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Abstract

We connect recent developments on Gaussian noise estimation and the Minimum
Mean-Square Error to earlier results on entropy and Fisher information heat flow ex-
pansion. In particular, derivatives of the Minimum Mean-Square Error with respect to
the noise parameter are related to the heat flow derivatives of the Fisher information and
a special Lie algebra structure on iterated gradients. The results lead in particular to a
partial answer to the Minimum Mean-Square Error conjecture.

1 Introduction

Recent works in information theory have been developed on the Minimum Mean-Square Error
(MMSE) in the estimation of a random variable from its observation perturbated by a Gaussian
noise [5, 6]. The concept of MMSE has been very fruitful, in particular has allowed for a simple
proof of Shannon’s monotonicity of entropy [4, 10] (see also [9]), first established in [1].

Given a random vector X in R™, let X; = X + /2t N, t > 0, where N is an independent
standard normal on R”. The Minimum Mean-Square Error

MMSE(t) = E({X ~E(X| Xt)|2>, t>0.

is an estimate of the input X of the model given the noisy output X; (the notation | - | being
the Euclidean norm in R"). The MMSE can be studied as a function of the signal-to-noise
ratio and as a functional of the input distribution. In particular, the aforementioned articles
(and the references therein) provide a study of the analytic properties of the MMSE and of its
derivatives with respect to the parameter of the noise perturbation, in relation with entropy
and Fisher information.



The MMSE actually appears as an alternate description of the standard Fisher information
along the heat flow. Given a random vector X with smooth positive density f with respect to

_ [ VP
I(X) = /n 7 dx

denote its Fisher information. For each ¢t > 0, the law of X} is a convolution with a Gaussian

the Lebesgue measure, let

kernel and as such admits a smooth density f;. With some abuse in notation, let then I(¢) =
[(X;) be the Fisher information of X;. As emphasized in [5], the MMSE actually directly
connects to the Fisher information I(¢), ¢ > 0, along the flow via the identity

42 1(t) = 2nt — MMSE(t), t >0,
recalled below in Section 2.

The purpose of this note is to relate some of the conclusions of [5, 6] to earlier results
on entropy and Fisher information expansions under heat flow [7] by means of the so-called
[-calculus for Markov diffusion operators (cf. [3]). In particular, the Lie algebra structure on
the iterated I'-gradients emphasized in [7] provides the suitable structure to understand the
successive derivatives of the MMSE and an induction mechanism to compute arbitrary orders.
This tool moreover allows for a partial answer to the MMSE conjecture of [6] stating that the
MMSE/Fisher information characterizes (up to the sign) the distribution of the underlying
random variable.

The first paragraph of the paper (Section 2) relates, following [5], the standard notion of
Fisher information to the MMSE. Section 3 describes via the I'-calculus the successive deriva-
tives of the Fisher information by the Lie brackets from [7], and the subsequent section interprets
the main conclusion on the MMSE itself. Section 5 emphasizes conditional cumulants towards
the representation of the derivatives of the MMSE. On the basis of this representation, the next
section addresses the MMSE conjecture in a particular case. The final Section 7 collects a few
bounds on the Fisher information and the MMSE of independent interest already discussed in
[6]. The Appendix (Section 8) presents proofs of some specific properties of the Lie brackets in
this context.

2 MMSE and Fisher information

We start by connecting, following [5], the MMSE to the Fisher information along the heat flow.
On a probability space (€, A, P), let therefore X be a random vector and X; = X + /2t N,
t > 0, where N is an independent standard normal on R" with the Gaussian distribution

dx

— oMz
dy(z) = e @)
Denote by p:(z) the Gaussian kernel

1 e i
pt(x):WeH/“, t>0, reR"



so that in particular, for any measurable and bounded ¢ : R* — R,

E(p(X;)) = ]E(/ p(X + \/Q_tx)dfy(x)>

_ E(/ngo(X+x)pt(x)dx>
_ E(/ngp(x)pt(x—X)dx)

Therefore, for any ¢ > 0, the law of X, has a strictly positive C* density f; with respect to the
Lebesgue measure which is given as the convolution of the law of X with p;, that is

filz) = E(p(z — X)), z€R™

The Fisher information I(X;) = I(¢) of X; is therefore represented along the heat flow as
\V4 2
I(t) = / | J{” dz, t>0. (2.1)
n t

As will be seen below via the connection with the MMSE, 1(¢) is actually well defined (finite)
for every t > 0.

