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abstract 

This paper focuses on interacting particle systems methods for solving numerically a 
class of Feynman-Kac formulae arising in the study of certain parabolic differential 
equations, physics, biology, evolutionary computing, nonlinear filtering and elsewhere. 
We have tried to give an "expos6" of the mathematical theory that is useful for analy- 
zing the convergence of such genetic-type and particle approximating models including 
law of large numbers, large deviations principles, fluctuations and empirical process 
theory as well as semigroup techniques and limit theorems for processes. 
In addition, we investigate the delicate and probably the most important problem of 
the long time behavior of such interacting measure valued processes. 
We will show how to link this problem with the asymptotic stability of the corres- 
ponding limiting process in order to derive useful uniform convergence results with 
respect to the time parameter. 
Several variations including branching particle models with random population size 
will also be presented. In the last part of this work we apply these results to continuous 
time and discrete time filtering problems. 
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1 I n t r o d u c t i o n  

1.1 Background and Motivations 

The aim of this set of notes is the design of a branching and interacting particle sys- 
tem (abbreviate BIPS)  approach for the numerical solving of a class of Feynman-Kac 
formulae which arise in the study of certain parabolic differential equations, physics, 
biology, evolutionary computing, economic modelling and nonlinear filtering problems. 

Our major motivation is from advanced signal processing and particularly from 
optimal nonlinear filtering problems. Recall that this consists in computing the con- 
ditional distribution of a partially observed Markov process. 

In discrete time and in a rather general setting the classical nonlinear filtering 
problem can be summarized as to find distributions of the form 

V f E B b ( E ) , V n _ ~ 0 ,  r/~(f) -- % ( f )  %(1) (1) 

where Bb(E) is the space of real bounded measurable functions over a Polish state 
space E and % ( f )  is a Feynman-Kac formula given by 

%(f)=E(f(Xn) fIg'~(Xm-'))~=l (2) 

where {X,~ ; n _> 0} is a given time inhomogeneous Markov chain taking values in E 
and {g,~ ; m > 1} is a given sequence of bounded positive functions. 

In continuous time, the computation of the optimal pathwise filter can be sum- 
marized as to find the flow of distributions 

V f E B b ( E ) , V t E • + ,  rlt(f) - "Y*(f) (a) 

where "Tt(f) is again defined through a Feynman-Kac formula of the following form 

This time {Xt ; t E R+} denotes an E-valued c~dlhg inhomogeneous Markov process 
and {U, ; t E R+} is a measurable collection of locally bounded (in time) and mea- 
surable nonnegative functions. 

Even if equations (1) and (3) look innocent they can rarely be solved analytically 
and their solving require extensive calculations. More precisely, with the notable 
exception of the so-called "linear-Gaussian" situation (Kalman-Bucy's filter [15]) or 
wider classes of models (Benes' filters [12]) optimal filters have no finitely recursive 
solution [20]. To obtain a computationally feasible solution some kind of approxima- 
tion is needed. 



Of course, there are many filtering algorithms that have been developed in mathema- 
tics and signal processing community. Until recently most works in this direction were 
based on fixed grid approximations, conventional linearization (Extended Kalman Fil- 
ters) or determining the best linear filter (in least squares sense). These various nu- 
merical methods have never really cope with large scale systems or unstable processes. 
Comparisons and examples when the extended Kalman-Bucy filter fails can be found 
for instance in [15]. In addition all these deterministic schemes have to be handled 
very carefully mainly because they are usually based on specific criteria and rates of 
convergence are not always available. 

The particle algorithms discussed in these lectures belong to the class of Monte 
Carlo methods and they do not use regularity informations on the coefficients of the 
models. Thus, large scale systems and nonlinear models with non sufficiently smooth 
coefficients represent classes of nonlinear filtering problems to which particle methods 
might be applied. These methods ~re in general robust and very efficient and many 
convergence results are available including uniform convergence results with respect to 
the time parameter. But, from a strict practical point of view, if there exists already 
a good specialized method for a specific filtering problem then the BIPS approach 
may not be the best tool for that application. 

Let us briefly survey some distinct approaches and motivate our work. 

In view of the functional representations (1) and (3) the temptation is also to 
apply classical Monte-Carlo simulations based on a sequence of independent copies of 
the process X. Unfortunately it is well known that the resulting particle scheme is 
not efficient mainly because the deviation of the particles may be too large and the 
growth of the exponential weights with respect to the time parameter is difficult to 
control (see for instance [28, 34, 57]). 
In [34] we propose a way to regularize these weights and we give a natural ergodic 
assumption on the signal semigroup under which the resulting Monte-Carlo particle 
scheme converges in law to the optimal filter uniformly with respect to the time pa- 
rameter. 
In more general situations, complications occur mainly because this particle scheme 
is simply based on a sequence of independent copies of the signal. This is not surpris- 
ing: roughly speaking the law of signal and the desired conditional distribution may 
differ considerably and they may be too few particles in the space regions with high 
probability mass. 

Among the most exciting developments in nonlinear filtering theory are those 
centering around the recently established connections with branching and interacting 
particle systems. The evolution of this rapidly developing area of research may be seen 
quite directly through the following chains of papers [23, 21] [25, 24], [30, 33, 31] [35, 
37, 36], [421, [41, 40], [45], [32, 47] as well as [ii, 18, 46, 73, 64] and finally [59, 85, 84 I. 

Instead of hand crafting algorithms, often based on the basis of had-hoc criteria, 
particle systems approaches provide powerful tools for solving a large class of non- 
linear filtering problems. In contrast to the first Monte-Carlo scheme the branching 



and interacting particle approximating models involve the use of a system of particles 
which evolve in correlation with each other and give birth to a number of offsprings 
depending on the observation process. This guarantees an occupation of the probabil- 
ity space regions proportional to their probability mass thus providing a well behaved 
adaptative and stochastic grid approximating model. Furthermore these particle al- 
gorithms also belong to the class of resampling methods and they have been made 
valuable in practice by advances in computer technology [52]. Different adaptative 
locally refined but deterministic multi-grid methods can be found in [17]. In contrast 
to BIPS approaches the latter are limited to low dimensional state space examples. 

It is hard to know where to start in describing contributions to BIPS approxima- 
tions of Feynman-Kac formulae. 

In discrete time and nonlinear filtering settings the more embryonic form of inter- 
acting particle scheme appeared in the independent works [32, 47], [64] and [73]. The 
first proof of convergence of these heuristics seems to be [30, 31]. The analysis of the 
convergence has been further developed in [33, 35, 37, 36, 42]. 

In continuous time settings the origins of interacting particle schemes is a more 
delicate problem. The first studies in continuous time settings seem to be [23] and [21]. 
These works were developed independently of the first set of referenced papers. The 
authors present a branching particle approximating model without any rates of conver- 
gence and the main difference with previous interacting particle schemes comes from 
the fact that the number of particle is not fixed but random. Moreover the authors 
made the crucial assumptions that we can exactly simulate random transitions accord- 
ing to the semigroup of the continuous time signal and stochastic integrals arising in 
Girsanov exponentials are exactly known. Therefore these particle algorithms do not 
applied directly to the continuous time case. On the other hand these branching parti- 
cle models are based on a time discretization procedure. As a result the corresponding 
nonlinear filtering problem can be reduced to a suitably defined discrete time filtering 
problem. The corresponding discrete time version of such branching and interacting 
particle schemes as well as the first convergence rates are described in [25] and [24]. 

The studies [41] and [40, 39] discuss several new interacting particle schemes for 
solving nonlinear filtering problems where the signal is continuous but the number 
of observations is finite. To get some feasible solution which can be used in prac- 
tice several additional levels of approximations including time discretizations are also 
analyzed. In contrast to previous referenced papers these schemes can also be used 
for solving numerically filtering problems with correlated signal and observation noise 
sources. 

As we shall see in the further development of section 1.2 the interacting or branch- 
ing particle schemes based on an additional time discretization procedure are not 
really efficient for solving continuous time filtering problems. The authors presented 
in [45] a genuine continuous time genetic type particle scheme for solving the robust 
optimal filter. This scheme will be discussed in section 1.3 and section 3. 



The connections between this IPS model, the classical Moran IPS and the Nanbu 
IPS (arising respectively in the literature of genetic algorithms and Boltzmann equa- 
tions) are discussed in section 1.3. 

The modelling and the analysis of such particle approximating models has ma- 
tured over the past ten years in ways which make it much more complete and rather 
beautiful to learn and to use. One objective of these notes is to introduce the reader to 
branching and interacting particle interpretations of Feynman-Kac formulae of type 
(1)-(4). 
We have also tried to give an "expos@" of the mathematical theory that it is useful in 
analyzing the convergence of such approximating models including law of large num- 
bers, large deviations, fluctuations and empirical process theory, as well as semigroup 
techniques and functional limit theorems for stochastic processes. 

Although only a selection of existing results is presented, many results appear here 
for the first t ime and several points have been improved. The proofs of existing results 
are only sketched but the methodologies are described carefully. Deeper informations 
are available in the list of referenced papers. 

The material for this paper has also been chosen in order to give some feel of the 
variety of the theory but the development is guided by the classical interplay between 
theory and detailed consideration of application to specific nonlinear filtering models. 

This set of notes is very far from being exhaustive and only surveys results that are 
closely related to BIPS-approximations of Feynman-Kac formulae and non linear fil- 
tering problems. Among the topics omitted are those centering around evolutionary 
computing and numerical function optimization problems. Among the huge litera- 
ture on evolutionary computing and genetic algorithms we refer to [6, 7, 14], [19], 
[44], [60, 61,621, [631 and [1111. 
We emphasize that the so-called simple genetic algorithm is a special case of the BIPS 
models presented in this work. 
In this connection, the measure valued distribution flows (1)-(4) and the correspond- 
ing interacting particle approximating models can be regarded as the so-called infinite 
and finite population models. Therefore the methodologies presented in this work can 
be used for establishing the most diverse limit theorems on the long time behavior of 
these models as well as the asymptotics of the finite population model as the number 
of individuals tends to infinity. 

An overview of the material presented in these notes was presented in a three one 
hour lectures for the Symposium/Workshop on Numerical Stochastics (April 1999) at 
the Fields Institute for Research in Mathematical Sciences (Toronto). At the same 
period they were presented at the University of Alberta Edmonton with the support of 
the Canadian Mathematics of Information Technology and Complex Systems project 
(MITACS). 
We would like to thank Professor M. Kouritzin from the University of Alberta for 
stimulating discussions. 



A part of this material presented in this set of notes results from collaborations of 
one of the authors with D. Crisan and T. Lyons [25, 24], with A. Guionnet [35, 37, 36], 
with J. Jacod [40] and Ph. Protter [41], and with M. Ledoux [42]. 

We also heartily thank G6rard Ben Arous, Carl Graham and Sylvie M616ard for 
encouraging and fruitful discussions and Michel Ledoux for inviting us to write these 
notes for Le Sdminaire de Probabilitds. 

We gratefully acknowledge CNRS research fellowship No 97N23/0019 "Mod61i- 
sation et simulation num6rique',  European community for the CEC Contracts No 
ERB-FMRX-CT96-0075 and INTAS-RFBR No 95-0091 and the Canadian Network 
MITACS-Prediction In Interacting Systems. 

1.2 Motivating Examples 
The interacting particle interpretation of the Feynman-Kac models (1)-(4) has had 
numerous applications in many nonlinear filtering problems; to name a few, radar 
signal processing ([46, 47]), global positioning system ([18]) and tracking problems 
([73, 85, 84, 64]). Other numerical experiments are also given in [21] and [41]. 

The purpose of these notes is to expose not only the theory of interacting particle 
approximations of Feynman-Kac formulae but also to provide a firm basis for the 
understanding and solving nonlinear filtering problems. To guide the reader and mo- 
tivate this study we present here two generic models and the discrete and continuous 
time Feynman-Kac formulations of the corresponding optimal filter. 

The distinction between continuous and discrete time will lead to different kind 
of interacting particle approximating models. Intuitively speaking continuous time 
models correspond to processes of classical physics while discrete time models arise in 
a rather natural way as soon as computers are part of the process. More general and 
detailed models will be discussed in the further development of section 4. 

In discrete time settings the state signal X = {Xn';  n _> 0} is an RP-valued 
Markov chain usually defined through a recursion of the form 

X .  = F.(Xn-1, W.) 

where W = {W~ ; n _> 1} is a noise sequence of independent and •q-valued random 
variables. For each n > 1 the function Fn : R p × R q --4 R p is measurable and the initial 
value X0 is independent of W. The above recursion contains the laws of evolution for 
system states such as the laws of evolution of a target in tracking problems, an aircraft 
in radar processing or inertial navigation errors in GPS signal processing. The noise 
component W models the statistics of unknown control laws of an aircraft or a cruise 
control in an automobile or a non cooperative target as well as uncertainties in the 
choice of the stochastic mathematical model. 

For future reference it is convenient to generalize the definition of the state signal 
X. More precisely an alternative way to define X consists in embedding the latter 



random dynamical system through its transition probabilities. This approach gives 
some insights into ways of thinking the evolution of the marginal laws of X and it 
also allows to consider signals taking values on infinite dimensional spaces. For these 
reasons we will systematically assume that the sequence X = {X~ ; n _> 0} is a 
Markov process taking values in a Polish state space E with transition probabilities 
{K~ ; n >_ 1} and initial distribution r/0. As we shall see in the further development 
this formulation also allows a uniform treatment of filtering problems with continuous 
time signals and discrete time observations. The signal X is not known but partially 
observed. Usually we assume that the observation process Y = {Y,, ; n _> 1} is a 
sequence of R~-valued random variables given by 

Yn -~ hn(Xn-1) -t- Vn 

where V = {Vn ; n _> 1} are independent and R r valued random variables whose 
marginal distributions possess a density ~o~(v) with respect to Lebesgue measure on 
Nt r and for each n _> 1, h~ : E --+ N r is a measurable function. 
Here again the design of the disturbance sequence V depends on the class of sensors 
at hand. For instance noise sources acting on sensors model thermic noise resulting 
from electronic devices or atmospheric propagation delays and/or  received clock bias 
in GPS signal processing. For more details we refer the reader to the set of referenced 
articles. 

Given the stochastic nature of the pair signal/observation process and given the 
observation values Y~ = y,,, for each n _> 1, the nonlinear filtering problem consists in 
computing recursively in time the one step predictor conditional probabilities r~ and 
the filter conditional distributions ~ given for any bounded Borel test function f by 

r/ .(f)  = E(/(X.)IY~ = Y l , . . . ,Y .  = Y.) 

q . ( f )  = E(f(X.)IY~ = m , . . . , Y -  = Y,~,Y.+I = Yn-I-1) 

As usually the n-step filter ~ is written in terms of % as 

L f(x) ~On.t-l(yn+ 1 - -  hn+l(X)) ?~n(dx) 

~'(f) : fE ;"-}" 1 ( ~'+=========~ 2= h)).=[- 1 ( " )=---~ ; -  ( d'==--~ 

and the n-step predictor may be defined in terms of the Feynman-Kac type formula 

~n(f) _ ~n(f) 
%(1) 

with 

%(f)=E( f (X~) f l~m(y ,~-h ,~(X,~- l ) ) )m=l  

We will return to this model with more detailed examples in section 5. 



The second filtering model presented hereafter is a continuous time (signal/obser- 
vation) Markov process {(St, Yt) ; t • R+} taking values in R p × R q. It is solution of 
the It6 's stochastic differential equation 

dSt = A(t ,  St) dt + B( t ,  St) dW, + [ C( t ,  St-, u) (#(dr, du) - ~(dt, du)) 
JR r n  

dYt = h(St) dt + a dVt 

(V, W) is an (q + r) dimensional standard Wiener process and # is a Poisson random 
measure on R+ × R m with intensity measure ,(dt,  du) = dt ® F(du) and F is a positive 
a-finite measure on R "~. The mappings A : JR+ × R p --+ R p, B : R+ × R p --+ R p ® R r, 
C : R+ × R p × R m --+ R p, and h : R p --+ R q are Borel functions, So is a random 
variables independent of (V, W, #) and Y0 = 0. 
Here again the first equation represents the evolution laws of the physical signal 
process at hand. For instance the Poisson random measure # may represent jumps 
variations of a moving and non cooperative target (see for instance [47]). 

Next we examine three situations. In the first one we assume that  observations 
are given only at regularly spaced times to, t l , . . . ,  t n , . . .  E R+ (to = 0, Y0 = 0) and we 
are interested in the conditional distributions given for any bounded Borel function 
f : R P - +  R b y  

£rn(f) dc=_f. E ( f (  St,,) IYt, = yl, .  . . ,Ft, = yn ) 

where Yx,.--, Y,, E R q is a given sequence of observations. 
If we denote E = D ([O, t l [ ,R  p) the Polish space of c£dl£g paths from [O,t~[ into R p 
then the discrete t ime sequence 

V n > O ,  X,, d~. S[~.,t.+,toOt. 

(where (Ot)t>o stands for the usual family of time shifts), is an E-valued Markov chain. 
On the other hand if H : E --~ R a is the mapping defined by 

ff Vx • E ,  H(x) = h(xs) ds 

then using the above notations for any n > 1: 

Y r . - Y r . _ ,  = H (X ._a )  + a ( V t .  - Vt._,) 

This description is interesting in that  it shows that the latter filtering problem is 
equivalent to the previous discrete time model. In this connection it is also worth 
noting that  for any bounded Borel test function f : E --+ R 

r l . ( f )  d.f. E ( f (  Stt.,t.+d) iy,, = Y,, . . . ,y , .  = y .  ) _ 7,.,(f) 
7,(1) 

with 

% ( f ) = E ( f ( X ' ) f f I c p ' ~ ( y ' ~ - y m - I - H ( X m - 1 ) )  ) m = l  

where, for any m > 1, ~om is the density of the Gaussian variable a(Vtm -Vtm_~)- This 
observation also explain why it is necessary to undertake a study of Feynman-Kac 



10 

formula of type (1) with Polish valued Markov processes X. 

A more traditional question in continuous time nonlinear filtering settings is to 
compute the conditional distributions {rrt ; t E IR+} given for any bounded Borel 
functions f : R v --+ R by setting 

7rt(f) = E ( f (S , ) lY [o , , ] )  (5) 

where Y[0,tl is the filtration generated by the observations up to time t. Roughly 
speaking this continuous time problem is close to the previous discrete time model 
when the time step At = tn - t=-I is sufficiently small and when observations are 
delivered continuously in time. For instance in radar processing the measurements 
derived from the return signal of a moving target can be regarded as a pulse train of 
rectangular or Gaussian pulses with period 10 -4 seconds. 
In real applications one usually consider the discrete time signal model 

{&. ; n > 0 }  

as [~V-valued Markov chain and one replaces the continuous time observation process 
by the discrete time sequence 

AYt. d¢J h (St._,) A t  + a(Vt. - ¼._,) (6) 

This first level of approximation is commonly used in practice and the error caused 
by the discretization of the time interval is well understood (see for instance [76] and 
references therein as well as section 4.3 in these notes). 
One consequence of the previous discretizarion is that the filtering problem is now 
reduced to find a way of computing the conditional distributions given for any bounded 
Borel function f : •v __+ R by 

~r~(f) def. E(f(St.) IAYt, = Y l  - Y o . p . . . , / ~ Y t n  = Yn  - Y n - - 1  ) - -  7~(f) 
?2( 1 ) 

with Yo = 0 and 

( n ) ? ~ ( f )  = g f ( & . )  ~om(y,~ - y , ~ - i  - h ( & ~ _ , ) A t )  
m = l  

One drawback of this formulation is that the corresponding IPS approximating model 
is not really efficient. As we shall see in the further development of section 1.3 and 
section 4.3 the evolution of this scheme is decomposed into two genetic type selec- 
t ion/mutation transitions. During each selection stage the system of particles takes 
advantage of the current observation data in order to produce an adaptative grid. 
The underlying n th  step selection transition is related to the fitness functions g- de- 
fined by 

g~(~) = ~,~(~,~ - ~ , , ,_ ,  - h ( & , , _ ,  ) A t )  

but the physical noise in sensors as well as the choice of the short time step At 
critically corrupt the information delivered between two dates (recall that the current 
observation at time n has the form (6)). One consequence is that the resulting particle 
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scheme combined with the previous time discretization converges slowly to the desired 
conditional distributions (5) (see for instance section 4.3 and [24] as well as [23, 21] 
for a branching particle alternative scheme). 
One way to improve these rates is to use a genuine continuous time and interacting 
particle approximating model. In this alternative approach the information used at 
each selection date is not the "increments" of the observation process but the current 
observation value at that time. 

The key idea presented in [45] and further developed in this work is to study the 
robust and pathwise filter defined for any y E C(R+, R q) (and not only on a set of 
probability measure 1) and for any bounded Borel function f : R p -+ R by a formula 
of the form 

L f(x) , r ,  da. %,,( /)  
eh*(x)yt rlv,t( dx ) 

with zlY'ttJ) - %,t(1) 7ru,t(f ) = eh,(~:)v ' rlu,t(dx ) 

and %,t is again defined through a Feynman-Kac type formula 

7y,t(f) = E ( f(XYt ) e x p / t  W,(X•,y,) ds) 

For any s E R+, V~ : R p × R q --+ R+ is a Borel measurable function which depends 
on the coefficients of the filtering problem at hand and {Xt v ; t E R+} is a Markov 
process which depends on the observations. To describe precisely these mathematical 
models we need to introduce several additional notations. We will return to this model 
with detailed examples of signal processes which can be handled in our framework in 
section 4.2. 

The convergence results for the resulting interacting particle approximating model 
will improve the one presented in section 4.3 and in the articles [23, 21, 24]. From a 
practitioner's view point the main difference between these two approaches lies in the 
fact that in the former the selection and interaction mechanism only depends on the 

current observation Yt and on the fitness function Ut(x) de..~_f. Yt(x, Yt). Moreover under 
natural stability assumptions the resulting IPS scheme converges uniformly in time 
to the desired optimal filter. 

1.3 Description of the Models 

To provide a red line in this work and to point out the connections with classical 
mean-field interacting particle system theory, the models are focused around two ap- 
proximating interacting particle systems (abbreviate IPS):  The research literature 
abounds with variation of these two IPS models. The interested reader will also find 
a detailed description of several variants including branching schemes with random 
population size, periodic selection schemes and conditional mutations. 

Most of the terminology we have used is drawn from mean field IPS and measure 
valued processes theory. We shall see that the flows of distributions (1) and (3) are 
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solutions of deterministic measure valued and nonlinear evolution equations. These 
equations will be used to define the transition probability kernel of the corresponding 
IPS approximating models. In this sense the deterministic evolution equations will 
be regarded as the limiting measure valued process associated with a sequence of IPS 
schemes. 

The resulting IPS models can also be regarded as genetic type algorithms as 
those arising in numerical function optimization, biology and population analysis 
(cf. [62, 67, 87, 63]). 
The range of research areas in which genetic algorithms arise is also quite board, to 
name a few: machine learning [61], control systems [60], electromagnetics [69, 110], 
economics and finance [8, 80, 97], aircraft landing [1, 2], topological optimum design 
[72] and identification of mechanical inclusions [70, 71]. 

In continuous time settings the corresponding IPS can be viewed as a weighted 
sampling Moran particle system model. Moran particle models arise in population 
genetics. They usually model the evolution in time of the genetic structure of a large 
but finite population (see for instance [29] and references therein). In the classical 
theory of measure valued processes the limiting process is random and it is called the 
Fleming-Viot process. In this setting the limiting process is commonly used to predict 
the collective behavior of the system with a finite but large number of particles. 
In contrast to the above situation the desired distributions (1) and (3) are not ran- 
dom (except, in filtering settings, through the observation process). It is therefore 
necessary to find a new strategy to define an IPS scheme that will approximate (1) 
and (3). 

In time homogeneous settings and in the case where E = R d, d > 1, the evolution 
equation (11) and the corresponding IPS can also be regarded, in some sense, as a 
simple generalized and spatially homogeneous Boltzmann equation and as the corre- 
sponding Nanbu type IPS (see for instance [65, 83] and references therein). At this 
juncture many results presented in this work can be applied, but this is outside the 
scope of these notes, to study the fluctuations or to prove uniform convergence results 
for a class of Nanbu IPS. 

Let us finally mention that the Feynman-Kac models considered in this study can 
be regarded as the distributions of a random Markov particle X killed at a given 
rate and conditioned by non-extinction (see for instance [96]). In this connection the 
asymptotic stability properties of the limiting processes associated with the Feynman- 
Kac models can be used to give conditions under which a killed particle conditioned 
by non-extinction forgets exponentially fast its initial condition (see for instance [43]). 

In view of the above discussion the objects on which the limiting processes (8), 
(11) and the corresponding IPS schemes are sought may vary considerably. It is 
therefore necessary to undertake a study of the convergence in an abstract and time 
inhomogeneous setting. 
For instance, in nonlinear filtering applications the time-inhomogeneous assumption 
is essential since the objects depend on the observation process. 



]3 

The genetic type algorithms arising in numerical function analysis or nonlinear con- 
trol problems usually also depends on a specific cooling schedule parameter (see for 
instance [19, 44]) 

1.3.1 The Limiting Measure Valued Model s  

To describe precisely the limiting measure valuedmodels, let us introduce some no- 
tations. Let (E, r) be a Polish space, ie E is a separable topological space whose 
topology is given by a metric r which is supposed to be complete. 
Let B(E)  be the a-field of Borel subsets of E. We denote by M(E)  the space of 
all finite and signed Borel measures on E. Let M~(E) C M(E)  be the subset of all 
probability measures. As usual, both spaces will be furnished with the weak topology. 
We recall that weak topology is generated by the Banach space Cb(E) of all bounded 
continuous functions, endowed with the supremum norm, defined by 

V f • Cb(E), Ilfll = sup If(x)[ 
xEE 

(since M(E)  can be regarded naturally as a part of the dual of Cb(E)). More gen- 
erally, the norm 10 " [I is defined in the same way on Bb(E), the set of all bounded 
measurable functions, which is also a Banach space. 

We denote by # K  the measure given by #K(A) = fE #(dr) K(x, A) where K is 
any integral operator on Bb(E), # • M(E)  and A • B(E).  We also write 

f • Bb(E),  #g(f) = / #(dx) g(x, V dz) f(z). (7) 

If K1 and K1 are two integral operators on Bb(E) we denote by K1K2 the composite 
operator on Bb(E) defined for any f • Bb(E) by 

KIK2f(x) =/E KI (x, dy) K2(y, dz) f(z) 

We also denote by {K~ ; n > 1} the transition probability kernels (respectively 
{Lt ; t ~ 0} the family of pregenerators) of the discrete time (resp. the continuous 
time) Markov process X. 

To get formally the nature of such schemes we first note that the distribution flow 
{r/~ ; n > 0} defined by (1) page 3 is a solution of the following measure valued 
dynamical system 

V n  > 1, r/~ = ~.(r/~-l) (8) 

For all n >__ 1, ¢~ : M I ( E )  --+ MI (E)  is the mapping defined by 

= 

,7(gJ) 
V : • Bb(E) ,  - (9) 

We note that the recursion (8) involves two separate transitions: 

Updating ~n-1 > ~n-1 def Cn(Vn-1) Prediction = > ~/n = ~ - I K ~  (10) 
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The first one is nonlinear and it will be called the updating step and the second one 
is linear and it will be called the prediction transition with reference to filtering theory. 

In the continuous t ime situation, the distributions flow {z/t ; t > 0} defined by 
(3) page 3 satisfies for any regular test function f the following nonlinear evolution 
equation 

d 
r l t ( f  ) = rlt(f_,t,,7,(f)) (11) 

where /~t,,, for t >_ 0 and r/ • M I ( E )  fixed, is a pregenerator on E,  defined on a 
suitable domain by 

f-.t,,(f)(x) = L t f (x )  + f ( f ( z )  - f ( x ) )  Ut(z) zl(dz) (12) 
. I  

1.3.2 Interacting Particle Systems Models 

In this section we introduce the IPS approximating models of the previous evolution 
equations (8) and (11). To give an initial introduction and to illustrate the idea in a 
simple form we emphasize that  the particle approximation approach described here 
is not restricted to the particular form of mappings {~= ; n > 1} or to the nature of 
the pregenerators {£:t,, ; t > 0, rl C Mx(E)}.  

In discrete t ime, starting from a collection of mappings 

¢ , :  M I ( E )  -+ M , ( E ) ,  n > 1, 

we consider an N-IPS,  ~= ( ~ , . .  N = . , ~  ), n > 0, which is a Markov chain on the 
product state space E N with transition probabili ty kernels satisfying 

N 

P • dx I .-1 = z) = H ¢=(m(z))(dxP) 
p=l  

(13) 

where dx aej d x  I x . . .  X dx Iv is an infinitesimal neighborhood of the point x = 
( x l , . . . ,  x N) G E N, z = ( z l , . . . ,  z N) G E N, 5a stands for the Dirac measure at a G E 
and 

v z = ( z ' , . . . ,  z e E 

N 
1 

= N E g Z '  E M I ( E )  (14) 
i=l  

The initial system ~0 = ( ~ , . . . ,  ~ )  consists in N independent particles with common 
law T/0. 
Intuitively speaking it is quite transparent  from the above definition that  if ¢,~ is 
sufficiently regular and if m(~n-1) is close to the desired distribution ~/,-1 then one 
expects that  On(m(~, - l ) )  is a nice approximating measure for ~=. Therefore at the 
next step the particle system ~n = ( ~ , . . . ,  ~ )  looks like a sequence of independent 
random variables with common law z/=. This general and abstract  IPS model first 
appeared in [33, 31] and its analysis was further developed in [35]. 
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In much the same way starting from a family of pregenerators 

{£t,v ; t > O, ~ • MI(E)}  

we consider an interacting N-part icle system (~t)t>_o ((~lt,.. N = -,~t ))t>0, which is 
a t ime-inhomogeneous Markov process on the product space E N, N > 1, whose 
pregenerator acts on functions ¢ belonging to a good domain by 

N 

V (Xl, XN) • E N, f-.~N)(¢)(X,, .. ,XN) E (0 x . . . ,  . = ~ , , ~ ( , ) ( ¢ ) ( , , . . . , ~ N )  
i=1 

(15) 

The notation f ( 0  has been used instead of £t,n when it acts on the i-th variable of ~t,71 
¢ ( x l , . . . ,  XN). This abstract  and general formulation is well known in mean field IPS 
literature (the interested reader is for instance referred to [83] and [98] and references 
therein). 
In section 3.2 we will give a more detailed description of (15) when the pregenerators 
£t, ,  are defined by (12). 

In discrete t ime settings, a more explicit description of (13) in terms of a two stage 
genetic type process can already been done. More precisely, using the fact that  the 
mappings ~ under study are given by (9) and 

1 N N g~(x~ ) 

~=~ i=1 E~=,  g=(~)  

we see that  the resulting motion of the particles is decomposed into two separate 
mechanisms 

Selection/Updating Mutation/Prediction 
~n--1 ) ~'n--1 ) ~n 

These mechanisms can be modelled as follows: 

S e l e c t i o n / U p d a t i n g :  

~i N g.(z') ~z,(dx'). 
P(~n-1 E dx [~n-i = Z) = E ~'~7=1 g,~(zJ) 

p----1 i=1 

M u t a t i o n / P r e d i c t i o n :  

N 

P ( ~  • ~z I ~'~-1 = x) = H K~(~p, dzp). (16) 
p=l  

Thus, we see that  the particles move according to the following rules. In the 
selection transition, one updates the positions in accordance with the fitness functions 
{g=; n > 1} and the current configuration. More precisely, at each t ime n > 1, each 
particle examines the system ~=_, = ( ~ _ , , . . . , ~ _ 1 )  and chooses randomly a site 
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~/-1, 1 < i < N, with a probability which depends on the entire configuration ~=-1 
and given by 

9o 

This mechanism is called the selection/updating transition as the particles axe selected 
for reproduction, the most fit individuals being more likely to be selected. In other 
words, this transition allows particles to give birth to some particles at the expense 
of light particles which die. 
The second mechanism is called mutation/prediction since at this step each particle 
evolves randomly according to a given transition probability kernel. 

The preceding scheme is clearly a system of interacting particles undergoing adap- 
tation in a time non-homogeneous environment represented by the fitness functions 
{g,~; n > 1}. Roughly speaking the natural idea is to approximate the two step tran- 
sitions (10) of the system (8) by a two step Markov chain taking values in the set of 
finitely discrete probability measures with atoms of size some integer multiple of 1/N. 
Namely, we have that 

N 
def. 1 ~ Selection AN def. 1 N N N N L  /~1 (~,~ Mutation 1 ~--~ ~ .  

nn--1 = i=1 ~ - '  ) T}n-1 : ~ "= -I ) ?}N = N i--1 

As it will be obvious in subsequent sections the continuous time IPS model is again 
a genetic type model involving selection and mutation transitions. 

Another interest feature of the IPS defined by (13) and (22) is that they can be 
used to approximate the Feynman-Kac formulae (2) and (4). One of the best ways for 
introducing the corresponding particle approximating models is through the following 
observation. In discrete time and on the basis of the definition of the distributions 
{r/. ,7. ; n )__ O} we have that 

Vn > 1, ~n- l (gn)  -- "~n-l(gn) 
- ~=_,(1) 

Therefore for any f E Bb(E) and n ) 0 

%~(f) = 7n(1) r/,~(f) with 7~(1) = I I  ~/m-l(gm) 
ra=l 

(with the convention 1-I~ = 1). Taking in consideration the above formula the natural 
particle approximating scheme for the "unnormalized" distributions {% ; n _> 0} is 
simply given by 

")'~(f) deal" ")'if(l) r/~(f) with -),~(1) deal" 1~I T/~_l(gm ) (17) 
ra=l 

Similarly, in continuous time settings we have that 

d l 7h(U,) = ~ log E exp Us(Xs) ds 
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in the Radon-Nykodim sense and a.s. for t _> 0. Thus, one gets 

"It(f) = 3't(1) tit(f) with 7t(1) = exp rl~(Us ) ds 

Therefore the natural particle approximating model for the flow of "un-normalized" 
distributions is given by 

f'N 
1'~(f) = ~,~(1) ~ ( f )  with 7~(1) = exp r h (Us)ds (18) 

where r/~ is again the empirical measure of the system ~t- 

1 . 4  O u t l i n e  a n d  C o n t e n t s  

These notes are essentially divided into three main parts devoted respectively to dis- 
crete time and continuous time models and applications to nonlinear filtering prob- 
lems. 

The first part (section 2) concerns discrete time models. Most of the material 
presented in this section is taken from the papers [25], [35, 37, 36] and [42]. 

Section 2.1 focuses on the standard properties of the limiting process needed in the 
further development of section 2.2. In the preliminary subsection 2.1.1 we give a brief 
exposition of basic terminologies and properties of the limiting process. In subsection 
2.1.2 we discuss the delicate and important problem of the asymptotic stability of 
the nonlinear semigroup associated with the limiting process. These properties are 
treated under several type of hypothesis on the functions {g,~ ; n > 1} and on the 
transition semigroup associated with the Markov process X. We will also connect in 
section 2.2.3 these stability properties with the study of the long time behavior of the 
IPS approximating models. 
In nonlinear filtering settings these properties are also essential in order to check 
whether or not the so-called nonlinear filtering equation forgets erroneous initial con- 
ditions. Applications to discrete time filtering problems are discussed in section 5.4. 

Section 2.2 is concerned with the asymptotic behavior of the IPS models as the 
number of particles tends to infinity. This section is essentially divided into four parts. 
Each of them is devoted to a specific technique or notion to analyze the convergence of 
the IPS models. This section covers LP-mean error bounds and uniform convergence 
results with respect to the time parameter as well as functional central limit theorems, 
a Glivenko-Cantelli Theorem and large deviations principles. 
The quick sketch of the contents of this section will be developed more fully in the 
preliminary and introductive section 2.2.1. 

In section 3 we propose to extend some of the above results to continuous time 
models. This analysis involves different techniques and it is far from being complete. 
Among these techniques two are of great importance: semigroup techniques and limit 
theorems for processes. 
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In the preliminary section 3.1 we discuss the main hypothesis on the Feynman- 
Kac formula needed in the further development of section 3.3. In the first subsections 
3.1.1 and 3.1.2 we present several regularity assumptions on the fitness functions 
{Ut ; t > 0} and on the Markov process {X t  ; t > 0}. Section 3.1.3 is concerned 
with extending the techniques presented in section 2.1.2 to derive stability properties 
of the Feynman-Kac limiting process. These results will be important later to prove 
uniform convergence results with respect to the time parameter. 

In section 3.2 we give a rigorous mathematical model for the continuous time IPS 
approximating scheme. 

The asymptotic behavior of these IPS numerical schemes as the number of par- 
ticles tends to infinity is discussed in section 3.3. In the first subsection 3.3.1 we 
propose LV-mean errors as well as uniform results. In the last subsection 3.3.2 we 
prove a functional central limit theorem. Many important problems such as that of 
the fluctuations and large deviations for the empirical measures on path space remain 
to be answered. 

In view of their kinship to discrete time models the results presented in section 3 
can be seen as a good departure to develop a fairly general methodology to study the 
same asymptotic properties as we did for the discrete time IPS models. 

To guide the reader we give in all the development of section 2 and section 3 se- 
veral comments on the assumptions needed in each specific situation. In section 5 we 
give detailed and precise examples for each particular assumption. 
The applications of the previous results to nonlinear filtering problems are given in 
section 4. We will discuss continuous time as well as time discretizations and discrete 
time filtering problems. 

