Poincaré Inequality for Dirichlet
Distributions and Infinite-Dimensional
Generalizations *

Shui Feng’, Laurent Miclo?, Feng-Yu Wang®®
“School of Mathematical Sciences, Beijing Normal University, Beijing 100875, China
*Department of Mathematics and Statistics, McMaster University, Hamilton, L8S 4K1, Canada
¢Department of Mathematics, Swansea University, Singleton Park, SA2 8PP, UK
AIMT, UMR 5219, CNRS et Université Paul Sabatier, 31062 Toulouse cedex 4, France

wangfy@bnu.edu.cn; laurent .miclo@math.univ-toulouse.fr; shuifeng@univmail.cis.mcmaster.ca

April 17, 2015

Abstract

For any N > 2 and a := (g, - ,ani1) € (0,00)VF1, let M&N) be the corresponding

Dirichlet distribution on A := {3: = (xi)1<i<n € [0, 1V Zlgz‘gN z; < 1}. We prove
the Poincaré inequality

N
1
(M (£2) < / 1- z; T (O f)? SN (dz) + uN (£)2, FecH(A
a0 < | > );( 7 b () + () (a)
and show that the constant 041\}+1

process on A converges to ,ugN) in L2(,ugN)) at the exponentially rate anyii. The

whole spectrum of the generator is also characterized. Moreover, the sharp Poincaré
inequality is extended to the infinite-dimensional setting, and the spectral gap of the
corresponding discrete model is derived.

is sharp. Consequently, the associated diffusion

AMS subject Classification: 65G17, 65G60.
Keywords: Dirichlet distribution, Poincaré inequality, diffusion process, spectral gap.

*Supported in part by NNSFC(11131003, 11431014), the 985 project, the Laboratory of Mathematical
and Complex Systems, NSERC, and ANR-STAB-12-BS01-0019.



1 Introduction

Let N € N. For any @ = (v, -+ ,an41) € (0,00)N L, the Dirichlet distribution u8Y) with
parameter « is a probability measure on the set

AN = {x = (2;)1<i<n € [0, 1y Z x; < 1}

1<i<N
with the density function
I'(|a _ o
plar, -+ o) o= Vg ot TT e, 2 e a®),
H1§i§N+1 (c) 1Zi<N

where |z, =37,y |7i| for z € RY. Obviously, u&") identifies to the distribution
A (dz, dy) = pl (da)dr -, (dy)

on the space
VO = {(a,y) € 0,17 g+ Ja = 1.

The Dirichlet distribution and its infinite-dimensional generalization arise naturally in
Bayesian inference as conjugate priors for categorical distribution and infinite non-parametric
discrete distributions respectively. They also arise in population genetics describing the
distribution of allelic frequencies (see for instance [3, 13, 16]). In particular, for a population
with N + 1 allelic types, z;(1 < i < N +1) stands for the relative frequency of the i-th allele
among N + 1 ones.

The Dirichlet distribution possesses many nice properties. We will use the following
partition (or aggregation) property of [L&NH) for a € (0,00)N¥ L Let (Xi,..., Xn41) have

law ,u ,let Ay, Ao, ... Agyq be a partition of the set {1,2,..., N + 1}, and set
;=Y X. B=> o, j=1...k+1
reA; rEA;

Then (Yi,...,Ys. 1) has law ,u( ) With parameters 3 := (B1,- -, Bre1) € (0,00)k1 We

would also like to recall the neutral property of the Dirichlet distribution. For (X7, Xy)
having law ,LL((XN), we define
Xi
Uy =X, U, = , 2<i<N.
! 17 1_X1_..._ 1—1 _Z_
Then U; is a beta random variable with parameters (o, ;i1 + ... + ans1) and Uy, ..., Uy

alze )independent. This leads to the following representation of the random variable with law
N .
(0%

N-1
(X1, Xo,.. ., Xn) = (UI,U2(1 ~ Uy U [T (- UZ-)>.
i=1
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A well known construction of the Dirichlet distribution is through a Podlya’ urn scheme.
More specifically, consider an urn containing N + 1 balls of different colors labelled by
1,2,..., N + 1. The initial mass of the ¢-colored ball is «;. Balls are drawn from the urn
sequentially. The chance of a particular colored ball being selected is proportional to the
total mass of that colored balls inside the urn. After each selection, the ball is returned with
an additional ball of same color and mass one. The relative weight of different colored balls
inside the urn will eventually converge to a Dirichlet vector (X7, Xo,..., Xyi1).

Several diffusion processes have been proposed and studied where the stationary distribu-
tion is the Dirichlet distribution. The Wright-Fisher diffusion (see [4, 14, 15, 17]) is a diffusion
approximation to the Wright-Fisher Markov chain model in population genetics. It is re-
versible with respect to the Dirichlet distribution. The Infinite-dimensional generalizations
of this model include the infinitely-many-neutral-alleles model ([5]) and the Fleming-Viot
process with parent independent mutation ([10, 6]) .

