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ABSTRACT. — This paper is an exposition of some of the semigroup
tools which may be used to investigate the isoperimetric inequality in Fu-
clidean and Gauss space. Inspired by the work of N. Varopoulos in his func-
tional approach to isoperimetric inequalities on groups and manifolds, we
will observe here, in particular, that the classical isoperimetric inequality in
R"™ is equivalent to saying that the L2-norm of the heat semigroup acting on
characteristic functions of sets increases under isoperimetric rearrangement.
We then check the corresponding property in Gauss space and, following the
approach of B. Maurey and G. Pisier to the concentration of measure phe-
nomenon, we survey how the various properties of the Ornstein-Uhlenbeck
semigroup such as the commutation property or hypercontractivity can yield
in a simple way both the concentration phenomenon and (a form of) the
isoperimetric inequality itself for Gauss measures.

1. Introduction and the classical isoperimetric inequality in R"

The classical isoperimetric inequality in R™ (see e.g. [Ha|, [Os], [B-Z]) states that among
all subsets A with fixed (finite) volume vol,,(4) and smooth boundary 0A, Euclidean balls
minimise the surface measure of the boundary. In other words, whenever vol,,(A) = vol, (B)
where B is a ball with some radius r (and n > 1),

(1.1) vol,—1(0A) > vol,,_1(0B).

Now, vol,,_1(0B) = nr" 1w, where w, is the volume of the ball of radius 1 so that (1.1)

may be expressed equivalently as

(1.2) volu_1(9A) > nwl/mvol, (4)m=1/n,

/

The function nw,y’ "2™=D/7 on R is the 1soperimetric function of the classical isoperimetric

problem on R". Euclidean balls are the extremal sets and achieve equality in (1.2).



It is well-known that (1.2) may be expressed equivalently on functions by means of the
coarea formula (cf. [Fe], [Maz2], [Os]) : for every C'*° compactly supported function f on
Rn

Y

/\Vf\dx:/ooovoln_l(c*s)ds

where Cs = {z € R";|f(x)| = s}, so that (1.2) together with integration by parts yields

(1.3) 2 s < VA

for every C'*° compactly supported function f on R"™ with gradient V f. This inequality is
equivalent to (1.2) by letting f approximate the characterisitic function I4 of a set A whose
boundary dA is smooth enough so that [ |V f|dx approaches vol,,_1(9A). For simplicity,
smoothness properties of boundaries will always be understood in this way throughout this
paper. Inequality (1.3) is due independently to E. Gagliardo [Ga] and L. Nirenberg [Ni]
with a nice inductive proof on the dimension. This proof, however, does not seem to yield
the optimal constant, and therefore the extremal character of balls. The connection between
(1.2) and (1.3) through the coarea formula seems to be due to H. Federer and W. H. Fleming
[F-F] and V. G. Maz’ya [Mazl] (cf. [Os]).

Inequality (1.3) of course belongs to the family of Sobolev inequalities. Replacing f
(positive) by f* for some appropriate « easily yields after an application of Holder’s
inequality that, for every C'°° compactly supported function f on R",

(1.4) I£1l, < Ctnp.)|IV]],

With1§p<n,%=%
family of inequalities (1.4) with 1 < p < n goes back to S. L. Sobolev [So], the inequality for

— L and C(n,p,q) > 0 a constant only depending on n, p, g. The

p = 1 (which implies the others) having thus been established later on. Of particular interest
is the value p = 2 which may be expressed equivalently by integration by parts as (n > 2)

(1.5) £lanjns <C [ IVFPdr=C [ f(-A)da

where A is the usual Laplacian on R". As developed in an abstract setting by N. Varopoulos
[Val] (see [C-SC-V]), this Dirichlet type inequality (1.5) is closely related to the behaviour
of the heat semigroup Ty = e7**, t > 0, as ||Ti.f|lcc < Ct~"/2||f|l1, t > 0.

As an introduction, our first task in this work will be to illustrate, in this concrete setting,
some aspects of the semigroup ideas of N. Varopoulos, and to show how these can yield, in
a very simple way, (a form of) the isoperimetric inequality, actually the inequality (1.2) (or
(1.3)) with a worse constant. We will work with the (probabilistic) integral representation
of the heat semigroup T, = e **, t > 0, given by

Tif@) = [ o+ Vo) i), weR", feLldo)
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where 7, is the canonical Gaussian measure on R" with density with respect to Lebesgue
measure @, (z) = (27) "2 exp(—|z|?/2), x € R".

The following proposition is crucial for the understanding of the general principle of
proof. Set, for Borel subsets A, B in R", and t > 0, K (A, B) = [z T:(14) dz where 14 is
the indicator function of the set A. A° denotes below the complement of A.

