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Abstract

Interweaving relations are introduced and studied here in a general Markovian setting as a
strengthening of usual intertwining relations between semigroups, obtained by adding a random-
ized delay feature. They provide a new classification scheme of the set of Markovian semigroups
which enables to transfer from a reference semigroup and up to an independent warm-up time, some
ergodic, analytical and mixing properties including the ¢-entropy convergence to equilibrium, the
hyperboundedness and when the warm-up time is deterministic the cut-off phenomena. We also
present several useful transformations that preserve interweaving relations. We provide a variety of
examples of interweaving relations ranging from classical, discrete, and non-local Laguerre and Ja-
cobi semigroups to degenerate hypoelliptic Ornstein-Uhlenbeck semigroups and some non-colliding
particle systems.
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1 Introduction and main results

Comparison and classification are traditional mathematical tools to transfer information from a
reference object to more complex ones. The goal of this paper is to develop this framework in the
study of Markov semigroups by introducing the notion of interweaving as a refinement of the usual
concept of intertwining. Anticipating the formal definition given below, an interweaving relation
between two Markov semigroups can be seen as a symmetric (or a two-sided) intertwining relations
between them with the additional feature that the two Markovian intertwining kernels factorize
one of the semigroup considered at a random time.

The recent years have witnessed the ubiquity and usefulness of intertwining relations in the
study of Markov processes. Indeed, this concept which traces back to the works of Dynkin [21]
and Rogers and Pitman [42] yielding, in that later case, at the relationship between a Brownian
motion in R™ and its radial part, the Bessel process of dimension n, has been, for instance, used by
Diaconis and Fill [19] in relation with strong stationary times, by Carmona, Petit and Yor in
relation to the so-called self-similar saw tooth-processes, extended by Patie and Savov in |36} 37]
to general self-similar positive Markov processes, by Miclo [3I] in connection with the algebraic
concept of similarity transform, by Fill [23] for an elegant characterization of the distribution of the
first passage time of some Markov chains, by Borodin and Olshanski [13, [I4] for the construction
of Markov processes on infinite dimensional spaces, by S. Pal and M. Shkolnikov [35] for diffusions,
by Patie and Simon [39] and Patie and Zhao [41] in relation with fractional operators.

The concept of interweaving will reinforce this line of research by proposing further developments
in the investigation of general Markov processes. Although additional applications can certainly be
developed, we will primarily focused on the study of ergodic, analytical and mixing properties of
Markov semigroups including, for instance, convergence to equilibrium in the sense of p-entropy,
hyperboundness properties and cut-off phenomena. Our range of examples will be very broad as it
encompasses some discrete Markov chains, classical linear diffusions, some denegenerate hypoelliptic
diffusions, stochastic dynamics on partitions and some Markov processes with jumps.



Let us now proceed with the formal definition of interweaving relations between Markov semi-
groups. Consider a (measurable) Markov kernel semigroup P := (P;);>0 on a measurable state space
(V,V). Namely, P is a Markov kernel from R, x V to V: for any A € V, the function Ry x V' >
(t,z) — Pi(z, A) is measurable and for any (¢,2) € Ry x V, the mapping V 5 A — Py(x, A) is
a probability measure. The semigroup property asserts that for any ¢,s > 0, P,Ps = Py, in the
sense of the composition of Markov kernels from V' to V. Let now P = (P;);>0 be another Markov
semigroup on a measurable state space (17, V). We say there is a (Markov) intertwining relation
from P to P when there exists a Markov kernel A from V' to V such that

Vt>0, PBA = AP, (1)

A~ A~
It will be convenient to denote P ~ P this commutation property (or P, ~ P; for the relation
between Markov kernels for a fixed ¢ > 0). Such a link may not say much. For instance when P
admits an invariant probability v, is satisfied by considering the Markov kernel A = v defined
by

VeeV,YAeV, Az, A) = 5(A). (2)

The intertwining relation is said to be symmetric when there exists another Markov kernel

A from V to V such that P Av P. A more meaningful notion is the following one.

Definition 1 We say that P has an interweaving relation with P if there exist two Markov
kernels A and A and a non-negative random variable 7 such that

PAPAP (3)
AN = Rji/ P, P(r € dt). (4)
0

We call 7 the warm-up time or the delay and we write P «P Por P& Pto emphasize the
dependency on 7. Note that when 7 = d;, is the degenerate random variable at ¢ty > 0, we may

tg ~
simply write, when there is no confusion, P - P.
When 7 is in addition infinitely divisible we say that P admits an interweaving relation with

an infinitely divisible warm-up time (for short IRID) with P and we write P &P

Finally, when we also have B B
AA = P (5)

we say that there is a symmetric interweaving relation between P and P and we write P «%s P
(resp. P «~ P when 7 is infinitely divisible).
0

Note that due to our measurability assumption above on the kernel P, the integrand in the r.h.s.
of is measurable with respect to ¢ > 0 and the identity can be understood as the Markov kernel
on (V,V) defined by

+oo
VeeV,VAeV, Pz A) = / Pi(z, A)P(r € dt)
0
The notion of interweaving is related to completely monotone functions. Indeed, observe that

= Ooe_tL T =
H_A P(r ¢ dt) = F(L) (6)



where L is the infinitesimal generator of P and F as the Laplace transform of positive measure is, by
Bochner classical result, a completely monotone function, i.e. F' € C®(R,) and (—1)"F®™(z) >0
forall n € Nand x > 0. Next, we recall that a random variable 7 is said to be infinitely divisible if for

each NV € N, there exits a sequence of i.i.d. random variables (7,)1<n<n such that, in distribution,

T (:) T1 + ...Tn. Note that when 7 is in addition infinitely divisible then there exists a Bernstein

function ¢, i.e. ¢(0) > 0 and ¢’ is completely monotone, such that, in @ above, F = e .
Moreover, in such a case, there exists an unique convolution semigroups on R™ whose transition

(@)

kernel is the law of a subordinator T = (7;);>0, & non-decreasing Lévy process, such that 7 = 7
and PT = (P )t>0 is a Markov semigroup, where for any bounded Borelian function f and ¢ > 0,

Prf— /0 T PfP(r € ds). 1)

PT is the subordination of P in the sense of Bochner and we have P/ = P.. The definition of
interweaving can be summarized by the following commutative diagram (suggesting the name of
interweaving), holding for every ¢ > 0:

Figure 1: Interweaving relations with AN = P

Our objective in this paper is to provide some properties and investigate some applications of
interweaving relations in the study of probabilistic and analytical properties of general Markov
processes. Before presenting its range of applications, let us present a few general observations
about this concept.

Some general comments on interweaving relations

(a) The above Markov framework is quite plain. There are several ways to enrich it, especially
to associate a generator L to the semigroup P, since this is in general the simplest way to
describe P. Analytically, the semigroup P can be acting on a Banach space, in the sense of
Hille-Yosida theory, see e.g. the book of Yosida [50]. One standard choice, when P admits an
invariant probability v, is to consider the Hilbert space L2(r). Another possibility, when the
state space V is endowed with a o-compact topology, is to consider the space of continuous
functions vanishing at infinity, endowed with the supremum norm.

From a probabilistic point of view, the generator L appears in the formulation of an underlying
martingale problem for the trajectories X = (X;)¢>0 of an associated Markov process (cf. for
instance the book of Ethier and Kurtz [22]). Usually the state space V is endowed with a
topology and the trajectories are cadlag, in particular the position X; converges to Xy as t
goes to 0.

The examples considered in this paper will be described through their generators. All will
admit an invariant measure which will be a probability measure, except for the squared Bessel
processes and some related examples, and thus the L? setting and the martingale problems
will be equivalent.



(f)

As t goes to zero and in the appropriate senses dictated by the above analytical or prob-
abilist frameworks, P; converges to the identity operator Id, seen as the transition kernel
corresponding to no motion. _ _

When the generators L and L are available for the semigroups P and P, e.g. in one of the
meanings seen in (a), the intertwining relation is often equivalent to LA = AE, where the
Markov kernel A has to be seen as an operator from D(L) to (a subset of) D(L), the respective
domains of the generators. When the intertwining relation is symmetric, see , we should
have that the image of D(L) by A is included in D(L), in particular for interweaving relations,
the Lh.s. of can also be seen as an operator from D(L) to itself which can be “extended”
into Pr, a priori acting on B(V) the space of bounded measurable functions on V.

One way to avoid the case is to ask for A to be one-to-one, e.g. as an operator from
B(V) to B(V) (but when V is not discrete, this is often requiring too much). Somewhat the
requirement also goes in this direction: in the “regular” situations described above in (a),
P, converges to Id for small ¢ > 0 and thus should end up being invertible in this asymptotic.
This should still be true for P when 7 has a distribution concentrated near 0 and in particular
A would be one-to-one and A would be surjective. In the case of a symmetric interweaving
relation with a warm-up variable 7 on R} concentrated near 0, we can expect A and A to be
both invertible. That is why, more generally and heuristically, we see symmetric interweaving
as a Markovian formulation of a weak invertibility assumption on A and A, resulting in P and
P being closely related. In the same spirit, the more mass the law of 7 gives to neighborhoods
of 04, the more informative is, as the “invertibility of P, should be stronger”. Conversely,
assuming that P is ergodic with invariant probability measure v, we have that for large ¢t > 0,
P, is converging to v (seen as a Markov kernel as in ) It follows that the more the law of
T is concentrated on large values, the less informative becomes. This interpretation will
be strengthened when we will see 7 as a random warm-up time.

From a spectral point of view and in the regular settings of (a), the meaning of an interweaving
relation from P to P seems to be that the spectrum of the generator L of P is included into
the spectrum of the generator L of P at least under appropriate ergodicity assumptions on
P and when the spectrum is be understood in an extended sense. We will not enter into the
underlying technicalities here, so let us just mention a conjecture that we hope to investigate
in a future work:

Conjecture 2 Consider two irreducible Markov generators L and L on finite state spaces V
and V. There exists a interweaving relation from (exp(tL))t>0 to (exp(tL))s>o if and only
if the extended spectrum of L is included into that of L. By extended spectrum, we mean
the eigenvalues as well as the dimensions of the associated Jordan blocks (inclusion implying
smaller or equal dimensions).

O

Such a result and possible extensions to more general state spaces would provide a spectral
understanding of why interweaving relations enable to deduce quantitative informations on
the convergence to equilibrium for P from similar knowledge from P.

A ~ ~
Assume an intertwining relation P ~ P and that P and P admit reversible probability
measures i and fi, with uA = fi. Working in the L? framework mentioned above in (a), we

get by duality an intertwining relation P A PoA priori A* : L2(u) — L2(j1) is an abstract
Markov operator, in the sense that it preserves non-negativity and the function always taking
the value 1. To get a (L2-)interweaving relation, it remains to check that AA* = P,. Thus in
such a reversible setting, interweaving relations are relatively easy to deduce from intertwining
relations.

Assume that we have a symmetric intertwining relation between two semigroups P and ﬁ,



namely P Av Pand P rAx P for some Markov kernels A and A. Then necessary AA commutes
with all the P; for ¢ > 0. Assume that P admits a generator L which is diagonalizable with
eigenvalues of multiplicities one. When functional calculus is available, we deduce that AA*
is of the form F(—L), where F' : Ry — R is a measurable mapping. To get a interweaving
relation is then equivalent to F' being completely monotone.

(g) The symmetric interweaving relation does not correspond to the symmetrization of the in-
terweaving relation, which is only requiring two interweaving relations, one from P to P and
one from P to P. For the latter, the kernels from V' to V' and from V' to 1% may be different
from A and A, as well as the warm-up time from 7. Some results below can be extended from
symmetric to symmetrized interweaving relations But the notion of symmetric interweaving
relation is natural because of Proposition [] below.

