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ON THE CONVERGENCE AND APPLICATIONS OF
GENERALIZED SIMULATED ANNEALING*
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Abstract. The convergence of the generalized simulated annealing with time-inhomogeneous
communication cost functions is discussed. This study is based on the use of log-Sobolev inequalities
and semigroup techniques in the spirit of a previous article by one of the authors. We also propose
a natural test set approach to study the global minima of the virtual energy. The second part of the
paper is devoted to the application of these results. We propose two general Markovian models of
genetic algorithms and we give a simple proof of the convergence toward the global minima of the
fitness function. Finally we introduce a stochastic algorithm that converges to the set of the global
minima of a given mean cost optimization problem.
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Introduction. Let E be a finite state space and ¢ an irreducible Markov kernel.
The main purpose of this paper is to study the limiting behavior of a large class of
time-inhomogeneous Markov processes controlled by two parameters (v, 3) € Ri and
associated with a family of Markov kernels Q. g(z,y) having the following property:

(1) >0 k' gla,y)e VY <Q,p(ry) <k gla,y)e PV

where V : Ry x E? — Ry U {oo}, V,(z,y) < +0oo <= q(z,y) > 0, and for any
z,ye kb, (77ﬂ) - Q’Y,ﬁ(z7y) eCh

For a discussion on the origins of this problem the reader is referred to the in-
troduction of Trouvé [12], who studies the asymptotic behavior of such chains, with
time-homogeneous function V' (z,y), using large deviation techniques. The fundamen-
tal notions here are those of the log-Sobolev constant a(v, 3) of Q- 3 and the relative
entropy of a measure with respect to another measure. Other complementary re-
sults relating to time-inhomogeneous communication cost function can be found in
Frigerio-Grillo [7], Younes [13], and more recently in Léwe [9], where Sobolev in-
equalities rather than log-Sobolev inequalities are used for classical models where g
is assumed to be reversible and V, is associated with an a priori potential depending
on .

For a probability measure m on E, inverse-freezing schedule 8 € C'(R;, R, ) and
v € CHRy, R, ), we denote (Q, P, Fy, X;) as the canonical process associated with the
family of generators (L, g, )i>0 = (Q~,,8, — I)t>0 whose initial condition is mg = m,
and we denote m; as the distribution of X;.

The aim of section 1.1 is to give several conditions on the rate of increase of
V¢, Bt — +oo to ensure the entropy of m; with respect to ., g, converges to 0. We shall
examine as much of the theory as possible in a form applicable to general optimization
problems and applicable in particular to mean cost optimization problems.
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To illustrate our results we will restrict attention to various special classes of
generalized simulated annealing. We will commence with a detailed analysis of general
Markov kernels of the form

(2) Q[g’(l',y) = ZQﬁ(fE,U7y)efﬁV($vuxy),

uelU

where U is a given finite set, V : ExU x E — R, and G : ExUXE — Ry, B€R,,
is a family of functions satisfying some continuity and irreducibility conditions. This
situation can be formulated in the general form (1). We will settle this question and
provide the explicit computation of the corresponding communication cost function
V. In a final stage we will give several conditions on the rate of decrease of the cool-
ing schedule to ensure the convergence in probability of the corresponding canonical
process Xy, as t — +00, to the set of global minima of the virtual energy associated
with V.

Another application is the situation in which the Markov kernel (), g has the form

Qy5(x,y) = qs(x,y) V(@)

with

li = li =
Jim Va(z,y) =Vizy),  lim ga(r,y) =q(z,y)
for some Markov kernel ¢ and some function V : E x E — RT. In this situation, let
3 be the unique invariant probability measure of the Markov generator Lg = Q3 — 1,
where

Qpla,y) = qz,y) e PV,

We will give several conditions on the rate of decrease of the cooling schedule and on
the rate of convergence lim;_. 1+ V5, =V to ensure the entropy of m,; with respect to
mg, converges to 0.

The above results imply that the canonical process X; converges in law to the
set of the global minima V* of a virtual energy V. This leads us to investigate
more closely the properties of such function. Section 1.2 introduces a natural test set
approach to study V*. Specifically, we will give a condition for a given subset H C E
to contain V*.

Section 2 is devoted to application of these results, an area of which is the situation
in which @) 5 is the transition probability kernel of a genetic algorithm. Such algorithms
can be formulated by a Markov process with state space £ = SY (N > 1 and S a

finite set) and whose transition probabilities Q3 includes a mutation transition Q(Bl)

and a selection mechanism Qg). More precisely the mutation transition is modeled by
independent motion of each particle and the selection mechanism chooses randomly
in the previous population according to a given fitness function. The first convergence
result was obtained by Cerf [2] in the case in which Qg = Q(ﬁl)Q(;) and the mutations

vanish, that is, limg_, 4 o Qg)(x, y) = 1,(y).

In section 2.1 we will use the results of section 1.1 and the test set approach
introduced in section 1.2 to derive a new and simple proof of the convergence in
probability of such algorithms to the set of the global minima of the fitness function
in the following situations:

Qs = Q(ﬁl)Q? and  Qp = aQS’ +(1-a)QY, 0<a<l.
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Finally, in subsection 2.2 we will apply the results of the first section to mean cost
optimization problems. However, here we touch upon a slightly different aspect of the
theory. Namely, the object will be to find the global minima of a function U : £ — R4
defined by

U(x) = E(L(Z,z)),

where Z is a random variable taking values in a finite set F'and L : F x E — R,. We
will solve this optimization problem by an original method based on the use of Monte
Carlo simulations coupled with simulated annealing. This special case will require
specific developments because the corresponding function V. will necessarily behave
as a random process. We will present a time-inhomogeneous Markov process which
converges to the global minima of U.

1. General results. The purpose of this section is to study the limiting behavior
of time-inhomogeneous Markov chains controlled by two parameters (v, 3) € Ri and
associated with a family of Markov kernels @ s(z, y) having the property (1), with the
assumptions given in the introduction. This is in keeping with our second objective,
which is to introduce some areas in which such results are useful.

The reader who is especially interested in genetic algorithms has to consult Corol-
lary 1 and Propositions 3 and 4. Finally, the numerical solving of mean cost opti-
mization problems requires only the use of Theorem 2 or Corollary 4.

1.1. Relative entropy convergence. Our analysis will be based entirely on
considerations of the time-continuous semigroup associated with the Markov kernels
Q+,p(x,y) introduced in (1). Namely, define for f: E — R

Lysf(x)=> (f(y) — f(x)) Qy5(z.y).

yeE

For a probability measure m on E, an inverse-freezing schedule 8 € C1(R,, R ), and
v € CY(R,,R,), we denote (12, P, F}, X;) as the canonical process associated with the
family of generators (L, g, )t>0 = (Q~,,8. — I)+>0 whose initial condition is mg = m,
and we write m; the distribution of Xj.

Whenever X is time-homogeneous (i.e., 5; = § and v = ) it is well known that
L., s has a unique invariant probability measure 7, g so that

Vf:E—R 7y.8(Lyf) =0

and 7, g charges all the points. It is also convenient to recall the notion of log-Sobolev
constant of ()., 3. Namely,

a(v,8) < min {&, 5(f, £)/L5(f)s L5(f) # 0},

where the Dirichlet form &£, 3 and £, g are defined by

S’Yﬂ(fv g) = _<L’Y»5f7 g>7r7,g == Z L’Yﬁf(x) g(CC) ﬂ'%ﬁ(l‘),

zEFR

Lys(f) =Y f@P 108 (1@l /I3 r, ) rs():

zeE
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Let us recall the notion of relative entropy of a measure m with respect to a measure
7 charging all the points

Butr(m) = 3 m(z) log (m(2)/x(2))

zeE

Using this notation, whenever X is time-homogeneous, one has the following basic
inequality (for instance, see Miclo [10]):

d
—Ent,  (m¢) < =2 a(y,B) Enty,(my).

