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Abstract

This note is a short addition to the paper [4]. Given Xi,...,X,, independent random
variables with common distribution the standard Gaussian measure p on R?, and p, =
%2?21 0x, the associated empirical measure, it holds true that

(logn)?

E(Wg(ﬂnaﬂ)) ~ n

where Wy is the quadratic Kantorovich metric. The upper bound has been obtained

in [4] by the pde and mass transportation approach developed by L. Ambrosio, F. Stra
and D. Trevisan in a compact setting, and the lower bound was achieved recently by
M. Talagrand using a scaling argument and ideas from the original Ajtai-Komlds-Tusnady
theorem.

We note here that the pde and mass transportation approach may actually also be
used to reach the lower bound. In addition, we sharpen the limit obtained by L. Ambrosio,
F. Stra and D. Trevisan on a 2-dimensional compact Riemannian manifold in the spirit
of the conjecture of S. Caracciolo, C. Lucibello, G. Parisi and G. Sicuro.

The context and methodology of this note is based on the investigation [1] by L. Ambrosio,
F. Stra and D. Trevisan. The framework and the notation are taken from the reference [4], and
we do not reproduce them here.

The main purpose of the note (achieved in Section 2) is to provide an alternate proof based
on the pde method of [1] of the lower bound

E (W) > L2820 ()

which has been established recently in [6]. We will actually deal simultaneously with the one
and two-dimensional cases, and also recover in dimension one the lower bound

log logn
E(W3 (10, ) > ¢ 228" 2)

n



proved in [2] (by specific one-dimensional tools).

To this task, we develop first a two-sided bound on the Kantorovich metric Wy in terms
of Sobolev norms. We then address in Section 2 the lower bound for the Gaussian sample. In
Section 3, we refine the limit of [1] on a 2-dimensional compact Riemannian manifold in the
direction of the conjecture of [3].

1 A two-sided bound on W,

The context here is the one of a weighted Riemannian manifold M with weigthed probability
measure (i, under the curvature condition CD(K, oo) for some K € R as described in [4]. The
following two statements provide general bounds on the Kantorovich metric Wy in terms of a
Sobolev norm. The lower bound is taken from [1].

Theorem 1. Let dv = fdp and f =1+ g, and let 0 < c < 1. If g > —c, then
4 2 -
Wi(v i) < 5 [1=vI—¢] / g(=L) g dpu (3)
M
(where g is assumed to belong to the suitable domain so that the left-hand side makes sense).
Theorem 2. Assume that the curvature condition C'D(0,00) holds. Let dv = fdu and f = 1+g.

Then, whenever g and h : M — R belong to the suitable domain and h is such that f,, hdp =0
and h < ¢ uniformly for some ¢ > 0,

B e —1
Wi = 2 [ gLy hdp -
M C

/M h(—L)'hdu. (4)

In particular, if g < c,

e —1 _
Wi (v, p) > (2 - ) / g(=L) g dp. (5)
M
Recall that by integration by parts

/M g(~L) g dp = /M V(L) g)|dp

which is the Sobolev norm alluded to above (see [4]). Note also that as ¢ — 0,

4 2 c e“—1 &
g[l—\/l—c} ~l+g o and 22— —— ~ -7

so that the bounds (3) and (5) are sharp in this regime.

Proof of Theorem 1. It is shown in [4] that for every (smooth) increasing 6 : [0, 1] — [0, 1] with
6(0) =0, 6(1) =1,

Wi < [ V(L0 [ dsd
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Using that ¢ > —c,

Wi(v, ) S/ 1_9 ds/ IV ((~L)"'g)[*dp.
0

The claim (3) follows from the (optimal) choice

0(s) = 1_—\/1—_6 (23— [1—@]82>, s €10,1].

C

]

Proof of Theorem 2. As announced, we follow [1]. By the Kantorovich dual description, for
any (smooth) ¢ : M — R,

1 N
~Wi(v,pn) > / wfdﬂ—/ Qrypdp
M M

2
Z/Msogdu—(/M@modu—/Msod@

where ()7 is the supremum convolution

-~

Qup(x) = sup [@(y) - %d(:c,y)ﬂ-

yeM

Choose then ¢ = (—L)"'h. Now

/M@wdu—/wdu— //!VstOI dpds.