Define now, for any ¢ > 0,
g(z) = E(Xp(z — X)), zeR™

Then, assuming first that X is integrable, the conditional expectation E(X | X;) may be repre-

sented by

E(X|X,) = %(X»

(almost surely). Indeed, if ¢ : R® — R is measurable and bounded,

E(p(X)E(X X)) = E(Xo(Xy))
—5( [ Xt o)

— [ o) B(Xne - X)) do,

while

E(p(X0 5 (X)) = [ plalatoyds

from which the claim follows.

As a consequence, if hy = v — %, then
Xt - ]E(X | Xt) - ht(Xt)

Note that although E(X | X;) may not be well-defined if X is not integrable, it makes sense
to consider the integrable random variable X, — E(X | X;) which is identified to v2t E(N | X;)

since

X, = E(X/|X;) = E(X|X,) + V2HE(N| X).
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In particular, X — E(X | X;) makes also sense and has moments of all orders. Therefore, the
Minimum Mean-Square Error

MMSE(t) = E(|X —E(X|X,)[*), t=0. (2.2)
is well-defined for every t > 0.
Now, observe that by the Lebesgue differentiation theorem,
2tV f, = ]E((X —z)p(T — X)) = g — xf;.

Hence
1
47 1(t) = / — |z fi - gt‘de
re Jt
9t |?
:I/’ —_— —

=[5

= E(|x, - E(x| X))

dx

= AE(NP) - E(\X ~E(X| Xt)|2>

since X; — E(X | X;) is orthogonal to X — E(X | X}).
Therefore the Fisher information I and the MMSE are related by the identity

442 1(t) = 2nt — MMSE(t), t > 0. (2.3)

In particular, the Fisher information I(¢) is well-defined for every ¢ > 0 whatsoever the under-
lying random vector X.

The Mutual Mean Square Error MMSE of [5] and [6] is actually studied as a function of the
noise parameter as

mmse(s) = ]E(\X—IE(X|\/§X+N)\2) - E(}X—E(X|Xt)\2> — MMSE(t)  (24)

for t = t(s) = %, s > 0. It is indeed in this form that the successive derivatives of the Fisher
information and of the MMSE will connect most suitably (as opposed to the relation (2.3)).
The study of the function mmse(s), s > 0, will then require various, unfortunately somewhat

heavy, changes of variables in the subsequent analysis.

It is shown in [6] that the mmse function is infinitely differentiable at every s > 0, and
at s = 0 whenever X has moments of all orders (and thus also the MMSE and the Fisher
information). We freely use these properties below.

3 Heat flow derivatives

We present here in the context of the heat semigroup on R™ the results of [7] on the successive
derivatives of entropy and Fisher information.



The derivatives of entropy along the heat flow have been examined from various viewpoints
in the literature, in particular in connection with logarithmic Sobolev inequalities (cf. e.g. [2, 3]).
Given a random vector X and X; = X ++/2tN, t > 0, with probability density f, with respect to
the Lebesgue measure, consider, provided it exists, the entropy (with a positive sign convention)
along the flow

H(t) = filog fydx, t>0.
Rn

The classical de Brujin formula expresses that

d
S H() = ~1(0) (3.1)

(where we recall the Fisher information I(¢) of (2.1)). Note that with v = log f;, t > 0,

I(t) = fi |[Vo* dx.

Rn
Similarly, as is classical from the Bakry—Emery calculus [2, 3],

d? 2 12

where V?v is the matrix of the second derivatives of v. (According to the end of Section 2, it
may be implicitly assumed here and below that entropy and Fisher information are infinitively
differentiable on (0, 00).) Note that while the calculus of [2, 3, 7] is developed along a semigroup
from a given probability density, it makes sense in the same way along the densities f;, t > 0,

since the latter solve similarly the heat equation 0 f; = Af;.
Nevertheless, it is known from [7] that the rule
d—é H(t) = (=125 | f,|V|Pda
dt’ !

cannot be iterated for ¢ > 3. The work [7] actually develops (in the context of an abstract
Markov diffusion operator) the suitable algebraic framework to express the successive derivatives
of entropy and Fisher information along the heat flow via the I'-calculus on the iterated gradients
(cf. [3]). We recall here some of the main elements of this description.

Consider the bilinear symmetric carré du champ operator
F(Ul, UQ) = Vu1 : VU/Q

acting on smooth functions wuy,us : R" — R. For simplicity, set I'(u) = I'(u,u). Introduce
the Lie bracket between the Laplace operator A (or more generally a linear operator L) and a
j-multilinear (5 > 1) symmetric form B(u) = B(u,...,u) on (smooth) functions by

2[A, Bl(u) = AB(u) — jB(Au,u, ..., u).



Here [A, B] is actually a j-multilinear form which is defined by polarization from [A, B|(u) =
A, B](u, . ..,u). For example if B is 2-linear,

2[A, Bl(u1,us) = AB(uy,uz) — B(Auy,us) — B(uy, Ausg)
= [A, Bl(ug + ug, ug +ug) — [A, Bl(uy, u1) — [A, B (ug, us).