The study of the asymptotic stability properties of the limiting system and the 
investigations of LP-mean errors, central limit theorems and large deviation principles 
will of course require quite specific tools. To each of these approaches and techniques 
corresponds an appropriate set of conditions on the transition probability kernels 
{K~ ; n > 1} and on the so-called fitness functions {gn ; n > 1}. 

We have tried to present these conditions and to give results at a relevant level of 
generality so that each section can be read independently of each other. The reader 
only interested in IPS and BIPS approximating models is recommended to consult 
section 1.3.2 and section 2.3 as well as section 3 for continuous time models. 

The LV-mean errors presented in section 2.2.2 as well as the central limit theorems 
for processes exposed in section 3.3.2 are only related to the dynamics structure of the 
limiting system studied in section 2.1.1. Section 2.2.4 and section 2.2.5 complement 
previous results of section 2.2.2 and section 2.2.3 by providing asymptotic but precise 
estimates of D'-mean errors and exponential rates. 
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The specific conditions needed in each section are easy to interpret. Furthermore 
they can be in surprisingly many circumstances be connected one each other. For all 
these reasons we have no examples in these sections. The interplay and connections 
between the employed conditions will be described in full details in section 5. We will 
also connect them to classical examples arising in nonlinear filtering literature. We 
hope that this choice of presentation will serve our reader well. 

2 T h e  D i s c r e t e  T i m e  C a s e  

2.1 Structural Properties of the Limiting Process. 

The investigations of law of large numbers, fluctuations and large deviation principles 
require quite specific mathematical tools. We shall see in the forthcoming develop- 
ment that these properties are also strongly related to the dynamics structure of the 
limiting measure valued process (8). 
In this section we introduce some basic terminology and a few results on the dynamics 
structure and the stability properties of (8). In our study a dynamical system is said 
to be asymptotically stable when its long time behavior does not depends on its initial 
condition. 

In section 2.2 we will prove that the asymptotic stability of the limiting system 
(8) is a sufficient condition for the uniform convergence of the density profiles of the 
IPS. 

Asymptotic stability properties are also particularly important in filtering settings 
mainly because the initial law of the signal is usually unknown. In this situation it is 
therefore essential to check whether the optimal filter is asymptotic stable otherwise 
all approximating numerical schemes will almost necessarily fails to describe the real 
optimal filter with the exact initial data. 

The genetic type scheme (13) is also used as a random search procedure in nu- 
merical function optimization. As for most of stochastic search algorithms, a related 
question which is of primary interest is to check that their long time behavior does 
not depend on its initial value. 

The study of the long time behavior of the nonlinear filtering equation has been 
started in [77, 78, 102, 103]. These papers are mainly concerned with the existence of 
invariant probability measures for the nonlinear filtering equation and do not discuss 
asymptotic stability properties. A first at tempt in this direction was done in [88]. The 
authors use the above results to prove that the optimal filter "forgets" any erroneous 
initial condition if the unknown initial law of the signal is absolutely continuous with 
respect to this new starting point. In the so-called linear-Gaussian situation the opti- 
mal filter is also known to be exponentially asymptotically stable under some suitable 
detectability and observability assumptions (see for instance [88]). 
In [5, 48] the authors employ Lyapunov exponent and Hilbert projective techniques 
to prove exponential asymptotic stability for finite state nonlinear filtering problems. 
More recently an exponentially asymptotic stability property has been obtained in [16] 
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for real transient signals, linear observations and bounded observation noise. Here 
again the proof entirely relies on using Hilbert's projective metrics and showing that 
the updating transition is a strict contraction with respect to this metric. As pointed 
out by the authors in [16] the drawback of this metric is its reliance on the assumption 
of bounded observation noise and does not apply when the optimal filter solution has 
not bounded support. 
Another approach based on the use of Hilbert projective metric to control the loga- 
rithmic derivatives of Zakai's kernel is described in [26]. 
In [4] the authors extend their earlier Lyapunov exponent techniques to Polish-valued 
signals. Here again the technique consists in evaluating the rate of contraction in the 
projective Hilbert metric under a mixing type condition on the Markov process X. 
In discrete time settings this assumption is that the transition probability kernel K~ 
is homogeneous with respect to time (that is K~ = K) and it satisfies the following 
condition. 

(1C)~ T h e r e  e z i s t  a r e f e r e n c e  probabi l i t y  m e a s u r e  ~ E MI(E)  a n d  a pos i t i v e  
n u m b e r  e E (0,1] so tha t  K(x ,  . )  ,,~ ~ f o r  a n y  x E E a n d  

<_ d K ( x , . )  < 1 

dA - 

Here we have chosen to present the novel approach introduced in [36, 38] and fur- 
ther developed in [43]. It is based on the powerful tools developed by R.L. Dobrushin 
to study central limit theorems for nonstationnary Markov chains [53]. We believe 
that this approach is more transparent than the previous ones and it also allows to 
relax considerably the assumption (K:)~. The continuous time version of this approach 
will be given in section 3.1.3. 

2.1.1 D y n a m i c s  S truc ture  

Let us introduce some additional notations. Let {Qp,,~ ; 0 _< p _< n) be the time- 
inhomogeneous semigroup defined by the relations 

Qp,, = Qp+I. . .Q~-IQ~ where Q~(f ) (x )  dej. g~(x) ( K , f )  (x) 

for any f E Bb(E), 0 _< p < n and with the convention Q~,~ -- Id. It is transparent 
from the definition of "un-normalized" distributions {7~ ; n >_ 0) that 

V O <_ p <_ n, % = 7vQp,~ 

Similarly, we denote by {¢p,~ ; 0 < p < n} the composite mappings 

with the convention ~ , , ,  = Id. A clear backward induction on the parameter p shows 
that the composite mappings {@p,, ; 0 < p < n} have the same form as the one step 
mappings {~ ,  ; n >_ 0}. This is the content of next lemma. 
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L e m m a  2.1 ([30]) 

where 

For any 0 < p <_ n and f • Bb(E) we have that 

~. ,n(#) ( f )  = #(gP"~ gp,n(f))  
, (g, , . )  

Qp,.( f)  
Kp, . ( f )  = Q.,~(1) 

The fitness functions {gp,~ ; 0 <_ p <_ 
{Kp,. ; 0 <_ p <_ n} satisfy the backward formulae 

(19) 

and gp,. = Qp,n(1) 

n} and the transition probability kernels 

gp-l ,~( f )  = gp(gp,~ Kp,~(f)) 
K p ( g p , n )  , g p - l , n  = gp • g p ( g p , n )  

for any f • Bb(E),  1 <_ p < n and conventions g~,~ = 1, Kn,. = Id. 

(20) 

L e m m a  2.2 For any 0 < p < n, p, v • M , ( E )  and f • Bb(E) 

Cp, . (p)( f )  -- (I).,n(~,)(f) 

= .(,.o), [ (:- 0.o(.)(:>>] 
#(gp, ,~)  . t g p , n )  ' (21) 

where 

1 r 3 

-- ~,(gp,.) [(/~(fp,.) - ~'(fp,.)) + ¢ . , . ( ~ ) ( f )  (-(gp,.)  -/~(gp,n))J 

fp ,n  def  
= g,,n • K, , . ( f ) .  

Unless otherwise stated we will always assume that  the fitness functions {g~ ; 
n _> 1} axe continuous and satisfy the following condition. 

(~) For  any  n >__ 1, there ex i s t s  an • [1,c~) wi th  

1 
V x E E ,  V n > l ,  - -  <_ gn(x) <_ 

an  
an  (22) 

Under this assumption and using the above notations we notice that  

• For a n y x • E a n d 0 < p < n  

1 
<<_ gp,n(x) <_ ap,n where av,n r I  aq 

ap,n q=p+l 

• For any f • Bb(E) and 0 < p _< n 

IIQ,,,n(f)ll -< ap,n Ilfll -1 < %(1)  < ao,n --  _ ao,n 
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In order that  our paper  is both broad and has some coherence we have chosen 
to concentrate on the analysis of the particle density profiles {r/N ; n >_ 0} and the 
corresponding limiting system {r/~ ; n > 0}. 

Most of the results presented in section 2.1.2 and section 2.2 can be used to obtain 
analog results for {~'~ ; n > 0} and the flow { ~  ; n > 0}. The interested reader is 
recommended to use the decompositions 

1 
¢ , ( # ) f  - ¢,~(v)f  = ~ ([#(g,~Knf) - v (gnK,  f)] + (¢~(#)f ) [u(gn)  - #(g,~)]) 

and 

 L,I -  .-lf = [q _lf - ¢ . ( C - 1 ) f ]  + 

and to recall that  ~'Y_ 1 is the empirical measure associated with N conditionally in- 
dependent random variables with common law k~,(r/N_~). 
There also exists a different strategy to approximate  the flow of distributions {~,~ ; 
n ~ 0}. This alternative approach is simply based on the observation that  the dy- 
namics structure of the lat ter  is again defined by a recursion of the form (8). More 
precisely, in view of (10) we have that  

V n  > 1, ~, = ~ ( ~ , _ ~ )  (23) 

where ~ ( r ] )  = ~,~(rl)~" ~ and for any f e Bb(E), 

~n(r / ) ( / )  0&f. r/(~,~f) Kny  d~. K~(g.+, f )  .~,~ a&__f. K~(g~+,). 
~(gn) ' Kn(gn+m) ' 

Noticing that  the new fitness functions { ~  ; n _> 0} again satisfy (~) we see that  the 
study of (23) and its corresponding IPS approximating model is reduced to the former 
by replacing the fitness functions {gn ; n _> 1} and the transitions {/in ; n > 0} by 
{ ~  ; n _> 0} and {K~ ; n >_ 1} and the initial data  r/o by the distribution ~o- 

Nevertheless the above description shows that  the formulation of the new fitness 
functions involves integrations over the whole state space E. In practice these inte- 
grals are not known exactly and another level of approximation is therefore needed. 
We also remark that  we use the well known "rejection/acceptation" sampling method 
to produce transitions of the IPS approximating scheme. But,  when the constants 
{a~ ; n _> 1} are too large it is well known that  the former sampling technique is 
"time-consuming" and not really efficient. 

We have chosen to restrict our attention to the IPS approximating model {r/N ; 
n ~ 0) for several reasons: 

• First of all it is defined as a two stage transition which can serve as a Markov 
model for classicM genetic algorithms arising in biology and nonlinear est imation 
problems. 

• Secondly, some results such as the fluctuations on path  space for the IPS {~'n ; 
n > 0} are not yet available. 
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• Another important  reason is that  the limiting system {r/, ; n > 0} is exactly 
the discrete time approximating model of the Kushner-Stratonovitch equation 
(see for instance [24] and references therein as well as section 4.3 page 122). 

• Finally the evolution equation of the distributions { ~  ; n > 0} is a special case 
of (8) so that  the results on (8) will also include those on (23). 

2.1.2 Asymptotic Stability 

In this section we discuss the asymptotic stability properties of (8). The main dif- 
ficulty lies in the fact that  (8) is a two stage process and it may have completely 
different kinds of long time behavior. 

For instance, if the fitness functions are constant functions then (8) is simply based 
on prediction transitions. In this situation the recursion (8) describes the time evo- 
lution of the distributions of the Markov process {X= ; n > 0}. In this very special 
case the theory of Markov processes and stochastic stability can be applied. 

On the other hand, if the transition probability kernels {K,, ; n > 1} are trivial, 
that  is Kn = Id, n > 1, then (8) is only based on updating transitions. In this 
case its long time behavior is strongly related on its initial value. For instance, if 
gn = e x p ( - U ) ,  for some U : E --+ •+, then for any bounded continuous function 
f : E --+ R+ with compact support 

r ln ( f )  - r lo( f  e -'~U) } r / o ( / l v . )  
' 7 ° (~ -~ ' )  n ~ o~ ,7o(U*) 

where U* d~. {x 6 E ; U(x) = essinfs0U } (at least if r/0(U*) > 0). 

If we write M0(E)  C M ( E )  the subset of measures # such that # (E)  = 0 then 
any transition function T(x, dz) on E maps M0(E)  into M0(E).  We recall that  its 
norm is given by 

fl(T) alL--f" sup II#TII*----~ - sup lisT - vTlb~ 
.~M0¢Sl II~ll~v .,~M, CS) l i t -  ~11~ 

The quantity fl(T) is a measure of contraction of the total variation distance of prob- 
ability measures induced by T. It can also be defined as 

/3(T) = sup lISzT - 5yTIlt~ = 1 - a(T) (24) 
x,y6E 

The quantity a(T) is called the Dobrushin ergodic coefficient of T defined by the 
formula 

m 

a(T) = inf E min (T(x, A~), T(z, Ai)) (25) 
i = 1  

where the infimum is taken over all x, z 6 E and all resolutions of E into pairs of non- 
intersecting subsets {Ai ; 1 < i < m} and m > 1 (see for instance [53]). Our analysis 
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is based on the following observation: In view of (20) the Markov transition probability 
kernels {K,~,p ; 0 < p < n} are composite operators of time-inhomogeneous but linear 
Markov operators. More precisely it can be checked directly from (20) that 

Kp-x ,~ = S(") Kp,,~ = S(") S (n) ¢(n) q(n) S(,~) f _ Kp(gp,,~ f )  (26) 
, p p + l  . . . .  n - l ~ n ,  Kv(9p,n) 

The usefulness of Dobrushin ergodic coefficient in the study of the asymptotic stability 
of the nonlinear dynamical system (8) can already been seen from the next theorem. 

T h e o r e m  2.3 Assume  that the f i tness funct ions {g,~ ; n > 1} is a sequence of  
bounded and positive funct ions  on E .  For any n >_ p we have that 

(27) 

with 

and 

kl# E M I ( E ) , V f  G Bb(E), #(gv,,~ f )  
d)p, . (p)(f )_  P(gp,,~) 

n- -p  

sup I1¢., .( .)  - ¢ . (~)11,~  = Z ( g . , . )  < 1-I [ 1 -  ,~(s~-~)] (28) 
#W q = l  

Assume  that the transition probability kernels { Kn ; n >_ 1} satisfy the following con- 
dition. 

(IC)l F o r  a n y  t i m e  n > 1, there  e z i s t  a r e f e r e n c e  p r o b a b i l i t y  m e a s u r e  
~,~ C M x ( E )  a n d  a p o s i t i v e  n u m b e r  e= E (0, 1] so  tha t  K~(x, . )  ~ ~ f o r  a n y  
x E E a n d  

e. < dK~(~, .) < £ 
d~n - ~ 

Then, we have for  any tz, v E Mx(E) 

y ~  2 
Cn = (X) 

n > l  

n 
lim 1 ~ e2 def. £2 

n.4oo n Z..~ p = > 0  
p=X 

inf e~ d~. c > 0 
n ~ l  

==~ lira II¢o,, ,(#) - ~o,.(~')lltv = o 
rt'--I-O0 

lim sup 1log [[~0, .(#)-  ~0,.(v)][tv _< --e 2 < 0 
n--+oo n 

1 
log sup ]]#p,p+~(,) - Cp,p+~(~)lltv < - c  ~ 

p>_0 
(29) 

P r o o f : (  Sketch) Since, for any kt e Mx(E) we have ~p,,,(#) = qtv,,,(kt)Kp,, then, 
using (24) and (26) one proves (28). Under (K:)I, the second part of the theorem is 
a consequence of the fact that a ( S  (n)) > c~, for any 0 < p < n. To prove these lower 

bounds we use (25) and the definition of the transitions Sp (~). • 



25 

R e m a r k s  2.4: 

• Theorem 2.3 holds for any sequence of fitness functions {gn ; n >_ 1}. One also 
observe that  the last assertion in the Theorem 2.3 holds true when the transition 
probabili ty kernels { K .  ; n >_ 1} satisfy (E). .  
In contrast to [4] (see for instance Corollary 1 p. 706 in [4]) the exponential 
asymptot ic  property (29) is valid for any t ime parameter  and it does not depend 
on the form neither on the regularity of the fitness functions. 

• In t ime homogeneous settings (that is /in = K,  g .  = g) the mapping (I)= = 
(I) is again t ime homogeneous. If there exists some fixed point # = (I)(#) E 
M I ( E ) .  Theorem 2.3 gives several conditions underwhich # is unique and any 
solution {% ; n > 0} of the t ime homogeneous dynamical  system associated to 
(I) converges exponentially fast to # as the t ime parameter  n --> co. For instance 
if (K:)I holds with en = e > 0 then 

V r ] E M I ( E ) ,  supll@p,p+T(r/)-#llt~ _< e - '2 .T  
p_>0 

• Let us consider the special case where en = el .n  -~/2 with c1 > 0 and fl < 1. 
Theorem 2.3 tells us that  (8) is asymptotical ly stable but we don' t  know if 
exponential rates are available in this scale. 

• If (/C)1 is satisfied for some sequence of numbers {e. ; n > 1} and a collection 
of distributions {A. ; n > 1} then we also have that  

")(z) i V x ,  z E E ,  V n > l ,  .~. < dff[n(x,^ _< ~-  
- dA. e,~ 

where ~'. def.= ~.2 and A. E M I ( E )  is the distribution on E given for any bounded 
test function f by 

Xn(f) @-f" An ( Y-+l f ) 
An ( g.+l ) 

This observation shows that  Theorem 2.3 remains true if we replace the one 
step mappings {(I)~ ; n > 1} and the numbers {e~ ; n > 1} by the mappings 
{ ~ .  ; n > 1} and the numbers {e~ ; n > 1}. It is also worth to notice that  this 
results is again independent of the fitness functions. 

• By definition of the one step mappings { ~ .  ; n > 1} we have the formula 

V # E M I ( E ) ,  V n > 1, ~n(#) = k0.+l (Ox,.(#K1)) 

Thus, by definition of the mappings {ko= ; n > 1}, if (G) is satisfied then one 
can check that  for any #, u E M I ( E )  and n > 1 

~0,=(#) - ~0,.(u) tv < 2 a~+~ I}¢x,.(gKx) - ~,,n(vKx)lltv 

where ~0,= are the composite mappings 
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Therefore Theorem 2.3 can also be used to derive several conditions for the 
asymptot ic  stability of (23). 
In contrast to the previous remark the resulting error bound depends on the 
sets of numbers {a~ ; n > 1} and {e~ ; n > 1} instead of {¢~ ; n > 1}. 
This fact is important  for instance if ¢= = O .n  -1/2 and sup~ a= < exp. In th is  
specific situation the est imate resulting from this approach will improve the one 
we would obtain using the previous remark and it allows to conclude that  (23) 
is asymptotical ly stable even if :>--~ ¢~ < c¢. 

Next condition relax (/C)1. 

(K~)2 F o r  a n y  t i m e  p > 0 t h e r e  e x i s t  s o m e  m > 1, Ap 6 M I ( E )  a n d  % > 0 
s u c h  t h a t  . for  a n y  x 6 E 

dK( 'n)(x ,  . )  1 K(,~) def. 
% < dAp < --6p where = Kp+l . . .  Kp+m (30) 

Under (1C)2 and (G) one can check that  for any 0 < p + m < n 

( ( 6p ap+ l,p+m 
_< _< \ / 

We now turn to still another way to produce useful estimates. 

By definition of the integral operators {Sv (n) ; 0 < p < n} we also have for any 
positive Borel test function f : E --+ R+ 

1 K(~) (gp+.~ ,J )  < S(~) ¢(~) ~ < 2 K(m)(gp+m,~f) 
2 ' (.0 - p+l . . . .  p+mJ - ap+2,p+m K(m)(gp+m,~) 

From (30) it is clear that  for any 0 < p + m < n 

ap+2,p+m / \ Ep 

In contrast to (31) the est imate (32) does not depend anymore on the ergodic coeffi- 
cients {(~(h~) ; p >_ 1}. 

Nevertheless the est imate induced by (31) may  improve the one we would obtain 
using (32). For instance, in t ime homogeneous settings (that is sp = 6, % = a, 
Kp = K,  for all p > 0) the bounds (32) lead to 

6 2 6 2 

( 1 - c ~ ( S ~ + ) I . . . S ~ + ) ) )  < 1  a2(m_l ) _<exp a2(m_l , (33) 

and (31) implies that  

( 1 - a ( S ~ + ) I . . . S ~ + ) ) )  < _ H  ( 1 - a  ( s ~ + ) ) )  _< ( l - a - ~ a ( K ) )  m 
q= l  
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and therefore 
C 2 

( 1 -  a (S~+) . . .  S ( + ) ) ) < _ e x p - ( m - ~ - ~ a ( K ) )  (34) 

One concludes that (34) improves (33) as soon as m . a ( K )  >_ a 2 and therefore 

6 2 

T h e o r e m  2.5 Assume that (~) and (K,)2 hold for  some m >_ 1 and some sequence o f  
numbers {e, ; p _> 0}. For any # , u  e M~(E) and n >_ m we have 

and 

YI ~ i1¢o,.(#) - ~,o,~(~,)ltt. ___ 1 2 ~(K~ 
p=l aP + l,pWm 

[nlm]--I 2 
H ( 1  2 e p m )  
p=0 apm+2,pmTm 

de..~f, de=f. a In addition, i f  inf ,  e ,  > 0, inf,~ a ( K , )  def. = a > 0 and sup, a ,  < c¢ then for  
any u > 1 and T > u .m 

1 
log sup I I ~ p , p + T ( ~ )  - c p , ~ + r ( ~ ) I l t v  < - - -  

v>o 

where 1/u + 1/v  = 1 .  

v .m  a-~ max (ra.a, a 2) 

Next we present an easily verifiable sufficient condition for (K:)2. It also gives some 
connections between (/(:)1 and (/C)2. It will be used in section 5 to check that some 
classes of Gaussian transitions satisfy (/C)2 for m = 2. To clarify the presentation the 
transition probability kernels Kn here are assumed to be time homogeneous (that is 
K~ = K for all n > 0). 

(E)a T h e r e  e x i s t  a s u b s e t  A E B ( E ) ,  a r e f e r e n c e  p r o b a b i l i t y  m e a s u r e  
)~ e M I ( E )  a n d  a p o s i t i v e  n u m b e r  e E (0, 1) s u c h  t ha t  ~(A) >_ e a n d  

d K ( x ,  o) 1 
V x E E ,  V z E A ,  e <_ d~ (z) < -e 

I n  a d d i t i o n  t h e r e  e x i s t  a d e c o m p o s i t i o n  A c = B 1  U . . .  U Bin, 
r e f e r e n c e  p r o b a b i l i t y  m e a s u r e s  ~1, . . . , ~.~ , 71, . . . , 7m E M I ( E )  
a n y  1 < k < m 

m > 1 a n d  2m 
s u c h  t ha t  f o r  

d K ( x ,  , )  1 
V x E B k ,  V z C E ,  e < dAk (z) < -e 

a n d  

V x E E ,  V z E B k ,  3'k (Bk) >_ e and 
d K ( x ,  

"~ (z)  > 
d7 k 



28 

Under (G) and (/C)3 one concludes that  (E)2 holds for m = 2 (the last condition 
above is even useless for that).  

Furthermore under (/6)3 one can also prove the following bounds 

~4 
a ( K ) > m . e  2 and a ( S p  (")) > 

ap+l 

C o r o l l a r y  2.6 Assume that (G) and (tC)a hold. Then, for any/t, u E M I ( E )  we have 
that 

y~ a~ 2=co ==~ 
n > l  

lira - 1 ~  av- 2 def.= a_2 ==~ 
n --I-~, n 

p = l  

s u p  an = a < oo 
n 

A more interesting and stronger 
n > 1} which do not satisfy (](:)2 is 

l i m  I1¢o,- (~)  - ~o , - (~) l l~v  = 0 
n--+OO 

~ 4  

lim sup i log IId2o,.(#) - ¢o,.(~)lltv < - - - -  
n - - + ~  n - -  a 2 

1 e4 
log sup II¢~,~+T(.) - Cp,~+T(')lltv < - - - -  p>0 - a 2 

result for transition probability kernels {K~ ; 
given next. We will use the following condition. 

(Jc~) There  ex is t s  s o m e  Po >_ 0 such  that 

~/P > Po, 5p dej. inf inf gp,~(x) 
.>_p ~,ye E gp,.  ( y ) 

- -  > 0 (35)  

Let us observe that  under (K:G) one has a uniform control of the fitness functions 
{gp,= ; 0 < p < n} in the sense that  for any n > p > P0 and x ,y  E E 

g . , . (x )  1 

In contrast to previous conditions (K:G) depends on both the fitness functions {g= ; 
n > 1} and on the transition probability kernels {Kn ; n > 1}. Note that  (K:6) is 
clearly satisfied when the fitness functions are constant or more generally if the fitness 
functions become constant after a given step P0 (that is gp = 1 for any p > P0). In 
the same vein (/CG) is satisfied if we are allowed to choose the constants {a .  ; n > 1} 
such that  ~--]~>1 log am < c¢. In this situation we would have 

, >exp (2  o ap+q) >0 
q_>l 

Another way of viewing condition Y].>I log a .  < oo is to say that  the sequence of 
functions {g. ; n > 1} satisfy 

~ > s u p  I l o g g . ( x ) l  < ~o 
xEE 
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which clearly implies that  g~ tends to the unit  function 1 as n tends to infinity. 

It is also noteworthy tha t  if (K:G) holds for po = 0 then condition (6)  is direct ly 
satisfied. More precisely in this s i tuat ion we would get the  bounds 

V x ,  y e E ,  V p > O ,  5p < gp+l(X) < L 
_ _ gp+,(y) - ~p 

To see tha t  (K;{~) also relax (]C)2 it suffices to note that  (]C)2 implies tha t  for any 
O < _ p + m < _ n  

gp,,~(x) > a -  2 K p + l . . .  Kp+m (gp+m,.) (X) > 2 a-2 
gp,n(Y-------) -- p+l,p+m Kp+l gp+m (gp+m,,~) (Y) -- ep p+l,v+m > 0 

Since for any p < n < p +  m and x , y  E E 

gp,n(x____~) > a_2 
g p , ~ ( y ) -  p+l,p+m 

we finally have the lower bounds 

2 a - 2  V p _ > 0 ,  5p _> % p+,,p+m > 0 

Under (K:G) and using (27) and the decomposit ion 

"(g~,~) [ g,,~ ] 
% " ( ' ) ( f ) -  % ' " ( " ) ( f ) =  . (gp, . )  ' k~(g~,.) ( f  -~p,~(v)(f)) 

we also have tha t  

2 
Vn >_ p ___ p0, II%,. ( t )  - %, . ( - ) l l tv  --- ~ lit - "lltv 

Using the same lines of reasoning as before one can prove tha t  for any Borel test  
function f : E --+ R+ and m > 1 and n > p + m 

+, . . . .  p+mJ -- • • (m) 
K~ (g~+m,~) 

>_ 5p+1... 5~+,, K(~")f 

from which one deduces the  following deeper result.  

T h e o r e m  2.7 I f  (]CG) is satisfied for  some parameter po > 0 then we have for  any 
n > p > _ p o  

2 
II¢. ,~(t)  - ¢~,~(-)ll ,v --- ~ ~(Kp,.) lit - -I1,~ 

and for  any m > 1 

[(~-v0)/ml-1 
sup [[(I)0,.(t) - (I)0,.(u)i[t ~ < H (1 x(m) a 

[ v(,~) 
- - "po+q.m X",o+q.'~]l (36) 

g,v q=0 
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where [a] denotes the integer part  o f  a C R ,  g(m) dz_t. 5p+l . . .  gp+,~ and 

K~m) do=~. K ~ + I  . . . K p + m .  

In addition i f  po = 0 and infp ~p de..~f~ (~ > 0 then fo r  m = 1 (36) leads to 

1 
log sup ll¢o,,~(#) ¢o,n(~')ll,, -< ~_~ ,~(Kp) (37) 

n t~,v n p = l  

Remarks 2.8: 

• The  bound (36) is sharp in the sense that  if the fitness functions g,  are constant 
then one may choose m = n,po = O. In this situation (36) reads 

s u p ] l # K 1 . . . K ~ - u K , . . . K ~ l [ t ~  < 1 - a ( K 1 . . . K ~ ) = ~ ( K 1 . . . K n )  

= sup II<~:K, . . .  Kn - gyK, . . .  K,,L,, 
a:~y 

• In view of (37) and under (K:G), condition E n > l  O/ (Kn)  = (:x:) is a sufficient 
condition for the asymptot ic  stability of the nonlinear semigroup 

{%,~ ; 0 _< p _< n} 

This condition is a familiar necessary and sufficient condition for the temporally 
inhomogeneous semigroup associated with the transitions {K,~ ; n > 1} to be 
strongly ergodic (see for instance [53], part  I, p. 76). 

In nonlinear filtering settings condition ~ log an < c¢ is related to the form 
of the observation noise source. An example of observation process satisfying 
this condition will be given in the end of section 5. Roughly speaking the 
assumptions (K:)~, i = 1,2, 3 say that  the signal process is sufficiently mixing 
and condition y~,, log an < oo says that  the observation process is sufficiently 
noisy. 

2.2  A s y m p t o t i c  B e h a v i o r  o f  t h e  P a r t i c l e  S y s t e m s  

2.2.1 Introduction 

In this section we investigate the asymptot ic  behavior of the IPS as the number  of par- 
ticles tends to infinity. In the first subsection 2.2.2 we discuss LP-mean error bounds 
and a uniform convergence theorem with respect to the t ime parameter .  A Glivenko- 
Cantelli Theorem is described in section 2.2.3. Subsection 2.2.4 is concerned with 
fluctuations of IPS. In the last subsection 2.2.5 we present large deviation principles. 

All of the above properties will of course be stated under appropriate regularity 
conditions on the transition probabili ty kernels {Ks ; n > 1} and on the fitness func- 
tions {g~ ; n > 1}. 
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A s s u m p t i o n  (G) is t h e  o n l y  a s s u m p t i o n  n e e d e d  on  t h e  f i tness  f u n c t i o n s .  
U n l e s s  o t h e r w i s e  s t a t e d  we will  a lways  a s s u m e  t h a t  (G) holds .  

This condition has a clear interpretation in nonlinear filtering settings (see for 
instance [33, 35, 36, 37] and section 5). It can be regarded as a technical assumption 
and several results presented here can be proved without this condition. To illustrate 
this remark we will give in the beginning of section 2.2.2 a very basic convergence 
result that  does not depend on (G). To guide the reader we now give some comments  
on the assumptions needed on the transition probabili ty kernels {Kn ; n > 1}. 

The uniform convergence result presented in section 2.2.2 is based on the asymp- 
totic stability properties of the limiting measure valued process (8) we have studied 
in section 2.1.2. This part  will then be related to assumptions (/C)1,(K:)2 and (K;)3. 

The Glivenko-Cantelli and Donsker Theorems presented in section 2.2.3 and sec- 
tion 2.2.4 extend the corresponding s ta tements  in the classical theory of empirical 
processes. They are simply based on (G). The  idea here is to consider a given random 
measure #N as a stochastic process indexed by a collection .T of measurable functions 
f : E -+ R. If #N is an empirical measure then, the resulting .T-indexed collection 
{/zN(f); f • .T) is usually called the .T-empirical process associated with the empir-  
ical random measures #N. The semi-metric commonly used in such a context is the 
Zolotarev semi-norm defined by 

V #,• • M I ( E ) ,  II# - u[[~- = sup{[#(f)  - u(y)l; f • .T} 

(see for instance [95]). In order to control the behavior of the supremum [[T/~ - rb~[[~- 
as N --+ oo, we will impose conditions on the class .T that  are classically used in the 
statistical theory of empirical processes for independent samples. To avoid technical 
measurabil i ty conditions, and in order not to obscure the main ideas, we will always 
assume the class .T to be countable and uniformly bounded. Our conclusions also 
hold under appropriate  separability assumptions on the empirical process (see [50]). 

The Glivenko-Cantelli and Donsker Theorems are uniform versions of the law of 
large numbers and the central limit theorem for empirical measures. In the classical 
theory of independent random variables, these properties are usually shown to hold 
under entropy conditions on the class .T. Namely, to measure the size of a given class 
.T, one considers the covering numbers N(¢, .T, Lp(#)) defined as the minimal  number  
of Lp(#)-bMls of radius ~ > 0 needed to cover .T. With respect to classical theory, 
we will need assumptions on these covering numbers uniformly over all probabili ty 
measures #. Classically also, this supremum can be taken over all discrete probabili ty 
measures. Since we are dealing with interacting particle schemes, we however need to 
strengthen the assumption and take the corresponding supremum over all probabili ty 
measures. Several examples of classes of functions satisfying the foregoing uniform 
entropy conditions are discussed in the book [50]. 

Denote thus by A/'(¢, Y),  ~ > 0, and by I(.T) the uniform covering numbers and 
entropy integrM given by 

A/'(e,.T) = sup{N(6, .T,  L2(#)); # C MI (E)} ,  
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f0 
1 

I (~ ' )  = v/log A/'(e, .T) de. 

which will be assumed to be finite. 

The fluctuations and the large deviations principles for the particle density profiles 
{r/~ ; n > 0} will be simply based on (G). In fact this assumption on the fitness func- 
tions will be used to check the asymptot ic  tightness property in Donsker's Theorem 
and an exponential tightness property in large deviation settings. 

The study of fluctuations and large deviations on path space require more atten- 
tion. It becomes more transparent  if we introduce a more general abstract  formulation. 
Namely, we will assume that  {~n ; n > 0} is the IPS approximating model (13) asso- 
ciated with a given sequence of continuous functions {¢,~ ; n > 1}. We will use the 
following assumption. 

(7))0 F o r  a n y  t i m e  n > 1 t h e r e  e z i s t a  
An E M I ( E )  s u c h  that  

a r e f e r e n c e  p r o b a b i l i t y  m e a s u r e  

V # e M I ( E ) ,  ¢ , ( p )  ..~ A, 

This condition might seems difficult to check in general. In fact if the functions 
{(I)n ; n > 1} are given by (8) then (7))0 holds if and only if the transition probabili ty 
kernels {K,, ; n > 1} satisfy the following condition. 

(IC)o F o r  a n y  t i m e  n > 1 t h e r e  e z i s t s  
An E M I ( E )  so  that  

a r e f e r e n c e  p r o b a b i l i t y  m e a s u r e  

V x E E,  K n ( x , . )  ~ A,~ 

We shall see in section 5 that  this condition covers many  typical examples of 
nonlinear filtering problems (see also [35, 37, 36]). 
The main reason for our needing to make the assumption (7))0 for the analysis of 
the fluctuations on path  space is that  we want to use a reference product probabili ty 
measure. We also notice that  there is no loss of generality in choosing As = r/=. This 
particular choice of reference probabili ty measure will be used for technical reasons in 
the study of the fluctuations on path  space. Roughly speaking this is the appropriate 
and natural  choice for studying the weak convergence of the resulting Hamiltonian 
function under the underlying product measure (see for instance Lemma 2.24 and its 
proof given on page 52). 
The main simplification due to assumption (7))0 is the following continuity property. 
For any T E N, we denote P(T N) the law of 

def. { /:i f:i i 
~[0,T] -- ~s0,~I'' ',~T)L<i_<N 

on the path  space (~T N, B(~T)  ®N) where 

x . . .  x B(rT) ®N d°2" ® . . .  ® B(X ) 

N-t imes  N-t imes 
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and ET d~. ET+I" Then PT (N) is absolutely continuous with respect to the product 
7/®N where measure [o,73 

def. 
T/[0,T] = ~/0®. . .®7/T 

Next we denote by ~u,, the marginal at the t ime n E { 0 , . . . , T }  of a measure # E 
MI (ET)  and with some obvious abusive notations by re(x) the empirical measure on 
pa th  space associated with a configuration x E ET N, that  is ' 

m(x) def. 1 N 
= ~ E 6(~ ...... ~) E M~(ET), ~ 2 

i=1 

Under (P)o, it is easily seen that  

dR,(N) T ~ ( x )  = exp H(TN)(x) 
"T0,T] 

~®N 
[0,T] -- a.e. 

where H (N) : ~ T  N --+ R is the function defined by 

T 
H(,(TN)(x ) = N E / log d@n(mn-l(x)) dm,~(x) 

n=l  &In 

In addition, if we consider the function @to,T] : MI (ET)  --+ M I ( ~ T )  so that  

= 7o ® ® . . .  ® 

then we see that  H(T N) can also be rewritten in the following form 

H(TN)(X) = N ~ log d@[o,T](m(x)) din(x) (38) 
r dr/t0,T] 

Therefore, the density of p(N) only depends on the empirical measure m and we find 
ourselves exactly in the setting of mean field interacting particles with regular Laplace 
density. The s tudy of the fluctuations for mean field interacting particle systems via 
precise Laplace method is now extensively developed (see for instance [3],[13], [661, 
[79] [109] and references therein). 

Various methods are based on the fact that  the law of mean field interacting pro- 
cesses can be viewed as a mean field Gibbs measure on path  space (see (38)). In such 
a setting, precise Laplace's method can be developed (see for instance [3], [66], [79]). 
In [66], the study of the fluctuations for mean field Gibbs measures was extended to 
analytic potentials which probably includes our setting. 
However the analysis of the fluctuations on the path  space presented in section 2.2.4 
is more related to Shiga/Tanaka's  paper  [98]. In this article, the authors restrict 
themselves to dynamics with independent initial data  so that  the parti t ion function 
of the corresponding Gibbs measure is equal to one. This simplifies considerably the 
analysis. In fact, the proof then mainly relies on a simple formula on multiple Wiener 
integrals and Dynkin-Mandelbanm Theorem [54] on symmetr ic  statistics. Also the 
pure jump McKean-Vlasov process studied in [98] is rather close to our model. 
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Using the above notations and, under (P)0, if we denote by Q(N) the law of the 
empirical measures 

N 
N d~. m 1 / ~  1 r/[0,T] (~[0,T]) = ~ 5(~;,...,~(,) e MI(ET), 

then Q(N) is absolutely continuous with respect to the distribution 

R~ N) e MI(MI(~T))  

We have no examples in this section 2.2. This choice is deliberate. We will give in 
section 5 a glossary of assumptions and detailed examples for each specific condition. 