3) g

For an expository paper on log-Sobolev constants for the general Markov chain on
finite spaces the reader is referred to Diaconis—Saloff-Costes [5]. Holley and Stroock [8]
use Sobolev and log-Sobolev inequalities to study the standard simulated annealing.
For another approach using only spectral gap estimates the reader should consult [4].
Using log-Sobolev inequalities, one of the authors addressed the convergence of a
simulated annealing associated with a Markov transition kernel of the form using the
entropy distance to stationarity (see [10]). The purpose of this section is to extend
these results to general Markov transition kernels of form (1).

What follows is an exposition of some basic results regarding the description of
7,3, by Bott-Mayberry [1] and also exposed in Freidlin-Wentzell [6]. For z € E we
denote Gg(z), or G(x) when there are no possible confusions, as the set of z-graphs.
We shall also use the following notations for x € E and g € G(z):

Z Q+,5(9) Q.59 H Qvp(y,2

geG(x) (y—z)€g
Z V yv 7 Q%B(Z‘, y) = q(aj’ y) e_ﬁ Vi (2,y)-
(y—z2)eg

Then, whenever X is time-homogeneous, its invariant distribution 7, g is given by
Ty,68(2) = R%ﬁ(x)/z Ry 5(2)
z€E
Similarly, let u, g be the invariant probability measure of
Lo sf(x) =Y (fly) - f(2)) Qyp(z,y).
yeE

If a(y, B) is the log-Sobolev constant of Q. g, then under assumption (1) there exists
some constant k1 > 0 such that

(4) kl_lﬂ'y,ﬁ(x) < 7y,8(7) < K1piy,p().

Now, from the very definition of y, g and (4), we have the estimate

—B ' log . 5(x) e Vy(x) — géigvv(z) with  V,(x) o génGi(nx) Vo (9)-

As a direct consequence of Lemma 3.3, Diaconis—Saloff-Costes [5], and the inequalities
(1) and (4) there exists some constant B > 0 such that

B~ a(y,3) < a(v,8) < Ba(y,B).
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Finally, by Theorem 3.23 of Holley—Stroock [8] and the inequalities stated in Mi-
clo [10], we have the following proposition.
—Be(v)

PROPOSITION 1. There exists some constant A > 0 such that a(y,3) > A ¢ e
where c(7y) is the critical height associated with the communication cost V-, given by

c(0) = max (v e, () = V(o) = Vo)) + mip Vi ),

ey(p) = llg?g(n mln(Vw(pi—l) + Vv(pi—l,pi)v V'y(pi) + Vw(pi7pi—1))7

where S, is the set of all the finite sequences from x to y and e, (p) denotes elevation
of a path. It can also be shown that

() = mas (i &) = Vi) = Vi) ) + min 5 2),

z,y€E \ peCy y z€EE

where

&(p) = max V4 (pi-1) + V4 (pi-1, i)

and Cy  is the set of all paths (admissible for q) from x to y.
By choosing ¢t — (¢, 8:) to go to infinity and using (3) we arrive at
d e—Brc(re)
(5) ﬁEntﬂ—,HYBt (mt) S -2 A T@Entﬂ—%ﬁf Z mt log Ty, 5t( )
zeEE

Therefore it remains to estimate the derivatives dm., g/df and dmy g/dvy. For this
purpose, write

Qp(0) =Qr8(9)/ D> Qupsh),  L={geG@) : [[ a2 >0

hel, (y—z)€g

By a simple analysis it is easily checked that

d
log R p(z) = Y Q. 4(9) 10gQw< ),

dg eyl
d
o, o (0) = ;(dﬁ 0y 5(0) = 5108 2 5(2) ) ).

In order to derive a useful inequality we assume there exist two functions dy, ds :
R+ — R such that

d d
inf — <
(6) gebblfz a5 log Q4 5(g) — 96151511 i log Q-.5(9) < di(7),
d d
iy | A - .
(7) S 0g Q~,5(9) i 0g Q.5(9) < dz(8)

Note that by the very definitions of the sets I, it clearly suffices to have

d - d -
dﬁlogczmc,y)' < di(), \Chlogcmm,y) < d(8)
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for every g(x,y) > 0 and two functions dy, ds : Ry — R. Now we are ready to apply
the following technical lemma.

LEMMA 1 (Stroock [11]). If p is a probability measure and 6 € L*(u)* satisfies
[ 0du =1, then for every ¢ € L>(p) satisfying [ ¢pdp =0 one has

1/2
‘/1¢9m4sV6muww)(/“emg9mQ .

Using this lemma with p = 7, g, ¢ = dlog ., g/df (resp., ¢ = dlogm, g/dv), and
0 = my/my, 5, and writing

def
I, = (Entr,, , (mq))'/?
we see from (5) that
(8) a . _ wI+Ad()@+Ad(ﬁ)@
ar = 01+ﬂtt 1 a1t dt 202(Pt) |~

for some constants Ag, A1, A2 > 0. Hence by taking, for ¢ sufficiently large, an inverse-
temperature schedule of the form 3, = K~'logt we obtain

dI

CTZ <A L+ By
with
A — A () /K —1 —1 o dilm) 1 dy

= Ao (1+ K "logt) and B; = A4; i + As dy (K™ logt) pll
Now, it is well known that
+oo B
Jto € Ry / A, ds = +oo, lim =t =0=> lim I; =0.
to t—+o0 At t—+oo

We can now summarize the entire consideration in the following way.
THEOREM 1. Assume that ¢ = limsup,_, , ., c¢(y) < +oo and the conditions

d

@M%B(x) < d2(B)

d
sup ’M%ﬂ(x)’ < di(7), sup
xeFR dﬁ zeFE

are satisfied for two nonnegative functions dyi, ds.
When the inverse-freezing schedule has parametric form B, = K 'logt, for t
sufficiently large and K > ¢, we have

©)) tli_~_11r10o Ent, . (m) =0
whenever
d ,
(10) S =0 (1/(dalog /)% 10g 1)), du(h0)/t = 0 (1/(t log))
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Remark. The hypothesis above might seem difficult to check; we shall see in fact

that in many cases it is indeed fulfilled. In practice the Markov kernels Q) g are
known and it clearly suffices to check that

d , d
sup ——log Q,5(g) — , inf  —logQy(9) < di(7),

gEU Iy ag eu, I, df
d d
S g 0g Q+,5(9) & 08 Q.5(9) < d2(8)

Because of the general orientation provided in this section we can proceed imme-
diately to review the most important special class of generalized simulated annealing,
which we shall study later. Let us consider the transition probability kernels

(11) Qﬁ(x7y) = Zqﬁ(x7u,y)e—5v(w7u,y)7
uelU

where U is a given finite set, V : U x E? — R, and qs(x,u,y) > 0. The proof of
Theorem 1 shows it is important that the Markov kernel ¢ is irreducible. For this
purpose we will assume the existence of nonnegative functions g(x, u,y) so that

€)  gs(z,u,y) > 0= q(x,u,y) >0, ﬂgrfw%(x,u,y) = q(x,u,y),
and we will work with the following irreducibility condition:

(I)Vz,y € E I(pr,ur)i<k<r: Po=2, pr € Eup €U pr=yq(pr, Uk, Pr+1) > 0.

Our immediate goal is to prove the following consequence of Theorem 1 which gives
conditions assuring the convergence stated in Theorem 1 for a time-inhomogeneous
Markov chain with transitions (11). This corollary is applied in section 2 to the
convergence of genetic algorithms

COROLLARY 1. Assume qg and G satisfy the continuity and irreducibility condi-
tions (C) and (Z). Then, the transition probabilities

(12) Qs(z,y) = Z qﬁ(x,u7y)e*5‘/(a:7u,y)
uelU
satisfy the inequalities (1) with

V(z,y) = uelgégy)v(x,u,y), Uz,y) ={ueU : q(z,u,y) > 0},

Q(xuy) = Z Q(m,u,y), U*(x,y) = {'LL € U(1'7y) : V(x,u,y) = V({,C/y)}
ueU* (x,y)

Let V' be the virtual energy function corresponding to the above communication cost
function

V(z) = min V(y,z
0=, 3 V)

and let ¢ be the corresponding critical height. In addition, suppose that for every
G(z,u,y) > 0 and for some By >0

dp

(13) sup
8280

(w,u,y)‘ < 4o00.
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In this case, if m is a probability measure on E and if 8; assumes the parametric form
By = K~ 'logt, for sufficiently large t, with K > c, then

lim  Entr, (mg) =0 and lim P(X;eV*) =1,

t—+o0 g t—+o0

where (2, P, Fy, X;) is the canonical process associated with the family of generators
(Lg,)t>0 = (Qp, — I)i>0 whose initial condition is mg = m, my is the distribution of
X:, mg is the unique invariant probability measure of Lg, and

Vi={zeFE : V()= mbinV}.

