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heat flow and semigroup interpolations

Duhamel formula (19th century)

pde, probability, dynamics

major tool in

geometric and functional analysis



last decades developments

dynamical proofs of Euclidean and Riemannian

geometric, functional and transport inequalities

heat kernel bounds, spectral analysis,
integral inequalities,
measure concentration, statistical mechanics,

optimal transport



geometric aspects

gradient bounds
convexity

Ricci curvature lower bounds

D. Bakry and M. Emery (1985)

hypercontractive diffusions
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selected topics
logarithmic Sobolev form of the Li-Yau parabolic inequality
(Gaussian) isoperimetric-type inequalities
transport and Harnack inequalities

Brascamp-Lieb inequalities and noise stability

joint with D. Bakry

“Analysis and geometry of Markov diffusion operators”

D. Bakry, I. Gentil, M. L. (2014)
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selected topics

logarithmic Sobolev form of the Li-Yau parabolic inequality
(Gaussian) isoperimetric-type inequalities
transport and Harnack inequalities

Brascamp-Lieb inequalities and noise stability

to start with: a basic model example

the logarithmic Sobolev inequality



classical logarithmic Sobolev inequality

L. Gross (1975)

~ standard Gaussian (probability) measure on R”

dx

— e X2
dy(x) = e (2m)7/2

f >0 smooth, [p,fdy=1

1 fI?
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classical logarithmic Sobolev inequality

L. Gross (1975)

~ standard Gaussian (probability) measure on R”

dx

— o IX?/2
dy(x) = e (2m)72

f>0 smooth, [p,fdy=1

[VF|?

1
(relative) entropy / flogfdy < 2/ d~ Fisher information
]Rn n



classical logarithmic Sobolev inequality

1 fI?
/f|0gfd’7</ ’v|d7
Rn 2 n f

f— £ / flog f* dy < 2/ IVf|2dy
n Rn

Wiener analysis, hypercontractivity,
convergence to equilibrium of kinetic equations
and Markov chains, measure concentration,
information theory, optimal transport (C. Villani)

Perelman’s Ricci flow



heat flow interpolation

D. Bakry, M. Emery (1985)

simplest proof ?

(Pt)i>o heat semigroup on R"

P.f(x) = /n f(y) e—x—y|2/4t(47i5;n/2 — /n f(x+v2ty)dy(y)

u(x,t) = Pf(x), t>0, xeR"

solves the heat equation Oru = Au, u(x,0) = f(x)



heat kernel inequality

f>0, t>0, atany point: P:(f log f) — P:f log P:f

P.f(x) = / f(x+v2ty)dy(y)

(x=0): Py — ~

P.(flog ) — P:f log P;f = / flog f dvy (fRnfd’y:l)
RI‘I



heat flow interpolation
td
P:(flog f) — P:f log P f = / EPS(Pt,Srog Pt,sf)ds
0

heat equation 0tP:r = AP;

chain rule (both in time and space)

d
=P, (P;_sf log Pr_sf) = Ps<

ds

|V P;_of|?
Pr_sf



t P,sz
P:(f log f) — P:f log Pf :/ PS<|V tsf] >ds
0 Pe_sf

gradient commutation VP, f = P,(Vf) (curvature)

IN

VAP < [P(9F)] pu<Wf’2)Puf

f'

P:(flog f) — P:f log Pif < /Ot P5<Pt—s(|vfﬂ2>>ds = fPt(’Vfﬂ2



classical logarithmic Sobolev inequality
L. Gross (1975)

v standard Gaussian (probability) measure on R”
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d'Y(X) = ¢ (27’[‘)”/2
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1 fI?
/flogfd'y§2/ ]Vf| dvy




t P,sz
P:(f log f) — P:f log Pf :/ PS<|V tsf] >ds
0 Pe_sf

gradient commutation VP, f = P,(Vf) (curvature)

IN

VAP < [P(9F)] pu<Wf’2)Puf

f'

P:(flog f) — P:f log Pif < /Ot P5<Pt—s(|vfﬂ2>>ds = fPt(’Vfﬂ2



heat flow interpolation

t
P:(f log f) — P:f log Pef = / o(s) ds
0

B |VPt,5f|2
#(s) = Ps <Ptsf>

gradient commutation VP, f = P,(VfF)

IVf\2>

¢ increasing: s <t, P(s) < o(t) = Pt( 3

differentiate ¢, ¢ >07?



differentiate ¢, ¢ >07?