2 .2 .2  LP-mean er rors  

As announced in the introduction we start with a very basic but reassuring conver- 
gence result which holds without assumption (~) on the fitness functions. 

given by 

R(N)F = [ F(m(x))  ~0*N(dx0)...~N(dxT) 
J~ 

for any F E Cb(Mx(ET)), with the convention ,~0 -- r/0. We notice that the latter 
formula can be written in the form 

R~N)F = f F(m(x))  R~N(dx) with RT = ~0 ®. - .®A T 
Jr. 

Arguing as before, it is also easily seen that 

 Q(N) exp(gFT) (39) dR(N ) -- a.s. 

where FT : MI(ET) -+ R is the function defined by 

T 

FT(#)= E JfE l°g d¢'(#~-1)dl~,~= ~ log d~[°'T](#) d# (40) 
,~=x d)~,~ r dRT 

The above formulation will be used in section 2.2.5 to obtain large deviation principles 
for the law of the empirical measures on path space. 

It is worth observing immediately that R (N) is the law of an empirical measure 
associated with N independent path-valued random variables. This observation, to- 
gether with the above formulation clearly shows that Varadhan's Lemma combined 
with Sanov's Theorem and cut-off techniques are natural tools for deriving the desired 
large deviation principle (see [35], [49, 51] or [106] and references therein). 
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P r o p o s i t i o n  2.9 For any time n > 0 and p > 1, there exists some finite constant 
C(~ ) < oo such that 

, 1 (41) V f E B b ( E ) ,  E(Ir /Nf-- r /~f lP)  ~ < ~ [ I / 1 1  

In particular, for  any f E Bb(E) and n > O, {~?N f ; N >_ 1} converges almost surely 
to rl~f as N tends to cx~. 

P r o o f :  The proof of (41) is simply based on Marcinkiewicz-Zygmund's inequality 
(cf. [100] p. 498). More precisely, by definition of the N-particle system (13), for any 
n > 0 and f E Bb(E) we have that  

1 1 
E (Irlfff - ~ ( r lN1) f lP )  ~ < ~ Ilfll Bp (42) 

where Bp is a finite constant which only depends on the parameter p > 1 and where 
we have used the convention ¢0(r/N1) = rl0. We end up with (41) by induction on the 
time parameter. Since the result clearly holds for n = 0, we next assume that  it holds 

• , - ( v )  
at rank (n - 1) for some constant t~._ 1. 
Using Lemma 2.2 and the induction hypothesis at rank (n - 1) on can check that 

, , 1 211g=llllfll c,(~) 
E(Ir /~f  - rl"flP)~ < E (IrlNf - ~"(r/N~)flP)~ + V ~  r/=-l(g~) t Jn--1  

Consequently, in view of (42) the result holds at rank n with 

C~ (p) = B~ + 211g~ll ,.(p) 

The last assertion is a clear consequence of Borel-Cantelli Lemma. • 

One important  drawback of the above inductive proof is that  it does not present 
any information about the "exact values" of the LP-mean errors. For instance, C (p) is 
roughly of the form Bp(n + 1) rI~ E 2---~alL~ and therefore tends to oo as n --+ c~. In 11 /=1  k r/l_1 (gl) ] 
order to get an idea of the exact values of these bounds some numerical simulations 
have been done in [41]. Precise asymptotic estimates will also be given in section 3.3.2. 

When (G) holds then (41) can be proved without using an induction. This ap- 
proach is based on a natural decomposition of the errors. Since this decomposition 
will also be used to prove a uniform convergence result with respect to time, Glivenko- 
Cantelli and Donsker's Theorem and elsewhere we have chosen to present this alter- 
native proof. The decomposition we will use now is the following: 

VI  • Bb(E) ,  Vn > 0, rlNf -- r/~f = ~ [¢p,~(rlN)f -- Cp,~ (¢v(yN_,)) f]  (43) 
p=0 

with the convention ~50(rlN1) = rl0. Using Lemma 2.2 we see that  each term 

I O , , ~ ( C ) / -  ~,,~ ( ~ , ( ~ - 1 ) )  f l ,  0 < p < n, (44) 
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is bounded by 

2 N-- ap,n [[IIN(fP, n) -- (~P (~N-1) (fP,n)l -~ Ilfll ]n~ (g,,~) - ~ (~]N-1) (gp,n)[ ] (45) 

with 
fv,= = gp,,, Kv,n(f) and ~p,~ = gv,,~ 

ap,n 

so that  [[fv,,~]]-< []f[] and [[(gv,~)[[-< 1. Using Marcinkiewicz-Zygmund's inequality it 
is then easy to conclude that,  for any p _> 1, n _> 0 and f E Bb(E) 

1 Bp ~ aq,n E([~l~f _71,,f[p)~ <_ - ' ~  ][f[[ 2 
q=O 

where Bp is a finite universal constant. Here again, a clear deficiency in the preceding 
result is the degeneracy of the constants when the t ime parameter  is growing, that  is 
~ = 0  aq2,~ tends to oo as n -+ oo. To connect this problem with the stability properties 
discussed in section 2.1.2 we note that  each te rm (44) can be rewritten as follows 

g~,~ Rp,~(f) /~?N ( -N -N gp,~) with - 0 < < 9~'~ ¢ ~ ( C - , ) ( g ~ , ~ ) '  - p - n 

and 

fiZ~=(f)(x) = gp,= ( f  - ~v,,, ((I)p(r/ff_,)) ( f ) )  (x) 

= [ (Kp,J(x)  - g p , j ( y ) )  ~,(y)Op(yN_,)(dy) 
J 

Since (I)p(~/pN 1) ( "N ~N ) gp,,, K~,,~(f) = 0 and [[/(~n(f)[[ _< fl(Kp,,~) Hf][ we use the same 
line of arguments as before to prove that  

E (IrI~f - ~nflP) ~ < ~BP ~ gq,,~(x) 2 - I if l l  s u p  ~ ~ ( K q , = )  
q=0 x,y Yq,nkYJ 

Next we would like to extend these results in two different ways. First we would 
like to be able to turn this result into a s ta tement  uniform in f varying in a suitable 
class of functions 3= C Bb(E). Second we would like to obtain a uniform LP-error 
bound with respect to the t ime parameter  without any assumptions on the mutat ion 
transition kernels K~ but only on the stability properties of the limiting system (8). 
We will also use the following extension of Marcinkiewicz-Zygmund's inequality to 
empirical processes [50]. 

L e m m a  2.10 Let ( X I , . . .  , X  N) be independent E - valued random variables with 
common law p(N) and let .T be a countable sequence of functions f : E -~ R such that 
IIf[I <- 1. Then, for any p >_ 1 there exists a universal constant Bp such that 

1 

(46) 
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T h e o r e m  2.11 Let j r  be a countable collection of functions f such that Ilfll -< 1 
and satisfying the entropy condition I ( jr )  < co. Assume moreover that the limiting 
dynamical system (8) is asymptotically stable in the sense that 

lim sup sup IIO,,,+T(~) -- O~,~+T(~)II~ = 0 
T-~oo ~,~,EMx (E) p_>O 

(47) 

def. 
When the fitness functions {g.  ; n >_ 1} satisfy (~) with sup.>~ a .  = a < oo then we 
h a v e  the following uniform convergence result with respect to t ime 

lim sup E ( l t ~  - r/"[lT) = 0 (48) 
N..4 co . > 0  

In addition, let us assume that the limiting dynamical system (8) is exponentially 
asymptotically stable in the sense that there exist some positive constant 7 > 0 and 
To >_ 0 such that, 

V # , u  • M~(E) ,  V T > To, sup H(I)p,p+T(#) - (I)p,p+T(U)H~- _< e - ' Y T  (49)  
p>_o 

Then we have for  any p >_ 1, the uniform LP-error bound given by 

, c .  e" / ( j r )  (50) s u p E ( l ] ~ -  ~.11~) ~ _< 
n_>O 

for  any N > 1 so that 
T ( N )  =d¢~ [1 l o g N ]  

[ 2 7  + 7'J + i _ T 0  

where Cp is a universal constant which only depends on p >_ 1 and a and 7' are given 
by 

7' = a - and 1 + 2 log a. 
7 +" / '  

Proof." We use again the decomposition (43). There is no loss of generality to assume 
that  1 • jr. Then, by the same line of arguments as before and using the extended 
version of Marcinkiewicz-Zygmund's inequality one can prove that  for any 0 < q < n 
and p _> 1 

_ - ' ~  aq,n 

where Bp is a universal constant and 

jrq,n d e f . _  def. gq,n 
= gq,,~ gq, . ( jr )  = {-ffq,. K q , . ( f ) ;  f • jr}  -~q,,~ = 

aq,n 
(51) 

Now, using the fact that  I(jrq,,) < I ( jr )  (cf. Lemma 2.3, p. 9, [42]) and aq,n < ao,~ <_ 
a ~ one concludes that 

' Bp a 2n I ( j r )  E LI ) _< 
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and therefore for any T > To 

BY (T + 1) a 2T I(~)  sup E ( I I ~ - ~ I I ~ )  w < 
0<n<T 

Similarly, for any q _> 0 and T _> To we have 

(52) 

q+T 

r=q+l 

Under our assumptions, this implies that 

q+T 

II~q~T -- ~a+rll~ -< ~ [l¢~,a+T(~) - ¢~,a+r ((I)r(TlrN-1)) [13w -~- e-'YT 
r=q+l 

Thus, using the same line of arguments as before, one gets for any T > To 

, Bp (T + 1) a 2T I ( ,~ ' )  (53) sup E ( l l ~ T q > 0  -oa+TII~)~ --- e-~T+ 

Combining (52) and (53) leads to a uniform LP-error bounds with respect to time in 
the form of the inequality 

, B; e~,T I (~ )  VT>_To, supE( l l ,~- ,= t l~- )  r < e - ~ r + ~  
n_>0 

where 7' = 1 + 2 log a and B~ > 0 is a universal constant. Obviously, if we choose 
N > 1 and [!logN] 

T = T ( N ) ~ f  L23'+3"J + 1  > To 

where [r] denotes the integer part of r E R, we get that 

.>_o v ~- e'~' B'p I(.T)) 

where a = 7/ (7  + 7'). This ends the proof of the theorem. ,, 

R e m a r k s  2.12: 

• The critical exponent resulting from the proof of Theorem 2.11 is sharp in the 
following sense: if the transition probability kernels {K= ; n _> 1} are given by 

K,~(x,dz) = A=(dz), A~ E M~(E) 

then we see that ~ = ( ~ , . . . ,  ~ )  is a sequence of independent random variables 
with common law A=. In this situation the uniform upper bound (50) holds for 
any choice of 3' E R+. Letting 3' -+ oo the critical exponent tends to 1/2 which 
is the characteristic exponent of the weak law of large numbers. 
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• Several conditions for exponential asymptot ic  stability of the limiting measure 
system (8) are given in section 2.1.2. The exponential stability condition (49) 
can be easily related to the conditions (/C)~, i = 1, 2, 3 discussed in section 2.1.2. 

• The proof of Theorem 2.11 can be used to treat  polynomial asymptotical ly 
stable limiting dynamical  systems (8). The resulting uniform LV-error bound 
has roughly the form (log N) -~ for some/3 > 0. 

• The above result can also be used to obtain reliability intervals which are valid 
uniformly with respect to the t ime parameter  (cf. [36]). 

• In nonlinear filtering settings, the fitness functions and therefore the sequence 
{aq,~ 0 < q < n} depend on the observation process. The above result can 
be used to give quenched and/or  averaged uniform LV-mean error bounds with 
respect to t ime (cf. section 4.4 and [361). 

2 .2 .3  G l i v e n k o - C a n t e l l i  T h e o r e m  

Let 3 r be a countable collection of functions f such that  [if I[ < 1. Upon carefully 
examining the proof of Theorem 2.11, we have already proved that  for any p > 1 and 
for any t ime rt > 0 

1 Bp ( n + l )  a s I (Y)  E ( I I ~ -  ~ l l ~ )  ~ < ~ 0,~ 

Then, as an immediate  consequence of Borel-Cantelli Lemma we have tha t  

I(~') < oo ==~ lim I1~ N - ~.IIT = 0 P-a.e. 
N--+oo 

Our aim is now to show that  this almost sure convergence remains true if we replace 
the entropy condition I (~ ' )  < oo by a boundness condition of the covering numbers,  
namely A/'(¢, ~-) < 0% for any ¢ > 0. 

As usually we make use of the decomposition (43). There is no loss of generality 
in assuming that  1 E ~'. Then, by Lemma 2.2, we get for any 0 < q < n 

II~q,-(p) - ~q,-(~)[l~ < 2a~,, lip - ~ll~,o (54) 

where the class 2"q,, is the class of functions defined in (51). It easily follows that ,  for 
every ¢ > 0, 

P - > 

(ll ) _< (n + 1) sup P - > • 
O<_q_<n 

Using (54), this implies that  

(ll P([l~N--~=li~>~)<(n+l) sup P ~qN--q'q(~N_x)][7~,=> ~ (55) 
o<q<_n 

where a= = 2(n + 1)a02,. 
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The  Glivenko-Cantelli Theorem may then be stated as follows. 

T h e o r e m  2.13 Assume that .T is a countable collection of functions f such that 
llfll -< 1 and A f (~ ,~ )  < cx~ for any ~ > O. Then, for  any time n > O, Hr/N-r/nIl7 
converges almost surely to 0 as N --+ oo. 

Theorem 2.13 is based on the following standard l emma in the theory of empirical 
processes (see for instance [50] or [42]). 

L e m m a  2.14 Let {Xi;  1 < i < N }  be independent random variables with common 
law p(N) and let i7: be a countable collection of functions f such that HfH < 1. Then, 
for  any ~ > 0 and v / N  >_ 4e -1 we have that 

P I1~ 5x ' - -P(N)) I [7  > 8 c  <--8./kf(e,,7~) e-N~2/2 

P r o o f  o f  T h e o r e m  2.13: Let us fixed n throughout the argument.  Using (55) and 
Lemma 2.14 one easily gets that ,  for x / ~  > 4e~ 1 where ~. = c / 8 a . ,  

P (11'7~ - ,7.ll~ > ~) -< 8(n + 1)e -'`'~/~ sup X(~n,.r~,o). 
O<q<n 

Since Af(e, gvq,~) < Af(~,5 r )  for each c > 0, and 0 < q < n (cf. Lemma 2.3, p. 9, [42]) 
one concludes that  

P ([[r]~ - r/~l[ 7 > e) < 8(n + 1)Af(~,  9 t-) e -N~2"12 

as soon as ~ > 4 ~  1. The end of proof of Theorem 2.13 is an immediate  conse- 
quence of the Borel-Cantelli Lemma.  ,, 

The proof of Theorem 2.13 gives an exponential rate of convergence but this result 
is only valid for a number  of particles larger than some value depending on the t ime 
parameter .  Our aim is now to refine this exponential bound in the case of uniformly 
bounded classes .T" with polynomial covering numbers.  More precisely we will use the 
following assumption 

(Poly.)  T h e r e  e z i s t  s o m e  c o n s t a n t s  C a n d  V s u c h  that 

Several examples of classes of functions satisfying this condition are discussed 
in [50]. For instance Vapnik-Cervonenkis classes ~ of index V ( ~ )  and envelope func- 
tion F = 1 satisfy (Poly.)  with V = 2 (V(~)  - 1) and a constant C that  only depends 
o n  W. 

T h e o r e m  2.15 Let jz  be a countable class of measurable functions f : E --+ [0, 1] 
satisfying (79oly.) for  some constants C and V.  Then, for any n >_ O, 5 > 0 and 
N > _ I ,  

P > < ( n +  1 ) { D h ~ V e  -~'2 
- 

where D is a constant that only depends on C and cr~ = 2(n + 1) YIq=l a~. 
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Proof." We use again the decomposition (43). Using the same notations as in the 
proof of Theorem 2.13 and Theorem 2.11, we have 

P H~q,=(y~) - (I)q_l,n(~qN_l)[[Sr > ~ ~-~ P - 

where e= = e/a. and a .  = 2(n + 1)a02,.. It is also convenient to note that each class 
9rq,., 0 _< q < n, satisfies (Poly.). Indeed, the class ~'q,. is again a countable class of 
functions f : E -~ [0,1] and using Lemma 2.3 in [42] we also have, for every e > 0 
and 0 _< q _< n 

We are now in position to apply the exponential bounds of [107] (see also [50]). More 
precisely, by recalling that r/N is the empirical measure associated with N conditionally 
independent random variables with common law ~q(~- l ) ,  we get 

where D is a constant that only depends on C. The remainder of the proof is exactly 
as in the proof of Theorem 2.13. Using (56), one gets finally 

P ( H , ~ - , n l l ~  > e) < ( n +  1 ) ( D  v ~ ¢ . ~  v e_2(4~.)," 

If we denote 5 = V~¢/a,~ we obtain the desired inequality and the theorem is thus 
established. • 

2.2.4 Cen t r a l  L i m i t  T h e o r e m s  

The study of the fluctuations for the IPS scheme (13) is decomposed into three parts. 

• In the first one we present central limit theorems (CLT) for a class of processes 
arising naturally in the study of the convergence of the particle scheme. 

• The second part concerns a Donsker's Theorem for the particle density profiles. 
The identification of the covariance function is based on the convergence results 
presented in the first part. 

• The last part of this section presents a technique for obtaining fluctuations for 
the empirical distributions on path space. 

CLT for Processes 

One of the best approaches for obtaining fluctuations of the particle density profiles 
is through a study of the convergence of some suitably chosen processes. To describe 
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these processes, it is convenient to introduce some additional notations. For any R d- 
valued function f = ( f l , . . . ,  fd), f~ E Bb(E), 1 < i < d, and for any integral operator 
K on E and p E MI (E)  we will slightly abuse notations and we write 

#K( f )  def. ( # K ( f ' ) , . . .  ,#K(fd))  

Let F N = {F ff ; n >_ O} be the natural filtration associated with the N-particle 
system {~(N) ; n >_ 0}. The first class of processes which arises naturally in our 
context are the Rd-valued and FN-martingale {M(N)(f) ; n >_ O} defined by 

V n >_ 0, M(N)(f) = ~ [r~pN(fp) -- Ov(YN_m)(fv)] (57) 
p=0 

with the usual convention <I)0(T/N1) = ~/0 and where f :  (p, x) E N x E ~-+ h ( x )  E R d 
is a bounded measurable function. Using the above notations, the j- th,  1 < j < d, 
component of the martingale {M(m)(f) ; n > 0} is the FN-martingale defined by 

V n > O, M(ff)(f j) = ~ [~7~(g) - ¢v(YpN-1)(Z)] 
p=0 

Most of the results presented here are based on the following CLT for the martingale 
(57). 

L e m m a  2.16 
For any bounded measurable function f : (p, x) E N × E ~ fv(X) E R d and d > 1, 
the ad-valued and FN-martingale ; n >_ O} converges in law to an 
Rd-valued and Gaussian martingale {Mn(f)  ; n >_ O} such that for any 1 <_ i , j  <_ d 

V n > O, (M( f ' ) ,  M(ff ) ) , ,  = ~ r/v ((f~ - Yv(f~)) (f~ - Yv(g)))  
p=0 

P r o o f :  The proof is based on ideas of J. Jacod (see [40] for another presentation in 
more general settings). To use the CLT for triangular arrays of Rd-valued random 
variables (Theorem 3.33, p. 437 in [68]) we first rewrite the martingale ~ M(N)(f) 
in the following form 

V ~  M~(N)(f) = ~ ( f v ( ~ )  - (I)v (~/N_~)(f,) ) 
i=1 p=O 

If we denote by [a] the integer part of a E R and {a} = a - [a] this yields 

(n+l)N 

V ~ M ( N ) ( f ) =  E uN( f )  
k=l  

where for any 1 < k < (n + 1)N, 

U ~ ( f ) = - - ~ ( f v ( ~ ) - ~ v ( r l ~ _ l ) ( f v ) )  with i = N {  } and p =  
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so that  k = pN +i. Our aim is now to describe the limiting behavior of the martingale 
M(N)(f) in terms of the process 

[Ntl+N 

x,  ~(f )  ~°J X:  u f ( s )  
k=l 

To this end, we denote .T~ v the a-algebra generated by the random variables ~ for 
any pair-index (j,p) such that  pN + j <_ k. By definition of the IPS transitions (13) 

using the fact that = t*l one gets that for any i , j  < and d 

[Nt]+N 
E 
k=l 

E (U~ (f~)v~ (fQ l:r~, ) 

= C N t~i 
[t] w , 

where, for any n > 0 and 

cZ (s', s9 = 
p=O 

This implies that  for any 

with 

f j)  ~= [Nt]-N[t]N (C[t~-]-i (fi f j)  - c[tN] (fi f j ) )  

l <_i,j<_d 

i N j ~, (C- , )  ( ( S; - ~ , (C-, ) f~  ) ( S¢ - e,(ri,_,lS~ ) ) 

[ml+N 

E 
k=l 

1 N i , j < d  

(VkN (f')v~ (s j) I,F~, ) }e Ct( f i , f j )  
N -+ oo 

Vn>_O,  C , ( f ' , f f )  ~ rip(( ' ' J J = S;-ripf; )( f~ -r i /~ )) 
p=0 

and 

V t E R+, Ct(f  i, fJ) = Ctt] (fi, f j )  + {t} (Ctt]+, (fi, i f )  _ Ctt] (fi, f j ) )  

~ f ~  Since IluN(f)ll ~ ~11 [~]1t for any 1 < k < [Nt] + N, the conditional Linderberg 

concludes that the R -valued martingale condition is clearly satisfied and therefore one d 
{ X ~ ( f )  ; t E R+} converges in law to a continuous Gaussian martingale 

such that,  for any 1 < i , j  <_ d 

V t E R+, 

{Xt( f)  ; t E R+) 

(X( f i ) ,X( f f ) ) t  = Ct ( f i , f  j) 

Recalling that  X[t IN (f) = v/N M~t~)(f) the proof of the lemma is completed. ,, 

A first consequence of Lemma 2.16 is another CLT for a martingale process related 
to the "un-normalized" approximating measures {7~ ; n > 0} defined in (17). 
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Propos i t ion  2.17 For any T > 0 and f = ( f l , . . . , f d )  E /3b(E) d, the Rd-valued 
process 

r (f) N = 7~ (Q~,Tf) - 7n(Q~,Tf) 0 < n < T (58) 

is an FN-martingale such that, for any 1 < i , j  < d and 0 < n < T 

(rN(f) ,  

1 ~ ~ .  (.),N(1))2 (~p(rlN1)([Qp,Tfi ~ N i (59) = -~ - p(~T,-I)Q,,Tf ] 
p=O 

× [Qp,Tff- (~v(rlpN-1)Qp,TfJ]) 

Moreover, the Fg-martingale {v/~r~(f) ; o < n < T}  converges in law to an R 4- 
valued and Gaussian martingale {r~( f )  ; 0 < n < T} such that for any 1 ~ i , j  ~_ d 
and 0 < n < T 

(r(f'), r(:~))~ = ~ (%(1)) 2 ,p ( [Qp ,T f ' -  ~pQp,Tf'] [Qp,Tf j --~TpQ~,,Tf j] ) 
p~--O 

Proof:  For any qo = (qol , . . . ,~d) E Bb(E) d we have the decomposition 

7~(V) - 7,,(V) = ~ [TN(Qp,nV) - 7N-I(QvQp,~v)] 

p=O 

with the usual convention -r_Nl(Qo) = ~,0(= 70). By definition of {-r N ; n > 0} this 
can also be written in the following form 

7N@) -- 7~(~) = ~ 7N(1) [ C ( Q p , ~ )  - ¢,(,N_I)(Q,,~) ] 
p=O 

Therefore one gets (58) by choosing ~ = Q,,,Tf and (59) is a clear consequence of 
the above decomposition. We turn now to the proof of the convergence of the F N- 
martingale (vZ-NP~(f) ; 0 < n < T}. If we put for any 0 < n < T 

n 

rnN(f) d~" Z ")',(1) [ rlpN ( Q~,,T(f) ) -- ¢2,(rl~_l)( Qp,T(f) ) ] 
p=O 

and if we denote Ilall -- FJ=~ la'h for any a E R d, then, under our assumptions, 

for some finite constant CT(f)  < oo which does not depend on the parameter N. 
Lemma 2.16 clearly implies that the FN-martingale {v/NrN(f)  ; 0 _< n _< T} 
converges in law to the desired Gaussian martingale {Fn(f) ; 0 _< n < T} and 
(60) clearly ends the proof of the proposition. • 
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C o r o l l a r y  2 . 1 8  

For any time T >_ O, the sequence of random fields {W~'N(f )  ; f E Bb(E)} where 

W~,N(f)  d~. ~ (TN(f)  _ "IT(f)) 

converges in law as N --+ (x), in the sense of convergence of finite dimensional dis- 
tributions, to a centered Gaussian -field {W~.(f) ; f E Bb(E)} satisfying for any 
f ,  h C Bb(E) 

T 
E ( W ~ ( f ) W ~ ( h ) )  = E (%(1))2 r/p ( [Qp,Tf -- rlpQp,Tf] [Qp,Th -- ~pQp,Th] ) 

p=O 

The analysis of the fluctuations for the particle density profiles {rl~ ; n _> 0} is 
more delicate mainly because the limiting measure valued process (8) is not linear. In 
fact many ideas work equally well when we replace the semigroup {Qp,= ; 0 _< p _< n} 
by the "normalized" one {Qp,.~ ; 0 < p < n} given by 

V 0 <_ p < n, V f E Bb(S) ,  -~v,=f de f .  Qp, . f  
- r/p(Qv,=l ) 

To see  that  {Qv,= ; 0 <_ p <_ n} is indeed a semigroup we first note that  for any 
O<_p<_m<_n 

Q--p,.d- Qp,mQ.n,.f _ ~m(Qm,nl) Qp,.(Qm,=f 
rlv(Qv,nl) r/p(Qp,.l) 

Since 
r/re(Q..,.1) = rlp(Qp,~Qm,.1) _ rlp(Qp,.1) 

r/p(Qp,ml) r/p(Qp,ml) 

one concludes that  for any 0 _< p _< m _< n 

1 
QP'~f - r/p(Q~,ml) Qp,mQm,.f = Qp,mQm,nf 

For any 0 < n < T and f = ( i f , . . . ,  fa) E Bb(E) d we write 
B 

fn,T = Q.,T ( f  -- ~Tf)  (61) 

Using this notation, the analog of Proposition 2.17 for the particle density profiles 
{y~ ; n _> 0} is the following result. 

P r o p o s i t i o n  2.19 For any T > 0 and f = ( f x , . . . , f d )  
process { w y ( f . , ~ )  ; 0 < n < T} given by 

E /3b(E) d the Rd-valued 

wY(A,~)  dej. v ~  C(A,T)  (62) 

converges in law to an Rd-valued Gaussian martingale {Wn(f,,,T) ; 0 < n < T}  such 
that for any l <_ i , j  <_ d and O < n < T 

( w(f. ,T) )° _ (J;,T J ,T) , W ( f .  ,T) = ~p 
p=0 
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Proof:  For any ~ = (~1 , . . .  ,~d) E 13b(E) d we have the decomposition 

n 
N - -  7N(-O,n,T:) = 7o (Qo,T:) + ~ [TN(Qp,T:) - 7 N - I ( Q p - I , T ~ , P ) ]  

p = l  

If we choose ~ = ( f  - 7T f )  with f = ( f l , . . . ,  fd) E 13b(E) d this yields 

7Nn (fn,T) = B{nN)(f.,T) + M{nN)(f.,T) 

where 

B(N)(f.,T) = E [ 1 - - 7 p N l ( Q p _ l , p l ) ]  ~.p(TN_l)(fp,T) (63) 
p = l  

M(N)(f. ,T) = ~ [7~(fp,T) - Op(TN-,)f~,,T] (64) 
p = 0  

with the usual convention O0(7_N1) = 7o. Since for any 0 _< p _< T 

7p (fp,T) = 7T(f  -- 7T f )  = 0 and 7p-1 (Qp-l,pl) = 7p(1) = 1 

then (63) can also be writ ten in the following form 

B(N)( f  .,T) 
n 

= - [¢,(C-,)I:- ¢,(7,-,)f:] 
p=I 

Using Proposition 2.9 and Lemma 2.2 one gets after some tedious but easy calculations 

\0<n<T - - ~ - I l f l l  (65) 

for some finite constant CT < c~ which only depends on the parameter  T (we recall 
that  Ilfll = ~d=l  IIf'lh for any f = ( f l , . . .  , fd)) .  Using the same arguments as in 
the proof of Proposition 2.17 we ends the proof of Proposition 2.19. More precisely, 
Lemma 2.16 implies that  the Fg-mar t inga le  

{v/-N M(,N)(f.,T) ; 0 < n < T}  

converges in law to the desired Gaussian martingale {Wn(f . ,T) ; 0 < n < T}  and 
(65) completes the proof of the proposition. 

Corol lary 2.20 
For any time T >_ O, the sequence of random fields {w~V(f) ; f E Bb(E))  where 

WTN(f) d#. Vc~ (7N(f)  _ 7T(f))  

converges in law as N --+ o0, in the sense of convergence of finite dimensional dis- 
tributions, to a centered Gaussian field {WT(I )  ; f E Bb(E)} satisfying for any 
f, h e ~b(E) 

T 

E(WT( f )WT(h) )  = E 7, [-Q~,T ( f  - 7T f)Qp,T (h - 7Th)] 
p = 0  
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Donsker  T h e o r e m  

Before getting into the details it is useful to make a couple of remarks. In the first place 
we note that the covariance functions can be formulated using the fitness functions 
{gp,T ; 0 < p < T} and the transitions {Kp,T ; 0 < p < T} defined in Lemma 2.2. 
More precisely, since 

- r,T(f _ lTf) (Qp,T(f) )_ gp,T 

for any f • Bb(E), we have that 

T f ( g,,T E(WT(f )WT(h))  = E \~p(g,,T)] 
p=0 

If the transition probability kernels {Kn; n > 1} are trivial, in the sense that, 

V 0 < p _ < T ,  Kp(x, dz) = #v(dz) • MI (E)  

then one can readily check that 7/p = #p for any 0 < p < T and 

V0 ~ p < T ,  Kp,T(x, dz) = #T(dz) 

In this particular situation {WT(f); f • Bb(E)} is the classical/tT-Brownian bridge. 
Namely, WT is the centered Gaussian process with covariance 

E(WT(f )WT(h))  = t~T ( ( f  -- t~Tf)(h -- gTh)).  

The second remark is that the random fields { W : ( f ) ;  f • Bb(E)} can also be 
regarded as an empirical process indexed by the collection of bounded measurable 
functions. In this interpretation, Corollary 2.20 simply says that the marginals of 
the Bb(E)-indexed empirical process weakly converge to the marginals of a cen- 
tered Gaussian process {WT(f);  f • Bb(E)}. One natural question we may ask 
is whether there exists a functional convergence result for an .~'-indexed empirical 
process {WTN(f); f • Y} where .T" C Bb(E). 

We recall that weak convergence in l°°(~) can be characterized as the convergence 
of the marginals together with the asymptotic tightness of the process 

{wN( f )  ; f • .~') 

As announced in section 2.2.1 the asymptotic tightness is related to the entropy con- 
dition I(~ ')  < c¢. The following technical lemma is proved in [42]. 

L e m m a  2.21 If  ~ is a countable collection of functions f such that I[fll ~< 1 and 
I (~ )  < ~ then, for any T > O, the ~-indexed process {WTN(f); f E ~-} is asymptot- 
ically tight. 
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T h e o r e m  2.22 (Donsker  T h e o r e m )  Assume that jc is a countable class of func- 
tions such that Iifll < 1 for any f E ~ and I(J z) < oo. Then, for any T > O, 
{WTN(f); f e ~'} converges weakly in l°°(~) as N --+ o0 to a centered aaussian 
process {WT(f); f C J:} with covariance function 

E(WT(f)WT(h)) E f gp,T = (Kp,T(f) -- yw(f))(Kp,T(h) -- yT(h))dy,. 
p=0 

F l u c t u a t i o n s  on P a t h  S p a c e  

In this section we will use notations of section 2.2.1, p. 33 and the following 
strengthening of (/C)0 

(TC£) For any t ime  n >_ 1 they® exist  a reference probability measure 
,~. e MI(E)  and  a B(E)-meas~,,~bte f unc t ion  ~ so that K.(x ,  .) ~ ~ and 

log dK~(x, . )(z)  [ V p >_ 1, d)~,~ < opt(z) and d exp (p qo,) dA~ < c~ 

As we already noticed the distribution P(T N) induced by ~[0,T] on path space 

(ETN, B(ET) N ) 

is absolutely continuous with respect to the product measure Y~0,~] and 

dp(N) H(N)(x), T eN dy®N (X) = exp [o,TI -- a.e., 
[0,73 

where H (N) : ET N --+ R is the symmetric function given by 

T 

= N E f log dmn(x) 
d(~n(mn-l(X)) .?')(x) 

n=l drb~ 

To clarify the  p resen ta t ion ,  we simplify the  no ta t ions  suppress ing the  
t ime  p a r a m e t e r  T in our  no ta t ions  so t ha t  we wr i te  7, p(N), W N, H(N), E 

p(N) N and E N ins tead of YtO.TI, " [0,T]' W[0,T]' H(N)' ~'T and ET y.  

In what follows we use E~N (.) (resp. Ep(~,I (.)) to denote expectations with respect 
to the measure y®N (resp. p(N)) on E N and, unless otherwise stated, the sequence 
{x i ; i >_ 1} is regarded as a sequence of E-valued and independent random variables 
with common law y. 

To get the fluctuations of the empirical measures on path space it is enough to 
study the limit of 

{Ep(m (exp ( iwN(~)) ) ;  N >_ 1} where W N = v/N (yN _ y) 
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for functions qo C L2(r/). Writing 

Zp(n) (exp (iwN(qo))) = F-,n®n (exp (iwN(qo) + H(N)(x))), 

one finds that  the convergence of 

{EveN) (exp (iwN(qo))) ; N >_ 1} 

follows from the convergence in law and the uniform integrability of 

exp(iWN(qo) + H(N)(x)) 

under the product law E~N.  The last point is clearly equivalent to the uniform 
integrability of exp H(N)(x) under E~®N. The proof of the uniform integrability of 
exp H(N)(x) then relies on a classical result (see for instance Theorem 5 p. 189 in [100] 
or Scheff~'s Lemma 5.10 p.55 in [112]) which says that ,  if a sequence of non-negative 
random variables {XN ; N >_ 1} converges almost surely towards some random 
variable X as N --+ oo then we have 

lim E(XN) = E(X)  < c~ ¢==# {XN ; N > 1} is uniformly integrable 
N--+oo 

The equivalence still holds if XN only converges in distribution by Skorohod's Theorem 
(see for instance Theorem 1 p. 355 in [100]). Since F_~on (exp H(N)(x)) = 1 it is clear 
that  the uniform integrability of 

{expH(N)(x) ; N > 1) 

follows from the convergence in distribution of H(N)(x) towards a random variable H 
such that  E(exp H)  = 1. Thus, it suffices to study the convergence in distribution of 

{ i w N ( ~ )  + H(N)(x) ; Y > 1) 

for L2(r/) functions qa to conclude. 

To state such a result we first need to introduce some notations. Under the as- 
sumption (/C)0, for any n _> 1 there exists a reference probabili ty measure A~ • M I ( E )  
such that  Kn(x, .) ,~ A,,. In this case we shall use the notat ion 

V (x, z) • E ~, kn(x, z) de 2._ dgn(x,dAn ")(z) 

For any x = (x0 , . . . ,XT)  and z = (z0 , . . . ,ZT)  • E set 

T 
q(x,z) = ~ q,~(x,z) with q,,(x,z) = tgn(z '~- l )  kn(zn-x,x,~) 

n=, /w gn(U) kn(u, xn)rln-l(dU) 

a(x,z) = q(x,z) -- ~ q(x',z) rl(dx' ) 

One consequence of (TC£)  is that  the integral operator A given by 

V • L2(E,rl), ATq~(x) = / a(z,x) qo(z) rl(dz) V 

is an Hilbert-Schmidt operator on L2(~,,7). 
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T h e o r e m  2.23 Assume that condition (TC£)  is satisfied. For any T >_ 0 the integral 
operator I - AT is invertible and the random field 

{w[0N, T](~) ; ~ e L2(~[o, rl)} 

converges as N --+ c~ to a centered Gaussian field 

{W[0,Tl(~) ; ~ C L2(•[o,r])} 

satisfying 

E (W~0,T1(vI)WM(v2)) 

-- ( ( I  - AT)-I(cp1 -- r/(~l)) , ( I  - AT)-I(~2 -- ,(T2)))L2(,[o,r] ) 

for any ~1,~2 C L2(~[o, rl), in the sense of convergence of finite dimensional distribu- 
tions. 

