)/2) (det g)y oF1((m+1)/2 + v; xy/4t?)
Lp((m+1)/2+v) 2t oF1((m+1)/2; zy/4¢?)

Denoting the law of {Xt('/)} by Qg'), we showed in the previous subsection

() X v/2 2t
deO = <det( t)) exp (_V_/ (X1 du)’
Q¥ det(x) 2 Jo
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which yields

)

:Em Ei zi — (jgzgi)ﬂ QY [exp (—”; /O (X0 du) 1X; = y). (8.27)

Therefore we obtain

QL [exp (—V; /0 t tr(X 1) du) X, = y} (8.28)

I TL(m02) L pFalm 4 1)/2 4 vi2)
=T 0210 ) R T vz )

with 2z = xy/4t?, proving Corollary 8.1.3.
Using the function I, defined by (8.15), we may also write

QO [exp (-”; /0 t tr(X1) du) X, = y} - ;8 (8.29)

which is precisely (8.4) when m = 1.
We can extend (8.29) as follows :

Proposition 8.2.2. Let A 20, v 20,

QU [exp (-%2 /0 () du— ”; /0 () du) X, = y} (8.30)
_ (Smﬁﬁ)m(mw exp(—ar(B)tr(o + y))iwﬁi z/;h) ),

where ay(t) = (2t) (Mt coth(\t) — 1).

Remark 8.2.3. (i) The computation in the case v = 0 was done by M.F. Bru in
[Bru91].

(i) In the case m = 1, formula (8.30) was obtained in [PY82] and yields to the joint
characteristic function of the stochastic area and winding number of planar Brownian
motion {Z,,u < t}.

Proof. From the absolute continuity relationships (8.13) and (8.25), we obtain

QY det(X,)\"/? A
dg(O) |7 = ( deett((at))) exp (i(tr(Xt) —tr(z) — mét))

)\2 t 1/2 t
xexp | ——= [ tr(Xy) du—— [ tr(X;") du),
2 Jo 2 Jo b
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from which we deduce

ng) {exp (—%2/0 tr(X,) du — —/ tr(X u) | X, = y}

e v <3§E N e (—§<tr<y>—tr<x>—m&>),

qt ('rvy

where *q") is the transition density of the squared Ornstein Uhlenbeck process * X,
the solution of (8.26). Since *X; = 2 X ((1 — e=2)/2)) for some Wishart process X,
we have

1— 672)\15

A (u)t — o= Am(m+1)t (V)
q”(t,z,y) =e a4 (=

Lz, ye” ).

Straightforward computations give (8.30). O

8.2.4 The case of negative indexes

We first give a proof of Theorem 8.1.4 and then discuss about the law of T}, the
first hitting time of 0 by {det(X;)}.
Proof of Theorem 8.1.4. We consider the local martingale { M,;} under QY defined

by
det(Xy) /2 1/2 !
M, = tr(X, ) ds ).
! < det(x) ) P\ Ty /0 H(X) ds
Note that, for n > 0, {M;ar, } is a bounded martingale, where T}, = inf{¢; det(X;) = n}.
Then, applying the Girsanov theorem, we find

Qgc_y)th/\Tn = Mt/\Tn : Q;O)thTn'
Hence, letting n tend to 0, we obtain the result, since Ty = oo a.s. on the right hand
side. [

Proof of Corollary 8.1.5. From the second equality in (8.16), we obtain

det(z)\" 4" (x,y)

det(y)) o (x,y)

Now, using the expression of the semigroup q\”(z, y) given in (8.18), we obtain (8.17). O

We next give the tail of the law of T, under Q(I_V).
Proposition 8.2.3. For any t > 0, we have

QU(Ty > ¢] X, = y) = (

QT > 0 =22 (5/2)>/ )(d t(2t)) e el Fl(m;1 g ;t) (8.31)
((m(;/;))/2> (det(5)" 1P (v g€ -): (8.32)

where d =m + 1 + 2v.
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Proof. By Theorem 8.1.4, we have

det(z) \”
(T > ) = QW | [ /2L _
and compute the right hand side by using the explicit expression (8.18) for the semi-
group of {X,}.

We have by (8.18)

T det(@) V] expl—tr(@)/20(det(@)” [ w (0 Ty
Qi)[(detom”‘ @07 T, (52) / VIR (G ) -

Noting that oF;(6/2; xy/4t*) = (F1(6/2;/ry+/x/4t?) from definition, we change the
variables by z = \/zy+/z/4t* to obtain

” det(z) \"
@ ()|
_exp(—tr(x)/2t)(det(z))r~ (m+1/2 o 5
B (2t)ym(/2=m=1T, (§/2) /S,ﬁ e 22 0]5‘1(57 z) dz.

(8.34)

For the formula for the Jacobian, see Theorem 2.1.6, p.58, in [Mui82].

Then, using the fact that the Laplace transform of a ,F, function is a ,4,F, function
(cf. Theorem 7.3.4, p.260, in [Mui82]), we get (8.31) and then, using the Kummer
relation (Theorem 7.4.3, p.265, in [Mui82]), (8.32). O

Remark 8.2.4. When m = 1, we can explicitly compute the right hand side of (8.33)
and show that Ty is distributed as x/27,, where v, is a gamma variable with parameter
v. It may be also obtained by using the integral relation

1 1 /°° 1 ux
— = u’ e " du,
Xy T(w) Jo

and then the explicit expression of Qg') [e=vXt]. A third method consists in using the
time reversal between BES(v) and BES(—v) ; see paper #1 in [Yor01] for details.

Remark 8.2.5. As the knowledge of the law of Ty under Qé‘”) has played an important
role in several questions for m = 1 (in the pricing of Asian options in particular, see,
e.g [GY93]), it seems worth looking for some better expression than (8.31) or (8.32).
First, let us define Sy = (2Tp)~%, and note that, from (8.32), we have

T,((m+1)/2)
I'n(6/2)

Note in particular that the right-hand side of (8.35) is a distribution function in u.

Q:(,;V)(So <u)= (det(m))yumy 1Ky (V; g; —Ul’)- (8.35)
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From (8.34), we also have the following expression

(det(z))v—m+1/2
L' (6/2)

6/2—m—1)

Q™ [S) S u) = exp(—utr(z))u™

- )
« /+ e tr(@ 12)/u oF, (5;,2) dz,
Sm

from which we obtain the following Laplace transform

QL [exp(—ASo)] = A / QU () S u)du

et(r v—(m+1)/2
_u t(ri)(m) 2N (A + tr(z)) /2
5

X . Ko(2v/(\ + tr(2)tr(z—12)) (tr(z12))Y2  Fy (5, z) dz,

where o = m(d/2—m—1)+1, K, is the usual modified Bessel (Macdonald) function and
we have used the integral representation for K, given in formula (5.10.25) in [Leb72] .
In the case where m = 1, we obtain

Q) fexp(~AS0)] = S | RV N L) b

by using the fact that 1,(x) = 1,(22Y/2). Now, we recall the formula (cf. formula (5.15.6)
in [Leb72])
e 1

tK (at) L) dt = ———— > 1,
KO a= e az
from which we deduce
1
(=v) Y - -

Hence, we again recover the well-known fact that ©Sy obeys the Gamma(v) distribution.

Now we go back to Theorem 8.1.4. We may replace ¢t by any stopping time 7' in
(8.16). In particular, we may consider

T, = inf{t;det(X;) =} for 0 <r < det(x).

We have T, < Tj a.s., and (8.16) implies

Q" Hr,] = ( def(x)) QY [Hr,; T, < o]
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for any non-negative (F;)-predictable process { H;}, and, in particular, we obtain

QUN(T, < o) = (detr(x))y <1

This result is in complete agreement with the fact that {(det(x)/det(X;))"} is a
local martingale, which converges almost surely to 0 as ¢t — oo. Therefore we obtain
(see Chapter II, (3.12)Exercise, [RY99]), for a uniform random variable U,

v

sup det(x) )y (law) 1

) det(Xt) (law) 1
or f =’ gV
t>0 det(Xt)

U 120 det(x)

8.3 Wishart processes with drift

(3.1) In this section, we define Wishart processes with drift and show in particu-
lar that they are Markov processes. Recall that, in the one-dimensional case, Bessel
processes with drift have been introduced by Watanabe [Wat75] and studied by Pitman-
Yor (see [PY81]). They play an essential role in the study of diffusions on R, which
are globally invariant under time inversion. Let us first consider the case of the integral
dimension, 6 =n € N.

Theorem 8.3.1. Let {Bs,s = 0} be an n x m Brownian matriz starting from 0 and

let © = (0;;) € Mym(R). Then, setting XP = (B, + Ot)'(B; + Ot) = (Bﬁ\@t), we
have

E[G(XP,t < 5)] = E[G(X,,t < ) 0F1<g; i@xs) exp(—%tr((:))s)] (8.36)

for any s > 0 and for any non-negative functional G, where © =00 and X = X? is
an n-dimensional Wishart process.
Proof. By the usual Cameron-Martin relationship, we have
n m 1 n m
E[G(XP,t < s)] = E[G(X,,t < s)exp (Z > ©iBij(s) - 5 Z@U)zS)].
i=1 j=1 i=1 j=1

Since »_;>°;0;;B;j(s) = tr(0'B;), the rotational invariance of Brownian motions

(OB " B for any O € O(n)) yields

EIG(Xo t < ) exp(tx('B,))] = EIG((OBY(OB), 1 < 5) expltr(€0B,))]
= E[G(X,t < s)exp(tr(B;0'0))].
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Since the last equality holds for any O € O(n), the integral representation (8.47) given
in the appendix gives

ElG(Xy,t < s)exp(tr(0'By))] = E[G(X;, t < s) /0( )exp(tr(Bs@’O)) dO]
= E[G(X,,t < s) OFl(g; iBSG’@B;)],

where dO is the normalized Haar measure on O(n). The last expression shows that the
law of {X2} depends on © only through the product © = ©'O; hence, we shall also

denote X2 by Xt(e). Moreover from Lemma 8.5.1 in the Appendix, we see
E[G(X;,t = s) exp(tr(@’B(s)))] E[G(X;,t < s) 0F1( @X o). (8.37)
Finally, by using Lemma 8.5.1 again, we obtain the better expression (8.36). [

Proposition 8.3.2. (i) Keeping the notations in Theorem 8.5.1, the stochastic process

{XP} now denoted by {Xt(e)} is a Markov process, which we shall refer to WIS®©) (n,m),
@

whose transition probabilities qn®)(t,x, dy) are given by
oFl(n/2 @?//4)
_ 1 (
)T (n/2)

0F1<n/2 xy/4t?) 0F1<n/2 @y/4)

a©(t, z, dy) =

exp (5t Lr(@)1)q) (¢, 2, dy) (8.38)

ctr(z -+ y)) (det(y)) "2

1

exp(—=tr o)t dy.
(ii) The conditional law of By given {X;,t < s} is given by
: n Oy
Elexp(tr(0'B,)){ X, t < s}, Xy = y] = oF1(5, —).

27 4

Proof. The first assertion follows from formula (8.36), which describes {Xt(é), t =0} as
an h-transform of {X;,t = 0} with

~

00X, 1~
h(Xs, s) :0F1(g, T) eXp(—étr(@)s).
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In fact, we have from (8.36), for u > s

BlG(XE){X,t < )]
| E[G(X,) oF1(n/2;8X,/4) exp(—tx(0)u/2) { Xt < s}]
a oF1(n/2; ©X,/4) exp(—tr(©)s/2)
1[G oF1(n/2:8 - /4)) exp(—t:(B) (u ~ )/
oF1(n/2;0X,/4)

)

where Q}, t = 0 denotes the semigroup of the original Wishart process.
The second assertion is nothing else but (8.37). O

Remark 8.3.1. We can also see Propositions 8.3.1 and 8.3.2 as consequences of a
result by Rogers and Pitman [RP81]. Indeed, fory € S, define

N(y) = {a € Mpm(R);0 = d'a =y},

and let A(y,.) be the uniform measure on 3(y) given by

Af(y) = /O (a0,

where a € X(y) (independent of the choice of «). Then, by the rotational invariance of
Brownian motion, the semigroups Py of {B;} and Q; of {X; = B} satisfy

QtA — APt

Set fo(a) = exp(tr(©'a)), then the law of B = B, + ©t, the Brownian matriz with
drift ©, satisfies

~—

PO (o, dB) = exp(—%tr(@)t) fo (5 P,(a, dp).

fo(@)
Setting go = Afo, we have (see [RP81])

o e 1 (O ge(y) -
QY (w, dy) = exp(—3t (@)t)g@(x) Qi (z, dy)

and APP® = QOPA®, where the kernel A® is given by

A®(y,da) = J;ZEZ? Ay, da).




Chapitre 8. Some properties of the Wishart processes 121

We are now in a position to define Wishart processes with drift in general dimensions

J.
Definition Let § > m — 1 and A € g;g We define a Wishart process WIS (8, m, x)

of dimension ¢ and drift A as the S} -valued Markov process, starting from x, with
semigroup given by

Py B s
= (2t)5m/21f‘m(5/2) exp(—%tr(az + y)) (det(y))(‘s’m’l)/2 (8.39)
oF1(0/2; wy/41%) oF1(0/2; Ay/4) 1

oF1(6/2; Ax/4) eXp(—étr(A)t) dy.

However, we need to prove the semigroup property of qu), which is done in the
following.

Proposition 8.3.3. (i) Let X be a Wishart process WIS(0,m,a), a € S}, then the
process i(X) obtained by time inversion is a WIS (5, m,0) process.

(i) More generally, if X is a WISY)(5,m, a) process, then i(X) is a WIS (5, m, A)
process.

Sketch of Proof. (i) After a straightforward computation, we see that the distribution of
i(X) is q((;a) (¢,0,dy) given by (8.39). Next, we compute E[f(i(X);)g(i(X);)] for s <t
in terms of the process X and the semigroup qs(t, a, dy). We then obtain that i(X) is a
Markov process with semigroup qj (a priori non homogeneous) given by the transition
probability density

1 qs(1/t,a,y/t? 1
qs(s, t;,y) = Ut/ (5

tmmt+1) q5(1/s, a, x/s?)
from which we obtain after some computations that

ds(s, b, y) = QS (t — s, 2,9).

The proof of (ii) is similar. [J
Remark 8.3.2. The semigroup property of q'*) entails that

LA (3/2; A /4)) = tr(A) oF1(6/2; A /4), (8.40)

where LO denotes the infinitesimal generator of the Wishart process of dimension 6.
Note that the differential equations satisfied by oF1 given in Theorem 7.5.6, [Mui82], in
terms of eigenvalues do not directly yield (8.40). But one can translate those equations
into differential equations with respect to the matriz entries.
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As an application of time inversion, we give an interpretation of the Hartman-
Watson distribution in terms of the Wishart processes with drift.

Proposition 8.3.4. Let x,y € :S‘V,ﬁ and let Q;‘;(“ denote the distribution of the Wishart
process WIS(x)(é, m,y) of dimension ¢ and drift x, starting from y. Then,

Q) {exp (—V; /0 h tr(X; 1) ds))] = %, (8.41)

where L, is defined in (8.15).

Proof. Let f be a bounded function. From time inversion and the Markov property, we

have
QZI—F {f(Xt) exp (—5/0 tr(X,, )du)}

= Qe e (5 [T utn) au)

/t
= Qpr [t [en (-5 [Teechad]| s
On the other hand, according to (8.29), the first line of the above identities is equal
to
I, (zX, /42 N L (2X, /4
Q! f(Xt>~<7t/2) = Qpth® f(thl/t)M . (8.43)
I(](SCXt/ZLt ) Io<.§C‘X1/t/4>

By comparison of the last two terms in (8.42) and (8.43), we obtain (8.41). OJ

Remark 8.3.3. We also note that, by time inversion, the left hand side of (8.41)

equals
2 [e’e)
Qe o (-5 [T e as)].
0

from which we deduce the identity

But, in fact, independently from the preceding probabilistic argument, the equality Tu(xy) =
L,(yz) holds as a consequence of the property that 1,(z) depends only on the eigenvalues
of the matriz z (we apply this remark to both p =v and p=0).
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Proposition 8.3.4 is a particular relation between the Wishart bridge and the Wi-
shart process with drift. We refer to Theorem 5.8 in [PY81] for other relations in the
Bessel case which can be extended in our context.

(3.2) Intertwining property The extension for Wishart processes of the intertwi-
ning relation (8.7) is given in the following proposition, which M.F. Bru in [Bru89b]
predicted, from the results in [Yor89], that it would hold.

Proposition 8.3.5. For 6,0’ =2 m — 1 and every t,
0 Ny = A5 5 Q7 (8.44)

where, letting Bs/25 /2 be a Betay, variable with parameter (§/2,0'/2) as defined in
Def.3.3.2 in [Mui82], As s (x, dy) denotes the kernel whose action on any bounded Borel
function f is given by

Aoy f(x) = E[f(ﬁﬁg%’ﬁ)]a v €8y

Note that (8.44) may be understood as a Markovian extension of the relation (8.49)
given in the Appendix (see [Yor89] in the Bessel case). Indeed, from (8.44), we have

T Ns £(0) = Asg QU f(0),

which is equivalent to

E[f(t\/Vs+s Bs/2,6 2/ Vs+0)] = E[f (ts)],

where 7, is a Wishart distribution W,,(p, I,,), § is a Beta,, variable (see (5.b)) and,
on the left-hand side, the two random variables are independent.
Proof. At least two proofs may be given for this result.
(i) an analytical proof, in which we just check that the Laplace transforms of both
hand sides of (8.44) are equal. Indeed, take fo(x) = exp(—tr(©x)) with © € S;\. We
compute As 5 QP fo(z) using (8.12).

On the other hand, using Theorem 7.4.2 in [Mui82], we have

Ass fo(x) = E[eXP<—tr(@\/fEﬁ6/2ﬁ’/2\/5))
= 1F1(0/2; (0 +6)/2; Vo ©Vr)
=1F1(6/2; (6 +6)/2; VO 2VO)
= E[exp(—tr(\/@@s/z,yﬂ\/@@)
We then use (8.12) again to compute Q2% As 5 fo(x). The equality Q2% As g fo(x) =

As 5 Q2 fo(x) follows from a change of variable formula.
(ii) a probabilistic proof. The proof of this result follows from the same lines as the proof
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of the corresponding result (8.7) for the squared Bessel processes given in [CPY98].
The main ingredients are the time inversion invariance of Wishart processes, starting
from 0, and the relation (8.49) given in the Appendix. Indeed, let X and X’ be two
independent Wishart processes with respective dimension § and ¢’, starting at 0. Set
Y = X+ X', & = 0{X,,X.,s £t} and Y, = o{Y;,s < t}. Then Y is a Wishart
process of dimension § + ¢’ and we have

E[F(Yy,u S )f(Xy)] = B[F(W*Y1/u,u S 1) (£ X12)]

(
E[F(u*Y1ju,u < 1)|Y1 f(£X10)]
E[F(u?Yiu,u S Y1) As e f(£Y11)]
(
(Y,

!

= Ef
= Ef
= E[F (WY1 u,u S )55 f(£2Y71)1)]

= E[F(Yy,u = t)Ass f(Y2)],

where we have used the Markov property of {t?Y; /¢} with respect to &)/, for the second
equality and used (8.49) for the third one. We deduce from the above equation

E[f(X)IV] = Ass f(V),

which implies the intertwining relation (8.44).

8.4 Some developments ahead

We hope that the present paper is the first of a series of two or three papers devoted
to the topics of Wishart processes; indeed, in the present paper, we concentrated on
the extension to Wishart processes of the Hartman-Watson distribution for Bessel
processes, but there are many other features of Bessel processes which may also be
extended to Wishart processes. What seems to be the most accessible for now are
some extensions of Spitzer type limiting results, i.e., (8.5) and (8.6); for instance, in
[DMDMY], we prove that

2 z ot (law)
tr(X, ") d T; 4
(o) [ e a2 migs) (8.45
where X is our WIS(m + 1,m, z), for x € S;g, and that, if 6 > m + 1 and X is a
WIS(5, m, ),

m /0 tr(X1) dufi%i m (8.46)

We also hope that a number of probabilistic results concerning Bessel functions, as
discussed in Pitman-Yor [PY81], may be extended to their matrix counterparts.

For the moment, we show, a little informally, how (8.45) may be deduced from
the absolute continuity relationship (8.13) in Theorem 1.2 (in the case m = 1, this
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kind of arguments has been developed in Yor [Yor97|, with further refinements given in
Pap-Yor [PY00], and Bentkus-Pap-Yor [BPY03]). Indeed, with our notation, we have :

Qe (-5 [ i) as)) = qui( D)

We then replace v by v/cln(t), for some constant ¢, which we shall choose later, to see

Qe (s [ X s )

v/(2¢c1n(t))
_ QU/em®))]| det(z) ]
- det(Xt)

~ Q(mo) [exp ( 5 ln( ) ln(det(Xt)))]

= Q) exp (- s e (X))

— exp(—v)

as t — oo for the choice ¢ = m/2. A similar argument easily leads to (8.46), while with
the weaker convergence in probability result, instead of almost sure convergence, under
Q2, for 6 >m + 1.

8.5 Appendix

(5.a) We recall the definition of hypergeometric functions of matrix arguments. We
refer to the book of Muirhead, Chapter 7 [Mui82]. For a; € C,b; € C\ {0, 1,3, ..., 2}
and X € §,,(C), the hypergeometric function ,F, is defined by

)i Ci(X
qu<a1,...,CI,p; bl,... ZZ /i‘ )7

k=0 &k

where )" denotes the summation over all partitions & = (k1, .., k), k1 = -+ 2k 20,

of k, k! = kql- k), B =370 K,

@ =[la-0)  (@i=al@+1)(@rk-1), (@=L

. 2
=1

C.(X) is the zonal polynomial corresponding to x, which is originally defined for X €
Sn(R) and is a symmetric, homogeneous polynomial of degree k in the eigenvalues of
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X.For X € §,,(R) and Y € S}, since the eigenvalues of Y X are the same as those of
VY XVY | we define C,.(YX) by

C.(YX)=C.(VYXVY).

Hence we can also define ,Fy(aq,---;b1,---; Y X). For details, see Chapter 7 of Mui-
rhead [Mui82]. Moreover we find in [Mui82] that

0Fo(X) = exp(tr(X)), 1Fo(a; X) =det(l,, — X)™¢

and also that, for X € M,,,(R),m < n, and for H = (H, : Hy) € O(n) with H, €

My,

1
/ eXp(tr(XHl)) dH = O:Fl(g7 ZXX/)7 (847)
O(n)

where dH is the normalized Haar measure on O(n).
We also recall the definition of the multivariate gamma function I',,(«), Re(a) >
(m—1)/2:

I, (a)= /§+ exp(—tr(A))(det(A))>= (/2 A,

It may be worthwhile noting that the multivariate gamma function I, («) is represented
as a product of the usual gamma function by

T,.(a) = 7Tm(rrrl)/‘ll_ll“(a - i;l)’ Re(a) > m2— 1.
i=1

We now give a lemma which plays an important role in Section 8.3.

Lemma 8.5.1. Let X be an m x m symmetric matrix and © be an n X m matriz.
Then, one has

Fb#C\{0,5,2, .., 2=y,

Proof. Note that the argument © X0’ on the left-hand side of (8.48) is an n x n matrix
and that ©’©.X on the right-hand side is an m x m matrix. Note also that the non-zero
eigenvalues of ©.X0©' and ©'©X coincide. Then, we obtain the same type of equalities
for the zonal polynomials and therefore (8.48).