Proof. Using the form of g5 we have for some suitable function €(3) — 0, as
f — +o0,

(14) (1 —e(B)) Kp(z,y) < Qplz,y) < (1+€(B)) Kp(z,y),

where

Ka(z,y)= Y qla,u,y)eV@w,
weU (z,y)

But now we have that

Ks(x,y)= > qlx,u,y) e VeV

ueU*(z,y)
Fe PV(Ey) Z a(z,u,y) e BV (z,uy)=V ()
weU (z,y)—U*(z,y)
= q(%y)efﬁv(m,y) 4 e PV Z a(z,u,y) e BV (zuy)=V(zy))

weU(z,y)-U*(z,y)
Thus, condition (Z) implies that ¢ is irreducible. Furthermore, if we write

I={(z,y) € E? : U(x,y) # 0},
J={(x,u,y) e ExUXE : (z,y) el ueU(z,y)}

and

hy = min > q(w,u,y)/q(x,y),
(z.y)El
weU (z,y)—U*(z,y)

ho = min V T, u, . v4 z, ,
2 (mu,y) : ugU*(z,y) ( y) ( y)

then using (14) we get the system of inequalities
(1= e(B) alw,y) V) < Qp(a,y) < (1+e(B)) (1+h1 e=2)q(a,y) V9.

To end the proof it remains to check condition (6). Choose ¢(z,y) > 0; after some
computations we find

dlog Qps(z,y)
g

dlogqg
ap

< sup
u€U(z,y)

(z,u, y)‘ + sup V(x,u,vy).
weU(z,y)



Downloaded 12/03/13 to 130.120.227.246. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

1230 P. DEL MORAL AND L. MICLO

Thus (13) implies (6), and using Theorem 1 the proof of the first assertion is complete.
Examination of the invariant distribution of Lg soon yields that Vz ¢ V* we have
limg_, 4 o0 m3(x) = 0. Then, to prove the last assertion it is enough to recall the basic
inequality

lme — 7, I 7w < 2 Entr, (my),
where ||.||7v is the distance in total variation given by

ln—vlry =2 sup [u(4) —v(4). O
ACE

It is quite clear from definition (12) that the following situations are covered:

Qs =0QYQY and Qs=0aQY +(1-)QY, 0<a<l.

In section 2 we will develop properties of both class of chains which we shall find
includes, as a special case, the evolutionary processes studied by Cerf in [2]. For the
sake of unity and to highlight issues specific to evolutionary processes, we give some
examples to suggest how these results translate in this special situation.
Ezxamples.
1. If di(y) = 7* and do(B) = B2 for some p > 0 and ¢ > 0, it clearly suffices to
choose v; = logt.
2. Let us study a way to combine the transitions Q(ﬁl), cee Q(ﬁr) given by

k k _3v® (&
Q (w,y) =ag (w,y) T VOB SRy g (y) 20

It is clear from (11) that the following situation is covered:

1 r 1 r
(@) Qs(z.y)=QY .. QY @y =Y QV@2)...QY (s 1)
21,27 —1€E
This situation can be formulated in the form (11) with U = E"~! and

Ts(wu,y) = g5 (x,um) . qf (w1, y),

V(m,u,y) = V(l)(x,ul) et V(T) (ur—lay)'

Also from (11), the following situation is covered:

(b) Qs(z,y) = ZakQ ,y)  with Zak:1
This situation can be formulated in the form (11) with £ ={1,...,r} and

T y) = 0ugs(x,y),  Vieuy) =V (xy).
Probabilistically and in precise language 1(a) has the interpretation of being
the transition of a chain obtained through overlapping r — 1 other chains,
and 1(b) has the interpretation of being the transition of a chain obtained
through choosing randomly at each step among r chains. Let us remark, by
way of illustration, that it is also possible to consider a way of combining 1(a)
and 1(b) that subsumes such parallel and series combinations. For instance,
each transition probability Q(ﬁk) in the expression (a) may be of type (b) and
conversely. As a result one has a great freedom in the design and the physi-
cal construction of the transition probabilities ) 3, and they appear ideally
suited to describe a large class of processes encountered in applications.
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3. Let us examine the above example when r = 2. In this situation we introduce
the irreducibility condition (Z)’

(15) ¢V irreducible and Vz € E ¢ (x,2) >0
and the continuity condition (C)’

lim
B——o00
(16)

where ¢(*) (z,y) are transition probability kernels such that

¢ (@, y) =P (@y), ¢ (@y) =0=qP(,y)=0 Vk=1,2,

¢®(z,y) =0 = VF(z,y) = 400 Yk =1,2.

In this situation the conditions (C) and (Z) of Corollary 1 are satisfied. In
addition, if we assume that for every k = 1,2 and ¢*) (z,y)

dlog q}f)

0 (z,9)

< 400,

then the last condition (13) introduced in Corollary 1 is satisfied.
COROLLARY 2. Suppose the Markov kernel of the chain has the form

Q.5 = qp(z, y)e V2 (@v)
with
q5(z,y) =0 <= q(z,y) =0, gEToo qs(r,y) = q(z,y)

and assume the following conditions are satisfied for every 8,v € Ry and some con-
stant d > 0:

¢ =supc(y) < +oo, sup V,(g9) — inf V,(g) <d,
ol gEUL I, 9€UsIo
su dlo ()— 1nf lo (9) <d su iV() inf dV() <d
sevsr, 48T geli ap Pt =0 SN ay Y T el dy |

When the inverse freezing schedule has parametric form B = K~ 'logt, for t suffi-
ciently large and K > ¢, we have

d
lim Ent, , (m:) =0 whenever % = o(1/(t/® log?t)).

t——+o0

As a consequence we have the well-known corollary that follows.
COROLLARY 3 (Miclo [10]). Suppose the Markov kernel of the chain has the form

Qy5 = qlz,9)e V@D L Qu(a,y).

When the inverse freezing schedule has parametric form f; = K 'logt, for t suffi-
ciently large and K > ¢, we have

lim Ent., (m:) =0,

t——+oo
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where mg is the unique invariant probability measure of the Markov generator Qz—1.
The usefulness of Theorem 1 will now be illustrated in the case where the transi-

tion probabilities (), 3 converge to a transition probability kernel Qg as v — +o0.
THEOREM 2. Let Qg(z,y) be a Markov kernel such that Qp(z,y) = 0 <

q(z,y) = 0. Suppose the assumptions of Theorem 1 are satisfied and for every
q(z,y) >0

(17) Jim [log Qy, 5, (2,y) —log Qs (2, )| = 0.

Then

(18) tilglooEnt L (my) =0,

where Tg is the unique invariant probability measure of the Markov generator Qz—1.
Proof. By the same line of argument as before mg may be described as follows:

Rs(x)

>.er Rs(2) gel, (y—2)€g
(19)
It follows that
log . —log Z H QﬁQW; Y, 2) Q. 5(9)

9€ls (y—2z)eg
—log Z H (@, /3@5 Y, 2) Qﬁ(g) )
z'€E,g€l, (y—z)Eg

where

Q5(9) = Qr5(9)/ D Qrp(h and  Qu(9) =Qplg)/ Y, Qa(h).

hel, z€E,hel,

By Jensen’s inequality, we have

T,
log 2 () <2 sup |logQ,.s(g) —log Qs(g)|-
T3 geEU, I,

Finally, we obtain

(20)  Entr, (my) < Entr o (me) +2 sup. |log Q, 6, (9) — log Qp,(9)]-
g zlx

Using (9) the proof is complete. 0

We now make the above observations precise by considering more specific, al-
though general, transitions Q- g.

