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OPTIMAL MATCHING

optimal matching: minimal transportation cost

between two sets of (random) points

X1, Xy, Yi,...,Y, twosamples of points in R?

RS
min - Z c(Xi, Yoiy)
i=1
o permutation of {1,...,n}
c(-,-) > 0 cost function

C(xay):‘xiy‘pv 1§p<OO



EXPECTED OPTIMAL MATCHING

X1,..., Xy, Yi1,...,Y, iid random points in R4

order of growthin n of
1 n
E(min E Z |XZ — Yrr(i) P)
i=1

dependence
» dimension d
»1 <p<oo (mostly p=1and p = 2)

» common distribution of X;, Y;



UNIFORM MODEL

X1y, Xy, Yi,...,Y, iid random points in R4

order of growthin n of
1 n

E(min E Z |XZ — YU(i)p>
i=1

X;, Y; uniform on [0, 1]

typical distance between 7 uniform pointsin [0,1)9 = i

1
expected: <m1n Z|X Yo ) oYz

only true when d >3



AKT THEOREM

Ajtai-Komlés-Tusnady (1984)

Xi,...,Xn, Yi,....,Y, independent, uniform on [0, 1)?
1 logn p/2
(o)< ()
i=1
1<p<oo
AxB <« éB <A <CB (C independent of n)

(hungarian) combinatorics on dyadic partitions



Ajtai-Komlés-Tusnady (1984)

1<p<oo

alternate generic chaining ideas

Shor, Leighton (1989-91), Talagrand (1992-94)



OPTIMAL MATCHING

X1,..., X, Yi1,...,Y, iid random points in R4

order of growthin n of
1 n
E(min E Z |XZ — Yrr(i) P)
i=1

dependence
» dimension d
»1 <p<oo (mostly p=1and p = 2)

» common distribution of X;, Y;



MONGE-KANTOROVICH METRIC

cxv,y)=lx—ylf, 1<p< oo

1 o 1 &
/"Ln:EZ(SXp Vnzazélﬁ
i=1 i=1
1 n
mgnn;\xi =Y, = Wh(n, vn)
=

Monge-Kantorovich metric
Wh(p,v) = inf/ lx —ylP dn(x,y)
™ JRd JRA

m with respective marginals ; and v



OPTIMAL MATCHING

what is the cost of optimal matching

E(Wg(ﬂm Vn))

between two independent samples Xj,...,X,, Yi,...,Y;7?

statistics: if the samples are iid with common law 1

what is the speed of convergence of

E(Wg(ﬂna /O) ?

1 n
Hn = nzl:(SXi
i=



PARAMETERS
1 n
Xy,..., X, iidin RY withlaw g, = — e
1 n o= ZZ; X,

tirst order study of

E(Wimp))  of  E(Wy(m10)
» dimension d

» mostly p =1 and p = 2 (ng W%)
» distribution g

standard rates: comparison with the known uniform example



ONE-DIMENSIONAL CASE

specific representations of Monge-Kantorovich metrics

Wiy, pu) = /+oo |G(x) — F(x)|dx

—0o0

G, F distribution functions of v, 4 on R

quantile representation for W, (v, ), p=>1

1
Wh(v, p) :/0 IG(t) — F 1 (t)|"at

(order statistics)



i on R with distribution function F

E(W 1)) = 7=

if and only if

/ " JEA—F@)dx < oo

(for example [, |x|Tdp < co, g > 2)



1 & 1 <
/’l'?l — E;6Xi7 vy = E;éyl

n

L1 1 .
WZ(,UJn,Vn) = H}TmE;|Xi_YU(i)|p = E;lxi =Y/

order statistics X; < --- < X;, Y] <o <Y

E(Wh(mn, ) = - S B(X; ~E(X)P)
i=1

1<p<oo



E(Wh(um, 1)) = S E(X; ~EXD))
i=1

g uniformon [0,1]

X* beta (i,n—i+1)

1

1 <p<oo



FLUCTUATIONS

E (W3 1)) = >

bipartite  E(W3(un, 1)) = 300 D)

1
nW3(n, 1)) — X = /0 B*(t)dt  in distribution

B Brownian bridge on [0, 1]

E() = ¢, Var(x) =



@ on R with distribution function F, density f

1
E(W3 (1)) =

if and only if

dx < oo

/+°° F(x)(1 - F(x))
—o f(x)



i on R with distribution function F

]E(Wl(ﬂn; N)) = %

if and only if

o VF(x)(1—F(x))dx < oo

(for example [, [x[Tdp < oo, g > 2)



