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ABSTRACT. The Rado graph, also known as the random graph Gp8, pq, is a
classical limit object for finite graphs. We study natural ball walks as a way of
understanding the geometry of this graph. For the walk started at i, we show that
order log˚2 i steps are sufficient, and for infinitely many i, necessary for conver-
gence to stationarity. The proof involves an application of Hardy’s inequality for
trees.

1. INTRODUCTION

The Rado graph R is a natural limit of the set of all finite graphs (Fraissé limit,
see Section 2.1). In Rado’s construction, the vertex set is N “ t0, 1, 2, . . .u. There
is an undirected edge from i to j if i ă j and the ith binary digit of j is a one
(where the 0th digit is the first digit from the right). Thus, 0 is connected to all odd
numbers, 1 is connected to 0 and all j which are 2 or 3 (mod 4) and so on. There are
many alternative constructions. For p P p0, 1q, connecting i and j with probability
p gives the Erdős–Rényi graph Gp8, pq, which is (almost surely) isomorphic to R.
Further constructions are in Section 2.1.

Let pQpjqq0ďjă8 be a positive probability on N (so, Qpjq ą 0 for all j, and
ř8
j“0Qpjq “ 1). We study a ‘ball walk’ on R generated by Q:

From i P N, pick j P Npiq with probability proportional to Qpjq,
where Npiq “ tj : j „ iu is the set of neighbors of i in R.

Thus, the probability of moving from i to j in one step is

Kpi, jq “

#

Qpjq{QpNpiqq if i „ j,

0 otherwise.
(1.1)

As explained below, this walk is connected, aperiodic and reversible, with station-
ary distribution

πpiq “
QpiqQpNpiqq

Z
, (1.2)

where Z is the normalizing constant.
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It is natural to study the mixing time — the rate of convergence to stationarity.
The following result shows that convergence is extremely rapid. Starting at i P N,
order log˚2 i steps suffice, and for infinitely many i, are needed.

Theorem 1.1. LetQpjq “ 2´pj`1q, 0 ď j ă 8. ForKpi, jq and π defined at (1.1)
and (1.2) on the Rado graph R,

(1) for universal A,B ą 0,

}K`
i ´ π} ď Aelog

˚
2 ie´B`

for all i P N, ` ě 1, and

(2) for universal C ą 0, if 2pkq “ 22
¨¨
¨2

is the tower of 2’s of height k,

}K`
2pkq ´ π} ě C

for all ` ď k. Here }K`
i ´ π} “

1
2

ř8
j“0 |K

`pi, jq ´ πpjq| is the total vari-
ation distance and log˚2 i is the number of times log2 needs to be applied,
starting from i, to get a result ď 1.

The proofs allow for some variation in the measure Q. They also work for the
Gp8, pq model of R, though some modification is needed since then K and π are
random.

Theorem 1.1 answers a question in Diaconis and Malliaris [8], who proved the
lower bound. Most Markov chains on countable graphs restrict attention to locally
finite graphs [25]. For Cayley graphs, Bendikov and Saloff-Coste [1] begin the
study of more general transitions and point out how few tools are available. See
also [12, 20]. Studying the geometry of a space (hereR) by studying the properties
of the Laplacian (here I ´K) is a classical pursuit (“Can you hear the shape of a
drum?”) — see [16].

Section 2 gives background on the Rado graph, Markov chains and ball walks,
and Hardy’s inequalities. Section 3 gives preliminaries on the behavior of the
neighborhoods of the Gp8, pq model. The lower bound in Theorem 1.1 is proved
in Section 4. Both Sections 3 and 4 give insight into the geometry of R. The upper
bound on Theorem 1.1 is proved by proving that the Markov chainK has a spectral
gap. Usually, a spectral gap alone does not give sharp rates of convergence. Here,
for any start i, we show the chain is in a neighborhood of 0 after order log˚2 i steps.
Then the spectral gap shows convergence in a bounded number of further steps.
This argument works for both models of R. It is given in Section 5.