The basic tools for studying the convergence in law of {H(N)(x)  ; N > 1} are the 
Dynkin-Mandelbaum Theorem on symmetric statistics and Shiga-Tanaka's formula 
of Lemma 1.3 in [98]. The detailed proof of Theorem 2.23 is given in [37]. Here we 
merely content ourselves in describing the main line of this approach. Here again we 
simplify notations suppressing the time parameter T and we write A instead of AT. 
Let us first recall how one can see that I - A is invertible. This is in fact classical 
now (see [3] and [98] for instance). First one notices that,  under our assumptions, A '~, 
n >_ 2 and A A* are trace class operators with 

TraceA n -- [ . . . /  a ( x ' , x 2 ) . . . a ( x n ,  x ') q ( d x ' ) . . . y ( d x  ~) 

TraceAA* [ a (x , z )  2 , (dx )  q(dz) 2 = = IlalIL~(,~,) 

Furthermore by definition of a and the fact that  7/is a product measure it is easily 
checked that  

V n > 2, TraceA '~ = 0 

Standard spectral theory (see [101] for instance) then shows that  det2(I - A) is equal 
to one and therefore that I - A is invertible. 

The identification of the weak limit of (H(N)(x)  ; N > 1} relies on L2-techniques 
and more precisely Dynkin-Mandelbaum construction of multiple Wiener integrals as 
a limit of symmetric statistics. To state such a result, we first introduce Wiener inte- 
grals. 

Let {I1(~) ; ~ E L2(~)} be a centered Gaussian field satisfying 

~(/l(~PI)/1(V2)) ---- (Vl, V2)L2(,) 
If we set, for each ~ E L2(r]) and m > 1 

h~ = 1 h ~ ( z , , . . . ,  zm) = v ( z , ) . . ,  v ( z m ) ,  
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the multiple Wiener integrals {Im(h~) ; T E L2(r/)} with m > 1, are defined by the 
relation 

E ~ Im(h~m) = exp t l l (~)  -- ~II~IIL~(,) • 
ra>O 

The multiple Wiener integral Ira(C) for ¢ E L~y~(rl ~m) is then defined by a completion 
argument. Theorem 2.23 is therefore a consequence of the following lemma. 

Lemma 2.24 ([37]) 

Nlimoo u(N)(x)law 1 I2 ( f )  -- iTraceAA.  (66) 

where f is given by 

f(y, z) = a(y, z) + a(z, y) - [ a(u, y) a(u, z) ~(du). (67) 
J E  T 

In addition, for any qo E L2(~), 

iwN, ..lawl I 1 . lira (H(N)(x) + ~ ) )  = ~ 2(f) + iI1(~) -- ~TraceAA 
N-+oo 

Following the above observations, we get for any ~, G L2(r/), 

lim Ep(N) (expiWN(qo)) = lim F~®N (exp(iWN(qo)+ H(N)(x))) 
N--~oo N-coo 

: E(exp(il l(qo)+ll2(f)-lTraceAA*)) 

2 Moreover, Shiga-Tanaka's formula of Lemma 1.3 in [98] shows that for any q0 E L~ym(r/), 

E (exp (ill(qO)+ 112(f)-1Traceaa*))= exp ( - l l l ( I -  A)-I~H~(n)) (68) 

The proof of Theorem 2.23 is thus complete. The proof of Lemma 2.24 entirely relies 
on a construction of multiple Wiener integrals as a limit of symmetric statistics. For 
completeness and to guide the reader we present this result. 

Let {~ ; i > 1} be a sequence of independent and identically distributed random 
variables with values in an arbitrary measurable space (P(, B). To every symmetric 
function h (z l , . . . ,  zm) there corresponds a statistic 

~ ( h )  = Z h(¢~,,. . . ,  era) 
l<_i l<. . .<im<_N 

N 0 for m > N. Every integrable symmetric statistic with the convention a m = 
S(~1, . . . ,  ~N) has a unique representation of the form 

s ( ¢ ' , . . . , C )  = (69) 
ra>O 
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where hm(zl,..., z,~) are symmetric functions subject to the condition 

f h,~(zl,..., u) #(du) = 0 (70) Zm--l~ 

where p is the probability distribution of ~1. 
We call such functions {hm ; m > 0) canonical. Finally we denote by 7-/the set of all 
sequences h = (h0, h i (z1) , . . . ,  hm(z~,..., zm),. . . )  where hm are canonical and 

m > 0  

As in [98] we will use repeatedly the following 

Theorem 2.25 (Dynkin-Mandelbaum [54]) 
For h E 74 the sequence of random variables ZN(h) 1 N h = ~m>_o N---~-~ar.("~) converges 
in law, as N --> co, to 

Im(h~) 
W(h) = E m! 

m>O 

P r o o f  of  L e m m a  2.24: (Sketche~ 
It is first useful to observe that for any/~ E MI(E)  and n _> 1 we have that 

d¢,~(#)(x) - d¢,~(#) (x)= #(gn(.)k~(.,x)) / I~(gn) 

Therefore the symmetric statistics H(N)(X) can be written in the form 

,) ,)1 H(N)(x) = E E log qn(x',x j - l o g  ~ ( x  j 
n = l  i=1 \ j = l  / j = l  / . I  

where 

qn(xj)  = gn(XJ--l) l~:-- ' (g.)  = f~ q.(v, xJ) ,7(dr) 

By the representation 

l o g z = ( z - 1 )  ( z - l )  2 +  ( z - l )  3 
2 3(ez + (1 - e)) 3 

which is valid for all z > 0 with ~ = e(z) such that e(z) E [0,1] we obtain the 
decomposition 

= - a(x ~, ~J) - 7 qn(g, ~J) - 1 
H(N)(x)  N i=l j=l n=l i=l j=l 

+ y  ~ ( x J ) - i  + R  (N) 
n----1 j----1 

(71) 
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where the remainder te rm R (N) cancels as N tends to oo. The technical trick is to 
decompose each te rm as in (69) in order to identify the limit by applying Theorem 
2.25. For instance, the first te rm can readily be written as follows 

N 
1 

N E a ( x i ,  xi) + -~ E ( a  +a*)(xi, xJ ) 
i=1 i<j 

with ft. a(z,z) ~(dz) = f~ a(x,z) ~?(dz) = fE a(z,x) ~(dz) = 0 for any x • E 
and therefore a clear application of Theorem 2.25 yields that  it converges in law as 
N --+ cx~ to ½12(a + a*). = 

2.2.5 Large Deviations Principles 

The LDP presented in this section are not restricted to the  situation where the func- 
tions {On ; n > 1} have the form (8). In what follows we undertake a more general 
and abstract  formulation and we assume that  {~n ; n > 0} is the IPS approximating 
model (13) associated with a given sequence of continuous functions {¢~ ; n > 1}. 
The LDP for the IPS approximating model (13) for (8) will then be deduced directly 
from these results. 

Large Deviations on Path Space 

To prove large deviations principles ( L D P )  for the laws {Q(T N) ; N >_ 1} of the empir- 
N ical measures r/[o,r] we will always assume that  the continuous functions { ~  ; n _> 1} 

satisfy (P)0. As it has already seen in section 2.2.1, p. 34 the main simplification due 
to this assumption is that  Q(T 2v) is absolutely continuous with respect to the distribu- 
tion /~N) • M I ( M I ( E T ) )  of the empirical measure associated with U independent 
random variables with common law ~[0,T]. In addition, we have that  

dl~N ) - exp ( N FT ) -- a.s. 

where FT : Ma(ET) -+ R is the function defined by 

T 

FT(p) = E "/E log d~n(#n-a ) dl.t n -- --/E l°g d~[° 'T](#)d# (72) 
n=x d,X~ r dRT 

In a first stage for analysis it is reasonable to suppose that  

(]{~)1 For any  n >_ 1 there e z i s t s  a re ference  probabi l i ty  measure  )~ E M I ( E )  
such that f o r  aU ~ • M I ( E ) ,  ¢~(~) ~ ,~. and the f u n c t i o n  M I ( E )  2 ~ (#,u)  

f log ~ dp is bounded cont inuous .  

If I (p lu)  denotes the relative entropy of p with respect to u, that  is the function 

i(.,.) = f log ~v  d # 

if p < <  v and +oo otherwise, Sanov's Theorem and Varadhan's Lemma yields 
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Theorem 2.26 Assume that { ~  ; n > 1} is a sequence of continuous functions 

such that (7:))1 holds. Then, for any T > O, {Q(T N), N > 1} satisfies a LDP with good 
rate function 

JT(#) = I(~lC[0,T](~)) 
and r/[0,T ] is the unique minimizer of JT. 

Proo f : (  Sketch) Under the assumptions of the theorem, FT is bounded continuous so 
that {Q(T N), N > 1} satisfies a LDP with good rate function 

JT(#) = I(#IRT) -- FT(#) 

according to Sanov's Theorem and Varadhan's Lemma (see [51] for instance). • 

Corol lary  2.27 Assume that the functions { ¢~ ; n >_ 1} are given by (8) and the 
transitions probability kernels ( K s  ; n > 1} are Feller and satisfy the following as- 
sumption 

(lg)~ F o r  a n y  t i m e  n >_ 1, there  e x i s t s  a r e f e r e n c e  probab i l i t y  m e a s u r e  
A~ e MI(E) s u c h  tha t  Ks(x ,  o) ~ )~n a n d  

• the f u n c t i o n  z ~ log da, (z) is L i p s c h i t z ,  u n i f o r m l y  on  the  p a v a m -  

dK"(~''~ t ~ is c o n t i n u o u s  e t e r  x E E,  a n d  f o r  a n y  z C E the m a p  x ~-~ d~. ~zj 

• there  ex i s t s  a p o s i t i v e  n u m b e r  e~ E (0,1] s u c h  that  

e, < d K , ( z ,  °) < 1__ 
d,k. - e,~ 

Then, for any T >_ O, {Q(N), N >_ 1} satisfies a LDP with good rate function JT. 

Condition (K:)~ is stronger than condition ()U)t which has been used in section 2.1.2, 
p. 24, as a mixing condition to derive exponential stability properties for the limiting 
measure valued system (8). In LDP settings this hypothesis is more related to a com- 
pactness assumption. 

Here we present a way to relax (P)I based on cut-off arguments. 

Let F M : MX(ET) --~ R be the cut-off transformation of FT given by 

FM(#) = Z cM log d~, ] 
n = l  

where 
CM(x) = x 1N<M + sign(x) M 1M>M 
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Next assumptions relax (79)1 

(£)o F o r  a n y  t i m e  n > 1, t here  e x i s t s  a r e f e r e n c e  probab i l i t y  m e a s u r e  
An • MI(E)  s u c h  tha t  f o r  al l  # • MI(E) ,  ¢,~(#) ,~, ~,, a n d  the  f u n c t i o n  

(x, t~) ~-+ log ~ ( x )  

is  u n i f o r m l y  c o n t i n u o u s  w . r . t ,  x ( a n d  u n i f o r m l y  w . r . t ,  v )  a n d  c o n t i n u -  
ous  w . r . t .  11. 

(£)1 T h e r e  e~ i s t  c o n s t a n t s  CT < c~, O~ T > 1 s u c h  tha t  

N) <_ 

and ,  f o r  e v e r y  ~ > 0 there  e~ i s t s  a f u n c t i o n  LT,,, s u c h  tha t  LT,~(M) goes  to 
i n f i n i t y  w h e n  M goes  to  i n f i n i t y ,  s o  tha t  

R (N) ([FT -- FTM[ > ¢) <_ e -NLT''(M). (73) 

(£)2 T h e r e  e~eist c o n s t a n t s  JT > 0 CT < cx~, DT < 00 a n d  a f u n c t i o n  £T, 
eT(M) is go ing  to z e r o  w h e n  M is  go ing  to i n f i n i t y ,  s u c h  tha t  f o r  a n y  
# • Ma(Z -) and M • R U 

I(plRT) -- FM(p) _> ~r I(~IRT) - Cr  

IFT(#) -- FTM(t~)I <_ eT (M) ( I (# IRT)  + Dr) 

T h e o r e m  2.28 Assume conditions (£)o, (£)1 and (£)2 are satisfied. 

Then, {Q(T N) : N > 1} satisfies a L D P  with good rate function JT. 

Proo f : (  Sketch) Under (£)0 one first check that F M is bounded continuous. The 
proof is now based on the ideas of Azencott and Varadhan and amounts to replace 
the functions FT (which are a priori nor bounded nor continuous) by the functions 
F M to get the LDP up to a small error e in the rate function by (£)1 and then pass 
to the limit M --+ c~ by (£)2 to let finally e $ 0. • 

Conditions (£)1 and (£)2 are hard to work with. It is quite remarkable that an 
exponential moment condition suffices to check (£:)1 and (£)2. 

Coro l la ry  2.29 Suppose the functions { ¢~ ; n > 1} satisfy next condition 

(79)~ F o r  a n y  t i m e  1 < n < T there  e:eists a r e f e r e n c e  probab i l i t y  m e a -  
s u r e  )~ C Ms(E) s u c h  tha t  f o r  all  # • MI(E) ,  ¢ , (#)  ,,~ ~, a n d  

• F o r  a n y  1 < n < T the  f u n c t i o n  

(x, ~,) ~ log ~ ( x )  

is u n i f o r m l y  c o n t i n u o u s  w . r . t .  • a n d  c o n t i n u o u s  w . r . t ,  v .  
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• T h e r e  e x i s t  B ( E ) - m e a s u r a b l e  f u n c t i o n s  ~ a n d  ¢ a n d  c o n s t a n t s  a, fl E 
1 ]1,c¢] a n d  e > O s u c h  tha t  1~ + _~ < 1  a n d  f o r  a n y  l < n < T 

a n d  

log de . ( , ) ( x )  < 
dA. _ ~(x) + #(¢) 

exp (O~V TM) d)~n V ] (~)'+e) d)~ n 
f 

e x p  < (74) O0 

Then, {Q(N) : N > 1} satisfies the L D P  with good rate function JT. 

Corol lary  2.30 Assume that the functions {On ; n > 1} are given by (8) and the 
transitions probability kernels { K ,  ; n > 1} are Feller and satisfy the following as- 
sumption 

(E)'i' F o r  a n y  t i m e  1 < n < T there  e x i s t s  a r e f e r e n c e  probab i l i t y  m e a -  
s u r e  )~,~ E MI(E) s u c h  tha t  K~(x,  . )  ~ A,~ a n d  

• F o r  a n y  t i m e  1 < n < T the  f u n c t i o n  

z ~+ log dK,~(x, ° ) (z)  
dA,~ 

is L i p s c h i t z ,  u n i f o r m l y  on  the  p a r a m e t e r  x E E ,  a n d  f o r  a n y  z E E 
t h e  m a p  

d K , ( x ,  ° ) (z )  
x ~-+ dA,~ 

is c o n t i n u o u s .  

• T h e r e  e x i s t  a B ( E ) - m e a s u r a b l e  f u n c t i o n  ~ a n d  c o n s t a n t s  a > 1 a n d  
c > 0 s u c h  t h a t  f o r  a n y  t i m e  1 < n < T 

log dK,~(x, o)(z) [ d,k= < qa(z) and J exp (aqa TM) dA~ < c¢ 

Then, {Q(N) : N >_ 1} satisfies a L D P  with good rate function JT. 

Large Deviat ions  for the  Par t ic le  Densi ty  Profiles 

The large deviations results on path space rely largely on the existence of a family of 
reference distributions {,~= : n > 1} satisfying condition (P)0 and therefore does not 
apply to some filtering problems (see section 5). To remove this assumption we shall 
be dealing with the law {P~ ;n > 1}, of the particle density profiles {r/~ ;n > 1}. 
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T h e o r e m  2.31 Assume that the continuous functions { ~  ; n > 1]- satisfy the fol- 
lowing condition 

( £ T )  F o r  a n y  n >_ 1, e > 0 a n d  f o r  a n y  M a r k o v  t r a n s i t i o n  M on  E ,  t here  
emist  a M a r k o v  k e r n e l  1~I a n d  0 < 6 <_ ~ s u c h  tha t  

tdVI(A c) < 6 ~ ¢ . ( p ) M ( A  c) < e 

f o r  a n y  p E M I ( E )  a n d  f o r  a n y  c o m p a c t  s e t  A C E .  

Then, for  any n >_ O, {p(N) : N > 1]- obeys a LDP with convex good rate func- 
tion H~ given by 

{ H.(p) = sup (#(V) + inf 
VECb(E ) t~EM1 (E) 

H0(tt) = I(plr/0 ) 

(H=- I (u ) - log (@,~(u ) (eV) ) ) ) ,  n > 1 

In addition Hn(p) = 0 iff  p = rl, , for  any n > 1. 

Proo f : (  Sketch) First we check that  (£7") insures that  for any t ime n > 0 the 
sequence 

{ p N :  N > I }  

is exponentially tight (cf. Proposition 2.5 in [35]). To get the desired LDP we proceed 
by induction on the t ime parameter.  For n = 0 the result is a trivial by Sanov's 
Theorem so we assume that  it holds for (n - 1). Observe that  the moment generating 
function at rank n is given for any V E Cb(E) by 

= = E (exp (Nr/N(v)))  E (exp (NGn(r/~_l))) 

with 
G.(r/) de_f log[@.(r/)(eV)] 

Since G= is bounded continuous then Varadhan's Lemma (see for instance [106], The- 
orem 2.6 p 24) and the induction hypothesis at rank (n - 1) imply that 

with 

A . ( V ) = -  inf ( H = _ i ( p ) - l o g ( ~ . ( p ) ( e V ) ) )  
uEMI(E) 

Using the exponential tightness property we are now in position to apply Baldi's 
Theorem (cf. Theorem 4.5.20 p. 139 and Corollary 4.6.14 in [49]). More precisely, it 
remains to check that  An is finite valued and Gateaux differentiable. The first point 
is obvious. To check that  A, is differentiable we introduce for u E M i ( E ) ,  

: =  
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After some calculations one finds that for any v E Cb(E), [Ivll ~< 1 

f veVdCn(v) 
DAn(V)[v] : sup 

{~:/~(~)<-A~(V)} f eVd¢,~(v) " 

To see that  (gT) holds if the functions {On ; n > l} are given by (8) we simply 
notice that,  under the assumption (G), for any n > 1 and for any compact set A C E, 

V y E MI (E) ,  (I)n(r/)(A c) < a~ ~Kn(A c) 

Corollary 2.32 If the functions { O~ ; n >_ 1} are given by (8) and the transitions 
probability kernels { Kn ; n >_ 1} are Feller then for any n >_ O, { pN : N >_ 1} obeys 
a LDP with convex good rate function Hn. 

2.3 Branching Particle Systems Variants 

The research literature abounds with variations on the IPS model (13). Each of these 
variants is intended to make the selection and/or  the mutation transition more effi- 
cient in some sense. As a guide to their usage, this section presents a survey of what 
is currently the state of the art. 

The analysis of the convergence of all these alternative schemes is actually not 
complete. We therefore gather together here several discussions and results which we 
hope will assist in giving an illustration of how the analysis developed in section 2.2 
may be applied. 

The first scheme discussed in section 2.3.1 concerns a genetic type algorithm with 
periodic selection times. The key idea here is to use the stability properties of the 
limiting system to produce a more efficient IPS. We will show that the resulting algo- 
ri thm can be reduced to the latter through a suitable state space basis. In this specific 
situation all the results developed in section 2.2 may be applied. It will also be shown 
that the convergence exponent in the uniform convergence result 2.11 improves the 
one obtained for the generic IPS. 

Section 2.3.2 presents a way to produce an IPS whose mutation transitions de- 
pends on the fitness functions. In nonlinear filtering settings this scheme is often 
referred as an IPS with conditional mutations. In this situation the fitness functions 
and therefore the mutation transitions depend on the observations record so that the 
particles are more likely to track the signal process. 

In section 2.3.3 we present "less time-consuming" selection transitions such as 
the Remainder Stochastic Sampling and other BIPS alternatives including Bernoulli, 
Poisson and Binomial branching distributions. These selection transitions can be re- 
lated to the classical weighted bootstrap theory as well as genetic algorithms theory 
(the book [10] includes a useful survey on these two subjects). 
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In filtering settings the choice of the mutation transitions {K~ ; n _ 1} is dictated 
by the form of the signal. It may happen that these transitions are degenerated (i.e. 
deterministic) and therefore the IPS approximating models will not work in practice 
since after a finite number of steps we would get a single deterministic path. The last 
section 2.3.4 presents a way to regularize such degenerated mutation transitions. This 
regularization step has been introduced in [59]. We shall indicate how the results of 
section 2.2 are applied. 

In practice the most efficient IPS approximating model is the one obtained by 
combining conditional mutations and periodic selections. The choice of the best se- 
lection scheme is more an art form. There is a balance between time-consuming and 
efficiency. The less time consuming selections seems to be Remainder Stochastic Sam- 
pling and Bernoulli branching selections. In the last case the size of the system is not 
fixed but random and explosion is possible (cf. [36, 38] and 4) section 2.3.3). 

The most important and unsolved problem is to understand and compare the 
influence of the various selections schemes on the long time behavior of the BIPS ap- 
proximating models. The interested reader will find that although we have restricted 
ourselves to the relatively less complicated generic IPS model (13) most of our general 
techniques apply across these more complex BIPS variants. 

There are many open problems such as that of finding the appropriate analog of 
the results of section 2.2 for the BIPS approximating models presented in section 2.3.3. 
This study has been started in [22] and in [25] but many open problems such as the 
fluctuations remain to be answered. A related question will be to find a criterion for 
determining the "optimal branching" transition. This problem will probably lead to 
difficult optimization problems since this criterion should be related to the long time 
behavior of the BIPS approximating schemes. 

2.3.1 Periodic  In terac t ions /Se lec t ions  

The IPS with periodic selections discussed here has been introduced in [36] as a way 
to combine the stability properties of the limiting system with the long time behavior 
of the particle scheme. 

The prediction/mutation of the former include exploration paths of a given length 
T > 1 and the selection transition is used every T steps and it involves T fitness 
functions. Our immediate goal is to show that the former genetic algorithm can be 
reduced to the latter through a suitable state space basis. To this end we need to 
introduce some additional notations. 

To each p E { 1 , . . . , T }  we associate a sequence of meshes {t (T'p) ," n >_ 0} by 
setting 

t(T,p) = 0 and V n > 1, .(T,~) (n 1)T + p 
0 ~ n  ~ - -  

If we write A~ = t~ - t~-i for any n >_ 1 we clearly have that 

A l = p  and V n > l ,  A , ~ = T  
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The parameter T is called the selection period, n will denote the time step and the 
parameter p will only be used to cover all the time space basis N. The construction 
below will depend on the pair parameter (T,p) but to clarify the presentation we 
simplify the notations suppressing the pair parameter (T, p) so that we simply note 
t,~ instead of t(n T'p). 

We also notice that the distributions given by 

Vn > O, #n = ~h. x Kt.+l x . . .  x Kt.+I-1 E M I ( E  a"+l) 

are solutions of the measure valued process 

= n _> 1 (75 )  

where ~ )  : M I ( E  a-)  -+ M i ( E  a-+l) is the continuous function given by 

V p E M I ( E a " ) ,  ~(P)(#) = ¢~(v)(u~]C ( p ) , ~ ,  

and ]C (p) and ~(P) are defined as follows. 

• ~(P) : M I ( E  a") -+ M I ( E  a") is the continuous function defined for any test 
function f E Bb( E a" ) by setting 

An 

~/(P)(~)(f) = P(g(P) f )  with g(P)(x) = H gt.._~+q(x,). 
.(g(Z )) q=, 

• ]C (p) is the transition probability kernel from E a" to E a"+~ given by 

) ~ ( P ) ( ( X l , . . . ,  XAn) , d(Zl , . . . ,  ZAn.F1 )) =Ktn (XAn, dzl) × . . .  

. . .  x Kt.+,-l(za.+,-1, dza.+,) 

The IPS associated with (75) is now defined as a Markov chain { ~  ; n > 0} with 
product state spaces {(E a"+')N ; n > 0} where N is the number of particles and 
{A~+I ; n > 0} the selection periods. 
The initial particle system ~0 = (~01,..., ~0 N) takes values in (Ea ' )  N = (EV) N and it 
is given by 

N 

P(¢o C dx) = H ,o(dx')  
i=1 

and the transition of the chain is now given by 

i=1 o4=1 

N N g(P)(zi) h'(P)(J ~ l~  

i=1 j=l ?-~k=lg~ ( z )  
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where dx = dx 1 x . . .  x d x  N is an infinitesimal neighborhood of the point x = 
( x l , . . . , x N )  • (E/,,+I)N and for any 1 < i < N, z i = ( z ~ , . . . , z  ia . )E E a". 

If we denote 

V n > O, Cn ~-- (~tn , ' '* ,  •n+,--i)  

we see that  the former algorithm is indeed a genetic type algorithm with T-periodic 
selection/updating transitions. Between the dates t,~ and t=+l the particles evolves 
randomly according to the transition probability kernel of the signal and the selection 
mechanism takes place at each time t ,  , n > 1. 

As announced in the beginning of the section, this IPS scheme with periodic se- 
lection times is reduced to the one presented in section 1.3 through a suitable state 
space basis so that  the analysis given in section 2.2 applies to this situation. 

The uniform results with respect to time given in Theorem 2.11 can be improved 
by choosing a suitable period which depends on the stability properties of the limiting 
system and on the number of particles. More precisely, if we denote by r/tN the particle 
density profiles given by 

N 
rh N = 1 

i=1 
then we have the the following theorem. 

T h e o r e m  2.33 Assume that the limiting dynamical system (8) is exponentially asymp- 
totically stable in the sense that there exist some positive constant 7 > 0 such that for  
any function f E Bb(S) with Ilfll <- 1 

V # , v  E Mx(E),  V T > 0, sup I@p,p+T(#)(f) -- (I)v,p+T(r,)(f)l < e -~T 
p>_0 

I f  the selection period is chosen so that T = T ( N )  def [ 1 ~ 1  = [~7+z,j + 1 then for any 

f • Bb(E), Ilfll < 1, we have the uniform bound given by 

4e2"Y' 
s u p E ( ] y ~ f - r h . f l  ) < gp/----- ~ with ~ -  ~ 7 ' =  21oga (76) 
n_>o - ~' + 7 '  ' 

R e m a r k s  2.34:  

• Although we have not yet checked more general LP-bounds or uniform con- 
vergence results over a suitable class of functions, the proof of Theorem 2.33 
essentially follows the same arguments as in the proof of Theorem 2.11. 

• It is also worth observing that the choice of the selection period depends on the 
stability properties of the limiting system as well as on the number of particles. 

• Another remark is that  the critical exponent ~ resulting from the proof of Theo- 
rem 2.33 is now sharp in the following sense: if the fitness functions are constant 
then, without loss of generality, we may chose a = 1. In this specific situation 
the critical exponent/3 = 1 which is again the characteristic exponent of the 
weak law of large numbers. 



62 

Our last remark is that  periodic selections are very efficient and have a specific 
interpretation in nonlinear filtering settings. We recall that  in this situation the 
fitness functions are related to the observation process. Roughly speaking the 
selection transition evaluates the population structure and allocates reproduc- 
tive opportunities in such a way that these particles which better match with 
the current observation are given more chance to "reproduce". This stabilizes 
the particles around certain values of the real signal in accordance with its noisy 
observations. 
It often appears that a single observation data is not really sufficient to distin- 
guish in a clearly manner the relative fitness of individuals. For instance this 
may occurs in high noise environment. In this sense the IPS with periodic se- 
lections allows particles to learn the observation process between the selection 
dates in order to produce more effective selections. 

2 .3 .2  C o n d i t i o n a l  M u t a t i o n s  

The IPS with conditional mutations is defined in a natural way as the IPS approxi- 
mating model associated to the measure valued process (23) presented in section 2.1.1, 
p. 22. To clarify the presentation it is convenient here to change the time parameter 
in the fitness functions {g,, ; n > 1} so that  we will write g,~ instead of gn+l- Using 
these notations (23) is defined by the recursion 

V n > 1, ~ = ~)~(~_~) (77) 

where ~=(~/) = ~=(r/)Kn and for any f • Bb(E), 

~( r / ) ( f )  def. ~(~=f) / ~ f  ae__f. I~(gnf) def. 
~(~)  ' K=(g=) ' ~ = K=(g~). 

As noticed in section 2.1.1 this model has the same form as (8). It is then clear 
that  all the results developed in section 2.1.2 and section 2.2 can be translated in 
these settings. 

In contrast to (8) we also note that  the prediction transitions here depends on 
the fitness functions and therefore the corresponding IPS approximating model will 
involve mutation transitions which also depend on these functions. More precisely, 

let ~', = (~'~,... ,~'N) • E N be the N-IPS associated with (77) and defined as in (13) 

by the transition probability kernels 

N 

P • dx i = z)  = I I   o(m(z))(dxp) 
p = l  

where dx de=r dx 1 × . . .  x dx N is an infinitesimal neighborhood of the point x = 
(xl , .  • •, x N) C E N, z = ( z l , . . . ,  z W) E E N. As before we see that  the above transition 
involves two mechanisms 

~n--1  Selec t ion  ~ M u t a t i o n  A 
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which can also be modelled as follows 

P(~n E dxI~n_, = z) = 

P(~= E dz I ~n = ~) = 

N N ~n(z i) 
H ~ ~7=1 ~n(Zj) (~zi(dxP) 
p=l  i=1 

N 

I-i 
p=l 

As we already noticed in section 2.1.1 the fitness functions { ~  ; n >_ 0} and the 
transitions {K,~ ; n > 1} involve integrations over the whole state space E so that  
another level of approximation is in general needed. 

Nevertheless let us work out an example in which these two objects have a simple 
form 

E x a m p l e  2.35 Let us suppose that E = R and the fitness functions {gn ; n > 1} 
and the transitions { Kn ; n > 1} are given by 

gn(x) = e -2-~.(~"- . . . .  )2 Kn(x ,  dz) - 1 e_2_~. ( . . . .  (~))2 
x/27r q,~ 

where an : R -+ R,  qn > O for  any n > 1 and r ,  > 0 ,  cn, yn E R ,  for  any n > O. In 
this situation one gets easily 

( 1 ( z -  [ a n ( x ) + s n c n r n l ( Y n - c n a n ( x ) ) ] ) 2 )  1 exp - 
ff=(x, dz) = , / 2 .  Isnl 

and ~ , ( x )  = X / 2  7r Iq=l Ir=l/Isnl 2 Iqnl Irnl/Is~l (Yn -- cn an(~))  2 

with s,~ = (q~l + c= r~ 1 Cn) -1. 

One idea to approximate  the transition ~'n-1 --+ ~'n is to introduce an auxiliary 
branching mechanism. 

~'n--1 Branching Selection/Mutation 
~Cn >C 

The branching transition is defined inductively as follows. 
At each t ime (n 1) each particle ~'i - Cn-1 branches independently of each other into 

/ \ ?i 
M-auxil iary particles with common law Kn /¢n -x ,  "J, that  i s for  any 1 < i <  N, 

k / 

Branching ~(i) def. . 

where ( ~ , 1 , . . . ,  ~,M) are (conditionally) M-independent  particles with common law 
7, 

At the end of this branching step the system consists in N x M particles 

C. ,e2. ( d , ) , . . . ,  CF,)) • ,E ~, ×... × E,~ 

N-t imes 
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If the parameter M is sufficiently large then, in some sense, the empirical mea- 
sures associated with each sub-group of M particles is an approximating measure of 

K ~' V f • Bb(E), K(~M)(f)(~(~ O) -+ ~ ( f ) ( ~ - l )  (78) 
M --+ oo 

where K (M) is the transition probability kernel from E M into E given for any x • E M 

and f • Bb(E) by the formula 

dd. 1 M [ 
K(M) (x, .) = ~ E (ix' and (K(,,M)f)(x) = J~ f ( z )  K(~ M) (x, dz) 

i=1 

Using the above notations we also have, in some sense, that 

= K. 7i ~M)(¢(i)) dd. K(M)(g,~)(¢(i)) -+ n(gn)(¢:-l) = gn(~'in-1) (79) 
M ~ o o  

and for any f • Bb(E) 

~(M)(f)(¢(O) def.~_~ --+ K ~( f ) (~ - l )  (80) 
K(M)(gn)(¢ (')) M -+ oo 

Finally if we combine (79) and (80) one gets an M-approximation of the desired 
transition 

¢~)(d°/ ~(~) (d o,.) -+ ~ ~ ~:_~ (811 
i = 1  ~-'~ Q~(M)(((/)) M --+ oo i=1 

I_...dv,o , -,o - 
j = l  

The next particle system ~'~ = (~'~,...,~'~v) simply consists in N conditionally inde- 

pendent particles with common law the left hand side of (81). 

Our new BIPS is now defined by the following Markov Model 

h'n  . . . .  ) , ¢,, ( d l )  ' . , C )  ) s,,,°,,o° ,,,u,~,,,oo 

with the following transitions 

• Branchings:  The branching transition 

"~n-I • EN ~ ~n = (~n{1), - - - , C  )) • (EM) N 

is defined by 

N 

i=1 

where dx(O = dx i,1 x . . .  x dx i,M is an infinitesimal neighborhood of the point 
X (i) = ( x i ' l , . . . ,  X i 'M) • E M,  z ---- ( z l , . . . ,  z N)  • E N .  
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• Selection:  The selection transition 

¢~ = (al l ) , . . . ,  d ~)) e (E~)  ~ 

is defined by 

q----1 

• M u t a t i o n :  The mutation transition 

is defined by 

N 

i=1 

This algorithm has been introduced in [33]. In this work exponential rates of 
convergence and L~-mean error bounds are discussed. The LDP associated with such 
branching strategy and comparisons with the rates presented in section 2.2.5 are 
described in [35]. 

2.3.3 B r a n c h i n g  Se lec t ions  

Roughly speaking, the selection transition is intended to improve the quality of the 
system by given individuals of "higher quality" to be copied into the next generation. 
In other words, selection focuses the evolution of the system on promising regions 
in the state space by allocating reproductive opportunities in such a way that those 
particles which have a higher fitness are given more chances to give an offspring than 
those which have a poorer fitness. They are number of ways to approximate the 
updating transitions but they are all based on the same natural idea. Namely, how 
to approximate an updated empirical measure of the following form 

~ ~, = g~(x') ~ ,  (82) 
,--1 ._- E ~ I  g~(xJ) 

by a new probability measure with atoms of size integers multiples of 1/N? 

In the generic IPS approximating model (13) this approximation is done by sam- 
pling N-independent random variables {~  ; 1 < i < N} with common law (82) and 
the corresponding approximating measure is given by 

1 N N Mi 

i=1  i : 1  
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where 

g°(x,) go(xN) (MI,...,M N) de J" Multinomial N' E~:I g.(x0'"" E~=, g.(zJ) ] 

Using these notations the random and N-valued random variables can be regarded as 
random number of offsprings created at the positions ( x l , . . . ,  xN). 

The above question is strongly related to weighted bootstrap and genetic algo- 
rithms theory (see for instance [10] and references therein). In this connection the 
above multinomial approximating strategy can be viewed as a weighted Efron boot- 
strap. 
It is well known that sampling according to a multinomial may be "time consuming" 
mainly because it requires a sorting of the population. As in classical bootstrap lit- 
erature the other idea consists in using independent random numbers (M1 , . . . ,  M N) 
distributed according a suitably chosen branching law. In what follows we present 
an abstract BIPS approximating model which enables a unified description of several 
classes of branching laws that can be used in practice including Bernoulli, binomial 
and Poisson distributions. 

A b s t r a c t  B I P S  M o d e l  

B r a n c h i n g  A A 

(Nn, ~n) 

The abstract BIPS model will be a two step Markov chain 

Muta t ion  
(Nn,~,) ) (Nn+l,~n+l) 

with product state space 

(83) 

= U × E°) 
a E N  

with the convention E ~ = {A} a cemetery if a = 0. We will note 

: n>0)  

the canonical filtration associated to (83) so that 

F~ C -Fn C F.+I 

The points of the set E ~, a _> 0 are called particle systems and are mostly denoted 
by the letters x and z. The parameter a E N represents the size of the system. The 
initial number of particles No E N is a fixed non-random number which represents the 
precision parameter of the BIPS algorithm. 

The evolution in time of the BIPS is defined inductively as follows. 

• At the time n = 0: 
The initial particle system ~0 = (~01,..-,~0 N°) consists in No independent and 
identically distributed particles with common law ¢0. 
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* Evolution in time: 
At the time n, the particle system ~ consists in N~ particles. 
If N~ = 0 the particle system died and we let/V~ = 0 and N.+I = 0. 
Otherwise the branching correction is defined as follows 

1. B r a n c h i n g  Cor rec t ion :  
When Nn > 0 we associate to ~ -- ( ~ , . . . , ~ N . )  E E N" the weight vector 
W~ = (W2, . . . ,  Wff ") E R N" given by 

N~ 1 N~ 
Z w/ ~i : IXIn.t.l(m(en) ) where m(en) ---- ~nn Z ~ 
i=1 i = l  

Then, each particle fi ,  1 < i < N,~, branches into a random number of offsprings 
M~, 1 < i < N.  and the mechanism is chosen so that for any f E/3b(E) 

M ~ f ( ~ . )  IF.  = N.~ ,~+l(m(~ ,~) ) f  (84) 

and there exists a finite constant C < c~ so that 

1) E M ~ f ( ( ~ )  - Nn~,~+a(m(~,~))f  IF,, <_ C N.llfll 2 (85) 

At the end of this stage the particle system ~'. consists in /V,~ = Y]~"x M~ 
particles denoted by 

k - 1  k - 1  

~, =~k l < k < N n  y ~ M ~ + I < i < Z M ~ + M k  (86) 
l=l /=1 

2. M u t a t i o n  t r ans i t ion :  

If/V~ = 0 the particle system dies and N~+I = 0. 
Otherwise, each particle moves independently of each other starting off from the 
parent particle branching site ~ with law K,~+~(~i~,dx), 1 < i < N,~, for any 
1 < i < N~. During this transition the total number of particles doesn't change 
(N=+a = N=) and the mechanism can be summarized as follows, for any a > 0 
and z E E"  

i = l  

where dx = dx 1 x . . .  x dx ~ is an infinitesimal neighborhood of x E E ~ with the 
conventions dx = {A} and Hi=, = 1 if c~ = 0. 