STANDARD RATE W3

i on R with distribution function F, density f

1
E(W3 (1)) = —

if and only if

dx < oo

/'+°° F(x)(1 - F(x))
—o f(x)

oo F(x)(1 — F(x)) B 1 H1—1t)
/. f T /0 e

I(t) = foF(t) (isoperimetric profile)



LOG-CONCAVE DISTRIBUTION

1
E(W3(t, ) =~

if and only if

L1 —1)
/0 QL dt < oo

1 log-concave (dp = e Ydx, v convex)

accurate two-sided bounds

E(W3(stn, 1) = 1/1

n

n/(n+1) t(l - t)

dt
Jnry  1(H)?




TECHNICAL STEPS

order statistics X7 < --- < X}

(WZ Ky ZVar X;

density of distribution of X7

) = (1 V) 0 - P ),

log-concave

1 1
Var( X)) = = -
XD = p R

H1 - t)
I(t)?

)

x e R

i
7t:7
n



LOG-CONCAVE DISTRIBUTION

1 n/(n+1) t(l - t)
E(W2 (i, 1)) = / dt
(Walgan, 1)) n ey 1(#)?

e 1 standard normal, I(f) <t log%, t—0

loglogn
E(W3(pn, 1)) =< %

e /. exponential, I(t) <t, t -0

logn
B (W3 (1) = =

general 1-d investigation =~ Bobkov-L (2016)



ONE-DIMENSIONAL GAUSSIAN
p uniform on [0, 1]

1
E(Wh (i, p)) =< e 1<p<oo

i standard normal on R

— it 1<p<2
log1 .

E(W) (i, ) = 4 5755 if p =2

if p>2

1
\ n(log n)r/?

W, more sensitive to distribution than W;



1 uniform on [0, 1]

1
E(Wi(um ) < = d =1

logn
n

AKT  E(W3(un, p)) =< d=2

(of the order of the uniform spacings ,111T )



HIGHER DIMENSION d > 3

Dereich-Scheutzow-Schottstedt (2013)

Fournier-Guillin (2015)

general 1, enough moments

EW3(o) = O(3) 424 (=30

dyadic partitions (local irregularities)

also results for W),



general bounds

i enough moments
E(W(1u, 1)) = O —=
2 s \/ﬁ

Ajtai-Komlés-Tusnddy theorem
p uniform on [0, 1]2

logn
(W3 (s 11)) =< 05




DIMENSION 2

p enough moments (Jpe lx7dp < 00, q > 1)

E(W1(un, 1) = O< logn>

n

generic chaining methodology  Talagrand (1992), Yukich (1992)

Ajtai-Komlos-Tusnddy theorem

¢ uniform on [0, 1]?

E(Wi (i, 1) = 4/ 105”




LIMITS

some (unknown) limits may exist

v
w

Hm '/ E(Wy(pn, ) = va 4

n—o0

v
Ul

lim n?/* E(W3(pn, 1)) = 4 d

n—oo

modified subadditivity arguments
Dobric-Yukich (1995), Boutet de Monvel-Martin (2002) W,
Barthe-Bordenave (2013),
Dereich-Scheutzow-Schottstedt (2013) W,, p < %

(absolutely continuous distributions)



Ajtai-Komlés-Tusnddy (1984)

B <A <CB (C independent of )



Ambrosio-Stra-Trevisan (2016)

bipartite

1

E(W%('U«na Vn)) = 5-

li
m b

n—00 log n




NEW PDE-TRANSPORTATION APPROACH

Ambrosio-Stra-Trevisan (2016)

(M,g) compact Riemannian manifold, dimension 2

1 (normalized) Riemannian volume element

vol(M)
4

lim ' E(W (. 1)) =

n—00 log n

2-sphere/torus Holden-Peres-Zhai (2017) gravitational allocation

bipartite Ambrosio-Glaudo (2018)



PDE ANSATZ

pde ansatz by Caracciolo, Lucibello, Parisi, Sicuro (2014)
T =Vi¢:py = m
Monge-Ampeére equation

p1(Ve)) det V1) = py

. . . 11012
linearization as p; ~ 1, Y o~ Slx]7+f
Poisson equation

—Af = p1—po

W, approximated by H~! Sobolev norm



MAIN STEPS OF AST

upper bound

E(W3(n, 1)) = E<irﬂ1f/]\.4 /M p(x’?/)zdﬂ(x,y)> _ O<10§n>

e regularization
e energy estimate

(Sobolev-type inequality, heat kernel estimates)