The spectral gap for the Gp8, pq model is proved in Section 6 using a version
of Cheeger’s inequality for trees. For Rado’s binary model, the spectral gap is
proved by a novel version of Hardy’s inequality for trees in Section 7. This is the
first probabilistic application of this technique, which we hope will be useful more
generally. There are two appendices containing technical details for the needed
versions of Cheeger’s and Hardy’s inequalities.

Acknowledgments: We thank Peter Cameron, Maryanthe Malliaris, Sebastien
Martineau, Yuval Peres, and Laurent Saloff-Coste for their help.
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2. BACKGROUND ON R, MARKOV CHAINS, AND HARDY’S INEQUALITIES

2.1. The Rado graph. A definitive survey on the Rado graph (with full proofs) is
in Peter Cameron’s fine article [6]. We have also found the Wikipedia entry on the
Rado graph and Cameron’s follow-up paper [7] useful.

In Rado’s model, the graphR has vertex set N “ t0, 1, 2, . . .u and an undirected
edge from i to j if i ă j and the ith digit of j is a one. There are many other
constructions. The vertex set can be taken as the prime numbers that are 1 (mod 4)
with an edge from p to q if the Legendre symbol ppq q “ 1. In [8], the graph appears
as an induced subgraph of the commuting graph of the group Up8, qq — infinite
upper-triangular matrices with ones on the diagonal and entries in Fq. The vertices
are points of Up8, qq. There is an edge from x to y if and only if the commutator
x´1y´1xy is zero. The infinite Erdős–Rényi graphs Gp8, pq are almost surely
isomorphic to R for all p, 0 ă p ă 1.

The graph R has a host of fascinating properties:

‚ It is stable in the sense that deleting any finite number of vertices or edges
yields an isomorphic graph. So does taking the complement.

‚ It contains all finite or countable graphs as induced subgraphs. Thus, the
(countable) empty graph and complete graphs both appear as induced sub-
graphs.

‚ The diameter of R is two — consider any i ‰ j P N and let k be a binary
number with ones in positions i and j and zero elsewhere. Then i „ k „ j.

‚ Each vertex is connected to “half” of the other vertices: 0 is connected to
all the odd vertices, 1 to 0 and all numbers congruent to 2 or 3 (mod 4),
and so on.

‚ R is highly symmetric: Any automorphism between two induced sub-
graphs can be extended to all of R (this is called homogeneity). The auto-
morphism group has the cardinality of the continuum.

‚ R is the “limit” if the collection of all finite graphs (Fraissé limit). Let us
spell this out. A relational structure is a set with a finite collection of re-
lations (we are working in first order logic without constants or functions).
For example, Q with x ă y is a relational structure. A graph is a set with
one symmetric relation. The idea of a “relational sub-structure” clearly
makes sense. A class C of structures has the amalgamation property if for

any A,B1, B2 P C with embeddings A f1
Ñ B1 and A f2

Ñ B2, there exists
C P C and embeddings B1

g1
Ñ C and B2

g2
Ñ C such that g1f1 “ g2f2.

A countable relational structure M is homogeneous if any isomorphism
between finite substructures can be extended to an automorphism of M .
Graphs and Q are homogeneous relational structures. A class C has the
joint embedding property if for any A,B P C there is a C P C so that A
and B are embeddable in C.

Theorem 2.1 (Fraissé). Let C be a countable class of finite structures with
the joint embedding property and closed under ‘induced’ isomorphism
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with amalgamation. Then there exists a unique countable homogeneous
M with C as induced substructures.

The rationals Q are the Fraissé limit of finite ordered sets. The Rado
graph R is the Fraissé limit of finite graphs. We have (several times!)
been told “for a model theorist, the Rado graph is just as interesting as the
rationals”.

There are many further, fascinating properties of R; see [6].

2.2. Markov chains. A transition matrix Kpi, jq, 0 ď i, j ă 8, Kpi, jq ě 0,
ř8
j“0Kpi, jq “ 1 for all i, 0 ď i ă 8, generates a Markov chain through its

powers

K`pi, jq “
8
ÿ

k“0

Kpi, kqK`´1pk, jq.

