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fourth-moment theorem

D. Nualart, G. Peccati (2005)

condition for a Wiener chaos

to be close to Gaussian



multiple Wiener integrals

simplified (finite-dimensional) model

Wiener (Gaussian) chaos of order k

N
F = F(x) = Z Qjy i Xiy o X x=(x1,...

i,eix=1

,XN) ERN

multi-linear form

aj ..., € R symmetric, vanishing on diagonals

/RN Fldyy = 1 (fgn F dyn =0)

dx

deN(X) — ei‘x‘z/z (T

standard Gaussian measure on RV



multiple Wiener integrals

simplified (finite-dimensional) model

Wiener (Gaussian) chaos of order k

N

F=FX)= Y an. iXiX,
i yensif=1
X1,..., Xy independent standard normal

aj ..., € R symmetric, vanishing on diagonals



F=F, neN k-chaos (k fixed)

N =N, - o

/RNn F2dyy, =1  (or — 1)

Theorem by D. Nualart, G. Peccati (2005)

distribution of F, converges to <1 (standard normal on R)

if and only if

/ Ftdvyy, — 3 <— /x4d~yl>
RNn R

striking reduction of the moment method



original proof

stochastic calculus

Wiener chaos (multiple Wiener integrals)
F = / f(l’l,...7tk)d8tl-"d8tk
“ [O~1]k
f e L*([o, 1]%; R)  symmetric

F = Ik(f)



main tool : multiplication formula

k1) = S () () b atrg

r=0



main tool : multiplication formula
kN
k\ (¢
Hk Hy = ! Hio

Hyi Hermite polynomials



main tool : multiplication formula

WO e = 3 (5)(;) besatrie

r=0

contraction

f®rg_/ f(tl,...,tk,,,Sl,...,Sr)X
[0,1]

E(tk—ri1s- s thyt—2r,S1,. ., S )dsy -+

f®,g symmetrized

S, Fndyn, — 3 implies

|fo@pfallz =0,  p=1,....k—1

combinatorial arguments

ds,



D. Nualart, G. Peccati (2005)
I(fn) = Wr, time change T, —1

I. Nourdin, G. Peccati (2009)

moments  E(/k(f,)7) — [px9dm

D. Nualart, S. Ortiz-Latorre (2008)
stochastic calculus (Malliavin)
further equivalence
Vary,, (‘VFnP) — 0

I. Nourdin, J. Rosinski (2012)

covariance criterion



first objectives

Gaussian k-chaos

N
F = F(X) = Z a,-l’_,_,,-k X,'1~~'X,'k

ityeeii=1
understand what is used on F

why a fourth moment condition / F4d7N ~ 3
RN

connection with Var,, (|[VF|?)



Gaussian k-chaos

N

F=F(x) = Z Fiyesiy Xin 7" Xi

iy =1

first feature : eigenfunction, eigenvalue k
—LF = kF
L = A —x-V Ornstein-Uhlenbeck operator on RN
Lxi = —xq, Lxixo = —2x1x
invariant (reversible) measure vy = 7

integration by parts

/ f(—Lg)dvz/ Vf-Vgdy
RN RN



connection with  Var,, (|[VF|?)

—LF = kF

integration by parts
k/ Ftdy = / F3(—LF)dvy = 3/ F2|VF|?dy
RN RN RN

similarly k/ F2d~ :/ F(—LF)dfy:/ |VF[dy
JRN RN RN

normalization [,y F2dy =1

/RN IVFdy = k

Var, (|VF|?) = /RN (IVF]? = k)2dy



k/ Ftdy = / F3(~LF)dy = 3/ F2|VF|?dy
RN RN RN
/ \VF|?dy = k
RN
1
k(/ F4d7—1> :/ F2(|[VF]? - k)d~
3 RN RN
/ Fdy ~3 = |VFP? ~ k
RN

Var, (|VF|?) = / (IVF]? = k)2dy
RN
technical task

from / F2(|VF]> = k)dvy to / (IVF]? = k)2dy
RN RN



main step

if / Ftdy ~ 3
RN

then  Var,(|VF]?) = / (IVF2 = k)’dy ~ 0
RN

if |VF? ~k  (Var,(]VF?) ~ 0)
then the distribution of F

is approximatively Gaussian



second (main) step

if / Fdy ~ 3
JRN

then  Var,([VFP) = / (IVF]> = k)?dy ~ 0
RN

first step

if |VF]2 ~ k (Var, ([VF[?) ~ 0)
then the distribution of F

is approximatively Gaussian



first step

Ornstein-Uhlenbeck operator on R"

L=A—-x-V

F:RN — R Gaussian chaos

F eigenfunction of L

—“LF = AF  (A>0)

p:R — R smooth

chain rule formula for L (Laplacian)

LpoF) = ¢'(F)LF +¢"(F)|VFI* = =AF¢/(F) + ¢"(F) [VF[?