VP;_sf|?
#(s) = Ps(|P”f|) = Py(Pi_sf |V log Pe_sf|?)
t—s

¢'(s) = 2 Ps(Pi_sf T2 (log Pr—sf))



1Y Bakry—Emery operator
1
Ma(h) = 5A(WhP) — Vh-V(Ah)

= ‘Hess(h)‘2 + Ricg(Vh, Vh)
on R” or (M,g) n-dimensional Riemannian manifold

Bochner's formula

(M, g) non-negative Ricci curvature M2(h) > 0, ¢ >0

t
Py(flog f) — Pyf log Pef = / é(s)ds < tPt<
0

(Pt);>o heat semigroup on (M, g)



heat flow interpolation under I, > 0

heat kernel inequalities, functional inequalities
(Sobolev, logarithmic Sobolev, Poincaré, Nash...)

under geometric (Ricci) curvature conditions
more generally under Ric, > K, KeR

equivalent gradient bounds  (commutation)

IVPf| < e KtP(|VF])



reverse logarithmic Sobolev inequality

heat kernel inequality

| 2

f
Py(flog f) — Pyf log Pef < tPt(Wf

)

reverse form

|V Pf|?

t
Pef

< Py(flogf) — P:f log P:f

gradient bounds

(both equivalentto I, > 0 as t—0)



dimensional improvement
t
Pt(f|ogf)—Ptf|ogPtf:/(ﬁ(s)ds
0

¢'(s) = 2 Ps(Pi_sf T2 (log Pr—sf))
actually under Ricg >0

Ma(h) = [Hess(h)|* + Ricg(Vh,Vh) > [Hess(h)|> > = (Ah)>?

n

#'(s) > %PS(Pt_sf[A log P_sf]?)



dimensional logarithmic Sobolev inequality

2t P,(fAlog f
P.(flog f) — Pflog Pf < t APf + g P.f log (1 _ et f(Pf"g)>
n t

(log(l+x) < x or n — o0)

reverse form

2
Pi(flog f) — Pif log Pef > t AP.f — g P.f log (1 + % A(log PJ))



reverse form
n 2t
P:(flog f) — P:f log Pef > t AP f — 5 P:f log (1 + - A(log PJ))
. . 2t
in particular 1+ —A(logP:f) > 0
n

f:M— R, f>0, Ricg >0, t>0

|VPtf\2_APtf< n

(PF)2 — Pf — 2t

Li-Yau (1986) parabolic inequality

maximum principle

D. Bakry, M. L. (2006)



Li-Yau (1986) parabolic inequality

|VPtf\2_APtf < n

(PF)2 P — 2t

(Ricg > 0)

Harnack inequalities

t+s\"/2 4
Pef(x) < Peysf(y) (=) e/

d(x,y) Riemannian distance

heat kernel bounds



weighted Riemannian manifold
(M, g) weighted Riemannian manifold
dp = e Vdx, V' smooth potential on M

L=A-VV.V, (Pt);>o semigroup

non-negative curvature-dimension CD(0, V)

1
> = Ricg + Hess(V) > N(Lh)2

curvature-dimension CD(K,N), KeR, N>1

1
Fo(h) > K |VhAP? + m (Lh)?



Markov Triple

Markov Triple (E,pu,T)

semigroup (P:),~o, generator L, invariant measure s
carré du champ operator I
[(,8) = 31fe) ~ flg—gLf,  (F.g)cAxA
Bakry-Emery > operator
raf,8) = 5 LI(F.8) ~ [(F,Lg) ~ (g, L)
curvature-dimension CD(K, N)

Fo(h,h) > KT(h, h)+%(Lh)2, heA
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logarithmic Sobolev form of the Li-Yau parabolic inequality

(Gaussian) isoperimetric-type inequalities

transport and Harnack inequalities

Brascamp-Lieb inequalities and noise stability



Gaussian isoperimetric inequality

isoperimetric inequality for the standard Gaussian measure

dx

()72 on R

d1(x) = e 2

C. Borell (1975), V. Sudakov, B. Tsirelson (1974)

half-spaces extremal sets for the isoperimetric problem

H={xeR";(x,u) < a}, |u=1 a€cR
if ACR" 4(A) =q(H) then ~7(A) > y*(H)