(5.b) The beta-gamma algebra for matrices Let X and Y be two independent
Wishart matrices with respective distributions W, (6, I,,,) and W,,,(¢', I,,) (Muirhead’s
notation, [Mui82] p.85) with § + ¢ > m — 1. Then, S = X + Y is invertible and
the matrice Z defined by Z = S™Y/2XS7Y/2 is a Beta,, distribution with parameter
(0/2,0'/2), see [Mui82, Def. 3.3.2] for the definition of Beta matrices. Moreover, Z and
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S are independent, see Olkin and Rubin [OR62, OR64], Casalis and Letac [CL96] for
an extension to Wishart distributions on symmetric cones and [BW02]. We thus have
the following identity in law :

_ _ law
(X5 + X5) 2 X5(X5 + Xg) 1/273(8‘+*3Y5’)(:=) (X560, Xoyor), (8.49)

where, on the left-hand side, X5 and Xy are independent and Wishart distributed, and,
on the right-hand side, the two variables are independent and X s is Beta,,, distributed.
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Chapitre 9

Matrix Jacobi processes

Abstract : We discuss a matrix-valued generalization of Jacobi processes. These
are defined through a stochastic differential equation whose solution we study existence
and uniqueness of. The invariant measures of such processes are given as well as absolute
continuity relations between different dimensions. In the case of integer dimensions, we
interpret those processes as push-forwards of Brownian motion on orthogonal groups.

9.1 Introduction

Suppose © = (6;)1<i<, is a Brownian motion on the unit sphere S"~!' C R". For
p < n, the invariance of the law of © under isometries ensures that X := (0;);<;<, € R?
and J =|| X ||*’= Y767 € [0,1] are Markov processes. J is known as the Jacobi
process of dimensions (p,n — p). In fact, such a process can also be defined for non-
integer dimensions (p, q).
The aim of this note is to provide a matrix-valued generalization of this process. For
integer dimensions, it naturally comes from projection of Brownian motion on some
orthogonal group. The process can also be defined for non-integer dimensions through a
stochastic differential equation whose solution we study existence and uniqueness of. We
also present the matrix extensions of some of the basic properties satisfied by the one-
dimensional Jacobi processes. In particular, we establish absolute continuity relations
between the laws of processes with different dimensions. The invariant measure of such
processes turns out to be a Beta matrix distribution allowing us to recover results by
Olshanski [O1'90] and Collins [Col03] about some push-forward of Haar measure on
orthogonal groups. We can also describe the trajectories performed by the eigenvalues
and interpret those as some process conditioned to stay in a Weyl chamber.

131
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The upper-left corner of Haar measure on O,(R)

Before studying the stochastic processes themselves, we would like to present the
fixed-time picture, which served as a starting point for this work. Let M € M,, ,(R)
(m < n) be a random m x n matrix whose entries are standard iid Gaussian random
variables. We can decompose M = (M, M) with M; € M,, ,(R) and My € M,, ,(R)
(p+q=mn). Then, Wy := My My and W, := MyM; are independent Wishart matrices
with parameters p and ¢ such that M M* = W, 4+ W,. The matrix

7 = (W + Wo) Y2 (W + W)~ 1/2 (9.1)

has a Beta matrix distribution with parameters p,q. Let us now look at the singular
values decomposition of M : M = UDV with U € O,,(R), V € O,(R), D = (A,0) €
M, »(R) and A is diagonal in M., ,,,(R) with nonnegative entries. In fact, U and V
are not uniquely determined but they can be chosen such that U and V are Haar-
distributed on O,,(R) and O,,(R) respectively and that U, V, A are independent. Then,
MM* = UA?U* and

VWi + Wy = VMM = UAU*. (9.2)

Now, call X the m x p upper-left corner of V. A simple block-calculation shows that
M, = UAX. Therefore, seeing (9.2),

MM = UAXX*AU* = VMM*(UXX*U*)VMM~. (9.3)

It follows from (9.3) that Z = (UX)(UX)*. Now, the law of X is invariant under left
multiplication by an element of O,,(R) (coming from the inclusion O,,(R) C O, (R) and
the left-invariance of V' under O, (R)-multiplication). Since U and X are independent,
UX has then the same law as X and Z has the same law as X X*. In conclusion,
there are two equivalent ways to construct a Beta-distributed random matrix (with
integer parameters), either from two independent Wishart distributions as in the one-
dimensional case, or from the upper-left corner X of some Haar-distributed orthogonal
matrix. This idea of corner projection (due to Collins [Col03] for the fixed-time situa-
tion) can be used at the process level, ie if one starts from Brownian motion on O,,(R)
instead of Haar measure.

Notations

If M and N are semimartingales, we write M ~ N (or dM ~ dN) when M — N
has finite variation and we use the notation dM dN = d{(M, N).
As for matrices, M,,, is the set on m X p real matrices, S, the set on m x m real
symmetric matrices, SO, (R) the special orthogonal group, A, the set of n x n real
skew-symmetric matrices, 0,, and 1,, are the zero and identity matrices in M,, ,,, and
x denotes transposition. We also need
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~ Iy ={M e M, | MM* < 1,,},
- S, ={2€8, |0 <2<l Sn={r€8,|0, <2< 1,},
— & (resp. &) the set of matrices in S,, (resp. S,,) with distinct eigenvalues.

9.2 The case of integer dimensions

9.2.1 The upper-left corner process

Let © be a Brownian motion on SO, (R). © is characterized by the stochastic
differential equation :

1
40 = O 0dA=0OdA+ ;dOdA, (9.4)

where A = (a;;) is a Brownian motion on A, the Lie algebra of SO,,(R). This means
that the (a;;, i < j) are independent real standard Brownian motions.

Remark 9.2.1. [t is an easy check that dA" = © o dA o ©* defines another Brownian
motion A" on A,. Thus, © can also be defined by d© = dA’ o ©. This corresponds
to the fact that, on a compact Lie group, left-invariant and right-invariant Brownian
motions coincide and allows one to talk about Brownian motion on SO, (R) without
further precision.

For h € SO,(R), call m,,,(h) € M,,, the upper-left corner of h with m lines and
g columns.

Theorem 9.2.1. If© is Brownian motion on SO, (R), then X = m,,,(0) is a diffusion
on I1,, , whose infinitesimal generator is %An,m,p, where :

0*F

An,m,p F = Z <5ii'5jj/ o Xij/Xi/j) O0X::0Xrr
iJ i'j

1<4,i'<m, 1<5,j'<p

or

1<i<m, 1<j<p

Remark 9.2.2. When m =1, X is just the projection on the p first coordinates of the
first line of ©, which performs a Brownian motion on the unit sphere S*~1 C R™. So,
it corresponds to the process described in the introduction. Its generator A, 1, is the
generator A,y , considered in [Bak90].

Since the law of Brownian motion on SO, (R) is invariant under transposition (see
Remark 9.2.1), the following proposition is obvious :

Proposition 9.2.2. If X is a diffusion governed by the infinitesimal generator %Ammp,
then X™* is a diffusion governed by %An,p,m.
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9.2.2 The Jacobi process

Theorem 9.2.3. Let X be the diffusion governed by DAy - Then J := XX* is a
diffusion process on S,,. If p>m—+1,q¢>m+1 and 0,, < Jy < 1,, then J satifies the
following SDE :

dJ =N JdB\/1p — J 4+ \/1n — JAB*VJ + (pI — (p + q)J) dt, (9.5)

where B is a Brownian motion on M., , and ¢ = n —p. J will be called a Jacobi
process of dimensions (p,q).

To express its infinitesimal generator, we need some notations. If ¢ is a function
from S, to R, the matrix Dg = (D;;9)1<ij<m € S is defined by :

Dig = 7%

{ Dijg = Djig = %3%, ifi<yj,
Oxi;

D is just the gradient operator when S,, is given the Fuclidean structure < x,y >=
tr(xy) for x,y € S,,. The matrix-product rule is used to define compositions of diffe-
rential operators, for instance D*g = (D};9)1<ij<m € Sm Where Dg = 3, DipDyjg.
Then, the generator A, , of the Jacobi process of dimensions (p, ¢) is given by :

A, g(x)=tr (2 (xng — x(:vD)*Dg) +(p—(p+q)z) Dg) ) (9.6)

Remark 9.2.3. The integer m does not appear in the previous generator. It only
parametrizes the state space S,,. This is due to the special choice of X X* and not
X*X, which breaks the “symmetry” of the roles played by m and p in A, .

Remark 9.2.4. When m =1, J is the usual one-dimensional Jacobi process on [0, 1]
described in the introduction.

Here is a proposition showing some symmetry between the roles of p and ¢. It can
easily be seen either from the geometric interpretation or direcly from equation (9.5) :

Proposition 9.2.4. If J is a Jacobi process of dimensions (p,q), then 1, — J is a
Jacobi process of dimensions (q,p).

9.3 Study of the SDE for non-integer dimensions

The differential operator A, , makes good sense even if p and g are not integers. But,
this is not enough to guarantee the existence of the corresponding stochastic process.
This is why a careful examination of the SDE is necessary. A related investigation is
carried out in [Bru91| for Wishart processes and has been of great inspiration to us.
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Several ideas are directly borrowed from [Bru91]. However, the use of local times in
the study of weak solutions makes our presentation of the case p or ¢ € (m—1,m-+1)
simpler and more self-contained than the corresponding one for « € (m — 1,m + 1) in
[Bru9i].

Theorem 9.3.1. Suppose x € S,,, and consider the SDE :
dJ =VJIdB\/ 1y —J + /1 — JAB*NVJ + (pl,, — (p+q)J)dt, Jo =z, (9.7)

where J € S,, and B is a Brownian motion on M-
() IfpAqg>m+1andz €S,,, (9.7) has a unique strong solution in S,,.
(i) If pAg>m—1andx € 8., (9.7) has a unique solution in law in S,,.
(iii) If initially distinct, the eigenvalues of J remain so forever and can be labeled
A1 > - > Ay They satisfy the following SDE :

i)

(9.8)
for 1 <4 < m and independent real Brownian motions by, ..., by,,.

Remark 9.3.1. (iii) says that the eigenvalues perform a diffusion process governed by
the generator :

A+ A — 20\
_ 2
G,, = 22%(1 a+z (p+ )\ a+§ A_A 19,
7 ¥
= 2) MN(1-2A 6‘2+Z —(p+aq—2(m—1)\) 0,
20:(1— \;)
T 8, (9.9)
i#]

In the language of Chapter 12, we have G, = LY for L = 3. (a(\)0? + b(\);),
aA)=2X1-X),b(\)=a—(a+B8)\, a=p—(m—1) and B =q— (m—1).

The rest of this section is devoted to some details about the architecture of the
proof of Theorem 9.3.1. The first step is the computation of some relevant stochastic
differentials :

Proposition 9.3.2. The following relations are valid up to time

= inf{t| J, ¢ Sy} = inf{t| det(J,) det(1,, — J,) = 0} :

o d(det(J)) = 2det(J)tr[(1,, — J)/?J2aB]
+det(J)[(p — m+ D)tr(J ") —m(p + g —m+ 1)]dt,
o d(alogdet(J) + Blogdet(l,, — J)) = tr(H*’dB) + V*’ dt,
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where
Haﬁ — 2(a<1m _ J>1/2J71/2 o 5(1m . J>71/2J1/2)

and
Vel =ap—m—-1tr(J )+ B(g—m—1)tr((1— I)") = (a4 B)m(p+q—m—1).

Equipped with such relations, we can prove strong existence and uniqueness in the
following easy case where the process never hits the boundary :

Proposition 9.3.3. IfpAq>m+1 and Jy=1x € S, then (9.7) has a unique strong
solution in S,,.

Then, we can establish non-collision of the eigenvalues and describe their trajecto-
ries :

Proposition 9.3.4. If J is a solution of (9.7) and Jy = = € §,C,L then ¥t > 0, J, € cSA‘;n
and the eigenvalues A\ (t) > --- > A\, (t) satisfy (9.8).

If por g € (m—1,m+1), the process may hit the boundary of S,, and then might
exit S,,, which causes trouble for the extraction of square roots in equation (9.7). This
is analogous to the one-dimensional Bessel squared process situation in which case
the problem is circumvented by writing the equation with some absolute value and
then by proving that the process remains nonnegative forever (see Revuz-Yor [RY99]).
Similarly, we introduce an auxiliary equation involving positive parts to deal with our
case of por ¢ € (m—1,m+1). Because of the positive parts, the coefficients in this new
equation won’t be smooth functions anymore but only 1/2-Hélder. Consequently, some
work will have to be done concerning existence and uniqueness of solutions in this
multi-dimensional context. For = € S,,, + = hdiag(\1,..., \p)h* with b € O, (R),
we define ™ = hdiag()\],..., A\l )h* where A = max();,0). Note that = +— z7 is
continuous on S,,.

Proposition 9.3.5. For all p,q € R, the SDE
= VIt dB /(1 — )t +/ (1 — )T dB*VJ* + (ply, — (p+q)J) dt, (9.10)

with Jy = x € §,, has a solution J; € S, defined for all t > 0.
If the eigenvalues of Jo = x are A1 (0) > --- > A\, (0), the following SDE is verified up
to time T = inf{t|3i < j, \i(t) = A\;(1)} -

A = 2021 = A+ dbs +{ —(p+N)

+Z ) +A+(1_ ) }dt, (9.11)

)

>

for 1 < i < m and independent real Brownian motions by, ..., by,.
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Then, we need to show that eigenvalues of J stay in [0, 1] if starting in [0, 1]. We
can imitate the intuitive argument from [Bru91] to support this claim. Suppose the
smallest eigenvalue satisfies A, (t) = 0. For 1 <i <m — 1, we have X\;(t) > A, (t) =0,
thus A\ (t) = \i(t). Seeing the equation governing \,,, the infinitesimal drift received
by A between times ¢ and ¢ + dt becomes (p — (m — 1))dt > 0, forcing A, to stay
nonnegative. The same reasoning shows that \; will stay below 1 since ¢ > m — 1.
Indeed, we can make this rigorous by proving the following

Proposition 9.3.6. If (9.11) is satisfied with 1 > X\ (0) > -+ > X\,(0) > 0 and
pAq>m—1, then
(i) calling LY () the local time spent by a process & at level a before time t, we have
LYA\n) = LE(A) =0 fort <,
(ii) for allt, Pt <7, (An(t) <0) or (A1 (t) > 1)] =0,
(iii) {t <7; (Am(t) =0) or (\(t) =1)} has zero Lebesgue measure a.s.

The previous proposition says that J = J* and (1,, — J)* = 1,, — J up to time
7, which makes it possible to perform the same computations as for Proposition 9.3.4
and to prove the

Proposition 9.3.7. If J is a solution of (9.10), then T = 0o a.s. Hence, all eigenvalues
of J are in [0,1] forever and J is solution of (9.7).

This concludes the existence part when p Ag¢ > m —1 and 1 > A\ (0) > -+ >
Am(0) > 0.

For uniqueness in law if p A ¢ > m — 1, we can appeal to Girsanov relations (see
Theorem 9.4.3) to change dimensions and invoke uniqueness (pathwise hence weak) for
p A q > m + 1. This proves uniqueness in law up to time 7T, since the Girsanov are
stated on the sigma-fields F; N {T" > t}. But we can repeat this argument between T’
and the next hitting time of the boundary and so on to conlude about uniqueness in
law.

Remark 9.3.2. When p or g € (m —1,m+ 1), we conjecture that existence and uni-
queness in law hold even if the eigenvalues are not distinct initially. But the absence of
explicit expression for the semi-group makes it difficult for us to carry an approximation
argument as in [Bru91].

Remark 9.3.3. Even whenp A q > m+ 1, we don’t know how to prove that
P, (Vt >0, Vi# j, \i(t) # X\j(t)) =1 (resp. P, (Vt > 0,0, < J; <1,)=1)

when the eigenvalues of x are not necessarily distinct (resp. when A1(0) =1 or A\, (0) =
0). By the Markov property and the result when the eigenvalues of x are distinct (resp.
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when A\ (0) < 1 and A\, (0) > 0), it would be enough to prove that, for fized t > 0,
we have P, (Vi # j, \i(t) # Aj(t)) = 1 (resp. Py (0, < Jp < 1) = 1). So it would be
sufficient to know that the semi-group has a density with respect to its invariant measure
(since this one is absolutely continuous with respect to Lebesgue measure on S,,, see
Section 9.4.1). We believe this property to be true as in the one-dimensional case but
we are unable to find a relevant general theorem in the literature.

9.4 Properties of the Jacobi process

9.4.1 Invariant measures

Proposition 9.4.1. Suppose n > m + p. Then the generator A, ,,, has reversible
probability measure vy, ., , defined by

Vnmp(AX) = Cpmp det(1,, — XX*) 7 tpmm2 1, (X)) dX

and associated “carré du champ” given by :

oF 0G
[(F,G) = ) Z B (8ir 6550 — Xijr Xir) 9y, Xy
1<ii’<m,1<j,j'<p
Thus, for F,G vanishing on the boundary of 1l,,,, the following integration by parts
formula holds :

/GAn,m,pF Avymp = /FAn,m,pG AVymp = —/I‘(F, G) dvym.p.

Remark 9.4.1. Since Haar measure is the invariant measure of Brownian motion on
SO, (R), this proposition incidently shows that its push-forward by projection on the
upper-left corner is Vp mp. This result was first derived in [Ol90] and [Col03] by direct
computations of Jacobians.

Proposition 9.4.2. Suppose p > m — 1 and ¢ > m — 1. Let us define the probability
measure iy q 0n Sp, by :

L ((P+49)/2)

Hnalde) = 5 T, g2y @) detln =) Lo, o1,

where Ty, is the multi-dimensional Gamma function (see section 8.5 for a definition).
Then the generator A, , has reversible probability measure fu,, and associated “carré
du champ” given by

I'(f,g) =2tr(xDfDg — xD fxDg).
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Thus, for f,g vanshing on the boundary of {0, < x < 1,,}, the following integration
by parts formula holds :

/gAp,qf dptpq = /pr,qg dptpq = —/F(f, 9) dpipq

Remark 9.4.2. det(z)* det(1,,—xz)? is integrable on {0,, < x < 1,,} C S, if and only
if « > —1 and B > —1, which corresponds to the constraint p >m —1 and ¢ > m — 1
in Proposition 9.4.2. In the case of integers p and ¢ = n — p, this is equivalent to
p>m and n > p+m. This is consistent with the fact that, when p < m for example,
J = X X" is of rank at most p and thus has no density with respect to Lebesque measure
on S,,.

9.4.2 Girsanov relations

Our goal is to establish absolute continuity relations for Jacobi processes of different

dimensions. In the case of Wishart processes, such relations have turned out to be
of some interest, in particular to define matrix extensions of the Hartman-Watson
distributions (see [DMDMYO04], which is Chapter 8 of this thesis). Here, for example,
we obtain an expression for the law of the hitting time 7" of the boundary in terms of
negative moments of the fixed-time distribution (see corollary 9.4.6) . Unfortunately,
such moments don’t seem to be easily computed.
We use a matrix version of Girsanov theorem as stated in [DMDMY04] and which we
now recall. We denote by P29 the law of the Jacobi process of dimensions (p, q) and
starting from x. Suppose that B is a PP9-Brownian m X m matrix and that H is a
S,-valued predictable process such that

t t
E = exp (/ tr(HsdBs) — %/ tr(Hf)ds)
0 0

is a PP9-martingale. Define the new probability measure by
]p};,qb_t =&t P§7q|ft'

Then ét =B, — fot H,ds is a @’m”q—Brownian matrix.
We apply this with H = H*” defined in Proposition 9.3.2. Then, we have

dJ =NJdB /1y — J + \/1n — JdB*NJ + ('L, — (¢ + ¢)J) dt,

with p’ = p 4+ 4a and ¢ = ¢ + 4. Thanks to Proposition 9.3.2, we can compute &
more explicitly (see Section 9.5) to get :



140 9.4. Properties of the Jacobi process

Theorem 9.4.3. If T' = inf{t| det Jy(1,, — J;) = 0}, we have :

det Jt)“ (det(lm - Jt))ﬁ

B lmn-n = (det x det(1,, — x)

t
exp (—/ ds (c +utr(J7") +otr((L, — Js)_1)>) P mngr>t,
0

_ o _p'= 4+ . ’_ n
’thTGO./—(p/—p)/47ﬁ—(ql—q)/4,U—%(%—m—l),v—ZJ(q—Qq—m—l);
_ '+¢'—p— '+¢'+p+
C_m<%> <m+1_L2pq).

Corollary 9.4.4. Ifp+q=2(m+ 1), then

—p)/4
PP o det (Jt(lm _ Jt)il) (a=p)/ .
x ‘ftﬂ{T>t} o det (.I‘(l — x)*l) x |]:tﬁ{T>t}-

Since PPY(T =o0) =1 forpAg>m+1and 0, <z < 1,,, we also get :

Corollary 9.4.5. If P#*) denotes Pi+2m+142v ypen for 0 < p, v < 1,

e det J;\ " [(det(1,, — J;)\ " y
IP’; o )|fm{T>t} = (detx) (m IP’;“’ )|_’Ft-

det Jt e det(lm - Jt) v
det det(1,, — ) '
Remark 9.4.3. We refer to [Mui82] (see also section 8.5) for a definition of matriz

hypergeometric functions and the partial differential equations they satisfy. We notice
that, if ¢(x) = oF1(a,b; c; x), we find that ¢ is an eigenfunction for A,, :

Ap,q¢ = Gp,q¢ =K ¢7

ifp=2c,p+q=2a+b+m+1 and p = 2mab. Therefore, ¢(J;)e " is a PP1
local martingale. However, unlike in the one-dimensional case, this is not enough to
compute the law of T'. From a different point of view, it would be interesting to relate
the following known properties of hypergeometric functions :

Corollary 9.4.6. For 0 < pu, v <1,

PCH (T > t) = EW)

oFi(a,b;c;2) = det(l, —2)° oFi(c —a,b;c; —x(L, —2)7")
det(1,, — )" yFi(c — a,c — b;c; x)

to properties of the Jacobi process (Girsanov relations in particular).
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9.4.3 Connection with real Jacobi processes conditioned to
stay in a Weyl chamber

If we start from Brownian motion on the group U, (C) of complex unitary matrices
instead of SO,,(R), we can define a Hermitian Jacobi process with values in the space
of Hermitian m x m matrices. Its eigenvalues will still perform a diffusion process whose
generator we call H, , (see Section 9.5). On the other hand, consider the generator L, g
of m real i.i.d. Jacobi processes of dimensions (o, ). Now, define h(A) = [[;_;(Ai = A)
for A € R™. Then, h is positive on W = {A\; > --- > A,,} and is an eigenfunction of L, g
(sse Section 9.5). Thus, we can define the Doob-transform of L,, 5 by h, which gives the

new generator : L, gf = Lo gf+1(logh, f) where I'(f, g) = Lo g(f9) — fLa,gg—gLagf
(see, for example, Part 3, Chap. VIITin [RY99]). L, s can be thought of as the generator
of m real i.i.d. Jacobi processes of dimensions («, 3) conditioned to stay in W forever.

Proposition 9.4.7. We have Eg(p,m+1)72(q,m+1) = H,,. In other words, the eigen-
values of the Hermitian Jacobi process of dimensions (p,q) perform m real iid Jacobi
processes of dimensions (2(p —m +1),2(¢ — m + 1)) conditioned never to collide (in
the sense of Doob).

Remark 9.4.4. A very similar discussion appears in [KOO01]. It is shown that Bessel
squared processes of dimensions 2(p—m+1) conditioned never to collide have the same
law as the eigenvalues of the Laguerre process of dimension p on the space of Hermitian
m X m matrices.

9.5 Proofs

Proof of Proposition 9.2.1. Let us adopt the following block notations :

(X Y _ (B
@—(Z W) and A_<7 6)

where X e M,,,,,, Y e Mypm, « € A, B=—yx€ My, € € A,y Then,

dX = X oda+Y ody = Xda+ Ydy+ 2(dXda + dY dy) ©9.12)
dY = X 0odB+Y ode = XdB + Yde + 1(dXdB + dY de) '
Seeing (9.12) and using the independence between «, 3, ¢, dada = —(p — 1)1,,dt,
dpdp* = (n — p)l,,dt, we get
dXda = Xdada + Ydyda = Xdadoa = —(p — 1) X dt, (9.13)
dYdy = Xdpdy + Ydedy = XdBdy = —(n — p)Xdt. '
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Thus, the finite variation part of dX is —%5* Xdt. Then, noting that a;; = 0,

dXZ] ~ Z szdakj + Z Y;ld’}/l]
k#j

Then, we use relations dayjdoyj = (Okkrdjjr — OkjeOkr;) dt and dyjdyyjy = 6ydjyr dt to
compute

dX;;dXyy = <Z Xipdog; + Z Yzld%]> (Z Xy dagy + Z Yirdyy; )

ki k'3

= Z szX /k/d()ék]d()ék/ r+ Z Y;IY/l/d’)/ljd’)/l/
k#j, k'#j'

= (1) + ).