1.1 Basic properties of interweaving relations

We present now some useful transformations of semigroups that preserve interweaving relations and
postpone their proofs to Section [l We start with the following result that enables to construct
from an IRID with a random warm-up time a interweaving relation with the constant 1 as warm-up
time. This observation will be useful in some applications of interweaving relations for which the
assumption of deterministic warm-up time is required.

~ 1 ~
Theorem 3 Assume that P <p P, that is the warm-up time 7 is infinitely divisible. Then PT «p P7

d
where T = (73)¢>0 15 the subordinator such that T @) 71 and the subordinated semigroups are defined

as in .

We point out that in Section (resp. Section, we present several examples for which the warm-
up time 7 is a constant (resp. a positive infinitely divisible random variable). In the applications of
interweaving relations to ergodic properties, the previous result allows us to compare the approach
based on interweaving relations with the classical ones based on functional inequalities.

We proceed with additional properties of interweaving relations. To simplify the forthcoming
discussion, we assume that P (resp. P) is a semigroup on some Banach space B (resp. B), e.g. if P
is a Feller semigroup then B = Cy(V') the space of continuous and bounded functions on V' endowed
with the supremum topology.

Let us now come to symmetric interweaving relations. They are a consequence of interweaving
relations under a seemingly mild additional assumption:

Proposition 4 When the Markov kernel A is one-to-one, say from B(V) to B(V), then a inter-
weaving relation is symmetric.

Proof: Indeed, from , we deduce, first for a non-negative Borelian function f and then for a
general Borelian function f, by writing f = max(f,0) — max(—f,0), that

AAAf = PTAf:/ PAfP(T edt) = AP, P(r e dt)f = AP, f
0 0

where we used Tonnelli theorem for the last identity. The injectivity of A implies that AA = P..
|

The one-to-one assumption of Proposition @ is quite restrictive, when the state spaces are not
denumerable. Nevertheless, the simplicity of the above proof shows it can be weakened when



working in the Hille-Yosida framework mentioned in Remark (a), by considering the corresponding
notion of injectivity, in particular in L? spaces.

We now proceed by showing that, under mild conditions, <P is an equivalence relation. This
highlights the idea, triggered by this concept, of an original classification scheme which enables to
extend in a natural way to general Markov semigroups some ergodic and analytical properties that
were attainable only for some specific classes, such as reversible diffusion ones.

Theorem 5 Assume that the Markov intertwining kernels is one-to-one on a dense subset of B
then <P is an equivalence relation as

0
(i) <P is reflexive, that is P <P P with 0 the degenerate variable at 0.

(ii) <P is symmetric, that is if P P then PP with PAPAP and Ad = P..
T ~ ~ T — T+HT — .
(i17) <P is transitive, that is if P < P and P <P P then P <P P, where T and T are assumed to be

independent.

Remark 6 It is not difficult to check that if one restricts the previous theorem to the subset of
IRID then <P remains an equivalence relation.

Schematically, the transitivity property of interweaving relations can be described, for any ¢ > 0,
where by rotating to 45 degrees the figure of our previous diagrams:

P
V A 7 V A/ 7 UV ;i'/ 7 V /,\1, 7 V
Ptl ﬁtl Ptl ﬁtl Ptl
A N A 5 A
\% >V > Uy % > V
P

Figure 2: Transitive interweaving relations

We proceed with the following theorem that provides a closure property of interweaving relations
by similarity transform as well as a way to transport interweaving relations.

Theorem 7 Let us assume that P <p P.
1) Let PM be a Markov semigroup acting on the Banach space BM If the two Markov P and PM
are similar, that is, for allt >0, PM = MP,M~" where M and its inverse M~ are bounded
operators. Then,

PM 5 p
where, with the obvious notation AM = MA and AM = ANt
2) If
T ~ T ~
PAPand P~ P (8)

with P and P two Markov semigroups defined on the measurable space (V,¥) and T an one-
to-one Markov operator. Then

PP and ~ P.=AA

where . _
A~ Aand A~ A 9)



1.2 Applications of interweaving relations to the theory of Markov
semigroups

We now turn to the description of some interesting features and applications of interweaving rela-
tions. Thorughout this section, we make the hypothesis that P and P admit v and ¥ as invariant
probability measures, respectively, and P Jp P . In this case, v/ is also an invariant probability
measure for 15, as shown by multiplying on the left by v. Similarly, 7A is invariant for P. We
will assume that 7 = vA and that v = ﬁ/T, when the invariant probability measures are not unique.

1.2.1 Entropy convergence to equilibrium

We want to deduce estimates on the speed of convergence of P to the equilibrium v by taking into
account a similar knowledge for P and 7. First we must specify the way to measure how far a
probability measure m on V is from v and here we choose the entropy (see Subsection for
extension of the result to general p-entropy). The (relative) entropy of m with respect to v is
given by

(DY dm, it m <
Ent(m|v) = Pl ) T TS

400, otherwise

where dm/dv stands for the Radon-Nikodym density of m with respect to v. As desired, the
quantity Ent(m|r) measures the discrepancy between m and v, in particular we have the Pinsker’s

bound:
Ent(m|v) > 2[m—v|,

where the total variation distance ||m — v||,, between m and v is defined as the supremum of
m(A) —v(A) over A € V.

We proceed by assuming that we have some information about the convergence of P towards
v, under the following form: there exists a function ¢ : Ry x Ry — Ry, with Ry = Ry U {+o0},
which is non-decreasing with respect to the second variable, such that

Ving e P(V),Vt>0, Ent(moP|p) < e(t,Ent(mg|D)) (10)
where 77(\7) is the set of all probability measures on V. For this bound to be meaningful, we
furthermore require that

V EeRy, tilgrnooe(t,E) =0
A typical instance of is when P satisfies (modified) logarithmic Sobolev inequalities (here
and below, we refer for instance to the book of Ané et al. [4] for a friendly presentation of these
inequalities). Then there exists a constant & > 0 such that holds with the function € given by

Vt>0,VEeR,, e(t,E) = exp(—at)E
Here is the transfer of the entropic convergence estimate to P:

Theorem 8 Assume that P <—TP P and that holds. Then we have
VmgeP(V),Vt>0, Ent(moPeirlv) < e(t, Ent(mglv)) (11)

From a probabilistic point of view (see Remark (a) or the definition of a measurable Markov
process below), mgP;, is the distribution of Xy, where 7 is a random time independent of X
and distributed according to 7. The bound says that up to waiting a random warm-up time
7, we get for P the same estimate on the speed of convergence to equilibrium as for P.



1.2.2 Hypercontractivity

Another famous classical application of logarithmic Sobolev inequalities concerns hypercontractiv-
ity, which is a kind of regularizing property. Interweaving relations equally enable its transfer from
a semigroup to another one, up to a random warm-up time. More precisely, the hypercontrac-
tivity property of the semigroup ﬁ, is the existence of a constant & > 0 (which may be different
from the one considered above, for Markov processes which are not diffusions), such that we have
for the operator norms,

Vit=>0, |||15t”|L2(§)—>LP(&t)(§) < 1 (12)
where
Vit>0, plat) = 14 exp(at)
Here is the analogue of Theorem [8| for hypercontractivity:
Theorem 9 Assume that P <p P and that holds. Then we have
Vt>0,  |Purllizp)swrene <1 (13)

1.2.3 Cut-off phenomenon

Coming back to the convergence to equilibrium, we now explain how a symmetric interweaving
relation enables the transfer of the cut-off phenomenon (for a short survey of this notion, see
Diaconis [I8]). To state our result, we need a family (P(™),cz, of Markov semigroups on state
spaces (V(™),cz, with respective invariant probability measures (v(™),cz,. Defining, for any
ne€ Ly,

VteRy, o™ (1) = sup HmoPt(") —
moeEP(V (7))

14
o (14)
we say that the family (P™),cz . has
(1) a (uniform) cut-off at the positive cut-off times (t(),,cz, when for any r € (0,1)U(1, +00),
lim O(n) (Tt(n)) = ]1{0<T<1}

n—oo
(2) a window cut-off (resp. profile cut-off) at (™, w(™),cz, (resp. and with profile n) if
t™ = oo, w™ = o(t™) as n — oo, and

lim lim 0™ (™ + cw™)=1and lim @m o™ (™ + cw™) =0

C——00 300 c—+400 n—o0

(resp. and for all ¢ € R, n(c) = lim 3™ (™ + cw™) = Tim 2™ () + cw(™)).

n—00 n—oo
With these definitions we have the following result.

Theorem 10 Consider two families of Markov semigroups (P™) ez, and (ﬁ("))ne@ on (V),ez,
and (V("))nez+ and with invariant probability distributions (V(n))nez+ and (;(n))neZ+, respectively.

RONS
Let (t(”))nez+ be a sequence of positive real numbers and assume that for any n € Z,, P <~ P
such that

gy = 0 (e e =0 (15)

Then the cut-off (resp. window cut-off and profile cut-off) phenomenon with cut-off times
(t("))nez+ (resp. windows (w("))nez+ and profile ) for (P("))nez+ is equivalent to that of(P(”))n€Z+.



The remaining part of the paper is organized as follows. In the two forthcoming sections we
describe several examples of interweaving relations along with their applications. More specifi-
cally, in the next section, we focus on interweaving relations where the warm-up distribution is a
Dirac mass: this includes the two points space and the intertwining relations between continuous
and discrete Bessel and Laguerre processes and some degenerate hypoelliptic Ornstein-Uhlenbeck
processes. In Section 3, we consider interweaving relations between diffusive Laguerre processes
of different parameters, as well as some semigroups associated to Markov processes with jumps.
Finally we prove extensions of the statements presented in this introduction in Section 4.

2 Deterministic warm-up time examples

Three examples of interweaving relations whose warm-up times are deterministic are presented in
the following subsections: there exists ¢y > 0 such that 7 = d;,. In this situation the statements of

Theorems |§| and @] simplify, as and are respectively replaced by
VmgeP(V),Vt>0, Ent(moPyy4elpn) < e(t,Ent(mo|u))
and

Vt>0, HIPt(f +)t logyorr@ny < 1

2.1 The two point space

Consider the simplest non-trivial case of the setting of the introduction, where V' = V is the two
point space {0,1}. Let L and L be two isospectral irreducible Markov generators on V. We can
write

L = XNp—1d)

where A > 0 is the non-zero eigenvalue of —L, u is the invariant probability of L, seen as a Markov
kernel, and Id is the identity operator. Any non-zero function ¢ on V such that p[e] = 0 is an
eigenfunction of L associated to the eigenvalue —\. Consider the function ¢ normalized in L2(u)

given by
() () e B

Since L is irreducible and isospectral with L, it can be written A — Id), where i is the invariant
probability of L. Define ¢ as in , with p replaced by .
For € > 0, define A, the linear mapping sending ¢ to ep and preserving the function 1. It is

Ae 7 . . . .
immediate to check that L ~ L. A priori A, is not a Markov kernel. Nevertheless its matrix in the

basis (11}, 141}) is of the form < @ l-a ) and we compute that

b 1-b
B 1+elT
1412
by 1—GZ/Z
1+ 12

10



It follows that for € > 0, A, is Markovian if and only if
e < min(l/1, /1) (17)
Choose € := min(l/, 1/1), the largest value such that A¢, is Markovian. Symmetrically, for € > 0,

construct /T‘g sending ¢ to €p and preserving 1. We have L ?\5 L and by symmetry of the r.h.s.
of , A, is Markovian for € € (0,€0]. Again choose € = ¢, the largest value such that Az is
Markovian. The mapping A, A, is uniquely determined by the fact that it preserves 1 and that
(AeyAey)p = €3p. This observation leads us to consider to = to(L,L) == —In(e2) > 0, so that
Agy Ay = exp(toL). We are thus in the framework considered in the introduction. Similarly, we get
Ae, /LO = exp(toi), and this can also be deduced from Proposition , since A, is invertible. It seems
that to is the smallest warm-up deterministic time enabling to go from estimates of convergence
for one of the semigroup to the other one. As in the introduction, let us consider more specifically
the traditional case of relative entropy. Diaconis and Saloff-Coste [20] computed the logarithmic
Sobolev constant «(L) of L:

L —2pn
In(1/ps —1)

with pa = p(0) A (1), the smallest value taken by the invariant measure.
We have for any initial distribution mg on {0, 1},

a(l) =

Vit>0, Ent(moexp(tL)|p) < exp(—a(L)t)Ent(mg|p) (18)
Taking into account Theorem (8], this bound can be improved into

Vt>0,  Ent(mgexp(tL)|p) < min{exp(—a(L)(t—to(L,L));) : L € £(L)}Ent(mo|p)

where £(L) is the set of irreducible Markov generators isospectral to L. Note that «(L) is strictly
decreasing as a function of fin and thus the logarithmic Sobolev constants of L and L are distinct
when L # L (up to the symmetry exchanging 0 and 1). Furthermore, the bound a(L) < 2\ is
only attained when g is the uniform distribution on {0,1} (in this case the computation of the
logarithmic Sobolev inequality is due to Gross [25]). So it is appealing to try a comparison with

this “fastest case” where = (1/2,1/2), and we get

Vit>0, Ent(mgexp(tL)|u) < exp(=2A(t —In(1/pun — 1)1 )Ent(mg|u) (19)

i ([ k@Y
“ (u(O)’ u(l)) VI—nn

so that tg = In(1/us — 1).

