The Gaussian Blog

Some basic properties

and characterizations of
Gaussian measures and variables

The note (to be completed!) collects, in a random order, some basic properties and clas-
sical characterizations of Gaussian measures and variables, which may be found in standard
references in probability theory and mathematical statistics. In the text, 7,, or N (0,1d),

denote the standard Gaussian distribution on the Borel sets of R” with density 7 1)% e*%‘ﬂz’
s

x € R", with respect to the Lebesgue measure \,.
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1 Rotational invariance

The rotational invariance of Gaussian measures may be described by two main features.

1) If X is a random variable on a probability space (€2, .4,P) with law N (0,1d), and if O
is an orthogonal matrix (transformation) on R, then OX is also distributed according to
N(0,1d). This is checked on the covariance matrix.

Maxwell’s observation is that the standard Gaussian measure in R™ is the only probability
measure which is both invariant under orthogonal transformations and is a product measure.
More precisely, if 4 is a probability measure on the Borel sets of R™ with those two properties,
necessarily u = N(0,02Id) for some o > 0. For a quick argument, after convolution with
N(0,&%1d) for some € > 0, it may be assumed that p has a smooth, strictly positive, density f
with respect to the Lebesgue measure. But this density is both a function of |z|* by rotational
invariance and a product (necessarily of the same one-dimensional density), which forces the
Gaussian density (take the partial derivatives of log f).

2) If X and Y are centered Gaussian vectors on a probability space (2, A, P), independent and
identically distributed, for every real 0, X (0) = X sin(f) + Y cos(#) and X'(6) = X cos(#) —
Y sin(f) are Gaussian vectors, independent with the same law as X. In others words, the
couples (X (0), X'(f)) have the same law as (X,Y). This may easily be checked on the
covariances.

The Kac-Bernstein theorem [6, 4] ensures conversely that if X and Y are independent
real random variables such that X +Y and X —Y are also independent, then both X and Y
must have normal distributions. More generally, the statement holds true as soon as X (0)
and X'(0) are independent for some 6 which is not an integer multiple of 7.

Cramér’s theorem [5] (initially announced by P. Lévy) expresses that if X and Y are two
independent (non-constant) real random variables such that X + Y is normally distributed,
then both X and Y follow a normal distribution.



2 Wick’s formula

It is clear that, for a real random variable X on a probability space (2,4, P), the collection
of moments

(2k)!
Qkk! Y k Z 07
characterize the law of X as the standard normal distribution A/(0, 1).

E(kaJrl) — 0’ E(X2k) —

Wick’s formula is a kind of multilinear extension which expresses any product of the
coordinates of a Gaussian random vector by the covariance of this vector. Namely, if X is
a centered Gaussian vector in R", for any even collection (i, ..., &) of linear functions on
R,

E(&(X) - on(X ZHE@Z )&,(X))

where the sum runs over all unordered sequences of unordered pairs {iy,71},. .., {ik,ji}
where each of the integers 1,...,2k appears only once.

For example, if X = (X, X5, X3, X4) is a centered Gaussian vector in R?,
E(X1X2X3Xy) = E(X1Xo) E(X3Xy) + E(X; X3) E(X2Xy)
+ E(X; Xy) E(X2X3).
Among other proofs, this type of identity may be obtained from the form of the Fourier

transform
E(€E<U,X>) — e*%E(<u7X>2)’ u = (Uh U2, U3, U4) € R4.

Identification of the terms with all the u,’s distincts in Taylor expansions of both sides at
the order 4 yields the conclusion.

3 Fourier transform

The Fourier transform, of characteristic function in the probabilistic language, of the stan-
dard Gaussian measure 7, is given by

Py () = T2y e R,

L ezl
A (2m) 8
f (up to the standard Fourier normalizations).

In other words, the density f(z) =

, x € R, of v,, is its own Fourier transform



4 Integration by parts and Stein’s characterization

For a function f : R — R, locally Lipschitz and such that zf and f’ are integrable with

respect to 71,
[oran = [ fan 1)
R R

This immediately follows by integration by parts on the form of the Gaussian density

/Rxfd% - \/LQ_W/Rf(x)xe%“dAl(x).

On R™, if f:R™ — R is smooth enough,

/ xf dy, = Vfdy,

R’ﬂ
as vector integrals.