Let us consider the terms separately :

(1) = Doy XiwXiwdaggdagy =30 Xy Xppdt  if j = j'
— Xy Xidt it j # j'

l

Since Zk# XX + >, YaYiy = 8 — X;j Xy, this eventually leads to :
dX;;dX;j = (8055 — Xy Xurj)dt. (9.14)

From this, it is standard to deduce that X is a diffusion process with generator %An,p,r-
O

Proof of Proposition 9.2.3. The fact that J is a Markov process is a direct consequence
of the invariance of the law of X under maps M — Mt for t € SO(p). We can also
apply A, to a function F(M) = g(MM*) and see that the resulting function only
depends on M M*, which gives the expression of L,, ,g.
Ifp>m+1,¢q>m+1and0,, <Jy<1,, we present a direct approach towards the
SDE. We keep notations of the proof of Theorem 9.2.1. If T = inf{t|J; ¢ S,.}, the
following computations are valid up to time T :

dJ

dX X* + XdX* + dXdX* (9.15)
~ (Xda+Yd)X* + X(—daX* + dyY™)
~ YdyX*+ XdyY*

= /1, — JdAB*VJ +JdB~\/1,, — J,
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if we define B, = fot J;l/QXSdW;‘Y;*(lm — J) 7Y% € M. Then,

dB;; = Z (J V) e Xnadya Yis(Ln — J)72),5.

k,l,s,t

Using the symmetry of J = X X* and 1,, — J =YY", we get

dBy; dByy
dt
= > (TaXuYeu((Ln = )7 (T ik XYoo (L = J) )y
kK LU, st
= > (I XX (T2 wrir (L = )Y e (VY ) (L — ) %)
kLI

= (J2TI) (L — )72 (L — T) (L — ) 7H2) 150 = 806550

This proves that B is a Brownian motion on M., ,,,. From (9.15), we deduce that the
finite variation part of dJ is

—(n—1)Jdt + (Xda + Ydy)(—daX" 4+ dy*Y™)
= —(n—-1)Jdt — XdadaX™* + Ydydy'Y™
= —(n—1)Jdt+ (pl,, — J)dt
= (pl, —nJ)dt,
which establishes the equation satisfied by J up to time 7. But, as will be shown in

the proof of Proposition 9.3.3, if J satifies such an equation, then P(T" = +o00) = 1,
which finishes the proof. O

Proof of Proposition 9.3.2. First, dy differentiation of the determinant, we find

d(det J) = tr(JdJ) + (1 — m)tr(J)dt + m(m — 1) det(J)dt
= 2det(J)tr [(1,, — J)/2J1/2dB]
+det(J) [(p—m+ )tr(J' —m(p+q—m+1)]dt,
where J is the comatrix of J. Thus, d(det J) = 4(det J)?(tr(J~!) — m)dt and

d(logdet J) = 2tr (1, — J)I/QJ*I/QdB] +
[(p—m—1)tx(J™") —m(p+q—m—1)] dt.

Since 1,, — J is a Jacobi process of dimensions (g, p) governed by —B*, we deduce the
analogous relation for d(log det(1,, — J)) and we can conclude the proof. O
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Proof of Proposition 9.3.3. x — /x and x +— +/1,, — x are analytic on §m (see, for
example, p. 134 in [RWO00]). Thus, (9.7) has a unique strong solution in S, up to 7.
We use a modification of Mc Kean’s celebrated argument to show that T'= oo a.s. If
I' = log(det(J) det(1,, — J)), Proposition 9.3.2 gives

dl' = tr(H"'dB) + V'dt.

Since the local martingale part is a time-change of Brownian motion (8¢, and V5! >
—2m(p+q—m — 1), we have

Iy —To+2m(p+q—m— 1)t > fe,.

On {T < oo}, limy_ 7Ty = —o0 so that lim, .y s, = —oo. Since Brownian motion
never goes to infinity without oscillating, we get P(T < oo) = 0. O]

Proof of Proposition 9.5.4. Let 7 = inf{t|3i < j, \;(t) = X;(¢)}. The derivation of
the equations satisfied by the eigenvalues up to time 7 is classical in similar contexts
(see [NRWS86] or [Bru91]). This computation is detailed just after this proof. Our task
is to show that 7 = oo a.s. Set V(A1,...,An) = >, ;1log(Ai — Aj), and compute

GpqV = Chpyg (see Lemma 9.5.1). If Q, = V(A (£), ..., An(t)), we have
Q= Qo +tChppg + local martingale,

which allows for the same modification of Mc Kean’s argument as for the proof of
Proposition 9.3.3. O

Equations for the eigenvalues. Let us diagonalise J = UAU* with U (resp. A) a conti-
nuous semimartingale with values in SO(m) (resp. in the diagonal m x m matrices).
This can be done up to time 7 since J +— (U, A) is smooth as long as the eigenva-
lues of J are distinct (again, this is standard in such a context, see [NRW86]). Define
dX =dU*oU € A,, and dN = U*odJoU. Then, dA =dX oA —AodX + dN, which
can be written

dX = dN,
Therefore, d.X;; = ﬁ o dN;j. From (9.7), we can compute :

dJsths’t’ - Jss’(]-m - J)tt’ + Jst’(]-m - J)ts’ + Jts’(]-m - J)st’ + Jtt’(]-m - J)ss’a
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and

ANy dNy; = <Z Usz-dJstUtk> (Z Us/k/dJs/t/Ut/j>

s,t re

= > Ul Ui Just (on = D + T (L = s

s,t,s’t/
s (L = ) + e (L = )
= {0 (U (L = DV Ys + (U TO) (U (L = YU
(U TV ) (U (L — I )iy + (U TU )y (U (L — J)U)ik/} dt
- {A,k,( — Ay + Ay (Lo — A
A (L — )iy + Ay (L — A)W} dt.

Let dM (resp. dF') be the local martingale (resp. the finite variation) part of dN. We
have

dF = U'(plp— (p+q)J)U + = (dU*dJU + U*dJdU)
= (plm — (p+ @A) + % (dU*U)(U*dJU) + (U*dJU)(U*dU))

1
= (pl,—(p+ @A) + 3 (dXdN + (dXdN)*).
Then,

(AXdN)y; = Y dXpdNy =Y - Adedekj

k (#) k (#0)
— X))+ (1= N)
= by Z T dt.
k (#1)

This shows that (dXdN)* = dXdN and that

1By =, (10— (g + 30 ML

k (#1)
Next,

dMydM;; = dNgdN;,
= (Az‘j(lm = A)ij + Nij(Ln — A
A4 (L = Ay + A (L = Ny ) dt
— 46,0 (1= N dt,
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which proves dM;; = 24/ X;(1 — \;) db; for some independent Brownian motions by, . . ., by,.
The proof is finished if we look back at the first line of (9.16). O

Lemma 9.5.1. If V() = > ._.log(\; — );), we have

i<j
Gp,qv = Cm,p,qv

where Cp, p oy = m(m — 1) (mTH — pTJrq).

Proof of Lemma 9.5.1. With the notations of Chapter 12, we recall that G, , = £
for L =73, (a(X)0? + b(N\;)9;), a(A) =2X(1 =), b(\) =a— (a+ )N\, a =p—(m—1)
and 3 =q— (m—1). But, LYV = Lh/h = —m(m — 1) (2(m — 2)/3 + (a + 3)/2) has
been computed in the example 12.3.1 of Chapter 12. O

Proof of Proposition 9.3.5. Mappings j — +/jT and j — +/(1,, — j)* are continuous
on S, so the solution is defined up to its explosion time e (see [IW89] for example). If
| || is a multiplicative norm, we have :

215 I A=) D% 1 (A = 5) =i ™ IP< KA+ (15 1),

which proves that e = oo a.s. (see [IW89]). Equations for the eigenvalues are proved
exactly in the same way as in the previous computations. O

Proof of Proposition 9.3.6. Let us prove the statements for \,,, things being entirely
similar for A\;. Although we won’t constantly recall it, all that follows is valid up to time
7. Calling L¢(\,;,) the local time of A, at time ¢ and level a and using the occupation
times formula :

/1 <4a(1_a))_1 LCL()\ )da . /tl d<Am>s
0 G T fy T ) (= A(9))
t
- / L(1>am(s)>0) 48
0
< t.

This proves that L(\,,) = 0, otherwise the previous integral would diverge.
Now, call

b(s) = p — (p+ Q)Am(s) + i Ah(s) (1= Az();?i)é;r_)\;i((zi (1= Am(s))*

i=1

(9.17)

and use LY()\,,) = 0 as well as Tanaka’s formula to get

E [(~An())*] = —E l /0 Lo, (<0 b(s) ds| (9.18)
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We remark that, on {\,(s) < 0}, we have \,(s)* = 0, %—:\;((j))ﬁ > —1 for

1 <i<m—1 and then b(s) > p — (m — 1). Plugging this in (9.18) yields

B [(=An(t)'] < ~p = (m=1)) [ BOw(s) <0)ds.
which shows E [(—=\,,(¢))"] = 0, proving claim (ii) for A,,.

Seeing A\, (t) > 0 a.s., we have LY ()\,,) = 0 and therefore (see Theorem (1.7), Chap.
IV in [RY99] for example)

t
L0 =2 [ Toeo b ds,
0

with b(s) as in (9.17). Now, on {\,,(s) = 0}, we have b(s) = p — (m — 1) proving that

t
ﬂuwzzm—mwdnflwmﬁm&
0

Since LY(\,,) =0 and p — (m — 1) > 0, claim (iii) is proved. O

Proof of Proposition 9.3.7. Again, we consider the process €2, = V()\(t)) for t < 7. Its
infinitesimal drift is given by G} V(A(t)), where

.9
+ _ +
Gp7q_2;xi(1—z W+Z (b+0X) 5y

A= \)F +Aj< -t o
2 Ay o

i#]

By Proposition 9.3.6, all the eigenvalues are in [0, 1] up to time 7 and thus G} V/(A(t)) =
G,,V(A(t)) for t < 7. This allows for the same argument as in Prop081t10n 9.3.4 to
prove T = 00. ]

Proof of Proposition 9.4.1. Let us use the following notations : & = (n — 1 — m —

o) *\a _
p)/2, Ai,i’,j,j’ = 5ii’5jj’ - /XZ/], 8ij = aTij’ p(X) = det(lm - XX) and L =
> it Aiir g 0ijOny . Then, integration by parts yields :

/(LF)Gde = - > /OUF@” (G Aiyrjyp) dX

ZZ ]_]

= — Z / i,i' 5,5 8Z]F 82/]/G de

’lZ _]]

- Z /G 82]F 82_] 1,7',5,5' P)dX (919)

’lZ _]]
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Let us recall that if ¢(X) = det(X), then d¢x(H) = det(X)tr(X ' H). Thus dpx(H) =
—ap(X)tr((1, — XX*)"Y(HX* + X H*)), which implies that :

8i’j’p = 2« p(]_m - XX*)ilX)i’j/
It is also easy to check that :
Ouryr Aiir iy = — (G + 0351) X

Consequently, writing Y = (1,, — X X*)~!, the second term of the right-hand side in
(9.19) equals :

OF
> G (—20(63000,5 — Xig X)) (Y X)irjr — (O + 0;51)Xi;) pdX
]

i,1,5,5"

_ Z/ e (220 (Y X)y 4 20 (XXY X)yy — (m 4 p)X5) pdX
ij

= (—2a—m —p) Z/ 8XU XijpdX

= (n—1) /Gzax X pdX | (9.20)

where we used =Y X + XX*Y X = —X. Now, (9.19) together with (9.20) gives the
result. O

Proof of Proposition 9.4.2. Computations are similar to those of the previous proof.
We write 1(z) = (det 2)* (det(1,, — z))? and we use D;;¢) = (cmi_j1 — B(1, — x);l) 0
(yl-gl denotes the term (i, j) of the matrix y~1). Suppose f, g have compact support and

compute

/prqwd:c—zA B) /ftr — (p+q)r)Dg) ¢ d,

where A = [ ftr(zD?*g)ydz and B = [ ftr(z(xD)*Dg)y dz. We use integration by
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parts to get :
A = Z/f%‘ijkDmg@/)diU = —Z/Dngjk(ffEiﬂ/)) dx
i,k g,k

= — Z </ DrigDji(f)wij%) dx +/fDm‘g(Djk($ij)w + 2 D)) dm)

i’j7k

= — {/tr(waDg)¢dw+Z/kaig(lk:;# + Lpmizj) d

0,5,k

+ Z / kaigxij(ax;kl - B(1,, — x);kl)w d:v}

1,5,k
= — {/tr(foDg)¢dx+ (mT_1 + 1)Z/Dn~gf¢dx
+ Z / kazgiCz'j((m?j_kl — Bl — x)j_kl)w d:c}

4,5,k
- /tr(foDg)¢ da — mTH / Ftr(Dg) da
— / ftr ([(a+ B8)1m — B(1,, — 2)7'] Dg) ¢ dx.

Similarly,

B = Z /fxilxjkDiijlgwdx: - Z /DjlgDik<fxilxjkw) dx

i7j7k7l i7j7k7l

1p—14i
= - Z {/xuxjkDikaﬂgwdx—l—/ijlg( k=l + 1pmic) T ¢ da

“ 2
Z7]7k7l

1,
+/ijzg( ;ﬁk +1,—j—k)zq ¢ de

+ / [Djgzazs(ar™ = B(1ym — )" )it dw}
~ —u(@DfaDy) ~ (m+1) [ fu(eDg) ds -

/ftr ([(a + B)x — B(1,, — x)*lx} Dg) Ydr.

Therefore,

2A - B) = / {~T(f,g) + ftr ((a — bz)Dg)} b dz,

(9.21)
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where a = m + 1+ 2« and b = 2(m + 1) + 2(a + 3). Now, (9.21) shows that ¢ dzx is

reversible if and only if @ = p and b = p + ¢, which corresponds to a = p_’;_l and
8= q—g%—l' U
Proof of Proposition 9.4.3. Thanks to Proposition 9.3.2, if
o(z) = (det 2)*(det(1,, — x))°, H, = H*? and V, = VP,
we have . .
o(J) (/
= exp tr(H.,dB,) + Vids |,
o)  TUHAB ]
from which we deduce that
s () (oo +vs) o)
&= ex —tr(H)+ Vs ) ds|.
t (b(Jo) p 0 2 ( )
Now,
1
§tr(H52) + V= (alp—m—1) 4+ 2a%) tr(J; 1)+
(B(g —m = 1) +26%) tr((Ln — J5) ™) = (a+ B)m(p + ¢ + 2(a + B) —m — 1),
which finishes the proof. O

Proof of Proposition 9.4.7. Computations similar to the real case ones show that H, ,
differs from G, , by a factor 2 on the drift :

A+ A — 20\
H,, = 2 M(1-X\ 82+22 —(p+ M) +2) A )

i;éj A=A
- 22)\1(1 32+Za— (a+ B)A 3+Z )\_)\ 0;,
i i#]

with @« = 2(p — (m — 1)) and § = 2(¢ — (m — 1)). On the other hand, the example
12.3.1 of Chapter 12 asserts that : L, 3 = —m(m — 1) (M + O‘Tﬂi) h. Moreover, it

is easy to see that the "carré du champ” of L, s is :

AN(1=\)

I'(logh, f) = Sy
i J

i#]

Oif.

This shows equality between Ea,ﬁf = L,sf + (logh, f) and H,, when a = 2(p —
(m—1)) and §=2(qg — (m — 1)). O



Chapitre 9. Matrix Jacobi processes 151

Bibliographie

[Baky6]
[Bru9i]
[Col03]

[DMDMY04]

[TW89]

[KOO1]

[Mui82]

[NRWS6]

[O190]

[RWO00]

[RY99]

D. Bakry, Remarques sur les semigroupes de Jacobi, Astérisque 236
(1996), 23-39, Hommage a P. A. Meyer et J. Neveu.

M-F. Bru, Wishart processes, J. Theoret. Probab. 4 (1991), no. 4, 725-
751.

B. Collins, Intégrales matricielles et probabilités mnon-commutatives,
Ph.D. thesis, Université Paris 6, 2003.

C. Donati-Martin, Y. Doumerc, H. Matsumoto, and M. Yor, Some pro-
perties of the Wishart processes and a matriz extension of the Hartman-
Watson laws, Publ. Res. Inst. Math. Sci. 40 (2004), no. 4, 1385-1412.

N. Ikeda and S. Watanabe, Stochastic differential equations and diffu-
ston processes, second ed., North-Holland Mathematical Library, vol. 24,
North-Holland Publishing Co., Amsterdam, 1989.

W. Konig and N. O’Connell, Figenvalues of the laguerre process as non-
colliding squared bessel processes, Electron. Comm. Probab. 6 (2001),
107-114.

R. J. Muirhead, Aspects of multivariate statistical theory, John Wiley &
Sons Inc., New York, 1982, Wiley Series in Probability and Mathematical
Statistics.

J. R. Norris, L. C. G. Rogers, and D. Williams, Brownian motions of
ellipsoids, Trans. Amer. Math. Soc. 294 (1986), no. 2, 757-765.

G. 1. Ol'shanskii, Unitary representations of infinite-dimensional pairs
(G, K) and the formalism of R. Howe, Representation of Lie groups and
related topics, Adv. Stud. Contemp. Math., vol. 7, Gordon and Breach,
New York, 1990, pp. 269-463.

L. C. G. Rogers and D. Williams, Diffusions, Markov processes, and
martingales. Vol. 2, Cambridge Mathematical Library, Cambridge Uni-
versity Press, Cambridge, 2000, It6 calculus, Reprint of the second (1994)
edition.

D. Revuz and M. Yor, Continuous martingales and brownian motion,
third edition, Springer-Verlag, Berlin, 1999.



152 Bibliographie




Quatrieme partie

Brownian motion and reflection
groups

153






Chapitre 10

Exit problems associated with finite
reflection groups

Y. DOUMERC and N. O’CONNELL

To appear in Probab. Theor. Relat. Fields, 2004.

Abstract : We obtain a formula for the distribution of the first exit time of Brow-
nian motion from a fundamental region associated with a finite reflection group. In the
type A case it is closely related to a formula of de Bruijn and the exit probability is
expressed as a Pfaffian. Our formula yields a generalisation of de Bruijn’s. We derive
large and small time asymptotics, and formulas for expected first exit times. The re-
sults extend to other Markov processes. By considering discrete random walks in the
type A case we recover known formulas for the number of standard Young tableaux
with bounded height.
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10.1 Introduction

The reflection principle is a protean concept which has given rise to many investiga-
tions in probability and combinatorics. Its most famous embodiment may be the ballot
problem of counting the number of walks with unit steps staying above the origin. In
the context of a one-dimensional Brownian motion (By,t > 0) with transition density
pe(z,y), the reflection principle gives a simple expression for the transition density
pi(z,y) of the Brownian motion started in (0, 00) and killed when it first hits zero :

p,’f(x,y) :pt(xvy) _pt(l', _y)' (101)

The exit probability is recovered by integrating over y > 0. If P, denotes the law of B
started at x > 0 and T is the first exit time from (0, c0), then

P,(T > t) = P,(B;, > 0) — P,(B, < 0). (10.2)

The formula (10.1) extends to the much more general setting of Brownian motion in
a fundamental region associated with a finite reflection group. For example, if B is a
Brownian motion in R™ with transition density p;(z,y) and C' = {x € R": 27 > x5 >
-+- > x,} then the transition density of the Brownian motion, killed when it first exits
C, is given by

pi(ay) =Y e(mpile, my), (10.3)

S (‘571

where Ty = (Yx(1); - - - » Yr(n)) and e(7) denotes the sign of 7. Equivalently,

pi (x,y) = (2mt) ™"/ detfexp(—(zi — y;)°/20)]} ;.- (10.4)

This is referred to as the ‘type A’ case and the associated reflection group is isomorphic
to &,,. The formula (10.4) is a special case of a more general formula due to Karlin and
McGregor [KM59] ; it can be verified in this setting by noting that the right-hand-side
satisfies the heat equation with appropriate boundary conditions. Integrating (10.3)
over y € C' yields a formula for the exit probability

P, (T >t)= Y e(mPy(B, € 7C). (10.5)

This formula involves some complicated multi-dimensional integrals, but thanks to an
integration formula of de Bruijn [dB55], it can be re-expressed as a Pfaffian which only

involves one-dimensional integrals. More precisely, if we set v(a) = \/g Iy e v /2dy and

pij =7 (x:/_%’> then, for z € C,

Pt (Dij)i jepn if n is even,

n e 10.6
S (CD)MEPE (pig)ijepqy i nis odd. (10.6)

P.(T > t) :{
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(Observe that pj; = —p;; since 7 is an odd function and see appendix for a definition
of the Pfaffian.) For example, when n = 3, we recover the simple formula

P (T > t) = p12 + paz — P13, (10.7)

which was obtained in [OU92] by direct reflection arguments.

The formula (10.3) extends naturally to Brownian motion in a fundamental region
C' associated with any finite reflection group (for discrete versions see Gessel and Zeil-
berger [GZ92] and Biane [Bia92]). As above, this can be integrated to give a formula
for the exit probability involving multi-dimensional integrals. The main point of this
paper is that there is an analogue of the simplified formula (10.6) in the general case
which can be obtained directly. This leads to a generalisation of de Bruijn’s formula
and can be used to obtain asymptotic results as well as formulae for expected exit
times. Our approach is not restricted to Brownian motion. For example, if we consider
discrete random walks in the type A case we recover results of Gordon [Gor83] and
Gessel [Ges90] on the number of standard Young tableaux with bounded height.

The outline of the paper is as follows. In the next section we introduce the reflection
group setting and state the main results. These results involve a condition which we
refer to as ‘consistency’. This is discussed in detail for the various types of reflection
groups in section 3. In section 4 we apply our results to give formulae for the exit
probability of Brownian motion from a fundamental domain and use these formulae
to obtain small and large time asymptotic expansions and to compute expected exit
times. In section 5, we present a generalisation of de Bruijn’s formula and in section 6
we describe some related combinatorics. The final section is devoted to proofs.

Acknowledgements : This research was initiated while the first author was visiting
the University of Warwick as a Marie Curie Fellow (Contract Number HPMT-CT-
2000-00076). Thanks also to Ph. Biane for helpful comments and suggestions.

10.2 The main result

10.2.1 The reflection group setting

For background on root systems and finite reflection groups see, for example, [Hum90].
Let V be a real Euclidean space endowed with a positive symmetric bilinear form (A, u).
Let @ be a (reduced) root system in V' with associated reflection group W. Let A be
a simple system in ® with corresponding positive system II and fundamental chamber
C={ eV :VaeA, (a,\) > 0}. Denote the reflections in W by s, («a € II).

Definition 10.2.1. A subset of V is said to be orthogonal if its distinct elements
are pairwise orthogonal. If £ C V| we will denote by O(FE) the set of all orthogonal
subsets of E.
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Definition 10.2.2 (Consistency). — We will say that I C II satisfies hypothesis
(C1) if there exists J € O(A N I) such that if w € W with J C wl C II then
wl =1.

— We will say that I C II satisfies hypothesis (C2) if the restriction of the deter-
minant to the subgroup U = {w € W : wl = I} is trivial, ie Vw € U, e(w) =
detw = 1.

— I will be called consistent if it satisfies (C1) and (C2).

Suppose I C I is consistent. Set Wl ={w e W : wl CIl} and Z = {wl : w €
W1}, The hypothesis (C2) makes it possible to attribute a sign to every element of 7
by setting £4 := e(w) for A € Z, where w is any element of W’ with wl = A.

For example, I = A is consistent with W/ = U = {id} and Z = {A}.

Section 10.3 will be devoted to a study of the consistency condition in the different
types of root systems. Most root systems will turn out to possess a non-trivial (and
useful) consistent subset I C II.

