The Gaussian Blog

Caffarelli’s Contraction Theorem

of Gaussian measures

Gaussian measures satisfy a number of functional and measure-theoretic inequalities,
such as Poincaré, logarithmic Sobolev, transportation cost, isoperimetric or concentration
inequalities, as illustrated in e.g. [1, 2, 3, 4]. These Gaussian inequalities remarkably are
independent from the dimension of the underlying state space, allowing in particular for
infinite-dimensional extensions.

As a prototype example, the Poincaré inequality [1] for the standard Gaussian probability

measure dvy,(r) = z 1) e~z gz on R" expresses that for every smooth function f : R® — R,
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A natural question is whether other (non-Gaussian) measures also satisfy such a Poincaré
inequality (up to a constant), and how to produce classes of such measures. A simple
observation in this regard is that if v is a Borel probability measure on R™ such that there
is a Lipschitz transport map 7' : R® — R™ that pushes forward 7, on v (in the sense that
for every positive measurable function ¢ : R" — R,
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for every smooth function f : R™ — R. For a proof,

Var,(f) = Var,,(foT) < [ [V(7o D) v,
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Clearly, the scheme similarly applies to the other functional and isoperimetric inequalities
satisfied by 7,. For example, the (Gaussian) isoperimetric profile I, of v (cf. [3]) satisfies

> 1 1.
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A remarkable theorem by L. Caffarelli in optimal transport [8] emphasizes that uniformly
log-concave probability measures on R” can be realized as the image of the standard Gaussian
measure by a globally Lipschitz map. Precisely, a non-degenerate (not supported on some
hyperplane) probability measure dv = e~V dz on the Borel sets of R™, for some measurable
V :R® — R, is said to be s-uniformly log-concave for some x > 0 if V — & @
Then, for such a v, there is a Lipschitz map 7" : R” — R" that pushes 7, on v and moreover

1Tl < 75

As such, functional and measure-theoretic inequalities for v immediately follow from

1S convex.

the corresponding ones for ,, with in addition dimension-free constants, inequalities which
were mostly established before by specific tools (see [24, 5]). Other applications include
correlation inequalities [19] and weighted spectral inequalities for domains [6]. Note that in
each of these examples, it is of course necessary to start from a known functional inequality
for the Gaussian measure. It is often possible to use optimal transport to prove Gaussian
functional inequalities [24], but such proofs do not need any quantitative regularity estimate.

The post is devoted to a sketch of Caffarelli’s Contraction Theorem and its proof, relying
on the Brenier optimal transport map recalled in the first section. The last paragraph
describes a few extensions to other measures than the Gaussian and to other target measures.
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1 Brenier’s optimal transport map

Brenier’s theorem [7] on existence and structure of optimal transport maps for the quadratic
cost is summarized in the following statement.

Theorem 1 (Brenier’s optimal transport map). Let u and v be two probability measures on
R™ with a finite second moment, and assume that p is absolutely continuous with respect to
the Lebesgue measure. There exists a convex function ¢ such that Ve is a map that pushes
forward p onto v.

This map arises as a solution to the optimal transport problem with quadratic cost.
Background about optimal transport may be found in [24, 17] among others.

The following is the main Contraction Theorem by L. Caffarelli [8].

Theorem 2 (Caffarelli’s Contraction Theorem). Let 7y, be the standard Gaussian measure
on R, and let dv = e~ dx be a probability measure with V k-uniformly convex with x > 0.
Then the Brenier optimal transport map sending 7, onto v is %E-Lipschitz.

The dependence on k is optimal, as can be shown by testing the bound for non-standard
Gaussian targets. The dimension-free nature of the bound is quite remarkable, and crucial
for many applications.

2 Proof of Caffarelli’s Contraction Theorem via the

maximum principle

Caffarelli’s proof of his contraction theorem relies on the maximum principle for fully non-
linear PDE. A formal sketch of proof, disregarding some regularity issues, is presented in
this section, referring to [8, 24, 17]... for complete details.

From the pushforward definition (1), the Brenier map V¢ from Theorem 1 solves the
Monge-Ampere PDE

1
W €—|z\2/2 = €_V(V§0) det(VZQO)

It will be assumed in the following that ¢ is smooth (say C*). Taking the logarithm of this
equation and differentiating twice in a direction e € R"™, it holds true that

1 = Voip(z) - VV(Ve(z)) + V2V (Ve(2))0.Ve(x) - 0.Ve(x) — 02 [log det V] (x).



At a point ¢ and a direction ey that maximizes (z,e) — VZp(z), so that | Vel|Lip = 02,¢(x0),
the preceding relation yields

VO p(zg) =0, V2020 < 0. (2)

€ 0

Using concavity of log det, the inequality on the Hessian in (2) implies that
02 [log det V2] (z) < 0,

so that
1> V2V (Ve(2)0Vip(a) - 0:Vip(x) > s (02 0(x0))*

which is the desired bound.

There are of course at least two un-rigorous elements in the above argument: ¢ is not
necessarily so smooth, and it is not justified that (z,e) — V2p(x) attains its global maximum
at some point. To get around these two issues, the proof in [8] assumes that v has compact
support (which can be ensured by approximation) and considers the second-order finite
difference

%2 (go(x +te) + p(x — te) — 2g0(1:))

to estimate its maximum via the maximum principle strategy. To do so, only the second
derivatives of ¢ have to be considered, which is fine by Caffarelli’s regularity theory for the
Monge-Ampere PDE (cf. [8]). Moreover, whenever v has compact support, Vi is bounded
and the second-order finite difference does reach a maximum at a point.

An alternative proof, via entropic regularization of optimal transport maps, was obtained
in [15], later simplified in [10].

3 Extensions to other measures

Caffarelli’s original proof allows for more general starting distributions than standard Gaus-
sians, requiring log-concavity instead. Uniform log-concavity of the target distribution is
crucial in the maximum principle proof. Some extensions to slightly non-log-concave targets
have been considered in [12], but the bounds do not behave so well in high dimension in
practice. Lipschitz estimates for heavy-tailed distributions have been studied in [9].

Other quantitative regularity estimates have been considered in the literature, including
Sobolev norm bounds [21] and non-linear bounds on the modulus of continuity [21, 18]. In
another direction, growth estimates for optimal transport maps have been studied in [9]
using the maximum principle, and in [11, 13] using concentration inequalities.



So far, there are no good analogues of Caffarelli’s Contraction Theorem for optimal
transport maps on Riemannian manifolds. The references [23, 14] point out some open
problems and counterexamples.

It should be observed that the afore-mentioned applications do not use the fact that
the transport map is optimal, only its regularity properties. It is therefore plausible that
some non-optimal transport maps with good regularity properties may be constructed. A
particularly successful approach is the Kim-Milman construction of such maps via heat flow
[20], which, beyond recovering Caffarelli’s theorem, may also be successfully implemented in
situations where optimal transport maps are not currently so well understood quantitatively,
such as for manifolds satisfying certain curvature assumptions [16]. In another direction,
stochastic constructions of transport maps from the Wiener measure onto finite-dimensional
spaces may also enjoy good regularity properties [22].
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