A probability distribution πpiq, 0 ď i ă 8, is reversible for K if

πpiqKpi, jq “ πpjqKpj, iq for all 0 ď i, j ă 8. (2.1)

Example 2.2. With definitions (1.1), (1.2) on the Rado graph, if i „ j,

πpiqKpi, jq “
QpiqQpNpiqq

Z

Qpjq

QpNpiqq
“
QpiqQpjq

Z
“ πpjqKpj, iq.

(Both sides are zero if i  j.)

In the above example, we think ofKpi, jq as a ‘ball walk’: From i, pick a neigh-
bor j with probability proportional to Qpjq and move to j. We initially found the
neat reversible measure surprising. Indeed, we and a generation of others thought
that ball walks would have Q as a stationary distribution. Yuval Peres points
out that, given a probability Qpjq on the vertices, assigning symmetric weight
QpiqQpjq to i „ j gives this K for the weighted local walk. A double ball walk
— “from i, choose a neighbor j with probability proportional to Qpjq, and from
j, choose a neighbor k with probability proportional to Qpkq{QpNpkqq” — results
in a reversible Markov chain with Q as reversing measure. Note that these double
ball walks don’t require knowledge of normalizing constants. All of this suggests
ball walks as reasonable objects to study.

Reversibility (2.1) shows that π is a stationary distribution for K:
8
ÿ

i“0

πpiqKpi, jq “
8
ÿ

i“0

πpjqKpj, iq “ πpjq
8
ÿ

i“0

Kpj, iq “ πpjq.

In our setting, since the Rado graph has diameter 2, the walk is connected. It is easy
to see that it is aperiodic. Thus, the π in (1.2) is the unique stationary distribution.
Now, the fundamental theorem of Markov chain theory shows, for every starting
state i, K`pi, jq Ñ πpjq as `Ñ8, and indeed,

lim
`Ñ8

}K`
i ´ π} “ 0.
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Reversible Markov chains have real spectrum. Say that pK,πq has a spectral gap
if there is A ą 0 such that for every f P `2pπq,

ÿ

i

pfpiq ´ fq2πpiq ď A
ÿ

i,j

pfpiq ´ fpjqq2πpiqKpi, jq, (2.2)

where f “
ř8
i“0 fpiqπpiq. (Then the gap is at least 1{A.) For chains with a

spectral gap, for any i,

4}K`
i ´ π}

2 ď
1

πpiq

ˆ

1´
1

A

˙2`

. (2.3)

Background on Markov chains, particularly rates of convergence, can be found in
the readable book of Levin and Peres [19]. For the analytic part of the theory,
particularly (2.2) and (2.3), and many refinements, we recommend [23].

There has been a healthy development in Markov chain circles around the theme
‘How does a Markov chain on a random graph behave?’. One motivation being,
‘What does a typical convergence rate look like?’. The graphs can be restricted
in various natural ways (Cayley graphs, regular graphs of fixed degree or fixed
average degree, etc.). A survey of by now classical work is Hildebrand’s survey
of ‘random-random walks’ [14]. Recent work by Bordenave and coauthors can be
found from [4, 5]. For sparse Erdős–Rényi graphs, there is remarkable work on the
walk restricted to the giant component. See [22], [11] and [3].

It is worth contrasting these works with the present efforts. The above results
pick a neighbor uniformly at random. In the present paper, the ball walk drives the
walk back towards zero. The papers above are all on finite graphs. The Makov
chain of Theorem 1.1 makes perfect sense on finite graphs. The statements and
proofs go through (with small changes) to show that order log˚2 i steps are necessary
and sufficient. (For the uniform walk on Gpn, 1{2q, a bounded number of steps
suffice from most initial states, but there are states from which log˚2 n steps are
needed.)

2.3. Hardy’s inequalities. A key part of the proof of Theorem 1.1 applies Hardy’s
inequalities for trees to prove a Poincaré inequality (Cf. (2.2)) and hence a bound
on the spectral gap. Despite a large expository literature, Hardy’s inequalities re-
main little known among probabilists. Our application can be read without this
expository section but we hope that some readers find it useful. Extensive further
references, trying to bridge the gap between probabilists and analysts, is in [17].