It is shown in [1] that since —Ly = h < ¢ uniformly, under a C'D(0, 00) curvature condition,

/ VQsplPdu < e“/ IVoldp, 0<s<1.
M M

A e —1
/leodu—/ pdp < /\VSOIZdu-
M M M

/|V¢|2du= / p(—Lp)du =/ h(=L) " hdp,
M M R2

the assertion (4) follows. O

Therefore

Since

We note from [1] that Theorem 2 admits a version under a curvature condition C'D(K, c0)
for some K € R, which on a compact manifold essentially leads to similar conclusions. We
freely use this comment in Section 3 below.



By elementary algebra, the inequality (4) of Theorem 2 immediately leads to
Wi (v, 1)

> 2/Mg(—L)‘lng—Q/M(g—h)(—L)‘lgdu

_ecc—l( [ st g [ a=mne-nde-2 [ <g—h><—L>‘19dﬂ)

so that, if ¢ <1 for example,

Wiy, p) > (2—60_1)/]%9(—@19@

C

_2/M(g—h)(—L)‘1(g—h)dﬂ_(;’/ﬂ4<g_h)<_L)_lgdu" (6)

The correction terms in (6) are typically handled with a spectral gap hypothesis, with
constant A > 0. Indeed, since (—L)™! = fooo Pyds, by the spectral gap inequality

[ a=m1 = ndu =2 [Pt = ds < S ol

In the same way,

1
g—h)(-L ‘1gdu‘ < —=llgllyllg = All,-
[ ta=m-1) = lalllg =,
so that we may reformulate (6) as

e —1

C

W) = (2= ) [ a1 =Sl = bl - e lalhllo - bl (D)

2 Lower bound for the Gaussian sample

In this section, we deal with the lower bounds (1) and (2) in the Gaussian case, simultaneously
in dimensions d = 1 and d = 2. We make use of the general Theorem 2.

The first step is the Kantorovich contraction property under a C'D(0, 00) curvature condi-
tion, which holds in Gauss space for the Mehler kernel p;(z, y),

W3 (ttn, 1) > Wi(phy, ) (8)

where we recall that du!, = fdu, f(y) =1+ g(y), g =9g(y) = 2 > 7 [p(X;,y) — 1], t > 0.

For R > 0, recall du® = m 1p,du where Bg = B(0, R) is the Euclidean ball centered at

0 with radius R in R, and the independent random variables X/, i = 1,...,n, with common
distribution p® defined by

XE —

(2

X; if X; € Bg,
Z; if X ¢ B,



where 71, ..., Z, are independent with distribution ;*, independent of the X;’s. Let

n

g =3 = > [p(Xy) — E(p(XFw))].

i=1
and, for ¢ > 0,

G = (gm)v(-@-/ (5 A0V (—c)]du

R4
(so that [g.| < 2c and [g, gedp = 0).

Now, in (4) of Theorem 2, we choose h = g. and perform some minor modifications on (6)

and (7). It holds that
a1 i = [ a1 adn+ [ 6= a(-1) G - 3
~2 [ G- a1 ddn

Therefore, with ¢ < % for example,

" ~ B 620_ 1
Wi (g ) > 2/Rdg(—L) Ygdp — —-

~2 [ (G- a)(-1) gy

/R G(-1) g

~2 [ G- a0 G- a0 -] [ G- a0 g
R4 R
We handle the error terms in (9) by the spectral gap inequality. Namely
I 1. - > 2 I
/Rd(g —9e)(=L)7H(g — ge)du = 2/ PG = 3o |y ds < 117 — Gell5-
0