Exploring the property of right neutrality, a GEM diffusion is introduced in [8] and
studied further in [9]. This is a reversible diffusion with Dirichlet distribution as the reversible
measure. The infinite-dimensional generalization of the model is also reversible and the
reversible measure is the GEM distribution (see [7]).

In this paper, we focus on a diffusion process introduced in [11, (2.44)] (see also [1]),
which solves the following SDE on AMY):

(1.1) dXi(t) = {ai(1 = |X(O)]) — an1 Xi(t) pdt +/2(1 = [X(O[)Xi(t) dBi(t), 1<i< N,

where B(t) := (By(t),---, By(t)) is the d-dimensional Brownian motion.
We will show that the Markov semigroup P associated to (1.1) is symmetric in Lz(p,(lN));
that is,

(1.2) FL gdpM) Z/gLafdu&N), f,g € C*(RY)
AN) A

holds for
@) = Y (rall = )2 + {1~ [a]) — av 2 }0,)

1<n<N

being the generator of P, where 9, := 5&. So, (Ls, C*(A™)) is closable in L2 (M) and
its closure (L,, Z(L,)) is a negative definite self-adjoint operator.
Moreover, since

LY (f9)(x) = (FLE g+ gLE ) (@) +2(1 = 1) Y 2ud (9af)(0n9)}(2),

(1.2) implies the integration by parts formula

g P = [ {0 1) Y (@) @)} o)

= &EMN(f,9), f.ge C*(AW).
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Therefore, (éaa(N), C?*(AM)) is closable in L2(u((1N)) whose closure (éisN), Q(éaOSN))) is a sym-
metric Dirichlet form on Lz(p,(lN)), and it is easy to see that this Dirichlet form is associated
to the Markov semigroup F;.

Finally, the spectral gap of LYY is characterized as
gap(LY) =inf {SV(f, 1)+ € 2(EM),ulO(f) = 0,40 (f?) = 1}.
It is known that when N = 1 we have gap(L{")) = ay + as, see e.g. [17]. So, in the following
result we only consider N > 2.

T1.1| Theorem 1.1. Let N > 2. Then P/ is symmetric in Lz(,u,(lN)) and its generator has spectral

gap gap(L,(lN)) = ay41. Consequently, PY converge to u((lN) exponentially fast in L2(u((1N)) :

|17 — M&N)HLQ(Mgm) <e ol > ()

and the sharp Poincaré inequality for (éaa(N), Q(éaogN))) is
1
u (1) < —— &N, e 2EM), 1l () =0.
AN41

Next, we extend this result to the infinite-dimensional setting. Consider the infinite-
dimensional simplex

A = {x clo,N: |z, = ixl < 1},
i=1

which is equipped with the L'-metric |z — y|;. Let o € (0,00)" with |a|; = 3777, oy < o0,
and let a,, > 0 which refers to ay 1 in the finite-dimensional case as N — oo. Let

a(n) — (0417 c 7an—17zai7aw> c (O, oo)n—i-l’ n > 1.

>n

Then for any n > 1,

:ut(xy?()xoo (d!)ﬁ') = Mgzzl) (dxb e adxn) H 5O(dxz)

i=n+1

is a probability measure on A, We will prove that when n — oo these measures con-
verges weakly to a probability measure u(o[(ff’x)oo on A which is the infinite-dimensional
generalization of Dirichlet distribution with parameters (o, o).

The following result extends Theorem 1.1 to the infinite-dimensional setting, for which

we introduce the class of CP-cylindrical functions for p > 1:
FCP = {A(OO) Sai=(x;)>1 — f(21, - ,3,) : n>1,f € CP(R™)}.

Theorem 1.2. Let a € (0,00)N with |a]; < oo and let as, > 0.
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T1.

(1) The sequence {u((ln,)loo tn>1 converges weakly to a probability measure ,LL,(;?Z)OO on A,

(2) The form

6L = [ {01 0@} da), f.g e FC"
o n=1

1s closable in Lz(u&ﬁ)w) whose closure 1s a symmetric Dirichlet form. The generator

(LSS, D(LER) ) of the Dirichlet form satisfies FC* C D(LK3)..) and

L) f(a Z(:cnl—m )02 ( )+{0zn(1—|x\1)—ozoo:cn}8nf(:c)), feZzc.

(3) The generator L&) a.. has spectral gap gap(L,(l a)oo) = (. Consequently, the associated

Qoo

converges to u&,a)oo exponentially fast in Lz(ug,a)oo) :

||Pta,aoo _ M((;z)ooHLz(Mgﬁ)oo) < e—aoot7 t> O,

Markov semigroup P,

and the sharp Poincaré inequality s

1
e (F9) < — &R D), feFChull (f)=0.

oo

Finally, the next result shows that the diffusion process generated by L((ff;)oo is the weak
limit of the Lgﬂw—diffusion process as n — 00, where