L(poF) = =AFY'(F) +¢"(F)[VF|?
if |[VF|>= X\ then

L(po F) = =AF@'(F) + A¢"(F)
L(poF) = A(Lp)(F)
(one-dimensional O-U operator)

L =" —x)) on R

v#F distribution of F : RN — R under ~

0= / L(po F)dy = )\/ﬁgodv#,:
RN R

V#F invariant measure of L

T#F = 71



Stein’s method

quantify the preceding

I. Nourdin, G. Peccati (2009)

“LF = AF
v4F distribution of F:RM — R under

’/de#F—/cpd%
JR R

sufficiently many smooth ¢ : R — R

C

< =2 Var, (IVFP?)"?

if Var,(|[VF|?) ~ 0

then distribution ~xr close to Gaussian 71



second (main) step
when does

/RNF“dyw3

imply that

Var, (|[VF[?) ~ 07

is it enough to use

~LF = kF?

more information is needed



convenient framework

[ calculus

Markov operator L on state space E

/4 invariant symmetric probability measure

I (bilinear) operator

r(f.g) = 3 [L(fg) — fLg — g Lf]

f,g: E— R insome nice algebra A

integration by parts

/Ef(—Lg)du = /;F(f7g)d/L



example

Ornstein-Uhlenbeck operator on E = RN

L=A-x-V

invariant measure [ =7y

v standard Gaussian measure on RV
r(f,g) = Vf Vg

/ f(—Lg)d’y:/ Vf-Vgdy
RN RN



iterated gradients

[, m>2
rf,g) = %[L(fg)— ng—gLf]
I'2(f,g) = %[Lr(fvg)_r(faLg)_ r(g7Lf)]

D. Bakry, M. Emery (1985)

> operator (criterion) : Bochner's formula

rm(fag) = % [L rmfl(ﬁg) - I_mfl(f’ Lg) - rmfl(g»Lf)]



example

Ornstein-Uhlenbeck operator on E = RN

L=A-x-V
F(f,f) = [(f) = T(f) = |VF?
Fo(f) = |[VE2 12 4 |VF?
M3(f) = |[VE3F > 4 3| V)2 + |VF?
[VE2F2 = Ta(f) = Ta(f)

[VE3F12 = T3(f) — 3T2(f) + 2T1(f)



additional datum

Gaussian chaos

N

F = F(X) = Z Qiy,.ipe Xiy * 0 X

i1yesik=1

—LF = kF

‘v®k+1 f|2 -0

(|[V®kf|? = constant)

intrinsic description in terms of the [,



L (pure) point spectrum

SI{OI)\0</\1</\2<"'}

polynomials
k—1 k '
Q(X) = [IX=X) =D aiX
i=0 i=1

k
QM) =D ail;
i=1

bilinear forms on A x A

Qu(M)(f, ) = Qu(M)(f)



example

Ornstein-Uhlenbeck operator on E = RV

L=A-x-V
spectrum S = N
Q(X) = X(X = A1) = X2 - X
[VE2F|? = Ta(f) = T1(F) = Qa(T)(f)
QR3(X) = X(X = A1)(X = X\2) = X3 —3X2 42X
IVO3F 12 = T3(f) — 3Ta(f) +2T1(F) = Q3(N)(f)

[VERER = Qu(N)(F)



Definition An eigenfunction F of —L with eigenvalue \j

—LF = M\F

is said to be a chaos of degree k > 1 relative to S = (\n),cry i

Qu1(MN)(F) =0

(u-almost everywhere)

F chaos eigenfunction (with eigenvalue \y)

Wiener (Gaussian) chaos

N

F  k-chaos eigenfunction



k+1

K
Qrr1(X) = H(X—)\i) = ZCIiXi
i—0 i=1

further polynomials

k+1

1
[Qus1(X) — a1 X] Zq,X’ 2

Ren(X) = 53
Tier1(X) = Rier(X 4 M) = R (Ak)

for example

Q(X) = X = M1 X, R =1, T,=0

Q3(X) = X% — (A1 + X2)X? + A ho X
R3(X):X—()\1—|-A2), T3(X):X



main statement

k+1

1
Ris1(X) = ﬁ[@kﬂ( —q X] Zq,X' 2

Tre41(X) = Rir1(X + M) — Rera(Ak)
=AM k>1 0 (mo=1)

Theorem Let F bea k-chaos eigenfunction with eigenvalue

Ai. Set T =T(F). Then

wk_l/ MPdy = wk/ F2qu+(1)k/ M Tir1(3) Mdp
E E E



7Tk—1/ MPdu = m/ F2qu+(—1)k/ M Teia(5) M dp
E E E

Corollary Recall the spectrum S = (\;),cny of —L. If

(_1)ka+1( - %) < 0 forevery neN

/ MPdu < /\k/ F2T du
E E
F normalized in  L?(p)

/rd:“:/F(—LF)dMZ)\k/F2dM=)\k

Var,(I') < M(/ F2rd,u—)\k>
E

then



k/ Ftdy = / F3(~LF)dy = 3/ F2|VF|?dy
RN RN RN
/ \VF|?dy = k
RN
1
k(/ F4d7—1> :/ F2(|[VF]? - k)d~
3 RN RN
/ Fdy ~3 = |VFP? ~ k
RN