It is classical and easy to see that if we define I'y(uy, u2) = Vu; - Viuy (the dot product being
understood as the scalar product between ¢-tensors) with I'y = T, for every ¢ > 1,

(A TJ(u) =Tp1(v) = V- Vi = |V % (3.3)

However, in order to study the time derivatives of entropy, it is necessary to go one step
further in the brackets and to consider

2[0, B)(u) = 2T(B(u),u) — jB(I'(u),u,...,u).

Here, since I' is 2-multilinear, [I', B] is now (j + 1)-multilinear and obtained by polizarization
from [T, B](u) = [T, B](u,...,u). For example, if B is 2-linear,

1

2 [F7 B] (uh U2, US) = g Z |:F (B(uo(l)a uo(Z))7 ua(3)) - B(F(uo(l)a uG(Q))7 u0(3)):|

where the sum runs over all permutations o of {1,2,3}. We refer to [7] for more details.

In this framework, the main conclusion of [7] is summarized in the following statement.
According to the preceding, define for every ¢ > 2,

T, = [A+T,T, ]
recursively from I'y (u) = I'(u) = |Vu|? (for smooth u : R” — R). Note that actually
Te = [ATe] + [, Ted]
which by induction yields a sum of j-multilinear forms with 2 < 7 < /. Recall v = log f;.

Theorem 1. For every ¢ > 1,

Z ~
%H(t) = (=12 | f,Ty(v)d.
RTL

For the further purposes, we will rather deal (equivalently by (3.1)) with the derivatives of
the Fisher information. Theorem 1 therefore expresses that

dZ ~
10 = (2 | fiTea(ds, (20 (3-4)

It is a main feature, at the root of the Bakry—Emery criterion for logarithmic Sobolev
inequalities (cf. [2, 7, 3]), that T'y = T's. Indeed,

Iy = [A+D,T] = [AT] = I,
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However, the whole point of Theorem 1 is that this identity does not extend to the higher
orders. Specifically,

[y = Ty,
I3 = I+ [[', Ty,
Ly =Ty + 2[00, ) + [y, [Ty, Te)],
Iy = T5+3[1, ) +2[Te, Ts] +3 [y, 'y, T's]]
+ [[a, [Ty, To] + [Ty, [Ty, [Ty, o],

For example, in dimension one, fl(u) =u'? fg(u) = "%, but
Ty(u) = o — 2u",

y(u) = u(4)2 190" + 6u”4,
Is(u) = u®? = 300" — 200" 0@’ + 120020 — 24u"”.

The successive expressions fg(u) are more and more cumbersome, but precisely given by the
Lie bracket structure.

It will be useful to record the following rough description of the fg(u), ¢ > 1, in dimension
one. Its proof is postponed to the Appendix, Section 8. Recall T'y(u) = T'(u) = u'>.

Proposition 2. For every £ > 2 and every smooth function u : R — R,

Ty(u) = R, (u®, ... ,u(g)) (3.5)
where u9), j > 2, denote the successive derivatives of u and where Ee = ﬁg(ZQ, o Zy) is a
polynomial in the variables Zs, ..., Z, of the form

Ri(Zsy ..., Z4) = Z2+ Ror(Za, ..., Zo_1)

where Ry_1 is some polynomial of ¢ — 2 coordinates (Ry = 0). The polynomial Ry_q is not
explicit, although it may be noticed that it contains (—1)°(¢ — 1)! Z%. Moreover T'y(u) is 2(-
homogeneous under the transformation u(x) — uy(x) = u(Azr), A € R, in the sense that

To(ua)(z) = N Ty(u)(Mo). (3.6)

In particular, }N%g()\2ZQ, N7y = /\%ﬁg(ZQ, ey Zy).

For example, according to the above expressions for fg, fg, f4, f5,

P — 127,73 + 673,
= 7230237y — 202,77 + 1207373 — 247;.

&
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4 Derivatives of the mmse

The preceding section provides a full description of the successive derivatives of the Fisher
information I(¢), t > 0. We develop here the connection with the derivatives of the mmse

mmse(s) = MMSE(t), t=t(s)=4, s>0,

of (2.4) via suitable changes of functions and variables.