Lg‘aw = i { [ai<1 — i:m) — aoozi] 0; + 2(1 — i:m) x,@f}

For any z € A®) and T > 0, let Pfg be the distribution of the diffusion process generated
by L&’}Lm with initial point 2™ = (5171, Cee Ty, ZjZn ) Embedding A™ into A(>) by
setting z; = 0 for z € A™ and i > n + 1, we regard p T as a probability measure on
Qp := C([0,T]; Ax) equipped with the uniform norm Hngm 1= supyejo 7y 1€()1-

Theorem 1.3. For anyx € A and T > 0, P(T) converges weakly to a probability measure

Pé?) on Qr. Moreover, Pé?) solves the martingale problem of L)« for any f € FC2, the
coordinate process X (t)(w) := w(t) and the natural filtration F; := o(ws : s € [0,t]),

FX (1) — / LC) f(X(s))ds, t € [0,T)

- - (o)
is a martingale under P, 7

We will prove Theorem 1.1 in Section 2 and characterize the whole spectrum of L((JN)
in Section 3. The proofs of Theorems 1.2 and 1.3 are presented in Section 4. Finally, to
understand the biology background of the study, we introduce in Section 5 a discrete model
involving immigration, emigration and sampling, which approximates the diffusion process
solving (1.1).



2 Proof of Theorem 1.1
(V)

We first prove (1.2) which implies the symmetry of P in L?(ps ). Since smooth functions on
AW are uniformly approximated by polynomials up to second order derivatives, it suffices
to consider f, g € P, the set of all polynomials on AN, Let

AW = 2,1 —|2[))2 + {an(1 = |z)) — anp120 )8, 1< < N.

Then (1.2) follows from

(2.1) /A (IT = )ae( T «)u () = / (TT = )Aw( IT =)ud )

1<i<N 1<i<N A YN 1<i<N

for p;,q; € Zy,1 <1 < N. Letting py11 = gqve1 = 0 and C = and simply

denote ry,1 =1 — |x|1, we have

(T #)a0( TT o))

1<i<N 1<i<N
—C ( H l»pi+qi+ai_1>l»p7l+an_1A(n)l»Q7ldl.
A 4 7 n o n
1<i#n<N+1
=Caqns (qn +a — 1 gt ey g P tanton =24y
7 +14n
AN N1

i+qitai—1
—aN+1/ ( H xfz+q+0c )d:lf}
AN)

1<i<N+1
U [Ticiznensr Ui +pi + a)
a F(Z1gi§N+1(O‘i +pi + i)
% ((an + = DT (anst + D0+ go + @ — 1) = axaa D (@)oo + 0 + )
B _OF(QNH + D I liciznenia lo +pi + ¢i)
B F(E1gi§N+1(O‘i +pi +q))

where the last step is due to the identity I'(s+1) = sI'(s), s > 0. Since the result is symmetric
in (pn, ¢n), it implies (2.1).

annF(pn + An + Qp — 1)a

For any d € N, let #2; be the space of all ])Jolynomials in Z, whose total degrees are less
than or equal to d. Let P, = {f € P4 : ,u&N (f) = 0}. It is well known that P, 1= Ug>1 P

is dense in C(A™), so that P00 = Ug>1P.q 1s dense in

Do :={f € 2(EM) : u{V(f) = 0}

under the Sobolev norm || f]|12 := \/M&N)(F) + &N
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To characterize gap(L((lN)), we make spectral decomposition of L) in terms of the degree
of polynomials. Obviously, every &, is an invariant space of LY Let 21 = P, and

Qd—{fEQ()d ua (fg)-OforallgEgZdl} d> 2.

Then, by the symmetry of LY in L2(,uaN ), every 2, is an invariant space of LY as well.
Thus, letting 74 : P — 4 be the orthogonal projection with respect to the inner product
in Lz(,u,(l )), we have

(2.2) LMraf =7l f, d>1,f € P

)

Therefore, to characterize the spectrum of LYY it suffices to consider that of LYY | 2,, the

restriction of LYY on 2;, for every 1 > 1.
Let d > 2. To characterize the spectrum of L((IN) |2,, let

Kd:{/f:(/ﬁ,-'-, yezl: Y k(i) }

1<i<N

For any k € Ky, let 2% = H1<Z<N z;". Then

(2.3) 2, = { Z Rt — gy Z ko= = (ck)rer, € R d}

keK keKq
We define the K; x Ks-matrix My by letting
dayyi + ZISHSN(k;n +a, — Dk, ifk=F,

My(k, k') = < (ky + o) (kn + 1), ifk'=k+e,—en1<n#m<N,
0, otherwise,

where {e, }1<n<n is the canonical orthonormal basis on RY. We first identify eigenvalues of
L((JN)|gd with those of M.

Lemma 2.1. For anyd > 2, X is an eigenvalue of—L&N)|gd if and only if it is an eigenvalue
of My. Consequently, —L&N)|gd > (dany1)lg,, where 1o, is the identity operator on 2.