COROLLARY 4. LetV be a nonnegative function V : ExE — Ry and Q~ g(x,y) =
qs(z,y) ePV2(=Y) - Suppose the assumptions of Corollary 2 are satisfied and, for every
q(z,y) >0,

(21) |V’Yt ({,L‘7y) - V(LL', y)| = O(I/IOgt)'
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When the inverse-freezing schedule has parametric form 3, = K 'logt, for t suffi-
ciently large and K > ¢, we have

(22) tligloo Entr,, (my) =0 and lim P(X,eV*) =

t——+oo

where mg is the unique invariant probability measure of the Markov generator Qg — I
with

Qﬁ('ra y) = Q(Iay) e*ﬁV(m,y% V* - {Qf S E: V(l’) = mEin V},
and

Viz) = v (
(x) min > Viy,z
(y—=myeg

If V.Yt(x,y) (Ut( ) Ut( ))+ with Ut FE— ]R+ and limtﬂ+oo Ut(fE) = U(.’E),
condition (21) takes the form

, liHl logt |U(x) — U(x)| = 0.

The following examples illustrate the results and the conditions stated in the above
theorems.

Ezamples.
1. Let us now turn our attention to the transition probability kernel

Q- 5(x,y) = qlz,y) e V@Y

where
Vo (2, y) = (U, (y) — Uy(2))* if g(x,y) > 0and + oo otherwise.

In this case conditions (6) and (7) take the form

. d . d
sup Uy (z) — inf Un(z) < di(y),  sup -Un(z) — inf Z2Us(2) < da(B) /6
In addition, if
d .

sup U, (z) < 400, sup %Uw(x) <+ infty,

z,y x
then we can choose d2(3) = 8 d2 and d;i(y) = d; < 400 (d1,d2 > 0) and the
condition (10) takes the form

B o117 (tog1)?)).

2. Let us examine the above example with time-inhomogeneous potential given
by

0(v)
U, (z) = 6(y)"" /0 C(s,x) ds
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with C': Ry x E — Ry bounded and % log O(vy) < 4o0.

From the boundedness of C' we can choose constants dy, d2 > 0so that d;(y) =
dy and da(8) = B ds satisfy the required conditions. Finally, if v = A logt
and 6(y) = €7, then we have

dye B /K 2 a -
G = A= (/e ogt)) . L logfn) = 1,
and
I
U, (z) = 7, C(s,x) ds.

1.2. General results on the virtual energy. In section 1 we proved the
convergence in probability of a class of stochastic algorithms to the set of the global
minima V* of a virtual energy function V. The crucial need of course is to estimate V*.
In the case where ¢ is symmetric and V(z,y) = (U(y) —U(x))" with U : E — R it is
well known that V* = U*. For a generalization of this see Trouvé [12]. The situation
becomes considerably more involved when the above assumptions are dispensed with.
The purpose of this section is to introduce a natural test set approach to study V*.
More precisely, we will give several conditions for a given subset H C F to contain
V=

Let us recall some basic definitions. Let E be a finite set and ¢ an irreducible
Markov kernel. Assume that a given function V : E x E — R satisfies

V(z,y) < 400 <= q(z,y) > 0.
Let us write C, , the paths p in F joining = and y, that is,
Vk€{0,....[p| =1} q(pr,prr1) >0 and po = z,p, =¥,

where |p| is the length of p. For 2,y € E, p € C; ,, and g € G(z) we note

[p|—1
Vi)=Y Vierra),  Vig= Y. V(y.2) V(z) = min V().
k=0 (y—z)€g

For H C E and g an z-graph over H (that is, g € Gg(x)) it is convenient to define
a new communication cost Vg by making the set H a taboo set. Namely, for every
r,y € H

Vi(z,y) =min{V(p) : pe Cy, with Vke{1,...,|p| -1} pr € H},
Vi(g)= > Vul(y2).

(y—2)€g

It is also convenient to define the virtual energy function associated with Vi:

Vee H Vy(r)= min Vg(g) — i Vi (h).
T () jenin, H(9) entin H(h)

Finally, let us write

V(H) = min V(x) and Vi = {x €H : Vyx)= min VH}.
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LEMMA 2. Vo € H, Vg(x) =V (z) — V(H).

Lemma 2 is an easy consequence of the following lemma.

LEMMA 3. Let Q be an irreducible transition probability over E with invariant
measure i1. Let X be a Markov chain with transition probability Q and initial measure
m such that m(z) > 0 Va € E. Given a subset H C E define

Ty=inf{n>1: X,e H  Q=P(Xp, =y/Xo=1).

Then Q is an irreducible Markov kernel over H and its invariant probability measure
is given by

fi(z) = p(x)/u(H).

There are several ways to prove Lemmas 2 and 3. The following may be the
shortest in this context.

Proof of Lemma 3. The proof is a consequence of the law of large numbers. Let
us set by induction on the parameter n > 1

Thy1=inf{k>T, : Xy € H}, n>1.
Now, under the above conditions, the random process Y = (Y;,)n>0 defined by
}/E):XO> Yn:XTna ”Zla

is an irreducible Markov chain over H with transition probability kernel Q. Let it be
its invariant probability measure. First we note that P-almost surely

On the other hand we have

n T, T,
1 T, [ 1 & R
*E 1.(Y5) = — | = 1.(X3) |, —=—§ 15(X5),
nia o n <T” 1 ( )> L T i=1 (%)

and
1 Tn 1 T
T LX) —— u(@), =) la(X) —— u(H)
Tn . Tn .
i=1 n — +00 i=1 n — +00
P-almost everywhere (P.a.e.). The lemma follows immediately. d

We come to the proof of Lemma 2.
Proof of Lemma 2. We shall give a sketch of the proof. Let us denote by Qg the
Markov kernel over E given by

_ [ 1B ep BV (z,y) it z 7y,
Qs(z,y) —{ L= |E[™" S cp o exp—BV(2,2) otherwise.

Let pg be the invariant measure of ()g. From the description of pg in terms of
z-graphs over F it is clear that

ps(x)  ~  C(z) exp—pV(x)
B — 40
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for some nonnegative function C' : E — R* . If one now defines Qg as in Lemma 3,
by elementary large deviation arguments one sees the equivalence

Qﬁ(xay) ~ (j(irvy) exp _/BVH(xvy) V£C,y ceH
B — 400

for some irreducible Markov kernel ¢ : ¥ x & — R. Therefore if fig is the invariant
measure of Qg one has for some nonnegative function C': £ — R

fig(x) ~ C(x) exp—BVg(a),
B — 40

from which our claim follows easily. a
We now give a definition that we will use in our formulation of our test set
approach to understand the limiting behavior of a generalized simulated annealing.
DEFINITION 1. Let H be a subset of E. We say that a partition = {Hy, ..., H,}
of H is a V-partition if for every 1 <i <n and x,y € H;, x # vy, there exists a path
p € Cy y such that

YO < k < |p| pr € H; and V(pg,pr+1) = 0.

We observe that for a given subset H C FE, one can always obtain a V-partition.
For instance

H={{z} : z€ H}

is a V-partition. Given a V-partition H = {H;,...,H,} of H C E, it is convenient to
define a new communication cost function Vi by setting for every z € H; and y € Hj,
1<i,j<n

Vi(z,y) ={V(p) : p€Csy 30 <n1 <ng <|p
VO <k<ni,px€Hj, Vni<k<ng,pedH, Vny<k<|plpx€ H,}.

It is easily seen that Vi (z,y) does not depend on the choice of z € H; and y € H;.
Moreover we note that if H = {{z} : = € H}, then Vyy = V.

