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Abstract: In a recent work, E. Cinti and F. Otto established some new interpolation inequalities in the study

of pattern formation, bounding the L"(u)-norm of a probability density with respect to the reference measure

u by its Sobolev norm and the Kantorovich-Wasserstein distance to p. This article emphasizes this family of
interpolation inequalities, called Sobolev-Kantorovich inequalities, which may be established in the rather
large setting of non-negatively curved (weighted) Riemannian manifolds by means of heat flows and Harnack 10
inequalities.
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1 Introduction

In the recent contribution [6], E. Cinti and F. Otto established a number of interpolation inequalities which 15
arise in the analysis of pattern formation in physics (more precisely in the study of branching in supercon-
ductors). Within this framework, they showed in particular that for any positive periodic smooth function

f :[0,1]" — R such that f[o’l]nfdx =1,

0
|(F=0O)|, < ClIVFIl, Waf, 1) .1
where
. 3n+2
3n ’
6 = 32 and C > 0 only depends on n. Here (f - C); = max(f - C,0) and W>(f, 1) is the Kantorovich-

Wasserstein distance between the probability measures fdx and 1 dx (see below). The proof of this inequality 20
in [6] relies on a specific geometric construction of cut-off functions first put forward in [5]. The exponent r

is optimal as verified on peak functions (and, as explained in [6], from this point of view the Kantorovich
distance behaves like a negative fractional Sobolev norm). Note furthermore that (1.1) is invariant under the
change [, 1. dX A Jio.nn dx forany A > 0.

The purpose of this work is to show that the inequality (1.1) is actually one specimen in a all family of 25
interpolation inequalities that we call Sobolev-Kantorovich inequalities and that actually hold in a wide gen-
erality.

One suitable framework for such Sobolev-Kantorovich inequalities is the one of (weighted) Riemannian
manifolds with non-negative Ricci curvature, covering in particular the previous model example of the torus.
Let M = (M, g) be a complete connected n-dimensional Riemannian manifold with Riemannian measure dx, 30
and let, as reference measure, u be a probability measure on M (with smooth density with respect to dx). The
counterpart of the Euclidean geometric decomposition in [6] will be achieved via non-negative curvature con-
ditions, specifically curvature-dimension CD(0, N) of the underlying diffusion operator invariant with respect
to pu, or metric measure space (M, g, u), in the sense of [1, 10, 13] (see Section 2). In case of an n-dimensional
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Riemannian manifold (with finite, normalized, volume element dx = du), the CD(0, N) condition with N = n
amounts to a non-negative lower bound on the Ricci curvature.

Given two probability measures y and v on the Borel sets of M, and p > 1, the Kantorovich-Wasserstein
distance Wy (v, u) between v and y is defined by

1/p
Wp(v, ) = inf ( d(x, yPdn(x, y))

MxM

where the infimum is taken over all couplings 77 on the product space M x M with respective marginals v and
u and where d(x, y) denotes the Riemannian distance between x and y in M (cf. [13]).
Given the probability p, the norm of the Lebesgue space L' (), r = 1, is denoted by ||,

With these notation, the general family of Sobolev-Kantorovich interpolation inequalities emphasized in
this work take the following form.

Theorem 1.1. Let (M, g, u) be a weighted Riemannian manifold with weighted probability measure y satisfying
the curvature-dimension condition CD(0, N) for some N > 1. Given p, q > 1, there is a constant C > 0 only
depending on p, q, N such that for any probability dv = fdu with smooth density f with respect to u,

1GF =)} = CUIFlly WV, 1) (1.2)

where

+ |=SI=

1
—_p N G 1)

Se|
Qlk| +

and@=r(3+4)=1+3+

S
=/~

The Cinti-Otto inequality (1.1) on the flat n-dimensional torus correspondstoq = 1,p = 2and N = n
for which therefore r = 3:@’—;2 Other values of interests are ¢ = p = 2 for which r = 39’—;2 In this case, the

inequality may be compared to the Poincaré-Sobolev inequality (see Section 2)
Ifll, = CDWD)[IVSl, (1.3)

for mean-zero smooth functions f, where r = 1\%\’2 (N > 2) and D(M) is the diameter of the manifold, yielding
a stronger embedding under a stronger interpolation factor D(M) = W, (v, p).
In a somewhat weaker form, (1.2) may also be expressed by

Ifll, < C+ VIS Wylv, w)''°.

