Rosenthal’s inequality

Theorem 1 (Rosenthal’s inequality). Let Xi,..., X, be independent real valued centered
random variables on some probability space (Q, A, P) with E(|X;?) < oo, i = 1,...,n, for
some p > 2. Then

E( ; ip) < C (ZE X, [P) + (ZE XQ) /2) (1)

where C, > 0 only depends on p.

The inequality of the above theorem was emphasized by H. P. Rosenthal in his 1970
article [27]. It is surprising that this important and useful probabilistic inequality actually
appeared first in a functional analytic context, as a tool to study subspaces of LP-spaces, and
historically rather late in the studies on sums of independent random variables throughout
the 20th century.

The note is a brief exposition of the proof of this inequality, and discussion of some
related results. In particular, the exposition emphasizes the comparison with a stronger
inequality due to J. Hoffmann-Jgrgensen for Banach space valued random variables. A short
bibliography of developments of Rosenthal’s inequality in wider contexts and settings is
addressed in the last section.

1 Proof and discussion

The proof of Rosenthal’s inequality presented in this section is the one developed in the
original contribution [27].

Proof. If X is a centered random variable with a finite ¢g-th moment, ¢ > 1, and if X’ is an
independent copy of X, then

E(IX[Y) < B(X - X7) < 2V B(|X]7). 2)
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Since X — X’ has a symmetric law, it is enough to prove Rosenthal’s inequality (1) for

(independent) symmetric random variables X, ..., X,,.
The sample (X7, ..., X,,) of independent symmetric random variables has the same dis-
tribution as (e1X1,...,£,X,) where €1, ..., ¢, are independent Bernoulli random variables

with P(g; = £1) = %, it =1,...,n, independent from the X;’s. By Khintchine’s inequality

conditionally on (X7,...,X,),
P n p/2
Denl(E) e
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Set Z; =X}, i=1,...,n,¢q=5>1,and, for 0 <r <g,

P
for some constant K, > 0.
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A basic step in the argument is as follows:
n qg—1 n q—1
(§2)"a) <ol () )e)
i=1 '
-1
= 2071 E(ZY) 4 297 1E(<ZZ) )E(Zl)

by independence between Z; and Y ., Z;. Since the Z;’s are non-negative, by definition of

B,,
n qfl
E((ZZ) Zl) < 27 E(Z]) + 27 ' BIZ E(Z,).
i=1

The same inequality holds true with Z; replaced by any Z;, 7 = 1,...,n. Summing the

resulting inequalities over 7, it follows that
—1 1
Bl < 27 (Aq + B~ Al)
By Jensen’s inequality B,_; < By, so that
Bl < 2q_1(Ag + Bg_lAl) < 2%max (Ag, Bg_lAl).
Re-interpretating this inequality case by case expresses that

B, < 2%max (A, Ay). (4)



In terms of the variables X? = Z;, i = 1,...,n, and p = 2q, the latter inequality (4)

yields
n p/2 p/2
E((fo) ) <2p/4maX(ZE (1x:/7), (ZE > )
=1 =1
Inserted into (3), the conclusion follows. O

When 1 < p < 2, the inequality (sometimes called Marcinkiewicz-Zygmund inequality)

n p n
IE( ; ) < G Y E(IXi)
=1 i=1

and immediately follows from (3).

takes the form

Rosenthal’s inequality (1) may be reversed. Clearly, by Jensen’s inequality,

(1) 2 (%)) - (Seen)”™

On the other hand, for symmetric random variables Xi,..., X,

]E( ; lp> = E( ; X; p) > ka(<g]Xi\2>p/2> > ka(g\Xi,p) (5)

by the lower-bound in Khintchine’s inequality and p > 2.

The above proof of Rosenthal’s inequality also entails an inequality for non-negative
independent random variables 71, ..., Z, in the form

((S)) a(Som (Sun))

i=1
where Cj > 0 only depends on g > 1.

Applied to variables of the form X; = ¢;z;, z; € R, i = 1,...,n, Rosenthal’s inequality is
a generalization of the Khintchine inequality (for p > 2).

The issue about the optimal growth in p — oo of the constant C), in Rosenthal’s inequality
(1) has been addressed and solved in [13] where it is shown (C},)'/P ~ fogp» N constrast with
the \/p-behavior of the constant (K,)'/? in Khintchine’s inequality (3). (Clearly, the above

original proof only produces exponential dependence in p.)



2 Hoffmann-Jgrgensen’s inequality

Clearly, under the hypotheses of Theorem 1,

gE(XE) = IE( éx 2)

so that Rosenthal’s inequality may be seen as a moment comparison of the sum > | X; (in

particular, the inequality is trivial by Jensen’s inequality for p < 2). With this observation
in mind, it is natural to try to compare the p-th moment with another ¢-th moment for
q < p, in the same way the Kahane inequality [18]

for vectors x1, ..., 7, in a normed space, extends the Khintchine inequality.

In [11], J. Hoffmann-Jgrgensen answers this question with radically new methods in a
Banach space valued random variable context.

Theorem 2 (Hoffmann-Jgrgensen’s inequality). Let X, ..., X,, be independent centered ran-
dom wariables on some probability space (2, A,P) with values in a (real separable) Banach
space (B, || -||) such that E(||X;||P) < 00, i =1,...,n, for some p > 0. Then, for 0 < q < p,

s zx ) = o s Ix07) + (2( ZX ))/) 0

where Cy, 4, > 0 only depends on p,q.

Proof. As in the real case, it is enough to prove the inequality for independent symmetric
random variables X1, ..., X, (with an analogue of (2) for ¢ < 1).

Hoffmann-Jgrgensen’s inequality is more precisely the following statement. Only the
symmetric case is considered there but arbitrary independent random variables may be
studied similarly (cf. [11]).