PROPOSITION 1.1. — For every subset A of finite volume in R™ with smooth boundary
0A and every t > 0,

1/2
KT(A, A) < (3) vol,_1(9A).

™

Proof. Let f, g be smooth functions on R". For every ¢ > 0, we can write

/g(th—f)dac:/Ot(/gATsfd:r)ds
Z—/Ot(/<Vng,Vf>dx>ds

Now, by integration by parts,

VTsg = /nyg(aﬂr\/%y) dyn(y) -

1
V2s JR
Hence

/g(th—f)dﬂc / \/_/ (VF(x),y) g(z + V2sy) dzdy, (y)ds.

This identity of course extends to g = I 4. Since

[ [ v 16@).0) dzdratw) = o

we see that, for every s > 0,
[ [5@)) 1ac o+ VB y) o) < [ [(95).00) dadraty

— 5//\(Vf(a:),y)\dwd%(y)
= \/%_W/Wﬂdx

by partial integration with respect to dv,(y). The conclusion follows since, by letting f
approximate I 4, [ |V f|dz approaches vol,,_1(9A). The proof of Proposition 1.1 is complete.
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Proposition 1.1 is sharp since it may be tested on balls. Namely, if B is an Euclidean
ball, one may check that

1/2
(1.6) 11m(§> KT (B, B°) = vol,_,(9B).

t—0

By translation invariance and homogeneity, we may assume that B is the unit ball of center
the origin and radius 1. Then, for ¢ > 0,

KtT(B,BC):/ ’yn(yER”;|x+\/2_ty}§l)dx
|z|>1

Using polar coordinates and the rotational invariance of ~,,,

KI'(B,B°) / / aB y, ’pw+\/_y| < 1) dpdw
we

>
_ Voln_l((‘?B)/ P @ e (91, 9); |p + V2 |” + 2¢)512 < 1) dp
1
where y = (y1,9), 11 € R, j € R""!. We then use Fubini’s theorem to write

K7(B, B°) = vol,_1 (0B) / J(y1,5) s () 1 (3)

where

~\ n—1
Jt(yl’y)_I{2t|7j|2§1;\/§y1§\/1—2t|gj|2—1}/; P g3t 2 <1202} AP

By a simple integration of the preceding, it is easily seen that for almost all yq, y
lim — (y1,9) = —V2u 1
tl_ff(l)\/% t\Y1,Yy) = Y1d{y, <0}

so that, by dominated convergence,

L vol, 1 (0B)

lim — KT(B B¢) = —vol,_; aB/ V2y1dy () = NG

t»\/_

which is the claim (1.6).

Together with (1.6), the isoperimetric inequality (1.2) will now follow from Proposition
1.1 if we have that, for every ¢t > 0 and every Borel subset A of R", K/ (A, A) < K} (B, B)
whenever B is a ball with the same volume as A, or in other words, since K/ (A, A) =

1Ty /2(1a)3, if
0 il < Il 120

4



Indeed, under such a property, by Proposition 1.1, for every t > 0,

T 7\ 1!

vol,_1(9A) > (?)1/2Kf(A,AC) > (?) P KT8, B,

and when ¢t — 0, vol,,_1(90A) > vol,,_1(0B) by (1.6).

Inequality (1.7) was actually established by A. Baernstein and B. A. Taylor [B-T]
through delicate rearrangement inequalities of isoperimetric nature (see also [Ba]). While we

noticed its equivalence with isoperimetry, one may wonder for an independent simpler proof

of (1.7).

If one does not mind bad constants, one can actually deduce (a form of) isoperimetry
from Proposition 1.1 in an elementary way. Note from the inequality || T} f|se < Ct=™/2||f]|1,
t > 0, that, by interpolation, ||T};f|lo < Ct=™/4||f||1, t > 0 for every f in L'(dz) and some
possibly different constant C' still only depending on n. Hence, by Proposition 1.1, for every
subset A in R"™ with fijnite volume and smooth boundary dA, and every ¢t > 0,

™

2
vol,_1(9A) > (;) KT (A, A%

™

— (5)"° [ola) ~ Ty lr)|]

> (%)1/2 [vol(4) - 0(%)_”/2voln(A)2} .

Optimising over ¢ > 0 then yields
vol,_1(8A) > C'vol, (A)m—/n

hence (1.2), with however a worse constant. This easy proof could appear to be even simpler
than the one by E. Gagliardo and L. Nirenberg.