Start with a discrete form of Hardy’s original inequality [13, pp. 239–243]. This
says that if an ě 0, An “ a1 ` ¨ ¨ ¨ ` an, then

8
ÿ

n“1

A2
n

n2
ď 4

8
ÿ

n“1

a2n,

and the constant 4 is sharp. Analysts say that “the Hardy operator taking tanu to
tAn{nu is bounded from `2 to `2”. Later writers showed how to put weights in. If
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µpnq and νpnq are positive functions, one aims for
8
ÿ

n“1

A2
nµpnq ď A

8
ÿ

n“1

a2nνpnq,

for an explicit A depending on µpnq and νpnq. If µpnq “ 1{n2 and νpnq “ 1, this
gives the original Hardy inequality.

To make the transition to a probabilistic application, take apnq “ gpnq´gpn´1q
for g in `2. The inequality becomes

8
ÿ

n“1

gpnq2µpnq ď A
8
ÿ

n“1

pgpnq ´ gpn´ 1qq2νpnq. (2.4)

Consider a ‘birth and death chain’ which transits from j to j ` 1 with probability
bpjq and from j to j ´ 1 with probability dpjq. Suppose that this has stationary
distribution µpjq and that

ř

j gpjqµpjq “ 0. Set νpjq “ µpjqdpjq. Then (2.4)
becomes (following simple manipulations)

Varpgq ď A
ÿ

j,k

pgpjq ´ gpkqq2µpjqKpj, kq (2.5)

with Kpj, kq the transition matrix of the birth and death chain. This gives a
Poincaré inequality and spectral gap estimate.

A crucial ingredient for applying this program is that the constant A must be
explicit and manageable. For birth-death chains, this is indeed the case. See [21]
or the applications in [9].

The transition from (2.4) to (2.5) leans on the one-dimensional setup of birth-
death chains. While there is work on Hardy’s inequalities in higher dimensions,
it is much more complex; in particular, useful forms of good constants A seem
out of reach. In [21], Miclo has shown that for a general Markov transition matrix
Kpi, jq, a spanning tree with the graph underlying K can be found. There is a
useful version of Hardy’s inequality for trees due to Evans, Harris and Pick [10].
This is the approach developed in Section 7 below which gives further background
and details.

Is approximation by trees good enough? There is some hope that the best tree is
good enough (see [2]). In the present application, the tree chosen gives the needed
result.

2.4. The log˚ function. Take any a ą 1. The following is a careful definition of
log˚a x for x ě 0. First, an easy verification shows that the map x ÞÑ plog xq{x on
p0,8q is unimodal, with a unique maximum at x “ e (where its value is 1{e), and
decaying to ´8 as x Ñ 0 and to 0 as x Ñ 8. Thus, if a ą e1{e, then for any
x ą 0,

loga x “
log x

log a
ď

x

e log a
ă x.

Since loga is a continuous map, this shows that if we start with any x ą 0, iter-
ative applications of loga will eventually lead to a point in p0, aq (because there
are no fixed points of loga above that, by the above inequality), and then another
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application of loga will yield a negative number. This allows us to define log˚a x
as the minimum number of applications of loga, starting from x, that gets us a
nonpositive result.

If a ď e1{e, the situation is a bit more complicated. Here, log a ď 1{e, which is
the maximum value of the unimodal map x ÞÑ plog xq{x. This implies that there
exist exactly two points 0 ă ya ď xa that are fixed points of loga (with ya “ xa if
a “ e1{e). Moreover, loga x ă x if x R rya, xas, and loga x ě x if x P rya, xas.
Thus, the previous definition does not work. Instead, we define log˚a x to be the
minimum number of applications of loga, starting from x, that leads us to a result
ď xa. In both cases, defining log˚a 0 “ 0 is consistent with the conventions. Note
that log˚a x ě 0 for all x ě 0.