7" (A) = lim inf é [Y(Ac) = 7(A)]



Gaussian isoperimetric profile
I(v) = inf{y7(A); v(A)=v}, ACR", ve(01)

half-spaces: one-dimensional

I = gpo(D_l
S 2, dx
P(s) = / S /27%7 o=

isoperimetric inequality A C R”, I(v(A)) <77 (A)



heat flow and isoperimetric-type inequalities

>0 (CD(0,00) non-negative curvature)

M (weighted) Riemannian manifold

f:M — [0,1] smooth

1(Pr) < Pe(y/T2(F) + 2| WFP2)

(stronger than logarithmic Sobolev inequality, ef, ¢ — 0)

D. Bakry, M. L. (1996)



heat flow and isoperimetric-type inequalities

f:M — [0,1] smooth

1(Pf) < Po(y/12(F) + 2t V72

M=R" t=1: P =~

Bobkov's inequality I</ fd’y) / \/ I2(F) + | V|2 dy



(spherical) isoperimetric-type inequalities

similar under CD(K,00) on (E,pu,) Markov triple

comparison to the Gaussian isoperimetric profile

open problem:
heat flow proof of isoperimetry on the sphere on S” ¢ R™!

spherical caps are the isoperimetric extremizers

Lévy-Gromov (1980) theorem

(M,g), p normalized volume element, CD(n—1,n)

isoperimetric profile I, > Ign



reverse isoperimetric-type inequalities
f: M — [0,1] smooth, >0

[1(P:F)]? = [Pe(1(F))]* > 2t |V PP

1
o 1lopf —— - Lipschitz
t 5t p
~ _ d(x,y)
O 1o Pf(x) < Ot o Pf(y) + —
t()— t(y) \/ﬂ

sharp gradient bounds, Harnack-type inequalities



new isoperimetric Harnack inequality

>0 (CD(0,00) non-negative curvature)
Pe(1a)(x) < Pe(lay, ()
d(x,y) distance from x to y A. = {ze M;d(z,A) < ¢}

similar under CD(K,o0), K eR

on (E,u,T) Markov triple

D. Bakry, I. Gentil, M. L. (2013)



Wang's Harnack inequality (1997)
M, >0 (CD(0,00) non-negative curvature)
(Ptf)z(x) < Pt(f2)(y) ed(x.y)?/2t
(infinite dimensional version of the Li-Yau Harnack inequality)

variant: log-Harnack inequality

d(x,y)?
At

P:(log f)(x) < log Pif(y) +

links to optimal transport inequalities



HWI inequality
F. Otto, C. Villani (2000)

M (weighted) Riemannian manifold CD(0, c0)

dv=fdu, >0, [,fdu=1

2 1/2
/ flogfdu < W2(V7:u)(/ Wdu)
M m o f

Kantorovich-Wasserstein distance

:mf// (x,y)?d7(x,y)



Kantorovich-Rubinstein duality

1
> Wa(v, pu)* = sup </ deu—/ wdl/>
© M M

Hofp-Lax infimum convolution semigroup

d(x,y)>
2s

Qsf(x) = inf [f(y)—i—

1 }, xeM, s>0
ye

log-Harnack inequality P:(log f) < Qat(log P:f)

1
/ P.flog Pif dp < — W2(v,p), dv = fdu
M 4t

S. Bobkov, I. Gentil, M. L. (2001)



commutation property

(Pt);>o heat semigroup (Qs)s>o Hopf-Lax semigroup

Pe(Qsf) < Qs(Pf)

heat flow contraction in Wasserstein distance
W2(/-“’7 Vt) < W2(/J,0, VO)
dus = Pifdp dvy = Prgdp

M. K. von Renesse, K. T. Sturm (2005),
F. Otto, M. Westdickenberg (2006), K. Kuwada (2010)
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logarithmic Sobolev form of the Li-Yau parabolic inequality

(Gaussian) isoperimetric-type inequalities

transport and Harnack inequalities

Brascamp-Lieb inequalities and noise stability



~ standard Gaussian (probability) measure on R”

o _|X|2/2 dX
dy(x) = e (2m)72

Ty f(x)