It is natural to expect that C = 1 = [, 3 fdu on the left-hand side of (1.2) but the proof below is far from such a
claim. The exponents in Theorem 1.1 are optimal on peak functions (in dimension one).

The proof of Theorem 1.1 will be based on heat flow arguments on the semigroup (P¢)»o with invariant
measure u underlying the weighted manifold (M, g, 1), and slicing methods in the spirit of [6] and [8]. The
CD(0, N) condition will allow for the use of heat kernel and Harnack inequalities, consequences of the Li-Yau
parabolic inequality in this framework. These tools are actually also available in the more general context of
Markov Triples (E, u, I') in the sense of [1]. For the specific torus example, it is plausible that the Euclidean
arguments of [6] also allow for the full range of parameters.

Infinite dimensional examples of curvature-dimension CD(0, o) may be addressed similarly. For CD(0, o)
models, the classical Li-Yau parabolic inequality is however no more available and has to be supplemented
by Wang’s Harnack inequality (cf. [1, 15]). The resulting Sobolev-Kantorovich inequalities (Theorem 4.1) are
then dimension free, and the values g = p = 2 read in particular

IF = O35 < CUIVFI, Walv, ) (14)
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for some numerical C > 0. Under a diameter bound, this result turns into a Nash-type inequality of possible
independent interest,

Iflls < CLIFIZ + DAY [V FI2] M F123

for every (smooth) f : M — R.
In the form (1.4), Sobolev-Kantorovich interpolation inequalities are also in the spirit of the Otto-Villani
HWI inequality [1, 12, 13] stating in this context that for any probability dv = fdyu,

) w >1/2
/Mflogfdu < </M f dp ) Wav, p).

To outline the content of the article, we present in the next section the framework of investigation and the
basic geometric tools which will be used in the proof of Theorem 1.1. These rely on the curvature-dimension
condition CD(0, N) in the form of Harnack and pseudo-Poincaré inequalities. Section 3 is then devoted to the
proof of Theorem 1.1 which adapts, with the preceding geometric tools and a slicing argument, the scheme
emphasized in [6]. The subsequent section addresses the infinite-dimensional case under CD(0, oo) with the
tool of Wang’s Harnack inequality.

2 Framework and geometric tools

For simplicity in the exposition, the results of this work are presented in the weighted Riemannian setting,
that is a complete connected Riemannian manifold (M, g) equipped with a weighted probability measure
du = eVdx where V : M — R is a smooth potential, to which is naturally attached the diffusion operator
L = A-VV .V with invariant and reversible measure y and associated heat semigroup (P¢)s.q-

The curvature-dimension CD(0, N), for some N > 1, condition on L, or the weighted Riemannian manifold
(M, g, 1), is described by the Bochner-type inequality

1 2 1 2
SLOVfR) -V - VIf > < ()

holding for all smooth f : M — R. For example, the Laplace-Beltrami operator A on an n-dimensional Rie-
mannian manifold with non-negative Ricci curvature satisfies CD(0, n). The curvature condition CD(0, o)
covers infinite dimensional models in the sense of the operator L, such as for example log-concave measures
on R". We refer to [1, 10, 11, 13] for standard references on such a framework.

As mentioned in the introduction, the Sobolev-Kantorovich interpolation inequalities emphasized here
may actually be developed in the more general setting of a Markov diffusion Triple (E, u, I') in the sense of [1],
consisting of a state space E equipped with a diffusion semigroup (P¢)»o with infinitesimal generator L and
carré du champ operator I', and invariant and reversible probability measure u. In the weighted Riemannian
context, I'(f, f) = |Vf|?* for smooth functions f. The curvature condition CD(0, N) in this context stems from
the abstract form of the Bochner identity in terms of the I'; operator. The state space E may be endowed with
an intrinsic distance d for which Lipschitz functions f are such that I'(f) is bounded (u-almost everywhere),
which coincides with the Riemannian distance in the manifold case.

One basic tool in the heat kernel estimates necessary in this investigation will be the Li-Yau parabolic
inequality [9] in the form of its following consequences. These results, established first on Riemannian mani-
folds with non-negative curvature, extend to the case of weighted Riemannian manifolds and more generally
Markov Triples under the curvature-dimension condition CD(0, N) (cf. [1]).