3. THE GEOMETRY OF THE RANDOM MODEL

Throughout this section the graph is Gp8, 1{2q — an Erdős–Rényi graph on
N “ t0, 1, 2, . . .u with probability 1{2 for each possible edge. From here on, we
will use the notation N` to denote the set t1, 2, . . .u of strictly positive integers.
Let Qpxq “ 2´px`1q for x P N. The transition matrix

Kpx, yq “
Qpyq

QpNpxqq
1tyPNpxqu

and its stationary distribution πpxq “ Z´1QpxqQpNpxqq are thus random vari-
ables. Note that Npxq, the neighborhood of x, is random. The main result of this
section shows that this graph, with vertices weighted by Qpxq, has its geometry
controlled by a tree rooted at 0. This tree will appear in both lower and upper
bounds on the mixing time for the random model.

To describe things, let ppxq “ minNpxq (p is for ‘parent’, not to be confused
with the edge probability p in Gp8, pq). We need some preliminaries about the
mapping p.

Lemma 3.1. Let B be the event that for all x P N`, ppxq ă x. Then we have that
PpBq ě 1{4.

Proof. Denote

E B ttx, yu : x ‰ y P Nu,
and for any e P E, consider

Be “ 1Epeq,

where E is the set of edges in Gp8, 1{2q, so that pBeqePE is a family of indepen-
dent Bernoulli variables of parameter 1{2.

For x P N`, define Ax the event that x is not linked in G to a smaller vertex.
Namely, we have formally

Ax B
č

yPJ0,x´1K

tBty,xu “ 0u,

where J0, x´ 1K :“ t0, 1, . . . , x´ 1u. Note that the family pAxqxPN` is indepen-
dent, and in particular, its events are pairwise independent. We are thus in position
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to apply Kounias–Hunter–Worsley bounds [15, 18, 26] (see also the survey [24]),
to see that for any n P N`,

P
ˆ

ď

xPJ1,nK

Ax

˙

ď min

"

ÿ

xPJ1,nK

PpAxq ´ PpA1q
ÿ

yPJ2,nK

PpAyq, 1
*

,

where we used that

PpA1q ě PpA2q ě ¨ ¨ ¨ ě PpAnq,

which holds because

@ x P N`, PpAxq “
ź

yPJ0,x´1K

PpBty,xuq “
1

2x
.

We deduce that

P
ˆ

ď

xPJ1,nK

Ax

˙

ď min

"

ÿ

xPJ1,nK

1

2x
´

1

2

ÿ

yPJ2,nK

1

2y
, 1

*

“
1

2
`

1

4
´

1

2n`1
.

Letting n tends to infinity, we get

P
ˆ

ď

xPN`

Ax

˙

ď
3

4
.

To conclude, note that

Bc “
ď

xPN`

Ax.

�

Remark 3.2. Assume that instead of 1{2, the edges of E belong to E with proba-
bility p P p0, 1q (still independently), the corresponding notions receive p in index.
The above computations show

PppBq ě 1´ p2´ 3p` p2q ^ 1,

so that PppBq goes to 1 as p goes to 1, but this bounds provides no information for
p P p0, p3´

?
5q{2s.

In fact the above observation shows that the Kounias–Hunter–Worsley bound is
not optimal, at least for small p ą 0. So let us give another computation of PppBq:

Lemma 3.3. Consider the situation described in Remark 3.2, with p P p0, 1q. We
have

PppBq “

ˆ

ÿ

nPN
ppnqp1´ pqn

˙´1

where ppnq is the number of partitions of n. In particular PpBq ą 0 for all p P
p0, 1q.
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Proof. Indeed, we have

B “
č

xPN`

Ac
x,

so that by independence of the Ax, for x P N`,

PppBq “
ź

xPN`

PpAc
xq

“

ˆ

ź

xPN`

1

1´ p1´ pqx

˙´1

“

ˆ

ź

xPN`

ÿ

nPN
p1´ pqxn

˙´1

Let N be the set of sequences of integers pnlqlPN` with all but finitely many el-
ements equal to zero. Applying the distributive law to the above expression, we
have

PppBq “

ˆ

ÿ

pnlqlPN`PN

ź

xPN`

p1´ pqxnx

˙´1

“

ˆ

ÿ

nPN
ppnqp1´ pqn

˙´1

(3.1)

where ppnq is the number of ways to write n as
ř

xPN` xnx, with pnlqlPN` P

N . �

Consider the set of edges

F B ttx, ppxqu : x P N`u

and the corresponding graph T B pN, F q. Under B, it is clear that T is a tree. But
this is always true:

Lemma 3.4. The graph T is a tree.