Proof. (1) Let A be an eigenvalue of —LY on 2,. By (2.3) and (2.2), there exists 0 # ¢ €
R4 such that

(2.4) Z ck(Lle)at — Tg_ 1L( = -\ Z cr(x — g 2®).

keKy keKq



Obviously,
LM gk — Z (2,02 + a0, 7"

1<n<N
2k k k

= —( E Ty L Of "™ + E T QO™ 4 oy g E TpOnT )
1<n,m<N 1<n,m<N 1<n<N

_ k—en+em k—en+em k

= — ky(k, — 1)x + anknx + aniq k,x
n,m<N 1<n,m<N 1<n<N

_ k—en+em k—en+em k

= — kn(k, — 1)x + anknx + dayx” ).
1<n,m<N 1<n,m<N

By the change of variables k' := k — e,, + ¢,,, we obtain

E Ch E ay k,xFentem

k€K, 1<n,m<N

= E Ck E kel entem 4 E Ch E ak,z*

keKy  1<n#m<N k€K, 1<n<N
/ k' k
= E E Chiten—enmOn (k' + e — €y)(n)x™ + E Cre E onknx
k€K 1<n#m<N keKy 1<n<N
= E E n(kn 4+ 1) e, — em:c + E E anknepat.
k€K 1<n#m<N keK g 1<n<N

Similarly,

Z Ck Z k(K — 1)ah—entem

keKy 1<n,m<N

=3 Y kbt Derrerent® + > e > kalk, — 1)t

k€K, 1<n#m<N k€K; 1<n<N

Combining these together leads to

(25) Z CkL((XN Z Cr Z Sl?na2 +5 8 Z Md ]{Z ]{Z)Ck/l’

keK keKy 1<n<N k.k'eKy

Substituting this into (2.4), we arrive at
Z (Myc)pa® = Z cre® + pa_i(z)
keK kEKq

for some py_1 € P4_1. Therefore, Myc = Ac, i.e. A is an eigenvalue of M.
(2) On the other hand, if X is an eigenvalue of My, then there exists ¢ € R¥4\ {0} such

that Myc = Ac. Let
— Z Ck;L’k — Td—1 Z CkSL’k.

keKy ke,



It follows from Myc = Ac and (2.5) that
L&N)f =Pa-1— Af

holds for some pg_1 € Py_1. Since f € Z; which is orthogonal to &2, this and (2.2)
implies
L((IN)f =(1- Wd—l)Lz(xN)f = A1 —=mg1)f =-Af.

So, A is an eigenvalue of LY on 2,.

(3) Finally, since eigenvalues of — L) are nonnegative, (2) implies that eigenvalues of
M, = M, — doniilk,xri, is larger than or equal to —dany;. On the other hand, from
the definition of M, we see that Md does not depend on ay,1. So, letting ayy; | 0 and
noting that M, > 0, we conclude that eigenvalues of M, are non-negative. Therefore,
eigenvalues of M, are larger than or equal to day,;. Combining this with (1) we obtain

L9, > (dani1)l o, O

Proof of Theorem 1.1. By Lemma 2.1, it suffices to prove that the smallest eigenvalue of
—L((JfV)LQ1 is ayy1. To this end, we take 6; = (0;;)1<j<n € RV (1 <i < N —1) such that

N N
Zeikak =0, Zeikejkak =0, 1<13,7<N—-1
=1 =1

So, {6;}Y, is a basis of RV~ Let

N
ui(x) = Z@jfﬂj, 1<i<N-1

j=1
N i N
UN(LL’) = Zl’k -, o= |Oé‘1 — QN1 = ZQk.
k=1 oy k=1
We intend to prove that {u;}i<;<n is an orthogonal basis of 2, with respect to the inner
product (f,g)&N) = ,u((JN)(fg) = [am fgd,u((xN), and LM uy = —|ar|yun while LMy, =

—ayiu; for 1 <7 < N — 1. Thus, the smallest eigenvalue of —L&N)| 2, 1S an41.
It is easy to see that
L@)l(a;+1) o
I(lali + D) fali’

1 (z,) = / M (da) =
AN)

F(@)F(Ozl+2) Oéi(Oéi—i‘ 1) .
Ha ) = Flal 7 D)~ lah(ah v D)’ LSPS
(@) (c; + D (e, + 1 ;
N,(J{N)(xixj)_ (Oé) (Oé,—l— ) (O‘J_l_ ) _ ] 1§Z7£j§N—1

- T(lali +2)T(a)T(ay)  [afi(jah +1)’



Then

(N = 0; 1<i<N-—1:
:U’a 2 |Oé‘12 ik = 7 S>> )

=0.
lu’a)\ U‘N Z |CY|1 |Oé|1

So, {u;b1<i<y C Z4. Moreover, for 1 <i# j < N —1,

1
(N) - - 1)
fe (uiug) = ER (|a|1 ) ( E Oirbm0u (o, + E 010, l%%)

1<k<N 1<k7él<N
~ Jali(jali + 1) b ) 0 > " Od 0,
als (|a|1+1 {( Z k% Z jlou =+ k ]kak}
1<k<N 1<I<N 1<k<N

and forany 1 <: < N —1,

/~L( (wjun) Z Oiju(xjy)

1<k,j<N
1
- 00 (c; + 1) + Oijajou,
~Tan T D 2, e \a| T P
1
= O;c0, + ————— 0;;a;, =0.
ali(al +1 >1<,;N G el + 1) |a|1+ ZN =

Since {0;}¥7" is a basis of RV~! we have
dim span{u; : 1 <i<n—-1} =N —1=dim 2;.