10.2.2 The exit problem

Let I C II be consistent, and define €4 for A € T as above. Let X = (X;,t > 0) be
a standard Brownian motion in V' and write P, for the law of X started at x € C'. For
a€ll, set T, = inf{t >0: (o, X;) = 0}. For A C II write T4 = minges T,, and set
T=Thr=inf{t >0: X; ¢ C}.

Denote by pi(x,y) (respectively p;(z,y)) the transition density of X (respectively
that of X started in C' and killed at time 7). The analogue of the formula (10.3) in
this setting is

pi(x,y) = Y e(w)p(z, wy), (10.8)

weW
which can be integrated to obtain
P (T >t) =) e(w)Py(X; € wC). (10.9)
weW

A discrete version of this formula was obtained by Gessel and Zeilberger [GZ92] and
Biane [Bia92|; it is readily verified in the continuous setting by observing that the
expression given satisfies the heat equation with appropriate boundary conditions.
As remarked in the introduction, this formula typically involves complicated multi-
dimensional integrals. Our main result is the following alternative.

Proposition 10.2.3.

Po(T>t) =Y caPy(Ty>1). (10.10)
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In fact, we will prove Proposition 10.2.3 in the following, slightly more general,
context. Let X = (X;,t > 0) be a Markov process with W-invariant state space
E C V, infinitesimal generator £, and write P, for the law of the process started at x.
Assume that the law of X is W-invariant, that is,

P,o(wX) ' =Pu0X 1,

and that X is sufficiently regular so that :
(i) ur(z,t) =P,(T; > t) satisfies the boundary-value problem :

%—C ur(z,0)=1 ifz e O0O={ eV : Vael, (o) >0},
o - ur(z,t) =0 if z € 9O,
(10.11)
(ii) u(z,t) =P.(T > t) is the unique solution to
ou u(z,0)=1 if x € C,
ot Lu { u(z,t) =0 if x € 9C. (10.12)

These hypotheses are satisfied if X is a standard Brownian motion in V' or, in the
crystallographic case, a continuous-time W-invariant simple random walk.

Note that for I = A, the sum in (10.10) has only one term and the formula is a
tautology. However, as we shall see, in general we can find more interesting and useful
choices of I.

Remark 10.2.1. There are explicit formulae of a different nature for the distribution
of the exit time from a general convexr cone C C RF. Typically, these are expressed as
infinite series whose terms involve eigenfunctions of the Laplace-Beltramsi operator on
C N S*=1 with Dirichlet boundary conditions. See, for example, [DeB87], [DeB01] and
references therein.

10.2.3 The orthogonal case

If I is orthogonal, the summation in (10.10) is over orthogonal subsets of II, and
Proposition 10.2.3 is therefore most effective when X has independent components in
orthogonal directions. In this case, (10.10) becomes :

T >1) = ea [[Pa(Ta > 1), (10.13)

AeT a€cA

where P, (T, > t) = P, (X, ) > 0) = P, ((Xy, ) < 0). For example, if X is Brownian

motion, we have
(T > 1) ZeAny< ) (10.14)
AeZ acA
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where a(z) = (o, r)/|a| and v(a) = \/gfoa eV 2dy.
Consider the polynomial @ € Z[X,, « € II] defined by

Q=> ea]] Xo (10.15)

AeT a€A

Then P, (T > t) is equal to the polynomial @) evaluated at the variables P,(T, > t), a €
I1. Note that the polynomial @ is homogeneous of degree |I|. A useful property of @
is the following, which we record here for later reference.

Proposition 10.2.4. Forxz € V, set P(x) = Q ((a, x), a € IT). If I # 11, then P = 0.

10.2.4 A dual formula

In the orthogonal case, there is an analogue of the formula (10.13) for the comple-
mentary probability P, (7" < t). This will prove to be useful when analyzing the small
time behaviour (see Section 10.4.6).

For a € A, B € O(Il), define a.B € O(II) by :

B if o« € B;
a.B={ {a}UB ifae B
so B otherwise.

We can then define the “length” I(B) for B € O(II) by :
I(By=inf{leN: Jag,ag,...,p €A, B=qy...as.01.0}. (10.16)

Proposition 10.2.5. For all B € O(I1), I(B) < oo. In other words, any B € O(II)
can be obtained from the empty set by successive applications of the simple roots.

Proposition 10.2.6. Suppose I is consistent and orthogonal. Then,

P(T<t)= > (-1))P'PVBeB, Ty<t (10.17)
BeO(M)\{0}

If we introduce the polynomial R € Z[X,, « € 1],

R= > (-0 ]] X, (10.18)

BeO(I)\{0} a€B
then (10.17) is essentially equivalent to the following relation between @) and R :
1-Q(1—Xy, acell)=R(X,, aell).

Note that R is not homogeneous.
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10.2.5 The semi-orthogonal case

Definition 10.2.7. We say E C V is semi-orthogonal if it can be partitioned into
blocks (p;) such that p; L p; for i # j and each p; is either a singlet or a pair of vectors
whose mutual angle is 37/4. The set of the blocks p; will be denoted by E*.

Remark 10.2.2. A prototypical pair of vectors in a semi-orthogonal subset is {e; —
ey, €2}, where (e, e3) is orthonormal.

If I is consistent and semi-orthogonal and if X has independent components in
orthogonal directions, the formula (10.10) becomes :

Po(T >1) =) ea [ P=(T, > 1). (10.19)

AT peA*

Call II' the set of pairs of positive roots whose mutual angle is 37 /4. The relevant
polynomial to consider is S € Z[X,, o € II; X(a ), {o, 5} € IT'],

S=> e [] X, (10.20)

AET  peA*

Proposition 10.2.8. Suppose 2|I| < |Il|. For z € V, the evaluation of S with X, =
(a,z), a €Il and Xiop = (o, 2)(B,2)(sa3, ) (spa, ), {a, B} € I, is equal to zero.

10.3 Consistency

Lemma 10.3.1. Suppose there exists J € O(A) which is uniquely extendable to a
mazximal orthogonal (resp. semi-orthogonal) subset I C 11, maximal meaning that there
is no orthogonal (resp. semi-orthogonal) subset strictly larger than I. In this case, 1
satisfies condition (C1).

Proof. If J C wlI C II then wl is a maximal orthogonal (resp. semi-orthogonal)
subset of II and the unique extension property says that wl = I.

o

10.3.1 The dihedral groups

The dihedral group Iy(m) is the group of symmetries of a regular m-sided polygon
centered at the origin. It is a reflection group acting on V' = R? ~ C. Define 3 = 1,
o = el™/m(—B) for 1 <1< m and o = a;. Then we can take Il = {a, ..., q,,} and
A ={a, [}

Set I = {a} if m is odd and I = {a,a’ = ¢™/2a} if m = 2 mod 4. Then |
is orthogonal and consistent. In the first case, T = {{on},...,{an}} with ey =
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(=1)~'. In the second case, T = {{a1,4},..., {am, ), }} and egq, 0y = (1)
With notations X; = X,,; and X} = Xag., the polynomial ) can be written

j=1

(=1 TX XD ifm =2 mod 4.

j=1

(10.21)

Q= { S (=1)71X; if mois odd

10.3.2 The A;_; case

Consider W = &, acting on R* by permutation of the canonical basis vectors. Then
we can take V=RFor {z e R¥: 1+ - -+2, =0}, 11 ={e; —¢;, 1 <i < j <k} and
A:{ei—eiﬂ, ]_Slgk—l}

The choice of I depends on the parity of k. If k£ is even, we take

1= {61 —€9,63 —€4,...,€CL_1 —€k}.
If k£ is odd, then

I={e;—eg,e5—€4,...,€5-0— €41}
Proposition 10.3.1. (i) I is consistent and orthogonal.

(ii) The set I can be identified with the set Py(k) of partitions of [k] into k/2 pairs
if k is even and into (k — 1)/2 pairs and a singlet if k is odd.

(iii) Under this identification, the sign € is just the parity of the number of crossings
(if k is odd, we consider an extra pair made of the singlet and a formal dot 0
strictly at the left of 1 and use this pair to compute the number of crossings).

The proof of this proposition will be provided in Section 10.7.1. In Figures 1 and 2,
we give examples of the identification between A € 7 and m € Py(k), using the notation
¢(m) for the number of crossings.

I AN i

0 1 2 3 0 1 2 3 0 1 2 3
m={{1,2},{3}} m={{1},{2,3}} m={{1,3},{2}}
A={e; — ey} A={ey —e3} A={e; —e3}
e(m) =0 e(m) =0 c(m) =1

Fia. 10.1 — Pair partitions and their signs for A,.
Now, recall the polynomial () defined in (10.15) and write for simplicity X;; =
Xe;—e;, © < J. Then,

Q= Y ()™ [ X (10.22)

TEPy (k) {i<jter
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N N

1 2 3 4 1 2 3 4 1 2 3 4
P {LAL 3N r- L2 B4 r- ({L3h {24
A={e; —eq,e0 —e3} A={e;—eg,e3—ey} A={e; —e3,e0—e4}
c(r) =0 c(m) =0 c(r)=1

F1G. 10.2 — Pair partitions and their signs for As.

which can be expressed as a Pfaffian (see Appendix),

Pt (Xij); e if k is even ,

Q= { o 10.23
Zf:1<_1)l+1 Pf (Xi;)ijempqy  if & is odd, ( )

with the convention that X;; = —X; for i > j.

Remark 10.3.1. [t is interesting to make the combinatorial meaning of Proposition
10.8.1 explicit. Suppose k is even for simplicity. If 7 = {{j1, j1},- -, {Jp, Jp}} 5 a pair
partition of [k] with j; < ji then we can define 0 € Sy by o(2i — 1) = j;,0(2i) = ji.
This definition depends on the numbering of the blocks of w, giving rise to (k/2)! such
permutations o. The resull is that they all have the same sign which is precisely (—1)¢),
If we order the blocks in such a way that j; < jo < --- < jp, then we can be even more
precise. Let i(o) denote the number of inversions of o and b(w) the number of bridges
of m, that is of pairs i <l with j; < ji < j; < ji. Then,

i(0) = c(m) + 2b(r). (10.24)

10.3.3 The D, case

We consider the group W of evenly signed permutations on {1,...,k}. More pre-
cisely, f : R¥ — RF is a sign flip with support f if (fz); = —2; when i € f and
(fz); = x; when i ¢ f. The elements of W are all fo where o0 € &, and f is a sign
flip whose support has even cardinality. W is a reflection group and we take V = R*,
H={e;te;, 1<i<j<k}and A={e; —eres—e3,...,e5-1— €, 41+ €}

For even k (resp. odd k), we take I = {e; £ eg,e3+ €4,...,6x_1 £ er} (resp. [ =
{eates,estes, ..., ex_1Eer}). Proposition (10.3.1) is exactly the same in this case. The
identification between Z and Py (k) is performed as shown in the following examples :
Writing X;; = Xe,—, = —Xji, Xij = Xeype, = Xji, © < j, we have

Q= > (™ [ XXy, (10.25)

mEP(k) {i<j}er
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> 3 SRR
m={{1,2},{3}} m={{1},{2,3}} m={{1,3},{2}}
A:{61—62,61+62} A:{62—63,62+63} A:{61—63,61+63}
c(r) =0 c(r) =0 c(r) =1

e
—_
\V]
w
(e}
—_

~—

F1G. 10.3 — Pair partitions and their signs for Dj.

which can be expressed as a Pfaffian,

if k£ is even ,

Pf (X5 Xy5),
Q= I+1 o siel e (10.26)
S (1)U PE (X Xy )igeppgy i K is odd.

10.3.4 The B, case

W is the group of signed permutations on {1,...,k}, that is W = {fo :0 €
Sy, fis asign flip }. W is a reflection group acting on V' = R* and the root system
is determined by I = {e; —e;, 1 <i < j<k;e, 1 <i<k}and A={e —ey,e2—
€3,...,6p_1 — €Ef, ek}.

If k is even (resp. odd), set I = {e; — e9,e9,€3 — €4,€4,...,€65_1 — €, €} (rESP.
I ={e;—ey,e9,e3—€4,€4,...,6_9—€x_1,€5_1,€r}). Then I is not orthogonal but only
semi-orthogonal. Proposition (10.3.1) is still unchanged. The identification between Z
and Ps(k) is performed as shown in Figure 4.

Iy .

5 3 ek
m={{1,2}, {3}} m={{1},{2,3}} m={{1,3},{2}}

A= {61 - 62762,63} A= {61,62 €3, 63} A= {61 - 63763,62}

c(m) =0 c(m

e
—_
[\
coe’
Qe
—_

\_/
o

~—~
S

S~—

F1G. 10.4 — Pair partitions and their signs for Bs.

ertlng Xij = Xei—ej- = —in, Xij = )?ji = Xej = Xj, 1< j, we have

Q= > ()X [ XXy (10.27)

TEPs (k) {i<j}er
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where s(m) is the singlet of 7, the term Xy being absent if k is even. (10.27) can be
expressed as a Pfaffian,
Pt (Xij )?Z]) if k£ is even ,
i i.j€[K] (10.28)
S (D)X PE(XG X )igeppgny i & is odd.

10.3.5 Hg and H4

The underlying Euclidean space is R* identified with the quaternions H with stan-
dard basis (1, 4, j, k). We adopt the notations of [Hum90] which we refer to for the defini-
tions of the root systems in these cases. For Hs, we take I = {a—i/2+bj, 1/2+bi—aj, b+
ai+j/2} and for Hy, we take I = {—a+i/2+bj, —1/2—ai+bk,b+aj+k/2,bi—j/2+ak}.
Then I is orthogonal and consistent in both cases.

10.3.6 Fy

The underlying Euclidean space is R* with standard basis (e, e, €3, €4) and again
we refer to [Hum90] for definition of the root system. We choose I = {es — e3,€3,¢1 —
ey, e4}. I is semi-orthogonal and consistent.

10.4 Applications to Brownian motion

10.4.1 Brownian motion in a wedge and the dihedral groups

In this case T is the exit time of a planar Brownian motion from a wedge of angle
T/m : A
C={re”: r>0,0<0<n/m}cC~R%
Recall that a; = e (/m=1/2) and o) = e™/2q.
Formula (10.10) reads

S (1) P (T, > ) if mis odd

Po(T > 1) = { S (S0 Py (Tpary > £) i m =2 (mod 4). (10.29)

In the case of Brownian motion, the formulae (10.29) can be rewritten respectively

P,(T > t) = Z(—w‘*w <‘”in(e\/g m/m)) , (10.30)

and

BT > 1) = g<—1)i‘1v (—rsin(@\/; m/m)) . <rcos(6\;¥z’7r/m)) s
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where v = re? € C.

These should be compared with the formulae presented in [CDO03]. If we take the
previous formulae with r = 1, integrate over € (0,7/m) and compute a Laplace
transform, we recover results of [CDO03] for m not a multiple of 4. However, the results
in [CDO03] are valid for all m. The case m = 0 (mod 4) will be discussed in Section
10.4.5.

General results on exit times from wedges can be found in the paper of Spit-
zer [Spib8]. We recover Spitzer’s results for the special angles discussed above.

10.4.2 The A;_; case and non-colliding probability

The fundamental chamber is C = {z € V : x; > 29 > -+ > 23} where V = R*
or {x € R¥: @1+ -+ x5, = 0}. Thus T is the first ‘collision time’ between any two
coordinates of X.

Using notation {i < j} € 7 to mean that {i,5} € 7 and i < j, formula (10.14)

reads :
PT>t)= > ()™ ] pi (10.32)
TEPs(k) {i<j}er

where p;; = Pp(Te,—; > t) =7 (xi/_%’>
When k£ = 3, the formula is

Po(T > 1) = p12 + p23 — p1s. (10.33)
When k£ = 4, the formula becomes

P.(T > t) = prapsa + Prap2s — Pr13paa- (10.34)
For odd k, we can isolate the singlet in (10.32) to deduce the following relation
between the problem with k particles and the problem with £ — 1 particles :
k
P, (T >t) =) (-1)"'P(T} > 1), (10.35)
=1
where T; = inf{t : 3i # j € [E]\{l}, X;(t) = X,(¢)} so that Px(fl > t) only depends

on ()i {1}-
Recalling definition and expression of the Pfaffian given in the Appendix, formula
(10.32) reads :

Pt (pij); ; if £ is even ,
PJ:(T > t) = { J/4,5€[k] ' . (1036)
Zf:1<_1)l+1 Pf (pij)ijeppqy  if & is odd,
with the convention that p;; = —p;; for i < j. The merit of these formulae is to replace

the alternating sums by closed-form expressions which are easier to compute (Pfaffians
are just square roots of determinants).
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10.4.3 The D, case

The chamber is C = {x € R¥ : z; > -+ > 231 > |z%|}. The formula (10.14)
becomes :

PAT>t)= Y ()™ ]I 7(‘6\/_2,;’;]) fy(x\;;_f]) (10.37)

wePs (k) {i<j}lemr

We can write it down in terms of Pfaffians :

Pf (pz] ﬁz]) lf k’ iS even ,
Po(T > 1) = el 10.38
( ) { Zl 1( )l+1 Pf (pl] pZ])Z je[k‘]\{l} lf k 1S Odd ( )

where ]32‘]‘ == pji = P$<T€i+ej > t) =7 (9372_?)

10.4.4 The B, case

The chamber is C = {z € R*: 21 > -+ > 1 > 2 > 0}. The formula for By, is :

P$(T > t) = Z (_1)6(7.() ]P) s(7r) H IP) el €5,€5 )7

TEP (k) {Z<]}€7r

where s(7) is the singlet of 7, the term P,(T¢,, > t) being absent when £ is even.
The result is a polynomial involving the probabilities of exiting orthants associated
to {e; —e;,¢e;}. Those are wedges of angle /4.

Those formulae can be rewritten in terms of Pfaflians :

T > e ’ >y ] ) ‘

where P = ]Px<Tez > t) = ’V(xl/\/g) and ﬁij = _]/9\]@‘ = ]P):B<Te¢fej,ej > t) for i < J

10.4.5 Wedges of angle 7/4n

First, let us pay attention to the case of an angle 7/4 where C' = {x; > x5 > 0}.
Consider the group W = I5(4) of isometries of the square : W = {id, r, 72,13, sy, 82, 83, 84},
r being the rotation of angle /2 and s; (resp. sa, S3, s4) the symmetry with respect to
the line y = —x (resp. y = 0, y = x, x = 0). By translation and W-invariance, formula
(10.9) can be rewritten

P (T >t) =Y ew)P(X, €—w(x)+C). (10.40)
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Fic. 10.5 — The regions FE;

Now, define regions E;, 1 <i < 12 as in Figure 5 and P, = P(X; € E,).

Then, we can decompose the terms in (10.40) into P(X; € —x + C) = Py + P3 +
P4+P5+P8+P9+P10+P11+P12, P(Xt € —T($)+C) = P6+P8+P10—|—P12,
P(X; € —1?(z) +C) = Ps+ Pyg+ Py + Pro, P(X; € —13(2) +C) = Pr+ Py+ Py + Pyo,
P(X: € —s1(x) +C) = Py+ Pio+ Pii+ Pio, P(Xy € —59(2)+C) = P+ Py + Ps+ Pr +
Py + Py + Py + Pio, ]P(Xt € —83($)+C> =P+ P+ Ps+ Ps+ Ps+ Pig+ P11+ Pio,
P(X; € —s4(x) + C) = Ps+ Pig + Pi2. In the end, terms cancel in an abundant way to
result in

P(T >t)=Py— P, — P,=Fy,— 2P, (10.41)

since £7 and E, are symmetric with respect to the origin. The interest of (10.41) is
two-fold : first, the number of terms is significantly lower than in (10.40) and second,
the integrals involved are over bounded regions. Indeed, write x} = x;/+/t for simplicity,

then
_l/l L / dz e~ (WH2?+22)/2,
T 0 —z!
2
z' +a!
P1: ' 2 / dze (y+2) +Z)/
)
so that
zh—ak x|+, —ah o
BT >1) = / ay / dz — / ay / gz (@)
—axh x| —a, —x)
= H(z),z5). (10.42)

The integral formula defines H on R? and implies that H(yi, —y2) = H(y1,y2) and
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H(y2,11) = —H(y1, y2). Thus, expanding G in power series, we have

H(yi,yz) = Y apg (h192)" " (07 = 439). (10.43)

p,q>0

This type of result generalizes to angles m/4n with the same kind of reasoning.
Write Cyp = {re??; r > 0,0 < 6 < 7/4n} the fundamental chamber, (C;)i<i<gn_1
the other chambers in counterclockwise order of appearance and x; the W-image of
x € Cp which lies in C;. Call P(z,y) the parallelogram which has z and y as two
opposite vertices and whose sides are parallel to the walls of the chamber Cy. Define
P, = Pi(x,t) :==Po(X; € P(, x4n—i)). Then, the formula is

10.4.6 Asymptotic expansions

We will now consider the asymptotic behaviour of P,.(T" > t) in two different regimes

where ¢ is either large or small compared with the initial distance between x and the
boundary 0C.

Long time behaviour

We will suppose that |II| has the same parity as |I|, which is the case in all of our
examples.

Proposition 10.4.1. If I is consistent and orthogonal (or semi-orthogonal), the fol-
lowing expansion holds :

P, (T >t) = h(z) Y E,(x)t @2, (10.44)

q>0

where n = ||, h(z) = [, cn(z, a), Ey(x) is a W-invariant polynomial of degree 2q
and the series is convergent for all x € C, t > 0. In particular, there exists a constant
k such that :

h
P, (T > t) ~ RTE? as t — oo. (10.45)
Remark 10.4.1. The leading term in (10.45) was obtained in Grabiner [Gra99] for

the classical root systems of types A, B and D. More general results on expected exit
times from cones and their moments can be found in [Bur55], [DZ9]] and [DeB87].



170 10.4. Applications to Brownian motion

Remark 10.4.2. The polynomials E, satisfy ApE, 1 = —(q¢ +n/2) E,, where
1
Anf = §Af+ (Vlogh) - VF.

This follows from the fact that u(x,t) = P.(T > t) satisfies the heat equation and
Ah = 0.

For Iy(m) with m # 0 mod 4, one has |II| = m so that

h(z)
P(T >t)~k ey

Let us indicate how to compute the constant x for odd m = 2m'+ 1. We have x h(z) =
A D1 (—1)77 (2, j)™. Suppose z = € then (z, oz]) sin(jr/m—@). Let s = w/m—0
go to 0 so that h(z) ~ as with a = H;”:_ll A= H;” A7, Aj = sin(jm/m). The numbers
0,A;,=A;, 1 < j < m! are the roots of the Tchebycheff polynomial 7}, such that

Trn(cos ) = cosmf. The leading coefficient of T}, being 2™, we have
a= (=127 (0) = m2'~™.
On the other hand, > " (=1)"*(z, ;)™ ~ bs with

m—1
=m Z Isin™ 1 (j7 /m) cos(jm/m).
1
Thus, £ = a,yb/a.
For A,_1,
H1§z‘<j§k(xi — ;)
h(k—1)/4

P(T >t) ~

For Dy,

H1§i<j§k(xz2 - ﬁ)
k(k—1)/2

The constant k is related to the Selberg-type integral

0= / e P2 h(z) d-.
C

In the example of Aj_1, (10.3) yields

P.(T > t) ~

P.(T >t) = /det(pt(xiayj))lﬁi,jﬁkdy
C

olal?/2t

122 zizi
T 202 /Ce 2 det(e"59/V") 1< i dz.
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Takingz =d=(k—1,k—2,...,0),
det(e™*/ V%) 1<, jer. = h(z/VE) = h(z) /t"/?

so that
P, (T g
(L >1) ~ ——5(0.
On the other hand, h(J) = Hf;ll]‘ from which it follows that Q = (27)~*/2 Hf;ll]‘ K.
Similar formulae can be obtained in other cases relating the constant s to the
corresponding Selberg-type integral. General formulae for Selberg integrals associated
with reflection groups are given by the Macdonald-Mehta conjectures (now proved)
and can be found for example in [Meh91].