Formula becomes rapidly better than . It follows that, for “medium” times, to get
good estimates of the relative entropy with respect to p of the time marginal laws of the Markov
evolution generated by L, it is more interesting to intertwine this evolution with the isospectral
generator L corresponding to the uniform distribution than to compute the logarithmic Sobolev
constant associated to L. _

The existence of Markovian kernels A and A intertwining two irreducible isospectral (in the
extended sense: equality of eigenvalues and dimensions of the Jordan blocks) and finite Markov
generators was shown in [31]. We believe these kernels can furthermore be chosen so that a inter-
weaving relation holds, as a subcase of Conjecture

since

11



2.2 Classical and discrete squared Bessel processes

The examples described in this subsection and in the following one were the first instances of
interweaving relations that we identified in [32]. However, this notion was not properly isolated
and investigated there.

For a given 8 > 0, consider the classical squared Bessel diffusion generator Gz of index 8 — 1
(dimension 23) on R, given by

V2 € (0, +00), Gs = x0°+ B0

where 0 is the usual differentiation operator. This diffusion generator admits ;13 as invariant (even
reversible) measure, where
Va4 paldn) = Bd
z € (0,400 ug(dr) = x
o (5)

where I is the usual gamma function. For 8 > 0, denote Q#) = (Qgﬁ ))t20 the Markov semigroup

generated by Gg.

An analogue discrete squared Bessel birth-and-death generator Gg is defined by
VneZy, Gg = (n+p)0+ +no-
where the operators 04+ act on any function f : Z, — R via
VneZys, O+f(n)= fntl)— f(n)

(with the convention that f(—1) := £(0)). The birth-and-death generator G admits ug as invariant
(even reversible) measure, where

(n+5-Dn+B-2):5

n!

VneZys, ug(n) =

For 3, o > 0, denote Q(#7) = (Qgﬁ’a))tzo the Markov semigroup generated by cGg. For o > 0,
consider A, the Markov kernel from R4 to Z, given by the Poisson transition probability measures:
(oz)"

VeeRy,VneZs, Ap(z,n) = . exp(—ox)

Conversely, for 5,0 > 0, consider /Tg}a the Markov kernel from Z, to Ry given by the gamma
transition probability measures:

VneZy,Vae(0,0), /flv,g,g(n, dr) = P
n
In [32], we have shown the following symmetric interweaving relation with deterministic warm-
up time o > 0:
Proposition 11 For any 5,0 > 0, we have
QB 2y QB)
where A = A, and A = Xﬁ,a‘

For 8 > 0, the invariant measures pg and ug have infinite weight so the above Bessel processes
do not enter in the framework of convergence to equilibrium and we cannot apply the results
presented in the introduction. Nevertheless the interweaving relations of Proposition [11] are useful
for simulation purposes of one process in terms of the other one, especially in the direction of using
the birth-and-death process to simulate the diffusion process, as it was seen in [32].

12



2.2.1 Non-colliding discrete and continuous squared Bessel processes

We proceed by describing a very elegant extension of the interweaving relations between squared
Bessel processes to the multidimensional setting that has been recently proposed by Assiotis [7].
More specifically, for any integer N > 1 and 8 > 0, let Q7 (resp. QV*?) be the semigroup of N
independent copies of squared Bessel processes (resp. the discrete squared Bessel process) of index
B —1 conditioned to never intersect. These semigroups are known to be Feller semigroups acting on
the space CO(WJ]FV ) and Cy (Wf ) respectively where the Weyl chambers with positive coordinates
are defined by

Wf:{xz(wlf"733N)€Rf3x1§x2§--~§x]\7}
WY ={n=(ny, - ,ny) €ZY :ny <ny <--- <np}.

Then relying on the one-dimensional result that appeared in [32, Proposition 13 and 14|, Assiotis
obtain the following, see [T, Proposition 1, Theorem 1.4, Remark 1.6].

Proposition 12 For any integer N > 1 and 8 > 0, we have

QNB) s N

where A = AY and A= /Tévl are Markov kernels defined respectively, for any n € Wf and x € W,
by

AN = Ay (zi,n )N
1 (z,n) An (@) det (A1 (@i, 15)); 521
~ AN(iB) ~ N
5,1 (n? $) AN('I'L) € ( ﬂ,l(n 9 x])i,j=1 €1 TN,

and Ay (x) = det (mgfl)N

= [Ticicj<n(zj — ;) stands for the Vandermonde determinant.
17]: - -

We mention that the Markov realizations of the semigroups QV>(®) and QM(®) appear in random
matrix theory as the dynamics of the eigenvalues of the so-called continuous and discrete Laguerre
ensembles and refer to [7] for further connections between these objects and other algebraic struc-
tures.

2.3 Classical and discrete Laguerre processes

A natural way to transform the transient Bessel processes into recurrent processes is recalled in [32]
and it leads to the Laguerre processes. This procedure slightly modifies the interweaving relations
and we ended up with the following results.

For 8,0 > 0, consider the classical Laguerre differential operator Lg, on R, acting on
C°(R4), the space of bounded smooth functions with bounded derivatives on R, via

VfeCPRy), Vae(0+00), Lgolfllx) = 020’f(z)+ (o8 —2)0f (x) (20)

This operator is a one-dimensional diffusion generator and it is easy to check that its unique
invariant (even reversible) probability measure vg, on R4, is the gamma distribution of shape
parameter 5 and scale parameter o, i.e.

2P exp(—z/0)

)

vV z e (0,+00), vgo(de) =

13



It follows (via Freidrichs theory, see e.g. the book of Akhiezer and Glazman [1]) that Lg, can be
extended into a self-adjoint operator on L?(v3,,). The associated continuous Markov semigroup is

denoted P(39) = (Pt(ﬁ’a))tzo-
An analogue discrete Laguerre birth-and-death generator ILg, is defined by

Vnels, Lgo = o(n+p)0++ (0 +1)no- (21)

This generator admits an invariant (even reversible) probability measure vg, on Z., which is the
negative binomial distribution of parameters g and o/(1 + o), i.e.

o >n(n+5—1)(n+5—1)”'ﬁ
o+1 n!

VneZs, Vpo(n) = (14+0)7"° (
Denote P59 = (Pﬁﬁ’a))tzo the Markov semigroup generated by ILg ,. In [32], we have shown the
following symmetric interweaving relation with deterministic warm-up time.

Proposition 13 For any 3,0,¢ > 0, we have

1
pBs) ln(ivtj") P Bso)

where A = A, and A = Aﬁ’UJr%.

The last relation can be seen as a consequence of the last-but-one identity, via Proposition [}, since
Ay, from [32) Lemma 2.2|, is one-to-one. The relations of Proposition [13| can be summarized by
the following diagram:

B,s
Ry il > Ry
Ao A
e (B,s0) <
| e ——— e |,
\,/T‘g@‘lw (69 Ag 140
Plit| Re —— R |RI,
o Ao
v (B,so) <
L. i > Loy

Figure 3: Laguerre intertwining relations

The interweaving relations between the continuous and discrete Laguerre processes enable to
deduce links between their speed of convergence to equilibrium. As in the introduction, let us
present them in the usual entropy sense (see Section [ for generalisations). First we recall the
logarithmic Sobolev inequalities satisfied by the Laguerre semigroups.

We start with the classical situation. For any (§,¢ > 0, the logarithmic Sobolev constant
a(f, <) associated to the generator Lg ¢ defined in is

4 2 d
a(B,s) = inf §fR+xf (z) vgc(dx)

22
reCh B 2ot Ty T2 I(72(2) v (d2) (22)
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(for any k € N, CE(R,) is the space of bounded continuously k times differentiable functions on
R, with bounded derivatives). The numerator in is four times the Dirichlet form (energy)
Es.<(f, f) associated to L) and defined, at least for f € C%(Ry), by

Ea(f, f) = —vpelfLalf]]
= /R 5 () v, (de)

where the last equality is obtained by integration by parts and the last expression enables to extend
the domain of definition of £5.

It is well-known (see for instance the book of Ané et al. [4]) that the logarithmic Sobolev constant
is bounded above by twice the spectral gap of the associated generator. In the present setting, it
implies that a(8,¢s) < 2 for any ,¢ > 0, since the spectrum of Lg. is —Z with eigenvalues of
multiplicity 1, and so its spectral gap is 1. In fact the constant a(3,<) does not depend on ¢:

Lemma 14 For any 5,5 > 0, we have o(fB,s) = o), where a(f) = a(p, 1).

Remark 15 The constant «(f3) has been well-studied. Via the famous I'»-criterion, Bakry [8] has
shown that «(f8) = 1 for all 8 > 1/2. Otherwise, the behavior of a(f) changes when 8 > 0 is going
to 04, since it converges to zero as a(f) ~ —4/1In 3, see [30]. We also refer to Corollary for an
alternative analysis based on the concept of interweaving relation of the convergence to equilibrium
in entropy for 0 < 8 < %

Proof: For any ¢ > 0, let M. be the dilation operator acting on any function f defined on R via

Mf(z) = f(s)

An immediate linear change of variable shows that for any 3,¢ > 0, we have vg . = vgM, (where

vg stands for vg1). For f € CL(Ry) with vg[f?] = 1, consider the function f := M.f. We have
on the one hand,

vslf?] = vlf’]

(@) In f2(2) v (dz) = F(z) In f(x) vg(dx)
Ry Ry

and on the other hand,

S

2 _ 1 2 f2(z2) vs(da
/R+a:f (2) vpc(dz) = /R F2(2) v da)

The announced result now follows from the bijectivity of the mapping f f between {f €

CL(R4) @ vglf? =1} and {f € CL(R) : wp[f?] = 1}.
|

Here we are interested in a(/3) since for any initial distribution my on Ry, we have
Vi 0, Eut(moP " vsg) < exp(~a(B))Ent(molvs) (23)

(of course, such a bound is only relevant when the initial relative entropy Ent(mg|vg.) is finite)
and «(f) is optimal for these equalities to hold for any initial distribution mg € P((0,+00)) and
for any time ¢t > 0.
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The quantitative convergence to equilibrium in the entropy sense has not been investigated for
the discrete Laguerre generators. A priori, we have the following information. For 5,0 > 0, the
modified logarithmic Sobolev constant o, (3, o) associated to the generator L , defined in is

_ . Ego (% In(f?))
Oém(ﬁ, J) o fEFf(ZJr)l:n'vfﬁ,cr[fﬂzl ’U,B,a-[.f2 1n(f2)] (24)

where Fy(Zy) is the space of functions defined on Z, which vanish except on a finite subset of
points and where the Dirichlet form Eg,(f,g) of two functions f,g € F¢(Z4) is given by