Let V3 be the virtual energy function associated with the communication cost
function V3, namely,

Ve € H Vi (z) = Icr;lin( )VH(g) with  Vi(g) = Z Vi (y, 2).
geCGu(x
(y—z)eg

As usual, we also put
Vi = {x €eH : Vy(x)= ml}nVH}.
ProPOSITION 2. If H is a V-partition of a subset H C E, then we have Vy =
Vi
Proof. Let us prove that for every z € H

min V] = min V; .
jonin H(9) oo 1(9)
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Because H = {Hy,...,H,} is a V-partition it is clear that V3; < V. So our claim
will follow provided that for every g € Gy (x) we can build a new § € G (z) such that
Vi(g) > Vu(g). For this purpose let g € Gy(z) for some x € H and let i € {1,...,n}
such that « € H;. We will construct an z-graph § € Gy (z) such that Vi (g) > Vi ().
For this we introduce the set

I'={(j — k) : 3(y,2) € gsuch that y € H; and z € Hy}.

Obviously T is not an i-graph over {1,...,n} but examination of I" soon yields that
it contains at least one i-graph G;. Now for j # i and (j — k) € G; (unique) there
exists an arrow (y; — 2i) € g such that y; € H; and 2z, € Hy.

On the other hand, from the definition of V3; there exists a path p € C,, ., and
0 <ny < ng < |p| such that
VO<I<ni p€Hj, Vnp <l<ng p &H, Vng <1< |p| i € Hy,

and V(p) = Vi (y;, zx). Given such a path p € Cy, ., let us set

Ui = Pnis Zk = Pny-

Finally, because H is a V-partition there exists for every 1 < ¢ < n a gy;-graph
gj € G, (y;) such that V(g;) = 0, with the convention g; = .
Using the above construction it is easily seen that the set of arrows

a U U {@—2)

(j—k)EG;

C:=

g:

i

is an z-graph over H and, from the construction of g, it follows that

V() 2 V@) = > Vn(@pa) = Y Va(l, i) = Val(j).
(I—k)EG: (j—k)EG:

This ends the proof. 0

The following concept of A-stability leads to a natural test set approach to study
V*.

DEFINITION 2. Let A be a nonnegative real number. A subset H C E is called \-
stable with respect to a communication cost function V' when the following conditions
are satisfied:

1.Vee H Yy¢ H, Viz,y) > A\,

2.Ve¢ H Jye H, Viz,y) <A

The importance of the notion of A-stability resides in the following result, which
extends Lemma 4.1 of Freidlin-Wentzell [6].

PRrROPOSITION 3. Let A be a nonnegative real number and H C E. Any A-stable
subset H with respect to V' contains V* and Vg = Vg

Proof . Let H be a A-stable subset of E. Let x ¢ H and let g be an element of
G(z) such that V(g) = V(z). There exists almost one y € H such that V(z,y) < A.
Now we note p the exit path from y to = extracted from g, that is,

po=y,pp =2 and Yk=0,...,[p[=1, (P — pr+1) €9

Write kg = inf{k =0,...,|p| =1 : pr & H}. Let g be the graph obtained from g
by replacing the arrow (px,—1 — Pk,) by (z — y). Then we have g € G(pk,—1) and

V(z) =V(g) > V(9) = V(Pre-1):  Pre—1 € H.
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This completes the proof of the first assertion. The last assertion is a clear consequence
of Lemma 2. O

Let us now reduce all of the results of this section to a proposition which we shall
use for later reference.

PROPOSITION 4. Let A be a 0-stable subset of E with respect to V and let A be
a V-partition of A. If H is a A-stable subset of A with respect to V4 for some X\ > 0,
then V* C H.

Proof. Using Proposition 3 it is easily seen that V* C A, Va = V)4 = Vy,
and V; C H. Thus one gets V* = V3 = V3 C H, and the proof of Proposition 4 is
completed. 1]

2. Applications. In this section we examine two applications. In section 2.1 we
use the results of the first section to derive a new and simple proof of the convergence
of the genetic algorithms. We shall prove this important result in a way different from
the original proof of Cerf [2]. The proof splits quite naturally into two distinct parts:

1. We use the relative entropy convergence results stated in the first section to
prove the convergence of the algorithm.

2. Then we investigate the test set approach, introduced in the second part of
section 1, to prove that the set of the global minima of the virtual energy
is contained in the product of the set of the global minima of the fitness
function.

In section 2.2 we apply Corollary 4 to construct a stochastic algorithm for the numer-
ical solving of a general mean cost optimization problem.

2.1. Genetic algorithms. A genetic algorithm is a discrete time Markov pro-
cess T = (Tn)n with state space E = SV (N > 1 and S a finite set) and whose
transition probabilities G,, include a mutation M, and a selection S, mechanism.
The N-tuple of elements of S, i.e., the points of the set E, are called particle systems
and most will be denoted by the letters z,y, z. In what follows, we shall distinguish
two kinds of combinations, namely,

(a) P&, edx /T 1=2)= / M, (z,dy) Sn(y,dz),
E
(b) P, edr/Th1=2)=a M,(z,dz)+ (1 —a) S,(z,dz), 0<a<l

Mutations. The mutation transition is modeled by independent motion of each
particle, that is,

N
zdy:H n (2P, dy?)

where K, is a Markov kernel over S, z = (2P)1<p<n, and y = (yP)1<p<n.

Selection. In the selection transition the particles are chosen randomly and
independently in the previous population according to a given selection function Fj,
S — R*, namely,

i

N N F
w(y,de) =[] D - n{ 1yi(dxp).
p=1 i=1 ZFn

j=1
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The study of the convergence, as N — +o00 or n — 400, of such algorithms requires
specific developments because each individual particle is no longer Markovian and it
is difficult to produce mean error estimates. In [3] one of the authors applied and
extended such algorithms to nonlinear filtering problems. An apparent difficulty in
establishing a convergence result as n — +o00 is finding a candidate invariant measure
that enables us to describe some aspects of the limiting behavior of the algorithm.
To our knowledge, Cerf gives in his Ph.D. dissertation [2] the first convergence result
n — +oo for a genetic algorithm to converge in probability to the global minima of a
given fitness function. More precisely, he studies the following situation:

1. The state space S is finite and G,, = M,, S,,.

2. The mutation Markov transition kernels K, (z!,y') are governed by a param-

eter a and a cooling schedule 3(n) : N — R* namely,

N
def

(23) Mo (2,9) = Q5 (@.9) = T ko (@, 7)

p=1
with

def k(xlayl) e"ab if ot #* yl,
(24) kﬁ(xlayl) = 1-— Z k(ml,zl) e P it ozl =yt
zl;ézl

where k is a given irreducible Markov kernel on the space S.
3. The selection operator is built with a fitness function f : S — RT and a
cooling schedule 3(n) : N — RT namely,

n) f(a")

N
p=1 i=1 Z e~ Bn) f(z?)
j=1

Cerf gives several conditions on the rate of decrease of the cooling schedule 5(n) —
400 to ensure all the particles visit the set of global minima, as times goes on, when
the number of particles is greater than a critical value. He carries out in a discrete
time setting a precise study using large deviation techniques and the powerful tools
developed by Trouvé [12]. Simplifying and extending techniques of Cerf and Trouvé,
our results are obtained by using the relative entropy convergence result stated in
Corollary 1 and by investigating the test set approach introduced in section 1.2.

2.1.1. General results and notations. In this section we will consider genetic
algorithms described by the transition probability kernel

Qp = QS)Q(;) or ng = Q(ﬂl) + g Q(;) with a;+ax=1 and 0<a; <1
(26)

and nonnecessarily vanishing mutations. More precisely, we assume that the mutation
transition kernels kg in (24) have the property

(27)3b > 0, pt k(z1,22) e Palzrz2) < kg(x1,22) <b k(z1,22) e*ﬁa(”“’“),

where a : $? — R, , a(x,y) < +00 <= k(z,y) > 0, k is an irreducible Markov kernel,
and the relation on S defined by

1 ~ T2 <= a(x1,x2) =0
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is an equivalence relation. This leads us naturally to consider the partition Si, ..., Sy (),
n(a) > 1, induced by ~. If ;1 is a typical element of S, then the equivalence class of
x1 will be denoted by S(x1):

S(x1) ={z2 €S : x1 ~ x2}.
We further require that
a(z1,22) = 0= f(z1) = f(2)
and for some Gy > 0

(28) Yoy, 0 €S sup |dlogkg(z1,x2)/dB| < +o0.
B2>PBo

To our knowledge the models of evolutionary processes (26) have not been covered by
the literature of genetic algorithms.
Ezamples. The following mutation transition kernels have the properties (27) and
(28):
" k(z1,22) e—Palzrz2) jf a(z1,22) > 0,
L kgl @2) = |S(z1)] 7t (1 =2 yigs@n k@) 6_5“($17y1)> otherwise.
e—Ba(zi,x2) k‘(ﬂ;‘l, x2)

Dyes € Py bz, y1)
Finally, let us note that if a is given by

2. kg(x1,m2) = Y(zy,x5) € S2

a(zy,m2) = a (1 — 14, (z2)) V(z1,w2) € 8% k(wy,29) >0,

then the first transition probability kernel is clearly the same as the mutation transi-
tion probability kernel (24) studied by Cerf.