The purpose of this work will be to develop throughout the next sections the same ap-
proach in the setting of the Gaussian isoperimetric inequality. As in this classical Euclidean
case, we will follow closely the semigroup techniques of the work by N. Varopoulos [Val],
[Va2], [C-SC-V] (and the references therein) in his functional approach to geometric inequal-
ities and heat kernel estimates on groups and manifolds. We work out these techniques with
the Ornstein-Uhlenbeck semigroup, using some general results such as hypercontractivity,
as well as tools developed by G. Pisier in [Pil], [Pi2] (on the concentration phenomenon and
Gaussian Riesz transforms). While classical Sobolev inequalities provide one of the main
abstract tools in the classical case, we only substitute here logarithmic Sobolev inequalities
and hypercontractivity. Although we do not attack the question here, this overall approach
may possibly be developed similarly for the Ornstein-Uhlenbeck in backward as studied in
[Bob|.

The present exposition does not present any real new results. It only would like to
emphasise some simple semigroup ideas in the study of the geometry of (Euclidean and)
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Gauss space. We hope furthermore that some of these ideas could be used in abstract
settings. While true isoperimetric techniques such as symmetrisation always seem to yield
best constants and therefore characterise extremal sets, we thought of some interest to
investigate the Gaussian isoperimetric inequality through the Ornstein-Uhlenbeck semigroup
whose central role in the Analysis of Wiener space need not be demonstrated anymore.
In the next section, we briefly recall the isoperimetric inequality in Gauss space in its
various formulations and applications, while in section 3, we survey the Ornstein-Uhlenbeck
semigroup (F;);>o and some of its classical properties such as hypercontractivity, for which
we provide an elementary proof. In the last section, we show how to use the Ornstein-
Uhlenbeck semigroup (P;);>0 to establish both the concentration of measure phenomenon
for v,, and a version of the isoperimetric inequality itself via the analogue of Proposition 1.1.

2. The isoperimetric inequality in Gauss space

In the rest of this work, we will work with the canonical Gaussian distribution =, on R"
with density with respect to Lebesgue measure

on(x) = (27) " exp(—|z*/2), = €R"

The measure 7, is thus the product measure of the one-dimensional canonical Gaussian
measure on each coordinate. As Lebesgue measure, the Gaussian measure -, satisfies
an isoperimetric property, which, avoiding firstly surface measure considerations, may
easily be described as follows. Let A be a Borel set in R" and let H be a half-space
H = {z € R";(z,u) < a}, [u| =1, a € [—00,+00], such that ,(A) = v,(H). Then,
for any real number r > 0,

(2.1) Y (Ar) > o (H:)

where A, is defined to be the Euclidean neighbourhood of order r > 0 of A, that is
A, = {z € R";d(z,A) < r} with d the Euclidean distance on R" or equivalently
A, =A+B(0,r) ={z+y;x € A,y € B(0,r)} with B(0,) the (closed) Euclidean ball with
center the origin and radius r. Hence, while balls are the extremal sets in the classical case,
half-spaces play this role in this Gaussian setting. By rotational invariance, and since =, is

a product measure, the Gaussian measure of the half-space H is computed in dimension 1
as v, (H) = ®(a) where

t t
2= [ p@ar=en2 [ a1z

— 00 — 00

Furthermore, since the neighbourhood H, of H is again a half-space and ~,,(H,) = ®(a+7).
Therefore, (2.1) may be stated equivalently as

(2.2) Yn(Ar) > ®(a+1r) for every r >0
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whenever v,,(A) = ®(a). In this form, the Gaussian isoperimetric inequality appears to be
dimension-free and indeed easily extends to infinite dimensional Gaussian measures. More
precisely, let ;1 be a (centered) Gaussian measure on a real separable Banach space FE with
reproducing kernel Hilbert space H (the Cameron-Martin space for Wiener measure for

example). That is, the abstract Wiener space factorisation
B 512 E

where i is the canonical injection map defines a hilbertian subspace H = i*(L?(u)) of E.
Then, given a Borel set A in E with pu(A) = ®(a), the isoperimetric inequality for the

Gaussian measure p reads as
(2.3) pi (A4 By (0,7)) > ®(a+7) for every r >0

where By (0,r) is the ball in H with center the origin and radius r and where p, is inner
measure (the use of inner measure is necessary since A + By(0,7) need not always be
measurable). Inequality (2.3) is deduced from (2.2) in a standard way by a finite dimensional
approximation (see for example [Bol|, [Fal]); the stricking property is of course that in
infinite dimension u(#H) = 0. Although it is this infinite dimensional version which might
appear to be the most useful in applications, for example in the Analysis of Wiener space,
it 1s really the finite dimensional version which one has to establish first. Therefore, we only
concentrate in this paper on this finite dimensional version. In particular, all the isoperimetric
like inequalities which we will establish for ~,, with simple semigroup tools may easily be
extended to infinite dimensional Gaussian measures and can therefore be used in applications
as simpler minded inequalities.