Eso(f.9) = —vs0[fLlsolgl]
= D (fn+1) = f()(gn+1) — g(n)vgo(n)Lss(n,n+1)

neEZy

Again, the interest of a,,(3,0) is the discrete analogue of : for any initial distribution mg on
Z, we have

Vi>0, Ent(mOIPgﬁ’U)w/g,g) < exp(—am(B,0)t)Ent(mg|vg ) (25)

(for the deduction of this bound and by differentiating their respective left-hand-side. with
respect to the time ¢ > 0, see again the book of Ané et al. [4]) and au,(3,0) is optimal for these
inequalities to hold for any initial distribution mgy € P(Z) and for any time ¢t > 0. We also have
that o, (3, 0) is bounded above by twice the spectral gap of Lg,. Namely a,,(5,0) < 2 for any
B,0 > 0, since the spectrum of g, is —Z,. Unfortunately, there is no proper way to estimate
from below au, (5, 0), which is only known in very few situations, especially related to the Poisson
distribution, see Wu [49]. That is why au,(8,0) is often replaced by the classical logarithmic
Sobolev constant a(3, o), given by

. 4Eﬁ U(.fa .f))
a(f,o) = inf — st 26
(8:2) FEFH(Z1) 05,0 [f21=1 Vg0 [f2 In(f?)] (26)
It can be checked that a(8,0) < au,(8,0), so that still holds with a,,(8,0) replaced by
a(f,0), with the advantage that the latter ergodic constant can be estimated via discrete Hardy’s
inequalities (cf. [29]):
Consider the quantity

Cpo = mi C5.(n),C
8, min max(Cy ,(n), C (7))

where for any n € Z,, we take

n—1
Cﬁ_yﬂ(n) = Tsnli% (Z;n ’U@U(Z)E/g,lg(l, 1+ 1)) U,B,U([[()? m]]) ln(l/vﬁ,a([[oa m]]))

m—1
Cg,a(”) sup (Z ! ) v3,5([m, 00]) In(1/vg »([m, o0[))

m>n l:n Uﬁ7a(l)]L57o—(l,l + ].)

We have the general bounds

-1
1 1 8 V5 1
wo,, < oo < 3 (1 > (27)
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These expressions can be exploited to get reasonably accurate estimates on «(/3,0) in terms of (3
and o, in particular au,(8,0) > a(B,0) > 0 for all ,0 > 0 (insuring that the bound is not
trivial).

Nevertheless, the underlying computations are not so nice, while resorting to interweaving re-
lations eventually leads to better bounds on the convergence to equilibrium in the entropy sense.
More precisely, as a particular consequence of Theorem [8 applied to the three last lines of Figure
with ¢ = 1, we get

Corollary 16 For any initial probability mg on Z+ and for any B,0 > 0 and t > 0, we have

- 1 a(B)
Ent(moIPgB’ )|v/3,g) < <U: > e_o‘(ﬁ)tEnt(mgW@U)

where we recall that o(8) = 1 for any B > 1, see Remark |15

In particular, for 8 > 1/2 and up to waiting a warming-up time 1n(1+%), before which Corollary
provides no information and is less good than , we get after this period an exponential rate
of convergence equal to 1 (the best possible asymptotical one would be 2, i.e. twice the spectral
gap of ILg ). Corollary [16|is also relevant for small 8 > 0, since one cannot hope for an estimate
so simple via .

Applying the bounds from Theorem [§| to the three first lines of Figure [3 we get for any initial
probability mg on Zy, any 8,¢,0 > 0 and any ¢ > 0,

1
Bnt(moP)”os) < exp(aum(8.50)lt ~In(1+ )] )Ent(molvs.)

Letting o > 0 go to infinity and recalling that «(5) is optimal in , we deduce that

vV 3 >0, a(f) = lim an(B,0) < «apB) (28)

o—+00

In particular @(f) is going to zero as  goes to 04 (in fact we believe that @(8) = «(f), as suggested
by the remark about approximations at the end of this subsection).

Similar relations between the classical and discrete Laguerre semigroups are equally valid con-
cerning hyperboundedness via Theorem [0} Indeed, the logarithmic Sobolev inequalities imply that
for any £,¢ > 0, we have

V>0, 1PV, gormemow,y < 1

where a(f3) is defined in Lemma [14] and
V=0,  pla@)t) = 1+exp(a(f)t)
and for any 8,0 >0
V20, PP e, smetone,,) S 1

where a(3,0) is defined in and

Viz0,  pla(Bo)) = 1+exp(a( o))

But due to the difficulty in estimating a3, o), it is preferable to use Theorem |§| to deduce that

B7
viz0, mIPEH?(H%)|HL2(vﬂ,c)—mp(“(ﬁ)t)(va,a) < 1
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To end this subsection, let us mention two other applications of the interweaving relations of
Proposition

e Approximations: For any 3,¢ > 0, let X(8<) := (Xt(&g))tzo (respectively X (%) := ()Z§67§))t20)
be a Markov process associated to P<) (resp. P(%)). As seen in [32], for large o > 0 the birth

and death process (Xgﬁ 75) )e>0 provides an isospectral approximation of (X, (8, g))

to the fact that @(8) should be close to (), as suggested by (28).

+>0. This is related

e Simulations: For ¢ > 0, x € Ry and ¢t > 0, the random variable Y := Xl(nﬂ(:fl L)t can be
simulated by first sampling & under the probability A,(z,dx), next by simulating X, g (Beo) starting

with )N( (Bso) _ 7 (comprehensively, this amounts to simulate X, X %59 with the initial distribution
Ay(z,-)) and finally by sampling Y under the probability /1,; 1+G(X(6 <) ,).

2.4 Degenerate hypoelliptic Ornstein-Uhlenbeck processes

We now describe a refined version of a interweaving relation between degenerate and non-degenerate
hypoelliptic Ornstein-Uhlenbeck semigroups on R? d > 1, that was identified in [40]. In that
paper, the authors exploit the interweaving relations to obtain the hypocoercive estimate with
explicit constants for the convergence to equilibrium in the weighted Hilbert space of the degenerate
hypoelliptic Ornstein-Uhlenbeck semigroups which are non-normal. Therein, we provide further
applications of these interweaving relations to these degenerate semigroups including entropy and
hypercontractivity estimates and the cut-off phenomena. To define these semigroups, we let B and
I be d x d-matrices with o(B) C {z € C; R(z) > 0} and I" being positive semi-definite such that
detI'y > 0 for all t > 0 where

t
Iy :/ e Bre™B" ds,
0

and the matrix B* stands for the adjoint of B. In particular, this holds when I' is invertible,
which we call the non-degenerate case, although it can happen that detI'; > 0, for all £ > 0, with
detI" = 0, which we call the degenerate case. An equivalent condition to detI'y > 0 for all ¢ > 0 is
that ker I, the kernel of I', does not contain any invariant subspace of B*. Under these assumptions

n (I', B), the hypoelliptic Ornstein-Uhlenbeck semigroup P admits an unique invariant measure
which is the following gaussian distribution

)= e e
X) = —dx, x € R,
Pree (2m)7 det '

with I'eo = fooo e BTe B ds and (-,-) denotes the Euclidean inner product in R?. P extends to a
contraction semigroup on the weighted Hilbert space L?(ps.). We also recall that the generator of

the Ornstein-Uhlenbeck semigroup P = (e~**);>¢ acts on suitable functions f via
Z % 0i0; f (x Z bigj06f (x) = STV f(x) — (Bx, V) f(x), x € R,
1,j=1 i,j=1

and the condition detI'; > 0, for all ¢ > 0, is equivalent to the hypoellipticity of % + A in
the d + 1 variables (t,x1,...,x4), hence the terminology. In Metafune, Pallara and Priola [28]
Theorem 3.1] (see also Bogatchev [12] and Aleman and Viola [3]) it was shown that the spectrum
of A in L2(pr_) is entirely determined by the one of the matrix B, specifically that, writing
N={0,1,2,...}, 0(A) = {d>°I_ kibi; ki € N}, where b1, ...,b, are the distinct eigenvalues of B.
Hence, in particular, the spectral gap of A is Ay = b, as the smallest eigenvalue of %(B + B).
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Next, we denote by (V') the condition number of any invertible matrix V', and note that if V is
positive-definite then x(V) = vy /va, where vy, v > 0 are the largest and smallest eigenvalues of
V, respectively. In the following we write, for a vector a € R?, D, for the diagonal matrix with
diagonal entries given by o.

Proposition 17 Let P be a (possibly) degenerate hypoelliptic Ornstein-Uhlenbeck semigroup as-
sociated to (I'y B), that is ker ' does not contain any invariant subspace of B*. Suppose that B
is diagonalizable with similarity matriz V, and that o(B) C (0,00), that is VBV ! = Dy, where
b € R is the vector of eigenvalues of B with b; > 0 for alli € {1,...,d} and we set

" L log k(VI V™)

QG = YA,00 eb and 51‘ = Yoo

where a0 (Tesp. bp) is the smallest eigenvalues of VI'ooV* (resp. B). Then, there exists a non-
degenerate hypoelliptic Ornstein-Uhlenbeck semigroup P associated to (Da+2p, Db), self-adjoint on
L?(pp,,), such that

P<s P
where t = ilogm(VPmV*), A:L%(pp,) — L2(pr,.) and A : L2(pr..) — L%(pp,) are bounded
and one-to-one Markov operators defined respectively by

Af(x) = f * ppier (V) and Af(x) = pD(j)(x)((fV % pp@)Pp®) * pp._s(X), x €RL(29)

where * denotes the additive convolution operator, for a € R%, D(® = D, — VI'V* and fv(x) =

f(V1x).

Proof: First note that the change of coordinates map @y f(x) = f(V~x) is a unitary operator
from L2(ppoo) to L?(pr bv V), where pZv denotes the image density of po, under @y, i.e. for x € R?,
pv(x) = rEagl det 7 Poc(V ™ X) Next, since B is diagonalizable with similarity matrix V' we have that

VBV~! = Dy, where b € R? is the vector of eigenvalues of B with b; > 0 for alli = 1,...,d. Under
this change of coordinates, (I', B) gets mapped to (VI'V* D) and a simple Calculatlon shows that
' then gets mapped to VI, V*. Hence if we prove the desired result for the Ornstein-Uhlenbeck
semigroup P associated to (VI'V*, Dy) then, since Py = &y~ PPy we get, by Theorem |7 I and the
unitary property of @y, that the claims hold for the Ornstein-Uhlenbeck semigroup P associated

o (I', B). From [40, Proposition 4.2], we know that P <—tP P where P is the Ornstein-Uhlenbeck
semigroup associated to (Dg-tob, Dp) which is self-adjoint on L2 (pp., ), hence non-degenerate and
the operators A and A are quasi-affinities on the appropriate weighted L? spaces. In particular,
they are both one-to-one and hence the interweaving relation is symmetric by Theorem [5] which

completes the proof with another application of Theorem [7]
|

We proceed by providing some by-products of this interweaving relation. First, we recall that
in [40, Theorem 3.1], the following hypocoercive estimate was given, for any f € L2(pr_),

Vi>0, Vahrproo (Pif) < k(VIoV™) exp(—2bat)Var,.  (f)

where Var,. = Jpa(f(x) — pro. )?pr.. (x)dx. We carry on by recalling that, in the one-
dNimensional case d = 1, 1t is well known that the self-adjoint Ornstein-Uhlenbeck semigroup
PW i =1,...,d, associated to (a4, b;) and whose generator is given by

X a; + 2b;)?