Proof. The argument is by contradiction. Assume that T contains a cycle, say
pxlqlPZn with n ě 3. Let us direct the a priori unoriented edges txl, xl`1u, for
l P Zn, by putting an arrow from xl to xl`1 (respectively from xl`1 to xl) if
ppxlq “ xl`1 (resp. ppxl`1q “ xl). Note that we either have

@ l P Zn, xl Ñ xl`1, (3.2)

or

@ l P Zn, xl`1 Ñ xl,

because otherwise there would exist l P Zn with two arrows exiting from xl, a
contradiction. Up to reindexing pxlqlPZn as px´lqlPZn , we can assume that (3.2)
holds.
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Fix some l P Zn. Since ppxlq “ xl`1, we have xl P Npxl`1q, so xl`2 “
ppxl`1q ď xl. Due to the fact that xl ‰ xl`2 (recall that n ě 3), we get xl`2 ă xl.
Starting from x0 and iterating this relation (in a minimal way, n{2 times if n is
even, or n times if n is odd), we obtain a contradiction: x0 ă x0. Thus, T must be
a tree. �

Let us come back to the case where p “ 1{2. The following result gives an idea
of how far ppxq is from x, for x P N`.

Lemma 3.5. Almost surely, there exist only finitely many x P N` such that ppxq ą
2 log2p1` xq. In particular, a.s. there exists a (random) finite C ě 2 such that

@ x P N`, ppxq ď C log2p1` xq.

Proof. The first assertion follows from the Borel–Cantelli lemma, as follows. For
any x P N`, consider the event

Ax B tppxq ą 2 log2p1` xqu.

Denoting t¨u the the integer part, we compute
ÿ

xPN`

PpAxq “
ÿ

xPN`

PpBt0,xu “ 0, Bt1,xu “ 0, ..., Btt2 log2p1`xqu,xu “ 0q

“
ÿ

xPN`

1

21`t2 log2p1`xqu

ď
ÿ

xPN`

1

p1` xq2

ă `8.

Having shown that a.s. there exists only a finite number of integers x P N` satis-
fying ppxq ą 2 log2p1` xq, denote these points as x1, ..., xN , with N P N. To get
the second assertion, it is sufficient to take

C B max

"

ppxlq

logp1` xlq
: l P J1, NK

*

,

with the convention that C B 2 if N “ 0. �

4. THE LOWER BOUND

The lower bound in Theorem 1.1, showing that order log˚2 i steps are necessary
for infinitely many i is proved in [8] for the binary model of the Rado graph and we
refer there for the proof. A different argument is needed for the Gp8, 1{2q model.
This section gives the details (see Theorem 4.1 below).

Let µ be the stationary distribution of our random walk on Gp8, 1{2q (with
Qpjq “ 2´pj`1q, as in Theorem 1.1), given a realization of the graph. Note that µ
is random. For each x P N, let τx be the mixing time of the walk starting from x,
that is, the smallest n such that the law of the walk at time n, starting from x, has
total variation distance ď 1{4 from µ. Note that the τx’s are also random.
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Theorem 4.1. Let τx be as above. Then with probability one,

lim sup
xÑ8

τx
log˚16 x

ě 1.

Equivalently, with probability one, given any ε ą 0, τx ě p1 ´ εq log˚16 x for
infinitely many x.

We need the following lemma.

Lemma 4.2. With probability one, there is an infinite sequence x0 ă x1 ă x2 ă
¨ ¨ ¨ P N such that:

(1) For each i, xi`1 is connected to xi by an edge, but not connected by an
edge to any other number in t0, 1, . . . , 2xi ´ 1u.

(2) For each i, 23xi ď xi`1 ď 23xi`1 ´ 1.

Proof. Define a sequence y0, y1, y2, . . . inductively as follows. Let y0 be an arbi-
trary element of N. For each i, let yi`1 be the smallest element in t23yi , 23yi `
1, . . . , 23yi`1´1u that has an edge to yi, but to no other number in t0, 1, . . . , 2yi´
1u. If there exists no such number, then the process stops. Let Ai be the event that
yi exists. Note that A0 Ě A1 Ě A2 Ě ¨ ¨ ¨ .