In conclusion, {u;}1<;<y is an orthogonal basis of 2;.
Finally, we have

=z

= Z(O‘jfﬂNH —anp7)0i; = —aypu;, 1<i <N —1,
7=1

and

N
= Z QTN — an1Tj) = —|al; Z% Z% = —|a|iun(z).
7j=1

Therefore, the proof is finished.
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3 The whole spectrum of LgN)

Ford € Z. , let 5% be the space of homogeneous polynomials of total degree d in the variables
z1, ..., rn. Denote by 74 the natural projection from &, to ¢, which only keeps the d-
homogeneous part of a polynomial. Let Lg,? = (ﬁdLgN)) | %, be the restriction of the operator
ﬁdLgN) to 7%, and denote —A, its spectrum, seen as a multi-set (namely with multiplicities).
From the above considerations, the spectrum A of — L

We can write

is equal to Ugez, Ag, as a multi-set.

ES,V) =—|- |1Eg,\9 - OéN+1£S,\;),

where Egi) s Hy — 1 and [A/gl) . A — ) are respectively the restriction to 7 of the
operators

L((XN) = Z (xn82+an8n), ZAL((JN) = Z LpOh.

1<n<N 1<n<N

The crucial point of the previous decomposition is that ng;} = dl y,. Denote by Ay the

spectrum of | - \Jig?g, we thus have
Ag=Ag+daniy.
Note that Ag = Ay = {0}. The next result enables to compute by iteration A4 for all d € Z, .
Proposition 3.1. For any d € Z., we have
A1 = (2d+ a + Ag) U{O[C(N,d + 1) — C(N,d)]},

where {0[l]} is the multi-set with 0 repeated [ times, forl € Z, (more generally [l| will stand
for the multiplicity 1), and where C(N,d) is the dimension of 3, namely

omunz(d+§_1)

Proof. Consider A € Ay, and let ¢ € 5 be an associated eigenvector (non-zero). We have

F (N
| WL 0 = M.

Since LSL)H[QO] belongs to 7, there are two possibilities: either A = 0, or ¢ = |- |19 for
some 1 € F; such that
(3.1) Lo (- 1) = M.

We consider the latter situation, since the former case leads to the multi-set {0[C(N,d +
1) = C(N,d)]}.

11
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We compute at point z that

L0 1) = [eh L% + LY 42 S 200

1<n<N
(3:2) = [ L&Y+ D> e +2 > w0
1<n<N 1<n<N

= [z, L)y + (@ + 2d)y.

So, it follows from (3.1) that A — & — 2d is an eigenvalue of the operator | - |1E<(XZ,V;1)> namely

belongs to Ay. Thus,
Agy1 C€ (2d + &+ Ay) U{O[C(N,d+1) — C(N, d)]}.

On the other hand, if ' € A, then | - |1Egi)w = N for some 0 # ¢ € ;. Then (3.2)
implies
N) _
LY0 (- he) = |- WESgw + (@ + 2d)ip = (X + G + 24y
Therefore, ' + @& + 2d € Ay.q; that is, Agiq D (2d+ &+ Ad). Then the proof is finished. [

The previous arguments amount to an 1terat1ve construction of the elgenvectors for any
d € Z., let F4 be the set of eigenvectors of L) o.d and &, be the kernel of L . Then we have

Vd € Zy., Fay1 = Yo UynFy.

Indeed, in the above proof, functions ¢ € jCH_l of the form yxnvy with ¢ € Z, are associated
to eigenvalues of the form &+ 2d + A\, where \ € A,. From Lemma 2.1, we know that A > 0,
so that a + 2d + A > 0 and ¢ does not belong to the kernel of Iff(ijﬁ Conversely, we have
seen that all the other eigenvectors belong to the kernel of ifi]i)l Thus we get the following
characterization of the kernel of igi)
don’t admit yy as a factor.

Note that .Z, is also the set of eigenvectors of L . To get the eigenvectors of our initial
operator L, we construct by iteration on d € Z, the following subsets %y of &;. First we
take Zy = %y = Hy. Next, if F; has been constructed, then for any f € %, 1, there exists
a unique gy € &, such that f + g is orthogonal to &2, in A?(u). Then we define

. it consists exactly into the eigenvectors of f/g?;) which

Fgp={f+gr: € jd—i—l}'

The set of eigenvectors of L is Ugez, 4.

From Proposition 3.1, it is possible to parametrize the spectrum A of —L in the following
way. Let % be the set of elements of the form (ki, ks, ..., k., k.11), where r € Z, and
0<ky<ky<- <k, <k Define a mapping K : # — A via

Vk = (k‘l,k’g, ...,kr,/{?r+1) € %, K(k’) = 2(/{51 + - k’r) +ra+ k?r+10éN+1.