Proposition 3. Let X4,..., X, be independent symmetric random variables on some prob-
ability space (2, A,P) with values in a (real separable) Banach space (B, | -||), and set
Sp=X1+--+X,. Forany s,t >0,

P(IS:]] > s +2t) < P(max | X]| > ) +4 [B(IS,]] > 1)]". (9)



Proof. Let 7 = min{j = 1,...,n;||S;|| > ¢}, where S; = X3 +---+ X;, 7 =1,...,n. The
event {7 = j} only depends on the random variables Xj,..., X, and

1<j<n

Ut =3} = {ax 1551 = 1}

as a disjoint union. For every j = 1,...,n (with the convention Sy = 0),

1Sull < 1552l + 11X+ 115n = S5

so that
P(r = j:lISull 2 s +20) < P(r=j; max | X > s)
+P(r = j)IP’(HSn — Sl > t)
since ||Sj_1]] <t on {7 = j}. Summing over j =1,...,n,

P(||Sn]| > s +2t) = P(l%%usjl\ >t [|Sull > s+ 2t)

=) P(r =7l = s+2t)
j=1
< P(max X > 5) + P( mas 155 > 1) B masx 150 = S 2 ).
It remains to recall the classical Lévy inequality for sums of symmetric samples T, = Y; + - - - + Y},
k=1,...,n,
P( max [|Tx| >t) < 2P(||T,] > 1), (10)

1<k<n

to conclude the proof.

For completeness, the proof of (10) relies on the same strategy. With 7 defined in the
same way as above,

P(|T]| > t) = Y P(r=Fk;|T.l| >t). (11)
k=1
By symmetry of the sample (Y7, ...,Y,) (for example Y7, ..., Y, independent and symmetric),
for every k =1,...,n, the sample (Y1,..., Y, —Ykyi1, ..., —Y,) has the same distribution as
(Y1,....Y,), hence it also holds true that
P(|T.]| > t) = Y P(r=k; [Tk — Rl > t) (12)
k=1

where Ry =T, — Ty, k =1,...,n. By the triangle inequality,

2Tkl < WITs + Biell + Tk — Bl = ITall + 1Tk — Bl
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so that, on {7 = k}, either ||T,|| > ¢ or ||T) — R|| > t. Adding therefore (11) and (12),

P(g]gg ITel| > t) = ZIP < 2P(| T > t).
O
On the basis of (9), Theorem 2 easily follows. Namely
E(IS.IP) = 3 [ P11 > 1)),
Choose then y
q
to = [2- 3 E(ISu]")]
so that P(||S,|| > t) < 55 for every t > to. Then, by (9) with s =¢,
E([18a]IF) < (3to)p+3p/ P(||Sa]l = 3t)d(t")
to
< Gop+3 [ P(max 6] 2 0d@)+ ¥ [ [P(IS.) 2 ) dw)
to Sen to
1 o0
P 9p 1Py 4 = P
< (30 + ¥ ax |X07) + 5 [ B(IS.) = Date)
Hence
E([S:[1") < 2(3t0)" + 2 3" E( max | Xi[l")
which is the announced result by the choice of . O

Hoffmann-Jgrgensen’s inequality (8) may also be reversed. The point is that the proof
of Lévy’s inequality (10) also gives rise to the inequality

P( max 1X,]] > ¢) < 2P(||Sa]| > ¢), t>0.

1<i<

The comparison between the real valued Rosenthal’s inequality (1) and the vector valued
Hoffmann-Jgrgensen’s inequality (8) requires some care, linking the conclusions to the theory
of type and cotype of Banach spaces (cf. [20]).

Clearly

E(max [Xi[”) < D> E(IX").
=1



When p > g = 2, in Hilbert spaces or more generally type 2 Banach spaces,

E( Z::X 2) < CéE(IIXiHQ)

which directly compares to, and therefore together with the preceding inequality improves

upon, (1).

In the reverse form, it is not true in general that

2| 2x) = &3m0

which only holds true in cotype p, p > 2, Banach spaces (in particular Hilbert spaces).

3 Legacy

The legacy of Rosenthal’s inequality is wide and significant. It has been used as a most
convenient and useful tool to bound sums of (independent) random variables in numerous
contexts and applications, mostly of probabilistic nature.

At the same time, the form itself of Rosenthal’s inequality has been extended and gener-
alized to various contexts and settings. The following mentions, in an incomplete and partial
selection of a few pointers to the literature, some of these generalizations.

Rosenthal’s inequality has been a most valuable tool in its original functional analytic
setting, with developments and applications to symmetric structures, cf. e.g. [12, 14, 1]...

Rosenthal’s inequality was extended to discrete martingales as part of the Burkholder-
Davis-Gundy inequalities [4]. Continuous martingales have been considered later in [§8] e.g.
Dependence conditions and stationarity have been examined too [9, 7, 22]..., as well as
exchangeable structures [12], quadratic forms [5], negatively associated sequences [28], matrix
ensembles [21] etc.

In parallel to the Hoffmann-Jgrgensen inequality for Banach space valued random vari-
ables, extensions of Rosenthal’s inequality for (infinite-dimensional) random vectors have
been widely considered [1, 29, 25]... The study of Rosenthal’s inequality in non commu-

tative functional analytic and probabilistic frameworks has been in particular most fruitful
[15, 16, 6, 24, 17]...

In its original formulation, Rosenthal’s inequality was also improved in various ways
23, 26, 3]... In addition to [13], the study of the best constants in (1) gave rise to numer-
ous developments, in the original setting, and in the context of the various generalizations
(martingales, non commutative spaces etc.), see in particular [10, 19, 2, 24]...
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