/ flox+vV1=p2y)diy), pe(0,1)
T,f = P, p=c¢et
(Pt);>o Ornstein-Uhlenbeck semigroup

generator L = A —x-V invariant measure -y



heat flow and noise stability

E. Mossel, J. Neeman (2012)

pe(0,1), J:R?> - R smooth, f,g:R" = R

/ / (6.8 (ox+ VI Ry) ) dr(x)dr(y)

< J</ fd%/ gd7>
if and only if

O11J ,0812J>
<0
(P O12d  022J

(J p-concave)



(Pt);>o Ornstein-Uhlenbeck semigroup

// Pf x): Peg (px + 1—P2y))dv(><)dv(y), t>0

P'(t
/ / (—011J)|VPF|? + (— 822J)]VPtg|272p812JVPtf-VPtg}d7d'y

J p-concave — /(t) >0

P(0) < P(o0)



first example of J- function
J(u,v) = J;;’(u7 v) = uVP, uv>0, o, Bel0,1]

p-concave if pap < (a—1)(B—-1)

/n / F(x)g” (px + V1= p2y)dy(x)d(y)

(L) (Leo)

. ~1
duality [T, gll, < lell, PPz — (1<p<qg<o)

T |[Q

Nelson’s hypercontractivity (1966-73)



multidimensional extensions
fi RP >R, k=1,....m
A pxn matrix, Ag'A, = Idge
Tee = ActAc (p X p matrix), kt=1,...,m

smooth J:R™ — R

/ J(f10A17...,meAm)d7§J</ floAld’y,...,/ meAmd"}/>
n n ]Rn

if and only if > Oked (Thevi,ve) <0 forall v € RP
k(=1



geometric Brascamp-Lieb inequalities

K. Ball (1989)

decomposition of the identity

m
chAk®Ak = Idgn, c¢x > 0, Ag unit vectors in R"
k=1

fk R—=Ry, k=1,....m

J(ut, ..., um) = ug*---

[T e<f1(fas)"



Brascamp-Lieb inequalities

H. Brascamp, E. Lieb (1976)

multilinear inequalities

maximize / H i ((Ak, x)) dx
" k=1

maximizers: Gaussian kernels

heat flow methodology

E. Carlen, E. Lieb, M. Loss (2004)

J. Bennett, A. Carbery, M. Christ, T. Tao (2008)



second example of J-function

E. Mossel, J. Neeman (2012)
J(u,v) = Jg(u,v)

S (u,v) = P(Xl <o Hu),pXi+V1-p2Y; < cb—l(v)), u,v € [0,1]

X1,Y1 ~ N(0,1) independent, distribution &

S 2 dx
(D(S) == / e /27%

Jf p-concave



/ / IP(F0.8(px + VI 02y) ) () ()

<sp( [ ran [ gan)

f=14 g=1g, A B C R"”

P(X €A pX+V1-p2YeB) <P(XeHpX++1-pYeK)

X, Y independent with distribution ~ in R”

H, K parallel half-spaces  ~(H) = ~v(A), ~(K)=~(B)

C. Borell (1985)  Gaussian rearrangements



Borell's noise stability theorem
noise stability of A C R”
S,(A) = P(X €A pX+/1-p2Y €A
Sp(A) < Sp(H),  v(A) = ~(H)

half-spaces are the most noise stable

Max-Cut and Majority is Stablest

E. Mossel, R. O'Donnell, K. Oleszkiewicz (2010)



from noise stability to isoperimetry

S)(A) = P(X € A pX+/1-p2Y €A)

Borell's theorem S,(A) < S,(H) (v(A) = ~v(H) half-space)

heat flow description of the perimeter

T(A) > |ir:j§1p ‘ /é [7(A) = Sp(A)]

equality when A = H half-space

Gaussian isoperimetry YT (A) > 7T (H)



extensions

log-concave mesures  dp = e~ Vdkx, Hess(V) > K >0

(E,u,T) Markov Triple, CD(K,o0), K >0

deficit (Gaussian noise stability and isoperimetry)

R. Eldan (2013)  (stochastic calculus)

developments in Boolean analysis
discrete cube and structures (Majority is Stablest)

A. De, E. Mossel, J. Neeman (2013)



Thank you for your attention
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