Small time behaviour

Now the quantity of interest is P, (7" < t) which goes to 0 as t — 0. Such asymptotics
for general domains are the subject of a vast literature in the setting of large deviations
(see [FW84]). The interest of our direct approach is to provide very precise results when
the domain is the chamber of some finite reflection group. Let us introduce notation

O(u) =1—y(u) ~ \/ngle*“Q/2 as u — 00.

We will suppose that [ is orthogonal and consistent, which only rules out B; and
Fy. Then,

PT<t)= > (=)@ T]6@()/V0). (10.46)

BeO(I)\ {0} a€B

The case of I>(m) with odd m = 2m/+1 is particularly simple since O(II) = {{a;}, 1 <
i<m}and P, (T <t) =3 ,(-1)"'0 ((z,)/Vt). Suppose (z, 1) < (x, ). Then we
have (z, 1) < (z,a) < (T, 02) < (T, Q1) < (2, 03) < (T, Qm—2) < -+ < (T, 0 11),
which gives the hierarchy of terms in the asymptotic behaviour of P, (7" < ¢) and en-
ables the expansion with any given precision. For example, if x is fixed, t — oo and
noting a; = (x, o) /V't,

P.(T <t)=0(a1) + 0(an) — 0(az) — O(apm—1) + o (0 (min(az, am,_1))) .

Similarly, one could deal with I5(m) for m =2 mod 4.
Let us consider the general case and suppose there is only one root length, which is
the case in all the examples where [ is orthogonal. Although formula (10.46) allows to

deal with general starting point, we will suppose for simplicity that x is at equal distance
from all the walls of C, ie Vo € A, d(z,at) = (a,z)/|a| = c. Then, a(z) = cht(a)
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where ht(a) > 0 is the sum of the coordinates of a € IT in the basis A. Noting a = ¢/v/%,
the following equivalent hold :

gp = [ [ 0@(@)/VE) ~ e(B)a Pl e P2 a5 0 — o0,

aEB

where n(B) = Y __pht(a)? and ¢(B) = (%)‘B‘/Q (ITaes ht(a))_l. Thus,

qp = o(qg) <= (n(B’) >n(B) or (n(B')=n(B) and |B'| > |B|)).

Proposition 10.4.2. The expansion up to some “order” n is given by

PAT<t)= > (~1)/® '] 6(ht(a)a) + o (a—r e—"a2/2) asa— oo, (10.47)

n(B)<n a€eB
where r = max{|B| : n(B) =n}.

For instance, let us look at formula (10.47) for “small orders” n = 1,2,3,4 in the
crystallographic cases. Here they correspond to Ay_; and Dy. In this case, ht(a) € N*

for all o € IT so that ht(a) =1 & o € A. Recalling n(B) = >z ht(a)?, we see that

n(B)=1i < (B € O(A), |B|=1i) fori=1,2,3.
Then
n(B)=4 & (Be O(A), |B|=4) or (B=/{a}, ht(a) =2).

The result can thus be written :

P.(T < t) = Mb(a) — Xab(a)® + A30(a)® — Nj0(2a) — A\f(a)* + o (a_4e_4a2/2) , (10.48)

where \; = [{A € O(A): |A]=i}| for 1 <i<4and N, = Eht(a)ZQ(—l)l({a}).

The case of A,_; can be interpreted as k Brownian particles with equal distance
¢ between consecutive neighbours. The constants in (10.48) can be explicitly com-
puted : Ay = k— 1 = (K —2)(k—3)/2, \3 = (k—=5)(k — 4)(k — 3)/6, \y =
(k—T)(k—6)(k—5)(k—4)/24 and A\ = k— 2. This extends a previous result of [OU92]
where the expansion was given up to “order” 2.

In the case of Dy, \y =k, Ay = (k— 1)(k—2)/2, \3 = (k — 4)(k — 3)(k — 2)/6 + 1,
M= (k—6)(k—5)(k—4)(k—3)/24+k—5and \, = k — 1.
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10.4.7 Expected exit times
The dihedral case

A well-known result of Spitzer [Spi58] is that E,(7") < oo if and only if m >
r, independently of x. Note that this also follows from the results of Section 10.4.6.
In particular, E,(7T") is always finite. Let us concentrate on the case of odd m. It is
impossible to get expectations directly by integrating (10.29) since the T, are not
integrable. The strategy is to use formula (10.29) to compute Laplace transforms :

m m

Eo(e ™) = (1) "Ea(e M) = (=1)" " exp(—(z,0:)V2)), A >0. (10.49)

i=1 i=1

By differentiation,

IE‘,m(Te”\T):L i(—l)il(:c,ai) exp(—(x, a;)V2X) | .
V2X \ 4

Since Y7 (=1)"}(x, ;) = 0 (cf Proposition 10.2.4), we can let A — 0 and get

m

E.(T) = (=1)'(z, ;). (10.50)

i=1

Remark 10.4.3. In fact, identifying coefficients in the asymptotic expansion of (10.49)
with respect to A — 0, we can express the moments :

QTT‘ ’l T— T
E, (T 'Z g o), 0<r <m—1. (10.51)

1+R(e%29)
2
2

metric series : E,(T) = % (w — 1) for r = re? with r > 0,0 < 0 < 7/m.
cos(m/m) ’

This formula makes good sense even if the angle « of the cone is not a fraction of 7. It

satisfies the Poisson equation Af = —2 with the correct boundary conditions so that

the exit time from the cone C,, = {x =7¢? : r>0,0<0 < a}is:

Writing cos? 6 = , the sum in (10.50) is computable using elementary geo-

2 — .
By = (0= e, (10.52)
2 Cos «

Remark 10.4.4. The formula (10.52) can be deduced from Spitzer’s results. See, for
example, Bramson and Griffeath [BG91].
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The A;_; case

Since P, (T > t) ~ Ct7#F=D/% a5 ¢ — oo (see Section 10.4.6), E,(T") < oo if and
only if r < k(k — 1)/4. In particular, E,(7) = oo for k = 2 (which is well-known) and
E.(T) < oo for k > 3. Since A, is isomorphic to I5(3), it follows from the previous
section that E,(T") = (21 —x9) (22 —x3), which can be checked directly with the Poisson
equation. Since v(a/v/t) ~ C/+/t, formula (10.32) can only be integrated term by term
if k£ > 6.

Let us first deal with the case k = 4 for which we use a kind of Laplace transform
trick again and set :

E(\) = /OO e MPL(T > t)dt , >0, (10.53)
where IP’I(T > t) = ’y(:cu/\/f)v(xgz;/\/f) - 7(x13/\/z)7(x24/\/¥) + ’7(5514/\/@7(1723/\/%)
and x;; = x; — x;. We write y(a/\/t) = (%)1/2 o e’ZQ/Qt% so that

In@ij, Tim) = /0°° 67/\t’7($€z’j/\/g)7(xlm/\/¥) dt

2 [ [T (o0 dt
- =z / / ( / eAt(zQWV%—) dzdw (10.54)
™ Jo Jo 0 t

The integral between parenthesis can be written explicitly in terms of the Bessel func-
tion Ky of the second kind (see, for example, [AS64, (29.3.119)])

4 Tij Tim
I, Tm) = ;/0 /0 Ky <\/2)\(z2 + w2)) dzdw. (10.55)

We want to let A — 0 and use Ko(z) = —log(z/2) — ¢ + (z), where ¢ is the Euler
constant and £(z) = o(x) as x — 0 (see the Bessel function formula 9.6.13). Thus

4 1
In(Tij, Tim) = - (xijxlmc()\) + 5](2%, Tim) + r(/\)) , (10.56)

where ¢(A) = —log(y/A\/2) — ¢, I(a,b) := foafob log(2% + w?) dzdw and 7(\) — 0 as
A — 0. Since x19w34 — T13%24 + T23x14 = 0 (see Proposition 10.2.4), we obtain

E\) = % (I(w12, w34) — I(w13, T24) + I (214, T23)) + 1'(N),

where 7'(A\) — 0 as A — 0. Letting A — 0 yields
Ex(T) = FQ(JZ‘l — T2,T3 — .T4) — FQ(SL’l — T3, Ty — .774) -+ FQ(JZ‘l — T4, T — .Tg), (1057)

where we can explicitly compute

2 2
Fy(a,b) = ;I(a, b) = - (3ab + (a® — b*) arctan(a/b) — ma®/2 — ablog(a® + b?)) .

(10.58)
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Remark 10.4.5. We have (0 + 0})Fy = —2 from which we can check the Poisson
equation for (10.57). The correct boundary conditions follow from Fy(a,b) = Fy(b,a)
and F5(0,b) = 0.

The case k =5 is deduced from the previous one thanks to (10.35) :

5

E,(T) = 3 (~1)''E,(Ty), (10.59)

=1
where E,(7}) is the expression (10.57) applied to (z;)1<izi<s.

Let us now consider k > 6, note p = |k/2| > 3, use v(a/Vt) = (2 )1/2 Iy 6*22/225%

and integrate (10.32) term by term :

E,(T) = Z (—1)°™ (;)pﬂ/w(/ow zz2/2ttjf2) H dzij, (10.60)

mePy (k) {i<jter
where fﬂ denotes integration over H{Kj}e7r 0, z;;]. Now, we use
o dt 20711
/ e k2t — — (9) , k>0,
0 t k1Y (g—1)

and set

2P HIT( p/2 dz
Fy(yis .. yp) = / / E ;p/Q_l, (10.61)

7Tp/2

to result in

E.(T)= Y (=1)"F,(x,), (10.62)

TEP> (k)
where 2, = (z; — ;) {i<jjer € RY.. The previous result holds for p = [k/2] > 2.

Remark 10.4.6. The formula (10.62) cannot be expressed as a Pfaffian since F, does
not have a product form.

The D, case

Since P, (T > t) ~ Ot *:=1/2 a5+ — 0o (see Section 10.4.6), E,(T") < oo if and
only if r < k(k — 1)/2. In particular, E,(7T) = oo for k = 2 and E,(T") < oo for k > 3.
The method of computation is the same as for A,_;, with the same obstacle for D5 as
for As. The general result for Dy is

E.(T) = Y (=1)™Fy(al), (10.63)
wEPs (k)

where p = |k/2] > 2, Fy, is defined in (10.58) an (10.61) and z = (x; — z;,2; +
2
Tj)gi<jyer € RY.
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10.5 A generalisation of de Bruijn’s formula

Suppose [ is consistent. For A € Z, denote dy W4 the group generated by reflections
Sa, @ € A. Denote by C4 the chamber associated to A, Cy = {x € V : Va €
A, (z,a) > 0}. We will assume that Cy is a fundamental region for the reflection
group W4, which is certainly the case if I is orthogonal or semi-orthogonal.

Proposition 10.5.1. If f : V — R is integrable, then
[ ctwiswnay=Y e 3 e [ s oo
weWw AeT wEW 4 Ca

If I is orthogonal and A = {ay,..., o} € Z, then Wy o~ (S4,) X -+ X (Sq4,)-
If I is semi-orthogonal and A = p;U...Up; € Z, then Wy =~ (p1) x - - - X (p;), where
each factor is either Z/2 or I5(4) according whether p is a singlet or a pair.

10.5.1 The dihedral case

Recall that C is the wedge of angle 7/m, a; = e/0™/m="/2) o/, = llim/m) B, = {x .
(z,05) >0}, Ef ={z: (,0}) >0} for 1 < j <m.

Proposition 10.5.2. If f : R? — R is integrable, then

L3 etw)

_ Zm ) fE f(s59)) dy if m is odd
B Z;‘n:l(_l)jil ijﬂEj’. (f(y) f(SﬂJ) f(=sy)+ f(—=y)) dy if m=2 mod 4.

10.5.2 Type A

Proposition 10.5.3. If f(y) = fi(y1) ... fu(yx) for integrable functions f; : R — R,
then

/Cdet (fiWi))ijemwy Ay - - - dye = PE(I(fi, [5))i jepy - o K 1s even and, (10.65)

k

/Cdet (fi(y;)); Jelk] dyy ... dy, = Z<_1>l+1 /Rfl Pt (I(fi7fj)>i7je[k}\{l} , if k is odd,

1=1
(10.66)
where I 1is the skew-symmetric bilinear form

I(f,g9) = / (f(y)g(2) = f(2)g(y)) dydz = / sgn(y — 2) f(y)g(z) dydz.  (10.67)
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Remark 10.5.1. This formula was first obtained by de Bruijn [dB55] using comple-
tely different methods. For a recent discussion with interesting connections to shuffle
algebras, see [LT02].

10.5.3 Type D

Proposition 10.5.4. If f(y) = fi(y1) ... fx(yx) for integrable functions f; : R — R,
then

/C det (fi(¥;)); jepy @ - - - dyx =0, (10.68)

if the functions f; are odd ;

2(k72)/2 /; det (fi(yj))mg[k] dyl . -d?/k =Pt (K(f“ fj))z’,je[k] ) (10'69)

if the functions f; are even and k is even ;

k

2(k-1/2 /Cdet (fi<yj))i,je[k] dyy ... dyx = Z(_DHI /Rfl Pt (K(fi, fj))i,je[k]\{l} )
=1
(10.70)
if the functions f; are even and k is odd ; here, K is the skew-symmetric bilinear form
1
K(f) =3 [ (F0)9) = 1ot dyiz (10.71)
y>|z

Remark 10.5.2. It is also possible to translate (10.64) into concrete terms for type B
but the formula obtained s just a special case of Proposition 10.5.3.

10.6 Random walks and related combinatorics

Let I, denote the Bessel function of index v and recall that
1
[1/ — - ) 2l+z/.
(@) ; IR

Proposition 10.6.1. Let X, ..., X be independent Poisson processes with unit rate
and write X = (X1,..., X). Denote by T the first exit time of X from C = {x € NF :
x1 >+ > x}. Then,

PT>1)= > (D [ tras(®), (10.72)

mePy (k) {i<jterm

where q,(t) = > _, 1 pi(t) and py(t) = e I,(2t).
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Proposition 10.6.1 allows us to enumerate a certain class of Young tableaux. Let
Tr(n) denote the set of standard Young tableaux with n boxes and height at most k
and write 7(n) for the cardinality of 7j(n). If f* is the number of standard Young
tableaux of shape A, then 74(n) = >y, \ < Jis

Proposition 10.6.2. The generating function of (tx(n),n > 0) is given by

Tr(N) H, if k is even,
w(®) =2 %t = { ¢ H:zét()t))) jk is odd, (10.73)

n>0

where (t) = (7i(t))1§i§k—1’ ilt) = Z;:—z‘—f—l L (t) = Io(t) 42 Z;: I(t) + 1;(t) and H,
1s the polynomial

Hy(Yi,. Yie) = Y (D) [ Y= P (vj2),

wePs (k) {i<jlemr
with the convention Y, = —Y_,.
Proposition 10.6.3.
> ern (=D pr(n) if k is even;
m(n) = fr= meh(R)L L 10.74
k(1) ngk A { Zﬂepg(k)(—l) @pl(n) if k is odd, ( )

where, for m = {{i1,i2},..., {ik—1,9%}}, p=(n) (respectively p..(n)) is the number of
lattice paths of length n (respectively at most n) in NF/2 started at x. = (|iy —

Qoly ooy |ik—1 — i)

The formula (10.73) is related to a formula obtained by Gordon [Gor83| concerning
plane partitions. Following [Ste90] we can transform this Pfaffian expression into a
determinantal expression to recover the following well-known identity of Gessel [Ges90] :

(t) o det[[l,J(Qx) + [i+j71<2x>]1§i,j§k/2 if k is even;
Yk N et det[[z_](Qx) — ]i+j(2$)]1§i,j§(k—1)/2 if k£ is odd.

Similar formulas exist for ., \ <4 sx (see, for example, [Ste90]); these can also
be obtained by our approach if one considers a slightly different class of random walks.

10.7 Proofs

10.7.1 The main result

Recall that, if o € A, then s,(IT\{a}) = T\{a}. (See, for example, [Hum90,
Proposition 1.4].) We begin with the following key lemma.



Chapitre 10. Exit times from chambers 179

Lemma 10.7.1. If K C I and o € AN K>, then soL = L, where
L={weW!': Kcwl, a¢wl}.

Proof. Suppose w € L. « being the only positive root made negative by s,,
(wl C IT and « ¢ wl) implies that s,wl C II. If a € s,wl then s,(a) = —a € wl,
which is absurd since wl C II. Hence o« ¢ s,wl. Seeing that K C wl, we get
K = s,K C sqwl. This proves that s,w € L. Thus s,L C L. Applying s, to the
previous inclusion, we get L C s, L, whence the equality. &

Lemma 10.7.2. If g: W! — R and o € A are such that g(w

= 0 whenever o € wl,
and g(w) = g(sqw) whenever o ¢ wl, then ) 1 e(w)g(w) = 0.

Proof. Applying lemma 10.7.1 with K = ¢,

Yo elwglw) = Y e(wglw)= Y e(saw)g(saw)

weWwl weW! agwl weW! agwl
== ) cwgw),
weW! ag¢wl
which must therefore be zero. &

Lemma 10.7.3. If condition (C1) is satisfied, then

weWwl! welU
Proof. By lemma 10.7.1, for any K C [ and o € AN K+,

Z e(w) = Z £(Sqw) = — Z e(w)

weW!l Kcwl,agwl weW! Kcwl,agwl weW! Kcwl,agwl

so that ZwGWI,KCwI,a¢wIE(w) =0 and

> e(w) = > e(w). (10.75)

weW!l Kcwl weW!l Ku{a}cwl

If J = {o,...,a,}, we apply (10.75) successively to (K,a) = (0,a1), (K,a) =
({1}, ag), etc, until exhaustion of J. We then obtain :

Z e(w) = Z e(w).
weWw! weWl! Jcwl

Now, hypothesis (C1) makes sure that the last sum runs over those w such that wl = I,
that is w € U. Thus, the result is proved. &
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Proposition 10.7.1. Suppose I is consistent. Then :
() Sacren= 1.
(i) If f : 7T — R and a € A are such that f(A) = 0 whenever a € A, and
f(A) = f(saA) whenever o ¢ A, then Y ,.re4f(A) =0.

Proof. If f : 7 — R then

Yo ) fwl) =) Y e(w)f(wl) = U eaf(A)

weWwl! AcT wi=A AET

since [{w: wl = A}| = |U]| for every A € Z. Hence (ii) follows from lemma 10.7.2 and

(i) follows from lemma 10.7.3 and the previous computation with f = 1. &
Proof of proposition 10.2.3. We check the boundary conditions for u(x,t) =

ZAeI EA]P)x(TA > t).

If x € C, the regularity hypothesis (10.11) guarantees that P,(T4 > 0) = 1 for all A,

which implies u(z,0) = 1 thanks to (i) of Proposition 10.7.1.

Suppose x € 9C, choose o € A such that (o, z) = 0 and set f(A) = P,(T4 > t). If

a € Athen f(A) =0. If & ¢ A then use invariance of the law of X under s, and the

fact that s,z = = to get f(saA) = f(A). u(x,t) = 0 follows from (ii) of Proposition

10.7.1. &

10.7.2 Bijection and cancellation lemmas

Lemma 10.7.4. Suppose a € A.
(i) 0: A — s,A is a permutation of {A€T: a ¢ A}.
(ii) Suppose I is orthogonal. If B € O(Il) and o ¢ B* then T : A — s, A is a
bijection from F={A€T: BCs,A} toG={Ae€Z: BC A}

Proof. (i) follows from lemma 10.7.1 with K = 0.
For (ii), suppose A € F and s,A ¢ II. Then o € A, so that s,4 = {—a} U (A\{a})
and, since —a ¢ B, B C A\{a}. This implies o € B+, which is absurd. Thus, I is
well-defined. In the same way, A — s, A is well-defined from G to F', which proves (ii).
¢

Lemma 10.7.5. Suppose I is orthogonal. If a function G(z, A), defined for x € V' and
A C D, satisfies :

(i) G(saz,A) = G(x,5,A) for a € P,

(ii) G(z,{—a}U(A\{a}) = —G(z, A) for a € A,
then F(x) = > ,c7ea4G(x, A) satisfies F(wz) = e(w)F(x) for w € W. In particu-
lar, if F is a polynomial in x then h(x) = [[,cq(w, «) divides F(x). If I is only
semi-orthogonal, the same result holds if one adds to (ii) the following property :

G(z,so{a, B U (A\{, B}) = —G(x, A) for {a, p} € A*.



Chapitre 10. Exit times from chambers 181

Proof. The proof is done for the orthogonal case but is the same in the semi-
orthogonal one, modulo obvious modification. Use successively hypotheses (i), (ii),

€s.4 = —€4 and the bijection given by (i) of lemma 10.7.4 to compute
F(sqax) = ZeA G(sqr, A) = ZEA G(z,5,A)

AeT Acl

= Y eaG@{-atuA@\{a})— > 4Gz, 5.4)
AeZ, acA A€Z,ag A

= = Y eaGa,A)— ) caG(x,A)

AeZ, acA AT, ag A
= F(x)

%
Proof of proposition 10.2.4. Define G(z,A) = [], .4(x,a) which satisfies hy-

potheses of lemma 10.7.5. Then F(z) = P(x) is a polynomial divisible by h(z) =
[I.en(z, @). Since deg P = |I| < |lI| = degh, we have P = 0. &
Proof of proposition 10.2.8. Define

G(ZL‘,A) = H (a,x)(ﬁ,m)(saﬁ,x)(%a,x) H(%V)

which satisfies hypotheses of lemma 10.7.5. Then F'(z) = P(x) is a polynomial divisible
by h(z) =[], cn(, ). Since deg P < 2|I| < [II| = deg h, we have P = 0. &

10.7.3 The dual formula

Proof of proposition 10.2.5. Let B = {f1,...,0c} € O(II). It suffices to show
that B = a;.- - .a;.B’ for some sequence a,...,a; € A and B’ € O(II) with |B'| <
|B|. If B contains a simple root « we are done because then B = «.(B\{«a}). Assume
that BNA = ¢. We can write 31 = sq, -+  Sa,a1 for some sequence ay, ..., a; € A such
that ;41 is neither equal or orthogonal to s, - -Se,; for all e = 1,...,7 — 1. Now
set B' = (8a, -+ Sa;B)\{a1}. Then B’ € O(Il) and B = .- -+ .a;.B’, as required. To
see this, set B) = a1.B" = 54,54, B and By1 = 54,,,B; fori = 1,...,j — 1. Note
that oy € By and s,, -+ Sa,01 € B; for i = 2,...,7 — 1. Since B, is orthogonal, and

a; 41 is neither equal to, or orthogonal to, s,, - - - Sa,01, it follows that a;1; ¢ B; and
hence s, , B; = a;41.5; for each i = 1,..., 5 — 1 and, moreover, that B’ contains only
positive roots. O

Proof of proposition 10.2.6. Since ), ;4 = 1, we can write

P, [T <t] = ZaAPm[TA < t].
AeT
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By the inclusion-exclusion principle,

PTa<t]= ) (-1)P"'P.Vg e B, Ty <1].
(0#BCA

Thus
PT<t]= Y  wvsP,VB€B Ty<t],
BeO(I)\{0}

{B)=1 by induction

where vg = (—=1)!PI71 37 peaea. We will prove that vp = (1)
on [(B).

The result for [(B) = 0 is just (i) of proposition 10.7.1.

Suppose that [(B) =1 > 1, write B =qy...as.a1.0. Set « =y and B' = ay_1...04.0
so that B = a.B’. We have [(B') =1 —1 and o ¢ B’ (the contrary would contradict
I(B) =1).

The first case is « € B"*. Then |B’| =1 —1 and B = B’ U {a}. Thus,

vg = (=1)BI > ea

A€T,acA, B'CA

= (Y =),

A€T,B'CA AeT

where f(A) = 1aga, prca- If o € A, then f(A) =0.If a ¢ A, then f(A) = 1p/c4. Using
a ¢ suAand s,B' = B', we obtain f(s,A) = 1pics,a = Lo, pca = f(A). Again, (ii) of
proposition 10.7.1 applies and vg = (—1)!B1-1 > eT. Brca €A = —Vpr, which concludes
this case.