Rlfi@) = 422 ) _pap(@), o R,

2
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satisfies the so-called curvature dimension C'D(b;, c0) which is equivalent to the strict log-Sobolev
inequality with constant b;, see [, Section 2.7.1]. Then observing that P, defined in Proposition
is the product of the P()’s, that is P = ®;«1:1 P® | we get from the stability of the log-Sobolev
inequality under products, see [9, Proposition 5.2.7|, that P satisfies the strict log-Sobolev inequality
with constant b, the minimum of the log-Sobolev constants. This yields the following estimate for
the convergence in entropy

Vit>0, Ent(moPilpee) < exp(—bat)Ent(mo|pso)

valid for any initial distribution mg on R?. Moreover, resorting again to the famous equivalence
between the log-Sobolev inequality and the hypercontractivity property due to Gross [25], we get,
writing

Vt>0, p(t) = 1-+exp(bnt)
that

Vi20, 1Pz swsope) < 1

We emphasize that the extension of such estimates to degenerate hypoelliptic Ornstein-Uhlenbeck
semigroup P have met with resistance so far due to the fact that P is non-self-adjoint (even non-
normal) on L?(ps), see [34, Lemma 3.3]. However, the interweaving relation described in Proposi-
tion [I7] combined with the theorems [§ and [J] enable us to obtain the following.

Corollary 18 Let P be the degenerate hypoelliptic Ornstein-Uhlenbeck semigroup as defined in
Proposition . Then, for any initial distribution mg on R%, we have

Vi>0, Ent(moPipr,.) < k(VIV™)exp(—bat)Ent(mo|pr,.) (30)
and

V>0,  [Perelizpr smiope) < 1

We mention that Arnold and Erb [6] have obtained hypocoercivity estimate of the form , under
our assumptions, with exponential rate given by the spectral gap b and that Arnold et al. [5] and
Monmarché [33] have proved hypocoercivity with exponential rate by without assuming that B is
diagonalizable. However, in contrast to these existing results, we are able to explicitly identify the
constant in front of the exponential, i.e. K(VI'scV*), in terms of the initial data I' and B. Note
that, in particular, if B is symmetric then V' is unitary and k(VIV*) = k(' ). However we are
not aware of results regarding the hypercontractivity estimates.

We now turn to another application of interweaving which allows to identify the cut-off phenom-
ena for degenerate hypoelliptic Ornstein-Uhlenbeck semigroups. To this end, let a := (o, ag, ..., ag)
and b := (b, ba, ..., bg) be vectors from (0, +o00)?. Denote b, := min(b;, I € [d]) and for any n € N,
a™ = (a,...,a) € R and b™ = (b,...,b) € R%. Consider the family of semigroups (P(”))nez+
associated for each n € Z4 to (Da(">+2b(")’Db<"))' Lachaud [27] has shown that this family has a
cut-off at the time

logn
2ba

+(n) (31)

(more precisely, Lachaud [27] has only considered the case d = 1, but her arguments extend to any

d € N, see also Barrera, Lachaud and Ycart [11]).
We have the following generalization.
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Corollary 19 For anyn € N, let P™ be the degenerate hypoelliptic Ornstein- Uhlenbeck semigroup
in R as defined in Proposz'tion! and associated to some (T B™)  with H(FSQ)) satisfying

lim log(n))
n— 00 K(F(n )

(e 9]

+oo

and o™ as above b as above. Then, the family (P"™),en has a cut-off at the times (™), en
defined in (31)).

Proof: Under the conditions of the claim, we easily check that Proposition [I7] entails that for

tn) o -
each n € N, P p P(™) where t(™) = ﬁ log m(rﬁ.ﬁ)) and P is the semigroup of the self-adjoint
Ornstein-Uhlenbeck process defined before the corollary. We conclude the proof by invoking the
result of Lachaud [27] recalled before the corollary and Theorem
|

To finish this section, let us give a concrete example.

Consider the matrices
. 0 0 _ 0o -1
I = ( 0 1 ) B = ( 1/2 2 >

The corresponding Ornstein-Uhlenbeck is a simple example of a kinetic model: the first coor-
dinate corresponds to the position in R of a particle in the quadratic potential R > x + 22 /4, and
the second coordinate is the speed, on which is acting a Brownian motion. It is a typical instance
of a hypoelliptic system. To see it admits an invariant probability and the existence of I', it is
sufficient to check that the eigenvalues b1, by of B are positive. They are indeed the solutions of the
second order equation X? —2X +1/2 = 0 and we get

by = 1-1/V2
by = 1+1/V2

Let ' and a1, ap > 0 be as in Proposition Denote b := (b1, b2) and « = (aq, a2).
For any n € N, introduce the tensorizations

r o 0 --- 0 B 0O 0 - 0
0T 0 - 0 0O B 0 -~ 0
rm .= |oo0o r . 0 B = 0 0 B 0
00 ... 0 T 0 0 ... 0 B

This block structure implies that for any n € N, the Ornstein-Uhlenbeck semigroup P™ asso-
ciated to (F(”), B(")) is hypoelliptic and we have

e 0 0 --- 0
0 Teo O - 0
r .= 0 0 Te - 0
0 0 ... 0 Iu

In particular /{(F(()g)) does not depend on n € N and a™ = (a,...,a) € R™ and b™ =
(b,...,b) € R,
It follows from Corollarythat the family (P(™),,cy has a cut-off at the times (log(n)/(2b1))nen.

21



3 Random warm-up time examples

In this section, we present several examples of interweaving relations for which the warm-up time is a
positive random variable. This includes the family of Laguerre and Jacobi processes and examples
of Subsection [2:3] that are extended in various directions either by playing with the underlying
parameters or by pertubating their generator by a non-local component, that is by adding jumps in
their dynamics. We also describe several interesting applications of interweaving relations in these
contexts.

3.1 Diffusive Laguerre operators

The classical Laguerre generators Lg,, for 8,0 > 0, were recalled in Subsection Here we
will drop the second parameter o > 0, since we are more interested in the parameter 5 > 0: we
would like to counter the bad behavior of the logarithmic Sobolev constant for small g > 0 via
interweaving relations, in the spirit of what we have done for the two-point state space in Subsection
2.1] Namely we are looking for interweaving relations between Laguerre semigroups with different
parameters 5 > 0.

For any 3 > 0, we write simply Lg = Lg 1, vg = vg; and P¥) .= p(B1) | with the notations of
Subsection For any /3, > 0, consider the Markov kernel Ag_ from Ry to R corresponding to
the multiplication by a Beta random variable of parameters € and 3, namely for any f € B(R;),
the set of bounded measurable mappings on R,

I'g+e) / ' -1 -1
VaeRy, Ag [ fl(x) = = flra)rs= 1 —r)Lar
Its interest for us, is that according to Patie and Savov [36] we have the intertwining relation
VB>e>0,vt>0,  PPA5 = A5 P

where the products are understood as the compositions of Markov kernels. They can also be seen
as compositions of operators acting on L2-spaces and we have the following commuting diagram
forany S >e>0and t > 0:

9 Pt(ﬁ+6) 9
L (Vﬁ+€) — L (VBJrE)

Aﬁal lAﬂs
P(E)

L(v.) ——— L*(v.)
Figure 4: Intertwining relation between Pt(ﬁ ™) and Pt(s)

To get an intertwining relation in the reverse direction, we pass to the adjoint relations, taking
into account that Pt(ﬁ ) and Pt(s) are self-adjoint in L?(vg4.) and L%(v.) respectively:

P(E)
L2(v.) ——— L*(v.)

25| |45
P(ﬁ‘i’ﬁ)

L2(VB+€) — L2(Vﬁ+€)

Figure 5: Intertwining relation between Pt(e) and Pt(ﬂ )
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where A} L%(vg4c) — L2(v) is the adjoint operator of Ag, : L?(v:) — L% (vg4c).
Since vg4. and v, are both probability measures, it is known a priori that AZS corresponds to a
Markov kernel. Let us compute it more precisely:

Lemma 20 We have for any f,e > 0 and any g € B(R;),
x/B
()

+oo
VaoelRy, Ag [gl(x) = /0 g((1 4 s)x) s° exp(—sz) ds

Proof: For any f,g € B(R,), we compute

vrelgdalf]] = LOtE)L /" (/'fyw =% Mﬁ_ld{)xﬁtx;%fgfm)dr

( g(a:)f(r:v)x6+€_1 exp(—x) dx) o1 - 7“)6_1 dr
Ry

(r_(ﬂ+5) /R g(x/r)f(:v)a:ﬁ"'s_l exp(—z/r) dm) rs_l(l — r)'B_l dr

_ /R ) () <a:5 /0 1 gla/r) r P11 — )P exp(—a(1/r — 1)) dr> o= Lexp(—z) dz

Since the last expression must be equal to I'(8)I'(e)ve[f A}, [g]], for any f € B(R), we obtain
VaeR A © [ L) 1 d
veRi M@ = g [ om s (S0 ew(eal-n/mar

and we deduce the announced result via the change of variable s = (1 —r)/r.
|
To get a c.mi.r., let us compute the Markov kernel Agg/ljge. Following the argumentation of

Remark (f), we know a priori that Ag Af commutes with the Pt(ﬁ +€), for all £ > 0. Since Lg.
is diagonalizable in L2<V5+5) and all its eigenvalues are non-positive and simple, it follows from
functional calculus that Ag A% is of the form F(—Lg;.), where F' : Ry — R is a measurable
mapping. Here is its explicit formula:

Proposition 21 For any 3, > 0, we have

Ap.Ap, = Fs.(=Lpie) (32)
with
= 7 —usp(80) _I(B+e)l(ute)
VueRy, Fs (u) = /0 e “P(r eds)_F(s)F(u+B+e)
and
Vs>0, P(r5%) e ds) Im exp(—es)(1 — exp(—s))?1ds (33)

Similarly, we have, still for B,e > 0,

A As. = Fp.(=Le)
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Proof: It is well-known (see e.g. the book of Szeg6 [47|) that the spectrum of —Lg,. is Z4 and

for each eigenvalue n € Z,, an associated eigenvector is the Laguerre polynomial ,C?(IB +e)

n. It follows that to prove , it is sufficient to show that for any n € Z, we have

of degree

Ap AR L) = Fa (L]

From the commutation of Ag Aj with the Pt(ﬁ ) for all ¢ > 0, we know a priori that the lLh.s.

is proportional to /55{3 o), Thus, denoting p, : Ry > x +— 2™, the monomial of degree n, it is

sufficient to check that Ag A% [pn] is equal to F_(n)pp, up to a polynomial of degree n — 1. This
operation can be decomposed into two similar sub-tasks. Indeed from Figure [4 we deduce that for
any t > 0,

POILE) = exp(—nt)As L]

n

PP 2, [£9] = A5

£

namely Ag, [E,(f)]

is proportional to £(6+€). So let ﬁ,@s (n) € R be such that Ag_[p,] is equal to
Fa_(n)pn, up to a polynomial of degree n — 1. Similarly, taking into account Figure |5| there exists
ﬁﬁe (n) € R such that A3 [p,] is equal to F, 3.(n)pn, up to a polynomial of degree n — 1. It follows
that F_(n) = ﬁﬁs (n)ﬁgs (n) and we just need to compute ﬁgs (n) and F\ﬂa (n). Let us start with

ﬁﬂg (n). We have for any x € Ry,

1
Maloil@) = plres [ ot s
_ I'(B+e) lrn—O—e—l R ES I
= T (e e) (3
_ I'(B+e) F(n+5)F(6)p (2)
L)) rin+p+e) "
and thus
ﬁgg(n) _ I'B+e)l'(n+e) _ n+e—1)(n+e—2)---¢ . (35)

FETn+p+2)  (n+fre—Dnti+e—2) - f+e

On the other hand, for ﬁgg(n), we have for any x € Ry,

A5 pi)@) = “”“(ﬁ) [ e ea-seas
_ ﬂi (/+m(1+s)"sﬁ_1exp(sx)ds)x”
_ r(15< (1+ s/2)" s*~ L exp(— )ds)x"
_ ano< > (/0+Oosmsﬁ_lexp(s)ds) ",

It follows that
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Thus we get that for all n € Zy, F_(n) = ﬁﬁe (n). Coming back to (34), it appears that for any
nec Z+,

_ I'(B+e) v _
Fg (n) = F(B)F(E)/O rt 1(1—7”)5 Lar
I'(B+e)

+oo
F(ﬁ);(g) /0 exp(—ns) exp(—es)(1 — exp(—s))? " ds

where we considered the change of variable r = exp(—s). It justifies (32]).
The last assertion of the proposition is proven similarly, or by applying the L2-version of Propo-

sition [4f Ag, is one-to-one, since it transforms the orthogonal basis (L5 )nez, of L?(v:) into an

orthogonal basis of L?(vg.):
Vnely,  AglLY] = Fa(n)L{

where ﬁﬁa (n) > 0 is given in (35).
|

Thus we have shown the symmetric c.m.i.r. between Pt(’B ) and Pt(g) described in the following
Figure [6] for any S+ ¢ >¢ >0 and ¢t > 0:

9 Pt(ﬁ+5) 9
L (Vﬁ+a) — L (Vﬁ—i-a)
Ap

€
2

PT(?;;)) LQ(VE) E— L2<Vs) Pf(?fje?