Inequality (2.1) thus expresses the extremal character of half-spaces in the isoperimetric
problem for Gaussian measures. It was established independently by C. Borell [Bol] and V.
N. Sudakov and B. S. Tsirel’son [S-T] on the basis of the isoperimetric inequality on the
sphere [Lé|, [Sch] and a limiting argument known as Poincaré’s lemma (cf. [MK]). An intrisic
proof using Gaussian isoperimetric symmetrisation was then provided by A. Ehrhard [Eh1]
with applications to Gaussian Dirichlet integrals [Eh2], [Bo4].

The Gaussian isoperimetric inequality has been proved useful and extremely powerful
in various and rather distinct contexts such as, for example, tail estimates of Gaussian
seminorms [Bol], [Tal] and Wiener chaos [Bo2], [Bo3], [L-T], large deviations [Che], [G-K],
[BA-L], [Led3], Banach space Geometry (in particular the study of almost spherical sec-
tions of convex bodies) [F-L-M], [M-S], [Pil], [Pi3], and hypercontractivity and logarithmic
Sobolev inequalities [Eh3]|, [Led2]. In these applications, the Gaussian isoperimetric inequal-
ity is used in two rather distinct ways depending on whether the isoperimetric enlargement
A, of a set A is considered for the large values of r or the small values.

In the first three mentioned applications, it is used for the large values of r in the
form of what has been called the concentration of measure phenomenon [G-M], [M-S]. This
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phenomenon expresses here that if A is a Borel subset of R" such that v, (A) > %7 then one
may take a = 0 in (2.2) and get that for every r > 0,

(2.4) Yn(Ar) > ®(r) > 1 — L exp(—1?/2).

In other words, starting from a set A with ~,(A) > %, its enlargement A, gets very rapidly

a mass close to 1 when r increases to infinity.

Let us mention here that the inequality (2.4) has been recently surprisingly improved
by M. Talagrand [Ta2] (see also [Ma]) who showed that for several sets A, the Euclidean
enlargement may not be the optimal one in an inequality such as (2.4). M. Talagrand also
studies in [Tad| improved versions of the concentration inequality (2.4) which depend on
the geometry of A rather that on its measure only (with applications, in particular, to balls
of the Wiener space, which may be considered as cubes for the canonical product measure
[Ta3]).

The inequality (2.4) may be translated equivalently on functions and is often most useful
in this form in applications. Let f : R" — R be a Lipschitz map on R" with Lipschitz norm

1fllLip = SUP{M; T #yin R”},
|z — |

and let My be a median of f for v, i.e.
W(f > My)> 5 and 3, (f < My)> 3.

By applying (2.4) to A= {f > My} and A = {f < My} we get that for every r > 0,

2
o 1= 02) o 7).

1A I1Es
Conversely, given a set A one may take in (2.5) the Lipschitz map f(z) = d(x, A) and obtain,
after some elementary considerations, an inequality such as (2.4) (or at least close enough
to (2.4) — see Section 4).

In the applications to hypercontractivity and logarithmic Sobolev inequalities, the
Gaussian isoperimetric inequality is used in its infinitesimal formulation connecting the
“Gaussian volume” of a set to the “Gaussian length” of its boundary, which is really
isoperimetry, the concentration phenomenon being only a mild corollary. More precisely,
given a Borel subset A of R", define (following [B-Z], [Fe|, [Os], [Eh2]) the (Gaussian)
Minkowski content of its boundary 0A as

On-1(94) = lim inf % [ (Ar) = 1 (4)].

The isoperimetric inequality (2.1) (for the small values of r > 0) then expresses that if H is
a half-space with the same measure as A, then

(2.6) On_1(0A) > 0,_1(0H),
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that is the analogue of (1.1). Now, one may easily compute (in dimension one) the Minkowski
content of a half-space H as

On-1(0H) = liminf [@(a + 1) — &(a)]= ¢1(a)

r—0 7r

where ®(a) = 7,(H) = 7,(A). Hence, denoting by ®~! the inverse function of ®, we get
that, for every Borel set A in R",

(2.7) On-1(8A) > 01 0@~ (1, (4)).

The function ¢; o @71 is the isoperimetric function of the Gauss space (R",,). It may be

1/n

compared to the function nw'/"z(™~1/" of the classical isoperimetric inequality in R™. The

function ¢ o ®~1 is still concave; it is defined on [0,1], is symmetric with respect to the

—1/2

vertical line going through % with a maximum equal to (27) there, and its behaviour at

the origin (or at 1 by symmetry) is governed by the equivalence

100 ()

28) Y (2 loa(1/2))1/2

=1.

This can easily be established by noticing that the derivative of ¢ o =1 is —®~! and by
comparing ®~1(z) to (2log(1/z))"/2.