The second case is « ¢ B'*. Then |B'| =1, B = s,,B’ and

vp=(-D"" Y e == Y e (10.76)

A€T, s, B'CA ACT, B'Csa A

Thanks to (ii) of lemma 10.7.4, A — s,A is a bijection from {A € Z: B’ C s, A} to
{A"eT: B'C A}, so that (10.76) transforms into vz = (—1)I% DT prea €A =
—vp and we are done. &

10.7.4 Consistency
The dihedral groups

For m odd, we take J = {a}. The angle between two roots being a multiple of
7/m, no two roots are orthogonal. Therefore, the unique extension property of Lemma
10.3.1 is trivially verified with I = J. Then, U = {id}, which guarantees condition
(C2). Thus, I is consistent and Z = {{a1}, ..., {an}} with g,y = (—1)""%.
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For m = 2m’ with m’ odd, we again choose J = {«a}. Now, the unique extension
property of Lemma 10.3.1 is verified with J = {a}, I = {a,a’ = e™%a}. Suppose
w leaves I invariant. Since [ is a basis of R2, if w fixes I pointwise, then w = id.
Otherwise, w permutes « and «’. Then, w has to be the reflection with respect to the
bisecting line of a and «’. Since /4 is not a multiple of 7/m, the latter reflection is
not in W. Hence, U = {id} and (C2) is satisfied. Writing o/ = ¢™/2(qy), I is consistent
again with 7 = {{on, o}, ..., {om, o, }} and eqq, a1y = (1)

Ak

We define p = |k/2]|. The choice of J = I makes Lemma 10.3.1 trivially verified.
The following lemma is obvious :

Lemma 10.7.6. We can characterize the sets W' and U :

Wl={oe§: Vieclp,o(2i—1)<a(20)},
U={o €8 : o permutes the consecutive pairs (1,2),(3,4),...,(2p —1,2p)}
={oeb: Ires, , Vielp,o(2i—1)=27(i) — 1, 0(2i) = 27(d) }.
Proof of proposition 10.3.1. We will use the sign function : s(x) = 1 if x > 0

and s(z) = —1 if x < 0. Let us first suppose that k is even. The sign of 0 € &, can be
expressed as

5(0):H5(0(i)_0(j)):P00P11P01P10Q7 (10.77)
j<i
where
Py = H s(o(2m —a) —o(2l — b)) fora,be {0,1}
1<m<I<p
and

Q=[] se@)—oc-1)).

1<I<p

If o € U, using notation of lemma 10.7.6,

PoPu= [[ s(r()—7(m)*=1,

1<m<i<p

PuPo= [[ s@(0)-r(m)*-1)=1

1<m<i<p

and @ = 1. So (i) is proved.
For (ii), we note that

ol = {es(1) = €5(2), €o(3) — €o(a)s - - - 1 Colk—-1) — Co(k)}
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and we define the mapping 0 from Z to Py(k) by

= {{o(1),0(2)}.{o(3).0(D},... {o(k = 1),0(k)}}.

This is well-defined since, if 0 = ¢, then o = ¢'7 with 7 € U, so

{0(2i — 1),0(20)} = {o(r(2i — 1)), 0" (+(20))}.

Since T permutes consecutive pairs (2i —1,2i), 6(cl) and 0(o’I) are the same partition.
0 is obviously injective and onto.
For (iii), notice that if 7 = {{j1, 51}, .., {Jp, J,}} With j; < j; then

(D)@ = [ s = dm)Gi = 500 = 3m) Gl = 1)) - (10.78)

Construct o by 0(2i —1) = j;,0(2i) = ji. Then 6(cI) = B and comparing (10.78) with
(10.77) yields (—1)¢™ = (o).

If £ is odd and ¢ € U, then o(k) = k so that formula (10.77) is still true and the
same proof holds for (i). 6 is given by

= {{o(1),0(2)}.{o(3).0()},.... {o(k = 2),0(k = 1)}, {o(k)} }.

As for (iii), suppose 0 € W', 0(aI) = 7 and define 7’ to be the partition 7 deprived of
its singlet {o(k)}. Then formula (10.77) must be modified into

k-1

e(o) = Poo Pr1 Po1 Pio Q H(U(k>_0(j))-

Jj=1

The first part equals (—1)™). The second is (—1)°®*! which exactly corresponds
with the number of crossings obtained by adding the pair {0,c(k)} with 0 at the left
of everything. $

Proof of remark 10.3.1. We prove the formula i(o) = ¢(m) + 2b(). Recall that

= {{j. g1} {2, o}, e G} € Pa(k), Ji < iy J1<J2 <+ <Jp
Construct o by o(2i — 1) = j;, 0(2i) = ji. We define the set of crossings of ,
Cr={(,1)€p?: i<l ji<j<j <jl}
and the set of bridges of 7,

Br={(i,l) € p]*: i<l ji <ji<j <ij}
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If (i,1) € Cr, then o(21—1) < 0(2i) and 2i < 2]—1. Hence we set ¢(i,1) = {(2i,2]—1)} C
Inv(o).

If (i,1) € Br, then 0(20 — 1) < 0(2l) < 0(2i) and 2i < 2l — 1. Hence we set ¥(i,l) =
{(2i,20 — 1), (2i,20)} C Inv(o).

We claim that :
( U ¢(i,l)) U( U w(i,5)> — Inv(0). (10.79)

(3,1)eCr (4,1)eBr

Since Cr N Br = (), the union in (10.79) is disjoint and (10.24) follows. For (10.79), we
have already proved the inclusion of the left-hand side in Inv(c).

Conversely, take (a,b) € Inv(o). Suppose a is odd, a = 2i — 1, then o(a) = j; and for
[ >4, we have j| > j; > ji > j;, i.e. 0(2l) > 0(2l — 1) > 0(2i) > 0(2i — 1). This means
that (a,b) ¢ Inv(o). Hence a is even, a = 2i.

If bis even, b =2, then i <. Hence 0(2i — 1) = j, < o2l — 1) = ji < o(2l) = j; <
0(2i) = ji, the first two inequalities being trivial and the last one due to (a, b) € Inv(o).
Thus (a,b) € ¥(i,1) and (i,1) € Br.

Ifbisodd,b=21—1,2i <2l—1and 0(2i—1) = j; < 0(2l—1) = j, < 0(2i) = j;. Two
possibilities arise : either j; < j < ji, then (a,b) € 9(i,l) and (i,1) € Br, or j; < jj,
then (a,b) € ¢(i,1) and (i,1) € Cr.

Anyhow, (a,b) € (U(i,l)GCr o(i,1)) U (U(i,l)eBr ¥(i,1)), which ends the proof. &

Dy,

We define p = |k/2]. By choosing J = {e; — e9,e3 —€4,... €51 — €, €51 + €4}
if kis even and J = {ey — e3,e4 —€5,...,€5_1 — €k, €x_1 + €} otherwise, the unique
extension property of Lemma 10.3.1 is easily checked.

Lemma 10.7.7. We can characterize the sets W' and U :

Wli={foeW: Viep,o2i—1)¢& f, 0(2i —1) < o(20)} if k is even,
Wl ={foecW: Vie[p],o(2i) ¢ f, 0(2i) < (2 + 1)} if k is odd,
U={foeW: o permutes the consecutive pairs (1,2),(3,4),...,(k—1,k);
Vi€ [p], 0(2i —1) ¢ f} if k is even,
U={foeW: o permutes the consecutive pairs (2,3), (4,5),...,(k—1,k);
Vi € [p], o(2i) ¢ f} if k is odd.

Proof. Let us do proofs for even k. Suppose fo € W1 then fo(ey 1 & eq) =
f(es@i-1)) £ f(€s(2i)) € II, which implies 0(2i — 1) ¢ f and then o(2i) > o(2i — 1).
This proves the first equality. The second one is then obvious. &
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Proof of proposition 10.3.1 for Dj. The identification between Z and P»(k) is
done via @ which sends fol = {e,@i—1) £ €s2i), © € [p]} to:

{ {{g (2i — 1),0(20)}, i € [p]} if & is even,
{{o(1)};{o(2i = 1),0(2i)}, i € [p]} if k is odd.

Since e(f) = 1 for fo € W, (C2) and €4 = (—1)°®“4) immediately come from the

analogous facts for A;_;. &
B,

We define p = |k/2|. Our choice is J = {e; — ez, e3 — €4, ..., e,_1 —ex} if k is even
and J = {e; —ea,e3—ey,..., €50 —€x_1,ex} if k is odd. Then Lemma 10.3.1 is easily
verified.

Lemma 10.7.8. We can characterize the sets W1 and U :

={0€6;: Vielp,o(2i—1)<o(26)},
U= {0 e &: o permutes the consecutive pairs (1,2),(3,4),...,(2p — 1,2p)}.

Proof. Suppose fo € W' then (1) : fo(ex—1 — €x) = f(€opi—1)) — f(er@y) € 11
and (2) fo(es) = f(es2i)) € IL. (1) implies 0(2i —1) ¢ f and then (2) yields o(2i) ¢ f.
So f = id and consequently o(2i) > o(2i—1). This proves the first equality. The second
and third ones are then obvious. &

Proof of proposition 10.3.1 for Bj. The proof of (C2) is the same as for Ay_;.
The identification between Z and Py(k) is done via 6. If k is even and A = ol =

{es2i—1) — €s(2i), €o(20); © € [p]} then
~ {{o(2i— 1)o@} i € ).
If k is odd and A = o = {e,(2i—1) — €o(2i): €o(20)s © € [P]; €xry}, then

= {{0(2i = 1),0(20)}, i € [p]; {o(F)}}.

Then, e4 = (—1)°UA) directly comes from the A;_; case. O

H3 and H4

Let us first deal with Hs, take J = {a = a —i/2 + bj, 5 = 1/2 + bi — aj}, define
v = b+ ai+ j/2. Then, I = {«,,v}. Lemma 10.3.1 is trivially verified since the
linear span of ® is three-dimensional. Now, suppose e(w) = —1 and wl = I. w acts as
an odd permutation of {«a, 3,7} so, for example, w is the transposition («, ). Thus,
w(a+f) = a+ B, wy =v and w(a — ) = —a + [, which means that w = s,_g. This
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is absurd since R(a — ) contains no root of H3. The same being true for R(ov — ) and
R(5 — =), the proof is done.

For Hy, take J = {a = —a+1/2+bj, = —1/2 —ai + bk}, define v = b+ aj + k/2,
§ = bi — j/2 + ak. Then, I = {a,3,7,5} satisfies lemma 10.3.1 since R* = H is
four-dimensional. Suppose ¢(w) = —1 and wl = I. w acts as an odd permutation of
{a, B,7,d}, so is either a transposition or a 4-cycle. A transposition is ruled out by the
same analysis as Hj, since the differences between elements of I are not multiples of
roots. If w is the 4-cycle (af7d) then consider the root A = (1414 + j + k)/2. Since
(A, @) = (v,i) = 0, we have (wA,i) = (\,7)(0,7) + (N, 0)(a, i) = (2a +2b+1)/8 ¢
{(¢,1); ¢ € ®}. Hence, wA ¢ ®, which proves that w ¢ W.

Fy

Take J = {es —e3,e4} and I = {ey — e3,€e3,€1 — e4,e4}. I is semi-orthogonal and
lemma 10.3.1 is an easy check. Suppose wl = I. Since w sends long roots to long roots
and short roots to short roots, w € e, ey1 X 8es—es,er—es}- If wes = e3 and wey = ey
then w(e; — eq) = wey — eq € {€3 — e3,e1 — €4}, which forces we; = e; and similarly
wey = eg. So w = id and e(w) = 1. If w transposes e3 and e4, we see in the same way
that it also transposes e; and ey, so that e(w) = 1.

10.7.5 Asymptotic expansions

Proof of proposition 10.4.1. Let us deal with the orthogonal case first. We start
with the formula P, (T > t) = Y, ;€4 [[.ca” (@(2)/V1). Expanding v in power

2 (=1 1

series, noting [ = |I| and a, = \/j (_)p pl(2p+1)’

we have
T 2

pr =0 = el Yo (T)

AeT acA p>0

- Y Ay e (22

A={a1,..,aqy}€Z  peN! j=1
1 2r+41
= F.(z) | — )
2l )(\/E)

where F.(z) =3 .74 Gr(x, A) and, if A= {oy,...,},

G,»(:E, A) = Z H ap, aj 2p1+1

peNL, Y pi=r j=1
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Note that, unlike the term H _, @;(x)*i %1 the previous sum only depends on A and
not on the enumeration oy, ..., q of its elements so the notation G, (z, A) is legitimate.
Now, lemma 10.7.5 applies to F,.(z) which is a polynomial of degree 2r + [ so that
Fo(z) =0if 2r+1 < nand Fy,(7) = h(z) E)(x) if p > 0 where E (z) is a W-invariant
polynomial of degree p. Since F;. has degree 2r +1 and n =1 mod 2, E, =0 if p is odd
and we set E, = Fj, to conclude the proof.

In the semi-orthogonal case, we will call m (resp. [) the number of pairs (resp. sin-
glets) of I*, so that |I| = 2m+1. Whenever we write a pair (¢, (3), it will be normalized so
that it is isometric to (e — es, €2), so that P, (T 5 > t) = H ((z, 0 + )/ V1, (z, 8)/Vt)
with H defined in (10.42). So, writing (z, « + 3) = zug, (z, ) = 2 and (z,7) ==z

PT>1) = Yoea [[ D am <xa5xﬁ)2p+1<(\/§)2q_(%)2q>

AeT (a,8)€A* p,q>0

- Z(x)

{’Y}GA s>0

- Srw (%)

r>0

where Fi.(x) = Y ;o7 €4G, (2, A) and, for A* = {(a1, 51), .-, (Qm; Bm), {1} - At

m
_ 2p;+1 2q; 2q; p2sitl
- E : H (pjq; (xa]ﬂj xﬁj) ( Lo;8; — L, asz v

p,q,s8 j=1

where the sum runs over those p, ¢ € N™, s € N' such that 4|p|+2|q| +2|s|+2m+1 = r.
Again, the previous expression does not depend on the enumeration of pairs (o, 3;)
or of singlets {7;}. Now,

2pj+1 (x2f1j 2q; )

(xajﬁj xﬁj) a;8; — T,

is sign changed when z is replaced by s,,r or sgx, so that lemma 10.7.5 applies to
F,(x) which is a polynomial of degree r, null when r < n and divisible by h otherwise.
Write Fj,n(7) = h(z)E)(x) for p > 0. We remark that F,. = 0 if r # [ (mod 2). Since
n = [ (mod 2), E/(z) = 0 if p is odd. Hence the conclusion with F, = Fj,. O

Remark 10.7.1. Actually, (10.44) can be directly obtained by expanding each term in
(10.9) as a power series in t. As in the previous proof, the factor h(x) appears thanks
to the skew-symmetry coming from the alternating sum over W. This approach gives
an alternative expression for the polynomials E,.
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10.7.6 de Bruijn formulae

Proof of proposition 10.5.1. Without loss of generality, we can assume that
f is continuous and compactly supported, since these functions are dense in Lq(V).
Integration of formula (10.8) yields

(T >1) / Z w)p(z, wy) dy.
weW
For A € Z, we have similarly
o(Ta > t) / w)py(@, wy) dy.
Ca weW 5
Now, using formula (10.10), we get
/ Z w)pe(x, wy dy—Za‘A Z s(w)/ pe(z, wy) dy.

Cwew Aez wEW 4 Ca

Integrating this with respect to f(x)dx and using Fubini’s theorem,

/ > e(w)Pflwy)dy=> ea Y e(w) /CA P, f(wy) dy,

weWw AeT weW 4

where P, f(z) = [ f(z)pi(x, z) dz is the Brownian semi-group. Now let ¢ — 0 in the
above formula and use the fact that P,f converges in Li(V) to f to get the result.

type A

Proof of proposition 10.5.3. Let us suppose k is even. Z is identified with P (k).
If A €7 corresponds with m € Py(k), then

ne{£1}" —w, = H T;}U e Wy
{i<j}ter
is an isomorphism, where 7;; is the transposition of 4 and j and n;; = (1 —n;;)/2. Then,
C'4 corresponds with
Cr = ﬁ{i<j}67r{y DY > yj}-
Since f(y) = H{Kj}eﬂ fi(yi) f3(y;), we have

fogw)= 1 fwfiw)  T1 £l

{i<j}em,ni;=1 {i<j}em, niyj=-1
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Thus, the right-hand side of (10.64) reads

> 11 ThJ/ I rwnw) 11 fw)fiw)dy

ne{+1}7 {i<j}en Cn ficjyem mj=1 {i<jlem m=-1
SO0 F:9)£5(2) dyd L/m F:(2) f3(y) dyd=
ne{£1}" {i<jten,nij=1"Y>% {z<J}e7r nij=—1
- ( / 1) £3(2) dyd= — / 1) f5 dydz) =TI 1t
{i<j}en {i<j}en

On the other hand hand, the left-hand side of (10.64) is

/ Z Hfi(ytf(i)):/cdet (fi(yj))i,je[k] dy,

ceSy

which concludes the proof. The case of odd k is treated similarly. &

type D
Proof of proposition 10.5.4. A first remark is that

/Cdet (fi(Y3))i jepy dy =0

for odd functions f; : R — R, 1 < ¢ < k. This can be seen by the change of variable
Yr — —yi which leaves C' invariant and changes the sign of the determinant in the

previous integral. So we deal with even functions f; and suppose k is even. 7 is identified
with Pa(k). If A € T corresponds with © € Py(k), then

() € {1} x {137 = w, = [[ 7} (=7)™ € W

is an isomorphism, where 7;; is the transposition of i and j and n;; = (1 — 1y)/2,
mi; = (1 —1;;)/2. Then, C4 corresponds with

C17r = m{i<j}€7r{y Y > |y]|}
Writing ] for H{Kj}@r,

flwyy) = H fi(yi) f3(y5) H fi(=vi) [i(=y;)

I f=vri=v)  I1 Fw)fiw).

nij=1,17;i;==1 nig=—1,7;;=1
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Since the f; are even, >y &(w) fCA f(wy) dy can be expressed

> Hnijﬁz‘j/C 1T s i) T1 AWt dy

n, ne{£1}™ T Mig="Nij Nij=—"ij

!/

=2 3" ] fi<y>fj<z>dydzAH - / fi(2) f(y) dyd-=

{1} fiy=1 " v> 7] Nij=—

— 9l H K(fi, f;)-

{i<jtern

Hence, the right-hand side of (10.64) is
2N (=™ I K i)
TEP> (k) {i<jtem
On the other hand hand, the integrand of the left-hand side of (10.64) is

25(0) Z HTmei(ni?/o(i))

ceBy ne{—l,l}k

{ddet (Filus) + fil=93))sepy + et (i) = Fi(=93))sjep

= 2k71 det (fl(y]))z,je[k] )
which concludes the proof. The case of odd k is treated similarly. %

1
2

10.7.7 Random walks and related combinatorics
Proof of proposition 10.6.1. Formula (10.13) reads
P (T>t)= > (=) J] Pu(Xi—X;>00n]01).
TEP> (k) {i<jlenr

Under P,, X; — X, is the simple symmetric continuous-time random walk of rate 2
started at z; — ;. Now recall that, if Z is a simple symmetric continuous-time random
walk of rate 2 started at 0, the fixed-time marginals can be computed :

P(Z(t) =z) =p,(t) z € Z, (10.80)

and there is an analogue of the classical reflection principle :

T

P(Z does not reach = before time t) = ¢,(t) = Z m(t), x € N, (10.81)
l=—x+1
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which concludes the proof. &
Proof of proposition 10.6.2. In (10.72), let us specialize the starting point x to
bed=(k—1,k—2,...,1,0). If k is even, each m € Py(k) has k/2 blocks, so that

Ps(T >t)=e* > (=) [ v=ilt) = e Hy (y(t)). (10.82)

TEP> (k) {i<jten
If k is odd, each m € Py(k) has (k — 1)/2 blocks, so that

Ps(T > t) = e *= D Hy (4(1)) . (10.83)

43

Now, introduce the “weak” chamber Q = {x : x; > -+ > x;} and the associated exit
time for X, Ty. By translation, we have Ps(T" > t) = P(Tq, > t), where P governs the
process X starting from 0. If we denote by N; the number of jumps of X before time
t, then
P(To > t) = Y P(Tq > t| N, =n)P(N, = n).
n>0

Now, (Ny,t > 0) is a Poisson process of parameter k, so P(N; = n) = e *(kt)"/n!, and
P(To > t| Ny =n) = P(£(1),...,&(n) € Q), where (£(7),7 € N) is a random walk in
N, starting at 0, with increments uniformly distributed on the canonical basis vectors
{e1,...,er}. Hence,

1
P<Tﬂ>t‘Nt:n):ﬁ | { paths 0 7~ A" 7o 7 A"},

where X', ... A" are partitions with at most k parts and 2 ~ X means that ) is obtained
from p by adding a box. Seeing the bijection between such sequences of partitions and
elements of 7;(n), we eventually have

P(Tq > t) = e My,(t), (10.84)

which concludes the proof. &
Proof of proposition 10.6.3. Follows from proposition 10.6.2 by de-Poissonization.

¢

10.8 Appendix

10.8.1 A direct proof for Aj

For curiosity, we include a direct proof of formula (10.34) for k£ = 4, involving
only probabilistic arguments about path reflections. This proof applies to any strong
Markov process X with continuous trajectories and invariant in law under &y. Let us
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first recall how this is done for £ = 3, in which case the argument comes from [OU92].
We have X = (X1, X5, X3) € R® and we will refer to X; as the particle 7. Define :

Ty = inf{t: Xi(t) = X;(t)}, By ={T;; <t}, qj =P(Ey), T =inf T;;.
ij

Our goal is to compute P(T' < t). Since F13 C Eip U Fag, it follows that P(T < t) =
P(E12UFEs3) = q12+qas —P(E2, Ea3). Now, we split according to the first collision and
then use the strong Markov property and the invariance in law under any permutation
of the particles to switch two particles after their first collision :

P(Ey, Eys) = P(Eig, Egs, T =Tio) + P(Ehg, B, T = Ths)
= P(E, B3, T =Tio) +P(Es, By, T = Ths)
= P(E;3,T =Ti) +P(Es,T =Ty) =P(E3).

Hence, P(T < t) = q12 + g23 — q13- This is consistent with (10.17). Then, we easily get

P(T > t) = pi2 + paz — pi3.
For k = 4, let us keep the same notations and the same reasoning :

P(T'<t) = P(E;pU EyU E3y)
= Q12 T Q23 + Q34 — P(Em, E23) - P(EQ?,, E34) - P(Em, E34)
+P(Eh2, Egs, F3y)
= Q2+ Qo3 + @34 — Q13 — Qo4 — q12G34 + P(E12, Ebs, E34),
where we used independence and the previous result for three particles. Now, denoting
E' = E19sNEyNEsy, P(E') can be split into P(E', T = T15)+P(E', T = Tos)+P(E', T =
T34). Then, switch particles 1 and 2 after 775 to get
P(E' T =Tys) = P(FEi, Ei3, E3, T =T1s)
= P(E3, B34, T = Tho)
= P(Ewu, T = Ty),

where we used the result for £k = 3 to obtain the last line. Similarly,
P(E, T = Ty) = P(Ewa, T = Ty).
Now, the term P(E’, T = Th3) is dealt with by switching particles 2 and 3 after Tog,

]P)<E/7T = T23) == IP)(E137E237E247T == T23)
= P(E137 E247 T = T23)
= P(Ei3, Ey) — P(Eis, By, T = Tho) — P(E13, By, T = T5y).
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Again, use independence and exchange particles 1, 2 after T}, as well as particles 3, 4
after Ty,

P(EI, T23) = (13924 — P(Ezz, FEy, T = T12) - ]P(E147 Eys, T = T34)
= q3qos — P(Ea3, By, T # Th3)
= qu3qas — P(Ea3, E1y) + P(Eos, By, T = Tos)
= Q324 — Q23qua + P(Ew4, T = T3).