Recall v = v(t,z) = log fi(x), t > 0, x € R", which defines a C*° function of both the

2
WQ_MI /4 and set

h =h(t,x) = %. Since O;p; = Ap; as well as 0, f; = Af;, it is an easy exercise to check that

h solves the pde

space and time variables. Recall also the Gaussian kernel py(z) =

1
With ¢ = #(s) = o, set furthermore k = k(s,z) = h(t,v2tz) = h(%, \/%) Then
1

= ——L 4.1
Osk 5g L (4.1)

where L is the Ornstein-Uhlenbeck generator acting on smooth function ¢ on R™ as
Ly = Ap —x - V.
The operator L has to be thought of as the Laplacian with a drift in such a way that the

standard Gaussian measure - is its invariant and symmetric measure.

Let then ¢ = log k and introduce, for s > 0,

ms) = 5 [ k@ = 1 [ TWa (42)

S

where T(q) = I'(q) = |[Vq|? (the change to the letter T will be justified below). The function

m(s), s > 0, is closely linked to the mmse. To this aim, observe first that after a change of

variables, with always t = t(s) = %7
m(s) = 4t [ f|Vw|*dz.
Rn

xT

where w = log h. Indeed, recalling that k£ = h(ﬁ, \/ig), after the change of variables Nl

and t = 24
| 1 [ |VE]?
| kY(q)dy = = d
S/n (q)dy S/n 4

257

1 1 29 dT
= 7 o TR g
_ /R h(;’ )!Vh\z(t,y)pt(y)dy
- [ 5 IVthLI2 2
— 42 A fi |Vw|*dy



Since w = log h = v — log p;, going back to v = log f;,

e? _ VAP, 1

Vuwl? = -
Vel 42 [T

+x‘2 v |2+1 Vo +
v+ —| = |Vv -2 - Vv
2t t

Therefore

m(s) = 42 [ f,|VwPde = 421(t) + 4¢ /

Rn

-V fide + |z|? f; dx
Rn

n

= 47 1(t) —dnt + [ |z fidx
]Rn

where we used that

/na:-Vftdm - —/nx-E<x;tXpt(x—X)>dx
- —%E(/nm-(x—X)pt(:v—X)dx)

— 5 8( [ @+ x)-enio)

1
=5 . \z|?py(2)dr = —n.

Using in addition that
. 2’ frdz = E(|X;]*) = E(|X|*) + 2nt,
it follows that
m(s) = 4°1(t) — 2nt + E(|X]?) = — MMSE() + E(|X]?).

Hence
m(s) = —mmse(s) + E(|X]?).

(4.3)

This identity requires a second moment on X. However, as will be clear from the main Theo-

rem 7 below, this condition is no more necessary at the first (and next) derivatives (for which

E(|X|?) cancels out).

The analysis of the derivatives of the mmse is thus brought back to the derivatives of the

function m of (4.2). The function m is of the form of a Fisher information but, with respect to

the setting of Section 2, the underlying generator and semigroup are the Ornstein-Uhlenbeck

ones rather than the standard heat (Brownian) generator and semigroup, with the Gaussian

measure 7 as invariant and symmetric measure. The principle of proof emphasized in [7] is

nevertheless exactly the same, with simply some variations in the expression of the iterated

gradients.

Denote by YT,, ¢ > 1, the iterated gradients associated to Ornstein-Uhlenbeck operator
L=A —z-V defined by Yy, = [L, T,_4], £ > 2, with T;(u) = T'(u) = |[Vul?. As developed in

9



[7], these iterated gradients are closely related to the standard gradients I'y, £ > 1, of (3.3) in
the following way. Let (), the polynomial in the variable Z

-1 ¢
Qu2) =](Z-i) =) a7

and set by extension
¢

Qu(Y) = a Ty

i=1

Then, for every ¢ > 1,

For example, Q1(T) =T, =T, Q2(T) =Ty — Ty =Ty, Q3(T) = T3 — 3Ty + 27, =T'3.

As in the standard Laplacian case, introduce the brackets ;fg = [L+T, :fg_l], (> 2, starting
from Ty =T, =11 =T, and set then

Note that Ty = Ty (= Iy +I).

The differentiation process expressed by Theorem 1 then takes the same form. At the first
and second steps, the derivatives of

m(s) = 1/nk:T(q)ch7 s> 0,

S

are given by

ms) = % [ [T -l = 5 [ k@i
) = 5 [ k[T -3l + @)y = 5 [ Q@

By induction, we end up with the following conclusion [7].

Theorem 3. In the preceding notation, for every ¢ > 0,

d* 1 -
@m(s) = s RnkQ£+1(T)(Q)d7~

For the proof, we may refer more precisely to the key relation (3.7) from [7] which expresses

that
d

- Rnk@g(’?)(q)dv = g /R nk@@)(q)dw% / k Qe (T)(q)d,

n

from which the inductive step follows immediately.
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Theorem 3 provides a full description of the derivatives of the function m, and therefore of
the mmse, in terms of the iterated gradients Y, and their brackets. While the following is not
strictly necessary towards the main conclusion, it will be convenient to record it here as the
calculus with the standard gradients I'; is somewhat more direct than the one with the Y,’s.
Actually, in the same way as Q¢(Y) = Iy, we also have

Proposition 4. For every £ > 1,

We postpone the proof of this proposition to the appendix.
As a consequence of Proposition 4, and Theorem 3,

& _ ! kTe(q)d
wm(s) = St - e+1(q)dy.