As in the classical case, (2.7) may be expressed equivalently on functions by means,
again, of the coarea formula (see [Eh2], [Led3]). Writing for a smooth function f on R™ with

gradient V f that
/|Vf| dyn = /0 (/C on(x) d?—[n_l(:z;)>ds

where Cy = {z € R";|f(z)| = s} and where dH,_; is the Hausdorff measure of dimension
n — 1 on Cy, we deduce from (2.7) that
(2.9) [1901dn = [ eroai (112 ) ds

0
When f is a smooth function approximating the indicator function of a set A, we of course
recover (2.7) from (2.9), at least for subsets A with smooth boundary. Due to the equivalence
(2.8), it follows in particular from (2.9) (and integration y parts) that a smooth function f

satisfying [ |V f|dvy, < oo is such that [|f|(log(1+ |f]))'/?dy, < co. In analogy with (1.3),
such a property belongs to the family of Sobolev inequalities, but here of logarithmic type.

In the past years, it has been realised that rather elementary arguments may be used to
establish the concentration properties (2.4) or (2.5). This observation is due B. Maurey and
G. Pisier [Pil] and the main idea involves the Ornstein-Uhlenbeck or Hermite semigroup
with respect to the Gauss measure -, defined by the representation

Puf@) = [ fe ot (=) ) ), ¢z 0
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for f in L'(7,). One of the crucial underlying properties of the semigroup (P;);>0 used in
these proofs is the commutation property VP, f = e *P,(Vf), in particular for the large
values of the time ¢.

One of the purposes of this work will be to show, in the same spirit as what we presented
in the classical Euclidean case, that the behaviour of the Ornstein-Uhlenbeck semigroup
(Pt)¢>0 for the small values of the time ¢ together with its hypercontractivity property may
properly be combined to yield the infinitesimal version (2.7) of the isoperimetric inequality.
More precisely, we will show, with these tools, that there exists a small enough numerical
constant 0 < ¢ < 1 such that for every measurable subset A with smooth boundary,

On-1(84) 2 cp1 027 (7,(4)).

We doubt that this approach can lead to the exact constant ¢ = 1. The line of reasoning
will thus follow the one of the classical case presented in the first section via tha analogue of
Proposition 1.1, simply replacing then the classical heat semigroup estimates and Sobolev
inequalities on R" by the hypercontractivity property and logarithmic Sobolev inequalities
of the Ornstein-Uhlenbeck semigroup which we now describe.

3. The Ornstein-Uhlenbeck semigroup and hypercontractivity

Let (B¢)t>0 be a standard Brownian motion starting from the origin with values in R".
Consider the stochastic differential equation

dX; = V2dB; — X; dt

with initial condition Xy = x, whose solution is
t

X, :e_t(x+\/§/ eSdBS), t > 0.
0

Since fot e® dB; has the same distribution as Be2: 1, the Markov semigroup (F;):>0 of (X¢)i>0
is given by

Fle™+ (1 — e 29)Y2y))dvya(y)

n

(3.1) P f(x) = E(f(e*t + e*tBezt_l)) = /

for any f in L'(v,) and z in R"™, thus defining the Ornstein-Uhlenbeck or Hermite semigroup
with respect to the Gaussian measure v,. (P;);>0 is a Markovian semigroup of contractions
on all LP(y,)-spaces, 1 < p < oo, symmetric and invariant with respect to ~,, and with
generator L which acts on each smooth function f on R" as

Lf(x) = Af(x) = (, Vf(x)).
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The generator L satifies the integration by parts formula with respect to =,

[ t-19)dn = [(v5.va)dn,

for every smooth functions f, g on R".

One of the remarkable properties of the Ornstein-Uhlenbeck semigroup is its hypercon-
tractivity property discovered by E. Nelson [Ne] : whenever 1 < p < ¢ < oo and t > 0 satisfy
et > [(g—1)/(p — 1)]/2, then, for all functions f in LP(v,),

(3.2) 1P fllg < NA1,

where (now) || - ||, is the norm in L”(7,). In other words, F; maps LP(v,) in L9(v,) (¢ > p)
with norm one. Many simple proofs of (3.2) have been given in the litterature, mainly based
on its equivalent formulation as logarithmic Sobolev inequalities due to L. Gross [Gr]. Fix
p = 2 and let q(t) = 1 +e*, ¢t > 0. Given a smooth function f, set ¥(t) = 1P Nl yeys
t > 0. Under the hypercontractivity property (2.2), WU(¢) < ¥(0) for every ¢ > 0 and thus
U’(0) < 0. Performing this differentiation, we see that

1/2
(3.3) [ 710851 [ s 108 ( / f2d%) < [1vspar,

which in turn implies (3.2) by applying it to P.f (f > 0) for every t. The inequality (3.3)
is called a logarithm Sobolev inequality. One may note, with respect to the classical Sobolev
inequalities on R™, that it is only of logarithmic type, with however constants independent
of the dimension, a characterisitic feature of Gaussian measures.