The approximation of the flow of distributions {rl, ; n > 0} by the particle density 
profiles 

is guaranteed by the following theorem. 
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T h e o r e m  2.36 I f  the branching selection law satisfy (84) and (85) then, the total 
mass process N = ( N,~)~>_o is a non-negative integer valued martingale with respect to 
the filtration F = ( F,~)=>_o with the following properties 

V n _> O, E sup Nk _ 1 < and P (N~ = O) < 
\o<_~<,~ - No - No 

In addition, for any n >_ 0 and f E •b(E), Ilfll <- 1 we have that 

< . o  
- N o  

for some finite constant B~ which only depends on the time parameter n. 

(87) 

Branching Select ions  

Here we present several examples of branching laws which satisfy conditions (84) 
and (85). The first one is known as the Remainder Stochastic Sampling in genetic 
algorithms literature. It has been presented for the first time in [6, 7]. From a pure 
practical point of view this sampling technique seems to be the more efficient since 
it is extremely time saving and if the BIPS model is only based on this branching 
selection scheme then the size of the system remains constant. 

1) R e m a i n d e r  S tochas t i c  S am p l i ng  

In what follows we denote by [a] (resp. {a} = a - [a]) the integer part (resp. the 
fractional part) of a E R. 
At each time n >_ 0, each particle ~ branches directly into a fixed number of offsprings 

V I < i < N , ,  --~-i df [N,~W~] 
- -  d e f .  ~"~Nn so that the intermediate population consists in Nn = z-.,i=l -'-,, particles. To prevent 

extinction and to keep the size of the system fixed it is convenient to introduce in this 
population N,, additional particles with 

Nn 

i = 1  

One natural way to do this is to introduce the additional sequence of branching 
numbers 

fg.w } ] 
d"~" Multinomial 

o, {NoW .} " '  

(88) 
' E j = ,  { N , ~ W ~ } ]  

More precisely, if each particle ~ again produces a number of /17/~, additional 
offsprings, 1 < i < Nn, then the total size of the system is kept constant. 
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At the end of this stage, the particle system ~'~ again consists in N= particles denoted 
by 

k-1  k -1  

~ = ~k l < k < N ~  + I < i < E ~ , + / .  
1=1 1=1 
k -1  k -1  

I=1 1=1 

The multinomial random numbers (88) can also be defined as follows 

/ l~ /~=Card{ l_< j_<N~;~g~=~  k} l < k < N ,  

where ( ~ , . . . ,  ~ - )  are/Vn independent random variables with common law 

N,, {N,~Wt } 

i = l  E j = I  {N,W~} 5~t 

It is easily checked that (84) is satisfied and (85) holds for C = 1. 

Let us now present some classical examples of independent branching numbers 
that satisfy the non bias condition (84) and the L2-condition (85). 

2) Bernoulli branching numbers: 

The Bernoulli branching numbers were introduced in [23, 21] and further develo- 
ped in [25]. 

They are defined as a sequence M= = (M~, 1 < i < N,)  of conditionally indepen- 
dent random numbers with respect to F= with distribution given for any 1 < i < N~ 
by 

{NnW~} if k = [N,~W~] + 1 
P(M~ = klFn) = 1 - {N,~W~} if k = [N,~W~] 

N,~ i In addition it can be seen from the relation ~~i=I(N,,W,~) = Nn that at least one 
particle has one offspring (cf. [23] for more details). Therefore using the above branch- 
ing correction the particle system never dies. 

It is also worth observing that the Bernoulli branching numbers are defined as in 
the Remainder Stochastic Sampling by replacing the multinomial remainder branching 

(88) by a sequence of N~ independent Bernoulli random variables (hT/x,.. . ,/~/~.) law 

given by 

P(h~/N" = 1]F~) = 1 - p(MN. = 0IF= ) = {N=W~} 
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3) Poisson branching n u m b e r s :  

The Poisson branching numbers are defined as a sequence M,~ = (M~, 1 < i < N~) 
of conditionally independent random numbers with respect to Fn with distribution 
given for any 1 < i < Nn by 

V k > O, P(M~ = klF,,) = exp (-N,~W~) (N'~W~)k 
- -  k !  

4) Binomial branching numbers: 

These numbers are defined as a sequence M= = (M~, 1 < i < N=) of conditionally 
independent random numbers with respect to F~ with distribution given for any 1 _< 
i<_N,~by 

P(M~ = k[F,~) = (N n)  (W~)k (i _ w~)N,~_ k V0 < k < N,~, 

All of these models are described in full details in [25]. In particular it is shown 
that the BIPS with multinomial branching laws arises by conditioning a BIPS with 
Poisson branching laws. The law of large numbers and large deviations for the BIPS 
model with Bernoulli branching laws are studied in [25] and [22]. 

The convergence analysis of these BIPS approximating schemes is still in progress. 
They are many open problems such as that  of finding the analog of the Donsker and 
Glivenko-Cantelli Theorems as well as the study of their long time behavior. This last 
question is maybe the most important  one. The main difficulty here is that  the total 
size process {Am ; n > 0} is an F-martingale with predictable quadratic variation 

A, ,=N3+ E ( I N p - N p - ~ [ 2 / F p - ~ ) = N 3 + E E  E((M~-NpW~)2/Fp) 
p----1 p=0 i----1 

and therefore a uniform convergence result presented in section 2.2.2 will take place 
only if 

co 

s u p E  (A~) = E E ( I N p  - Np_ll ~) < c ¢  

n_)0 p : l  

The following simple example shows that even for the minimum variance Bernoulli 
branching law one cannot expects to obtain the analog of the uniform convergence 
results as those presented in section 2.2.2. Let us assume that  the state space E = 
{0, 1}, the fitness functions {g~ ; n > 1} and the transition kernels {K~ ; n > 1} are 
time homogeneous and given by 

g(1) = 3g(0) > 0 g(x,dz) = v(dz) aef 15o(dz) + 151(dz) 

In this case one can check that  for sufficiently large No 

n 
E((~/N(1)-- 'n(1))2)  --> 5--~o ~ oc 

n --~ (x) 
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In contrast to the situation described above in this simple case the IPS approxi- 
mating model (13) will simply consist at each t ime in No i.i.d, particles with common 
law u and 

1 
V n > 0 ,  E ( ( r / N ( f ) - - r / n ( f ) )  2) < N00 

for any bounded test function such that  Ilfll < 1. 

2.3.4 Regularized M u t a t i o n s  

The regularization of the mutat ion transition discussed in this section has been pre- 
sented in [59]. Hereafter we briefly indicate why it is sometimes necessary to add a 
regularization step and how the previous anMysis applies to this situation. 

In nonlinear filtering settings the mutat ion transitions {Kn ; n > 1} are given 
by the problem at hand. More precisely they are the transitions of the un-known 
signal process. If E = R d, it may happen that  some coordinates of the signal are de- 
terministic. For instance if the signal is purely deterministic the IPS approximating 
scheme (13) does not work since after a finite number  of steps we would get a single 
deterministic path.  

As noticed in [41] the standard regularization technique used in practice consists in 
adding a "small noise" in the deterministic parts of the signal. When E = R ~, d > 1, 
the introduction of such a "small noise" in the signal dynamics structure consists in 
replacing the transitions {Kn ; n > 1} by the regularized ones 

g~ °> = n(°~ g, ,  or g~  ~> = g r i n  (°> 

where R (~) is a new transition probabili ty kernel on E and defined for any f E Bb(E) 
by 

= --~ 0 f (y )  dy 

where 0 : R a --+ (0, c~) is a Borel bounded function such that  

O(y) dy = 1 and a = lyl O(y) dy < ~ 

The regularized limiting measure valued system is now defined by 

,7(: = n > 1 (89) 

with ?o (°~ = ,7o and where ¢(:>: M,(E) -+ MI(E) is de~ned as in (8) by replacing the 
transitions {/in ; n > 1} by {K~(~) ; n > 1}. 
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Let us denote by 
do) = (do),,, N) 

the N-IPS approximating model associated with (89) and by r] (~)'N the empirical 

measure associated with the system ~(~) and defined as usual by 

N 
1 

i=1 

It is transparent from the above construction that  the convergence results pre- 
sented in section 2.2.2 can be applied. For instance for any bounded test function 
f E Bb(E), Ilfll -< 1, and p >_ 1 and n _> 0 

< ( n + l )  a 2 -- " ~  0,n 

where Bp is a universal constant which only depends on the parameter p. 

Of course we still have to check that the flow of distributions {r/(~) ; n _> 1} is close 
to the desired flow {r/~ ; n _> 1} as a is close to zero. To this end we introduce some 
additional notations. 

We denote by Lip1 the set of globally Lipschitz functions with Lipschitz norm less 
than 1 that  is 

If( z ) -  f(Y)l < I x - Yl 

and Ilfll - 1. We will also use the following assumption 

(R )  F o r  a n y  t i m e  n > 1, t h e r e  e x i s t  s o m e  c o n s t a n t s  C1,C~ < oo s u c h  
t ha t  

g~ E C~. Lipl and K~(Lip1) C C~ oLipv 

L e m m a  2 . 3 7  

that for  any f E Lip t 
Under (R) ,  for  any n >_ 1 there exists some constant C~ < oo such 

[r/(~)(f) - r/~(f)[ < Cn a a 

P r o o f :  For any f E Lip 1 and x E R a we clearly have 

[R(~)(fl(z) - f(zl[  _< / I f ( z  + a y) - f(x)l O(y) dy < ~ 

and therefore 

sup IIR(o)(S)- Sll -< 
$ELipl 

Under our assumptions this implies that for any r] E M I ( E )  

sup [ ¢ ~ ) ( ~ ) ( f )  - cn(w)( f ) [  __ ~ ~ A~ 
fELipt 

(90) 
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for some constant  An < c¢. Let us prove (90) by induction on the pa ramete r  n. For 
n = 0 the  result is t r ivial  with Co = 0 so we assume tha t  it  holds for (n - 1). Using 
Lemma 2.2 we have the decomposit ion 

¢.(r/(~_),)(f) -- Cn(rb~_x)(f ) 

1 
, . - , (g.)  

X [(~(n~_)l (gain (f)) -- ~n-I (gnKn (f))) -~ ~n(~(na-)l)(f)(~n--, (gn) -- ~(n~ )1 (gn))] 
for any f E Lip 1. There is no loss of generali ty to assume tha t  C~ O) > a .  and tha t  

C (2) > 1. Thus one gets 

¢.(r/(~-)l)(f) -- ~n(~n-1)(f)  

with 

G(') +a"C~') [(~(~_),(fl) - r/.-,(fl))] 
~n-l(gn) 

ca(l) [(~._l(f2)_~(n~__)l(f2))] "4-¢n (r/(~-)l)(f)rln_l(g.- ~ 

1 1 
f l  -- CO ) + a,,C(2 ) 9 . K . ( f )  and f2 = ~ g .  

so tha t  f l ,  f2 E Lip 1. Using the induction hypothesis  we arrive at  

sup ¢,~(r/(~_),)(/) -- ~ . ( r / . - x ) ( / )  < 2(C0) + a"C(2)) 
feLip l -- ~n--l(gn) Cn-1 O" Ol 

Therefore if we combine the  above results one gets finally 

sup [ ~ : ) ( f )  - ~ - ( f ) l  < C .  a 
fELip I 

with 

C. = A .  + 2(C~(,) + a"C("2)) Ca_ 1. 
rln-l (ffn ) 

A direct consequence of the above lemma is the  following es t imate  

' <_ Bp ( n + l )  a ~ n + C ,  a a  

The approximation of {r/. ; n _> O} by the regularized IPS is now guaranteed by 
the following proposition. 

Propos i t ion  2.38 Assume that the condition (~ )  is satisfied. Then for any n >_ 0 
and p >__ 1 there exists some constant Cp,. < oo such that 

a (N)  = I / v / - N = ~  sup E rlC.")'Jv(f)-rl.(f)l" r < 
fELipl 
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3 T h e  C o n t i n u o u s  T i m e  Case  

We will t ry here to retranscribe some results obtained in previous parts for discrete 
time settings to continuous time models. Generally speaking, the same behaviors are 
expected, but the technicalities are more involved, even only for the definitions. Fur- 
thermore, this case has been less thoroughly investigated, and it seems that  a genuine 
continuous time interacting particle system approximation has only recently been in- 
troduced in [45]. 

This last paper will be our reference for this part and we will keep working in the 
same spirit, but in the details our approach will be different in order to obtain numer- 
ous improvements and to prove new results: weak propagation of chaos valid for all 
bounded measurable functions and related upper bounds in terms of the supremum 
norm, as well as uniform convergence results with respect to time and central limit 
theorem and exponential upper bounds for the fluctuations. 

Heuristically the main difference between the two time models is that  for discrete 
time, in the selection step all the particles are allowed to change, whereas for con- 
tinuous time, only one particle may change at a (random) selection time, but the 
length of the interval between two selection times is of order 1 /N (N being as above 
the number of particles). So in some mean sense, in one unit t ime interval, "every 
particle should have had a good chance to change". 
This is a first weak link between discrete and continuous time. But, even if this may 
not be clear at first reading, there are stronger relations between the formal treat- 
ment of the discrete and continuous times, and in our way to trying to understand 
the subject, they have influenced each other. In order to point out these connections, 
we have tried to use the same notations in both set-ups. 

To finish this opening introduction, we must precise that the main results obtained 
here (the weak propagation of chaos and to some extend the central limit theorem) 
can also be deduced from the approach of Graham and M~lSard [65], valid for a more 
general set-up, except they have put more restrictions on the state space, which is 
assumed to be R a, for some d > 1 (but perhaps this point is unessential). 
Nevertheless, we have preferred to introduce another method, may be more immediate 
(e.g. without any reference to Boltzmann trees or Sobolev imbeddings . . .  ), because 
we have taken into account that our models are simpler, since we are not in the need 
of considering the broader situation of [65]. 
More precisely, in our case, we have a nice a priori explicit expression (3) and (4) for 
the (deterministic) limiting objects, making them appear as a ratio of linear terms with 
respect to T/0, which is hidden in E as the initial distribution. This structure is more 
tractable than the information one would get by merely considering the nonlinear 
equation of evolution looking like (11) satisfied by the family (Yt)t>o. So we can 
make use of some associated nonnegative Feynman-Kac semigroups to obtain without 
difficulty the desired results. 
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3 .1  H y p o t h e s e s  o n  t h e  L i m i t i n g  P r o c e s s  

To accomplish the program described above it is first convenient to define more pre- 
cisely the objects arising in formula (4). Our next objective is to introduce several 
kinds of assumptions needed in the sequel and to prove some preliminary results. As 
before, the metric space (E, r) is supposed to be Polish, and we denote by B(E)  the 
a-field of Borel subsets of E. 

3.1.1 Def in i t ions  and  W e a k  R e g u l a r i t y  A s s u m p t i o n  

Here we introduce the basic definitions and the weak hypothesis under which we will 
work. It is already largely weaker than the one considered in [45], and we believe that 
maybe it can even be removed (we have been making some recent progress in this 
direction, but at the expense of readability, considering tensorized empirical measures 
. . .  ), but at least this weak assumption make clear the regularity problem one is to 
encounter when following the approach presented in this paper. 

The simplest object to be explained is the family (Ut)t>o of non-negative functions. 
We will assume that the mapping 

U : R + x E ~ ( t , x )  ~-~ Ut(x) •I¢,+ 

is B(R+) ® B(E)-measurable (where B(R+) is the usual a-field of the Borel subsets 
of R+) and locally bounded in the sense that for all T > 0, its restriction to [0, T] x E 
is bounded. 

Next we need to define the E-valued time-inhomogeneous Markov process X aris- 
ing in the right hand side of (4). In our settings the more efficient and convenient way 
seems to be in terms of a martingale problem (cf [55] for a general reference), since 
our method will be largely based on properties of martingales (as it was already true 
for discrete time, so the set-up we are now presenting is quite a natural generalization 
of the previous one): 

For t > 0, let D([t, +co[, E) be the set of all c~dl~g paths from [t, +c¢[ to E. 
We denote by (X,)s>t the process of canonical coordinates on D([t, +c¢[, E); which 
generates on this space the a-algebra T)t,+oo = a(X8 : s > t). We will also use as 
customary the notation T)t,~ = a(X= : t < u < s), for 0 < t < s. 

Let ,4 be a dense sub-algebra of Cb(E) which is supposed to contain I (that is the 
function taking everywhere the value 1). 

A linear operator L0 from the domain .A to Cb(E) will be called a pregenerator, if 
for all x E E, there exists a probability P ,  on (D([0, +:xD[, E), T~0.+¢¢) such that 

• X0 o P ,  = 6,, the Dirac mass in x, and 
• for all ~ E .A, the process 

(~(X~) - ~(Xo) - ~oS Lo(~)(X~) du) ~>o 

is a (Z)o.~)8>o-martingale under P,. 
Let (Lt)t>_o be a measurable family of pregenerators: for each t ~ O, Lt : .A --+ 

Cb(E) is a pregenerator, and for each T E .A fixed, 

R + × E ~ ( t , x )  ~+ Lt(cp)(x) 
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is B(R+) ® £-measurable. For the sake of simplicity, we will furthermore impose that 
the above function is locally bounded. 

Our first hypothesis is 

(H1) For all (t, x) E R+ × E, there ez is ts  a unique  probab i l i t y  Pt,= on  
(D([t, +oo[, E), 29,,+oo) such that  

• Xt o Pt,= = 6=, and  
• f o r  all ~ E A ,  the process 

(~°(X~) - ~(Xt) - / ~  L~,(~°)(X,,) du)  ~>~ 

is a (7)t,s)s>~-martingale u n d e r  Pt.=. 
F u r t h e r m o r e ,  i t  is  a s s u m e d  that  f o r  all A E 2:)0,+oo, the m a p p i n g  

R+ × E (t, =) 

is measurable  (where (Ot)t>o d e n o t e s  the f a m i l y  o f  usual  t ime shi f ts  on 
D([0, +oo[, E)).  

Combining the measurability and the uniqueness assumption (H1), one can check 
that 

((Xt)t>0, (Pt,=)(t,=)eR~ xE) (91) 

is a strong Markov process (this uniqueness condition will only be needed here, so it 
can be removed if we rather suppose that the previous object is a Markov process). 
One can also define a probability P~o on (D([0, +oo[, E), :D0,+oo), for any distribution 
71o E MI(E), by 

V A E D0,+oo, Pn°(A) = fE P0,=(A)rlo(dx) 

which is easily seen to be the unique solution to the martingale problem associated 
to (Lt)t>_o whose initial law is 7/0 (from now on, Eno will stand for the expectation 
relative to Pno, the probability Y0 E MI(E)  being fixed). 

The previous martingale problem can be extended to a time-space version as fol- 
lows: 

Let A be the set of absolutely continuous functions g : R+ -+ R with bounded 
derivative in the sense that there exists a bounded measurable function g' : R+ --~ R, 
such that for all t > O, 

i' g(t) ---- g(0)+  g'(s)ds 

On A ® .4, we define the operator L given on functions of the form f = g ® % 
with g E A and ~o E A, by 

V t > O, V x E E, L( f ) ( t ,x)  = g'(t)~(x) +g(t)Lt(~)(x) (92) 
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Then we have the standard result: 

L e m m a  3.1 Let (t, x) E R+ x E be fixed. Under Pt,~, for each f E A Q A ,  the process 
(Ms(f))s>t defined by 

f, v 8 >_ t,  M s ( I )  = I ( s ,  Xs )  - I ( t , X ~ )  - L(I ) ( ,~ ,X, , )  du 

is a square integrable martingale and its increasing process has the form 

f, v s >_ t, (M(S))s = r (f ,  f ) ( u ,  x~) d~ 

where P is the %arrd du champ" bilinear operator associated to the pregenerator L 
and defined @ 

V f ,  g E A Q . A ,  r ( f , g )  = L ( f g ) - f L ( g ) - g L ( f )  (93) 

We can consider, for s > 0, the "carr$ du champ" bilinear operator Fs associated 
to the pregenerator Ls, which is naturally defined by 

V¢,qvE.A, Fs(¢,qo) = L , ( ¢ ~ ) - ¢ L s ( ~ ) - ~ L ~ ( ¢ )  

We easily see that for all f ,  g E A @ ..4, 

V(s,x)  E R + x E ,  r(f ,g)(s,x) = r , ( f (s , . ) ,g(s , . ) ) (x)  

In Lemma 3.1, the fact that A ® .,4 is an algebra is crucial in order to describe the 
increasing process. But the domain A ® .A is rather too small for our purposes. We 
extend it in the following way: for T > 0 fixed, we denote by Bb([0, T] x E) the set of 
all measurable bounded functions f : [0, T] x E --+ R and by BT the vector space of 
applications f E Bb([0, T] × E) for which there exists a function L(f)  E Bb([0, T] x E) 
such that the process (Mt(f))o<t<T defined by 

V 0 < t < T ,  Mr(f) = f(t ,X~) - f(O, Xo) - L(f)(s,  Xs) ds 

is a P,o-martingale. 

In this article and unless otherwise stated, all martingales will be implicitly as- 
sumed to be c~dl~g (a.s.). Note that those coming from (n l )  or from Lemma 3.1 are 
automatically ch~dl~g. Let us furthermore introduce .AT the subset of function f E •T 
for which there exists a non-negative mapping F(f,  f )  E Bb([0, T] x E) such that the 
increasing process associated with (Mt(f))o<t<T has the form 

f0 t V 0 < t < T, (M(f)) t  = F (f, f )  (s ,X,)  ds 

Remark that L(f)  and f '(f ,  f )  may not be uniquely defined by f E .AT (but we 
will keep abusing of these notations), nevertheless this is not really important, since 
for martingale problems, one can consider multi-valued operators, cf [55]. 
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Next we will need some regularity conditions on the function U and the family of 
probabili ty m e a s u r e s  (]Pt,x)(t,x)ER+xE. These are expressed in the following assumption 
(in the subsection 3.1.2, we will give separate and stronger hypotheses on U and 
(IPt,,)(t,,)crt+×~ which insure that  (n2) is satisfied): 

(H2)  For all T > 0 and ~v E A timed, the application 

[ ( l  ) ] FT,~ : [0, T] x E 9 (t, x) ~ Et.~ exp U~(Xs) ds ~P(XT) (94) 

belongs to .AT. 

We notice that  FT,~ satisfies almost surely the first assumption hidden in (H2), 
that  is FT,~ E I3T. To see this claim let us denote for any T > 0 and ~ E .A fixed, 

Y O < t < T ,  Nt(T,~) = FT,~(t, Xt) 

The Markov property of X implies that  the process (Mt)o<t<T defined by 

( / 0 ' )  V O < t < T ,  Mt = exp U~(X~)ds Nt(T,~) 

= F-~o[exp(~oTU~(X~)ds)~(XT)~Do,,] 

is a martingale.  So we have 

Nt(T,v) = exp ( -  fotU~(X,)ds) ~ (95) 

= No(T,~)+~oteXp(-fo"Uu(X~)du)dMs 

- Us (X~)N~(T ,~o )ds  (96) 

from which it follows that  

( /0 ) (Mt)o<t<T def. Yt(T, ~) - No(T, ~) + U,(X~)Ns(T, ~) ds 
0 < t < T  

is a martingale.  Note that  it is not necessarily c~dlSg, and this could be annoying for 
some calculations afterwards (in (95) there was already a little difficulty, nevertheless 
it is possible to consider there a c~dlS.g modification, and end up with the fact that  
(Mt)o<_t<_T is a (contingently non-c~dl£g) martingale).  If  (H2) is fulfilled, a classical 
uniqueness argument  for semimartingale expansion will show that  (M,)o<t<_w is almost 
surely c~dl£g. Thus, we can take 

V 0 < t < T, V x C E, L(FT,~)(t,z) = -U,(x)FT, v(t,x) 

In addition if the mapping FT,~ defined in (94) belongs to AT ® A, where AT is 
the set of restrictions to [0, T] of functions from A, then we conclude that  one can 
choose 
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(where the action of F on (AT ® .A) 2 is defined similarly as the  one on (A ® j[)2). 
But our sett ing is too weak to insure this property,  leading us to make the as- 

sumption (H2), which will serve as an ersatz. 
One way to check this condition is to follow the procedure given below: 

L e m m a  3.2 Let f E BT such that there exists a sequence (fn),~>o of elements of 
AT  ® .4 satisfying, as n and m tend to infinity, fn ~ f and 

F ( A  - fro, A - fro) -~ O, 

where --~ stands for the bounded pointwise convergence on [0, T] × E, and 

sup IIL(A)(t, .) l l  < + ~  
nGIq, O<t<T 

Then we have that f C .AT. 

P r o o f :  By dominated  convergence, we obtain tha t  

l im E 0 0 [ ( M ( f ~ -  fm))T] = 0 

in other words 

l im E.0 [(MT(f~) -- MT(fm))  2] = 0 
n,m--~oo 

It is now quite s tandard  to deduce from this Cauchy convergence tha t  there  exists a 
mar t ingale  (Mt)o<_t<_T ( that  we can choose c~dl~g) such tha t  

l im F_~o [ sup (Mt(fn) - Mr) 2] = 0 
a-+co O<t<T 

Since for any 0 < t < T A(t ,Xt)  - A ( 0 , x o )  converges in L2(P,o) to f ( t ,  Xt)  - 
f (0 ,  X0) as n --~ oo one concludes tha t  

fo tL ( fn ) ( s ,  Xs) d S -  f o t L ( f ) ( s ,  Xs )ds  

converges in L2(P.o) to 

M , ( f ) - M ,  = /(t, XO - f(O, Xo) - L(f)(s, X s ) d s -  M~ 

This shows tha t  the  la t te r  process (for 0 < t < T) is predictable,  as a l imit  of 
predic table  processes, and we already know tha t  it  is also a mart ingale .  Furthermore,  
from our hypotheses,  there exists a finite constant CT > 0, such that  for all n E N 
and all 0 _< tl  _< t2 _< T, 

L(A)(s ,X~)ds-  L(f)(s, Xs) ___ Or(t2 - t , )  

so in the end (considering a subsequence), ( M ~ ( f )  - Mt)t>_o will also be of bounded 
variations. It is now well known that  up to an evanescent set, it  is the  null process, 
tha t  is ( Mt)o<_t<_T = ( Mt ( f )  )o<_t<_T. 
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On the other hand since L~ is a pregenerator, for any s > 0, then F~ satisfies 

V ~ E .A, V x E E, F , (~ ,~) (x )  > 0 

(see (98) below). 
This implies that  

Vn,  m > 0,V (s ,x)  E [0, T] x E,  

x/r(f=, f .)(s,  x) -  /r(fm, x) < V'r(f=-fm,fn-f )(s,x) 
(97) 

Therefore there exists a function f ' ( f ,  f )  : [0, T] x E --+ R+ such that 

r ( fn ,  f~) ~ F(f ,  f )  

as n tends to infinity. 
Again using convergence theorems (but now in LI(P,0)) one obtains that  

( M2t ( f)  - ~ot F(f  , f ) (  s, Xs) dS) o<_t<T 

is a martingale. • 

R e m a r k  3.3: 
(a) In the hypothesis f E BT of the previous lemma, we don' t  really need to assume 

that (Mt(f))o<t<T is ckdlkg, since the equality (Mt(f))o<t<T = (Mt)o<t<T insures this 
property. 

(b) The result is also true if instead of assuming that fn E AT ® .,4, we rather 
suppose that  fn, I n - f r o  E .AT, for n, m > 0, and that (97) is satisfied with F replaced 
by [' (the other hypotheses remaining the same, for instance ]lL(fn)(t, • )ll is uniformly 
bounded in 0 < t < T and n E N). 

Example 3.4 
Assume that E is R ~ for some n E N* and .A contains at least all C 2 functions 

with compact support and that the Lt, t > O, are second order differential operators 
(without O-order terms) with locally bounded coe~cients (in time but uniformly in 
space). 
Then Lemma 3.2 shows that .AT contains at least all C~ '2 functions. 

This approach is a little more flexible that the one using only stochastic calculus (to 
see that at least in case there is only continuous martingales (as in a Brownian filtra- 
tion), .AT is stable by composition with C 2 functions, in the sense that if f l ,  f2, " " , fp 
belongs to .AT and/ f  F E C2(RP), then F(f l ,  f 2 , ' " ,  fv) belongs to .AT). 
Using a classical embedding theorem the same results are also true for smooth separable 
manifolds. 
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Let us observe that if f E .AT, then the process given by 

(f2(t,X,)- fa(O, Xo)- fot [~(f,f)(s, Xs)"J= 2f(s, Xs)L(f)(s, Xs)] dS)o<t<T 

is also a martingale. 
To see this claim we use the following decomposition (for 0 < t < T) 

(f(t, Xt) - f(O, Xo) - fotL(f)(s,X~)ds) 2 

(/o' )" = fz(t, Xt)-f2(O, Xo)+ L(f)(s, Xs)ds 

- 2 f ( t , x , )  L(/)(s ,X.)ds + 2I(O, Xo)M~(Y) 

= I2(t,X~) - /2(O, Xo) - 2 / (s ,x . )L(/)(s ,X~) ds + 2/(O, Xo)M,(/) 

-2 fot (fo'L(f)(u,X~)du) dMs(f) 

where the last equality comes from an integration by parts (this is also the proof of the 
second part of Lemma 3.1)_. In other words this means that if f E AT, then f2 E BT, 
and we can take L(f 2) = F(f,  f )  + 2 fL( f ) .  

If we look at (BT, L) as a/l (contingently multi-valued) linear operator, then F'~0 
is also the solution to the time-space martingale problem associated with the initial 
condition r/0 and to (BT, L). 

Finally, let us mention other properties of a pregenerator L0 which will be useful 
latter on. If F0 and (Px)xeE are respectively the "carr6 du champs" and solutions of 
the martingale problems associated with L0, then we have for all qo E ,4 and x E E, 

Vo(%~o)(x) = lim l)x[(~°(xt)-~°(x))2] (98) 
t-+o+ t 

It follows that if ¢ ,  qa E ,4 and f E AT ® A, then we have that 

IIFo(¢~,¢~)11 _< 2(11¢11 ~ Ilro(~,~)ll + I1~11 ~ Ilro(¢,¢)11) 

and for all x E E, 

FO (foTf(s, ")ds, foTf(s, ")ds) (x) f0 T _< T r0(f(s ,  -), f(s,.))(x) ds 

3.1.2 Strong Regularity Assumptions 

The hypotheses introduced below are not strictly necessary for the results presented 
in the following sections, but they are often the shortest way to check condition (H2), 
at least in abstract setting (ie not in the cases of example 3.4), so maybe this section 
should be skipped at a first reading. More precisely, they allow for an understanding 
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of the latter hypothesis, by separating the roles of U and several aspects of regularity 
for the semigroup associated to X. 

To make a clear differentiation, each of them has been associated to a hypothesis 
below. Thus the strong regularity assumption consists in the set of the following con- 
ditions (H4)T, (H7)T, (H8)T, (H9)T and (H10)T, the other ones are only intermediate 
steps. Furthermore the considerations presented here are more or less standard in 
the so-called semigroup approach to the theory of Markov processes, and they will 
enable us to give more tractable expressions for some norms arising in the study of 
exponential bounds presented in section 3.3.3. 

The time inhomogeneous semigroup associated with the Markov process (91) is 
the family (Ps,t)0<,<t of operators on Bb(E) defined by 

V 0 < s < t, V ~ E •D(E), V x E E, Ps,t(qo)(x) = E~,~[~o(Xt)] (99) 

For T > 0 which will be supposed fixed in this subsection, we consider the following 
set of strong hypotheses: 

(H3)T There  e~ista a cons tant  C1,T ~ 1 such that f o r  all 0 < t < T,  

C~,~Fo ~_ Ft < C1,TFO 

in the s e n s e  tha t  f o r  all ~ E .4 and all x E E, 

C;:,~r0(~, ~)(x) < r t (~,  ~)(x) < C,,Tro(~, ~)(x). 

Let us define a norm III • III on .4 by 

v ~ e ..4, II1~111 = V/II~II ~ + Ilro(~, ~)11 

(H4)T F o r  al l  0 < t < T ,  we  have  Ut E ¢4, a n d  the a p p l i c a t i o n  

[0, T ] s t  ~ U r E A  

is c o n t i n u o u s  w i th  r e s p e c t  to  III-III. 

(H5)T F o r  all 0 < s < t < T, .A is stable by P,,t, and f o r  ~ E A a n d  
0 < t < T f i~ed,  the m a p p i n g s  

[0,t] ~ s ~ P. , , (~)  e .4  

[ t ,T]  g s ~+ Pt,s(~)EA 

are c o n t i n u o , , s  wi th  respect  to III-III. 

(H6)T For  a l l  0 < s < t < T ,  ,4 is  s t ab l e  by  Ps,t, a n d  there  e~ i s t s  a 
c o n s t a n t  C2,T > 1 such  that f o r  all 0 < s < t < T and all ~ E ,4, 

I lro(P.,,(~),P,,,(~))ll < c~,T Ilro(~,~)l l  
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(H7)T  For all 0 < s < t < T,  `4 is stable by Ps.t, and f o r  all ~ E `4, 
there is a f in i te  cons tan t  C3.T(~) > 0 such that .for all 0 < s, t < T,  

IILs(P,,T@))II <-- C3,T@) 

(HS)T F o r  al l  0 < s < t < T ,  A is stable by  P~,t, a n d  w e  h a v e  in  the 
Ill Ill s e n s e ,  o n  `4, 

d p = -L~P~t  
d---s ~'~ 
d 

-~ Ps,, = Ps,t L~ 

(H9)T F o r  al l  ~ E `4, [0, T] 3 t ~-~ Ft(~, ~) is di f ferent iable ( in the sense  
o f  the no,~m I1" IlL a n d  there  e z i s t s  a f i n i t e  c o n s t a n t  C4.T > 0 s u c h  tha t  .for 
all O < t < T a n d  al l  ~ E `4, 

O,r~;(~, ~) < C4,T - 

(where Ot s tands  f o r  d/dt) .  

If `4 is stable by Lt, for a given t > 0, we can define for ¢, ~p E `4, 

r2,t(¢, ~) = ~-(Lt(r~(¢, ~)) - r t (n t (¢) ,  ~) - r t (¢ ,  Lt@)))  

We are now in position to introduce our last assumption: 

(H10)T  For all 0 < t < T,  ,4 is stable by Lt, and  there e~ists a cons tan t  
RT E R such that f o r  all ~ E `4 and x E E,  

l '~,,(V,~)(x) _> RTFt@,~) (x )  

(RT will then denote  the best cons tan t  possible ver i fy ing  this property,  
i .e .  the largest o n e ) .  

Before studying several links between these hypotheses and (H2)T (which corre- 
sponds to (n2)  for a T > 0 fixed), let us introduce B(T, `4) the set of f E Bb([0, T] × E)  
such that  for all 0 < t < T, f ( t ,  • ) E `4 and such that  

IIIflllto,Tl def. sup IlI/(t," )111 < +C¢ 
O<_t<_T 

This quanti ty is a norm on B(T,  `4), and we will note IIIflll~ the semi-norm tllf(t,- )ttl, 
for any 0 < t < T and f E B(T, `4). 

In much the same way let Iifllt = IIf(t, ")]l and denote 

Ilfll[o,~ -- sup II/[[t 
O<_t<T 

for f E Bb([0, T] × E). 
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Our first remark is: 

L e m m a  3.5 Under (H3)T , (H5)T and (HT)T, for all ~ E -A, the mapping 

GT,~ : [0, T] × E 9 (t, x) ~-+ Pt,T(~)(x) 

belongs to .AT (the continuity in the first variable is only necessary in (H5)T). 

P r o o f :  For each n E N we introduce the functions fn E AT ® .,4 defined by 

V O < t < T ,  V x E E ,  

+ n)t k) e ,+~r,T(~)(x) fn(t,x) = ( l + k -  ( l+n) t )p~ , ,T(~) (x )+ ( ( I  T 

where k = [(n + 1)t/TJ. Clearly, under (H5)T we have that  GT,~ 6 B(T,-A) and 

lim [[[GT.~ -- f~[[[[0,T] = 0 
n--~OO 

By Lemma 3.2 and condition (H3)T, to prove the announced result, it remains to 
show that  

sup[IL(f,O[[[o,T] < +oo 
n E l N  

To this end we first notice that  for any 0 < t < T and x 6 E 

1 n  rP' Ti /ix ) _ J " TI /Ix)  L(f=)(t,x) 

+ ( l + k  (l +n)t)  Lt[P~.,T(~)](x) 

+ ( ( 1  + k) L~[P°+~). r,T(~)](x) 

where k is defined as above. Therefore, in view of (H7)T, to see the previous affirma- 
tion, we only need to check that  

1 + n P~-~.,T(~) sup T P ~ , T ( ~ ) - -  < +oo 
nEl~,O<_k<_n 

To see this claim it is sufficient to write, for all x E E,  

Po+:Zr,T(~O)(x ) - P~_~.,T(T)(X) 

= E_~.,~ [e~+~r,T(~)(x ) - Pl~+:)r,w(~)(X~+~r)] 
F (k+1)T ] 
1[  '+° L,(p,::Z~,~(~)l(X~le s = - E r ~ ' ~  I j~T 

We consider next the collection (Q,,,)0<.<, of linear operator on Bb(E) defined for 
any 0 < s < t, ~ E Bb(E), x E E,  as follows 

Q~,t(~)(x) = E~,~ [exp (~tU,,(X,,)du) cp(Xt)] 
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It is easily seen that (Q,,t)o<,<t is a well defined time inhomogeneous semigroup of 
non-negative operators on Bb(E) (but in general non-Markovian, except in the trivial 
case where U = 0, ie (Q,,t)o<,<t = (P,,t)o<,<t). 