(M,g) compact Riemannian manifold, dimension 4

(weighted manifold, RCD space, Markov triple)



HEAT FLOW REGULARIZATION

pe(x,y), t>0,x,y € M heat kernel (t=1t(n) —0)
1« 1«
= Y 0, = dpy = Y (X, )dp
i=1 i=1
standard convexity of W,

E(W3(tun, 1)) < Di + E(W3(u, 1)

dispersion contribution

D, — /M /M o0,y pe(x, y) dp(X)du(y), >0



RANDOM DENSITIES
2

1 n
density dut, = nzl:pt(Xi,-)du
1=
1 n
f=fw) = -> nXy)
i=1
f random densities

law of large numbers, [, p:(-,y)dp = 1

f~1



CENTRAL LIMIT THEOREM
E (W3 (1ih, 12))

density d,u,il = %Zpt(Xi,-)d,u
i=1

central limit theorem heuristics

f=F6) = 5 opXuy) ~ 1+ 2= G)

i=1
G=G((ty), t>0,yeM

Gaussian Free Field



infinitemisals
f=1+eg, [ygdn=0

lim — S WA p) / [V (=2)""9)[*du

dual Sobolev norm Jugdn =0

Iglle-1y = (/MIV((—A)‘lg)Izdu)l/2



1
EWz(V,u)2 = sup </MQ1s0dV—/M<pdu)

¢ : M — R bounded continuous

d(x,y)?

Qup(x) = inf [oy) + =5

f ] xeM, u>0
ye

d 1
Hamilton-Jacobi T Qup = 5 |VQu<P|2



INTERPOLATION

%WZ(V,,U)Z = sup(AQlde—AAwdu>

6 :0,1]

/wa/¢@
/du/ (1+ 0(u

— [0,1] increasing, g¢=f—1

Quso dpdu

- [ [ s 1+9<u>g)%\vgugoﬂdudu

1
0o Jm
/1/1 o
< L
“Jo Jm21+6(u

1
~'g) - VQue — (1+0(u)g)§|VQuw\2}dudu

A)7'g) Pdudu



infinitemisals
f=1+eg, [ygdn=0

lim — S WA p) / [V (=2)""9)[*du

dual Sobolev norm Jugdn =0

Iglle-1y = (/MIV((—A)‘lg)Izdu)l/2



I8y = [ 190879 = [ g-a)Tgdn

trace formula

(A"t = /OOOPSds

/M g(—A)'gdp =2 /O h /M (Psg)*dpds




VARIANCE

Wi (v, ) < 8/ /(Psg)Zduds
0 M

density dv = fdp

n

§=38W) =fly)-1= %Z [pe(Xiy) = 1]
i=1

Psg = %Z [pees(Xiy) — 1]

i=1

average of the sample  (CLT heuristics)

B((Pg?) = o E([presX09) 1) = 1 [paanyy) — 1

E(W3 (b, 1) <//psyy—1du(y)d



SUMMARY

E(W3(n, 1)) < Dr + E(W3 (b, 1)), >0

dispersion

D, — /M /M o, y)? pi(,y) dp(x)dp(y)

energy (trace) estimate

E (W3 (a1, / / ps(y,y) — 1] du(y) ds



OPTIMIZATION

E(W%(Nn,,u)) < Dt‘f‘i/zjo/M [Ps(%}/)—l] du(y)ds

(M,g) compact Riemannian manifold, dimension d
Di = [ [ pleyPpe)dutduty) < cr
MJIm

heat kernel bounds  ps(y,y) < SdC/Z 0<s<1

optimization t~ ,121/d (lo;{;n if d= 2)



heat kernel bounds

C
Ps(yay)ﬁm 0<s<1

reflect the dimensional rates



similar (optimal) conclusions for E(W}(p, 1))

o uniform on [0, 1)

1<p <o



NEW PDE-TRANSPORTATION APPROACH

Ambrosio-Stra-Trevisan (2016)

(M,g) compact Riemannian manifold, dimension 2

i Riemannian volume element (vol(M) = 1)

1

E(W%(Hna M)) = 1~

i
m o

1—00 log n

more precise arguments

common heat kernel asymptotics

lim 47rs/ ps(x,x)dp = 1
M

s—0



NEW PDE-TRANSPORTATION APPROACH

Ambrosio-Stra-Trevisan (2016)

(M,g) compact Riemannian manifold, dimension 2

i Riemannian volume element (vol(M) = 1)