In this special situation, the first model Qg = Q,(Ql)Q(ﬁQ) is of course identical to
Cerf’s model of a genetic algorithm.

Let us recall some terminology introduced by Cerf in [2]. The cardinality of a set
will be denoted by |.|. If z and y belong to E = SV and f: S — R, we write

[] ={zx : 1<k <N}, [f={z1€8: f(xl):msinf},
P={k: 1<k<N, f) = f(o)} fle) = min  f(),

x(y1) =Card{k : 1<k< N, axp=uy1}.

Using these notations, an easy calculation shows that for k =1 or k = 2

_ (k)
QY (x,y) = ¢ (@,y) e PV @0 (P (w,y) = ¢® (2, y) 05 (z,y),

where

N
¢y = JI ke, ¢ (z,y) :H

i'a(aci,yj)>0

Z a(zi,y) it ¢ (x,y) >0,
=1
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N
VO (z,y)=>" ( fla ) if ¢ (x,y) >0,
=1
9;(31)(:23 y) = H kﬁ(%,yl),
i:a(zi,y;)=0
-N
07 (x,y) = | 1+127" Y exp—B(f(xx) — f(2))

ke
As usual, we will use the convention
vk € {1,2} V) (z,9) = 400 <= ¢¥)(z,y) = 0.

The asymptotic mutation dynamics of the genetic algorithms is governed by the kernel
k and the function a. The irreducibility condition on the kernel k& and the fact that a
is an equivalence relation are sufficient conditions to allow the system of particles to
visit all the state space E. Thus, using the above notations, it is easily checked that
e ¢ is irreducible and ¢? (z, z) > 0 for every z € E;
e forevery k = 1,2 and ¢'®)(z,y) > 0 we have Supgs g, |dlog 95(%, y)/dB| < +oo
for some Gy > 0.
Then, returning to our general model (12), the conditions introduced in Corol-
lary 1 are satisfied in both situations:

def V (z,u
L Qsley) = QY QP (x,y) = Y gyla,u,y)e Y @uw)
uelU

withU = B,V (z,u,y) = VO (2, u)+V® (u,y), 7z, u,y) = ¢ (z,u)q® (u,y),
and 05 (z, u,y) = 05" (z,u) 05 (u,y), QL?(JS u,y) = Og(z,u, y)q(z, u,y).

A def Vs
2. Qﬁ(x,y):alQ(ﬁ (.13 y)+a2Q,8 xy Zqﬂxuy —BV (z,u,y)
uelU
with U = {12} V(zuwy) = VO(y),q@uny) = o ¢ (@),

and 05 (z,u,y) = 05" (2,y), qp(x, u,y) = 05z, u, y)a(z, u, y).

2.1.2. A convergence theorem. To clarify the notations, in the remainder of
section 2 we will use the diacritic (7) to distinguish the communication cost functions,
the virtual energy function, and the critical height associated with the transition
probability kernels (Jg from those associated with Qg.

From the above observations and Corollary 1, choosing 3 of the form

By =K' logt, where K >c (resp., K > é),

for t sufficiently large yields that the canonical process (Q, P, Fy, X;) associated with
the family of generators (Lg,)i>0 = (Qp, — I)i>0 (vesp., (@, — I)¢>0) converges in
probability to the set of the global minima V* (resp., V*) of the virtual energy V/
(resp., V) associated with Qs (resp., Q[g) and described in Corollary 1. One open
problem is to compare ¢ and ¢. Let us remark that ¢ does not depend on the choice
of the parameter o €]0,1[. In view of these observations the bulk of the proof rests
on showing that V* and V* are subsets of (f*), where (f*) is the set in E defined by

(f*)Z{xEE : f(m):mblnf}
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The main purpose of this section is to prove a more general result. We will prove
that V* and V* are subsets of (f*) N A, where A is the set in E defined by

A={z€eFE : zp~x; V1<kI<N}
By A we will denote the partition of A induced by the equivalence relation ~
A={A1,..., Ava)}, Ai={x€E : [z] CSi} V1 < i < n(a).
As usual we associate with each typical element = (z1,...,zx) € A the subset
Alz) ={y € B : [y C S(a)}.

Note that A is O-stable with respect to V' and V. Moreover, from our constructions,
a routine proof yields that A is a V' and V-partition of A. In view of Propositions 2
and 3 it follows that V* C A, V* C A, and

Ve e A V(z)= min Va(g), V(z)= min Va(g).
9€Ga(x) 9€Ga(x)

Now, from Proposition 4, to prove that V* and V* are subsets of (f*) it clearly suffices
to find a constant A such that the subset (f*)NA is A-stable with respect to V4 and V4.

As we will see such results hold when the size N of the particle systems is greater
that a critical value which depends on the functions a and f. We shall study this
critical size now, beginning with two important lemmas.

Before proceeding we need to introduce some additional notations.

By 'z, z,, 1,22 € S, we denote the paths ¢ in S joining z; and x3, that is,

VO<I<lql  k(z,z141) >0, qo =1, q)q = T2

We will also denote R(a) as the smallest integer such that for every z1,22 € S in two
different classes there exists a path joining z; and x2 with length |¢| < R(a). More
precisely,

R(a) = max min min g
1<i,j<n(a) (zi,2;)€SixS; 4€lz;

It also will be convenient to use the following definitions:

Aa=min{a(z1,22) : a(z1,22) # 0}, Af =min{[f(z1) f(z2)| : f(z1) # flz2)},
8(a) = sup{a(z1,z2) : x1,220 € S}, 8(f) =sup{|f(z1) — f(x2)| : x1,22 € S}

o~ ~

LEMMA 4. For every x,y € A such that f(x) > f(y) we have
(29) Va(z,y) < 8(a) R(a).
Moreover, for every x € A there exists a state y € (f*) N A such that

(30) Valz,y) < (8(a) +6(f)) R(a).

-~ ~

LEMMA 5. For every z,y € A such that f(x) < f(y) we have

(31) Va(z,y) > min(Aa, Af) N and Va(x,y) > min(Aa, Af) N.
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Let us write

Ma, f) = (6(a) +6(f)) R(a), 5\(a,f) = 8(a) R(a),
N(a, f) = Ma, )/ min(Aa, Af), N(a, ) = Ma, f)/ min(Aa, Af).

Combining Lemmas 4 and 5 one easily gets

N > N(a, f) = (f*)N A is A(a, f)-stable with respect to Vy,
N > N(a, f) = (f*)N A is Aa, f)-stable with respect to V4.

These results and Proposition 4 combine to yield the following theorem.

THEOREM 3. We denote (2, P, Fy, X;) as the canonical process associated with
the family of generators (Lg,)i>0 = (Qp, — I)i>0 (resp., (Qp, — I)i>0), ¢ (resp., é)
the critical height associated with the communication cost function V' (resp., ‘7}, and
my the distribution of X,. If B; assumes the parametric form 3, = K 'logt, for
sufficiently large t, with K > ¢ and if N > N(a, f) (resp., N(a, f)), then we have

t_l}inoo Ent., (m:) =0 and tl}TWP(Xt e(f)nA =1,
where mg is the invariant probability measure of Lg = Qg — I (resp., Qg —1).

We come to the proof of Lemmas 4 and 5.