To see that Lemma 3.5 is also true for (Qs,t)0<8<t, under the additional conditions 
(H4)T and (H6)T, let us work out a relation between (P,,,)o<,<t and (Q,,t)o<,<t: 

Taking t = T in (95) and integrating the above equality with respect to Po,,, we 
obtain (in fact for all ~ E Bb(E)), 

/ Oo,T(~)(x) = PO,T(~p)(x) + Po,~(u.O.,T(~))(x)ds 

More generally and in the same way one can prove that for any 0 < t < T, 

/ Ot,T(~) = Pt,T((P) + Pt,~(U.Q~,T@)) ds 

This identity leads us to consider, for ~ E .A fixed, the application Z defined on 
BD([0, T] x E) by 

Y f E Bb([0,T] x E), V 0 < t < T, V x E E, 

/ Z( f ) ( t , x )  = Pt,T(~)(x) + Pt , , (U,f(s , . ) )(x)ds 

Under (H4)T there exists a constant C(T 1) > 0 such that 

V f l , f2  E Bb([0, T] x E), V 0 < t < T, 

/ I I z ( f l )  - z(f2)llt < C(T 1) IIA - f ~ l l ,  d s  

Let Z" = Z o . . .  o Z (n-times) be the n-step iterate of Z. It is standard to check that 

( C(T1)T) = 
V f~,f2 E Bb([0, T] × E), IlZn(f~) - z"(f2)llto,r] --- n i  IIf~ - f=llto,rj 

This implies that FT,~ = Q.,T(~)(" ) is the unique solution of the equation Z( f )  = 
f ,  with f E Bb([0, T] × E). 

Another useful remark is that elementary calculations show that for any f E 
Bb([0, T] × E) 

(Z ( f ) ( t ,  X t ) -  Z(f)(O, X o ) -  fotP~,T(Usf(s, • ))(X~)dS)o<t<T 

is a martingale (the chdlhg property comes from (H5)T). This means that one can 
take 

V 0 < t < T, V x E E, L(Z( f ) ) ( t ,x )  = Pt,T(Utf(t, '))(x) (100) 

P r o p o s i t i o n  3.6 Under conditions (H3)T, (H4)T, (H5)T, (H6)T and (HT)T, assump- 
tion (H2)T holds, and there exists a finite constant C (2) > O, such that for all qv E +4, 

IIIPT,~IIIt0,~ -< C~)IIIvlII 



86 

Proof." Let /3(T,`4) denote the Banach space which is the I]1 - tll[0,T]-completion 
of AT ® .4. Note that  if f E B(T,`4) ,  then we can naturally associate to it numbers 
III]111,, for 0 < t < T, and as above III]III -- suP0<~<T III]III,. In the same way, as the 
norm III • IIl[0,T] dominates If" ]I[0,T], to each f C B(T,`4) we associate a measurable 
bounded function f : [0, T] x E --+ R (we will occasionally abuse notation, say- 
ing that  f E /)(T, `4), and also note that  we can associate to f another measurable 
bounded function which could be in an obvious way written F0(f,  f ) ) .  In view of the 
Lemma 3.2 and ( H 3 ) r ,  if it wasn' t  for the boundedness condition on the (L(f~))ne~,  
such a function f would have a good chance to belong to -AT. We will use this pro- 
cedure here to show the belonging of FT,~, to .AT, but rather taking into account the 
remark after Lemma 3.2 and (100). 

From now on we consider the restriction of Z to AT®`4. We slight abuse notations 
and still denote Z these restrictions. Using approximations techniques (as the one 
presented in the proof of Lemma 3.5), the remarks at the end of section 3.1.1 and 
the hypothesis (H6)T, it is easily seen that  Z(f) E [~(T,,A), for f E AT ® `4. More 
precisely, Z can be extended to B(T, A) and one can find a finite constant C(T 3) > 0 
depending on C2,T and ]HUIII[0,T] and such that  for any f l ,  ]'2 C/3(T,  `4) and 0 < t < T 

lllz(fl) - Z(/~)]ll~ < C~T 3) llt/~ - f2[]l~ ds 

Then proceeding as above, it appears that  for all n > 1, 

V f l ,  f2 • / } ( T ,  A),  I [ [ z " ( f l )  " ~ (C~T3)T)" - - A IIIto,:n z (f2)Jllto,:n <- ~y IIIfx 2 

As a result there is a unique solution denoted by fi~T,~o t o  the equation 

Z(])  = f 

with f E B(T,  ,4). Its corresponding bounded measurable function is clearly FT,~. 
Furthermore,  FT,~ is classically shown to be the limit in /? (T ,  `4) of Zn(0), for n large. 
By Lemma 3.2, to be convinced that  FT,~ E AT, it remains to prove that  

sup llL(Z"(0))II[0,T ] < +o0 
nEN 

but the remark before the proposition shows that  this is a consequence of 

s u p ] l Z " ( 0 ) l t [ 0 : ]  < + ~  
hEN 

which itself follows from the considerations above the proposition. 
The last part  of this proposition is now clear from the previous approximations. 

R e m a r k  3.7: In practice it may  be important  to know the dependence of C(T 2) 

on U. Using the above proof we first observe that  C(T 3) = C{T4)IHUIN~o,T], where C(T 4) > 0 
is a finite constant which does not depend on U. 
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Therefore for any n E N* and fl,f2 E B(T,.A) we have that  

IIIZ=(f')- z=(f2)lll[°'Tl -< V n! IIIUIIIt~,~lllf, - f~lllt0,T~ 

< [n/UJ ! lUUIII[kTIIIIf, - f2111Io,:o 

where we have use the Stirling formula to find a finite constant C > 0 such that  for 
all n > 1, 

1 1 
- -  < C 
n !  - ([n/2j !)2 

Writing 

IIIg'T,~lllt0,~ ~ ~ II[Z=+l(0) - Z=(0)III[o,T] 
n > 0  

-< I I IP-,T(V)( ' ) I l l lo,TI~ Ln/2J ! IIIUIIIt~,T] 
r i b 0  

makes it clear that  there exist two finite constants C(T 5), C(T 6) > 0 such that  

C(T 2) _< C~S)exp(C~)lllUIIl[o,T]) 

In the end, we have 

P r o p o s i t i o n  3.8 The conditions (H8)T, (H9)T and (HI O)T implies (H3)T, (H5)T 
and (H6)T 

For a proof of this result and more discussions on the curvature hypothesis (H10)T, 
see [45]. 

R e m a r k s  3.9: 
a) We believe that the hypothesis (H7)T is not natural here, and we would have 
preferred to work only with closures related to functions and their carr6s du champs. 
Nevertheless, note that  if there is a finite constant CS,T > 0 such that for all ~ E ,4 
and all 0 < s, t < T, 

I I L t ( ~ )  - L s @ ) l l  < CS,TIII~III 

(as it is the case in our applications to nonlinear filtering, cf. section 4.2), and if the 
right hand side of the first equation in (H8)T is I1 ]]-continuous, then (HT)T is satisfied. 

b) In view of the generality of our setting, the reader may wondering why we have 
not only considered the time-homogeneous case, by adding the time as a coordinate 
of the Markov process. The corresponding generator on the state space •+ x E is L 
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acting on A ® ~4. But in general U does not belong to this domain, since typically 
in our applications to nonlinear filtering U will not be differentiable with respect to 
time (only a regularity of HSlder exponent less than 1/2 can be expected). So the 
hypothesis (H4)T will not be verified in this context, giving one reason for which it 
seems interesting to us to separate the role of time. 
Nevertheless, note that a way to get round this particular difficulty would be to 
complete ~4 (or A @ .4 in the homogeneous case) with respect to III 111. 

3.1.3 Asymptot ic  Stability 

In this section we take up the study of the asymptotic stability of the limiting process 
r / =  {r h ; t > 0} which was begun in section 2.1.2 in discrete time settings. Before 
getting into the details we first need to make a few general observations and give 
some definitions. We retain notations of section 2.1.2 and we denote a (H)  and/3(H) 
the contraction and Dobrushin ergodic coefficients associated with a given transition 
probability kernel H on E and given by (25) and (24). 

Next we denote (I) = {(I)s,t ; s < t} the nonlinear semigroup in distribution space 
associated with the dynamics structure of 7, namely 

V s < t, r/t = q)~,t(r/~) (101) 

One can check that each mapping ~ , t ,  s _< t, has the following handy form given 
for any r/E MI(E)  and for any bounded Borel function f on E by 

~(H~,t( f))  
q)~'t(rl)(f) = ~/(H~,t(1)) 

where 

H~,t ( f ) (x)  def. E~,~ ( f ( X t )  Z~,t ) and z,,, d°2 exp Ur (xr) dr) 

As in the discrete time case there is a simple trick which allows to connect the 
nonlinear semigroup (I) with a family of linear semigroups. 

L e m m a  3.10 For any s < t and # E MI(E)  we have the following decomposition 

• ~,,(#) : qG,,(#)H~, 0 

where the mapping ~s,t : MI(E)  --+ MI(E)  is defined by 

q~,,t(#)(f)  - #(  g~'~ f ) where g~,t aa 'H~ tl 

and for  any t > O, H (t) -fH (t) t}  is a - = t ~,r ; s < r < linear semigroup defined for  any 
f E Bg(E) and It E MI(E)  and s < r < t by 

b H  t)¢ ~ H(t) f (x~ and H ( t ) f  _ Hs,r(gr,t f )  
, ,rJ = # (dx )  . . . . . . . . . .  H~,r(g~,t) 
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R e m a r k  3.11: By construction and using the Markov property of X it is easy to 
see that  the transition kernels S!~)(x, dz), s < r < t may likewise be defined for any 
bounded Borel function f by setting 

V x E E, H( , ) f ( z i  = E,,, ( f (Xr )  Z,,t) 
. . . . . .  (zs,d 

As in discrete t ime settings the asymptot ic  stability properties of • can now be charac- 
terized in terms of the contraction coefficient of the linear semigroups { H  (0 ; t >__ 0}. 

L e m m a  3.12 For any s <_ t we have that 

\ /  # W  

where the supremum is taken over all distributions/~, v E M I ( E ) .  

On the basis of the definition of H it is now easy to establish that  for any f E 
Bb(E),  x E E and any s < r < t  

S(t) f ( x  ~ = Es,x ( f ( X r )  g~,t(Xr) E,,~: (Z,,~ IXr ) ) 
. . . . . .  E.,. (z.,r IX )) 

Recalling the definition of the ergodic coefficient a ( K )  of a given transition prob- 
ability kernel K(x ,  dz) on E the above formula yields that  for any s < r < t 

i a (Sit)) exp - (  osc(V,) dr)  < a (H}~) _< a (S!t)) exp ( osc(Ur) dr)  

where 

• For any t _> 0, osc(Ut) def. sup {Ut(y) - Ut(z) ; (x, y) • E2}. 

• For any t > 0, S (t) = -re(t) r} is a - t~s,~ ; s < collection of transition probabili ty 
functions on E and defined for any bounded Borel function f by 

- f )  

. . . .  P.,r(g~,t) 

Using the semigroup property of H(0,  by definition of the ergodic and the contrac- 
tion coefficients a ( K )  and ~ ( K )  of a transition probabili ty kernel g on E one proves 
the following result. 

P r o p o s i t i o n  3 .13 For any v > 0 and s < r < t we have 

f l ( " ! : ) )  < H - (1 \ [ S ' t ' '  ,~,m+~] Jm r~+~ ) - e x p - ( ]  osc(U ) dr) 

where for any v > 0 and s < r < t, I~(s,r) is the subset of R+ defined by I , ( s , r )  a~. 
{s + pv ; 0 < p < [(r - s)/v]} with [a] the integer part of a • R .  
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If U is chosen so that  

osc*(U) a~. osc(U,) dt < + ~  (102) 
J 0  

then by definition of S (t) one gets the inequalit ies 

V s < r < t, a(P~:) e . . . .  *(v) < a(S( th  < a(P~:) e °~*(v) 
- -  k $ , r  ] - -  

from which one concludes tha t  

T h e o r e m  3.14 I f  the function U satisfies (102) then for any v > 0 the following 
implications hold 

• { H ( O ~  
n > l  

_ ~ ( H ( ~ ) ~  ~ ( v )  e_2O,¢.(v ) l im 1 E a ( P ( k _ , ) . k ~  ) d.~.~(V) ==~ l i m s u p l l o g f l  \ o,t] < -- 
n - + o o  n ' t - + c o  t - -  v 

k - -1  

In addition, if infl~_sl= ~ a (P~:) def. 6(v)  for some v > 0 then for any p > 1 and 
T > p . v  we have that 

1 &(v) e_2OSC.(u ) 
sup sup - -  log II¢, ,+T(~) -- ¢~:+T(~)lltv < -- 
t_>0 ~,, T ' - q . v  

Next we examine an addit ional  sufficient condition for the  asymptot ic  s tabi l i ty  of 
in terms of the  mixing propert ies of P = {P~,t ; s < t}. Assume tha t  the  semigroup 

P satisfies the  following condition. 

(7 9) T h e r e  e z i s t s  s o m e  v > 0 s u c h  tha t  f o r  a n y  t >_ 0 

1/2[ , dPt,t+v(X, °) 
V z ~ E,  e~ ~v) < < et~/2(v) 

- -  d#t,v 

f o r  s o m e  p o s i t i v e  c o n s t a n t  ct(v) > 0 a n d  s o m e  r e f e r e n c e  probabi l i t y  m e a -  
sure  #t,~ E M f f E ) .  

The main simplification due to condition (79) is the following: for any non-negative 
test function f we clearly have for any 0 < s < s + v < t 

(t) ~:sl(v) ¢,+v:(p)(f) ¢,(v) @,+~:(#)(f) < S,,,+~,(f) < 

(¢(t) This implies that  a \ - , : + ~ )  > ¢,(v) from which one can prove the following theorem. 

T h e o r e m  3.15 Assume that the semigroup P satisfies condition (79) for some con- 
stants v > O, ,t(v) > 0 and some reference probability measure #t,~ E M~(E) .  I f  the 
function U is such that 

Ilosc(U)ll d°d sup osc(U,) < 
t > 0  



9] 

then for any v > 0 the following implications hold 

n > O  

lim 1 n-_}~ 
 -+oo n 

k----0 

• 
]imZ  o , , / = 0  

1 [H(t)~ -~(v) :=~ lim sup ~- log t3 \ o,t } < - e-~,.llo~¢(U)ll 
t.-9.oo V 

In addition, if inft>o et(v) dc=t. ~(v) for some v > 0 then for any p > 1 and T >_ p . v  we 
have that 

1 ~(v) 
sup sup ~ log HOt,t+T(#) - Ct,t+T(V)lit,, < -- e - . .  Itos¢(u)ll 
t>0 ~,~, q. v 

for any p, q > 1 such that 1/p + 1/q = 1. 

In t ime homogeneous settings several examples of semigroups P satisfying condi- 
tion (7 ~) can be found in [9] and in [27]. For instance if X is a sufficiently regular 
diffusion on a compact  manifold then (7 ~) holds with 

e,(v) = e(v) = A e x p - ( B / v )  (103) 

for some constants 0 < A, B < co and for the uniform Riemannian measure #t,~ = # 
on the manifold. To illustrate our result let us examine the situation in which U is 
also t ime-homogeneous, tha t  is Ut = U. 

C o r o l l a r y  3.16 Assume that U is time-homogeneous and the semigroup of X satis- 
fies condition (7 =)) with et(v) = e(v) given by (103). Then for any p > 1 and v > 0 
and T > p.  v we have that 

sup Ilq?t,t+T(#) - exp--( r . T )  
# , v E M l  ( E )  

with 
A ( B  ) )  1 1 

7 - > - -  e x p -  + v . o s c ( U  and - + - = 1  
q v p q 

The best bound in term of the constants A, B and osc(U) is obtained for 

V ~-- V ~¢ def.= 2B 
1 + VII + 4B osc(U) 

The above asymptot ic  stability study can be extended in a simple way, but this is 
outside the scope of these notes, to study stability properties of the nonlinear filtering 
equation and its robust version. The interested reader is recommended to consult [43]. 
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3 . 2  The  Interact ing P a r t i c l e  S y s t e m  M o d e l  

The purpose of this section is to design an IPS 

(~)t_>0 = (~;, ~,~,""", C)t_>0 

taking values in E N, where N > 1 is the number of particles and such that for any 
t > 0, the empirical measures given by 

1 g 
C ( ' )  = ~ = ~  Z~t(') 

are good approximations of ~Tt, t > 0, for N large enough. 

As announced in the introduction, the Markov process (~t)t>o will also be defined 
by a martingale problem. At this point it is convenient to give a more detailed 
description of its pregenerators which was already presented in (15). At time t > 0, 
the pregenerator £~g) of the IPS will be of genetic type in the sense that it is defined 
as the sum of two pregenerators, namely 

where 
• The first pregenerator ~.~g) is called the mutation pregenerator, it denotes 

the pregenerator at time t coming from N-independent processes having the same 
evolution as X and it is given on dt ®g by 

N 

V ¢ • A ®N, L'IN)(¢) = E L~i)(¢) 
i=1 

where L~ i) denotes the action of Lt on the i-th variable xi, that is 

L~ i) = Id ® . . .  ® Lt ® - . . ® I d ,  

i - t h  

where Id is the identity operator. 
• The second one is denoted by ~N) and it is called the selection pregen- 

erator. It is defined as the jump type generator defined for any ¢ • .A ®N and 
X = ( X l , . . . , X N )  • E N b y  

N N 

i--1 j = l  

where for 1 _< i , j  <_ N and x = ( x l , . . .  ,XN) • E N, x ilj is the element of E N given by 

V I < k < N ,  x~J = I xjXk ,' ifk=iifk~i 

(this is meaningful for all functions ¢ • Bb(EN), and in fact ~tt N) is a bounded 
generator on Bb(EN)). 
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Heuristically the motion of the particles (~t)t>o is decomposed into the two follow- 
ing rules. 
Between the jumps due to interaction between particles, each particle evolves indepen- 
dently from the others and randomly according to the time-inhomogeneous semigroup 
of X. 
At some random times, say r,  we introduce a competitive interaction between the 
particles, during this stage a given particle ~ will be replaced by a new particle ~ ,  
1 < j _ N, with a probability proportional to its "adaptation" Ur(~). 

This mechanism is similar to the one of a Moran IPS, except in the form of 
the intensity of replacing ~ by ~J (which should be symmetric in these variables) 
and in the total jump rate which is here "proportional" to N (instead of N2). In 
fact that renormalization shows that our Moran's type IPS can also be regarded as 
a Nanbu's type interacting particle approximating model for a simple generMized 
spatially homogeneous Boltzmann equation. 

There is no real difficulty to construct a probability P (on D([0, +c~[, EN)) which 
is solution to the martingale problem associated with the initial distribution r/0 oN 
and to the time-inhomogeneous family of pregenerators (z:~N))t>0. More precisely, 
we proceed in two steps: we first consider the product process on E N corresponding 
to the family of pregenerators (~.~N))t>o and to the initial distribution r/0 ~N. This is 
quite immediate and the N coordinates are independent and have the same law as X 
starting from r/0 (cf for instance the Theorem 10.1 p. 253 of [55]). Then, for all t > 0, 
f~N) is just seen as a bounded perturbation of/~N) by ~t N). So we can apply general 
results about this kind of martingale problems, see the Proposition 10.2 p. 256 of [55]. 

From now on, E will designate the expectation relative to the process ~ = {~t ; t > 
0} under P. 

For more information about how to construct and simulate this process, see section 
3 of [45]. 

In fact, the law P of the particle system ~ satisfies a more extended martingale 
problem, since the proofs presented by Ethier and Kurtz [55] enable us to transpose 
the whole pregenerator (BT, L) considered in the section 3.1.1: 

Let us denote by ]3T, N the vector sub-space of Bb([0, T] × E N) generated by the 
functions f : [0,T] × E N --+ R such that there exist f l , ' " , f N  • BT for which we 
have 

V t • [0, T], V x = ( x x , ' " ,  XN) • E N, f(t, x) = H fi(t, xi) 
l<i<N 

If such a function f is given, we define for all (t, x) E [0, T] x E, 

~.(N)(f)(t,x) 

= f , ( t ,  xl).., f,_,(t, fN(t, xN) 
l<i<N 

and then we extend linearly this (contingently multi-valued) operator if(N) on BT,N. 
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We also need to consider the pregenerator Z~(N) acting on Bb([0, T] x E N) in the 
following way: 

V f • Bb([0, T] × E N ) , k / ( t , x )  • [0, T] × E, 

£(N) ( f ) ( t , x )  = ~ N ) ( f ( t ,  . ))(x) 

and next we introduce on BT,N, 

£(N) = t~(N) + ~(N) 

This pregenerator coincides naturally with Ot + £~N) o n  AT ® .A®N C ]3T,N. 

L e m m a  a.17 Under P, for all T > 0 and all f • BT,N, the process (M(N)(f))o<_t<_T 
defined by 

V 0 < t < T, M(N)( f )  = f ( t ,  ~t) -- f(O, ~o) -- £.(m)(f)(s,~s) ds 

is a bounded martingale. 

Now let .AT,N be the set of all f • BT,N for which f2 • •T,N. With some obvious 
notations for such functions we can define 

p(N)(f,f) d~=f. ,c(N)(f2)_ 2ff_(N)(f ) 
= "~(N)(f,f) + ~(N)(f,f) 

Then an easy calculation we have already met several times shows that 

L e m m a  3.18 For any f E .AT,N, the increasing process associated to the martingale 
(M(N)(f))o<_t<_T is given by the formula 

I' V 0 < t < T, (M(N)(I))t = r ( N ) ( f ,  f ) (s ,  G) ds 

Next we will apply this result to some special functions, for which x E E N is seen 
1 g only through its empirical measure m(N)(x) = N ~l_<i_<N ~, and more precisely to 

mappings f of the following type 

~/ (t, x) • [0, T] x E N, f ( t ,  z) = m(N)(x) ( f ( t ,  • 1) 

where f •  .AT, since clearly such a function f belongs to .AT,N. 

3 . 3  A s y m p t o t i c  B e h a v i o r  

An important role will be played here by the unnormalized Feynman-Kac stochastic 
flow defined in (18). In all this section, the finite horizon T > 0 and the initial 
condition ~/0 are fixed. 
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3.3.1 W e a k  Propagation of Chaos 

Our objective is to prove the following result, which somehow gives a justification for 
the interacting particle system just introduced: 

Theorem 3.19 Under the assumption (H2)T, there exists a finite constant CT > O, 
such that for  all T E Bb(E) and all 0 < t < T,  

_ c IMI 

The basic idea behind the proof of this result is quite simple: it consists in finding 
a martingale indexed by the interval [0, T] whose terminal value at time T is precisely 
~/TN(~), for any given T E fl.. The reader may be wondering why this quantity and 
not directly r/N(~). The reason for this choice is that for the unnormalized Feynman- 
Kac stochastic flow, we can take advantage of the underlying linear structure of the 
limiting dynamical system (~'t)L>0 (ie of the relation "Yt(" ) = %(Q~,,(" )) valid for all 
t > s > 0). As we will see, there is then a straight way to find such a martingale, via 
the martingale problem satisfied by the law of the particle system, but naturally we 
have to use the semigroup (Q,,t)0_<~___: considered above. All the calculations would be 
immediate if one can use the heuristic formula 

O~Q ~,t = - LsQ~,t - U~Qs,t 

(in the usual regular cases, this is satisfied, and maybe that at a first reading one 
should concentrate on these situations . . .  ). To treat the little difficulties associated 
to the general case, we consider this equation in the sense of the martingale problem. 
This point of view led us to introduce the weak regularity condition (H2), insuring 
that some functions constructed through the semigroup (Qs,t)o<j<t are in the domain 
of an extended pregenerator. 

Another important aspect of the martingales we will consider is that they are quite 
small, in the sense that their increasing process will be of order 1/N. Then taking 
into account some results about iid random variables in order to estimate the initial 
approximation at time 0, the expected convergence will follow easily for the unnormal- 
ized Feynman-Kac formulae (and there will be no problem with the renormalization, 
so we will also end up with the convergence of the empirical measure toward the nor- 
malized Feynman-Kac formulae). 

Furthermore, this approach gives at once the central limit theorem and exponential 
bounds for the fluctuations. 

So from now on, we will look for nice martingales, through calculations of the action 
of the pregenerators on convenient functions, and (H2)T will be assumed fulfilled. 

L e m m a  3.20 For any ~p E .4, the process 

(B~(V))o<~<T 

= , t . T ( v ) ) - ,  , , s.T( ))ds 
O<_t<T 
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is a martingale and its increasing process is given by 

1 G(s, T, rl~, ~) ds (BN(%o))t = "~ 

where for any 0 < s < T, m 6 M I ( E )  and %0 6 A,  

G(s, T, m, ~o) 

= m [F(FT,~, FT,v)(t," )] + m [(Qs,T(~) - m[Qs,T(V)])2(U~ + m[U~])] 

P r o o f :  Applying Lemma 3.17 and Lemma 3.18 to the function 

f : [0,T] × E N ~ ( t , x )  ~ m(m(x)(Q, , r (~o))  (104) 

it appears easily that 

~.(N)(f)( t, x) -= --m(N)( x)[UtQt,T(~O)] 

~ (N) ( f ) ( t , x )  = m(N)(x)[UtQt,T(~O)] -- m(N)(x)[Ut]m(N)(x)[Qt,T(~O)] 

and the proof of the first assertion is now complete. 
For the second one, calculations are a little more tedious, but in the end, we get 

NF(N)( f ) ( t ,  x) = m(N)(x)[F(FT,~o, FT,v)(t, " )] 

and 

NF(N)( f ) ( t ,  x) = ra(N)(x) [(Q~,T(V) - m(N)(x)[Q~,T(V)])2(Us + m(g)(x)[U,])] 

In view of the above lemma to find a good upper bound of NE[(BN(~o))T] it is 
tempting to introduce the norm on "4 defined for any ~o E .4 by 

IIMIIl[o,~ = IIFT,~(t," )11 ~ + IIf(FT, , FT,v) ( t , .  )l] dt (105) 

(more rigorously, the infimum over all possible choices of F(FT,v, FT, v) of this quanti- 
ties). Using the considerations of section 3.1.2 we see that  this norm is clearly related 

to Ul" Ill 
Next result shows that the above choice is in fact far from being optimal. 

L e m m a  3.21 There exists a finite constant CT > O, such that for all ~ E .4, 

E[(B~(w))T] < Orll~ll ~ 
- N 

P r o o f :  Let us write that for the function f defined in (104), 

V (t, x) E [0, T] x E N, 

NF(N)( f ,  f ) ( t ,  x) = m(N)(x)[L(Q2.,T(~))(t , . ) -- 2Qt,T(V)(" )L(Q. ,T(~))( t ,  . )] 

= m(N)(x)[L(Q2.,T(~))(t , • )] + 2rn(N)(x)[UtQ2t,T(V)] 
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If we define 

then 

therefore 

and 

g : [0, T] × E u ~ (t, x) ~ m(N)(x)[Q~,T(~O)] 

~.(N)(g)(t,X) = m ( N ) ( x ) [ t ( Q 2 . , T ( ~ O ) ) ( t ,  " )] 

NF(N)(f, f ) ( t ,x)  = £.(N)(g)(t,x) + 2m(N)(x)[UtQ2t,T(~O)] 

= f..(N)(g)(t, x) -- f..A(N)(g)(t, X) + 2m(N)(x)[UtQ~,T(qO)] 

N'F(N)(f, f ) ( t ,  x) 

= ~(N)(g)(t,  X) ~- m(N)(x)[UtQ2t,T(qO)] + m(N)(x)[Ut]m(N)(x)[Q~,T(qO)] 

and finally one gets 

NF(N)(f, f)(t ,x) 
= £.(N)(g)(t, X) + 2m(N)(x)[UtQ~,T(qo)] 

--2m(N)(z)[UtQt,T(V)]m(N)(x)[Qt,T@)] + 2m(N)(x)[Ut]m(N)(x)[Q~,T@)] 

This implies that  

NE[(BN(~o)>T] 

= E[/oTF(N)(f,y)(t,~t)dt] 

N 2 N 2 = E rlr [QT,T@)] - 7o [Qo,r@)] + 

/0  T N 2 2~7t [UtQt,T(~O)] -- 2~[U, Qt,T(~O)177N[Qt,T(~O)] + 2~7~[Utl~TN[Q~,T(~O)] dr] 

and the desired upper  bound is now clear. 

As announced, it is preferable to first obtain a result similar to Theorem 3.19 for 
~/N. 

Proposit ion 3.22 
and 0 < t < T, 

Proof: 

There exists a finite constant CT > O, such that for any ~o E .A 

E[I~N@) - ~'@)l] < Or II~ll (106) 
- V T  

By construction, for any ~o E A, we have that  

(/o ) 7~(~o) = exp qs (U,)ds 71~(~ ) 
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By Lemma 3.20 it follows that for 0 < t < T, 

"/N(Qt,T(~)) = %N(Qo,T(~)) + B~(~) 

where 

(107) 

~'(v) - ~(v)  

from which one gets that 

~[(~(~) - ~ ( ~ ) ) ~ 1  = 

= %N(Qo,T(~)) - 7o(Qo,T(~)) + ~N(~) (108) 

E[(%~(Qo,T(v)) - ~o(Qo,T(v)))  ~] + E [ ( ~ ) ~ ( v ) ]  

Now the result follows, via a Cauchy-Schwarz inequality, from 

E [ ( ~ ) 2 ( v ) ]  = E[(t7 N (v))T] 

and from the classical equality for iid variables: 

E[(7~ (Qo,T(V)) -- 7o(Qo,T(V))) 21 = E[(r/o N (Qo,T(V)) -- r/o(Qo,T(V))) 2] 

~0[(Q0z(v) - ,o(Qo,r(v))) ~] 
N 

2 

< exp(2T IlUllto,Tl)ll~ I 
P r o o f  of T h e o r e m  3.19: First let us prove that the upper bound of the previous 
proposition is true for any qa E Bb(E). By density of .A in Cb(E), that is at least clear 
for all ~o E Cb(E). Next let ~o E Bb(E) be fixed. We have 

E[17N(~o) -- 7t(~p)l ] = sup E[H(TN(~) - 7t(~))] 
HeL~(P),IIHI[L~ (~) _<1 

Let H E Lc~(P) be given with IIHIIL~(p) < 1. Then the following formula 

v ~ ~ B~(E) ,  m . ( ~ )  ~°2- E [ H ( , ~ ( ~ )  - ~(~))] 

/o (/0 s ) BN(qa) = exp rlN(u~,)du dBN(cp) 

is a martingale. Its increasing process is clearly given for any 0 < t < T by 

I ' ( / o  ) (BN(qo)), = exp 2 r/y(U~) du d(BN(~o)), 

1 t 8 N du~ 
---- ~ o  e x p ( 2 ~  r/~(U~) ! G(s,T,~N, Qs,T(~))ds 

A 

< -~(B(V))T 

for a finite constant CT > 0 which does not depend on qo (but it depends on U, 
through IlUll [o,~). 
Recalling that "~T(~) = "ro(Oo,,(~)) one concludes that 
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defines a measure m H  E M ( E ) .  
But a classical approximation result says that  there exists a sequence (~o,~)n¢r~ of 
elements of Cb(E), with II~dl - I1~11 for all n E N, such that  

lim m//(~o,~) = mH(~O) 

Put t ing together these facts, (106) is satisfied for all ~o 6 Bb(E). 
Now it is enough to write that  for all ~o E ,4, 

1 
(109) 

Theorem 3.19 can be improved. As a first step in this direction, let us come back 
to the mart ingale (BN(~o))O<t<<_T, for a given ~o E A, and study its jumps:  

L e m m a  3.23 There exists a finite constant C(T 7) > 0 such that P-a.s., we have 

sup <  )ll 'll 
O<t<T - -  N 

P r o o f :  From the definition of (BN(cp))O<t<_T, we see that  this upper  bound would be 
clear if we could show that  P-a.s., the coordinates of the RN-valued process 

never j u m p  together. 
From the construction of P (cf [45] for more details), it is sufficient to prove this 

property for the process ~" which is just the product of N independent copies of X 
(starting from the distribution r/0). So it is in fact enough to convince oneself that  the 
jumps  of the mart ingale (Nt(T, ~O))o<t<T = (FT#(t,  Xt))o<t<T (under Pno) are totally 
inaccessible, but this is a consequence of the continuity of its increasing process. 

A similar s ta tement  holds for (BN(~o))O<_t<_T. 

L e m m a  3.24 For any p > O, there ezists a finite constant C ~  > O, which does not 
depend on ~o and such that 

sup E[ B ~ ( ~ )  '11/, < c(S/I1~11 
O<t<T - -  T,p 

P r o o f :  By H51der inequality, we only need to prove this result for p = 2q, with 
q E N*, and we will proceed by an induction on q. We have already shown the case 
q = 1, so let q E N \ {0,1} be given. Applying the ItS's formula for the mapping 

R Z x ~ x 2a, we get (writing B%--f" BN(~o) for simplicity) for 0 < t < T, 

I I' B2tq = 2q t --8f12'-1 dB~ + q(2q - 1) --,~2q-2 d(~C)8 

+ _ 

o<s<_t 
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where ~c is the continuous martingale part of B. 
But quite obviously, there exists a finite constant Cq > 0 depending only on q > 2 
and such that for any 0 < s < T, 

~ ,  -~, _ c ~ ( ~  ~-~ + - B~_ - 2q~ ' -~Zx~  _< (A~)~-~)ZXB~ 

Using the previous lemma and the general fact that 

0 < s < t  O<_t<_T 

is a martingale, one can find a finite constant CT,v > 0 such that 

Now the desired result follows from the bounds on (B) we have already met in the 
proof of Proposition 3.22 and from the induction hypothesis (after an appropriate 
application of Fatou's Lamina). 

A consequence of these preliminary results is that 

P r o p o s i t i o n  3.25 For all p > 1, there exists a finite constant Cp,T > 0 such that for 
all ~o E Bb( E) and O < t < T 

c I1~,11 

Proof :  Using the same arguments as in the proofs of Proposition 3.22 and Theorem 
3.19, this inequality is a consequence of previous lemma and standard Marcinkiewicz- 
Zygmund's inequality, ensuring that there is a finite constant Cp > 0 such that 

E[lr/0N(oo,T(~o)) _ rlo( Oo,T(~O) )[p]l/p < Cv IIO0,r@)ll 
- v T  

Using for instance the previous proposition with p = 4 (note that for this case, 
we could have rather take into account the Lemma 3.34 p. 382 of [68], instead of 
Lemma 3.24), we can apply the Borel-Cantelli Lemma to see that almost surely, for 
a q0 E Bb(E) fixed, 

lim rlN(~) = 7}t(~o) 
N--+oo 

In fact the Proposition 3.25 can be quantitatively improved for p = 1, if we put 
the absolute value outside the expectation: 

P r o p o s i t i o n  3.26 For T > 0 given, there exists a constant CT >_ 0 such that for all 
~o E Bb(E) and all N >> 1, we have 

]E[~rN@)I--~T@)] < ¢,T I1~11 
- N 
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P r o o f :  Using the equation (108) valid for all ~ E ,4, we get 

= 

But clearly this equality is then true for all ~o E Bb(E), via usual arguments (ie 
7T N is an es t imator  without biais of 7T). 

Then taking into account (109), we see that  

- = 

1 g 
< 7 - - -~ /E[ (T /T  (~) -- ~/T(~O))2I~/E[(TTN(I) -- 7W(I)) 21 

Or < - -  
- N 

for a constant C'T > 0, according to the Proposition 3.25 and its proof. 

The  proportionality to 1/N of the upper  bound we have just  obtained is related 
to the strong propagation of chaos. This question will not be thoroughly investigated 
here, but let us give some immedia te  remarks about it. 

First we recall the definition of this property: let )~ = (f(t)t>o be the t ime inho- 
mogeneous Markovian process taking values in E,  whose initial law is z/0 and whose 
family of pregenerators is (£t,,,)t>o, where (~lt)t>o is defined by (3) and (4) (starting 
from the same T/0) and where the pregenerator L:t,,, for t > 0 and ~1 E M I ( E ) ,  is given 
by (12). 

In the generalized Bol tzmann equations literature, ) (  is called the nonlinear pro- 
cess (or sometimes the tarjet  process) because at any t ime t > 0, the law of )(t is 7/t, 
but at this instant its pregenerator also uses in its definition the probabili ty z/t. So 
the evolution depends on the t ime marginal and this is the nonlinear aspect of X.  

For T > 0 fixed, let P~o,[0,T] denote the law of (-~t)O<_t<_T. Then the strong propa- 

gation of chaos can he expressed as the existence of a constant C(T 9) > 0 such that  for 
all N > 1 and 1 < k < N, we are assured of 

p(N,1,...,k) ~:)®k I C(T9)k2 
, o , [ o , w ]  - -  ,7o,[O,Tl t v  --< 

where ][-[[tv stands for the total  variation norm and where p(N,l,.-.,k) denotes the law ~o,[0,T] 
over the t ime interval [0, T] of the k th first particles (~t 1, ~t 2, k • " ,  ~ )0<t<T (cf Graham 
and M616ard [65]). 