According to the change of variables (3.6), we therefore obtain a first description of the deriva-

tives of the mmse. Recall ¢ = #(s) = o= and w = log %.

Corollary 5. For every { > 1,
dé

1 _
@mmse(s) = —m/w Ji(s) Tor (w)d.

5 Conditional cumulants

In order to make Corollary 5 effective, we express in this section the quantities fg(w), {>1,in
terms of conditional cumulants. For simplicity, we deal with dimension one and analyze first
the spatial derivatives of v = v(t,z) = log fi(x), t > 0, denoted v\, £ > 1.

Denote by k! = kf(z), £ > 1, the conditional cumulants given X; = z defined by the

expansions in A € R,
E(eMpi(z — X)) =\
f:(x) = i KE(). (5.1)
=1

The first (conditional) cumulant is the mean

log

K (z) = E(X| X, =)

while the second cumulant is the variance
2

k() = E(X? | Xy =2) —E(X | X, =2)".

By the kernel representation of the heat semigroup, for every ¢ > 0 and A € R,

fulx +2tA) = E(py(z + 2tA — X))

_ 1 E(e—(:v+2t>\—X)2/4t)

vVAart

— Nt E(eMp(z — X)).

11



Hence
v(z +2tA) = log fi(z + 2tA) = =Nt — Az + log E(eM pi(z — X))

that is, by (5.1),
_ )2 ¢
v(m—l—ZM)—v(x)——)\t—/\x—l—E ﬁli x

Since by a (formal) Taylor expansion, v(z +2t\) = >, (2;’,\ v (), it follows by comparison

that 2tv' = k} — x, 4t%0" = k2 — 2t and, for every ¢ > 3, (2t)°v\9 = k!. Recalling that

2

1
w=uv—logp; =v— Z—t — —10g(47rt)

we therefore reach the following conclusion.
Proposition 6. For every { > 1,
2t)w® = K. (5.2)

We can now go back to Corollary 5. Recall the polynomials Eg, ¢ > 1, from Proposition 2
so that

le(w) = §z+1 (w(2), o ,w(”l)) — (2@*2(“1)&“1 (K ﬁerl)_
Hence, with t = t(s) = %7
d_e — D 2 041
ds’ mmse(s) = Jt Reya (K, .. Ky )de. (5.3)
Rn

Let K‘ be the conditional cumulants of X given /s X + N, equivalently Xy(s) to shorten
the notation, that is with generating series in A € R,

log E(eM | Xyi0)) = ) 71{5
=1 "

Note that all these conditional cumulants, besides the ﬁrst one, have moments of all orders (on

the same scheme as for (2.2)). Indeed, as is classical ¢ > 2, is the coefficient in front of \*

) gl )
of the formal series expansion

k
- E ( M ‘)
k>1 m>2

where

My = B([X —E(X | X)) " | Xy ), m =2, (5.4)

are the conditional centered moments. For example,
K? = M2, K$ =M, Ki=M-3M)"
In addition, E(K?) = E(M?2) = MMSE(t(s)).

Recalling that X, has law fidx, the identities (5.3) lead to the following main conclusion
describing the successive derivatives of the mmse in terms of the conditional cumulants K?,
¢>1.

12



Theorem 7. In the preceding notation, for every £ > 1, at s > 0,

d ~
Te mmse(s) = —E(Rp (K2,..., K5). (5.5)

As an illustration, the first derivatives are given by

L mmse(s) = ~E((K2)"),

& mmse(s) = ~B((K2)* - 202",

L mmse(s) = —E((K!)? ~ 12K2(K2) + 6(K2)")

j— mmse(s) = —E((K?)" - 30(K2) K} — 20K2(K2)" + 120(K2)"(K2)" — 24(K?)").

These identities are in accordance with the formulas of [8, 6] expressed in terms of the conditional
central moments (5.4). Indeed,

dimmse(s) = —E((Mf)z),

S

d? 2 3

g2 mumse(s) = —E((M])" —2(M3)7),

S
3

% mmse(s) = —E((M)? — 6M*(M?)* — 12M2(M?)* + 15(M2)*)
S
4

% mmse(s) = —E((M?)* — 20M2M>M5 — 30(M2)* M2 — 20M2(M2)’
S

+120(M2)° M2 + 310(M2)* (M2)* — 204(M2)°).