12



Then K is surjective. It is truly one-to-one, if and only if 1, & and ay,; are independent
when R is seen as a vector space over Q. Let us call this situation generical over the choice
of the parameters o := (ay,)1<n<n+1-

The multiplicities can also be recovered. Consider the mapping D : # — N defined by

D(k) = > C(N,k)+ > {C(N,1+1) - C(N,1)}
1<i<r 1<I<kp 11— 1,1¢{k1,k2,....ker }
for k := (ky, ko, ..., kv, k1) € . Then the multiplicity of an eigenvalue A € A is given by
> D(k).
keK—1(X)

In particularly, generically, we have A = {K(k)[D(k)] : k € #'}.

4 Proofs of Theorems 1.2 and 1.3

To prove the first assertion, let W be the L'-Wasserstein distance induced by p(z,y) := |z —
y|y on P (A1), the set of all probability measures on A, That is, for any ju, v € P (A),

Wy v) = / / - yln(de, dy),
TEE (1,v) J A0 x Alo0)

where (i, v) is the set of all couplings for p and v; i.e. m € € (u,v) if and only if it is a
probability measure on A x A(*) such that

m(dz x ALY = p(dz), 7(AC) x dy) = v(dy).

It is well known that the metric W is complete and induces the weak topology on Z2(A(®)),
see e.g. [2, Theorems 5.4 and 5.6]. So, for the proof of Theorem 1.2 we only need to show

that {40 }ns1 is W-Cauchy sequence.

Proof of Theorem 1.2. Let Z{{} denote the law of a random variable €.

(1) To prove that { u&’f&w tn>1 is a W-Cauchy sequence, we use the partition property of
the Dirichlet distribution mentioned in Section 1. For any n > m > 1, let (Xl("), e ,X,(ﬁ)l)
have law [Lgf:)l). By the partition property, [LgZ:r)l) = ,2”{ (Xl("), e ,X,(:ll, > Xi("), Xffgl) }
So,

n

W = 2 { (X XL STXOV) ) = 2 (e X))

i=m

Thus,

/J’((:Togoo = ${<X1(n)7 7X1(7?2172Xi(n)70707'“ 70>}7

m = g{(Xl(")’... ,XM0,0,---,0)}.

13



Then, by the definition of W and noting that ||, < oo, we have

limsup sup W(pl™_,pu{) ) < 2limsup sup Z E|X™

m—oo n>m+41 m—oo n>m+41 .

25" ;
< lim sup M —
m—ooo Qoo + HOKHI

i=m+1

Therefore, { ugﬁw }n>1 is a W-Cauchy sequence and the proof of the first assertion is finished.
(2) It suffices to prove

(11) 6.0 =~ [ (LE 9w, foeFC
Al0)
For any f,g € .#C?, there exist m € N and f,,, g € C*(R™) such that
f([lf) = fm(zla e axm)a g([lf) = gm(zla e 7Im)7 YIS A(OO)
So, by the definition of ugf,)loo and using (1.3), we have

an - [ giaa. = [ {(1— )3 xi)f:cxaif)(aig)}du“

1<i<n i=1

Since pu%.. — ) weakly, and it is easy to see that

lim sup \fL((n)g fLaangl(z) =0,

=90 zeAl0)
(1— le)szﬁf 0;9) ( ixl)i ;1) (0; )‘:O,

1<i<n =1 =1

lim sup
n—o0 SCEA(OO)

by letting n — oo in (4.2) we prove (4.1).
(3) Finally, as was shown in (2) that the desired Poincaré inequality follows by applying

Theorem 1.1 to M,(;z,)l) on A®™ then letting n — oo. So, gap(Lg?,Z)oo) > Qlso. On the other hand,

let
u(z) = oy — oqy, x € AL,
We have
ij‘;}wu(:ﬂ) = {al(l —|z|y) — aooxl}ag — {al(l — |x|1) — Oéool’g}al = —asu(x), x€ A,
This implies gap(L((f,Z)oo) < (. In conclusion, we have gap(Lgif;)w) = Qoo. O

Proof of Theorem 1.3. (a) For the first assertion, we only need to prove that {Pﬁ?}nzl is a
Cauchy sequence with respect to the L!'-Wassertein distance

Wr(P,P) = int / 1€ = il TI(AE, dn).
QTXQT

€% (P,P’)

14



FY2

FY3

To this end, for any n > m > 2, we construct a coupling of P e and P T as follows.
Firstly, let (XZ- )(t)>1gign solve the following SDE with XO(" = x™;

dx™ (1) :[ai(l XM @)]) — Xt )}dt

/20— (X0 ) X (1) dBi(t), 1< <n— 1,
- AXP) =[ 3 ay(1 - XO)) - anXP(0)] e

/201 = s @)X (1) B, (1), te [0,T],

where (B;(t)1<i<n are independent one-dimensional Brownian motions. Then Pf}) is the
distribution of (X ™ (¢))sc07-