©) 2. Pt ()
P oo | LA (Vpye) —— L3 (1) | P50

Figure 6: interweaving relations between Pt(ﬁ ™) and Pt(g)

Since we are interested in the behavior for small shape parameter, let us denote for §+¢ €

(0,1/2), 7512 = m1/2,34.- We deduce the following bound from Theorem |8 and from the fact that
a(l/2)=1:

Corollary 22 For any e € (0,1/2) and any mgy € P((0,+0)),

V>0, Ent(moP), [v) < exp(—t)Ent(molv) (36)

Recall the estimate directly obtained by applying the logarithmic Sobolev inequality satisfied by
the generator L. for any € € (0,1/2):

Y mg € P((0,400)), ¥t >0,  Ent(moP®|v.) < exp(—a(e)t)Ent(mo|ve) (37)

(where a(e) is defined in (14)). The bounds and are not directly comparable, since

they concern different distributions, namely mo%(.i)ﬂag) and moPt(a) and the former is not just
a deterministic time translate through P of the latter. Nevertheless, to highlight the potential
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advantage of , let us make the following observation. Let X () = (Xt(a))tzo be a diffusion

process associated to the Markov semigroup P, with small ¢ € (0,1/2), starting with X(()E)

uniformly distributed over [0,1]. We want to use this trajectory to sample according to v., with

an accuracy given by d > 0 in the entropy sense. Relying on , we consider the position X% ) at
the time T7 > 0 such that

exp(—a(e)Th)Ent(molre) < 0
for some ¢ > 0. Letting ¢ going to 04 and recalling that a(¢) ~ 4/1In(1/e), we easily compute that

1 1 1
Ent(mo|lve) = /0 In(I'()z' ¢ exp(z)) dz = In(I'(e)) + (1 — 6)/0 In(x) dx +/0 xdx
= In(I'(e))+e—1/2 ~In(I'(e))
~ 1In(1/e)
So we get that
T ~ In(1/e)ln(ln(1/e)/d)/4 =In(1/e)(In(In(1/e) +1n(1/4))/4

Relying on , we consider the position XZ(FZ)+T3’ where T5 is independent from X () and has the
same law than 7. and T3 > 0 is such that

exp(—T13)Ent(molv:) < 6
namely
T3 ~ In(In(1/e)/9)

To get a rough idea of Ts, let us compute its expectation, as € goes to zero:

+oo Ir(/2) toe —e—1/2
= sP(rP) e ds) = sexp(—es)(1 — exp(—s)) "= /2 ds
B = [ B e = s [ e - exp(-) V2
R (V) Y NP
= _F(1/2—5)F(5)/0 In(r)re= (1 —7r) 172 gy
1 /! 1, 1 Yo, 1
~ _F(e)/o In(r)r 1dT_F(5+1)/0 r ldr_ief(g-kl)
1
€

(where an integration by parts was used for the fourth equality), and thus
1
E[TL] +T3 ~ R +1n(1/6)
When § > 0 is very small, e.g. of order exp(—1/¢), the quantity E[T>] 4+ T3 is much smaller than
T1, suggesting that the approach based on is a more effcient sampling procedure.
Similar observations are also valid for hyperboundedness, as we deduce from Theorem [0}

Corollary 23 For any ¢ € (0,1/2), we have
Vit>0, \”Pt(i(ﬁs) leeoysrrww) < 1 (38)
where
V=0,  p(t) = 1+exp(t)

Note that for small ¢ > 0 and large ¢ > 0, the exponent p(¢) is much larger than 1 + exp(a(e)t),
the quantity one gets via the traditional application of the logarithmic Sobolev associated to L.
Thus up to waiting a warm-up time variable T(55)>, the hyperboundedness estimate is more
interesting than the usual hypercontractive bound.
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3.2 The Jacobi processes

We proceed with another important and classical example in the theory of diffusions which is the
Jacobi semigroup J(#) = (JEB )),20. Its infinitesimal generator is defined for a function f € C%(V),
the space of twice continuously differentiable functions on V' = [0, 1], by

Jslfl(x) = 2(1 —2)f"(z) + (A1 — B — Mz) f'(z), = €0,1], (39)

where A\; > 28 > 2 and refer here and below to [16], Section 5| for a thorough review of the Jacobi
semigroup.

It admits as unique invariant measure vg, the distribution of a beta B(A1, ) random variable,
defined on (0,1) as

(A
vg(dr) = Mmﬁ_l(l —o)M P, 0<x <1
As a by-product, the Holder inequality vields that J®®) extends to a contraction semigroup from
the Hilbert space L?(v3) into itself. We recall that for any n € N,

/Oo () — I'(\) I(n+B)
o 7 I3 T(n+n)

We say that the Jacobi operator is symmetric when Ay = 28 and, in this case, we write J= (jt)tz()

for the symmetric Jacobi semigroup whose infinitesimal generator is J = J, that is
2

JIf](z) = z2(1 —2)f"(x) + %(1 —22)f(z), O0<z<l.

We remark that, when % =n € N, there exists a homeomorphism between Jg and the radial part

of the Laplace-Beltrami operator on the n-sphere, which leads to the curvature-dimension condition

CD(A1 — 1, )\1), see [9] for the definition. We deduce from [I6, Proposition 3.6, choosing in the
AL

notation thereout p = 5+ and h = 0, the following interweaving relation between the symmetric

and other Jacobi semigroups.
Proposition 24 For any A1 > 28 > 1, we have

3oL )

with

)
)

>~ I'(\—B)T
VueRy, / e P(ri ) € ds) = (A = B)(p(u) +
0

I'(p(u) + A1 — B)(
where p(u) = \/@ _ %

As a self-adjoint operator Jg has nice spectral properties: its spectrum is discrete with simple eigen-
values given by the set (—n(n — 1) — Ain),>0. Moreover, it satisfies certain functional inequalities
which give some quantitative rates of convergence to the equilibrium measure vg. For instance,
from the Poincaré inequality for Jg, see [9, Chapter 4.2|, one gets the following variance decay
estimate, valid for any f € L?(vg) and ¢ > 0,

w‘ﬁ’ w‘,i/

Var,, (J7[f]) < e 2M"Var,, (f),
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where for a measure v, we have set Var, (f) = ||f — yf||iQ(V). Next, note, writing

Talf)(x) = (L =a?) f"(x) + (M = 28 — Aiz) f'() (40)
and g(z) = £, that

Tslfogllg™ (@) = 2(l—2)f"(z) + (M = B — M) f'(z) = J5[f](2).

Then, the log-Sobolev constant being invariant by homeomorphism, one gets, from Saloff-Coste
[44], see also Fontenas [24], that the log-Sobolev constant a (A1, 8) of the Jacobi operator Jjg is such

that \ \
1\ _ M

for the symmetric Jacobi and otherwise, a (A1, ) < % for Ay > 20, with for any fixed 8 and large
AL, a (A, ) ~ %. Since always a (A1, 5) < 2A1, we thus get, from , that the symmetric Jacobi
semigroup attains the optimal entropic decay and hypercontractivity rate. We point out that the
explicit expression of the log-Sobolev constant for the symmetric case goes back to Barky in [§].
Although the log-Sobolev constant is not attainable in the other cases, the interweaving relation
described above combined with theorems [§ and [9] enable us to provide the following information
regarding the non-symmetric Jacobi semigroups.

Proposition 25 For any \y > 28 > 1, mg € P((0,1)) and t > 0, we have

E J(ﬂ) < —A—ltE
nt(my t+7-(’\1’5)|y5) < e 2" Ent(molvg)

and

A1
1987, s ol ot < 1 where p(t) = 1+ €3, (42

We close this example by mentioning that in [I6] interweaving relations are established between
the symmetric Jacobi semigroup and a class of non-local and non-self-adjoint Markov semigroups
on the unit interval [0, 1].

3.3 The non-self-adjoint generalized Laguerre semigroups

In this part, we illustrate that the concept of interweaving relation is also useful in the context
of non-reversible and non-local Markov semigroups. More specifically, let P = (FP;)i>0 be the
generalized Laguerre semigroup as introduced and thoroughly studied in [36]. We also refer to
this paper for further details about the objects that will be introduced in this part. It can be
characterized through its infinitesimal generator which takes the form, for a function f smooth,

Ly[f)(z) = 2 f"(x) + (m+1 - =) f'(z) + /Ooo (f(e™¥2) = f(x)) H(z,dy), x>0,

where m > 0 and II(x,dy) = % with I7 a finite non-negative Radon measure on Rt with a

finite first moment, that is II = fooo yII(dy) < co. Observe that, writing p,(x) = 2",z > 0, n € N,
an integration by parts yields
Ly [pnl(x) = ng(n)pn—1(x) — npn(x),

where, for u > 0, we have set

p(u) =u+m+ /Ooo(e“y — 1)1 (u, dy). (43)
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Note that ¢ is a Bernstein function and it is in fact the Laplace exponent of the descending
ladder height process & = (&)i>0 of the spectrally negative Lévy process with Laplace exponent
up(u), see e.g. [26l Sec. 6.5.2]. P admits an unique invariant measure which is an absolutely
continuous probability measure with a density denoted by v. Its law is determined by its integer
moments which are given, for any n € N, by

/000 z"vy(z)dr = Wy(n+1)

where Wy(1) =1 and Wy(n+1) = [[;_; #(k). P extends to a non-self-adjoint strongly continuous
contraction semigroup on L?(v,). Next, let P® = (ﬁt(ﬂ ))tzo denotes the semigroup of the classical
Laguerre process of index 8 > 0 (or dimension 3+ 1) and recall from Section that its generator

is the differential operator
Lgualfl(x) = 2f"(z) + (B+1—2) f'(x), x>0.

P®) is a self-adjoint operator on Lz(yﬁ) where here, for sake of simplicity, we write vg(dz) =
#il)e*xdw, x > 0. We disregard the parameter S when it is 0, that is we simply write P = PO
and v = 1.