Let F pxq :“ 23x and Gpxq :“ 23x`1´1. Let a0 “ b0 “ y0, and for each i ě 1,
let

ai :“ F ˝ F ˝ ¨ ¨ ¨ ˝ F
loooooooomoooooooon

i times

py0q, bi :“ G ˝G ˝ ¨ ¨ ¨ ˝G
loooooooomoooooooon

i times

py0q.

Since 23yi ď yi`1 ď 23yi`1´1 for each i, it follows by induction that ai ď yi ď bi
for each i (if yi exists).

Now fix some i ě 1. Since the event Ai´1 is determined by y1, . . . , yi´1, and
these random variables can take only finitely many values (by the above paragraph),
we can write Ai´1 as a finite union of events of the form ty1 “ c1, . . . , yi´1 “
ci´1u, where c1 ă c2 ă ¨ ¨ ¨ ă ci´1 P N.

Now note that for any c1 ă ¨ ¨ ¨ ă ci´1, the event Ai X ty1 “ c1, . . . , yi´1 “
ci´1u happens if and only if ty1 “ c1, . . . , yi´1 “ ci´1u happens and there is some
y P t23ci´1 , 23ci´1 ` 1, . . . , 23ci´1`1 ´ 1u that has an edge to ci´1, but to no other
number in t0, . . . , 2ci´1 ´ 1u. The event ty1 “ c1, . . . , yi´1 “ ci´1u is in Fci´1 ,
where Fx denotes the σ-algebra generated by the edges between all numbers in
t0, . . . , xu. On the other hand, on the event ty1 “ c1, . . . , yi´1 “ ci´1u, it is not
hard to see that

PpAi|Fci´1q “ 1´ p1´ 2´2ci´1q2
3ci´1

.

Thus,

PpAi X ty1 “ c1, . . . , yi´1 “ ci´1uq

“ Ppy1 “ c1, . . . , yi´1 “ ci´1qp1´ p1´ 2´2ci´1q2
3ci´1

q

ě Ppy1 “ c1, . . . , yi´1 “ ci´1qp1´ e
´2ci´1

q,

where in the last step we used the inequality 0 ď 1 ´ x ď e´x (which holds for
all x P r0, 1s). Note that the term inside the parentheses on the right side is an
increasing function of ci´1, and the maximum possible value of yi´1 is bi´1. Thus,
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summing both sides over all values of c1, . . . , ci´1 such that ty1 “ c1, . . . , yi´1 “
ci´1u Ď Ai´1, we get

PpAiq “ PpAi XAi´1q ě PpAi´1qp1´ e´2
bi´1
q.

Proceeding inductively, this gives

PpA1 X ¨ ¨ ¨ XAiq ě
i´1
ź

k“0

p1´ e´2
bk
q.

Taking iÑ8, we get

PpBq ě
8
ź

k“0

p1´ e´2
bk
q,

where

B :“
8
č

k“1

Ak.

Now recall that the event B, as well as the numbers b0, b1, . . ., are dependent on
our choice of y0. To emphasize this dependence, let us write them as Bpy0q and
bkpy0q. Then by the above inequality,

ÿ

y0PN
PpBpy0qcq ď

ÿ

y0PN

ˆ

1´
8
ź

k“0

p1´ e´2
bkpy0q

q

˙

,

where Bpy0qc denotes the complement of Bpy0q. Due to the extremely rapid
growth of bkpy0q as k Ñ 8, and the fact that b0py0q “ y0, it is not hard to see
that the right side is finite. Therefore, by the Borel–Cantelli lemma, Bpy0qc hap-
pens for only finitely many y0 with probability one. In particular, with probability
one, Bpy0q happens for some y0. This completes the proof. �

We can now prove Theorem 4.1.

Proof of Theorem 4.1. Fix a realization of Gp8, 1{2q. Let x be so large that

µprx,8qq ă
1

10
,

and
8
ź

k“1

p1´ 2´akpxq`1q ě
9

10
.