In the same way,
6= a1 gt < gl — 3l

and

[ a1 ] < allla - ol
Putting things together, and since
19 = Gel < 1911312 + /RQ 1911 qig1> 1 dps,

we deduce from (8) and (9) that for every 0 < ¢ < £,

e* —1

W2 (™, i) > Wi, ) > 2/ g(—L) gdp — 5 / §(—L)'gdp
Rd C R4

1/2
=5 [ aldn=s(lgl + ol ( / |§|2du) |
{1g|>c} {1g|>c}

5

(10)



Next, we integrate over the samples Xi,..., X, and XF, ..., X7 the first two terms on the
right-hand side of (10). If we recall the definitions of g and g, by independence and identical
distribution,

E(/Rdé(—L)‘lgd@ = %[WAdE<[pt(Xf,y)—E(pt(Xf,y))]ps(Xl,y)>du(y)d8-

By definition of X7,

E([m(XF) ~ E(u(X L) [n(X1.0)
= E<1{XleBR} [pt(X1,y) - E(pt(Xﬁay))}ps(le?J))
+ B (Ui [ 21 9) — E(u(XE )21, ))

- E<1{X1€BR} [pt(le ) (pt szvy )] Xl’ >

since Z; is independent of X; and with the same law as XT*. Hence, after integration in du(y)
and the semigroup property,

5( [ dg(—m—lgdu)

[/mswwdﬂ /Rd/destxdﬂ()d ()]ds
[/psfvxdu = [ [ e >du<>}d

In the same way,

E(/Rdg(—L

~—

J
o

As a consequence, given 0 < n < 1, if ¢ > 0 is small enough and if u(B) is close to 1 (in
terms of ),

~ B e —1 N 1~
E<2/ (L) gdp — —; / 9(=L) lgdu>
R4 C Rd

> a=a(3 [T [ oo~ [ [ et @] as).

[(XE ) E(pxxﬁ,y>)}ps<xf,y>)du<y>ds

pol, 2)dp( /Rd/des” A" () )}ds.

")
I
.

SI— 3|+




Also, by the spectral gap inequality,

1

/Rd/des(x,x’)d,uR(x)dluR(x’) = m/ﬂ@ g, Py(Lp,)du

1+ @ /Rd 1p,P:(1p, — u(Bg))du
1 — (Br) -

1(Br)
< 142€°

IN

1+

provided that (Bg) > 3. As a conclusion at this stage,

BV 0) = (=) [ [ (o) = 1Jdua)ds - 2

1/2
- 8E( / \g\zdu) - 8E(<||g||2 T 1lgl) ( / |§\2du> )
{1g|>c} {|g|>c}

The final part of the proof will be to take care of the correction terms on the right-hand
side of the preceding (11). To this task, we develop some (crude) bounds on the Mehler kernel.
Recall the Mehler kernel

(11)

1 a’ 9 5 2
pe(z,y) = mexp =) |z + [y] —aﬂﬁ‘y}

where a = e~ t > 0, 2,y € R% Consider for each y € R% and ¢ > 1,

/B )

After translation and a change of variable,

1 L 1+ (g—1)a*, ,\ dz
p(z,y)ldp(z) = ———=7 e20+@-1a? / exp | — —————2— |z
/ (1~ a2y o 20 —a) ) i

qa
1+(g—1)a? "

Note that

where Kk =

glg—a*  _q
2(14+(¢g—1)a%) — 2
and that > 3, at least provided that a is close to one which we may assume. Then, if |y| > 4R
and = € B(—ky, R), we have |z| > %. Hence, whenever |y| > 4R,

(z,y)%du(z) < ! o (=) P
BRpt 'Y 1% = (1 —aQ)(q_l)CW .

Otherwise, that is when |y| < 4R,

1 a2
/ e ine) <
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Recall
. BN
=9 =~ [ y) —E(m(X])].
i=1
By Rosenthal’s inequality for sums of independent (identically distributed) random variables
[5], for any ¢ > 2 there exists C, > 0 only depending on ¢ such that
N 1 R g 1 R o192
E(lg)|") < Co| == E(pX0)") + —75 [E(pt(Xl Y) )]

na—1

< Qgcq(nql_l /BRpt(x,y)qu(:t) + # {/BRPt(%deu(m)} qﬂ)

where we assumed that p(Bg) > 1.