Simple proofs of (3.3) may be found in e.g. [Nev], [A-C], [B-E]... The one which we
present now for completeness already appeared in [Led4] and only relies (see also [B-E]) on
the observation, immediately drawn from the representation (3.1), that VP, f = e 'P,(Vf)
(of course exploited for the large values of t). Namely, to establish (3.3), replacing f (positive)
by v/f, it is enough to show that for every smooth positive function f on R",

(3.4 [ rog s, [ s o ( [ 1) <5 [ 192,
To this aim, we can write by the semigroup properties and integration by parts that
/flogfdvn—/fdyn log (/fdvn) = —/Ooo<%/Ptf logPtfd7n> dt
= —/OOO(/LPtf logPtfd'yn) dt
= /OOO (/(VPtf,V(logPtf» dvn) dt

:/Ow(/%prtfy?d%) dt.
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Now, set

1

The commutation property VP f = e 'P/(Vf) and Cauchy-Schwarz inequality on the
integral representation of P; show that, for every ¢ > 0,

k 2
=3 7 ()
=1
k 1/ of 2) 1
<e % P, —( ) dy, = e 2 | = |Vf>dvyn
;/ t(f Oz, /f

which immediately yields (3.4). Therefore, hypercontractivity is established in this way.

of
8%

While our aim is to investigate isoperimetric inequalities via semigroup techniques,
it is however of some interest to notice that the Gaussian isoperimetric inequality (2.7)
or (2.9) may be used to establish the logarithmic Sobolev inequality (3.3) and therefore
hypercontractivity. This was noticed in [Led2] in analogy with the classical case discussed
in the first section. Let f be a smooth positive function on R™ with || f||, = 1. Apply then
(2.9) to g = f2(log(1 + f?))/2. Using (2.8), one obtains after some elementary, although
cumbersome, computations that for every € > 0 there exists C'(¢) > 0 only depending on ¢
such that

1/2

1/2
/f2 log(1+4 f2)dy, < (1+¢) (/ |Vf|2d%,> (/ 2 log(1+ f2)dy, + 2) + C(e).
It follows that
2 [ Plogfdn < [ Flogi+ )
1/2
<2149 [ [97Pd 420422 [195Pan) 4@
where C'(e) = (1 4+ ¢)C(e)/e. To get rid of the extra terms on the left hand side of this

inequality, we use a tensorisation argument due to A. Ehrhard [Eh3] : this inequality namely

holds with constants independent of the dimension n. Therefore, applying it to f®F in
(R™)F = R™ yields

1/2
k/leogfd'yn < k(1+e)4/|Vf|2d7n+\/E(1+5)2(/|Vf|2d’yn> +C'(e).

Divide then by k, let k tend to infinity and then € to zero and we obtain (3.3) by homogeneity.

4. Semigroup proofs of the Gaussian isoperimetric inequality
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Our first task, in this last section, will be to show how the concentration of measure
phenomenon (2.4) or (2.5) may be analysed with the Ornstein-Uhlenbeck semigroup. This
observation goes back to B. Maurey and G. Pisier ; more precisely, the next lemma is due
to B. Maurey (see [Pil, p. 181]). We follow here the proof oulined in greater generality
(Riemannian manifolds with non-negative Ricci curvature e.g.) in [Led5].

PROPOSITION 4.1. — Let f be a Lipschitz map on R™ with ||f||Lip <1land [ fdy,=0.

Then, for every real number A,
)\2
/exp()\f) dy, < exp(;).

Before turning to the proof of Proposition 4.1, let us briefly indicate how it relates
to concentration. Namely, by Chebyshev’s inequality, it immediately follows that for every
Lipschitz map f and every r > 0,

7,2
(4.1) llf = [fdw] 2 7) < 2“‘-’(‘ 2|rfuiip)'

This property is almost identical to (2.5) although it is not completely understood how one
can go directly from the median to the expectation or conversely, preserving the best constant
2 in the exponent. However, (4.1) has a similar meaning on sets. Let indeed (see [Ledl]) A
be a Borel set in R" with ~,,(A) > 0. For every u > 0, let f, be the Lipschitz map defined
by

fu(z) = min(d(z, A),u), xecR"

Clealy || full s, <1 and [ fudy, < u(l —~,(A)) so that (4.1) applied to f, for r = uy,(A)
already yields, for every u > 0,

Mn(z €RY x ¢ Ay) < lfu = u)
< Vn (fu > ffu dyn + u’Vn(A)) < QGXP(_ u27n<A)2/2)'

But now, we may improve with this inequality our previous estimate on [ f, dvy, and get
that

/fu dy, < /Ou'yn(x; x ¢ Ay)dv < /Ooomin(l — Yn(A), 2exp(— v*v,(A4)%/2) dv.