Next, let
(44) XM =Xx"(#)for 1<i<m—1, and X{() = Y X" te0,T).
Jj=mn
Then X (0) = 2™ and by (4.3),
ax™ () =[ai (1 - X)) - axX™ (1)t
/201 — [ ()X (@) dB (1), 1< <m—1;

ngm><t>—[Zaj(1—|X () — X ()] at

/201 — [ () XS (1) dB(t), ¢ € [0,T],

where dB,,(t) := \/W Yoo/ X Z t)dB;(t) is a one-dimensional Brownian motion in-

dependent of (B;(t))1<i<m-1. Therefore, (X( )(t ))tE[O,T] has law P;T).
Now, by (4.4) and the definition of Wy, we have

(45)  WrpPI, PUY) <E sup [X0(1) — X (t)]; = E sup Z X (1),

t€[0,T)] te(o, T]] —

Let Z(t) = Y X\ (£). By (4.3) we have

az(t) < ( > a; )dt + > V- IXOORX (0 dB )

15



WF4

So,

00 n t
20)< Y )+ Y [ s - IX0NXI(9)4B6) = 20, e 0.1
j=14+m j=m+1"0
Since Z(t) > 0, Z(t) is a nonnegative submartingale. Then by Kolmogorov’s inequality,
_ 1 1 «
IP’( sup Z(t) > >\> < IP( sup Z(t) > )\) < SEZ(T) =+ > (2 +T), A>0.
te[0,7] t€[0,7] A A j=m+1
Since Z(t) < 1, this implies
1 [o¢]
E sup Z(t) < A+IP< sup Z(t) > )\) <A+ S (@ +aT), A>0.
te[0,T te[0,T A J R—

Taking A\ = \/Z;imﬂ(a:j + «;T), and combining with (4.5), we obtain

o0

lim sup WT(PX}),PX%)) <2 lim Z (xj + a;T) = 0.

m—00 an—l—l m—0o0 j:m+1

Therefore, the first assertion is proved.
(b) Let f € Z#C? We have f(z) = f(x1, -+ ,2,,) for some m > 1 and f € C?(A™),
For the coordinate process X (t), define

M™(t) = f(X(t))—/t LM f(X(s))ds, n>m,te[0,T).

a0
0

Then (Mt(n))te[07T} is a Pé’nT)—martingale; that is, for any 0 < s < ¢t < T, and any bounded
Lipschitz continuous function g on Q0 measurable with respect to .7,

(4.6) M () (w)g(w)dPs = | M™(s)(w)g(w)dP.

We intend to prove the same equality for Pé?) and

M) = £x0) - [ LU F(X(s))ds, t € [0,T)

By an approximation argument, we may and do assume that f € C3(A(™). In this case,
M™ (t) is bounded and Lipschitz on Qg uniformly in n > m and ¢t € [0,7]. Since g is
bounded and Lipschitz on 27 as well, there exists a constant C' > 0 such that

(M(1)g)(€) — (M) )] < Cll& ~nllioon 1> m. &7 € .t € 0.7,
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Therefore,

M™ (t)gdP — [ M™(t)gd Py

‘ < CWn (PP Y, 0> mite 0.7].
Qr Qr ’ ’

Combining this with (4.6), lim, WT(PX}),PS;)) =0, lim,_.o M™ = M) and noting
that {M™g},~,, are uniformly bounded, we conclude that

‘ / [M©(1) — M©)(s5)] gd P
Qp

= lim

| a0 - 20 ]gary
n— 00 Qr ’

< 2C limsup Wr (P, P\%)) = 0.

:E,
n—00

Then the proof is finished. O

5 A Discrete Model

For any N > 1, M > N + 1, consider a population of M individuals of N + 1 different
types. Divide the population into two groups: group I of types 1,..., N and group II of type
N + 1. Focusing on group I and treat group II as outsiders or external sources. Initially
the number of type ¢ individuals is m;,2 = 1,..., N + 1. The group I evolves as follows: a
type ¢ individual independent of all others will wait for an exponential time at rate apy.;
and at the end of the waiting emigrates to the outside becoming type N + 1; an outsider will
independently wait an exponential time with rate «; and immigrate to group I becoming
type 7; in addition to emigration and immigration, each couple between a type I and a type
IT waits for an exponential time with rate 2 and when the clock rings, either the group I
individual moves out becoming an outsider or the group II individual moves in becoming
the type of the selected individual in group I.

Let X (t) = M~Y(M,(t),..., My(t)) denote the relative frequencies of individuals of dif-
ferent types in group I among the whole population at time t. For a € (0,00)¥ ", we
construct X (t) as a multivariate Markov chain with generator

A f(z) = MZNj {aniws| f(v = 15) = f@)] + @t = o) [f (2 + 15) = F@)] }
MY (1 - e £ (= - %) +f(z+ QM) —2/(@)}, fecHaM)

for x € AE\JP = {z e HZY : |z, = SV < 1}, where ¢; is the unit vector in the ith

direction. Letting M — oo and z — y € AW), one gets %A(/[chf(:c) — L&N)f(y).