Gathering terms,

P(FE1s, Fas, F34) = qua + q13G24 — @23G14,

which, in turn, yields

P(T <t) = qia + qo3 + @34 — (13 — Q24 + G1a — Q12434 + Q13G24 — G14G23-

This is consistent with (10.17) and we easily get

P(T > t) = p12psa + P1aP23 — P13P2a-

10.8.2 The Pfaffian

If car K # 2, any skew-symmetric matrix A € M,,(K) can be written A = PDP"
with P € GL(n,K), D = diag(By,...,B,) and B, = 0 € Kor B, = J = (j —
i)1<ij<2 € Ma(K). Hence, if n is odd, det A = 0. If n is even, one can use the previous
decomposition to prove

Proposition 10.8.1. There ezists a unique polynomial Pt € Z[X;;,1 < i < j < n]
such that if A = (aij) is a skew-symmetric matriz of size n, det A = Pf(A)? and
Pf(diag(J,...,J)) = 1.

The Pfaffian has an explicit expansion in terms of the matrix coefficients :

Proposition 10.8.2.

Pf(A) = Z (—1)™ H a;j = m Z e(o) ﬂao(i)a(iﬂ)-

TEP>(n) {i<j}en €GB,

For more on Pfaffians and their properties, see [GW98, Ste90].
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Chapitre 11

Exit problems associated with
affine reflection groups

Abstract : Let T be the exit time of a Markov process X from the alcove of an
affine Weyl group. If the law of X is invariant under W, we give a general formula for
the distribution of 7. Applications are explicitly given in the different type cases. In
the type Ax_1, a striking feature is that the validity of our approach is limited to even
k, the case of odd k (corresponding to the equilateral triangle for k& = 3) remaining
most mysterious to us.

11.1 Introduction

The distribution of the exit time of Brownian motion from the semi-infinite interval
(0,00) C R is well-known and obtained by application of the reflection principle. More
generally, we can replace (0, 00) C R by some convex cone C C R” called a chamber and
which is the fundamental region of a finite reflection group. Results in this direction
are obtained in [DOO04], which is Chapter 10 of this thesis.

Now, in the one-dimensional case, there is another type of interval for which the exit
time distribution is also given by a reflection principle, namely the bounded interval
(0,1). Indeed, if B denotes one-dimensional Brownian motion and 7" its exit time from
(0,1), then

$(a,t) :=Po(T > ) => (P, (B €2n+(0,1)) =P, (Bi€2n—(0,1))). (1L.1)
nez
A relevant multi-dimensional generalization of this result consists in replacing (0, 1)
by a bounded domain A called an alcove and which is the fundamental region of an
affine (infinite) Weyl group. The aim of this note is to present the formulae for the
distribution of 7T in this case as well as a very convenient language that allows to
transfer the proofs directly from [DO04] (Chapter 10 of this thesis) into our context.
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11.2 The geometric setting

11.2.1 Affine Weyl groups and alcoves

Let V be a real Euclidean space endowed with a positive symmetric bilinear form
(x,y). Let ® be an irreducible crystallographic root system in V' with associated re-
flection group W. Let A be a simple system in ® with corresponding positive system
®* and fundamental chamber C = {z € V : Va € A, (o,x) > 0}. Denote the re-
flections in W by s, (a € ®). We will call ®¥ the set of coroots oV = 2a/(a, a)
for « € ®. Then, L := Z—span of ®" is a W-stable lattice called the coroot lattice.
The affine Weyl group W, asociated with ® is the group generated by all affine re-
flections with respect to the hyperplanes H,, = {z € V : (z,a) = n}, a € &,
n € Z. Alternatively, the elements of W, are all 7(l)w, where w € W and 7(l) is the
translation by [ € L. Such a decomposition is unique and gives a semi-direct product.
For w, = 7(l)w € W,, we define e(w,) := ¢(w) = det(w). The fundamental alcove is
A={zeV:Vaed" 0< (r,a)<1}={zeV: VaeA 0<(z,a) (z,a) <1},

where « is the highest positive root.

11.2.2 Affine root systems

We refer to [Kan01] for this formalism although we use slightly modified notations
for the sake of consistency.

Definition 11.2.1. The affine root system is ®, := ® x Z. If A = (a,n) € ®,, we
define N(z) = A\a := (a,z)—n, Hy :={x €V : Ao =0} = H,,, and s, the reflection
with respect to Hy.

We also define the action of w, = T(l)w € W, on an affine root A = (a,n) € ¢, by
we(A) = (wa,n + (wa,l)) € @,.

In this way, we have w,H) = H,, ) and sy(z) = x — A(z)a"” if A = (a,n). The
isometry property of elements of W extends to w,(\).z = \w,(x) for w, € W,, A €
G,z e V. If A= (a,m), p = (G,n) € ,, we write A L p to mean that (a,3) = 0
and, for X C ®,, we define

OX)={YCX: VAX#peY, A1 u}

Moreover, the usual properties of a reflection are preserved : sy(\) = —\ and s)(u) = u
it AL p.

Definition 11.2.2. The affine simple system is A, = {(a,0), a € A; (—a,—1)} and
the corresponding positive system is 7 := {(a,n): (n =0 and o € ®*) orn < —1}.

This definition is taylor-made so that
A={zeV:VAed \Nz)>0}={zeV: VXA, \z) >0}
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11.3 The main result

11.3.1 Consistency

The material here is almost the same as that of Section 2.1 in [DO04] (10.2.1 in
Chapter 10 of this thesis). For I, C @}, we define Wle := {w, € W, : w,I, C &}
and Z, == {A = w,1, : w, € Wl}.

Definition 11.3.1 (Consistency).  — We will say that I, satisfies hypothesis (C1)
if there exists J, € O(A, N 1,) such that if J, C A € Z, then A = I,.
— We will say that I, satisfies hypothesis (C2) if the restriction of the determinant
to the subgroup U, = {w, € W, : w,I, = 1,} is trivial, ie Yw, € U,, e(w,) = 1.
— We will say that [, satisfies hypothesis (C3) if Z, is finite.
— I will be called consistent if it satisfies (C1), (C2) and (C3).

Condition (C2) makes it possible to attribute a sign to every element of Z, by
ea = e(w,) for A € T, where w, is any element of W/ with w,I, = A.

11.3.2 The exit problem

Let X = (X;,t > 0) be a Markov process with W,-invariant state space £ C V,
infinitesimal generator £, and write P, for the law of the process started at x. For
A € ®F call Ty the hiting time of Hy, T\ = inf{t > 0: A(X;) = 0}. For A C &} write
Ty = minyey T, and set T' = Tx,. Note that T is the exit time from 4. Assume that
the law of X is W,-invariant—that is,

P, o (weX) ™ =Py,.0X .

We also suppose (as in 10.2.1) that X is sufficiently regular so that :
(i) up,(x,t) = P.(T;, > t) satisfies the boundary-value problem :

ur, ru { ur,(x,0)=1 ifz € O, :={yeV: VYA€, \y) >0},
= Luy,

ot ur,(x,t) =0 if 2 € 00,.
(11.2)
(i) u(z,t) =P.(T > t) is the unique solution to
ou u(z,0)=1 if x € A,
o~k { w(z,t) =0 if x € DA (11.3)

Then, we have

Proposition 11.3.2. If I, is consistent, then the exit probability can be expressed as

P, (T >t) =Y ealPu(Ta >1). (11.4)
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11.4 The different types

11.4.1 The Ek_l case

In this case, W is &;, acting on R* by permutation of the canonical basis vectors,
V=Rror{zeR: Y, 2;,=0},A={e;—e1, 1 <i<k—1} a=¢e —e, A=
(zeV:ldaz,>x > ->x}, 0 =aforac®and L={deZ: " d =0}
For even k = 2p, we take I, = {(e2;_1 — €2;,0), (—e2;—1 +ea;, —1); 1 < i < p}. Then I,
is consistent and Z, can be identified with the set P»(k) of partitions of [k] as shown
in the following example for & = 4. Under this identification, the sign €4 is just the
parity of the number ¢(7) of crossings.

NN

1 2 3 4
™= {{172}7 {3’4}}
A ={(e; —e4,0),(e2 — e3,0),
(—e1 +eq,—1),(—ea+e3,—1)}
e(r) =0

TN

1 2 3 4
m={{1,2},{3,4}}
A={(e1 —e3,0), (e2 — €4,0),
(—e1+es, —1), (—ex +e4,—1)}
c(m)=1

1 2 3 4
T= {{172}7 {3’4}}
A={(e; —e2,0),(e3 — e4,0),
(—e1 +ea,—1),(—e3+e4,—1)}
e(r) =0
Fi1Gc. 11.1 — Pair partitions and their signs for Avg.

Hence, the formula can be written as

PT>t)= > (=) [ By =Pf Gis) e (11.5)

TEPs (k) {i<j}ter
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where Dj; = Po(Tie,—e;0),(—este;—1) > 1) =Po(Vs < 1, 0 < XI— X7 < 1) = p(x; —xj, 2t).

For odd k, our results don’t appear to apply. Indeed, the same choice of I, is no
longer consistent (see Remark 11.6.1), ie the sign €4 is not well-defined. The difference
between even and odd k can be seen directly at the level of pair partitions : if you
interchange 1 and k in the blocks of m € Py(k) (which corresponds to the reflection
with respect to {1 — x; = 1}, which is the affine hyperplane of the alcove), this will
change the sign of 7 if £ is even while it won’t affect the sign if £k is odd. The case of
the equilateral triangle is Ay, so it unfortunately corresponds to k& = 3 and we have
no formula for this case! This seems rather mysterious to us, especially since an ex-
plicit formula for the expected exit time E,(7") is known in this case and related to a
well-known ruin problem for three gamblers (see [AFR] for example).

11.4.2 The ék case

In this case, W is the group of signed permutations acting on V = RF, A =
{2¢e,6i —eip1, 1 <i<k—1},a=2e;, A={z€R": 1/2> 2, > ---> 12, >0} and
L =7k
For even k = 2p, we take

I, = {(e2i—1 — €2,0), (2e9;,0), (—2e9,_1,—1); 1 <@ < p}.
For odd & =2p + 1,

I, = {(eai-1 — €2;,0), (2e2;,0), (21, 0), (—2€2i-1, —1), (—2¢;, —1); 1 <i < p}.

Again, Z, can be identified with P»(k) and the formula is :
PAT>t)= > (-1 pmy [ pu (11.6)
TeP>(k) {i<jterm
where
pij = ]P)x(T(ei_ej70)7(_61._,_61.7_1)7(@].70) > f}) = ]P)x(vs < t, 1/2 > st > Xg > O),
Di = ]P):B(T(Qei,O),(—Qei,—l) > t) = ]P)lv(vs <t, 1/2 > X; > 0)7

and s(7) is the singlet of 7, the term py(~) being absent for even k.

Everything can be rewritten in terms of Pfaffian :
Pt (pij); ; if k is even,
Po(T >t) = & 1_1({’ it o
Zl:1<_1> yoi Pt <pzj>z,j€[k]\{l} if k£ is odd.

Remark 11.4.1. This formula can be obtained directly by applying the exit time for-
mula for the chamber of type Cy (the same as By ) to the Brownian motion killed when
reaching 1/2. But it was natural to include it in our framework.

(11.7)
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11.4.3 The Ek case

W is the group of signed permutations acting on V = R¥, A = {ep, e; — €41, 1 <
i<k—1}&—€1+€2, —{IGRki.T1>"'>SCk>0,SC1+SC2<1}aHd
L={deZF: > .d;is even }.

For even k = 2p, we take
I, = {(€e2i-1 — €2;,0), (€2;,0), (—epi—1 — €2, —1); 1 < i < p}.
For odd k =2p + 1,
I, = {(e2i-1 — €2,0), (€2;,0), (—eai—1 — €25, —1), (ex,0), (—ex, —1); 1 < i < p}.

In this case, the formula is :

]P)x<T > t) = Z ( ps(ﬂ H Dij (11'8>

nePy (k) {i<jler

where

pij = Px(T(ei—€j70)v(_8i—€j7_1)7(ej,0) >1) =Py(Vs <t 1- Xg > X; = Xg > 0),
pi = Po(T(e 0 (erm1) > 1) =Pu(¥s < t, 1> X[ >0)

and s(m) denotes the singlet of 7, the term py(r) being absent for even k.
Everything can be rewritten in terms of Pfaffian :

PE(Dij); jem if k is even,

Po(T > 1) = Pl o 11.9

11.4.4 The ﬁk case

W is the group of evenly signed permutations acting on V = RF, A = {e; —
€ir1,€k-1 + €, 1 <1 < ]{7—1} a=e +e, A= {l‘ € RF . Ty > 0 > T >
x|, 214+ 29 <1} and L={d € Z*: >, d; is even }.

For even k = 2p, we take

I, = {(e2i—1 — €2;,0), (—ei—1 + €5, —1), (€2i—1 + €2;,0), (—e2_1 —eq,—1); 1 < i < p}.
For odd &k =2p + 1,

I, = {(e2 — €2i+1,0), (—ea; + €241, —1), (€2 + €2i41,0), (—e2 — €211, —1); 1 < i < p}.
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The formula then becomes :

P T >t)= > (=) [ #y (11.10)

TeP>(k) {i<j}em
where
ﬁij = Px(T(eifej,0),(—ei+ej,71),(e¢+ej,0),(7e¢fej,71) > t) = pz] f?ij,

Pij P.(Vs <t 1> X! — X! >0)=¢(z; — x;,2t),
Dij = Pu(Vs<t, 1> X!+ X! >0)=¢(x; + x;,21).

Everything can be rewritten in terms of Pfaffian :

Pt (Dij); jem if k is even,

Po(T'>1) = e o 11.11
( ) { Zf:l(_l)l ! Pt (pij)i,je[k]\{l} if k£ is odd. ( )

11.4.5 The 52 case

Here, V. = {z € R* Y, 2; = 0}, &t = {e5 — e1,e3 — ea,€1 — €3, —2¢1 + € +

€3, —2ey+ ey +eg,2e3 —ep —ea}, A =2e3 —e; — ey, A ={e; — ey, —2€; + €3+ €3} and
L={deV :Vi 3d; € Z}.
We take I, = {(e1 —e2,0), (—e1 +e2,—1), (2e3—e1 —e5,0), (—2e3+ €1 + €2, —1) }, which
is consistent and we can describe Z, = {I,, A1, Ao} with A; = {(e3 — €1,0),(—e3 +
€1, —1), (—262 +e; + €3, 0), (262 — €1 — €3, —1)}, €Ay = —1, A2 = {(63 — €9, 0), (—63 +
€2, —1), (—261 + €2 + €3, O), (261 — €9 — €3, —1)}, €Ay = 1.

In this case, the chamber A is a triangle ABC with angles (7w /2,7/3,7/6) as repre-
sented in Figure 11.2. If T denotes the exit time from the region R of the plane and
P(R) = P,(Tr > t), then the formula in this case is

P(ABC) = P(ADEF) — P(FJCG) + P(FHCI), (11.12)

where ADEF, FJCG, FHCI are rectangles, as shown in Figure 11.2.

11.4.6 The ]:il case

Recall that V =R* & = {e;e;, 1 <i<j<4;e;,1<i<4; (eykertestes)/2},
A = {ey —e3,e3 —eyg,eq,(e1 —ea —e3 —e4)/2}, & = e + ey and L = {d € Z* :
>, d; is even }.
I, .= {(ex —e3,0),(—ea + €3, —1), (1 — €4,0), (—e1 + e4,—1), (e3,0), (e4,0)} turns out
to be consistent.
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C
'H
D
A
I J
E
F

FiG. 11.2 — Tiling associated with ég

11.5 Expansion and expectation for the exit time
in the A,_; case

We will use the following expansion for the exit time 7{g ;) of one-dimensional Brow-
nian motion from (0,1) :

d(x,t) = Pp(Ti0n) > t) = Z ce M sin(7lx),
1€0

where O = 2N + 1 (O is for "odd”), ¢; = 4/(I7), Ny = (I7)?/2 (see [Bas95]). Inserting
this in (11.5) and noting m = k/2 € N, z;; = z; — ;,

P(T >t) = Z (—1)cm H (Z clez)‘ltsin(ﬂl:cisjs)>

m={{is<js}, 1<s<m} s=1 \I1€0
m
(212 .
= E (—1)cm E e (it Hm)tHcls sin(mlsz;, ;. )-
r={{is<js}, 1<s<m} leom s=1

Now, for 7 = {{is < js}, 1 <s < m}, define

G(z,m)= ) ﬁ o, sin(wlszi,j,),

1e0™, N(l)=r s=1

where N(I) =13+ ---+ % and
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Remark that the sum defining G,(x, ) runs over a &,,-invariant set of indices and,
thus, does not depend on the enumeration of the blocks of 7 but only of 7 itself. With
those definitions, we can write

(T > 1) Ze*“ "R (x (11.13)

As for expectations, we have
E.(T) = / P.(T > t)dt
0

r
22m

B C(ﬂ 1 sin ( 7Tl xzs]s) 11.14
o m+2 Z Z 2 ( ) )
s cePa(k) lcom lllz -+ l )

When k£ =2, m = k/2 = 1, the previous formula becomes

4 si 2n +1 1
Z = (rl2n + 1)ara) = —x15(1 — z12), 0 <z =21 — 29 <1,

B.(T) =2 2n+1)3 2

neN

which is a well-known formula in Fourier series.

Let us come back to formula (11.13). F,. appears as an eigenfunction for half the
Dirichlet Laplacian on the alcove and the associated eigenvalue is —72r. But a general
formula for eigenfunctions and eigenvalues is known for crystallographic groups (see
[Bér80]) and expressed as an alternating sum over the group elements. Our result
yields an alternative formula, expressing eigenfunctions as an alternating sum over
Z, ~ P5(k). In particular, the smallest eigenvalue is known, from general theory (see
[Bér80]), to be —27r2|p|2, where p is half the sum of the positive roots,

Z a—— —@2m—1),-2m—=3),...,—1,1,...,2m —3,2m — 1),
a6¢+

in the Zk_l case, with & = 2m. Thus, the smallest eigenvalue is —m?r, with ry =
k(k —1)(k +1)/6. We indicate a simple and direct lemma to recover this result :

Lemma 11.5.1. The function

= Hsin (m(z; — xj)) (11.15)

is an eigenfunction for AJ2 with Dirichlet boundary conditions on the alcove A with
associated eigenvalue —w?ry where ro = k(k — 1)(k + 1)/6. Since H is positive on A,
—m2rg is the smallest eigenvalue.
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Consequently, the first terms in (11.13) cancel and (11.13) can be written :

[e.9]

P (T >t)=)Y e " "F(x). (11.16)

r=rg

Remark 11.5.1. It can be noticed that all F,. are divisible by H in the ring of trigo-
nometric polynomials. Indeed, we have the following

Lemma 11.5.2. If F(X) = F(Xy,...,X,,) is a polynomial in the (sin X;, cos X;)1<i<m
such that

then there exists a polynomial G(X) in the (sin X;, cos X;)1<i<m such that
F(X) =]]sin(X; - X;) G(X).
i<j

We can appeal to Lemma 10.7.5 in the case of Agx_1 to see that F,.(x,) = (o) F,(x),
so that F,.(z) = 0 if x; = x; fori # j. It is also clear that F,(z+1y) = (=1)2¥% F.(x) if
y € ZF. Those two properties just express the fact that eigenfunctions are alternating
under the action of the affine Weyl group, which is well-known. Thus, Lemma 11.5.2
applies with X; = wx;.

11.6 Proofs

11.6.1 The main result

All the formalism of affine root systems has been set for the proofs to be the same
as those in [DO04] (Chapter 10 of this thesis). Therefore, we only state the lemmas
(without proofs) to show how they have to be modified in this context.

Lemma 11.6.1. If K, C I, and A € A, N Kj, then s\L = L, where

L={AecZ,: K,CA \¢ A}
Lemma 11.6.2. Suppose (C3) is satisfied and f : T, — R, X € A, are such that
f(A) = 0 whenever A € A, and f(A) = f(srA) whenever X & A, then ) ,.; eaf(A) =
0.

Lemma 11.6.3. If conditions (C1) and (C3) are satisfied, we have : ) ,.; €4 = 1.
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11.6.2 The lekal case

Let us first determine Z,. If w, = 7(d)o € W=, then
Wa{(egi-1 — €2;,0), (—e2i-1 + €gi, —1)} =

{(60(2%1) — €5(2i), n)7 (—60(21'71) + €5(2i), —1- “)}7

where n = dy(2-1) — do(2s). Thus, n < 0 and =1 —n < 0,ie n € {0,-1}. If n = 0,
da(2i—1) = dg(gi) and O'(Qi — 1) < O'(Qi). Ifn= -1, dg(gi_l) = da(Qi) — 1 and O'(Qi — 1) >
0(27). In any case,

wa{(e2im1 — €2;,0), (—egi_1 +eg, —1)} =

{(emin(o(2i-1),02i)) — Emax(o(2i-1),0(2i))> 0) (—Emin(o(2i-1),0(2i)) + Emax(o(2i-1),0(2i)> —1)}-

Thus, the identification between 7 = {{i; < 5}, 1 < < p} € Py(k) and A =
{(e;,—e€j,,0), (—ei,+ej,,—1); 1 <1 <p} € Z,. Then, we take J, = {(e2—1—€2;,0); 1 <
i <p} e O(A,). From the previous description of Z,, (C1) and (C3) are obvious. Now,
it is clear that

U, ={7(d)o : o permutes sets {1,2},{3,4},...,{k — 1,k} and Vi < p,

(dg(gi_l) = do—(Qi)7 O'<2’l — 1) < 0'(22)) or (dg(gi_l) = dg(gi) — 1, 0'(22 — 1) > O'<22))}

Thus, if 7(d)o € U,, we can write 0 = 0109, where o, permutes pairs (1,2), ..., (k—1, k)
and o, is the product of the transpositions (o(2i — 1),0(2i)) for which dy2i—1) =
dy2iy — 1. Then, e(oy) = 1 from [DO04] (Chapter 10 of this thesis) so that (o) =
e(o1) = (=1)™, where m = |{i : dyi—1) = do(2i) — 1}|. But, since d € L,

P

0 = Y dj=) (dogi-t) + doz)) (11.17)
j i=1
=2 ) depn+2 > do(2i) — ™, (11.18)
1, dg(2i—1)=do(21) 1, dg(2i—1)=do(25)—1

which proves that m is even. Hence () = 1. The fact that e4 = (—1)™) comes from
the analogous fact in [DO04] (Chapter 10 of this thesis).

Remark 11.6.1. In the case of odd k = 2p + 1, the same discussion carries over by
adding singlets to the pair partitions and with o(k) = k if 7(d)o € U,. But equality
(11.17) is no longer valid, which explains why the sign is not well-defined for such k..
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11.6.3 The Ek case

Let us first suppose k is even, k = 2p. Suppose d € L, f is a sign change with
support f and o € & such that w, = 7(d) fo € Wle. Then,

wa{ (622‘71 — €2, 0); (621'7 0)7 (—622‘71 — €24, — } { ( €o(2i— 1) f(eo(%)>7m - n) )

(flea@n)in) s (=fleozi-n) = fleaz), =1 =m —n) } := 8,
with m = f(0(2i — 1))dg(2i—1) and n = f(0(27))dy(2;). Thus, m —n <0, n <0, -1 —
m —n < 0, which forces m = n = 0orm = —1,n = 0. If m = n = 0, then
f(e(,(gi_l)) — f(e(,(gi)) c (I)+, f(eg(%)) € (I)+, which 1mphes 0'(22 — 1),0’(22) ¢ 7 and
0(2i—1) <o(2). if m=—1,n=0, then —f(es2-1)) — f(es2)) € T, f(err2i)) € P,
which implies 0(2i — 1) € f, 0(2i) ¢ f and 0(2i — 1) < ¢(2i). In any case,

S = { (60(21‘—1) — €5(2i), 0); (60(21‘), O), (—60(22‘—1) — €0(2i), —1)}

and
Wala = { T(d)fO’ eW,: VZ, (dU(QZ;l) = da(2i) = 07 U(QZ - 1)70(22) ¢ 77
0(2i —1) < 0(2i)) or (doi-1) =1, dpziy =0, o(2i — 1) € f,
o(2i) ¢ T, o(2i — 1) < 0(2i)) }

Then, Z, clearly identifies with P, (k) through the correspondance between m = {{i; <
jl}7 1<I< p} € PQ(k) and A = {(eiz _ejwo)v (6j170)7 (_eiz — G _1); 1<i< p}' So,
(C1) and (C3) are obvious by taking J, = {(e2;_1 — €2;,0), (—e; — ez, —1)}. Now,

U, = {7(d)fo € W' : ¢ permutes pairs (1,2),...,(2p — 1,2p)},
so that, if 7(d) fo € Uy, e(7(d) fo) = e(f)e(o) = (=)L But, | f]| = 3, dp2i1) = >4
is even, which proves (C2).
For odd k£ = 2p + 1, Z, identifies with P,(k) through the correspondance between
T = {{Zl < jl}a 1 <1 <p {S}} S PQ(k) and A = {(eiz - ejzao)v (ejl70)7 (—6” -
e, —1), 1 <1 < p;(es,0), (—es, —1)}. Elements 7(d)fo € U, are described in the
same way with the extra condition that o(k) =k and dy = 0,k ¢ ford, =1,k € f.
So the proof of (C2) carries over.