Denoting by 6(v,(A)) the right hand side of this inequality, (4.1) applied to f, for
r=1u— 0(y,(A)) > 0 then yields

m(xeR"; z ¢ A,) < 2€Xp<_% +U5<7”(A)>)'
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This inequality is as good as (2.4) in applications, in particular if we notice furthermore
that 0(v,(A)) — 0 when 7,(A) — 1. It also immediately extends to infinite dimensional
Gaussian measures, replacing A, by A + By (0, u).

Now, we prove Proposition 4.1.

Proof of Proposition 4.1. As for the proof of the logarithmic Sobolev inequality in the
previous section, we simply write by the semigroup properties and the integration by parts
formula for the operator L that, for every ¢t > 0,

G(t) = / exp(\P,f) dyn = 1 — /t TG (s) ds

=1- )\/too (/LPSfexp(APSf) dvn)ds

=1+ /oo (/ VP, f|? exp()\PSf)dfyn) ds.
t

Now VP f = e *Ps(Vf) and [V f| <1 almost everywhere since || f[|;, < 1. It follows that,
for every t > 0,

G(t) <1+ >\2/ e 2 G(s) ds.
t

Let H(t) be the logarithm of the right hand side of this inequality. Then H'(t) > —\2e~2¢,
t > 0. Therefore

log G(0) / H'(t dt<—

which is the conclusion. Proposition 4.1 is established.

Finally, we turn to the isoperimetric inequality itself. The next proposition, implicit in
[Pil, p. 180], is the first step towards our goal and is the Gaussian analogue of Proposition
1.1. Given Borel sets A, B in R" and ¢t > 0, we set

KF(A,B) = /A Py(I5) d.

Note that K/ (A, A) = ||P;2(I4)|3. The notation K/ is used in analogy with that of a
kernel. Large deviation estimates of the kernel K} (A, B) for the Wiener measure when
d(A,B) > 0 are developed in [Fa2]. As in the classical case, we will simply agree that
“smooth” for the boundary 0A of a set A means that [ |V f|dy, approaches the Gaussian
length O,,_1(0A) of the boundary of A when f is a smooth function on R" which approaches
the indicator function of A.

PROPOSITION 4.2. — For every Borel set A in R™ with smooth boundary 0A and every
t>0,
KFP(A, A% < (2m)~ Y2 arccos(e™) O,,_1(DA).
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Proof. Tt is similar to the proof of Proposition 1.1. Let f, g be smooth functions on R".

For every t > 0, we can write

/g(Ptf—f)d% Z/Ot(/gLPsfdfyn>ds

_ /(:((VPSg,Vf) dvn) ds.

Now, by an integration by parts on the representation of Ps using the Gaussian density,
VP.g = W / Cyg(eTt e (1—e2)2y) dya(y).
Hence
[o@is=nan,
[ s [ @ sl =) ) i) ds
This identity of course extends to g = I 4. Since
[ [1v1@).9) dr@dt) =o.
we see that, for every s > 0,
[ [T @ e (o4 (= e 2y) (@)

< [[(@5@).0) dn(@)dnw)
—5 [ 1@ 1@ @)

1
:\/—Q—W/|Vf|d7n-

The conclusion follows by letting f approximate I since f |V f| dvy,, will then approach
On—1(0A) when 0A is smooth enough. The proof is complete.

The inequality of the proposition is sharp in many respects. When ¢ — oo, it reads as

(4.2) On-1(04) > 2 \/%M(A)(l — u(4)),

that is, when p(A) = 1, the maximun of the isoperimetric function ¢; o ®71(z) at = = 3.
Inequality (4.2) may actually be interpreted as Cheeger’s isoperimetric constant [Ch] of the

Gauss space (R",~,,). It is responsible for the optimal factor /2 which appears in the vector
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valued inequalities of [Pil]. Indeed, one may integrate (4.2) by the coarea formula (cf. [Ya])
to get that for every smooth function f with mean zero,

[ 1514 < @/wm,

an inequality which is easily seen to be best possible (take n = 1 and f on R be defined by
f(x) =a/e for |z| < e, f(x) = x/|x| elsewhere, and let € — 0).