Stein’s observation, leading to various approximation results cf. [2], expresses that (1)
ranging over a rich enough family of functions f characterizes v; (over all probability mea-
sures with a first moment). Let indeed p be a probability on R with a first moment such
that fR xfdy = fR f'du for every, say, bounded continuous function f : R — R. Applied
to the real and imaginary parts of the family of functions f(z) = ¢™* = € R, u € R, this
integration by parts formula yields that the Fourier transform ¢(u), u € R, of pu satisfies
the differential equation ¢'(u) = —u p(u), u € R, so that ¢(u) = e 2*’, u € R, the Fourier
transform of ~;.

5 Heat and Mehler kernels

Let

1 L
he(z) = ) e"wlel 1 >0, zeR", (2)

be the standard heat kernel on R", fundamental solution of the heat equation 9;h; = A p;.
In other words, h; is the density of the normal law N (0, 2t).

The convolution semigroup H,f(z) = f * hy(x), t > 0, solves
OHf = AHf = H{Af

with initial data f. By the definition of h;, the semigroup H;, t > 0, admits the integral
representation

Hiw) = [ fo+ Vo))
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for all t > 0, x € R", and any suitable measurable function f : R" — R. At t = %, h; is just
the standard Gaussian density so that H 1 f(0) = [g. fdy, (while Hof = f).

There is however a related Gaussian kernel which has the advantage to be invariant with
respect to v, (as the classical heat kernel is invariant under the Lebesgue measure \,).

Define the Mehler kernel, for ¢t > 0, x,y € R", by

672t

Temrer (- el b - 2ea)). @

It holds true that [5, p;(z,y)dy,(y) = 1 for all t > 0 and 2 € R". The Mehler kernel satisfies
besides the basic semigroup property with respect to ,,

pi(z,y) = pi(y, ) =

/nps(x,Z)pt(z,y)d%(Z) = Pste(7,Y)

for all s,t > 0 and z,y € R".

The Mehler kernel generates the Ornstein-Uhlenbeck semigroup

Pif(r) = Rnf(y)pt(x,y)d%(y)

for all ¢t > 0, x € R", and any suitable measurable function f : R® — R, which after a
suitable change of variable admits the integral representation

Rfa) = [ et VIZET ) ()

With the natural extension P, = Id, the family (F;),., defines a Markov semigroup,
symmetric in L?(7,) and invariant with respect to 7,, that is Jan FPgdryn = Jgn 9P fdy,
and fRn P, fd, = fRn fdv,. These properties are actually a reformulation of the rotational
invariance of Gaussian measures, expressing that under v, ® ~,, the couples

(zsin(0) + y cos(f), z cos(d) — ysin(h)),

with e™" = sin(f), are distributed as (z,y).

The infinitesimal generator L = A — x - V of the Markov semigroup (%), fulfills the
integration by parts formula

f(~Lg)dy, = / Vi Vgdy, (5)
Rn n



for every smooth functions f, g : R® — R. The spectrum of the operator —L is N, and the
eigenvectors are the Hermite polynomials (cf. [3]). For example, in dimension 1, if (hy), oy
denotes the sequence of Hermite polynomials (normalized in L?(7)),

—Lhy = khy, keN.

In particular, by the integration by parts formula (5),

kjghkfdvlzz jL«—Lhkxfdvl::x/E/Lhk_Lfdwl

for every smooth function f: R — R, which extends (1) since hy(z) = z, ho(z) =1, 2 € R.

6 Maximum of entropy

If P is a probability measure on the Borel sets of R", with density f with respect to the
Lebesgue measure, its entropy is

H(P) = — [ flo(f)ar,

whenever the integral is well-defined, H(P) = 400 if not. It is easily seen that H(y,) =
% log(2me).

If f and g are probability densities, by Jensen’s inequality with respect to the convex
function — log and to the probability measure fd\,,

/nflog <§>d>\n - /"(—log)<%>fd)\n > —log(/ngd)\n) — 0.

In other words, [g, flog(f)dA, > [, flog(g)dA,.

Let now P be a probability measure with density f and finite entropy H(P), satisfying
Jen 122 fdAn <0 (= [go [2[dy,). If g is the density of the Gaussian distribution +,, by the
preceding,

H(P) = - [ flog(f)ar,
< — [ flog(g)d,
-
_ %/ (|22 + nlog(27)) f dA,
< g(Hlog(?W)) = H(m)
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since x| fd\, < n.
Jan 122 fdN,

As a conclusion, the standard Gaussian measure -, maximizes the entropy over all prob-
ability measures with density f of finite entropy satisfying fRn |z|? fd)\, < n. By the case of
equality in Jensen’s inequality, the proof shows at the same time that the Gaussian measure
vn is characterized in this way, a result commonly attributed to L. Boltzmann.