The first main property of interest is the following Harnack inequality (cf. [1, 7, 9]).

Proposition 2.1. Let (M, g, \) be a weighted Riemannian manifold satisfying the curvature-dimension condi-
tion CD(0, N). For any non-negative (measurable) function f on M, and any t,s > 0, x,y € M,

t+s\N/2 )
Pif(y) < PHSf(x)(T) o0y 45
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The second main tool is a pseudo-Poincaré inequality.

Proposition 2.2. Let (M, g, u) be a weighted Riemannian manifold satisfying the curvature-dimension condi-
tion CD(0, N). For any smooth function f on M, and any t > 0,

If = Peflly < BVE|VSl,
where B > 0 is numerical (for example B = +/2) for 1 < q < 2 and only depends on N for q > 2.

About the proof of this proposition (see e.g. Lemma 3 in [8]), it should be pointed out that the case
1 < g < 2 indeed does not require the dimensional Li-Yau inequality and rather relies on Poincaré inequali-
ties for heat kernel measures valid under the only curvature condition CD(0, o). Specifically, the argument
involves reverse Poincaré inequalities (cf. [1]) which express, under this curvature, that for any (measurable)
h: M — R, and any s > 0, pointwise

25 |VPsh|* < Ps(h?) - (Psh)?. (2.1)
Provided indeed with this result, for any (say bounded) h,

/Mh(f—Ptf)dy = —/Ot/MhLPsfdyds = /Ot/MVPsh-Vfdyds.

If 2 < ¢’ < oo, by Jensen’s inequality on (2.1),
1
VPsh||, < — ||h||,,
VPshl|, T35 Al
so that by duality, if 1 < g < 2,

t
If - Pifll, < /O S IVl = VRIS,

To complete this section, we provide a direct proof of the Poincaré-Sobolev inequality (1.3) relying on the
preceding tools as we could not locate a suitable reference. For a given f : M — R, by Proposition 2.2 with
q=2,foranyt =0,

Ifll, < V2t|[Vfl, + |IPef|l,-

On the other hand, by Proposition 2.1 with s = D> = D(M)?, for every non-negative f on M, and every x,y € M
and t =0,
D2 N/2
Pf) = 2(1+ % ) Pf )

Hence, after integration in the x variable, |Pf].. < 2(1 + D—:)N/ 2

N
IPefl, < v2(1+ B)Y 1A
Combining the preceding, for any (smooth) f and every t > 0,

Ifll; and, by interpolation,

2\ N/4
I, = V2EIfl,+v2(1+ 5 ) il

Optimizing in t > 0 yields the Nash-type inequality
N/(N+2)
Iflly = CLIfl, + DIVAIL] ™ 2 ifE

where C > 0 only depends on N. By a standard slicing procedure (see [1, Chap. 6]), the latter amounts to the
Sobolev inequality

Ifll, < C'[IIfIl, + DIIVAIL]
forr = % (N > 2). Now, it is also classical in this context (cf. [1, 3]) that a Poincaré inequality for mean-zero
functions f holds true with constant proportional to the diameter, namely

Iflly < C"D VS,

for C” > 0 only depending on the dimension N. Hence, the announced Poincaré-Sobolev inequality (1.3)
follows.
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3 Proof of Theorem 1.1

This section is devoted to the proof of the main result, Theorem 1.1. The general scheme follows the approach
developed by E. Cinti and F. Otto [6]. To get a better feeling about the argument, we start with the simpler
weak-type version of the statement. Actually, as put forward and achieved in [6], a main step will be to pass
from the weak formulation to the strong one. 5

Proposition 3.1. In the setting of Theorem 1.1, there is constant C > 0 only depending on p, q, N such that

su? wWur=w < c IVFllg Wp (v, p).

uz

Proof. Let thus f be a smooth probability density on M, and recall dv = fdu. By Proposition 2.2, for every
u>0andt>0,

BY¢4/2

u(f =2 2u) < u(If - Pef| 2 u) + u(Pef 2 u) < 1

IVFIE + u(Pef = ). G.1)