Proposition 4.2 may also be tested on half-spaces, as we did with balls in the first section.
Namely, if we let H = {x € R"; (z,u) < a}, |u| =1, a € R, it is easily checked (reduce to
dimension one by rotational invariance and use polar coordinates) that

1 2 2
KtP(H, HC) = — // ) e T /2679 /QI{mga,e_t:c+(1fe_2t)1/2y>a}dxdy

27
= / I{mn(cp)<a rsin(p+6)>a} dpdr
1 la|/sin((w—06)/2)
_ O a2

2m o (2 arcsin(|a|/7~) +6— W)TG_TQ/zdr

|al

where 6 = arccos(e™"). The absolute value of the second term of the latter may be bounded
by

i (e—a2/2 . e—a2/2 6082(9/2)>

2 3
< L a—tan2(9/2) em0’/2 < v a%e /2
27 2

- 27 2T

at least for all § small enough. In particular, since § = arccos(e*) and thus 6 ~ /2t when
t — 0, it follows that

(4.3) KFP(H,H®) = (2n) "2 arccos(e ™) O,,_1(0H) + 0(\/%) for t — 0.

On the basis of Proposition 4.2, we now would need lower estimates of the functional
KFP (A, A¢) for the small values of ¢. The typical isoperimetric approach would be to use a
symmetrisation result of C. Borell [Bo4], which is the analogue of (1.7), asserting that if H
is a half-space with the same measure as A, then for every ¢ > 0,

K{ (A A) < KP(H,H).
Hence K (A, A°) > K} (H, H®) and we would conclude from Proposition 4.2 and (4.3) that
O0,-1(0A) > O,_1(0H),

i.e. (2.6). In particular, and as in the classical case, isoperimetry is therefore equivalent to
saying that for every Borel subset A

(44) 1B (LDl < [Pm)lly, ¢ 20,
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when H is a half-space with the same measure as A. This inequality is thus established in
[Bo4], extending ideas of [Eh2] and based on techniques developed in the classical case in
[Ba| and [B-T], via the Gaussian isoperimetric inequality. It is moreover established, as (1.7)
in [B-T], for functions and not only indicator functions. It might be that a simple direct
approach to (4.4) (and (1.7) as we mentioned in Section 1) is possible ; it would then be an
ideal complement to the simple approach presented here.

Our approach to bound K} (A, A) will be to use hypercontractivity as the corresponding
semigroup estimate in this Gaussian setting. Namely, we simply write for a Borel set A with
(smooth) boundary dA in R" and p(t) =1+ e~ * that

(4.5) KP(A,A) = ||Pa(La)][; < | 1a]2 s t>0.
Hence
K[ (A, A%) > 7, (A)[1 — 7y (A)F/PED 1]

Therefore, combined with Proposition 4.2,

On_1(0A) > (2m)1/2~,,(A) sup[(arccos(e_t))71 (1- yn(A)(Q/p(t))—l)}.

t>0

Setting 6 = arccos(e™") € (0, 5], we need evaluate

< 1 [1 . ( 1 —cos6 o 1 >]
up = |1 —exp| — )
02oes 0 P\ T cost % 5,(4)

To this aim, we can note for example that

1 —cos@ S 6>
14+cosf — 21’

and choosing thus 6 of the form
1/2 1 e
o= e (e )
provided that v, (A) < exp(—8/7), we find that
O 1(0A) > (1 _ 1>%(A) (log ! >1/2.
B e Tn(A)

Due to the equivalence (2.8), there exists then ¢ > 0 such that when v, (A) <4,

1
On-1(04) > 3 %10 O (yn(A)).
When 6 < 7, (A) <1/2, we can always use (4.2) to get
On1(0) 2 1[5 30(4) 2 c9) 1 087 (3(4)
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for some c(6) > 0. These two inequalities, together with symmetry, yield that, for some
numerical constant 0 < ¢ < 1 and all measurable subsets A in R™ with smooth boundary,

(4.6) On-1(0A) > cip1 0 7 (1n(4)),

that is, a form of the Gaussian isoperimetric inequality. One may try to tighten the preceding
computations to reach the value ¢ = 1 in (4.6). This however does not seem likely and it is
certainly in the hypercontractive estimate (4.5) that a good deal of the best constant is lost.
One may wonder why this is the case; it seems that hypercontractivity, while an equality
on exponential functions, is perhaps not that sharp on indicator functions. This would have
to be understood in connection with (4.4). Note finally that one may integrate back (4.6) to
obtain the analogue of (2.1), that is, if 7,,(4) = ®(a), for every r > 0,

Yn(Ar) > ®(a + cr).

It is likely that the preceding approach has some interesting consequences in more ab-
stract settings. In particular, one could imagine to study, with these tools, the hypercon-
tractivity constant of a compact Riemannian manifold, or rather to investigate isoperimet-
ric properties implied by hypercontractivity (see [Led6]). This would be in analogy with
the isoperimetric inequalities obtained in [Val], [Va2]|, [C-SC-V] via the dimension of the
underlying heat semigroup.
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