7 Chi-squared distribution

If X;,...,X, are independent variables with common law AN'(0,1), then X? + ... + X2
follows the classical X2 law with n degree of freedom, expressed by the gamma distribution
r2 e 2, x € (0,00), with respect to the Lebesgue measure.

with density

% r(2)

8 Independence of empirical mean and variance

If X =(Xy,...,X,) is random vector with law A/ (0,Id), the empirical mean and variance
of the sample (X7, ..., X,,) defined by

n

1 1 2
:E;Xk and S? = 1Z(Xk—X)

n J—
k=1

are independent. Moreover, (n—1)S? has the same distribution as ZZ;; X7 (that is, follows
a x? law with n — 1 degree of freedom).

To verify these properties, let O be a n X n orthogonal matrix, and ¥ = OX. Then
S XE =>0_, Y2 and Y has the same distribution as X. Choosing O such that the
coefficients of the last line are all equal to \/iﬁ, so that Y, = \/n X, it may be checked that

n n—1
(n—1)S ZXk—nX ;Yg—Yf:;Yg.

Since Y = (Y1,...,Y},) has law N(0,1d), the coordinates Y7, . .., Y, are independent standard
normal real random variables. As a consequence, X = LnYn is independent from (n—1)5? =

-1 . . .
w1 Y2, which proves the various claims.



9 Maximum of 11d Gaussians

It is a classical exercise to check that if Xy,..., X,,, n > 1, are independent standard normal
random variables on a probability space (2, A, P), then

cy/logn < E( max Xk) < C+/logn (6)

1<k<n

for numerical constants 0 < ¢ < C < oo.

The upper-bound actually holds in a wider generality. Let Xi,...,X,, n > 2, be cen-

tered Gaussian variables on (9, A,P) with respective variances o%,...,02. Then, for any

Y n-

0 < p < o0, there is a constant C},, > 0 only depending on p such that

1/
[E( max |Xk|p)} " < G, uax oy v/ logn. (7)

1<k<n

As a quick proof, by homogeneity, it may be assumed that maxj<x<,o0r < 1. For p > 2,
let ¥ : R, — R, be the convex function equal to e1®’” on the complement of the interval
[0, (2p — 4)?/?], and equal to e1(=4 on this interval. By Jensen’s inequality,

exp (i [E( max ]Xk|p)r/p) < Q(E( max ]Xk|p)> < E(\Il( max |Xk]p)>.

1<k<n 1<k<n 1<k<n
Now

E(lll( max |Xk|p)> < ei®=9) —I—E(e% maxlﬁkénxﬁ)

1<k<n
< i) | ZE(€4X’“)
k=1
< ei®Y 12,
from which the claim follows.
Towards the lower-bound in (6), since the Xi,..., X, are independent with common law

71, the distribution function of the random variable max;<y<, Xj is ®(¢)", t € R (where ®
is the distribution function of 7), so its law has density 71(1)(95)”_1\/%7r e~3" r € R, with
respect to the Lebesgue measure A\; on R. Hence

o n—1 1 —%xQ o n—2 1 —z2
E(lrggéchk) = /Ran)(ﬁ) me d\(z) = Rn(n—l)@(m) 7. € d\i(x)

where the second equality follows from the integration by parts formula (1). In particular,
if n =2, E(max(Xy, X3)) = ﬁ, so that in the following it may be assumed that n is large



enough (larger than some fixed ng). Now, for any a € R,

o0 1 9
o n—2 —x
E(lrg%Xk) > /a n(n —1)®(z) 5. € d ()
Py e d\ ()

> n(n — 1)@(@)”_2/

[0

= n(n —1)®(a)"2 ﬁ [1-®(V2a)].

Take then o = o, = v/2logn — loglogn, n > ny. Recall the classical tail estimates (cf. [1])

G-%)7z
-——)—=€
t t3)\2rm
for every t > 0. By the upper-bound, ®(a;,) > 1 — £ for some numerical ¢ > 0, while by the
lower-bound, 1 — ®(v2a,) > 5+/logn. The claim follows.

1 1,2
5t

1
S 1-®() < e 3t
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