Proof of Lemma 4. Let x = (x1,...,2x) and y = (y1,...,yn) be two elements of
A such that f(x) > f(y). First let us remark that

zy~y = V1I<k<N, a(xp,y) =0=VI<E<N, flzr)=f(yx)

In this situation, a routine proof yields

Va(z,y) =0 and Va(z,y) =0.

If a(x1,y1) > 0 then the irreducibility condition implies the existence of a path ¢ €
I'z, . and a pair of integers 0 < n; < ng < |g| such that

VO<k<ni, g €S(x1), Yni<k<ng qp&S(x1), Yno<k<|q|, g € S(y1).
(32) .
Let us prove (29). For this, let p € C,, be the path defined by

Y0 S k S |CI|> Pk = (Qk7332, e axN)a p|q|+1 = (yl)a p|q|+2 =Y.
From the definition of ¢ we have

VO<k<ni, pp € Alz), Vi <k<lq|, pr €A, Vke{lg+1 |g[+2}, pr € A(y).
(33)
Moreover, it follows that

ny—1 ni—1

0< Y Vipeprr1) < Y VO (pr,prsr) =0,
k=0 k=0

Pl Plal+1) < VO (Dlg,pjg1+1) =0,  and
(Plat+1:P1g1+2) = VO (Plg 11, Plgp42) = 0.

<

0<

<
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Now, it appears from the proceeding that

— lgl—1
Z (Pr> Pr+1) Z V (Pk, Prt1) + V(p|q|,p\q\+1) + V(p|q|+1,p|q\+2)
k=0 k= ny

lal—
Z V(pr:prs1) < 6(a)lql.

Therefore V(z,y) < §(a) R(a) and the proof of (29) is completed.

The proof of (30) is just a little more complicated.

Suppose z € A and 3’ is an element of A such that f(x) > f(y’) = ming f and
a(x1,yy) > 0. Let ¢ be the path joining 21 and y] and defined as in (32). Using the
above notations, let (t,,)m be the sequence of integers defined by

to = nq, t,, = inf {k/’ >tymo1 ¢ f(q;c) < f(qtmfl)} VYm > 1.

Using the assumption f(m) > f(y’ ) = ming f, examination of ¢ soon yields that there
exists an mo > 1 such that t,,, < ns and f(g,, ) = ming f. Consequently, we have
constructed a sequence of states (g, Jo<m<m, such that

(34) F@) = fla) > flae) > > fa,) > > flae,,) = Fu),

where ¥y = (1,51 Qt,,) € AN(f*). With each state g;,, we associate a state
Pm € E, 0 < m < mg, by setting

DPto :(qtoax27"'7xN)a Dt :(qtnm"'7qtmaxN) V1§mgm0

First we note that p;, € A V1 <m < mg and

~

F@) = fpeo) > fpe) > -+ > f(pe,) > -+ > fpe,,,) = min f = f(y).
Our next task is to construct a sequence of paths (p™)o<m<mo+1 such that

p® e Copey p™ e Cpo  pes V1 <m <mg p(motl) ¢ Chtrg >

and

e the path p(® has length [p(®)| = ¢, and for every 0 < k < t the states p( )

belong to A(z);
e for every 1 < m < mg, p{™ is a path joining p;, , and p;,, in time

|p(m)| =tm — tm—1,

and for every 0 < k < t,,, — t,,—1 the states pém) do not belong to A except
the first initial state p( ) = Dty € A(2);
o pmtD = (py,, ,y).
It is straightforward to see that any path p(®) satisfying the above conditions has
null cost, that is, V(p(o)) = 0. Then, to obtain the desired upper bound it clearly
suffices to have

Vi<m<mg V(™)< (tm —tm_1) (6(a) +6(f)).

We proceed to define (p(m))0§m§m0+1 as follows:
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1. In view of (32) and (34) it is natural to define the initial path p(®) e

(po, -, pt,) by setting
VOSkStoznl pk:(qkaan,xN)EA(x)

As has already been noted, a simple calculation shows that

to—1

V(p®) = Z VO (o, pir1) + VE (prsr, prga) = 0.
k=0

~

2. Taking into account that ¢; is the first time &k such that f(qr) < f(x) we are
lead to define p(V) def (Ptos Pto+1s - - - Dt,) Dy setting

VtOSk<t1 pk:(qung?"'?zN)a ptlz(Qtla-~-aQt1793N)-

Let us write p;, = (q¢,,%2,...,2n). In this situation p, & A Vto < k <
and it is easy to verify that

t1—2

V™M) <> VO ok prsr) + VO 0rs1, prsr) + VO (0,21, 5r,)
k=tgo

+V(2) (T)tl 7pt1)
< (t1 = to)(8(a) + 6(f))-

3. As for item 2, we define the paths p(™) e (Ptyy 1> Pl 1415 -+, D1,,) for 2 <
m < myg by setting

Vtm,1 < k< tmpk = (quqtm_l,' . 'ath_laxN)v DPt,, = (tha .. ~ath,$N)'

Here again we have py, &€ A Vt,,—1 < k < t,,,. Let us introduce a new state
Pr,, = (QtrsQtprs- -+ Qtm_1>TN). It is then an elementary matter to prove
the inequalities

ton—2
V(p™) < Z (V(l)(Pk,pkH)+V(2)(pk+1,pk+1))

k=tm 1

VO (py,—1.5,) + VA (B, b))
< (tm —tm-1—1) (6(a) +26(f)) + 6(a) +6(f)
< (tm = tm—1) (6(a) +6(f)).

4. Finally, let us note that
0< V™) < v, pi, )+ VP, ,y) = 0.

Consider the path p = (p(®, ..., p(me*+1)) € C, , obtained by joining end to end all
these paths. From the above inequalities it follows easily that V (p) < |q| (6(a)+6(f)).
As a clear consequence one gets

Va(z,y) < (8(a) +6(f)) R(a).

This ends the proof of Lemma 4. 0
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Much more is true. In view of our assumptions on the function a and the con-
structions given in the proof of Lemma 4 we observe easily that

VeeA VyeAn(fr)  Valz,y) < (6(a) +6(f)) Rla).

o~ o~

Proof of Lemma 5. Let (x,y) be a pair of points of A such that f(z) < f(y).

~

Now, let p belong to C,,. Note that since f(x) < f(y) there exists a real number

~ ~

such that f(x) < A < f(y). Let us set
V0 <1 <|q| L={ie{l,...,N} : f(p))>A} and n; =|L]

It follows easily that ng = 0 and n), = N.
Now, let Ty, 0 < k < N, be the first time [ > 0 such that n; > k. More precisely,

T, =inf{l€{0,...,|p|} : my >k} Y0 <k <N.
Clearly it appears from the above that
(35) TO == 0, TN S |p‘7 nry = N, nr, =nNo = 0.

By definition of the communication cost function V(! we can see that

VO (pr,_1,p7,) > Z a(pr,_1,p7,.) > (01, =N, —1) Aa VI <Kk <N,
i€lr, —Ir,
(36)
More precisely, pr, —1 contains ng, _; individuals pf, _; such that f(p%, _;) > X and
pr,, contains nyp, individuals pka such that f (pka) > \. Therefore, if V) (pgy, _1,pr1,) <
+00, then the transition pr, —1 — pr, necessarily involves at least (np, — np,—1) in-
dividual mutations.
Similarly, if V) (pp, _1,p7,) < 400, then the system pr, contains at least (ng, —

ng,—1) new individuals pf, € [pr, _,] such that f(pf, ) > X. Thus a discussion similar
to that above leads to

(37) VO (pr,—1,p1,) = (01, — np—1) Af.
Finally, by definition of V, we have
V(g) > Vpr,—1,pm) + -+ V(pry—1,p15)-

Let us remark that

nr-1<k—-1<ngp_, VI<E<N.
Thus, combining (36) and (37) , we arrive at

V(g) > N min (Aa, Af).