Now, according to [36], there exists a multiplicative Markov kernel I, defined by

L[fl(x) = E[f(zly)], x>0, (44)

where I = fooo e~¢tdt with ¢ the subordinator with Laplace exponent the Bernstein function ¢

and, for any n € N,

I'in+1)
Is[pn = ——pn(x), 0. 45
olonl(@) = Gt T (), x> (15)

We also introduce for any 8 > 0, the Markov kernel B%, acting on any bounded Borelian function
f via
xlB

B@) = 7 /0 T H( gy ey, x> 0, (46)

We are ready to state and proof the following.
Proposition 26 For any > II +m, we have

p il p®)
where 7P) is an infinitely divisible variable characterized by
o I'l+p)I'(u+1) _
usp(r(8) e ¢ _< = e %Wt > 0. 47
/0 e (T s) Tt 1) e u (47)
In particular, P(7%) € ds) = (1+ B)(1+logs)?ds,s € (1/e,1). Moreover, for any such 3, we have
A=1,B} and A =Vy (48)

where Vg is a Markov kernel associated to the variable Yg whose distribution is determined by its
moments given by, for anyn € N,

We(n +1)
Valpnl (@) = E [pu(2Y3)] = (1 + B)—2 1D (0, 0. 49
$loa@) = Blpn(a¥3)] = 11+ 9) 1 ), > (19
Finally, we have for any t > 0 and mo € P((0,400)),
Ent(mothrT(g) ‘I/¢) < e_tEnt(m0|1/¢), (50)
and
1P, ol irtog < 1 where p(t) = 1+ ¢t 1)
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Proof: First, we recall from [36, Theorem 7.1| that the following intertwining relationship
Ply, =1,P, t>0, (52)

holds in L2(v). Next, [36, Proposition 4.4] entails that, for any 8 > II +m, ¢g(u) = % is a

Bernstein function and there exists a Markov kernel V3 associated to the positive random variable
Y3 whose moments are given by and determined its law. Moreover, from Lemma 10.2 of the
aforementioned paper, we have, in L2(1/¢,), the following identity
PPy =VsP, t>0. (53)
Then, invoking either [15, Identity (1.c)] or again [36, Theorem 7.1], we have in L2(¢)
~(8 ~
P)Bs = ByP,.

Taking the adjoint, in the weighted Hilbert space, intertwining identity and using the fact that P
(resp. Pt(’B)) is self-adjoint in L?(v) (resp. L?(vg)) yields in L?(vp)

PBY =B (54)
Combining this with entails that in L?(vg)
PIsB; = 1,PBY = 1,B5 P
Finally, this combines with the intertwining relationship yields the identity in L?(vy)
(B
PIsB5Vs =15, B3PV = 1, B5V4 P, (55)
and N ~
PV g14B5 = VBB, (56)
Since from [36, Theorem 7.1(2) and Lemma 8.16], we have that 15 and B} are one-to-one in L2(v)

and L2(vg) respectively, we get that their composition IBj is also one-to-one in L2(vg). Thus, it

remains to show that P, = I¢B;§V5 or, by Theorem equivalently ﬁgﬁ ) = V51¢B2. To justify the
latter identity, we proceed as in the proof of Proposition we have from [36, Theorem 1.22(c)],
that, for any ¢t > 0, the spectrum of P; in LQ(%) is discrete and given by e ™ and each eigenvalue
is simple with for all n € N,

B[P,(z) = e ™ P,(x)

where the polynomials P, are defined via the identity P,(z) = I4[Ln](z), (Ln)n>0 being the
orthonormal sequence of Laguerre polynomials. Thus, we deduce from that

PIsB5V g[Pn] = 1BV s Pi[Pn] = e " 14BEVs[Pul,
that is I¢,BEV5 [P] is proportional to P,. More specifically, recalling that for any n € N,
Bj[pnl(2) = pn(2) + Po-i1(2)

where here and below P,_1(x) stands for a generic polynomial of order n — 1, we deduce from

and that

ValeBalpnl(z) = r(ﬂndjvégndinf (1+8)

I+ 8)I'(n+14+4d)
- F(1+d)F(n+1+ﬁ)p"($)+P”—1(“") (58)

W¢(n + 1)
I'in+1+4pB)

Pn(x) + Ppo1(x) (57)
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and hence

n+1+d)

I+ B)I(
1,B5V3[P, = (). 59
On the other hand, it is well known that ¢g(u) = —log % is a Bernstein function which
corresponds to the Laplace exponent of the positive infinitely divisible variable 7(%) = —log Bg,

where Bg is a beta variable of parameter 8 > 0. Finally, since 3 > II +m > 0, one gets that the
log-Sobolev constant of the classical Laguerre P is 1, see Remark . We complete the proof by
invoking theorems [§ and [0

3.3.1 Subordinate generalized Laguerre semigroups

It is well-known, see e.g. [9], that, for any ¢t > 0, ]St(ﬁ ) is an Hilbert-Schmidt operator in LQ(Vg) that
admits, for any f € L?(vg), the diagonalization

PO =3 e en(B)(f. L), £ (60)
n=0

where the sequence of Laguerre polynomials (1/ cn(ﬁ)ﬁgf ))nzo forms an orthonormal basis of L?(v)
and we recall that .
P =3 ("D
" —~ n—r)rl
and ¢, (8) = I(n+1)I"(B+1)

I'(n+B+1)
compact Markov semigoups yields, for any ¢ > 0 and f € LQ(Vﬁ), the spectral gap estimate

. Moreover, a classical argument based on the spectral theory of reversible

Var,, (é}ﬁ) [ f]) < e Vary, (f) (61)

where, we recall that for a measure v, we have set Var, (f) = ||f — I/[f]HiQ(V). Let us denote by

P = (ﬁ[(ﬁ))tzo the Bochner subordination of P®) by the subordinator (Tt(ﬁ))tzo where 7'1(6) has
the same law than the positive infinitely divisible variable 7(8) defined in Proposition and use
the same notation for the subordinated semigroup P,

Corollary 27 For any § > 0, t > 0, ]3[(‘3) is a self-adjoint Hilbert-Schmidt operator in L?(vg)
that admits, for any f € L?(vg), the diagonalization

PO =S s (£, L9, £ (62)
n=0
and B
Vary, (P77[f]) < (1 +8)7" Vany, () (63)

Moreover, for any 8 > II +m, P s P and for any f € L2(v) and t > 1, we have in L2(v)

PFO1 =3¢ (B) (£, V) Pa (64)
n=0
and for any t >0
Var, (P71f]) < (1+ 8)' = Var, (/) (65)
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Proof: The fact that P™” is self-adjoint in L?(vg) can easily be checked by means of Fubini
theorem as, for any non-negative f,g € L?(vg) and ¢ > 0,

FO gy = [ PO B € ds) = [T POl P € ds
0 0

= (L7 (9,

where we used that P is self-adjoint in L?(vg). Next, one has that for any f € L%*(v3), the
diagonalization

B = /0 P(r?) € ds) B[]
= [TRE d)Y el (.40, £
n=0

2 (”}&?iﬁi’ y 1)> ca(B) (£, L), £

where we used in the second equality and to conclude we combined the identity , the
Stirling formula that yields that for n large enough

Cn+1)I(B+1)

n(B) = I'(n+pB+1)

rp+1n’ (66)

with the fact that P( ) is closed as an Hilbert-Schmidt operator. Next, using the interweaving
relation described in Proposition [26] combined with Theorem I 3| since 7(7) is infinitely divisible, we

get that for any f > II +m, P & P From this relation, we deduce that, for any f € L?(v)

and t > 0,
PLYI] = P“%vﬁ ] = AsBr Va1 (67)
= L+ B)I(n+ 1)) ©)y )
= 4 Z ( I'(n+B8+1) ) cn(B) (Vslf]. £y, >z/[3 Ly, (68)
= ZCZ(B)CTL(/B) (fs Vn)v Pn (69)
n=0

where V, = V3L and A5L5" = 1,B5LY) = 14L, = Pa(z), which completes the proof of the

spectral expansion of PT< ) f for t > 1. The last claim follows from the interweaving relation with

warm-up time 1 and an application of Theorem 28| below by choosing ¢(z) = 2% — 1

4 Proofs of the main results

In the following subsections, we prove the main results about interweaving relations announced in
the introduction.

4.1 Proof of the results from section [1.1]
4.1.1 Proof of Theorem [3

Here we consider warm-up distributions which are infinitely divisible distributions and we construct
via subordination other interweaved Markov semigroups which brought us back to the situation of
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deterministic warm-up times, thus showing Theorem [3] More precisely, assume that 7 is infinitely
divisible. Then there exists a unique convolution semigroup on R™ which determines the transition

kernel of the subordinator (7;);>¢ where 7 @ 7. Given a Markov semigroup P, define the family
of Markov operators @ = (Q¢)+>0 via

Vit>0, Q¢ = P’rt: Ps'rt(ds)
Ry

Q@ is the subordination of P in the sense of Bochner and it is also a Markov semigroup, see e.g. [46,
Chap. 12|. Similarly, given another Markov semigroup P define the Markov semigroup @ :=

(Qe)iz0 = (Pr,)izo. N
As in Theorem l assume an interweaving relation holds between the semigroups P and P with

warm-up distribution 7, that is P 5 p. Denote by A and A the corresponding Markov kernels
between the underlying state spaces V and V Then Figure |1 I leads to the following diagram for all
t>0.

Figure 7: Intertwining relations for () and @
Indeed, by definition, we have A= P, = Q1 and for any t > 0, we get

Qt/l = /]R PS Tt(dS)A
+

= / PsA7y(ds)
Ry

= A]gs T¢(ds)
R4

= AQ
Similarly, we have
Vit>0, QA = A,

and this ends the proof of Theorem [3]

4.1.2 Proof of Theorem [5]

- : : ~ . A = A ~ A A =
The first claim is obvious. Next, if P :P P with P ~ P ~ P, then, clearly P ~ P ~ P. Moreover,
since Markovian intertwining relationship is stable by mixture with a positive measure, we get that

that P7 Av Q7 and as P™ = A/T, we get

A(VI=QT) =0
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A~ A ~V =41 ~
which concludes the proof of by an injectivity argument. Next, if P ~ P ~ P and P Xy PP

AV — AA
then P ~ P ~ P. Moreover, we have

AV AA = AQ"A = AAPT = PTPT = F(L)F(L)

where we used successively that P zP P, pPr rAx PT which itself follows as above from P Av P,

P <p P and the last identity sets a notation. To complete the proof we observe that the product
F'F is the Laplace transform of the sum of the independent random variables 7 + 7.

4.1.3 Proof of Theorem

. . A 5 A V oy v V1 . v VA 5 AVt
First, by since P~ P~ P and P ~ P” and P* '~ P, we easily deduce that P* ~ P '~ P
and we conclude the proof of the first item by observing that VAAV~! = VP, V~1 = PV, Next,
the identities , @D and the second gateway in yield

API = PAI = PIA = IQA = IAP = AIP

]I ~ ~
and the injectivity of A gives that P ~ IP. On can interchange the role of P and P in the previous
I ~ V
sequence of identities to conclude that P ~ IP ~ IP. Next, as above, by stability of intertwining

relation by mixture, we get that P” FA\V P and hence AP™ = P"A = AAA = AIV which concludes
the proof by invoking the injectivity of A.

4.2 Extensions and proofs of the results from Section
4.2.1 Proof of Theorem

Here we extend the statement of Theorem [§ by considering (relative) y-entropies.
Let ¢ : Ry — R, be a convex function such that ¢(1) = 0. The (relative) ¢-entropy of two
probability measures m and v defined on the same state space is given by

d dm
Ent,(mlv) = / ¢<dm> dy+<1_ /d dy> mﬁﬁlﬁf)

where dm/dv stands for the Radon-Nikodym density of m with respect to v. In this definition the
convention 0 - co = 0 is enforced, namely, when m is absolutely continuous with respect to v, the
second term vanishes. When m is not absolutely continuous with respect to v, ie. [ Ccll—?:” dv < 1,
their p-entropy is +oo as soon as limg_, 4o @ = +o00. The case of the usual entropy Ent,(-)
corresponds to the particular function ¢ given by

VoelRy, o(z) = zln(z)—x+1 (70)

Recall the framework of the introduction: P and P are two Markov semigroups, respectively
on the state spaces V' and V. Let A and A be Markov kernels from V to V and from V to V.
We assume that P and P admit invariant probability measures v and v and that vA = v and
7A = v. Estimates in the p-entropy sense on the speed of convergence to equilibrium for P can be
transferred to P with the help of a c.m.i.r.:

Theorem 28 Assume that there exists a interweaving relation from P to P with warm-up distri-
bution T and that

Vi eP(V),¥t>0,  Ent,(moPp) < e(t,Enty(molD)) (71)
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for some function € : Ry x Ry — R, which is non-decreasing with respect to the second variable.
Then we have

VmgeP(V),Vt>0, Enty,(mo Py, |v) < e(t, Enty,(molv)) (72)
where 0y is the translation operator on R.