Now, by Markov’s inequality and symmetry of (P¢);.o with respect to y,
1 1
uPf o) < L / 1pPef du = = / P(Lp)dv
UJjm ujm
where F = {Pf = u}. By the Kantorovich duality (cf. [13]), for every € > 0,
1 o~
/ Pipdy < LW, ) + / QePi(15)dy
M € M
where ag is the sup-convolution
~ 1
QeP(1)() = sup [P(1AY) - 7 dlx, yP .
yEM €

Clearly, for any x € M, the supremum may be restricted to those y for which d(x, y)? < e.
Use next the Harnack inequality from Proposition 2.1 with s replaced by ts to get that for every s > 0 and
X,y €M,
PALR(Y) < Pysin)(LR)00(1 + )N/ ed0on/ats,

In particular, for every y such that d(x, y)P < € with € = (ts)?/2,
P(1R)() < 21+ )V Py, (1R ()
so that, with this choice of &,
QePe(1p)(x) < 2(1 + )V 2Pyg, 1) (1) ().
Therefore, after integration with respect to y,

1

U(F) = u(Pef 2 u) < W

WE(v, 1)+ 2 (14 s)2p(P).

Choose s = 2°u?/V so that 2 (1+5)V/2 < 1 provided that u = C = Cy large enough. Hence, together with (3.1),

2(p/2)+1
tp/21+(p/N)

BY¢4/2
oA

u(f 22u) < y

WH(v, ).
Optimizing in t > 0 yields the conclusion. O

On the basis of the preceding weak-type estimate, we address the proof of Theorem 1.1 together with a standard 10
slicing argument as extensively presented in [1] for related functional inequalities.
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Starting as above, for every u > 0 and t > 0, by Proposition 2.2,
u(f 22u) < u(f 2 2u, Pof <w) + u(f 2 2u, Pef 2 u)
Wl - Pflzw) 5 [ 1ef
BY t 9/2

IN

IN

19719 + o / 16f dp

where F = {P¢f = u}.
Apply the preceding (which holds true for any smooth — Lipschitz — positive function, not only probability
densities) to f, = min((f - 2%)., 2%), k € Z, and u = 251, t = ¢, > 0, so to get

@By ¢l / 1
—_— Vf|ld +—/ 1f, fid
24k " IVf|*du ok " FJKkap

(2B)q ¢4/
/|Vf|qdy+ /]ledv

where Aj = {2 < f < 21 Fp = {Pt,fr = 211 k € 7, and where we used that f; < f in the last step. Note
that u(f = 251 = u(fy = 2%), and sum the preceding inequalities, after multiplication by 2%, over the set of
integers I = {ko, ko + 1, ..., k1} for some ko = O to be determined below (and where k; is arbitrarily large,
tending to infinity at the end of the argument). Hence,

3 2%u(F =28t < 2B)1 Y 2070k tq/z/ \Vf|9du +/ ¢ dv (3.2)

kel kel

u(fi > 2%) <

where ¢ = >, ;20K 1.
By the Kantorovich duality, for any € > 0,

/M¢dv < %W,’;(v,y)+/M@g¢dy (3.3)

where
QeP () = sup [0) - dy] = sup | 320V 15,00 - L dyY

,VEM kGI +
It is an elementary, yet crucial, observation emphasized in Claim B in the proof of Proposition 1.3 of [6], that
> 20k 1, () < ¢ sup 2R 1 () (34)
kel kel

for some ¢ = ¢ > 0 only depending on r > 1. Therefore, for every fixed x € M,

Qep(x) < csup sup[ 20Ky () - —d(x y)”}
YEM kel

IN

csupsup |20 Yk ()——d(x, )P
supsup (20 11, () - o 0y (35)

c sup 20Vkq )
kel YEM(X)

IN

10 where M (x) = {y € E; d(x, y)P < ce 2("1)"}, kel

Apply next the Harnack inequality from Proposition 2.1 with ¢ = ¢, > O to be specified and s = t;s) =
(ce)?/P22(~-VkIp Recalling that Fy = {Py,fi = 2K°11, for every y € My(x),

1r () < 27° P fiy) < 2792 (1 + Sk)N/ZPtk(sk+1)fk(X)-
As a consequence of (3.5),

Qep() < 4c 20K+ sV PPy (5, i)
kel



DE GRUYTER OPEN Sobolev-Kantorovich Inequalities =— 163

Integrating with respect to u,

/ Qe du < 4CZ 2070k 4+ s )N 2 u(f > 2K
M

kel

where we used that [, Py, (s, 1)fkdM = [}, fiedp < 2%u(f = 2.
Choose t;, = A 272U=9k/4 and replace € by AP/?¢ where A > 0. Therefore