11.6.4 The l~)k case

Let us first suppose k is even, k = 2p. Suppose d € L, f is an even sign change and
o € 6 such that w, = 7(d) fo € Wls. Then,

We { (€2-1 — 622‘, 0), (—egi—1 + €2;, —1), (e2i—1 + €2;,0) (—e9i—1 — €9, —1) }
= {(f(eo@i-1)) — f(€si)),m — 1), (—f(es@iz1)) + [(€o2i)), —1 — (m —n)),
(f(ea(Qi—l)) + f(ea(Qi))a m —+ n) ) (_f(ea(Qi—l)) - f(ea(Qi))v —1—(m+ ”))} =5,
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with m = f(0(2i —1))dy(2i—1) and n = f(0(2i))dye2s. Thus, m—n <0, =1 —(m—n) <
0,m+n < 0,—-1—(m+mn) <0, which forces m = n =0 orm = —1,n = 0.
If m =n =0, then f(ey2i-1)) £ f(es(2ry) € @, which implies o(2i — 1) ¢ f and
0(2i—1) <o(2i). If m=—1,n=0, then —f(es2i-1)) = f(es(2i)) € P, which implies
0(2i —1) € f and 0(2i — 1) < (2i). In any case, we have

S = { (60(21‘71) — €o(2i), 0), (—60(21'71) + €5(2i)s —1) )
(€o(2i-1)) + €o(2i), 0) (€o(2i—1)) + €o(2i), 0) } )

and
Wl = { 7(d)fo € Wy i Vi, (dy@i—1) = do@iy =0, 0(2i — 1) ¢ f,
0(2i — 1) < 0(20)) or (dyi—1) =1, dyiy =0, 0(2i — 1) € f,
(2i — 1) < 0(2i)) }

The correspondance between 7 = {{i; < j;},1 <1 < p} € Pao(k) and A = {(e;, —
e;,0), (—e;, +ej,,—1), (e;, +¢;,,0)(—e;, —ej,—1); 1 <1 < p} identifies Z, with P (k).
(C1) and (C3) are obvious with J, = {(eg_1 — €92;,0),1 < i < p; (ex—1 + €x,0)}.
Moreover,

U, = {7(d)fo € W' : o permutes pairs (1,2),...,(2p — 1,2p)},

which makes (C2) easy since e(f) = 1 for 7(d) fo € W,.
The case of odd & is an obvious modification.

11.6.5 The 52 case

Call ay = e1 — €9, ag = 2e3 — €1 — e5 = & and take J, = {(a1,0), (—az, —1)}. We
remark that I, can be written

{(a1,0), (—a1,—1), (a2,0), (—ag, —1)} with ay short, as long, ay L as.  (11.19)

If w, = 7(d)w € Wl then (way,d) € Z, (wa;,d) < 0 and —1 — (way,d) < 0,
which imposes (wa;,d) € {0,—1} for i = 1,2. Thus, A = w,I, can be also be writ-
ten as in (11.19) for some o}, ab. This guarantees condition (C3) and if J, C A
then obviously ay = o}, as = af so that A = I,, which proves condition (C1).
Writing I, as in (11.19) allows us to see that if w, = 7(d)w € W,, then w,I, =
{(way, my), (—waq, —1 — my), (wag, ms), (—wag, —1 — my)} where m; = (way, d) € Z.
Since W sends long (short) roots to long (short) roots, w, € U, implies wa; € {£a;}
for i = 1,2. If wa; = o for i = 1,2 (respectively wa; = —a; for i = 1,2), then
w = id (respectively w = —id) and e(w) =1 (recall that dim V' = 2). If wa; = a; and
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wag = —ay then (ag,d) = 0 and («ag,d) = 1. This implies d = (—1/6,—-1/6,1/3) ¢ L,
which is absurd. The same absurdity occurs if wa; = —a; and way = as.

For the determination of Z,, it is easy to see that all sets of the form (11.19) are
I,, Ay, As. The sign of the transformation sending (aq, an) to (e3 — e, —2e5 + €1 + €3)
is 1 so that €4, = —1 and A, is obtained from A; by transposing e; and ey, which
finishes the proof.

11.6.6 The ﬁ4 case
Call oy = ey — €3, o} = €3, as = €1 — ey, ay = e4. Then [, can be written

{(Oél, 0)7 (_ah _1>7 (0/17 0)7 (0427 O)a (—042, _1)7 (0/27 0)}7 (1120)
with aq, as long, o, o short, {aq, o} L {ag,a} and (o, o)) = —1. The same kind of
reasoning as in the Go case shows conditions (C1) and (C3), with J, = {a1,a5}. Let
us prove (C2). If w, = 7(d)w € U,, then w,1, =

{(way, my), (—waq, =1 — mq), (wal, m}), (wag, ma), (—wag, —1 — my), (wak, my)},

with m; = (way,d), m; = (wa,d). Since w sends long (short) roots to long (short)

3 !/ / _ / / ! [
roots, necessarily w{a}, ab} = {a}, a4} and m} = m}, = 0.
Suppose wa;, = af, i = 1,2. Since (wag, o)) = (a2,a)) = 0 # —1, we have wa; €

{ay,—an} and was € {ag, —an}. If way = —ay, was = as then my = 1, my = 0 =
m} = mj, which leads tod = (0,1,0,0) ¢ L, absurd! If wa; = ay, wag = —aw, a similar
reasoning leads to the absurdity d = (1,0,0,0) ¢ L. Hence, wa; = ay, was = g or
way = —ay, wag = —ay. Then, using the basis (aq, ), ag, ), e(w) = 1 is an obvious
check.

Suppose now wa = a4, wad, = o). Similar arguments show that was € {a;, —a;} and
way € {ag, —an}. If way = ag, way = a1 or way; = —ay, way = —ay then e(w) = 1.
Suppose wa; = o, way = —aq, then m; = 0, my = —1, which, as before, leads to

d=(0,1,0,0) ¢ L. If way = —an, was = a1, then m; = —1, my = 0, which also gives
d=(1,0,0,0) ¢ L.

Proof of Lemma 11.5.1. Set z;; = x; — x; and h(z) = [[,,.;<; sinz;;. Computation
of the logarithmic derivative gives

8Zh 5 Z COS Tj5

. b
£~ sinx;;
3 () J
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which yields

- ) 2
2h o~ h Z cosx”cosxu_i_z(_l_cos :c”)

7 . . )
) SN x;; SIN Xy — sin® x;;
4,1 () J 5 (#9) .

_ Z COS Ty COS Tj; . (k‘— 1) ’

' _sin x;; Sin @y
J#L(#)
so that Ah = h(S(z) — k(k — 1)) with

/
S(z) = Z COS Tj COS Ty

sin @ sin @y’

where >’ runs over i, j,[ pairwise distinct. By circular permutation, we get

/
35(z) = Z COS T;j COS Ty . COS T ji COS Tj; N COS Ty; COS Ty
Sin @;; sin Ty Sin 2 ;; Sin x j; sin y; sin 2y

i COS Tj; COS Xy SIN T j; — COS T j; COS T;; SIN Xy + COS T COS T j;

n sin x;; sin @y sin )

But magical trigonometry shows that each term in the previous sum equals —1, so that
S(x) = —k(k —1)(k — 2)/3, which concludes the proof. O
Proof of Lemma 11.5.2. Let P € C[S;,C;; 1 < i < m] be such that

F(X) = P(sin X;, cos X;).

P cancels whenever S;C; — S;C;, i < j, cancels. Since the S;C; — S;C;, i < j, are
irreducible and relatively prime, their product divides P (we can invoke Hilbert’s zeroes
theorem). O
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Chapitre 12

About generators and the
Vandermonde function

The Vandermonde determinant plays a recurrent part in most of the investigations
revolving around random matrices and non-colliding processes. In particular, it ap-
peared at various places in this thesis. Here are recorded some of its well-known (and
maybe not so well-known) remarkable properties related with diffusion generators.

For x € R™, we set

hz)= [ (zi—2;) and V(z)=log|h(z)] = loglz; — zl.

1<i<j<m i>j

12.1 Properties of the Vandermonde function

Here are useful equalities

Proposition 12.1.1.

Ah = i&ih = zm:xiafh =0, (12.1)
Zm;xi ,h(x) = w hz), (12.2)
g;xg 2h(z) = MM = 13)(m =2 b, (12.3)

Remark 12.1.1. In fact,

= (m—1)...(m—p)

; o OFh(x) = ) h(z). (12.4)
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This formula generalizes (12.2) and (12.3). Although it does not appear to be of any
probabilistic interest for p > 2, it is a good-looking formula that we found worthy of
being recorded here.

Proof. First, notice that, for integers p, ¢, L := " | 27 0V commutes with the action of
S, by permutation of variables. Thus, LA is a skew-symmetric polynomial and, thus,
divisible by h. If ¢ < p, deg Lh < deg h, hence Lh = 0, which proves (12.1). If ¢ = p,
then deg Lh = deg h and there exists a constant C' such that Lh = C h. Let us see
that C =m(m—1)...(m—p)/(p+ 1), which will prove (12.4). Writing x;; := x; — x;,
remark that logh = )"._.logz;;, so that

i<j
Oh="h>" L
o . Tij ’
J ()
from which we easily prove by recursion that
1

Ph=h _

Z Liji Lijs - - - Ligy
where the previous sum runs over ji, ..., J, all different from ¢ and pairwise distinct.
Thus, Lh = h C(z) where

zP
C(IL‘) = 2 )

Ljoji1Tjogz « + - Liogp

where Z/ runs over Jjo, ..., J, pairwise distinct. But we have seen that C(z) = C
does not depend on z. So, we can take (&) = (€i)1§i§k and let € go to 0 to evaluate
C =1im C(z9). Since e/0 — glt ~ £eminl0:3) | we have

glop ~ 6_70?*2?:1 min(jo,f1) _ Lif jO = min(j07j17 s 7jp)7
(ed0 — gir) ... (gdo — giv) o(1) otherwise.

Thus,

!
C = E 1jO:min(jo,j17~~~vjp)

1
S Z Z 1jl:min(jo,j1,---vjp)
p+1 1=0

1 _m(m—l)...(m—p).

p+1 B p+1




Chapitre 12. About generators and the Vandermonde function 217

12.2 h-transforms

Suppose L is a diffusion generator acting on functions on a subset [, C R™, with
reversible measure du,, and "carré du champ” I'. Then, if k is a positive function on
I,,,, the measure k dy,, is reversible for the generator

L:=L+TI(logk,.).
In particular, if A is the Vandermonde function, the measure |h|?dpu,, is reversible for
LY =L+ 3T(V,.).

Now, suppose L is the generator a(z)0? + b(x)d acting on functions on some subset
I C R with reversible measure . If L; = a(x;)0? + b(x;)0; is the generator L acting on
the ith coordinate, then pu,, := u®™ is reversible for

and |h(z)[Pu®™(dz) is reversible for

LB .=L+p Z a(x;)0;V 0;.
i=1

12.3 Orthogonal polynomials and eigenfunctions for
f=2

If (f,)nen is an orthonogonal basis for IL?(1, 1), then it is shown in [BGU04] that one
can construct an orthonogonal basis for L2(I™, h(z)?u®™(dz)) in the following way : if

Pn={AEN"| A > >\ }

nd det (f -y (11))
et k=3 (Ti) ) 1 <i icm
Fi(z) = AJ+kiz(a:) an

then (Fy)xep,, is an orthonogonal basis for L2(I™, h(z)?u®™(dx)). We show that, in
some cases, if the (f,,)nen are eigenfunctions for L, then the (F)),cp,, are eigenfunctions
for L2,

, A€E P,

Proposition 12.3.1. Suppose that Lf, = c,f. for functions f, on R and constants

¢, (n € N). Then,
LA
ZCAJ-Jrk—j Ty

J

LOF) = F,. (12.5)
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In particular, if L sends any polynomial to a polynomial of lower degree (ie a, resp. b,
is a polynomial of degree at most 2, resp. 1), then Lh/h is a constant and ¥y is an
eigenfunction for L@,

Remark 12.3.1. Those determinantal formulae are specific to this f = 2 case.

Proof. Let us adopt the following notations : [; = ( fx,+4—; (%) )1<jem and A = (I1, ..., 1) "
Then, F) = det A/h and

8; det A
oF, = 257 HvE,,
0?det A 0;V 0;(det A
OF\ =~ he —2 Eze : — G}VFE\ + (0V)?Fy,
so that
det B; 0.V, (det A
LF, =2 —(QVﬁ}—Qam) (de >+MmX@VVF»

h

where B; = (Iy,...,1l;i_1, Zz‘a liv1,.. ) lm)T and

li = (Lifa+k—3(@i) )1gj<m = (exjan—j 40— (%) )1<j<m-
Hence,
det B;
h
Now, we claim that >, det B; = (3_; cx;1%-;) det A. This comes from the following
general fact that, if ¢, V3,...,V,,, € R™ and V; = (¢;V}j)1<j<m, then

LZ'F)\ —+ 2a(:cl)8ZV81FA = — (LZV)F)\ — a(xl)(@V)QF,\

D det(Vi, .o Vi, Vi) = <Z c]) det(Vi,..., V). (12.6)

i=1 j
Indeed, the left-hand side is multilinear and skew-symmetric in Vi,...,V,,, so it is a
constant multiple of the determinant. The constant is found by choosing V; to be the

ith canonical basis vector of R™. In this case, \7, = ¢;V;, which finishes the proof of
(12.6). Thus, we get

,C(Q)FA = Z C)\j—f—k—j — E(l)V
J

It remains to show that LMV = Lh Recall that 0,V = 9;h/h and 82V = 9?h/h —
(0;V')2. Therefore,

2

F,.

—a(z)(0;V)? + b(:cl)al—hh + a(:t:i)(ﬁiV)Q) = %
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As to the last assertion of the proposition, it simply comes from the fact that, since
L commutes with the action of &,, by permutation of the coordinates, Lh is a skew-
symmetric polynomial, hence a multiple of h. Degree considerations show Lh/h is
constant. 0

We now review the three fundamental examples of diffusions stabilizing polynomials
(see [Maz97]).

Example 12.3.1. The Jacobi case
Here, I = (0,1), L =2x(1 — 2)0* + (o — (a + B)z) 0, p(dr) = 27 1(1 — 2)’~Ldz and

Lh = Ck@,gh with Ck,a,ﬁ = _m(m _ 1) (w + #)

Example 12.3.2. The Laguerre case
Here, I = (0,00), L = 220° + (o — x)9, p(dz) = 2° ‘e * dz and Lh = -2,

Example 12.3.3. The Hermite case
Here, I =R, L = 8% — 20, pu(dx) = e=**dx and Lh = —™"2=1p,
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Chapitre 13

L’algorithme RSK

Nous présentons une breve description de I'algorithme RSK dans sa version donnée
par Knuth ([Knu70]) pour les permutations généralisées. Une excellente référence est
[Ful97]. Nous restons proches des notations de [Joh00]. En particulier, pour N € N,
nous notons [N] = {1,...,N}.

13.1 Permutations généralisées et matrices entieres

Definition 13.1.1. Pour M,N,l € N, nous définissons 65\47]\, [’ensemble des per-
mutations généralisées de longueur 1, avec antécédents dans [M] et images dans [N],
c’est-a-dire l’ensemble des tableaux a deux lignes

o 1
o=| . S,
)
ot i1,...,0 € [M], j1,...,51 € [N] et les colonnes (;:), 1 < r <[ sont rangées par
ordre lexicographique.

Lorsque | = M et 7, = r, on dit que o est un mot a [ lettres prises dans ’alphabet
[N]. Lorsque l = M = N, i, =r et {ji,..., 5} = [N], o est une permutation usuelle
de 6]\7.

Definition 13.1.2. Sio € GZMN, on appelle L(o) la longueur de la plus longue sous-
suite croissante de o, c’est-a-dire le plus grand entier p tel qu’il existe ri < --- < 1)
avec Jry <00 < g

Nous allons voir que ces objets peuvent étre décrits de maniere équivalente par des
matrices a coefficients entiers.

Definition 13.1.3. MZJW,N est l’ensemble des matrices M x N dont les coefficients
sont dans N et ont une somme égale a l.

221
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Si o € &Y v, on peut définir la matrice f(o) = A = (a;;) par
—1
a;; = nombre d’occurences de ( ) ) dans o.
J

f est une bijection de GIM’ N Vers MlM n- o1 'on introduit I'ensemble I, des chemins
qui font des pas (0,1) ou (1,0) dans le rectangle [M] x [N] et

G(A) = max{ Z a;;; ™€ Ilyn}

(i,9)em

alors on a :

Exemple 13.1.1. Si M =4, N=3,1=8 et
_ 1 112 2 3 3 4
"\ 12322131 ’

on a L(o) = 6, une sous-suite croissante de longueur 6 étant soulignée. D’autre part,

IO
[SSINSN

A= f(o) =

= O = =
=N o
=

et G(A) =6 (on a souligné le chemin qui correspond a la sous-suite croissante de o et
qui réalise le maximum,).

13.2 Partitions, tableaux et fonctions de Schur

Definition 13.2.1. On appelle partition A = (\;) toute suite décroissante d’entiers
nuls a partir d’un certain rang. On écrira X = 1 lorsque [N = Y . N\ = 1. A toute
partition X, on associe un diagramme de forme X : c’est le tableau justifié a gauche
dont la i-eme ligne en partant du haut posséde \; cases.

Definition 13.2.2. Si \ est une partition, un tableau semi-standard P a coefficients
dans [M] et de forme \ est un remplissage du diagramme de X par des entiers de [M]
qui soit croissant, au sens large, de gauche a droite le long des lignes et de haut en bas
le long des colonnes. On note Ty 'ensemble de tels tableaux.



Chapitre 13. L’algorithme RSK 223

Exemple 13.2.1. Voici un exemple de tableau semi-standard de forme (7,4,1) F 12
et a coefficients dans [4] :

1112 2 3 4
P=2 2 3 3

4
Definition 13.2.3. Si P est un tableau semi-standard o coefficients dans [M], son
« type » est le vecteur o € NM o1l o est le nombre d’occurrences de i dans P.

Exemple 13.2.2. Le type du tableau P de l’exemple précédent est (3,4,3,2).

Definition 13.2.4. On dira qu’un tableau semi-standard a coefficients dans [M] et de
forme X\ est « standard » s’il possede M cases, ie si A= M. On note Sy; 'ensemble de
tels tableauz.

Exemple 13.2.3. Voici un exemple de tableau standard de Ss, de forme (4,2,2) F 8 :

1 > 7
2
6

o =~ W

On notera f* le nombre de tableaux standards de forme X\ = M. C’est aussi la di-
mension de la représentation irréductible de &), indexée par A. Deux formules existent
pour f*. D’abord, la formule du crochet :

f)\:Hhm

ou le produit est pris sur I’ensemble des cases ¢ du diagramme de \ et h, est la longueur
du crochet associé a c, c’est-a-dire le nombre de cases a droites de ¢ dans sa ligne ou
en dessous de ¢ dans sa colonne (¢ incluse). Cette formule peut aussi étre écrite :

[Tic; (L = 15)
Hi l; ’

o li=A+k—isiA=(A > >\ > Ay = 0).

A= M!

Definition 13.2.5. Si A\ est la partition \y > -+ > A\ > A\gy1 = 0 et xq,..., 2 des
variables, on définit la fonction de Schur associée a \ :

det (a:%‘j TR

' )1§z‘,j§k

SA(I‘) = Hi<j(xi _ l,j)
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s est un polynome symétrique en les x1,...,x, qui admet la définition combinatoire
équivalente :
sx(z) = thype(ma
P

ot la somme est prise sur les tableauxr semi-standards P de forme X et a coefficients
dans [k] et x> =[], z{" pour a € NF.

Lorsquee A\ parcourt ’ensemble des partitions de M avec au plus k£ composantes
non-nulles, les s, forment une base de 'espace des polynomes symétriques homogenes
de degré M, en k variables. Ils jouent un role fondamental dans les représentations de

Sy et de GL(M,C).

Definition 13.2.6. Si\ = (A; > - > A\, > A1 = 0) et a € N*, on désigne par K,
le nombre (dit de Kostka) de tableauz semi-standards de forme X et de type a. On a

ainst :
sx(x) = Z Koz
(e}

13.3 Correspondance RSK

Nous définissons maintenant comment insérer une paire (;) dans un couple (P, Q)
de tableaux semi-standards de méme forme pour obtenir un autre couple (P, Q') de
tableaux de méme forme. Si j est plus grand (au sens large) que tous les nombres de la
1°r¢ ligne de P alors P’ est obtenu en rajoutant une case étiquetée j & I'extrémité droite
de la 1°™ ligne de P. Sinon, on remplace par j le 1°" nombre, disons k, en partant de
la gauche qui soit > 7. Ensuite, on répete 'opération pour insérer k£ dans le tableau P
privé de sa 1% ligne, jusqu’a arriver au nouveau tableau P’. Enfin, on obtiendra @’ en
ajoutant une case a ) pour qu'il soit de méme forme que P’ et on remplira cette case

de Dentier 1.

La correspondance RSK associe & 0 € &Y,y la paire de tableaux obtenus par in-
sertions successives des colonnes de o (prises de gauche a droite) a partir du couple
de tableaux vides. Cette corespondance est une bijection de &, vers les couples
(P,Q) € Ty x Tpy de méme forme A F [. Si I'on restreint 'espace de départ aux
mots & M = [ lettres (resp. aux permutations usuelles de Sy, M = N = [), alors
(P,Q) € Tn x Sy (resp. (P, Q) € Sy x Syr) et on conserve le caractere bijectif.

La correspondance RSK rend facile la lecture de la longueur de la plus longue sous-
suite croissante. Précisément, si o a pour image (P,Q), de forme A, alors L(o) est
égale a la taille de la 1%¢ ligne de P et @, L(c) = A;. En fait, on peut étendre cette
remarquable propriété de la fagon suivante : la somme des longueurs des p premieres
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lignes de A est égale a la plus grande somme des longueurs de p sous-suites croissantes
de o a supports disjoints. On peut encore traduire ceci du coté des matrices entieres :

si
Gr(A) = max Z aij,

(4,5)em1U...Ump

ou le max est pris sur I’ensemble des chemins a supports disjoints 7q,..., 7, € Iy,
alors

Gk(f(0'>> = )\1 + -t )\p.

C’est cette propriété que nous utilisons au chapitre 5.
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Résumé

Cette these se divise en trois grandes parties dont les préoccupations sont assez
distinctes mais qui gravitent toutes autour de la théorie des matrices aléatoires. Une
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sont des domaines fondamentaux associés a des groupes de réflexions, finis ou affines.

Abstract

The following thesis falls into three parts. Although they are all closely related to
random matrix theory, each of these possesses its own particular concern. The first
part deals with some of the existing links between eigenvalues of Gausssian random
matrices, non-colliding processes and the Robinson-Schensted-Knuth correspondence.
The second part tackles the subject of extensions to symmetric matrices of some clas-
sical one-dimensional diffusion processes, namely the Bessel squared processes and the
Jacobi processes. Then, the third part hinges round the exit time of Brownian mo-
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