1

. 2 _
nlggo lognE(WZ(Mn’M)) 4

onlyfor p =2,d =2



PDE ANSATZ

pde ansatz by Caracciolo, Lucibello, Parisi, Sicuro (2014)

. n 2 - i B
lim <10gnE(W2(un,u)) 47T> logn = £ €R

n—o0

finer estimates Ambrosio, Glaudo (2018)

lim inf <

n—o00

1Y 1
E (W3 (tn: 1) )Ogn > —00

logn 47 loglogn

. n 1 logn \?
lim sup (k)gn E(W%(un,u)) - 47r> <g> < 00

00 loglogn



FLUCTUATIONS ?

concentration arguments

n
logn

W2 (ptn, 1) — % in probability

further conjecture
1| W5t 1) — E(W%(un,u))} — x  indistribution

X (recentered) chi-square type distribution (L2-norm of GFF)

1
WWE(in, 1)~ o logn 5 €+ x



FLUCTUATIONS

E (W3 1)) = >

bipartite  E(W3(un, 1)) = 300 D)

1
nW3(n, 1)) — X = /0 B*(t)dt  in distribution

B Brownian bridge on [0, 1]

E() = ¢, Var(x) =



X1,..., X, independent

with standard Gaussian law p in R?

order of



ONE-DIMENSIONAL GAUSSIAN
p uniform on [0, 1]

1
E(Wh (i, p)) =< e 1<p<oo

i standard normal on R

— it 1<p<2
log1 .

E(W) (i, ) = 4 5755 if p =2

if p>2

1
\ n(log n)r/?

W, more sensitive to distribution than W;



GAUSSIAN SAMPLES

u standard Gaussian on R?

pde-transportation approach

EW3nn) < Dity [ [ nty) = 1] dutw)as

ps(x,y), s>0, x,y € R4 Mehler kernel

1 6725
py) = oz P ( ~ g (WP + Iy -2 )

no uniform bounds



GAUSSIAN SAMPLES

E(W3(tin, 1)) < D*Jr:/;/w ps(y,y) — 1] duly) ds

Di = [ [ lx = yP i) due)dty) < 2
R4 JRA

o e

optimization in f

1 .
i) - o) i 422



LOCALIZATION

pR normalized restriction of p totheball B = B(0,R), R~ /logn

Z1,...,Zy, independent with law R

xR —

1

X; if X/ <R
Z:; if X/ >R

n
E(W3(un, 1)) = O<1)7 i = %Zf&ﬁ
i=1

1 0B
/]Rd ps(y.y) dﬂR(y) = 1 —E*S)d/z ,U(ed )

0 ~s'/2 as s—0

1(6B)

o ~ AB) ~R? as 6R <1




good enough to cover d =1

extra factor R? = logn for d > 2




LOWER BOUND

A uniform on [0,1]?

Ui, ..., U, independent with law A\, vy = 1 S dou,

T~ n

A= %2 (y)
X du
D(x) = e xcR, D, <1
0= Kt @l <

E(W3 (stny 1) > E(W3 (v, A))

AKT  E(W3(vn,\)) = 101%”



some support for the left-hand side



LEFT-HAND SIDE

Y
W

logn
E (W3 (s, 1)) = O(nw> d

general moment bounds
E(W3 — 0 d >4
(W2, 1)) = 12/ =
same pde-transportation methodology

1 r/2
E(Wp (i, 1) =< (%) d=2, 1<p<2

(same as for uniform)



SIMULATION

[E[sz(pn, Vn)]

2.0F

10 20 30 40 50

F. Stra (2016)



CONJECTURE ?

1 standard Gaussian on R?

(logn)?
n

< E(W%(Nm,u)) <C
M. Talagrand (2018)

2
E(W3 (1, 1) = (loin)

AKT method + scaling argument

(also by the pde approach — limit?)



SETE (FRANCE) 2015

Thank you for your attention



MONGE-KANTOROVICH METRIC

Vershik (2013) wrote a historic essay explaining why it is more
fair to fix the name “Kantorovich distance” for all metrics like
W) (calling them Kantorovich power metrics).

Some general topological properties of W1 were studied in 1970
by Dobrushin, who re-introduced this metric with reference to
[Vasershtein 1969]; apparently, that is why the name
“Wasserstein distance” has become rather traditional.

As Vershik writes, “Leonid Vasershtein is a famous
mathematician specializing in algebraic K-theory and other
areas of algebra and analysis, and ... he is absolutely not guilty
of this distortion of terminology, which occurs primarily in
Western literature”.