/ aAp/zg¢> du < 4CZZ(”1)"[1 +(ce)?? 2’/"}N/2y(f > 2K
M

kel
where 5 5
r=@-1D+=0-9.
p( ) q( q)
On the other hand

S0 | vpita < 192 Y [ wfitap < 2 [ vpitan
k k

kel kel

(since for a smooth f : M — R, Vf = 0 on every level set {f = a}).
Summarizing together with (3.2) and (3.3),

S 2™u(f > 241 < @BYIAY? || f|d + /lp}zg Wh(v, 1) + 4c > 20 K1+ (ce)*P 2N 5 21,

kel kel

The final step will be to absorb the sum over k € I on the right-hand side by the one on the left-hand side.
To this task, note thatr = (r-1) + % r’ by the very definition of r. For any 1 > 0, there exist € = () > 0 and
ko = ko(n) = 0 large enough (with further dependence only on p, r, N) so that

2(r—1)k [1 + (Cg)z/p 2r’k] N/2 < 2rk

for every k = k. Hence,

1
erky(f > 2K1) < (2B)929/? IVFIE + Y TIP WH(v, u) + 4cn22rkp(f > 25,

kel kel

If n > 0is chosen so that 2"*3¢n < 1, then

S 2™ u(f = 24 < 22B)TAY | vF|d +
kel

e Wh(v, p) + cn 2mko*3 (£ » gkoy,

To conclude, optimize in A > 0 and make use of the weak-type Proposition 3.1 to control the last term on the
right-hand side of this inequality. It follows that, for ko large enough, there is a constant C; > 0 depending

only on p, g, N such that

ST 2™u(f 2 24N < o VA Wytv, w0 (3.6)
kel

Finally, it is an easy exercise to check that

[F=nll = [ s c v 0dee)
0
< 2(k0+1)r}1(f > C) + (221’ _ 27) Z Zrkﬂ(f > 2k+1)
k=ko
< 221 Z Zrk}l(f s 2k+1)
k=ko

with for example C = 2%*1, Therefore, letting k; — oo in (3.6) then yields the conclusion. The proof of
Theorem 1.1 is complete.
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4 The case of the CD(0, ~o) condition

As discussed in the introduction, the dimensional Harnack inequality from Proposition 2.1 is no more avail-
able under the infinite-dimensional non-negative curvature CD(0, =) condition and has to be substituted by
Wang’s Harnack inequality [1, 14, 15]. The latter expresses, under thus CD(0, o), that for any positive (mea-
surable) fon M, and all t > 0, x,y € M,

Pf(y)? < Py(f2)(x) @00 /2t, (4.1)

With this tool in hand, we may state the main result in the CD(0, o) case. Only p = 2 is considered. Besides,
values of g have to be restricted to the interval [1, 2] by Proposition 2.2. In addition, since (3.4) does not hold
for r = 1, the value g = 1 has also to be excluded (although a weak-type estimate holds in this case).

Theorem 4.1. Let (M, g, i) be a weighted Riemannian manifold with weighted probability measure u satisfying
the curvature condition CD(0, o). Given 1 < q < 2, there is a constant C > 0 only depending on q such that for
any probability dv = fdu with smooth density f with respect to u,

(- 0[P < ClIVFll, Walv, ) (4.2)

where
3q

r=q+2.

Asin the preceding section, we start with a weak-type estimate, actually valid for any g € [1, 2]. The main
argument relies here on a somewhat different use of the Harnack inequality, namely a reverse transportation
cost inequality along the flow (cf. [1, 2]).

Proposition 4.2. In the setting of Theorem 4.1, there is a constant C > 0 only depending on q € [1, 2] such that

supu’?u(f = u)P*'? < C|IVfll; Walv, p).

uzC
Proof. As in the proof of Proposition 3.1, for every u > O and t > 0,

(2t)q/2
ud

u(f > 2u) < IVFIE + u(Pef = ).

Recall now the entropic inequality stating that for any (say bounded) measurable h on M,
/ hPf du < / Piflog Pof du + log/ eldu.