To illustrate these identities, observe for example that if X is centered normal with variance

o2, then
2

o
= — >0
mmse(s) T2 50
while K! = lj'ri“;s Xi(s)s K?= 14:;523’ and Kf =0if £ > 2, so that
< = (=) - o)
@mmse(s) = (—1) '<1—|—a23> = —(-D)TE(KD) ).

6 On the MMSE conjecture

The work [6] raises the conjecture that the knowledge of the Minimum Mean-Square Error
MMSE(%), t > 0 (equivalently the entropy H(t) or the Fisher information I(¢), t > 0, along the
flow), determines the underlying distribution of a centered real-valued random variable X up
to the sign, namely either the law of X or of —X. Note indeed that

MMSE(t) = E([X ~ E(X|X,)]"), >0,

13



is invariant by translation of X by a constant, so does not characterize the mean, and by the
change of X into —X.

The idea expressed by the preceding investigation is that the MMSE could act as a kind of
moment generating function, its successive derivatives (at 0) determining the moments or the
cumulants of the underlying distribution. To make use of Theorem 7 following this principle,
observe first that the expected conditional cumulants E(K?), ¢ > 1, converge as s — 0 to the
cumulants K*(X) of X, provided all moments of X are finite. It might be of interest to briefly
justify this intuitive statement. To this task, let us first show that E(X | X;) — E(X) almost
surely as t — oo whenever X is integrable. Indeed, in the notation of Section 2,

g E(Xpi(X; — X)) E(X e (Xi=X)7/at

E(X|X:) = E(Xt) = B(pu(X, — X)) - E(e—(Xi—%)2/1t)

where X is an independent copy of X. Now, if E(|X]) = E(|X|) < co, by dominated conver-

gence, almost surely, ~
fim (¥ eV 00) _ oV (x)
t—00
while S
lim E(ef(X272XXt)/4t> — o N?/2
t—o00

from which the claim follows.

Assuming all moments of X are finite, for each m, the family [X — E(X | X})]™, t > 0,

is uniformly integrable. Therefore, as s — 0 (recall s = % = Qt%s)), the expected conditional

moments E(M") converge to the centered moments E([X — E(X)]™) of X. (In particular,
MMSE(t) — K?(X) as t — 00.) Now, the same type of arguments shows that, for every k > 1,

and every myq,...,my > 1,

E(M - M) = E([X —E(X)]™) - E([X —E(X)]™)
and similarly with the conditional cumulants K,

E(K™---K"™) - K™(X)--- K™ (X).

On the basis of Theorem 7 and the latter, a partial result towards the MMSE conjecture
may therefore be emphasized. Recall from Proposition 2 that Ry(Z,) = Z2 and, for every £ > 2,

E@H(Zza o Zey1) = Zig + Ri(Za, . Z).
Hence, in the limit as s — 0 in (5.5), the quantities
(K (X)) + Ro(K*(X), ..., K(X)), €>1

are determined by the mmse/MMSE. While these expressions are recursive, the knowledge
of K*(X),...,K%X) only determines K**'(X) up to the sign. Therefore, only the case of
non-negative cumulants may be handled.
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Corollary 8. Let X be a centered random variable determined by its moments such that all its
cumulants K*(X), £ > 0, are non-negative. Then the MMSE characterizes the distribution of
X.

Since KY(—X) = (—=1)¢K,(X), if X is a centered random variable determined by its moments
such as both K*(X) and K‘(—X), £ > 0, are non-negative, then necessarily K*(X) = 0 for odd
0’s and the law of X is symmetric.

It may be pointed out that, within this corollary, the knowledge of all derivatives of
MMSE/mmse at zero is enough to determine the law of X. Since it is not known whether
mmse(s) is real-analytic at zero, which is proved in [5] only under extra assumptions, this
might be weaker than knowing the function mmse.

A simple example of a random variable for which the hypotheses of the corollary are satisfied
is the case of a symmetric infinitively divisible random variable X (determined by its moments).
That is, the law of X has Fourier transform of the form e¥ where

o*t? ,
wlt) = =25+ [ (e = Ddut
R
where 02 > 0 and p is a symmetric measure on R such that p({0}) = 0 and [ *du(z) < oo
for every k > 1. Then K*(X) = 0? + [, 2*dpu(z), K**"(X) =0, k> 1, and

K*(X) = /x%dp(m), k> 2.
R

One may also consider the case of a Lévy measure p supported on R,. Concrete examples
may be achieved as compound Poisson distributions. Let Y be a symmetric or positive random
variables and P an independent Poisson variable with parameter # > 0. Considering Yy, Y7, ...,
independent copies of Y, set

Then KY(X) =0E(Y?) >0, ¢ > 1.