Var, (|VF|?) = / (IVF]? = k)2dy
RN
technical task

from / F2(|VF]> = k)dvy to / (IVF]? = k)2dy
RN RN



Var, (I < )\k</ Fzrdu—)\k>
E

recall : integration by parts fE Fdu=1

1
i /F“du—l /Fzrdu—/\k
3JE E

1
Var, (N < Ai<3/ F4du—1>
E

if [pF*du=3 then [ =T(F) constant
Stein’s method (first step)
distribution of F is Gaussian

Nualart-Peccati theorem



main statement

k+1

1
Ris1(X) = ﬁ[@kﬂ( —q X] Zq,X' 2

Tre41(X) = Rir1(X + M) — Rera(Ak)
=AM k>1 0 (mo=1)

Theorem Let F bea k-chaos eigenfunction with eigenvalue

Ai. Set T =T(F). Then

wk_l/ MPdy = wk/ F2qu+(1)k/ M Tir1(3) Mdp
E E E



key argument of the proof

F eigenfunction of —L eigenvalue A\, —LF =\F

[m(F) = 3LTp_1(F) — Tm_1(F,LF)

Mm = 2LTmo1+ATmo1

consequences

M= AL+AI)™'T

/F2 FCmdp = / Mol mdy = / Ml m_1dp
E E E



proof when k=1

Q(X) = X% — A1 X, Ry =1, T,=0, 7T =X\

F  1-chaos

—LF = A F
QM) == Ml =0

multiply by F2, integrate

/Fzrgdu = )\1/F2qu
E E



key argument of the proof

F eigenfunction of —L eigenvalue A\, —LF =\F

[m(F) = 3LTp_1(F) — Tm_1(F,LF)

Mm = 2LTmo1+ATmo1

consequences

M= AL+AI)™'T

/F2 FCmdp = / Mol mdy = / Ml m_1dp
E E E



proof when k=1

Q(X) = X% = A1 X, R, =1, T, =0, T =\

F  1-chaos

—LF = \F
QM) = Ta— Ml =0

multiply by F?, integrate

/F2F2du = )\1/F2qu
E E

wk_l/Er%m = wk/EF2qu+(—1)k/Eer+1(%)qu



proof when k=1

Q(X) = X% = A1 X, R, =1, T, =0, T =\

F  1-chaos

—LF = \F
QM) = Ta— Ml =0

multiply by F?, integrate

/F2du = Al/le'du
E E

wk_l/Er%m = wk/EF2qu+(—1)k/Eer+1(%)qu



proof when k =2

Q3(X) = X3 — (A1 4+ X2) X2+ A haX
R3(X):X—()\1—|-A2), T3(X):X

T2 =M1, T1=M\

F 2-chaos
—LF = \F
Q3(r) =I3- ()\1 + )\2) >4+ Al =0
multiply by F?, integrate

/rrzdu—()\1+/\2)/r2d,u+)\1)\2/F2rdu =0
E E E



/Frgdu—()\1+)\2)/r2du+)\1)\2/Fzrdu =0
E E E

|_2 = %LI‘+)\2I'

1
/FLqu—)\l/F2du+>\1)\2/F2rdM: 0
2 Je E E

7Tk_1/ MPdy = wk/ F2qu+(1)k/ M Tir1(3) M dp
E E E



ﬂkl/ Mdy = 7Tk/ F2rdu+(—1)k/ [ Ta(3) M dp
E E E

Corollary Recall the spectrum S = (\;),cny of —L. If

(—1)ka+1( - %) < 0 forevery ncN

/I’zdu < /\k/F2|'d,u
E E

then

Var, (') < )\k</ F2rdu—)\k>
E



spectral condition

(1) Tha (= 2) <0,

Theorem The spectral condition

(1) i (—2) <0,

is satisfied when

S = ()‘n)neN =N

neN

Wiener (Gaussian) chaos

Nualart-Peccati theorem



spectral condition

(—1)*Tia(— %) <0,

k

Quin(X) = [T(xX =)
i=0
T = k!

elementary exercise

neN



extensions

infinite dimensional Wiener chaos

abstract Markov chaos
continuous and discrete (cube, Poisson S = (), = N)

convergence to other distributions (gamma)

I. Nourdin, G. Peccati (2009)

Wigner chaos (free probability) ?

T. Kemp, I. Nourdin, G. Peccati, R. Speicher (2012)



convergence to gamma distributions

Theorem F k-chaos with eigenvalue )\, such that
Jg F?dp=p>0. Set T =T(F). Under the spectral condition

An

(1) Tepa (- 5

)SO, neN

it holds

Var, (I — A\eF) < Ak/ F2FdM+Ak/ FTdu— pByx — p*X\2
E E

where

2(—1)k N,

Tk—1

A =

2

Ri+1 (/\k> and Bk = ﬂ Rk+1<



S=N

k even

3
pVar”(r— kF) < /

Fidp — 6/ F3du + 6p — 3p?
E E

(Fn)nen  sequence of k-chaos fE F2du=p
if / Ff?du—6/ Fldu+6p—3p> = 0
E E

then (F,+ p),cy converges in distribution

to gamma distribution p

I. Nourdin, G. Peccati (2009)
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