17



We will see that the finite Markov chain generated by %]\(4]\2 on AS(JV) is reversible with
respect to the probability measure ,ug\f[\?l:

N

(N) . [aN+1 M(1— \x\l (N)
: | | e A,

where [al,, := [y (@ +1) for a > 0 and m > 1, [a]o := 1, and

N
OéN+1 M(1—|z|1) CYZ sz
Z {M(1 = |z[1) }'H

(N)

is the normalization. Moreover, for N > 2, g% has the same spectral gap ay.1 as LY,

Theorem 5.1. Let N > 2. The Markov chain generated by %MN 18 1rreducible and reversible

with respect to ,uM . Moreover, %( has spectral gap an,1 in LQ(MML)

Proof. (a) Denote v; = 7% for 1 <i < N. For any z,y € AM , let

Muzanig + M2 (1 — |z)y), ify=2—7,1<i<N;
Qoy = § @M (1 — |z]y) + M?2;(1 — |2]1), ify=2+7,1<i<N;
0, otherwise.

We have
'Q{Z\(j?[o)zf(x) = Z qmy{f(y) - f(x)}, T &€ Ag\]/}[)

yEAg\ff\r)

Since ¢, > 0 when z,y € AE\JP with y =x £, for 1 <7 < N, and AE\JP is connected by
the edges * — = £ v;, we see that the Markov chain is irreducible.

Next, it is well known that Q%AS[NOB is symmetric in Lz(u%}il) if and only if

N N N
(5.1) WD (@) 00y = 150 () dyer 7y € ALY,

To verify this condition, we only need to consider the following two situations.

(al) y = o +; for some 1 < i < N. In this case we have M|z|; < M — 1, and by the
definition of ,ug\]}g,

N
paay) M(1 —|z)1)(ay + Mz;) Gy

pi (@) (v + ML= |2h) = )(Ma; +1) Gy

(a2) y = x — ~y; for some 1 < i < N. In this case we have Mx; > 1, and by the definition

of py

ia®) _ (awe + MO = e )Mz gy
d () (ML= Jal) + )My — 1+ ) gy
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In conclusion, (5.1) holds and thus, JZ%A(JNOB is symmetric in L%u%i).

(b) For any d € Z,, consider again &, the space of all polynomials (in N variables)
whose total degree is less than or equal to d. For any f € &Z;and 1 < i < N, x —
flz —~) — f(z) and z — f(x + ;) — f(x) are polynomials belonging to £, 1, while
x> flz =)+ f(x+7) — 2f(x) is a polynomial belonging to £, 5. From the definition
of %A(/INQ), it follows that &2, is preserved by ,Q/A%No){ As in Section 2, we consider for d € Z,

24 = {f € PN LP(uiy)) : wiyalfe] = 0,59 € Pus}

(with the convention 2y = Z). Note that for d large enough, 2, = {0}, nevertheless, we
still have

L)) = P 2

deZy

and the 2, are orthogonal. Furthermore by symmetry of JZ%A(JNOB in Lz(ps\]/}%), each of the
2, is preserved by %A(/[Na) Thus it is sufficient to study the spectral decompositions of the

restrictions of MA(A,NOE to the 2,. But this is exactly the same analysis as in Section 2, because
there we only used the highest monomials. Indeed, note that for all f € 2, and 1 <7 < N,

0./ (@) 0@
M M

v flr—y) — flo) + ;= fr+3) — flo)

are polynomials belonging to &2;_», and

0 f(z)
M2

z = flo =) + fle+7) = 2f(x) -

belong to &;_3, where we set &, = {0} if & < 0. Thus, for any polynomial f € 2, the

polynomials ,Q/A%No){ f and LY f have the same highest order term (i.e. the term of degree d),
so that these two operators have the same spectral gap.
]

(N)

Finally, we show that p,, . converges weakly to ,u((JN

)asM—>oo.

)

Proposition 5.2. Under the topology on AWY) induced by | - |, u%
,u,(lN) as M — oo.

converges weakly to

Proof. It suffices to prove that MS{Z’ (f) — ,u((lN)( f) for any polynomial f. We first consider

u(f) =0, ie f e Pyy for some d > 1. Since L&N)|g:0,d is bounded with eigenvalues not
larger than —ay .1, LYY is invertible on P4 So, there exists g € Fy 4 such that f = LY qg.
Noting that
; N N N
Jim (09 — Lglleo = 0, iy (Hirag) =0,
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FV79

[
oY)
O
g

we obtain

) e i () ) N qe ) N
Jim (a8 ()] = Jim 6O (LD g) = T | (V) = 0.

That is, lim;_ o ugNAZ(f) = ,u,(lN)(f) holds for any polynomial f with p(f) = 0. In general,

if u(f) # 0, by letting f = f — u(f) we obtain
0= lim p{0(f) = lim {3 () = w(f).

Then the proof is finished. O
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