Remark 29 As in the introduction, for this estimate to be meaningful, one should furthermore
require that

V EeRy, lim ¢(t,E) = 0

t——+o00

Proof of Theorem 2§

Consider E and E two measurable spaces and = a Markov kernel from F to E. Let m and m
be two probability measures on E. As a consequence of Jensen inequality, we have for any convex
function ¢ as above,

Ent,(mZ|mZ) < Ent,(m|m) (73)

(see e.g. [1T]). N
The interweaving relation between P and P implies that for any ¢ > 0, we have

APA = Py
It follows that for any mg € P(V),

Enty,(moPy,(|v) = Enty,(moAPA[DA)
< Enty(moAP|D)

where was applied with m := mo/lﬁt, m:=7and = = A Taking into account , we get

Ent,(moAP|7) < e(t, Enty,(moAlD))
= ¢(t,Enty(moAlvA))
< e(t, Enty,(molv))

where we used again ([73|) with m = mgy, m = v and = = A.
[

The traditional way to deduce a bound such as is via p-Sobolev inequalities. Without
entering into the general theory, let us e.g. consider the case where V' is a finite state space and Pis
generated by an irreducible Markov generator L. Denote A the set of positive functions defined on
V with 7[f] = 1 and assume that ¢ is differentiable on (0, +00) (in particular ¢/(1) = 0). Consider
the energy

VieA  EJLY) = LI (N

(the r.h.s. is always non-negative) and denote

e EULPG)

(0] = P
v red\(iy Enty(f - v[p)
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where 1 is the function only taking the value 1 on V and f - v is the probability on 1% admitting
the density f w.r.t. v. The quantity a,, is non-negative and is called the ¢-Sobolev constant. Then
holds with the function € given by

Vt>0,VE >0, e(t,E) = exp(—ayt)E

This result is obtained by differentiating the quantity Entw(ﬁloﬁtﬁ) with respect to ¢ > 0, for
any fixed mg € 77(\7), and by applying Gronwall lemma. The validity of this approach is very
general, up to the appropriate definition of the domain A.

In the classical case and when the finite generator L is assumed to be furthermore reversible,
the energy is given by

Vied Efm() = 5 3 (Fl) - F@)n(f) - (@) 7@ )

x,yev

and the corresponding constant a is called the modified logarithmic Sobolev constant. It is bounded
below by the usual logarithmic Sobolev constant, obtained by replacing £(f,In(f)) by

WV = 2 (Vi) - Vi@) o) Liz,y)

:c,yef/

in the above definitions. In the diffusion framework, the modified and usual logarithmic Sobolev
constant coincide (for the previous functional analysis assertions, see for instance the book of Ané
et al. [4]).

Let us consider the situation of a deterministic warm-up time: there exists t9p > 0 such that
T = 04, as in Section Assume that (P,v) satisfies a modified logarithmic Sobolev inequality

with constant & > 0, so that for any initial distribution my € P(V'), we have
Vit>0, Ent(m|v) < exp(—at)Ent(mg|v)
Theorem [28] enables to get for (P, v) that for any initial distribution mg € P(V'), we have
Vit>0, Ent,(myy4e|v) < exp(—at)Ent,(mol|v)

Alternatively, taking into account that the relative entropy of the time marginal laws of a Markov
process with respect to its invariant measure is always non-increasing with respect to time (see e.g.
[17]), we get

Vit>0, Ent,(milv) < exp(—a(t — to)4)Enty, (mo|v) (74)

In this bound, the time t¢ clearly appears as a warm-up period. The fact that no contractive
estimate of Ent,(m;|v) can be deduced for t € [0, (] relates to hypocoercive bounds (see e.g.
Villani [48]).

These considerations were illustrated by the classical and discrete examples of Subsection In
Subsection [3.3] we presented a interweaving relation with a random warm-up time between jump
Laguerre processes and classical Laguerre processes. It enables to get estimates on convergence
to equilibrium in entropy sense for non-reversible jump processes without the a priori knowledge
of corresponding modified logarithmic Sobolev inequalities. It shows the applicative potential of
c.am.i.r.

Remark 30 In general, it is not possible to deduce from a bound such as an estimate on
Ent,, (moP;|v) for given large t > 0, except in the case of a deterministic warm-up time. Indeed,
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consider P the deterministic semigroup generated on the circle T := R/(27Z) by the usual derivation
0. Starting from zy € T, the position at time ¢ > 0 of an associated Markov process is zg + ¢ [27].
The associated invariant measure v is the uniform distribution over T. Let 7 be the uniform
distribution over [0,27]. For any ¢ > 0, we have Ent,(moPp,(r)|v) = 0 for any initial distribution
mg, while Ent,,(moP;|v) = +0o when mg is a Dirac mass.

Remark 31 Another approach to convergence to equilibrium is based on strong stationary times,
see Aldous and Diaconis [2] and Diaconis and Fill [19] for seminal works about this alternative
point of view. It is more probabilistic in spirit, since it constructs stopping times 7 such that the
position of the underlying Markov process is at equilibrium and independent from 7. Furthermore,
it is an important motivation for the investigation of intertwining relations. Thus it is natural to
wonder if interweaving relations enable the transfer of strong stationary times. Unfortunately we
did not find a satisfactory procedure, especially when the warm-up distribution is not a Dirac mass.
Nevertheless, strong stationary times are often used due to their close relation to the convergence
to equilibrium in the separation sense (see e.g. Diaconis and Fill [19]), and interweaving relations
enable to directly transfer corresponding estimates.

Recall that the separation discrepancy s(m, ) between two probability measures m and v on
the same state space is defined as

d
s(m,v) = esssupl— an

v dv

The separation discrepancy is in fact a limit case of p-entropies. More precisely, for p > 1 |
consider the convex mapping

VreRy, op(x) = (1—a)t

where (-)4 stands for the non-negative part. It is not difficult to show that for any probability
measures m and v on the same state space, we have

. 1/p
pgrfoo (Enty, (m,v)) = s(m,v)

This result in conjunction with Theorem [§ show that we can transfer separation estimates
through c.m.i.r. More precisely, assume that we have a interweaving relation with warm-up distri-
bution 7 between the ergodic semigroups P and P, with invariant probability v and v. Let mg be
an initial distribution on V and denote mg := mgA. Assume that we have a function € : Ry — R,
such that

V>0, s(moP,D) < &)
Since we have for any p > 1 and any probability measure m on 17,
Ent,, (m,v) < s(m,v)?
Theorem [§] implies that
Vp>1,Vt>0, Enty, (moPy,ry,v) < &(t)F
It remains to take the power 1/p and to let p go to infinity to get
Vit>0, s(moPy,(r),v) < E(t)

which corresponds to the wanted separation estimate transfer.
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4.3 Hyperboundedness

As in the previous subsection, the underlying principle for the transfer of hyperboundedness via
interweaving relations is convexity, so that the Orlicz spaces are the natural framework here, not
only the L? spaces, for p > 2, as stated in Theorem [9

Let us recall the notion of Orlicz spaces (for a general introduction, see for instance the book
of Rao and Ren [43]). Let ¢ : R — R be a Young function: it is a even convex function ¢ # 0
satisfying ¢(0) = 0. When F is a measurable space endowed with a probability measure m, the
Orlicz space L¥(m) is the vector space of measurable functions f : E — R such that

IfllLemy = inf{r>0: /go(f/'r) dm <1}

is finite. The quantity H-Hw(m) defines a norm on L¥(m), when the functions are identified up to
a m-negligible set. The key property of Orlicz spaces we will need is:

Lemma 32 Consider A a Markov kernel from E to another measurable space Ev Let m be the
image of the probability measure m on E by A. For any measurable function f : E — R, we have

AU oy < 1l

Proof: This is an immediate consequence of convexity. Indeed, by Jensen’s inequality, we have
m-a.s. and for any r > 0,

e(ALf/r]) < Alp(f/r)]

Integrating with respect to m, we get
[ Atets /)

[ etais ey am
= [ ets/n ai

and it remains to take the infimum of the 7 > 0 such that [ ¢(f/r)dm <1 to get the announced
result.

IA

As in the introduction, let be given P a Markov semigroup from V' to V and P a Markov
semigroup from V to V. Assume that v and ¥ are respectively invariant probability measures for
P and P and that an interweaving relation holds, as described in Figure |1 I with Markov kernels
A from V to V and A from V to V, as well as warm-up distribution 7. As usual, vA and A
are respectively invariant for P and P. In case of non-uniqueness of these invariant probability
measures, we furthermore assume that v = vA and v = 7A. Here is an extension of Theorem

Theorem 33 Assume that for some time T > 0 and some Young function p, we have in the
operator norm

HUBTWL2(;)—>L¢(§) <1 (75)

Then we get

IPrsrllrep)—srew) < 1 (76)
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Proof: As in the proof of Theorem the starting point is
APrA = Pry,

It follows that

IN

I Prirllve)—rew) I Alle @)—re ) 1PrllLz @) —1e @) I Al ) -2 @)

IN

IAlLe @) —ve @) 1 AlL2 ) —12)

Lemma [32| applied with m = v and m = ¥ (recall that vA = ) implies that

IAlLe ) —re@w) = 1

Considering the Young function R > = 22, Lemma [32| applied with m = ¥ and m = v (recall
that vA = v) implies that

14 lep)sree = 1

concluding the proof of the wanted bound.

Theorem [9]is a consequence of Theorem [28] applied, for fixed ¢ > 0, with 7' = ¢ and

o : Rz — P

Note that due to the warm-up distribution, it is not possible to deduce from the conclusion of
Theorem |§| that the semigroup P satisfies a logarithmic Sobolev inequality (for the classical links
between the latter inequality and hypercontractivity, again see e.g. Ané et al. [4]).

4.4 Proof of Theorem [10

Assume first that a cut-off phenomenon occurs for the family (P™),cz +» with cut-off times
(™) ez, , and let us show the same is true for (P™),cz, .

Consider the Young function R 3 x — |z — 1|. The associated entropy between the probability
measures m and v is just twice the total variation

d d
2l = [ || a1 [

The proof of Theorem [28 with this particular Young function shows that for any n € Z,

< ||modp™ - v

tv

Vt>0,Vmg e PV, Hmoﬁ("> Q)

tv
< ()

where 2() is given in . Considering a similar definition of 9™ for the semigroup p®) , we obtain

vi>0, a™eM 1y < o™
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Taking into account that for any n € Z,, the function (™ is non-increasing, we deduce from the
cut-off phenomenon for P and from that for any r > 0,

Tm 2™ ((1+r)t™) < Tim 3™ (" + (1 + r/2)t™)

n—o0 n—oo

< lim 9™ ((1 +r/2)t™)

- n—ox

= 0

For the other point in the definition of the cut-off phenomenon, assume by contradiction that
for some 1 € (0,1), we have

lim 3 (1 —r)t™) < 1 (77)

n—oo

By the assumed symmetry of the interweaving relations between the sequence (P(”))nez . and
(P™),cz, , we show as above that

ve>0,  am@M 41 < @)

Taking into account that for any n € Z,, the function ?(") is non-increasing, we deduce from
and from that

lim 2 ((1—r/2)t™) < lim o™ (¢t + (1 — ro)t™)

n—oo

n—o0

< lim (1 - ro)t™)
n—oo

< 1

which is in contradiction with the cut-off phenomenon for the family (P("))nez .- Thus we get that
for any r € (0,1),

lim 0™ ((1—r)t™) = 1

n—oo
and this ends the proof that a cut-off phenomenon occurs for the family (P(n))neZ . with cut-off
times (t(”))nez+.

The remaining claims of Theorem [10| are proven by a similar line of reasoning.
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