It might be worthwhile mentioning in addition that the knowledge of the cumulants up to
the sign is not enough to characterize the distribution in general. For example, the hyperbolic

) has Laplace transform —— while the Laplace transform of the symmet-

distribution 2m cosfxggﬂxﬂ cos(A)
ric Bernoulli measure on {—1,+41} is cosh(A). The odd cumulants of these two distributions
are zero, while if K2, ¢ > 1, denote the even cumulants of the Bernoulli law, those of the

hyperbolic distribution are (—1)“!1K?¢ .

The multivariate version of the MMSE conjecture is also worth consideration, and might
involve multidimensional versions of the Fisher information and cumulants. Some formulas in
this regard are displayed in the next section.
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7 Some monotonicity properties of the MMSE

In this last section, we collect a few simple monotonicity properties of the Fisher information
and the MMSE, some of them already emphasized in [6].

We first mention from the identity
442 1(t) = 2nt — MMSE(t), t >0,

of (2.3) that, for every ¢t > 0,

n
I(t) < —
()_225

which connects in this Euclidean setting to the classical Li-Yau parabolic inequality on heat

(7.1)

kernels in Riemannian manifolds!.

The derivative formulas of the preceding sections may be extended to higher dimension, at
the expense however of somewhat cumbersome computations and notation. For simplicity, let
us stick here at the level of the Fisher information and its first derivative.

Let thus X be a random vector in R” and X; = X + /2t N, t > 0, as above. With

Z, = Cov(X | X,) = E([X ~E(X | X)] © [X —E(X | X,)] |Xt>
=EX®X|X;) -E(X|X,) ®E(X|X,),

it holds from Sections 2 and 3 that

47 1(t) = 2nt — MMSE(t) = —E(Tr(Z, — 2t1d)) (7.2)
and p
8t4%1(t) = —E(|Z, — 2t1d]*) (7.3)

(where | - | is the Hilbert-Schmidt norm on matrices). Indeed, from (3.2),

d Vi, VeV
—1(t) = -2 V2uidr = —2/ — dz.
- 1(t) . Je IVl . fi 3 72
Now, in the same form as
2t v—ft S g
Tt Ji
where g,(z) = E(Xp,(z — X)) and E(X | X;) = % (X}), it holds true that
V2ft g T
42— L =@ —2ld—2r® == + —
Je fe Ji

!'The Li-Yau inequality states that if f, is a positive solution of the heat equation on a n-dimensional
Riemannian manifold with non-negative Ricci curvature, then Alog fi > —Z; which integrated yields (7.1)
(see [3]).
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where hy(z) = E(X ® Xpy(z — X)) and E(X ® X | X;) = 2(X,). Hence

ft
V2f, Vft®Vft> he  9¢ _ G
4t2< — = ——-—Z=®=-2tld
fi 12 fe e S

from which the claim (7.3) follows by definition of Z;.

Combining (7.2) and (7.3) yields some interesting consequences. First,

QtQ%MMSE(t) = 4dnt® + 4 E(Tr(Z, — 2t1d)) + E(|Z, — 2t1d]*) = E(|Z,) > 0,

so that MMSE(t), t > 0, is increasing.

This property can be made somewhat more precise. Indeed,
E(Tr(Z - 2t1d))* < nE(|Z, — 2t1d]?)

from which it follows that

d 1
212 — MMSE(#) > = MMSE(t)2.
7 ()_n (t)

Hence

d < 1 ) < 1
dt \MMSE(t)/ — 2nt?"
Therefore, for all 0 < t < t/,

1 1 < 1 <1 1)
MMSE(#) MMSE(t) — 2n\t/ ¢/’
In particular, as t' — oo, MMSE(#') = M?(X) = E(]X — E(X)|?), so that for every t > 0,

2
MMSE() < 2 MEX)

= i+ M) (7.4)

Note that the right-hand side of (7.4) is precisely the MMSE of a random vector distributed
according to the standard normal law v, which thus achieves the maximum of the MMSE over
centered random variables with finite second moment.

Another property was emphasized in [6] as the single crossing property. Namely, if MMSE(ty)? >
—2ntia(ty) at to > 0 for some (smooth) function «(t), ¢ > 0, then

d
— MMSE(t) > —afty).
dt t=to
Indeed, setting F'(t) = B(t) + MMSE(¢), t > 0, where § is an anti-derivative of a, by (7.2),
2 1
F,(t0> = Oé(t(]) 4+ 2n + t_ E(TI'(ZtO - 2t0 Id)) + @ E(|Zt0 - 2t0 Id|2)
0 0

_1 2 1
= ont E(Tr(Z, — 260 1d))" + 2_t(2)E(|Zto —2to1d[*) > 0.