In the following ¢ > 2 is fixed. Then ¢ > 0 may be chosen small enough (in terms of ¢ but

independently of n) such that x > % and +ﬁ) — 2> 0 (for example). By the previous step,

32(1

/Rd (/BR pt(x,y)qdu(:v)>du(y) < = GQ;(MW (1 + %),

In the same way,

pi(,y)*dp(z) Wdu(y) < m (1+e").
ra \ J By ( )

For simplicity (in order not to carry the two preceding expressions with ¢ — 1 and ), assume
in the following that (1 — a?)%?n > 1. Therefore, using that ¢ — 1 > £,

/]R E(law)]")duly) < [(1_zz)€3zn]q/z (14 %) (12)

We use the preceding bounds to control the error term

E( /{ - ) + B ( (ol + 1all) /{ - o) 1/2)

of (11). By repeated use of the Young and Hélder inequalities, the latter is bounded from above
for any 0 > 0 and a > 1 by

3 1420 _ 2
0 [E(HQH;) +E(||9||§)} t Saeong /RdEﬂg(y)!Q dp(y).
Since p;(r,2) = 2 el again with w(Bg) > L
1-a 2

B(1313) = + [ [BGCE ) - Bpet)auty

n

< [ pteadna)
1

= (B —a)?

c__ 2

~ n(l—a)®’



Similarly

2 1 1
< — < —F.
E(Hg”Q) = n /IRth<$,$)d/L($) = n(l—a)d

On the other hand, (12) with ¢ = 2« yields

/Rqug(y)fa)du(y) < @ _42%2‘1&/2”]& (1+€16aR2)'

Hence, for any 0 < 6 <1,

B /[ afan) +&( (ol + 191.) [ i 1/2)

< 30 N 41y, (
~ n(l—a)  eDg[(1 — a?)d/2n)e

(13)
14 el6R?).

In this last step, we fix the various parameters involved in the previous analysis. Basically,

t~ # and R ~ ey/logn for some small ¢ > 0, and o > 1 is chosen large enough. Take for

example t = ﬁ and R? = 6i410g n. Then, for n large enough, the necessary conditions on
a=e " or u(Bg) are fulfilled. After some details, the choice of § = £ and o = 8 in (13) yields

that
1/2 1
e( [ k) +((al+lal) ([ k) ) = o(3).
{lgl>c} {lg>c} "

Collecting this bound with (11) yields

E(W3(u", 1) > (1- 7])% /Q:O/Rd [ps(z, ) — 1]dp(z)ds — O(%)

1

From the analysis of the upper bound (cf. [4]), it is known that as t << +z,

/Q:O/R2 [ps(z, ) — 1]dp™(z)ds > cR*log <%)

for some ¢ > 0,

when d = 2 and

/: /R [ps(x,2) = 1]du"(x)ds > clog(R?)

when d = 1. For the preceding choices of ¢ and R, this establishes the claims (1) and (2).

3 On the limit in the compact case

It has been shown in [1] that when p is the normalized Riemannian measure on a compact
(smooth) 2-dimensional Riemannian manifold M without boundary, then

lim " B (W(jun, ) = ) (14

n— 00 log n 47




where here p, = %Z?:l 0x, with the X;’s, i = 1,...,n, independent and distributed as p.
Since the statement is invariant under rescaling of the measure, assume in the following that
vol(M) = 1. The further conjecture from [3] is that

lim

n 9 1
i) — — ) logn = . 1
i (B (W) — 4 ) g = €€ R (15

In this section, we will show that the arguments of [1] might be somewhat tightened so to
yield

n 1 logn
lim inf E(W2( —— | — — 1
o <logn (W2(ptn, 1)) 47?)10g10gn - (16)
and )
, 1 (logn)i
1 E(W2(ju, - | — . 17
TP ( ogn (Wa(im, 1)) 47r)loglogn = (17)

We start with the proof of the liminf (16) which follows the developments of Section 1.
For simplicity we deal with a manifold with non-negative curvature, but the arguments may
be modified to cover the general case (cf. [1]). Recall first the contraction property under a
CD(0,00) curvature condition, for any ¢ > 0,

W2 (pt, 1) > W2k, 1)

where dy;, = fdp, f(y) = 1+ 9(y), 9 = g(y) = 7 3L, [p(Xi,y) — 1], £ > 0. We next apply
Theorem 2 and (7) to

3

S|

> (X y) —1].