Using on one hand a generalization of the approach presented here, but for the 
tensorized empirical measures alluded to in the beginning of section 3.1.1, and on 
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the other hand two straightforward coupling arguments, it is possible to prove such a 
behavior, except we have not yet been able to get the right dependence in k. 
Nevertheless, note that  as a direct consequence of Proposition 3.26, we have the 
simpler bound 

P~oN,~ ) -  Pn0.T tv - < 0TN 

(NI) where P,0,~: (resp. Pno,T) denote the law of~ (resp. -~T). This comes from the identity 
P~o,T = Z/T and the fact that the distribution of ~ is also E[r/N], by exchangeability 
of the particles. 

Furthermore, if we assume that  the semigroup ¢ is exponentially asymptotically 
stable, in the sense (111) given below, then we obtain an uniform in time result: for 
some constants C > 0 and 0 < a < 1, 

Ibm(N,1) Pn0,~ 0 
sup [[~no,t -- tv --< N--~ t>O tl 

More generally, to get uniform upper bounds with respect to the time parameter 
(under additional stability assumptions) it is important  to control the dependence of 
the constant Cp.r arising in Proposition 3.25. A more cautious study shows that  in 
fact there exists a universal constant Ap > 0 depending on the parameter p and an 
additional finite constant B > 0 (which do not depend on p) such that  

Cp,T <_ Ap exp (B foT(l + llU~ll)ds) (110) 

We end this section with a uniform convergence result with respect to the time pa- 
rameter. 

Theorem 3.27 Assume that the semigroup • associated with the dynamics structure 
of z I and defined in (101) is asymptotically stable in the sense that 

lim s u p  s u p  II'I',,*+T(#) - -  0* , ,+~( '~ ) l l t~  = o 
T---~oo ~,vEMI(E) t>0 

I f  the function U satisfies IIUIl* d,f = supt>0 IIU, II < oo then for any bounded Borel 
function ~ we have the following uniform convergence result 

l i m  sup E( ] r /Nqo -- r/t~o]) = 0 
N-+oo t>0 

In addition, assume that the semigroup ~ is exponentially asymptotically stable in the 
sense that there exist some positive constant 7 > 0 and To >_ 0 such that for any 
p, u E M I ( E )  and T >_ To 

sup I I ¢ , , , + r ( z )  - ¢ , , ,+r (~ ' ) l l ,v  < e - ' r  (111)  
t>o 
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Then for any p > 1 and for any Borel function ~, II~ll <- 1, we have the following 
uniform L p error bound 

A'~ CA/r 
s u p E ( I C ( ~ )  - ~,(~)lp) ~ < 
t>_0 - N ~  

for any N >_ 1 such that 
T ( N )  dej 1 log N > T0 

2 7 + 7 ,  - 
I where Ap is a universal constant which only depends on p > 1 and a and 7' are given 

by 
7 7' a = - -  and = B(1 + HUH*) 

3 ' + 7 '  

and B is the finite constant arising in (110). 

P r o o f :  To prove this theorem we follow the same line of arguments as in the proof of 
Theorem 2.11. Since most of the computations are similar to those made in discrete 
time settings the proof will be only sketched. 
The only point we have to check is that  for any qa, I1~11 < 1, p > 1, T > To and t > 0 

' exp(7 'T)  with 7'  = B(1 + [[U[[*) E(I ,Tt%(~)-¢.+T(,7,")(~)I")  ~ _< ap 

Subtracting the equalities (101) at times t = T and t = s (and taking into account 
the definition of B given below (107)), we get that  for any s < T and qa E .4, 

(/o ) "y~(tp) "fN(Q,,T(qa)) + exp N = % (U~) du dBN(T)  

Since by definition we have 

( / o " )  (/o ) 77(1) = exp rh, (U~) du . 7 (1 )  = exp ,1,, (U~) du 

it appears by construction that  

"#(Q.,T(~)) - r l~(Q,,T(#))  %~(1) 

so the above decomposition yields that 

%,NT(¢p ) dej. "/~(~P) = yN(Q,,T((p) ) + exp 71,, (U,,) du dB N 
.rT(t) 

By the same reasoning as in Lemma 3.24 one can check that for any p _> 1, there 
exists a universal constant Ap > 0 depending on the parameter p and an additional 
finite constant B > 0 (which do not depend on p) such that 

eS0+llUII *) (T-s) 
E (IrhN, T(~) - ~IN(Q.,T(~))f) ~ <_ A~ v~ 



104 

Instead of (109) we now use the decomposition 

- ¢ s , . ( C ) ( v )  

_ 1 ((r/~T(qa) -- rl~(Qs,T(~))) + r/TN(~) (r~f(Qs,T(1)) -- ~/~T(1))) 
r/N(Qs,T(1)) 

to prove that  

eBO+IlVll *) (T-s) 
E (lr/TN(v) - ~s,T(r/N)(~p)IP) ~ _< Ap 

vT 

The desired upper  bound is now clear by replacing the pair parameter  (s, T) by 
(t ,  t + T) .  ,, 

3 . 3 . 2  C e n t r a l  L i m i t  T h e o r e m  

We now turn to fluctuactions associated with the weak propagation of chaos. We 
proceed in much the same way as in discrete t ime settings. Let us introduce the 
"normalized" semigroup ((~s,~)0<j<t defined by 

V 0 < s < t, V ~ 6 A ,  Qs,,(~) - Qs,,(~) ,T.( x) ) 

To see tha t  it is in fact a semigroup, we first notice that  

[ ( / / ) ]  V 0 < s < t < T, ys(Qs,,(l)) = Es,,, exp U~(X~) du 

= exp ~u u 

where the lat ter  equality correspond to the basic identity 

f ~h(1) = exp( rls(Us ) ds) 

proved at the end of section 1.3, but  for the shifted dynamical  system (rls+t)t>0 instead 
of (rh),>o. 
Consequently the above semigroup can be rewritten as follows 

V O < s < t < T ,  V x 6 E ,  V ~ 6 A ,  

Q,s,t(~)(x) = Es,~ [qo(X~)exp ( f tU~(X~) -  rl~(U~)du) ] 

Therefore it is clear that  (~)s,t)o<s<t<r is defined as (Qs,t)o<_s<_t<_T, by replacing the 
mapping U by the mapping 

~1 : R+ × E 9 (t, x) ~-~ U,(x) - rh(U,) 
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T h e o r e m  3.28 For ~ E .A, define 

W~(~) = ~ ( ~ ( ~ ) -  ~T(~)) 

and let us denote as in (61), for  0 < t < T, 

:t,T = ~ ) , . r ( V - , r ( V ) )  

Then under (H2)T, the family (W~(~))~e+t converges in law to a centered Gaus- 
sian field (WT(~O))~e.a whose covariances are given by 

V ¢ , ~  E ,4, E[WT(¢)Wr(~o)] = Y0[¢0,T~0,T] + G(s,T,~/s,¢,~o)ds 

where for  all 0 < s < T,  all m E MI(E)  and all ¢, ~o E ,4, 

G(s, T, m, ¢, ~) 

= m [~(¢.,~, ~.,~)(s,. )] + m [(¢sx - m[¢s,r])(~s.r - m[~s,~])(Vs + talUs])] 

First, we will only consider one function ~, E .4, for which we have the analogous 
result of Lemma 3.20, whose proof is quite identical: 

L e m m a  3.29 For ~ E ,4, the process 

( I' ) = ,~ ( ~ , r )  + (,s (us) - , s ( u s ) ) , ~ ( ~ s , r ) d s  
- - 0 < t < T  

is a martingale, whose initial value is 

[~o~(~) = ~o~(~o,~) 

and whose increasing process is given by 

</~N(~)>t = G(s, T, 7h N, ~, ~o) ds 

We will examine separately each term arising in the above lemma. For the first one, 
w e  h a v e  

L e m m a  3.30 Under (H2)T, the random variables 

v T / ~  I (C(vs )  - ~s (vs ) )C(~ . ,~ ) l  ds 

converge in probability to 0 as N tends to infinity. 

Proof:  It is enough to show that 

[/o ] lim E v ' ~  I(rl~(Us)- rls(Us))rl~(~os,T)l ds = 0 (112) 
N---+~ 
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To this end we use the following Cauchy-Schwarz upper bound of this quantity (before 
going to the limit for N large) 

Since IIUH[0,Tl < +c¢, using the last assertion of the previous lemma and dominated 
convergence, the first factor goes to zero as N tends to infinity. 
For the second term, let us write that for 0 < s < T, 

This yields that 

N 2 

N ~s [~s,T] = ~ s N [ 0 s , T ( ~ ) ]  - -  ~ 7 [ 0 s , T ( I ) l r / T ( ~  p)  

= ~ [Q~,T(I)] \~ [Qs ,T( I ) ]  

fr/N[Q.,T@)] ~[Q~,T(~)]~ = ,N[Q~,T(I)] \ ~  ~ /  

< N - 2 /¢(r/N[Q~,T(~)] -- r/~[Q~,T(~)]) 2 
_ 27h [Q~,T(I)] \ ~'~-[Q~T-~ t- 

rls[Qs,T((P)] 2 -- I 2 (r/N[Qs,T(I)] 71s[Q.,T()]) ) 

But the proof of Theorem 3.19 shows in fact that for all ~v E .4 

sup N E [ ( r l N [ Q ~ , T ( ~ ) ] - - ~ [ Q s , T @ ) ] )  2] < +oo 
0 < s < T  

from which one concludes that (112) holds. 

The important step in this section is the following 

P ropos i t i on  3.31 Under (H2)T, the martingale ( [~N (~p) )o<__t<T converges in law (for 
the Skorokhod topology in D([0, +oo[, R)) for N large toward a Gaussian centered 
martingale (Bt(~o))0<t<T whose increasing process is the deterministic mapping 

[0,T] t 

and whose initial value Bo(~O) admits 

 0[(00,T@ 

for variance. 

Proof." Conditionning with respect to the ~-algebra associated with time 0, it is not 
so difficult to realize that it is sufficient to prove the two following lemmas. 
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L e m m a  3.32 The random variables v/'NrloN(~o,T) converge in law for N large toward 
a centered Gaussian law of variance a(~).  

P r o o f :  It is just the usual central limit theorem for the independent variables 

N ( ~O,T( ~,O) )X <i<N , 

where the ~i,~, 1 < i < N, have the same law 7/0. We would have noticed that  
r /0@0,r)  = O. 

L e m m a  3.33 Consider the process ( [~N ( qO ) )o<t<T = ( [~tN ( qo ) - BoN ( qO) )o<t<T , under 
the law P which is constructed as P, except that the initial distribution of ~o N is a 
Dirac measure 6~oN for some xNo E E g. Then ([3N(qa))o<t<T converge in law toward a 
Gaussian centered martingale (l~t( qV) )o<t<T starting in 0 and whose increasing process 
is the deterministic mapping 

f0 t [0, T] 9 t ~ G(s,T,~l~,~,qa)ds 

Proof." Since (H2)T is assumed to be satisfied for all r/0 E M I ( E ) ,  (t~N(qo))o<_t<_T is 
again a martingale under P, and we also have that  

and 

f0 t ([3n@))t = G(s, T, rl N, ~o, ~) ds 

Thanks to Theorem 3.11 p. 432 of [68] it is now enough to prove that  

F 1 
> 0, lim P ] sup I/~B~(cp)I > e / = 0 (113) V e 

N-~+~ L0<s<T J 

~0 t V 0 < t < T, lim </3n(qo)>t = G(s, T, riB, ~) ds (114) N--++oo 

where the last limit is understood in probabili ty (P). 
But (113) is proved in quite the same way as Lemma 3.23, and (114) comes from a 
dominated convergence theorem, using the weak propagation of chaos and the fact 
that  for all 0 < s < T, Us, ~ , T  and F(qa.,T, qa.,T)(S, • ) E BD(E). 

Put t ing together the previous calculations, we also see that  the process 

N 

converge to the same limit as the one presented in Proposition 3.31. 

Now the Theorem 3.28 follows, by considering terminal values. More precisely, it 
remains to replace q~ by (~q,~P2,"'" ,qop), where ~ l , ~ v 2 , " ' , ~ p  E .4, p > 1, and to use 
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linear relations like/3N(~oi + ~oj) = /3N(~0~) + /~N(~Oj), 1 _< i # j < p, which implies 
for instance that  for any 1 < i # j < p 

( B N ( ~ ) ,  B N ( ~ j ) )  = ¼ ( ( ~ N ( ~  + ~ ) )  _ ( B ~ ( ~ ,  _ ~ ) ) )  

The details are left to the reader. 

The expression for the limit covariance can be simplified, in order to see that  in 
fact it depends continuously on ¢, ~o with respect to the norm H" H. Furthermore, it 
will confirm that  it doesn't  depend on the choice of I'(~O.,T, ~O.,T). 

L e m m a  3.34 More precisely, for any ¢, ~o ~ .A we have 

Z ~[WT(¢)WT@)] = ,~[(~o -- '~r(V))(¢ -- '~r(¢))] + 2 '~j~.,~¢8,~U~] d~ 

P r o o f i  By a symmetrization procedure, it is sufficient to consider the case ¢ = % 
Then we use calculations similar to those of Lemma 3.21. 

To this end we first recall that  

fo ~ ,.T[L(~ ~. .r)(~," )] ds 

= fo ~ [ L(~2"'T)(s'X')exp (fo 8U'(X~') -Tl~'(U")du)] ds 
Writing for all 0 < s < T, 

f [  2 = M (~ ~.) ~ , ~ ( x s )  + ~0~,~(Xo) L(~ ~,r)(~,X") d~ + ~ ' 

(~2. r) with a certain martingale (M~ ' )z_>o, we deduce that  

/TIF~o [L(qo2.,T)(S, Xs)exp ( / S  uu(x,~) - rlu(Uu) du) ] ds 

[ (/o )] = F_~o ~,,T(XT) exp U,(X~) - ~/8(U~) ds _ F_~o [q%,T(Xo)]2 _ 

~o [f~'~L.(xs)(u~(x~)- ~ ( u . ) ) e x p  (fSu~(x~) - ,7~(U~)d~,) ds] 
2 2 2 = ~o[~o,r] - ~ . (u , ) ) l  ds rlW[CPT,T ] -- ,TJ~, ..T(U. 

Therefore 

fo T ~s[~(~. T, ~ ,~)(s, .  )1 ds 

= Os[L(~o2.,T)(S, • ) -- 2~O.,T/-,(~O.,T)(S," )] ds 

2 2 2 S = ,Tr[~Or,r] 2~o,a'L(So. - .0[~0,~] - . J ~ . , r (  • - . . ( u . ) )  + ,T)] d~ 
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But it appears from the definition of ~Os,T, that 

V (s, x) e [0, T] x E N, 

(// ) L(~.,T)(S,X) = exp - r/~(U~)du L(Q. .T(~))(s ,z )  + rl~(Us)W,T(X) 

= - ( u s ( x )  - ~ s ( v . ) ) ~ s , r ( x )  

SO 

f0 ~ ,s[~(~.z, ~ ,~)(s, .)] ds 

T 2 2 2 ,J~s,r(vs ~(vs))] ds - r/0[~0,r] 

and finally the lemma follows, taking into account that 

v 0 < s < T, , s ( ~ . , T )  = ~ ( ~  - , r ( ~ ) )  = 0 

R e m a r k  3.35: This is a first step which could lead to the conclusion that the 
Theorem 3.28 is true more generally for the family (W~(~))~e~(E). Note also that 
in the trivial case where U - 0, we find the classical covariance for independent 
particles. The term 2 f [  rl~[qa~,TUs ] ds gives a measurement of the noise introduced by 
interactions. 

3.3.3 Exponential Bounds 

We can also take advantage of the martingales we have exhibited in the previous sec- 
tions to obtain exponential bounds on deviations from the limit. Here we will use 
the strong regularity assumptions considered in section 3.1.2, because a.s. bounds on 
the increasing processes will be needed (and not only L 1 estimations, as for the weak 
propagation of chaos). 

Our starting point will be the following basic result from the general theory of 
martingales (cf for instance the Corollary 3.3 of [86] using calculations from the sec- 
tion 4.13 of [81]): 

P r o p o s i t i o n  3.36 Let (Mt)o<t<T be a martingale starting from O, ie Mo = O, and 
such that for a constant a >_ O, we have a.s., sup0<_t_<T I/kMtl <_ a. Then M is locally 
square integrable and we are assured of the bounds 

V G > 0, V 0 < e < G/a, P sup ]M, I > _ e , ( M > T > G  < 2exp - ~ -  
[ 0 < t < T  

Now the procedure to get exponential upper bounds for the deviations w~V(~) 
introduced in Theorem 3.28 is quite standard. 

First we have to estimate the "characteristics" of the martingale B(~) defined in 
the proof of Proposition 3.22, for ~ E Jr. 
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L e m m a  3.37 For T > 0 given, there exist two constants C(T 1°), C (11) > O, such that 
for all qv E .A, we have almost surely, 

sup ABS(~)  < C(TI°) I1~11 
o<_t<_T -- N 

( .bN(vl)r  < c(r'l)llMIIl~o,z] 
- N 

where the norm IIII • III1[o,:~ was defined by the formula (105) given page 96. 

Proof :  Using the following relation valid for all 0 < t < T, 

L' (L ) BV(~) = exp ,7~(U.)d,, dW(~ )  

clearly it is enough to get these upper bounds with ~N(~) replaced by the martingale 
BN(~) considered in Lemma 3.20. But then the required estimations are deduced at 
once from Lemma 3.20 and Lemma 3.23. 

Taking into account a basic result on lid random variables, we end up with 

P ropos i t i o n  3.38 There exists a cons tan t  C(T TM ~> 0 such that for  all ~ 6 .A, 

r I ( -.c(,':'<: v~  > o, P i sup I~V(?,,~(~)) -~" (~)1 ->< _< ,iexp 
l t, ll~ll ~ IIIl<Pllll2o,rj] Io<KT V 

Proof :  Recall that 7T(~) = 70(Q0,T(~)), so we can write the decomposition 

7N(Q,,T(V)) - ~T(V) 

= 7~(Q~,T(V)) - %N(Qo,T@)) + ~N(Qo,T(V)) - 7o(Qo,T@)) 

= B ~ ( v )  + %~(Q0,T(v)) - ~0(Q0z(v)) 

It is then sufficient to prove that for all e > 0, 

P [sup el2] < 
kO<_t<_T I I 

P [I%N(Qo,X@ - ~o(Qo,X@l ___ d2]  _< 

for some constants C(T is), C (14) _> 0. 
For the first inequality, we note that obviously 

B~(~) 

( --NO(T13)~2 ~ 
2 exp ~ ii~li~ v IIMIIl~o,~]] 

2exp t I[~][ 2 ] 

< exp(T ilUIIto,~)iMI 
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so we only have to prove it for 0 < e < exp(T IIUIIt0,73)I1~11, but then, by using 
the est imates of the lemma above, it comes from the Proposition 3.36 applied with 
M = b(qo), a = C(T '°) I1~11/N and 

G = [C(r") v C(T 1°) exp(T IIUIIto,TI)](IMI ~ V IIIl~lUl~o,~)/g. 

The second bound is just a consequence of the Hoeffding inequality for iid random 
variables (cf [50]), which states that  for all c > 0, 

P [ I % ~ ( Q 0 , X @  - ~0(Qo,~(w))l  > , / 2 ]  

so we can take C(T 14) = e x p ( - 2 T  IIUIIt0,73)/8. 

< ( -No2 112/] 
_ 2exp \811Oo,r(w) 

Now the conclusion follows easily: 

T h e o r e m  3.39 There exists a constant C(T 15) > 0 such that 

f _--C(T is)e2 

V cp e ,A, Ve > 0, P[IW~(~p) > e] _< 4exp \11~11 ~ v IIIl~,llll~o,n] 

where we recall that the fluctuation are 9wen by W~(~)  = v/-NO?~(qo) - ~IT(qO)), for 
~ A .  

P r o o f :  We deduce this result from the usual decomposition (108) and the inequality 
of the lat ter  proposition, considered at t ime t = T. If we use the full strength of the 
uniformity over the interval [0, T], then for any ~ E ,4 and for any e > 0 we rather 
end up with 

( -NC(T15)e2 ~ 
P[o<_t<Tsup I@t,T(r/N)(cp) --r/T(~p) I _> C] _< 4exp ~,11~112 v IIIl~llll~o,~] 

R e m a r k s  3.40: 
a) The  norm IIII • IIHto,n does not seem an easy object to manipulate,  but the consider- 
ations of section 3.1.2 enables us to replace it by more convenient ones, for instance, 
under hypotheses (H4)T, (H7)T, (HS)T, (H9)T and (H10)T, it appears that  for a con- 
stant C(T is) > 0 depending only on T > 0, we have 

Illl-IIIl[o,TJ < C~rlS)lll " 81 

b) Theorem 3.39 is a first step in the direction of a I 2  Glivenko-Cantelli result, 
since it shows that  for T > 0 fixed, the process 

( ~ ( ~ )  - ~ T ( ~ ) ) ~  

indexed by A is sub-Gaussian with respect to the norm I1" II V IIII • IIIIt0,T]- 
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So if for a class of functions 9 r C A, we have enough information about the packing 
and covering numbers of 9 r with respect to I1" ]] V HII" ]]ll[0,T] (or more conveniently, with 
respect to I[I " II], under the appropriate hypotheses), then we could conclude to results 
similar to those presented in section 2.2.3. 

c) We also notice that the Proposition 3.25 could classically be deduced from 
the previous theorem (cf for instance [41]), except that we end up with the norm 
I1" II VIIII " I]ll[0,T] in the rhs of the inequality given there, instead of [l" H. This leads to 
the question of whether the Theorem 3.39 would not be satisfied with that norm. 

4 Applications to Non Linear Filtering 

4 .1  I n t r o d u c t i o n  

The object of this section is to apply the results obtained in previous sections to 
nonlinear filtering problems. We will study continuous time as well as discrete time 
filtering problems. For a detailed discussion of the filtering problem the reader is re- 
ferred to the pioneering paper of Stratonovich [104] and to the more rigorous studies 
of Shiryaev [99] and Kallianpur-Striebel [72]. More recent developments can be found 
in Ocone [89] and Pardoux [90]. 

In continuous time settings the desired conditional distributions can be regarded 
as a Markov process taking values in the space of all probability measures. The cor- 
responding evolution equation is usually called the Kushner-Stratonovitch equation. 
The most important measure of complexity is the infinite dimensionality of the state 
space of this equation. 

In the first section 4.2 we formulate the continuous time nonlinear filtering prob- 
lem in such a way that the results of section 3 can be applied. In section 4.3 we 
present an alternative approach to approximate a continuous time filtering problem. 
This approach is based on a commonly used time discretization procedure (see for 
instance [82, 74, 76, 58, 90] and [92, 94, 93, 108]). 
We shall see that the resulting discrete time model has the same form as in (8) and 
it also characterizes the evolution in time of the optimal filter for a suitably defined 
discrete time filtering problem. 
The fundamental difference between the Moran's type IPS and the genetic type IPS 
associated with this additional level of discretization lies in the fact that in the Moran 
IPS competitive interactions occur randomly. The resulting scheme is therefore a 
genuine continuous time and particle approximating model of the nonlinear filtering 
equation. 

In section 4.4 we briefly describe the discrete time filtering problem. It will be 
transparent from this formulation that the desired flow of distributions have the same 
form as the one considered in this work (see (8) section 1.3). We will also remark that 
the fitness functions {g,, ; n > 1} and therefore the constants {a,~ ; n > 1} defined in 
condition (~) depend on the observation process so that the analysis given in previous 
sections will also lead to quenched results. 
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For instance the covariance function in Donsker Theorem and the rates functions in 
LDP will now depend on the observation record. 

One natural  question that  one may  ask if whether the averaged version of the 
stability results of section 2.1.2 and the [3'-error bounds given in section 2.2.2 hold. 
In many  practical situations the functions {an ; n > 1} have a rather complicated 
form and it is difficult to obtain an averaged version of some results such as the 
exponential rates given in Theorem 2.15. Nevertheless we will see in section 4.4.2 
that  the averaged version of the stability results given in section 2.1.2 as well as the. 
averaged version of the [2-uniform bounds given in section 2.2.2 hold for a large class 
of nonlinear sensors. 

4 . 2  C o n t i n u o u s  T i m e  F i l t e r i n g  P r o b l e m s  

4.2.1 Description of the Models 

The aim of this section is to formulate some classical nonlinear filtering problems in 
such a way that  the previous particles interpretations can be naturally applied to 
them. Here is the heuristic model: let a signal process S = {St ; t >_ 0} be given, it is 
assumed to be a t ime-homogeneous Markov process with c~dl£g paths taking values 
in the Polish space E.  We suppose that  this signal is seen through a Rd-valued noisy 
observation process Y = {Y~ ; t >_ 0} defined by 

f V t > O, Yt = h(S,) ds + Vt 

where V = {Vt ; t > O} is a d-vector standard Wiener process independent of S, and 
h maps  somewhat smoothly the signal state space E into R d. 

The  traditional filtering problem is concerned with est imating the conditional 
distribution of St given the observational information that  is available at t ime t, 
Y[0,t] = a(Y~ ; 0 < s < t), ie to evaluate for all f • Ca(E), 

E(f(s,)lYto,,j) 

More precisely, we will make the assumption that  there exist an algebra .A C Cb(E) 
and a pregenerator L0 : ,4 --4 Cb(E) such that  for any initial distribution r/0 • M I ( E ) ,  
there is a unique solution F~0 to the martingales problem (we refer to the section 3.1.1 
for more details) associated with r/0 and L0 on f~l = D(R+,  E),  the space of all c~dl~g 

paths from R+ to E,  endowed with its natural  a-algebra. Then S da" (St)t>o will denote 
the canonical coordinate process on fll ,  and from now on, the initial distribution r/0 
will be supposed fixed, and we will consider the Markov process S under Fno. 

Let h = (hi)x<_i<d be the map  from E to R d alluded to above, we make the 
hypothesis that  for all 1 < i < d, hi • A. 

Let us also introduce the canonical probabili ty space associated with the observa- 
tion process: ft2 = C(R+,  Rd), the set of all continuous functions from R+ to R a, and 
Y = (Yt)t__0 is the coordinate process on f~2- 
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Let us denote fl = ~tl xfl2 and ~ the probability on its usual Borelian a-field such 
that its marginal on f~l is P~0 and such that 

V = (V,),>_o = - h S ,  ds 
0 / t > O  

is a d-vector standard Brownian motion, as previously mentionned. 
In practice, this probability P is usually constructed via Girsanov's Theorem from 

another reference probability measure P on ~, under which S and Y are independent, 
S has law P,0 and Y is a d-vector standard Brownian motion. For t ~ 0, let 

7e = a ( ( s s ,  Y~) ; 0 < ~ < t) 

be the a-algebra of events up to time t, the probabilities P and P are in fact equivalent 
on ~'t, and their density is given by 

d~l.~e = Ze(S, Y ) e x p  h*(Ss)dY,  - -~ h*(Ss)h(Ss)ds  def. 

x.~0 

where we have used standard matrix notations, for instance 

Under our assumptions ([56, 90]) one can prove that 

( f ( S e ) Z e ( S , Y )  ]Yto,t]) fa,  f(Oe) Ze(O,Y)  P,7o(dO) (115) 

. , ( f )  = ~ (ze (s ,v ) [y~o ,e~)  = f~, z e ( o , v )  ~.o(dO) 
Using Ith's integration by part formula, in the differential sense we have that 

h*(S~)dY~ = d(h*(S~)Y,)  - Y~* Lo(h)(S~)ds - Y~* d M  (h) 

where L(h)  = (L(hi))l<i<a : E --+ R d, and where M (h) = (M(h'))l<~<a is a #vector 
square integrable continuous martingale (relative to the natural filtration (.~,)e>0) 
with cross-variation processes given by 

f V 1 <_ i , j  _< d, (M (h'), M(h~), = r0(h. hA(&)d~ 

(as usual I'o is the carr~ du champ associated with the pregenerator Lo). This yields 
the decomposition 

in Zt(S, Y) 

fo e fo e l foe = h*(Se)Y, - V* Lo(h) (S , )  ds - Y*  d M  h - ~ h* (S , )h (S , )d s  

Before going further, let us make the following remark: 
As in section 3.1.1, we denote L the operator acting on A ®.A by formula (92), where 
Lt is replaced by L0. We also consider/3oo the vector space of functions f E/~b(R+ x E) 
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for which there exists a function L ( f )  e Bb(R+ × E)  such that  under Pno, the process 
(Mt(f))o<t<T defined by 

Mr(f) = f(t, Xt) -  f(O, X o ) -  ;(f)(s,X~) ds V O < t < T ,  

is a martingale.  

We have the following stability property: 

L e m m a  4.1 If f E A Q.A, then exp( f )  E Boo. 

P r o o f :  Using the formula exp( f )  = ~ > 0  fn/n! and an approximation technique as 
the one presented in Lemma 3.2, it is enough to show that  for all T > 0 given, we 
have as n, m -+ ~ (and on [0, T] x E)  

F (  E f'/pl, E f ' /p!) --~ 0 
\n<_p<_m n<_p<_m 

n _ 

But these convergence results are easy to obtain, because of the general bounds 

~ F (  E fP/P', E fv/P'l < E V/F(ff/PI, f'/P l) 
\~<_v<m n<V<m / ~<_p<_m 
Vp_>l,  IIr(f",f")llto,T] < p2 f z,,-~ II lifo,r1 IIr(f,f)llto,~ 

and of the upper bound on L(f ~) which can be deduced by induction from 

v n > i,  IIL(f"+')lito,~l 

-< IIf"Ilto,TI IIL(f)llto,r] + Ilfllto,rl IIL(f")llto,r] + IIr(f", f)llto,r] 
--< IIf"llt0,rl IIL(f)llto,rl + Ilfllto,~ IIZ(F)llto,~ 

+ ~/11 r(f ,  f)llto,rW/llr(f ", f'~)II[o,TI 
This ends the proof of the lemma. • 

Let y E C(R+,  R d) be given. For t > 0 fixed, the map  

ht : E ~ x ~ E yi,thi(x) 
l<i<d 

belongs to .,4, so in the same way as above, we can define a function 

Lo(exp( -h t ) )  C Bb(E). 

We easily realize that  the application 

R+ × E 9 (t,x) ~ Lo(exp(-ht))(x) 
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is continuous as a locally uniform limit of continuous functions. 
Then we can consider 

2,(S,y) 

de_=f, exp -- y* d h) _ exp(h,(S,))Lo(exp(-h,))(Ss) + Lo(h,)(S~)ds 

Note that  if a sequence (y=),>0 of elements of C(R+, R a) converges uniformly on 
compact subsets of R+ toward y, then uniformly for t belonging to compact subsets, 
Zt(S, y=) converges in probability towards • (S ,  y). 

The  interest of this quantity is that  

L e m m a  4.2 Let a function y • C(R+, R d) be fixed. Under ~,o, the process (Zt(S, y))t>o 
is a martingale. 

P r o o f :  We will first consider the case y • CI(R+, R d) (even if this situation a.s. 
never occur for Y). 

Under this additional assumption, the mapping 

/t : R + × E g ( t , x )  ~ ht(x) 

clearly belongs to A ® .4, and it appears that  if M (~) is the martingale such that  for 
a l l t  > 0, 

I' h(t, st) = ~(o, So) + L(h)(~, s.) ds + M} ~) 

then in fact it is given by 

g t > 0 ,  M (~) ~o ~ • (h) _ = y ,  d M  ~, 

Furthermore, from Lemma 4.1, for any t > 0 we can write that  

/' exp(-~(t, Sd) = exp(--~(O, So)) + L(exp(--~))(s, S.) d~ + M} ~ ( - ~  

for a certain martingale M (~p(-h)). 
On the other hand it appears without difficulty that for any (s, x) • R+ x E 

exp(h,(x))Lo(exp(-h,))(z) + Lo(hs)(x) 

= exp(h(s, x ) ) ; ( e x p ( - h ) ) ( s ,  x) + L(h)(s, x) 

(ie the t ime derivatives cancel). As a result, for any t > 0 we have that  

Zt(S,y) =exp ( -h( t ,  St) + h(O, So) + ~oteXp(]t(s,S~))L(exp(-h))(s, Ss)ds) 
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This may also be written in differential form 

d2,(S,v) 
= Zt-(S,  V) ( e x p ( h ( t - ,  St_))L(exp(- /7.))( t - ,  St-) dt 
+ exp( / t ( t - ,  St-))  dM/~'p(-h)) - exp(h.( t- ,  S t_ ) )L (exp ( - / t ) ) ( t - ,  St-) dt) 
= Z,_ (S, y) e x p ( h ( t - ,  S,_)) dM (~xp(-~)) 

It follows that  (Zt(S, y))t>0 is a martingale. Indeed it is more precisely the Dol6ans- 
Dade exponential of the martingale 

( fot exp( h( s- ,  S,- ) ) dM!'XP(-TO) ) t>o 

Thus, we see that  for all 0 < s < t and any random variables Hs which are measurable 
with respect to a(S,, ; 0 < u < s), we have 

~ , [ ~ , ( 2 , ( s , y ) -  2,(s,y)) ]  = o 

We end the proof by noting that the left hand side is continuous with respect to 
y E C(R+, Rd), if this set is endowed with the uniform convergence on compact 
subsets of R+. 

Let us write, for y E C(R+, Rd), 

v t >__ 0, lnZ,(S:~)  = 

where for all (x, y) E E × R d, 

i 
t 

h*(S,)v, + v(ss,  ~,) ds + In 2,(s, ~) 
JO 

1 

V(x,y) = exp(y*h(x))Lo[exp(-y*h(. ))](x) - 2h*(x)h(x) 

Together with (115) this decomposition implies that 

L f(o~) eh*Ie'lY'+:t vIo.y,I d, P~(dO) 
r , ( f )  = , 

L , eh*(O,)Yt+fd v(o,,Y,)ds p~Eo (dO ) 

where, for any y E C(R+, Ra), P~d is the probability measure on ~1 defined by its 
restrictions to ~-[1) = a(Ss, 0 < s < t): 

dP,~ 
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Here is a more tractable caracterisation of P[nUo]: 

P r o p o s i t i o n  4.3 Fix a mapping y E C(R+, Rd), and consider for t >_ 0 an operator 
Lt given on .4 by 

V V E .4, Lt(~o) = Lo(V) + exp(h,)Fo(exp(-ht),qo) 

Then ( Lt)t>_o is a measurable family of pregenerators, and P[nU]o is the unique solution 
to the martingale problem associated with the initial condition ~o and to this family. 

We would have noticed there is no real difficulty in defining f ' (exp(-h t ) ,  qo) for qo E A. 
P r o o f :  We shah verify that  for all qo E .4, all 0 < s < t and all random variable H~ 
which is a(S~ ; 0 < u < s)-measurable, we have 

i.e. 

= 0 

where for all t > O, 

[ N ,  = ~ , ( S , )  - ~ o ( S 0 )  - L~(~)(X~)du 

So as in Lemma 4.2, by continuity, we can assume that  y E C 1 (R+, Re). 
With this assumption enforced, we have 

d( 2,( S, y)Nt) 

= Zt-(S,  y)((Lo(qO) - nt(qo))dt + dM[ ~)) + Nt-dZt(S,  y) + d(M (~), Z(S, y))t 

= Zt-(S,  y)[(L0(~o) - Lt(qo))dt + exp(/~(t, S,))d(M (~), M(eXP(-h)))t] 

+Zt-(S,  y)dM(V) + gt-dZt(S ,  y) 

---- Zt-(S,  y)[Lo(qO) - Lt(qo) + exp(h(t, S,))[ ' (exp(- / , ) ) ,  qo)(t, St)] dt 

+Zt-(S,  y)dM(V) + Nt-dZt(S,  y) 

Since 

we need to check that (Zt(S, y)Nt)t>o is a martingale. To this end it is enough to see 
that for any (t, x) E R+ x E 

no(qO)(x) - nt(~o)(x)+ exp(/~(t, x))[ '(exp(-/~),~o)(t,x) = 0 
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Next, since for any (t, x) E R+ x E 

exp(fz(t,x))I'(exp(--~t),qv)(t,x) = exp(ht(x))['o(exp(-ht),qv)(x) 

Lt is well defined. 

The fact that, for any t >_ 0 Lt is a pregenerator comes from the previous consi- 
derations, taking y E C(R+, R d) defined by 

V S > 0, Ys = Yt 

And the uniqueness property comes from the one of P,0, since if P is a solution to 
the martingale problem associated to (Lt)t>_o, then it can be shown that the probability 

defined on  ~~1 by 

V t > 0, dP ~-(x) 1 
- d P  ~ '  - 2 ~ ( S , y )  

is solution to the time-homogeneous martingale problem associated to L0 (all initial 
conditions being r/0). 

The above formulation of the optimal filter can be regarded as a path-wise filter 

~'t: C([0, T]) ---+ MI(E) 
y ~-~ rry,t 

where the probability 7ry,t is given by 

~ f(Ot) e h*(°')u'+fJ y(os,y,) ds P~](d0) 

V f E Bb(E), 7ru,t(f ) = 
fa eh*(o,)~,+I~ v(0,,~,) d, p~lo(dO ) 

1 

This gives a description of the optimal filter in terms of Feynman-Kac formulae 
as those presented in (3) and (4) in the introduction. Namely, 

~ f(x) e h*(~:)u' rly,t(dx ) 
V f E Bb(E), %,t(f) = 

E eh*(z)yt r/y.t(dx) 

where 

V f E Bb(E), r/~,t(f) d~f. %,t(f) 
%,t(1) 

and 

Bb(E), : 'IS(X,)eI0' v(x,,,,)d,] 1 
V / 

In contrast to (115) we notice that the previous formulations do not involve 
stochastic integrations and therefore it is well defined for all observation paths and 
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not only on a set of probability measure 1. This formulation is necessary to study the 
robustness of the optimal filter (that is the continuity of the filter with respect to the 
observation process), and is also essential to construct robust approximations of the 
optimal filter, as our interacting particles scheme. 