Taking the minimum of all p € C’my and taking into account that V > V we obtain

V(z,y) > V(r,y) > N min(Aa, Af).
Finally we have

Va(z,y) > V(z,y) > N min(Aa,Af) and Va(z,y) > V(z,y) > N min(Aa, Af).
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This ends the proof of Lemma 5. O

Remark. Lemmas 4 and 5 show that the costs of good transitions are bounded
whereas the costs of the bad ones increase at least linearly with the size of the system.
On the basis of the definition of V and V and in view of the proof of these lemmas
it is clear that the above result is easier to establish for the cost function V. It also
turns out that the estimate of the cost of bad transitions with respect to V provides
a quick and natural way to estimate their costs with respect to V.

In [2] an inductive proof of this result is presented for the genetic algorithm
associated with V' and without the equivalence relation considered here. The main
contribution here is the extension of the results presented in [2] to any equivalence
relation a and to the genetic algorithm associated with the cost function V.

On the other hand and in contrast to the inductive proof presented in [2], the
approach described here is based on a precise study of the cost of bad or good paths.

The constants A(a, f), 5\(a7 f) represent the difficulty for a population to travel
from an equivalence class to better ones. In connection with this remark it is inter-
esting to note that A(a, f) does not depend on the fitness function f and

Ma, f) > ;\(a, ).

In other words, it is more difficult for the genetic algorithm associated with V' to move
from one configuration to a better one. The above observations also imply that the
critical value N(a, f) is greater than N (a, f).

Ezamples. Let us see what happens when our second general model (26) is spe-
cialized for the case where the state is

S ={-1,+1}%, S =[-n,n)?, p>1,
and the fitness function f: S — R is given by
f@) =33 Y w) als) + 5 Y als),
SES s'€V; sES
where
VseS Vi={s eS8 : |sp—s,|<1, 1<k<p}
Let k£ be the Markovian mutation kernel on S given by

1
k(zy,22) = m 1v(z1)(332)7

V(z) ¥ {268 : Card{s €S : z1(s) # 22(s)} < 1}
Suppose that the function a is given by
a(zy,x2) = (1 — 14, (z2)) Y(zy, 1) € S? 1 k(xy,29) > 0.
Then, one can check that

R(a) < max min |g| = card(8) = 2n+1)"  and  §(a) = Ala) = 1.
Y q T,y

Let N be an integer that N > (2n+1)?. The above theorem shows that N individuals
will solve the optimization problem when using the genetic algorithm associated with

Qs.
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2.2. Mean cost optimization. In this section we discuss the ways in which
the results of section 1 are applied in mean cost optimization problems. Namely, the
object will be to find the global minima of a function V' : F — R, given by

V(z)=EU(Z, x)) or V(z) = min Z EV(Z;y,2)),
g€G(2)
(y,2)€g

where

e F is a finite set and G(x) is the set of z-graphs over E,

e 7 is a random variable taking value in a finite set F' (we denote p its distri-

bution),

e U:FxE—-Ri,andV: FxExEx —R,.
We have seen how to construct a stochastic algorithm converging in probability to
global minima of the virtual energy associated with a communication cost function. It
is clear from the description above that the appropriate communication cost function
is given by

V(z,y) = (EU(Z;y)) — EU(Z;2))"  or  V(z,y) = EV(Z;y,2)).

Unfortunately the huge size of the set F' often precludes the use of such an algorithm,
and the essential problem is to compute a mean cost function at each step. Therefore
it is natural to choose, for instance, a Markovian kernel K which ensures that

I
Vo (z,y) = vy /0 V(Zs;x,y) ds V(z,y) = EOV(Z;z,y)) P.a.e.

t — 400

1 t4 1 t4 *
or V,,(z,y) = (tA /0 U(Zsyy) ds — vy /0 U(Zs;x) ds)

s V(e,y) = (BU(Z;y) - BEU(Z;2)"  Pae.,
t — 400

where . N
o V, ¥ 1/ fy V(Zg;x,y) ds or

def g v +
V(& uZay) ds— & Jy u(Zg) ds)
® V= A logtv
e 7, is a time-homogeneous Markov process associated with the generator £ =
K—1,

e 1 is an invariant measure of L.
Before starting the description of our stochastic algorithm, we give some details about
the above convergences.
LEMMA 6. Let K be a an irreducible transition kernel with unique invariant
measure . For every x,y € E and A > 0 we have

tA
li — - = P.a.e.
111 logt |V’Yt (xvy) V(.’IJ,y)| O a.c

t——+o0

Proof. In this situation it is well known that for every z,y € E there exists a
bounded function F(.;z,y) such that

V(say) —pV(szy) =LF(;z,y) and  wu(F(;z,y) =0.



Downloaded 12/03/13 to 130.120.227.246. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal /ojsa.php

CONVERGENCE AND APPLICATIONS OF SIMULATED ANNEALING 1249

This equation is the Poisson equation associated with V(.; z,y) and £. Thus, one gets
the decomposition

1

i [ 02 = w0 i) ds = (P (Zisy) - FZii,y) - Mz,
0

where M (z,y) is a martingale with angle bracket (M (x,y)) given by
t
M= Y [ (Flesay) - F(Zaw) K(Z,2) ds.
zeF Y0

Since the function F is bounded we have (M(x,y)): < ¢ t for some nonnegative
constant. Finally, by the standard iterated-log law and since jumps are bounded, it
follows that

2 ctloglog(ct)
t

1
;M(x?y)t S

and thus limg_, 4o 4 /@ ‘%M(x, y)t‘ = 0. This ends the proof. O

Remark. The Poisson equation is a standard tool in the study of Markov processes.
For instance it was also used by Younes [13] to study the convergence of a stochastic
gradient algorithm to a maximum likelihood estimator. The context of Younes is
more complex than those considered here, and the speed of convergence cannot be
obtained by a mere application of the iterated logarithm law as before. But Younes
also noticed that if the convergence is fast enough (in a negative power in time), then
one can couple the estimation procedure to a simulated annealing algorithm (with the
classical reversibility conditions) to get the global minima of a function depending on
the parameter to be estimated. To do this, Younes uses the Dobrushin coefficients,
but the entropy approach enables one to get more precise results on the admissible
logarithmic schedules of temperature (the constant ¢ given below).

Let us fix some terminology.

o Let (Q(Z), P2, Flt(Z)7 Z;) be the canonical process associated with the gener-
ator L.

e For a given probability measure m on E, 3,7 € C*(R,,Ry) and given the
Markov process Z we note (Q(z), P(z), F(z),+, X¢) the canonical process as-
sociated with the family of generators (L., s,),~o = (Q~,,8, — I),~, Whose
initial condition is mg = m, and we note m; the distribution of X;, where

Qy.5(z,y) = q(x,y) e AV @) with ¢ irreducible.

e To capture all randomness we note Q = Q%) x Qzy, Fy = Ft(Z) X F(z)+, and
we define P as follows:

VA€ Fz,€ VBeF?  PAxB)= / Piz)(A) dPP)-
B

The above lemma and Corollary 4 lead us to the following proposition.
PROPOSITION 5. Let us set ¢ = limsup,,_,, . c(y) < +oo P.a.e., where c(7) is
the critical height associated with the communication cost V..
When the inverse-freezing schedule has parametric form (B, = K~ 'logt, for t
sufficiently large and K > ¢, we have

t—+o0

(38) . ligl Enty, (my) =0 P.a.e. and ligrn P(X, e V*) =1,
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where mg is the unique invariant probability of Lg = Qg — I with

Qp(x,y) = qlz,y) e PV,

In many practical situations we also want a quantitative measure of the conver-
gence (38). Unfortunately our method of proof is not suitable for estimating such
quantitative behavior. In our settings a natural alternative approach is to look at
the convergence of the mean value of the process t — Ent,, (m;) with respect to the
random media (given by Z). In view of the inequality (20) we immediately observe
that the speed of convergence of the mean value is related to the speed of convergence
of the mean values of Ent, . (m;) and [V, (z,y) —V(z,y)|. The first term, linked to
the critical height ¢(v:) and to the derivative of -, depends in a complicated way on
the constant A, but we know that it is a nondecreasing function of the parameter A.
On the other hand, the second term is a nonincreasing function of the parameter A.
If we know how these quantities are linked to A a good adjustment of this parameter
is then related to a classical minimization problem. We will examine this quantitative
behavior in a forthcoming paper.
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