=1

g =9y =

and

b= = gre)V (=)= [ [lgne)v(=a]ds

with 0 < ¢ < % Therefore, after integration along the sample X,..., X,
2 e —1 -1
E(W3(n, 1) > (2= ——E( [ g(-L)"gdy
¢ M
([ ) - Loy e( [ en)”
-<E gPdu | — —=E(llgl;) "E g*du
A\ glza VAT {glc)

since
lg—hl =19 —gc| < |9\1{|g|zc}+/ |gldp.
{lgl>c}
For every y € M,
E(g(y)*) = 1pzt(y,y) <<
n - nt

By standard exponential inequalities for sums of independent (bounded) random variables
(Cf' D]), for every u > 0’
P(|g(y)| > u) < Qe mtmin(uu?)/C

10



for some C' > 0 possibly varying from line to line. It is then an easy task to show that for

1

oy and t = (oem)® where k > 0 is large enough,
gn n

* ( /{|g|zc} deu) - <%> '

The trace asymptotics (cf. [1]) shows that as t = ¢, — 0

E(/Mg(—L)_lgd,u) - ﬁ@+o(%). (18)

After some details, we conclude that

CcC =

1 logn B C'loglogn

E(W3 (k1) =

“ 4r n n

which is the announced lower bound (16).

Next we turn to the limsup upper bound (17). The first step is the standard regularization
procedure. For every 0 < a <1, and t > 0,

E(W3(11.,0)) < (L+a)E(W3(u ) +

Then, we slightly modify the proof of Theorem 1. Namely, for every 6 : [0, 1] — [0, 1] increasing,
6(0)=0,6(1) =1,

W3 (ph, 1) < / \V((—L)lg)f/lﬂdcﬁdu-
2= o 1+0(s)g
Given 0 < ¢ < 1, choose 0(s) = (1+c¢)sif s € [0,1—c] and 0(s) = 2s — s® if s € [l — ¢, 1]. Then

1 / 2 1—c 2 1 a2
o 1+0(s)g o 1+(1+c)syg 1 14 (25 — s%)g

1
< +Clog(l—k(l—c2)g)+40

where we used that g > —1 in the last step. Observe next that
1 2
510g(1+(1—c )g) < 1+2|g|

if—%ggwhile
1 1
“log (1+(1—=¢2 < 2log —
gog( +(1-cyg) < 0g

if g < —% so that in any case

1 1
Jlog(1+ (1= ¢)g) < 1+2|g|<1+210gc—2>.

11



As a consequence,
_ 1 _
W) < (1450) [ V(L) )i+ 1os ) [ 1ol 9L g d

By the Cauchy-Schwarz inequality,

s( [ wiveurafa) < e e ( [ [wenola)

Together with the Riesz transform bounds, it is shown in [1] that

E(/M\V(—L)*gﬁdu) < c(loi”)Q.

On the other hand E([|g|3) < <.

At this level, we have thus obtained that

E(W3(kn, 1)) < <1+5c><1+a>E( / |V((—L)‘lg)\2du>

Ct 1\ logn
+ =+ (142108 5) .
a & ) ny/nt
Together with the trace asymptotics (18), take
1 logn)i 1
CcC = s t —= ( Og n) s o = 1
logn n (logn)a
to get that
lim su - E(W35( ) L\ (logn) < 00
P logn 2\Hn 1 47 ) loglogn

(With a few more efforts, it is possible to get rid of the loglogn factor.)
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