R e m a r k s  4.4: 
(a) Note that  the condition (HI) is automatically verified for family of pregenerators 
(Lt)t>o constructed as in Proposition 4.3. 

(b) The change of probability presented in that  proposition is rather well known 
in case of diffusions (cf for instance [90] and [96]), ie when the trajectories of S are 
continuous. 
Then we can suppose that  .A is stable by composition with C ~° functions and we have 

V F e  C°°(R), V ¢,~ E .4, 

Lo(F(cp)) = 

r0(F@),¢) = 

F " ( ~  
F'(~)Lo(~O) + : - ~ F 0 ( ~ ,  ~) 

F'@)ro@, ¢) 

So in the previous expressions, we can replace 

exp(ht)Fo(exp(-ht))(x) by -F0(ht,~v) 

1 y. to(h, h)(x)y  - y* Lo(h)(x) exp(y*h(x))Lo(exp(-y*h(. )))(x) by 

where r0(h, h)(z) denote the matrix (to(h,, hj)(Z))l<,,j<~. 

4.2.2 Examples 

Here are some classical examples that  can be handled in our framework. The map h 
and the function y E C(R+, R d) will be given as before. 

* B o u n d e d  G e n e r a t o r s  

The simplest example a pregenerator Lo is that  of a bounded generator. Namely, 
let Lo : E × E --~ R be a signed kernel such that  

- for any x E E, Lo(x,. n (E \ {x}) E M ( E )  and Lo(x, E) = 0 

- for any A E ~, E 9 x ~+ Lo(x, A) E R is a measurable function 

- there exists a constant 0 < M < oo such that 

V x E E ,  L o ( x , E \ { x } )  < M 

Then for any function f E Bb(E), we define 

V x E E, Lo(f)(x) = / f ( y )  Lo(x, dy) 

We can take here ~4 = Bb(E). We calculate that  the carr6 du champ is given for 
any ¢ , ~  E A and x E E by 

~,)(x) = [ Lo(x, dy) (¢(y) - ¢(x))(~(y) - ~(x)) Fo(¢, 
J 
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so it appears that  for any t > 0, ~ • .4 and x • E 

Lt(T)(x) = / Lo(x, dy) exp(ht(x) - ht(y) ) (T(y) - ~(x)) 

They are again jump generators, and the rate of transition from x to y at t ime t >_ 0 
has just been multiplied by exp(ht(x) - ht(y)). 
For this kind of generators, all our hypotheses are trivially satisfied. 

• R i e m a n n i a n  Di f fus ions  

Let E be a compact Riemannian manifold. As usual, ( . ,  • ), V .  and A .  will 
denote the scalar product, the gradient and the Laplacian associated with this struc- 
ture. Let ,4 be the algebra of smooth functions, i .e . .4  = C°°(E). Suppose that  we 
are given a vector field b, we denote 

Lo : A --+ ,4 

It is immediate to realize that  in this example the carr6 du champ does not depend 
on b and satisfy 

V f ,g  • A, r 0 ( f , f )  = ( v f ,  Vg) 

(by the way, this equality gave the name "carr6 du champs"). 

The existence and uniqueness assumption for the associated martingale problem 
is well known to be fulfilled. We calculate that  for t _> O, Lt is obtained from L0 by a 
change of drift: 

V ~ • .4 ,  Lt(cp) = A~ ] -  + (b-  Vh,, 

This example is also a typical one where all the assumptions of section 3.1,2 are 
verified. 

• Euc l idean Di f fus ions 

Except for the compactness of the state space, these processes are similar to those 
of the previous example. 

So here E = R n, n _> 1, and let for x • E,  

a(x) = (o'i'J(X))l<_i,j<_n and b(x) = (bi(x))l<_i<n 

be respectively a symmetric nonnegative definite matrix and a n-vector. We suppose 
they are uniformly Lipschitz in their dependence on x • R ~. 

Then denoting a = a 2, let us consider on j[  d_~_~. C~(R") the pregenerator 

a*,a 
V ~ • A, V x • R =, Lo(~)(x) = Z --~-(x)O,,j~(x) + Z b'(x)O,~o(x) 

1 <i,j ~n 1 <i~_n 
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It is a classical result that  the associated martingale problems are well-posed (for 

further details about this problem, see [105]), and more precisely, for all x E R '~, P~: 
is the law of the (unique strong) solution of the stochastic differential equation 

S0 = x 

dSt = cr(St) dBt + b(St) dt ; t > 0  

where (Bt)t>o is a standard n-vector Brownian motion. 
Here the carr6 du champ is given by 

v ¢ , ~  ~ .4, r 0 (¢ ,~ )  = 

so we find that  

V t  _ 0,V~v E A, V x E R ~, 

ai,J 
Lt(~)(x) = ~ ---~-(x)&,j~(x)+ 

l<i,jSn 

aiJ ( x )Oi¢( x )OJ~( x ) 
1Si,jSn 

Y~ (bi(x) - ~ ai'J(x)Oiht(x))Oi~(x) 
l<i<n l<j~n 

Let us make the hypothesis that  a is uniformly elliptic: there exists a constant 
c > 0 such that  for all x E R n, 

V z =  (zi)l~i~= E R", 
l<i,j<_n l<i<_n 

Under the extra assumption that  a and b are C~,  we see that  all the requirement 
of section 3.1.2 are met (rather taking there .4 = C~°(R=)). But considering the 
parabolic equation satisfied by FT,~, it appears that (H2) will be verified under much 
less regularity for the coefficients a and b. 

4.3 T i m e  Discret izat ion of Cont inuous  T ime  Filtering Prob-  
lems 

In this section we discuss a time discretization approximating model for the non linear 
filtering problem associated to the previous Euclidean diffusion signal. To clarify the 
presentation all processes considered in this section will be indexed on the compact 
interval [0, 1] C R+. 

The basic model for the continuous time filtering problem considered here consists 
in an R v × Rq-valued Markov process {(Xt, Yt) : t E [0, 1]}, strong solution on a 
probability space (f~, F, P)  of the It6's type stochastic differential equations 

{ dX~ = a(Xt)dt + b(X,)dflt 
dYt = h(Xt)dt + dVt 

where 

1. a : R v --+ R p, b : R v --+ R vxm and h : l~ v --+ R q are bounded and Lipschitz 
continuous functions. 
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2. {(fit, Vt) : t E [0, 1]} is a (R m x Rq)-valued standard Brownian motion. 

3. Y0 = 0 and X0 is a random variable independent of {(fit, Vt) : t E [0, 1]} with 
law u so that  E(tX0] 2) < ~ .  

The  classical filtering problem is to find the conditional distribution of the signal X 
at t ime t with respect to the observations Y up to t ime t, that  is 

V f E Bb(Rv), ¢ q f  = E(f(Xt)lYto,tl) (116) 

equation where Y[o,t] is the filtration generated by the observations Y up to t ime t. 

The  first step in this direction consists in obtaining a more tractable description 
of the conditional expectations (116). 
Introducing Zt > 0 such that  

vt • [o, 1], fo t 1 ~oo t logZt = h*(X,)dY~ - ~ Ih(X,)12ds 

it is well known that  the original probabili ty measure P is equivalent to a so called 
reference probability measure Po given by 

P =  Z1Po. 

In addition, under P0, {(fit, Yt) : t E [0, 1]} is a (R m x Rq)-valued standard Brownian 
motion and, X0 is a random variable with law u, independent of (fl, Y). 
The following well known result gives a~ functional integral representation for the 
conditional expectations (116), which is Known as the Kallianpur-Striebel formula: 

V f E B b ( R P ) , V t E [ O ,  1], 7rtf = 
Eo (f(Xt) Zt lY[o,t]) = F_~ (f(Xt) ZtlY[o,d) 

Eo(Z, lYto,,p ~ (Z, lyto4) 
(117) 

We use E~( . )  to denote the integration with respect to the Brownian paths {fit : 
t E [0, 1]} and the variable X0. 

In this section a program for the numerical solving of (117) by using a discrete t ime 
IPS scheme is embarked on. As announced in the introduction such IPS approach is 
obtained by first approximating the original model by a discrete t ime and measure 
valued process. The  t rea tment  that  follows is standard in nonlinear filtering literature 
and it is essentially contained in [75, 76] and [92]. 

The former discrete t ime approximating model of (117) is obtained by first intro- 
ducing a t ime discretization scheme of the basic model. To this end we introduce a 
sequence a meshes { ( t 0 , . . . , t u )  : M > 1} given b y  

n 
t~ = ~ -  n E {O, . . . ,M).  
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To obta in  a computat ional ly  feasible solution we will also use the following natura l  
assumptions:  

• For any M > 1 there exists a t ransi t ion probabi l i ty  kernel p(M) such tha t  

sup E ( Ix , .  - x t y ' l  
K 

te[0,X] " < _ ~ ,  K < c¢ 

where {X~ M) : n = 0 , . . . , M }  is the t ime homogeneous Markov chain with 

t ransi t ion probabi l i ty  kernel p(M) and such tha t  X(o M) = Xo. 

• We can exact ly s imulate random variables according to the  law P(M)(x, .) for 
any x E R p. 

It is worth noting tha t  an example  of an approximat ing Markov chain 

{X~ M) : n = 0 , . . . , M }  

satisfying these assumptions is given by the classical Euler scheme 

X[ M) = x~MI + a(X[Ml)(tn -- tn-1) + c(x[MI) (fit. -- ~t._~) n = 1 , . . . ,  M (118) 

with X(o M) = Xo. This scheme is the crudest  of the  discret izat ion scheme tha t  can 
be used in our settings. Other  t ime discret izat ion schemes for diffusive signals are 
described in full detai l  in [91] and [108]. In view of (117) the  opt imal  filters {~r,. : 
n = 0 , . . . ,  M}  can be wri t ten as 

Y 
7rt,~f = ~ (Zt,,_, (Ht, , f)(Xt._,))  

~ ( Z , . _ ,  (Ht,,1)(Xt,~_I)) 

where Hr.  is the  finite t ransi t ion measure on R p given by 

Ht . f ( x )  dej / Ht.(x,  dz) f ( z )  = EVo ( f (X t . )  g t . ( X , Y ) / X , . _  x = x) 

f if l ogg t . (X ,  Y) = h*(Xs) dY~ - -~ [h(X,)l 2 ds. (119) 
- -1  - -1  

If, for any t ransi t ion measure H and any probabi l i ty  measure r on R p we denote by 
rrH the finite measure so that  for any bounded continuous function f E Bb(RP), 

r H ( f )  = / r(dx) (Hf ) (x ) ,  

then, given the observations, the dynamics s t ructure  of the condit ional  dis tr ibut ions 
{Irt. : n = 0 , . . . ,  M} is defined by the recursion 

7rt,,(f) - ~rt,,_,Ht.(f) 
lrt._~Ht,,(1)' n = l , . . . , M  with r t o = u  
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To approximate the stochastic integrals (119) it is convenient to note that, in a 
sense to be given, 

loggt.(X,V) ,~ h*(Xt._.a)AYt.  - l th(X, ._ , ) l~  At,,  
Atn ..~ 0 

with Atn = t,~ -- t~-l. In this connection, a first step to obtain a computationally fea- 
sible solution consists in replacing Hr. by the approximating multiplication operator 

(gM f)(x) = 9M(Ayt., x) (P(M)f)(x) 

where gM(Ay,.,  .) : R p -+ R+ is the positive and continuous function given by 

g M ( A Y t . , x ) = e x p  h*(x)AYt.--~lh(x)[ with A Y t . = Y t . - Y t . _ ,  

R e m a r k  4.5: The choice of the approximating function 9 M given above is not unique. 
We can also use the functions ~M given by 

[?M(Ay,.,x)=I +h*(x)AYt,, + llh(x)l' (IAY,,,I 2-  -~-) 

The function h being bounded we can choose M large enough so that 

v = • R~, Ilhll < ~ and 9M(AYt., x) > 0 

~.M From now on we denote by { t. : n = 0 , . . . , M }  the solution of the resulting 
approximating discrete time model 

{~ * ,  ~,~(AY,.,,r~_,), tn 
~ y  ~ V 

where ¢2(~,,~) = ey(V, ~)p(~'l ~ d  

V f • Bb(E), M • ,.(y,~)f = 

for any y • R q and ~r • Mx(RP). 

n = 1 , . . . , M  (12o) 

f(x) gM(y, x) ~r(dx) 

M gt. (Y, x) 7r(dx) 

Elementary manipulations show that the solution of the latter system is also given 
by the formula 

H° fl / f(x,~) gM(AYt..,x.~_,) P(M)(xm_a,dxm) u(dxo) 
71.tnMf = rn=l m=l (121) 

/ m:I'IlffM(iYtm' X m - - 1 ) =  m=l P(M)(xm-l'dxm)M(dx°) 

This gives a description of a discrete time approximating model for the optimal fil- 
ter in terms of Feynman-Kac formulae for measure valued systems as those presented 

in section 1.1 and section 1.3.1. 
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The error bound caused by the discretization of the t ime interval [0, 1] and the 
approximation of the signal semigroup is well understood (see for instance Proposition 
5.2 p. 31 [75], Theorem 2 in [92], Theorem 4.2 in [76] and also Theorem 4.1 in [82]). 

More precisely if for any n = 0, ., M 1 and t E [t,, t,~+l) we denote by 7r M d a .  7r M 
• " - -  ~ t r t  

we have the well known result. 

T h e o r e m  4.6 ([761) Let f be a bounded test function on R p satisfying the Lipschitz 
condition 

If(x) - f(z)l < k(f) Ix - z I. 

Then 

sup N( lT r t f - -~Mf l  ) < C te[0,a) - ~ (llfll + k ( f ) )  (122) 

where C is some finite constant. 

We shall see in section 4.4 that  the discrete t ime approximating model (120) can 
be regarded as the optimal  filter of a suitably defined discrete t ime filtering problem. 
In most of the applications we have in mind the whole path  of observation process 
{Yt ; t E [0,1]} is not completely known. 
Instead of that  the acquisition of the observation data  is made at regularly spaced 
times. In this specific situation the approximating model (120) and the sampled ob- 
servation record {AYt, ; n = 1 , . . . ,  M} give a natural  framework for formulating this 
filtering problem and for applying the BIPS approaches developed in previous sections. 

By {~t, ; n > 0} we denote the N interacting particle scheme associated with the 
limiting system (120) and defined as in (13) by replacing the functions {@, ; n > 1} 
by the functions {@(~M)(AYt., .) ; n > 1}. 
The results of section 2.2 can be used to study the convergence of the random measures 

1 N 

, .  = Q.  

7 r  M to the flow of distributions { t. ; n > 0} as N --+ oo. 

An immediate  question is to know how the discrete t ime N-particle scheme and 
the M-discretization t ime scheme combine? This study is still in progress. The  only 
known result in this direction has been obtained in [25]. 

For any n = 0 , . . . , M -  1 and t E [tn, t~+l) we denote by 7r M'N, the empirical 
measures associated with the system ~t., namely 

#,N = ~ Q .  
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T h e o r e m  4.7 For any bounded Lipschitz test function f such that 

I f (x)  - f (z) l  ~ k( f )  Ix - z I 

we have that 

_ ~ ([[f[[ + k(f)) + C2 [[fl[ (123) 
tE[O,1) 

where C1 is the finite constant appeared in Theorem ,/.6 and C2 = 2~/2e 1211h112. In 
addition, if p = q = 1 and a, b, f ,  h are four times continuously differentiable with 
bounded derivatives then we have 

( ) ( 1  ~ )  
sup E [Trtf- zrM'Nf[ < Cte ~ + . (124) 

te[O,1) 

4 . 4  D i s c r e t e  T i m e  F i l t e r i n g  P r o b l e m s  

4.4.1 D e s c r i p t i o n  o f  t h e  M o d e l s  

The  discrete t ime filtering problem consists in a signal process X = (X,~ ; n > 0) 
taking values in a Polish space E and an "observation" process Y = (Yn ; n > 1) 
taking values in R d for some d > 1. We assume tha t  the transition probabil i ty kernels 
{Kn ; n > 1} are Feller and the initial value X0 of the signal is an E-valued random 
variable with law r/0 E M I ( E ) .  The  observation process has the form 

Vn >_ 1, II. = h,~(X.-1) + V,~ 

where h,~ : E --+ R d are bounded continuous and (Vn ; n > 0) are independent ran- 
dom variables with positive continuous density (qo~ ; n > 0) with respect to Lebesgue 
measure on R d. It  is fur thermore assumed that  the observation noise (V. ; n > 0) 
and the signal (X~ ; n > 0) are independent. 

The filtering problem can be summarized as to find the conditional distributions 

V f E Cb(E), V n > 1, r/n(f ) = E(f (X, ) /Y~, . . . ,Y=)  

A version of r/, is given by a Feynman-Kac formula as the one presented in (1), 
namely 

f f(x,,) f i  ~ ,~(Y~-hm(x ,~- l ) )  I-I K~(Xm-l'dXm) rl°(dx°) 
7In(f) = m=l m=l (125) 

/ ~-I cpm (Y,~ - hm(xm-1)) I ' I  K,~(xm-l,dxm) rlo(dxo) 
rn=l  m = l  

It  is t ransparent  from this formulation that  the discrete t ime approximating model 
(120) given in section 4.3 can be regarded as the opt imal  filter associated with a dis- 
crete t ime nonlinear filtering problem. 
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Given the observations {Yn ; n > 1} the flow of distributions {r/n ; n >_ 0} is again 
solution of a M~(E)-valued dynamical system of the form (8), that is 

V n > 1, V r/0 • M,(E) ,  r/, = ¢ , (y , ,  r/,_x) (126) 

where for any y • R a, ¢ , (y ,  .) : M~(E) --+ M~(E) is the continuous function given by 

V r / E M x ( E ) ,  ~ , ( y , y )  d~=r. ~ , (y , , r l )  K ~ 

and ~ , (y ,  . ) :  Mz(E) --+ Ma(E) is the continuous function given by 

f f ( x )  ~o.(y - h . (x ) )  rl(dx) 
V r / •  MI(E) ,  V f • eb(E), ¢ , ( y ,  rl)(f) = 

f ~.(y - h.(z)) ~(d~) 

In this formulation the flow of distributions {r/, ; n > 0} is parameterized by 
a given observation record {y~ : n > 1} and it is solution of the measure valued 
dynamical system having the form (8) so that the IPS and BIPS approaches introduced 
in section 1.3.2 and section 2.3 can be applied. 

4 . 4 . 2  A v e r a g e d  R e s u l t s  

Our next objective is to present averaged versions of stability results given in sec- 
tion 2.1.2 and the averaged version of Theorem 2.11. 

The only difficulty in directly applying the results of the end of section 2.1.2 stems 
from the fact that in our setting the fitness functions are random in the observation 
parameter. Instead of (G) we will use the following assumption 

(G') 

a .  : R a -~- [1, c~)  

a n d  a n o n d e c r e a s i n g  f u n c t i o n  0 : R -~ R s u c h  tha t  

1 qo.(y - h . (x ) )  
V x • E; V y • R d, a . (y)  <- ~,,(y) 

a n d  
l log an(y + u) -- log a.(u)l < O(llull) 

For  a n y  t i m e  n > 1, there e z i s t  a pos i t i ve  f u n c t i o n  

<_ a.(y)  (127) 

T h e o r e m  4.8 Assume that (G') holds with sup,>1 IIh-II < c o .  For any ~ • Mz(E) 
we write {~1~ ; n > 0} the solution of the nonlinear filtering equation (126) starting 
at p. 
I f  (1C)2 holds then for any #, u • Ma(E) we have the following implication 

sup E(log an(V.)) < co ~ lim ~11,7. ~ - o:[Itv) = o 
n > l  .-,)-oo 

I f  (1C)3 holds then we also have for any U,u • M~(E) 

E E(aZ2(V")) = co ==~ lim  (lln. - ,7:lltv) = 0 
rt-~OO 

. > 1  

lim -1 ~ E(a;~.(Vp)) > 0 ==* limsup llogE(llr/~ -'7Xll~) < 0 
n--too n p=Z n--~oo n 
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The averaged version of Theorem 2.11 can be stated as follows 

T h e o r e m  4.9 Let j z  be a countable collection of functions f such that Ilfll -< 1 and 
satisfying the entropy condition I(5 r) < o¢. Assume that (G)' holds and the following 
conditions are met 

sup log ~a~ (V.) ) ~/~ ~f = L < c¢, sup Ilh.II def - - M < o o  
n>l  n>l  

Assume moreover that the nonlinear filtering equation (126) is asymptotically stable 
in the sense that, 

lim sup supE(l l~ ,~+r(~)- -  ~p,~+T(v)llTIYa,...,Y~) = 0 
T--+oo t~,t, EM~(E) p_>O 

then we have the following uniform convergence with respect to time 

lim supE r/~ O=IIA o 
  oo=>o (11 - = 

(128) 

In addition, if the evolution equation (126} is exponentially asymptotically stable in the 
sense that there exists some positive constant 7 > 0 such that for any #, v E M I ( E )  
and T >_ 0 

supE (ll~,p+r(~) -- Cp,~+T(v)ll~ IYI,..., Y~) <_ e -~T 
p>0 

then we have for any p > 1, the uniform LV-ervov bound given by 

~- c ,  d I ( y )  sup z ( l lC-   .11 A" 
n>_O 

where Cp is a universal constant which only depends on p > 1 and a and 7' are given 
by 

7 7' = a -  - -  and I + 2 ( L + O ( M ) )  
7 + 7  I 

R e m a r k  4.10: We now present a class of discrete time nonlinear filtering problems 
for which the BIPS approaches developed in this work do not apply. 
Let us assume that the pair process (X, Y) takes values in R p × R p' and evolves 
according to the following It6's differential equations 

dXt = a(Xt, Yt) dt + b(Xt, Y~) dWt 
dYt = a'(Xt, Y~) dt + b'(Xt, Yt) dW[ Yo = 0 

where a, b, a', b' are known functions suitably defined and (W, W')) is a p+p'-dimensional 
Wiener process. Suppose moreover that the acquisition of the observations is only 
made at times n E N and we want to compute for all reasonable functions f : RP --+ R 

~ , f  = Ef t (x , ) IF1 , . . .  ,Y,) 

This problem is clearly a discrete time nonlinear filtering problem but the BIPS 
approaches developed in previous sections do not apply. 
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A novel BIPS strategy has been proposed in [41] to solve this problem. In contrast 
to the latter this new particle scheme consists in N-pair particles and the mutation 
transition is related to the continuous semigroup of the pair process {(Xt, Yt) ; t > 0}. 

Exponential rates of convergence and Ll-mean error estimates are given in [41] 
and central limit theorems for the particle density profiles are presented in [40, 39] 
but many questions such as large deviations, fluctuations on path space as well as 
uniform convergence results with respect to time remain unsolved. 

5 Appendix  and Index of Notat ions  

Since we have tried to use similar notations for discrete and continuous time, we hope 
that the following separations of the indexes for both settings will be convenient for 
the reader. 

Index  o f  S y m b o l s  (discrete  t ime)  

Sets/norms 
(E,r) 13 
~T : ET+I 33 
B(E)  13 
Cb(E) 13 
Bb(E) 13 
M(E)  13 
M, (E)  13 
U* 23 
II.ll 13 
[I.II~v 23 
11.117 31 
Processes 
X 3 

3 
15 

Measures 
# K  13 
%, r/~ 3 

m(x) 14 

,yN 16 
7/[o,73 33 

N r/[0,Tl 34 
RT 34 
R (N) 34 
Q(T N) 34 
PT N 56 
Constants 
an,ap,n 21 
g(e ,  9 v, Lp(/~)) 
A/'(e, ~'),I(.T') 31 
~(-)  23 
~( - )  23 

Semigroups/mappings 
Kn 13 
Kp,n 21 
K (m) 30 

Kn 22 
Qp,, 20 
Sp (n) 24 
¢~, q2~ 13 
A 

0N, ~ 22 
q~p,~ 20 
~[0,Tl 33 
g= 3 
~n 22 
gp,= 21 
H (N) 33 
FT(# ) 53 
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Index of  Condit ions for Asymptot ic  Theorems 
(discrete t ime) 

Fitness functions 
(0) 21 
Asymptotic stability 
(E)~ 20 
(K:)a 24 
(K:)~ 26 
(E)3 27 
(/CO) 28 
Exponential rates 
(Poly.) 40 

Central limit theorems and large deviations 
(path space) 
(P)o 32 
(E)o 32 
Central limit theorems (path space) 
(TC£) 48 
Large deviation principles (path space) 
('P)I 53 
(E)i 54 
(Z:)o, (z:),, (z:)2 55 
(P) i  55 
(K:)i' 56 
Large deviations principles 
( (density profiles)exponential tightness) 
(ET) 57 

Index of  Symbols  
(continuous t ime) 

Basic objects: 
U = (Ut)t>o 75 
((Xt),>o, (Pt,=)(t,=)ei~×E) 76 
P.~0. 76 
x"J 92 
¢ ---- (~ ,  ¢~,-. -, ¢~N)t_>o 92 
P, E 93 
r/N 92 
3'~ 17 
WT N 105 
Pregenerators: 
A 75 
( Lt )t>o 75 
A 76 
L 76 
F 77 
F~ 77 
BT, L 77 
AT, P 77 
£I N), £I N), £'~t n) 92 
BT,N 93 
E(N), ~(N), ~(N) 94 
F (N) 94 

Martingales: 
M(f) 77 
M(N)(f) 94 
(BN(cp))O<t<T 95 
(#~(~))oL~T 98 
Functions and norms: 
FT,~o 78 
III-III 82 
UlI" IIIl[o,T] 96 
Semigroups: 
( Ps,t)o<8<t 82 
( Qs,t )o<j<t 84 

= (¢,,~)o_<,<t 88 
H~,~, Z~,t, gs,~ 88 
( Q,,t)o<~<t 104 
~Pt,T 104 
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I n d e x  o f  C o n d i t i o n s  f o r  A s y m p t o t i c  T h e o r e m s  

(continuous time) 
Weak regularity assumption 
(H2) 78 
Strong regularity assumptions 
(H3)T," ' ,  (H10)T, from 82 to 83 
Ultra ergodicity for inhomogeneous semigroup 
(7 ~) 90 

E x a m p l e s  

Despite our best efforts, the variety of approaches to study asymptotic stability prop- 
erties and limit theorems for the IPS approximating models inevitably require a set of 
specific assumptions which might be confusing at a first reading. We therefore gather 
together in this section a short discussion on the conditions we have defined and a 
succinct series of implications. As a guide to their usage we also analyze these assump- 
tions in two academic examples, namely the Gaussian and bi-exponential transitions 
{ K , ;  n > l } .  

It is also worth observing immediatly that the limit theorems for the particle den- 
sity profiles as the number of particles tends to infinity only depend on a boundedness 
condition (6) defined on page 21. Furthermore in nonlinear filtering settings the fitness 
functions {g, ; n > 1} also depend on the observation process and the appropriate 
condition corresponding to (6) is the assumption (6)' defined on page 129. It is clear 
that the situation becomes more involved when dispensing with the assumption (6) 
or (6)'. It turns out that several results can be proved without these conditions, see 
for instance Proposition 2.9 and its proof on page 35. Furthermore these boundedness 
conditions are not really restrictive and they are commonly used in nonlinear filtering 
literature. We conclude this section with a short collection of fitness functions and 
observation processes satisfying the former conditions. 

Section 2.1.2 is concerned with the asymptotic stability properties of the limiting 
measure valued systems {7/n ; n _> 0} and {qn ; n _> 0}. Under appropriate mixing 
conditions on the transition probability kernels {Kn ; n > 1} it is proven that the 
resulting limiting systems forget exponentially fast their initial conditions. The mixing 
type conditions we employed are (/C),, (/(:)1, (/C)2, (/(:)3 and (/CG). Recalling their 
description given respectively on pages 20, 24, 26 and 27 it is easy to establish the 
following implications 

(~), ~ (~)1 ~ (~)2 (~)2 + (6) ~ ( ~ )  
As we said previously, the limit theorems for the IPS approximating schemes 

presented in section 2.2 only require the assumption (6) on the fitness functions 
{9- ; n _> 1} except for the central limit theorem and large deviations principles on 
path space (see for instance section 2.2.1 as well as section 2.2.4 and section 2.2.5). 
The weakest and preliminary condition (/C)0 employed in the study the convergence 
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of the empirical measures on path space can be regarded as a mixing type condition. 
Recalling its description on page 32 we clearly have 

(~:)2 ~ (~)0 

Condition (K:)0 is also a natural and appropriate condition for using a reference prod- 
uct measure and express the law of the IPS as a simple mean field Gibbs measure on 
path space. 

The only additional restriction we place in the study of the central limit theorem 
on path space is the exponential moment condition (TC£:) given on page 48. As we 
shall see in the further development this condition holds for many typical examples 
of signal transitions. It is also worth noting that 

(g ) ,  ~ (TCZ:) ~ (K:)0 

In section 2.2.5 we analyze large deviations for the IPS approximating models for 
general and abstract functions {~ ,  ; n > 1}. We have presented a number of simple 
criterion only involving these one step functions. When applied to Feynman-Kac type 
systems we have seen that the large deviation principles on path space only require 
the assumptions (~)~ and (1~)~' defined on page 54 and page 56. It is also easy to see 
that 

(~:)i ~ (~:)i' ~ (~)0 

In view of the previous remarks the fluctuations and deviations on path space 
rely on the existence of a reference probability measure satisfying (K:)0. One way to 
remove this assumption is to study the particle density profiles. 

The analysis of fluctuations of the particle density profiles is based on the dy- 
namics structure of the limiting system given in section 2.1.1 and on limit theorems 
for stochastic processes. These results only depend on the boundedness condition (G). 

The same condition is used in proving large deviations for the particle density 
profiles. More precisely we have employed condition (G) to check an exponential 
tightness condition (~T) (cf. page 57) 

(G) ~ (~T) 

Gaussian Transitions 

Let us now investigate the chain of assumptions (~)1, (g)2, (K:)3, (K:)~, (K:)~', and 
(TC£:) through the following Ganssian example. 

Suppose that E = R "~, m > 1 and K, ,  n > 1 are given by 

g,~(x,  dz)  = 1 1 ((27r)miQn])1/2 exp(--  (z -- bn(x)) '  Q-~I (z  - bn(x)))  

where Q is a m x m symmetric nonnegative matrix and b~ : R m -+ R '~ is a bounded 
continuous function. It is not difficult to check that (/C)~, is satisfied with 

~,,(dz) = 1 1 , 
((2~)m[Q~l)l/2 e x p ( - ~ z  Q.~I z)  dz. 
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Indeed, we then find out that  

log dK,~(x, dam ")(z) = const. - bn(x)'Q;lz 

which insures the Lipschitz property as well as the growth property with 

VzeR, ~(z) = ½11b=ll~llq;'l l+llqxlll IIb=ll bl 

From the previous observation it is also not difficult to check that  condition (7"C£) is 
also satisfied. 

Let us discuss conditions (K:)~ and (/(:)3 in t ime homogeneous settings (that is 
K n = K )  a n d w h e n E = R a n d Q n = l a n d b ~ = b .  
If b : R --+ R is only a bounded function, then (K:)1 and (K:)2 do not hold. For 
instance let us suppose that  b : R --+ R is a bounded B(E)-measurable  function such 
that  b(0) = 0 and b(1) = - 1 .  Then, hypothesis (K:)I is not satisfied. Suppose K 
satisfies (K:)I. Clearly there exists an absolutely continuous probabili ty measure with 
density p such tha t  

Vx ,  z E R ,  c - l p ( z )  < e-½I~-b¢~))~ < cp (z )  

for some positive constant c. Using the fact that  b(1) = - 1  we obtain 

z 2 
lim p(z)eT = 0 

z 2 
On the other hand b(0) = 0 implies p(z)eT > c -~ which is absurd. 

Now we examine condition (/C)3. First we note that  for any Izl < M where M > 0 
is chosen so tha t  Ilbll < M we have 

where 

V x E E ,  e _< dK(X,dA ")(z) < _le 

1 Z 2 

A(dz) = ~ exp---~- dz and log e = - 2 M  2 

In other words and roughly speaking (/C)1 is satisfied on the compact  set 

{z E R ;  Iz[ < M}. 

Let us assume that  the drift function b satisfies 

V Ixl > M, b(x) = b(sign(x)M) 

In this situation it is not difficult to check that  (/C)3 holds with 

A = I - M ,  M] B1 = ( - c x ~ , - M )  B2 = (M, +co)  
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and 

A1 = g-MK, A2 = g-MK 
1 1 

1 exp - l ( z  - M) 2 dz, ~2(dz) = ~ exp --~(z + M)2dz. ~/1 ( d z ) -  

Let us examine a Gaussian situation where (~)~ is not met. Again we suppose 
that  E = R and 

where e,~ : R --~ R is a continuous function such that 

V x E R, cs(x) > 0 and aim c~(x) = 0. 

It is not difficult to see that Ks is Feller. On the other hand, let us assume that 
Ks satisfies (K:)~' for some function ~. Since Ks(x, .) is absolutely continuous with 
respect to Lebesgue measure for any x E R, the probability measure As described 
in (K:)~' is absolutely continuous with respect to Lebesgue measure. Therefore, there 
exists a probability density p ,  such that (1 ) 

V x, z E R, e-V(~) ps(z) <_ ~ e x p  -~es(X) Z: <_ eV(~) ps(z). 

Letting Ix[ --+ cx) one gets e-V(~)ps(z) = 0 for any z E R which is absurd since we also 
assumed f eV'+'(~)p,~(z)dz < oo. 

Our study is not restricted to nonlinear filtering problem with Gaussian transitions Ks 
or with observations corrupted by Gaussian perturbations. We now present another 
kind of densities that  can be handled in our framework. 

Bi-exponential T r a n s i t i o n s  

Suppose E = R and Ks,  n > 1, are given by 

1 c~,~exp(_C~slz_bs(x)l)dz ' ~ s > 0 ,  b s E e b ( R )  Ks(x,  dz) = 

This corresponds to the situation where the signal process X is given by 

Xs = bs(Xs-1) + W,~ n > 1 

where (Ws)s___l is a sequence of real valued and independent random variables with 
bilateral exponential densities. Note that Ks may be written 

1 
g,~(x, dz) = ~ ~. exp(-s( lz l -  I z -  b.(x)l)) An(dz) 

with 
1 

A=(dz) = ~ as exp (-a,~lzl) dz 

It follows that (~)~' holds since ]log ~ ( z ) ]  has Lipschitz norm 2~s + oLnIIbs][. 

It is also clear that  (/C)1 and (TCC) hold since we have in this situation 

exp(-~Absll) < Ks(x, .) - dA. (z )  < exp(~s l lbs l l )  
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C o n d i t i o n s  (G) a n d  (G)' 

Next we examine condition (G) I. 
As a typical example of nonlinear filtering problem assume the functions 
h,~ : E --+ R d, n > 1, are bounded continuous and the densities T~ given by 

1 1 , 
~ = ( v ) -  ((2~r)dlR=l),/= exp( - -~v  R~ 1 v) 

where P~ is a d × d symmetric positive matrix. This correspond to the situation where 
the observations are given by 

Y n >_ I, }In = hn(X,,-1) + Vn (129) 

where (Vn)n>x is a sequence of Rd-valued and independent random variables with 
Gaussian densities. 
After some easy manipulations one gets that  (G)' holds with 

1 
loga,~(y) = ~ IIRXlll Ilh.II 2 + [IR~I[I IIh.ll lY[ 

where IIR~ 1 I1 is the spectral radius of R~ a. In addition we have 

[loga,~(y+u)-logan(y)l < Ln lu[ with Ln = IlRXXll Hh, ll 

It is therefore not difficult to check that  the assumptions of Theorem 4.9 is satisfied 
w h e n  

sup(Hh.ll ,  IIRX'II) < oo 
n > l  

In this situation it is also clear that  the conditions of Theorem 4.8 and Theorem 4.9 
are met. To see this claim it suffices to note that  Jensen's inequality yields that  

logE(a~2(Vn)) >-IIRXIII Ilh.ll 2 -2IIRZ*II  Ilhnll E(W.I )  

and we also have 

1 
E(loga,,(Vn)) = ~ IIRX*II IIh.ll 2 + IIR;~II IIh.ll E(IVnl) 

Our result is not restricted to Gaussian noise sources. For instance, let us assume 
that d = 1 and ~n is a bilateral exponential density 

Ot n 
~On(V) = y exp--(,~nlVl) ,~,, > o 

In this case one gets that  (g) '  holds with 

logaN(y) = an IIh-II 

which is independent of the observation parameter y. One concludes easily that  the 
conditions of Theorem 4.8 and Theorem 4.9 are satisfied as soon as 

sup {an, IIh.ll} < c¢ 
n>0 
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On the other hand if ~=>0~=llh=ll < c¢ then condition (/CG) is satisfied and The- 
orem 2.7 can be used to study the asymptotic stability of the nonlinear filtering 
equation for any strongly ergodic signal process (cf. remark 2.8). 
We end this section with an example of Cauchy noise sources. Suppose that d = 1 
and ~n is the density given by 

On 
~n(v )  - ~ (v2 + 0~) 0n > o 

In this situation one can check that 
y2 

< <1+ (y)2 
y~ + 0~ + Ilhnll 2 + 21Yl Ilhnll - ~ ( y )  - 

Thus, (G)' holds with 

as(y) = 1 + V "y-i ~ n  / 
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