As discussed in [6], a sensible choice for the function « is the MMSE of a standard normal given

by the right-hand side of (7.4).
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8 Appendix: Proofs of Propositions 2 and 4

Proof of Proposition 2. Although the proposition is presented for functions on the real line,
we use the general (multi-dimensional) notation. The proof of (3.5) of Proposition 2 relies on
the following statement. The more precise description of the multilinear forms V; therein is not
strictly necessary for the purpose. Property (3.6) also follows from this statement.

Proposition 9. For every ¢ > 3, Ty(u) = Tyo(u) + Vi(u) where

Vi(u) = Z Z Car oo wl@r) g (e) (8.1)

J=3 a1,.,05€{2,...,0—1}
a1t ta;=2¢

for real coefficients cq,

(1) (¢ — 1)1,

,,,,, ajy Q1,0 € {2, 0 =1}, j = 3,...,L. In addition, c,, =

It might be of interest to understand the combinatorial structure of the coefficients c.

Proof. The proof is performed by induction. Assuming that To(u) = Dyu) +Vi(u), we examine
[A, T (u) = [A, T (u) +[A, Vil (u) and [I', e (u) = [I', Tl (u) + [, Vel (u) (as Tepr = [A+T, ).

First [A, Dg](u) = gy (u), providing the term Tppy(u) in Tpyq(u). Next
[T, T (u) = T'(Te(u),u) — Tp(T(u),u) = u'(u(Z)Q)/ - (u'Q)(Z)u(e)
which is of the form V. (u).
We then study [A, V/](u) and [I, V](u) for some V; of the form (8.1). Let
B(u) = B(u,...,u) = ul@) g les)

be j-multilinear symmetric in smooth functions u where ay, ..., o are integers greater than 2
(satisfying oy + - - - 4+ a;; = 2¢). By definition,

2[A, Bl(u) = A(B(u)) — jB(Au,u, ..., u)

—= (u(al) . Oé]) Z u(al . u(al+2) . u(aj)

= Z u 041) Z+1) (Oc/-i-l) o« e u(aJ)
1,40/ =111/

Hence [A, V;](u) has the form V1 (u). In the same way,
2[[, B](u) = 2T (u, B(u)) — jB(T(u), u,u, ..., u)
J J
— 20 Sl ot Lyl gl (W) ylen),

i=1 i=1
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Now (u/ 2)(%) = 2u'u(**V 4 P(u) where P(u) only involves derivatives of u up to the order a;,
with total degree a; + 2. Therefore [I', V] (u) is also of the form Vi (u). Moreover, if j = ¢ so
that necessarily ay = - -+ = ay = 2, then 2[", B](u) = —2/ u(2)€+1, the only term of this form in
Vir1(u), justifying the last assertion of the statement. The proposition is established. O]

Proof of Proposition 4. We use induction on ¢. By construction of the polynomials

-1 ¢
Qu(2) = [[(z—-i) =) aiz', (>1,
=0 =1

it holds that Quy1(Z) = S20_, a!Z"" — £ Qu(Z). Hence,
Qer(T) = [L+T,Qu(T)] — £Qu(Y).
Then, by the induction hypothesis,
Qen(T) = [L+T,T] — T = [L,I] + [[,T] — ¢T,.
Since sy = [A+T, T, it suffices to show that
[L,Ty] = [A, T+ (T, (8.2)
We establish (8.2) also by induction. On the one hand,
L, Ter] = [L,[A,T]] + [L, [T, Tel),
On the other hand, by the induction hypothesis,
(A Tp] = [A AT+ [A, [T, TY]] = [A, LT = £[A, T + [A, [0, T]).
The identity (8.2) at the order ¢ + 1 reads
[L,Tei] = [ATen] + (€ + 1D[A+T,TY
so that in order it holds true, it amounts to show that
(L, [A ) + [L, [T = (A LT+ (AT + [A, [T + (¢4 )[F, T
Since [A,L] = —A, by the Lie bracket property (cf. [7]),
(A LT+ [A T - [L[AT]) = 0
so that it is left to show that
L, [, T]] = [A,[0,Td] + (£ + 1)[T, T, (8.3)
Again by the Lie bracket property, and the fact that [L,['| = Yo =19+ = [A, T]+ T,

L, [0 T) = = [T [L T + [T [L,TY]) = —[Te [A T + [0, 1] + [T [L, 1]
while
A, [0, T]) = =[Ty, [A,T]) + [T, [A, T
Since by the induction hypothesis [L, ;] = [A, )] +¢ Ty, it immediately follows that (8.3) holds
true, thereby completing the proof of Proposition 4. O
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