M M M

Applying it to h = 1 where F = {P:f > u} yields
uu(F) < / 1pPf du < / Piflog Pf du +log (1 + (e - Du(F))

M M
Hence, provided that u > 4 (for example),

UU(Pf 2 u) = uu(F) < 2/ Piflog Pifdp.

M

Now, as a consequence of Wang’s Harnack inequality (4.1), the entropy of Pf is bounded from above by the
Kantorovich distance W (v, p) as (see e.g. (1.11) in [2])

1
/ Pflog Pf dyu < 1 W3, ).
M

Therefore, for any u = 4,
1 02
U(Pif 2 u) < tu Wi (v, p).
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As a conclusion,
q/2
u(f =2u) < (23‘1

which is the result of the proposition after optimization in ¢ > 0. O

1
IIVfHZ * S5t W3(v, )

Proof of Theorem 4.1. We follow the proof of Theorem 1.1 until (3.5) at which point we make use of (4.1). Recall
that Fy = {Py,fi > 2K}, With t; = ce 20~VK, for every y € M (x),

1r,() < 27°Pr (F))* < 2729 P (FR(0).

Hence,

/ Qepdu < 8¢ > 2" u(f > 2%
M

kel

where we used that [,, fidu < 22*u(f = 24).
Now, going back to (3.2), the value of r ensures that 209k tZ/ 2 = (ce)?? so that

Z 2 u(f 2 251y < 2%9(ce)?/? IVFIE + %W%(v, u) + SCZ 20-Vky (£ 2 25,
kel kel

For kg large enough (only depending on r),
S 2™u(f > 241 < 2297 (ce) ! | vf||2 + %w%(v, 1) + 16¢ 207 Vkoy(f 5 2koy,
kel

The last term on the right-hand of this inequality may then be handled by the weak-type estimate of Proposi-
tion 4.2, concluding the proof of Theorem 4.1 after optimization in € > 0. O

In addition to the preceding statements, there is a version of Proposition 4.2 for p = g = 1. This result shares 5
some similarities with the recent [4].

Proposition 4.3. In the setting of Theorem 4.1, under the curvature condition CD(0, o), there is a numerical
constant C > 0 such that for any probability dv = fdu with smooth density f with respect to u,

supu® u(f > u)* < C||Vf|l; W1(v, p).

uzC
The proof of this proposition follows the standard pattern. Forany u > O and t > 0,

V2t

u

u(f z2u) < V£, + u(Pef = u).

Now, by (2.1), v2t P¢(1f)f is 1-Lipschitz (where as usual F = {P,f > u}) so that, for the Wy metric,

/M Pp)f du /M Pt(nF)dyW%wl(v,u) - y(F)W%wl(v,u).

Hence 1

V2tu

WPfau) < L /M 1Pifdy = /M PPN < L uPf 20+ Wi, )

and foru > 2,

2
P zu) < Wi(v, u).
U(Pf = u) tu 1(v, )
Therefore
V2t 2
>2u) < AV —— Wi(v,
}’l(f> u) < u H f||1+ \/ﬂu 1(V ”)

from which the claim follows after optimization in ¢ > 0.
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Proposition 4.3 has some interesting consequences to isoperimetric-type inequalities. Indeed, applied to

f smoothly approaching % for say a closed set A in M, it yields that whenever u(A) < %,

1 +
CW,(A) < u'(4) (4.3)

where 1
p'(A) = liminf < [u(4s) - u(A)]

is the Minkowski content (surface measure) of A and, to ease the notation, W;(4) = Wy (v, u) where dv =
fdu = %dy. The inequality (4.3) may be seen as a local version of the links between concentration and
isoperimetric-type inequalities under non-negative curvature put forward by E. Milman in [10, 11]. Indeed,
concentration at some scale amounts to an upper bound on W;(4) in terms of a function of %) which in
turn, by (4.3), ensures that for sets with small measure the surface measure u*(A4) is (uniformly) bounded
away from zero. Due to the concavity of the isoperimetric profile under non-negative curvature, the latter
always yields a comparison to the exponential isoperimetric profile (see [10, 11] for details).

Acknowledgement: Iam grateful to E. Cinti and F. Otto for informing me about their paper [6] and for useful
exchanges on the topic of this work.
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