Let x0, x1, x2, . . . be a sequence having the properties listed in Lemma 4.2 (which
exists with probability one, by the lemma). Discarding some initial values if neces-
sary, let us assume that x0 ą x. By the listed properties, it is obvious that xi Ñ8

as iÑ8. Thus, to prove Theorem 4.1, it suffices to prove that

lim inf
iÑ8

τxi
log˚16 xi

ě 1. (4.1)

We will now deduce this from the properties of the sequence.
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Suppose that our random walk starts from xi for some i ě 1. Since xi connects
to xi´1 by an edge, but not to any other number in t0, . . . , 2xi´1 ´ 1u, we see that
the probability of the walk landing up at xi´1 in the next step is at least

1´
1

2´xi

8
ÿ

k“2xi

2´k “ 1´ 2´xi`1.

Proceeding by induction, this shows that the chance that the walk lands up at x0 at
step i is at least

i
ź

k“1

p1´ 2´xk`1q.

Let µi be the law of walk at step i (starting from xi, and conditional on the fixed
realization of our random graph). Then by the above deduction and the facts that
x0 ą x and xk ě akpx0q ě akpxq, we have

µiprx,8qq ě
i
ź

k“1

p1´ 2´xk`1q ě
i
ź

k“1

p1´ 2´akpxq`1q.

By our choice of x, the last expression is bounded below by 9{10. But µprx,8qq ă
1{10. Thus, the total variation distance between µi and µ is at least 8{10. In
particular, τxi ą i. Now,

xi ď 23xi´1`1 ´ 1 ď 16xi´1 ,

which shows that log˚16 xi ď log˚16 xi´1 ` 1. Proceeding inductively, we get

log˚16 xi ď i` log˚16 x0.

Thus, τxi ą log˚16 xi ´ log˚16 x0. This proves (4.1). �

5. THE UPPER BOUND (ASSUMING A SPECTRAL GAP)

This section gives the upper bound for both the binary and random model of
the Rado graph. Indeed, the proof works for a somewhat general class of graphs
and more general base measures Q. The argument assumes that we have a spectral
gap estimate. These are proved below in Sections 6 and 7. We give this part of
the argument first because, as with earlier sections, it gives a useful picture of the
random graph.

Take any undirected graph on the nonnegative integers, with the following prop-
erty.

There exists C ą 0 such that for any j ě 2,
j is connected to some k ď C log j.

*

(5.1)

Let tXnuně0 be the Markov chain on this graph, which, starting at state i, jumps
to a neighbor j with probability proportional to Qpjq “ 2´pj`1q. The following is
the main result of this section.
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Theorem 5.1. Let K be the transition kernel of the Markov chain defined above.
Suppose that K has a spectral gap. Let µ be the stationary distribution of the
chain, and let a :“ e1{C . Then for any i P N and any ` ě 1,

}K`
i ´ µ} ď C1e

log˚a ie´C2`,

whereC1 andC2 are positive constants that depend only the properties of the chain
(and not on i or `).

By Lemma 3.5, Gp8, 1{2q satisfies the property (5.1) with probability one, for
some C that may depend on the realization of the graph. The Rado graph also
satisfies property (5.1), with K “ 1{ log 2. Thus, the random walk starting from
j mixes in time log˚2 j on the Rado graph, provided that it has a spectral gap. For
Gp8, 1{2q, assuming that the walk has a spectral gap, the mixing time starting
from j is log˚a j, where a depends on the realization of the graph. The spectral gap
for Gp8, 1{2q will be proved in Section 6, and the spectral gap for the Rado graph
will be established in Section 7. Therefore, this proves Theorem 1.1 and also the
analogous result for Gp8, 1{2q.

Proof of Theorem 5.1. Note that a ą 1. Let Zn :“ log˚aXn. We claim that there
is some j0 sufficiently large, and some positive constant c, such that

EpeZn`1 |Fnq ď eZn´c if Zn ą j0, (5.2)

where Fn is the σ-algebra generated by X0, . . . , Xn. (The proof is given below.)
This implies that if we define the stopping time S :“ mintn ě 0 : Xn ď j0u, then
teZS^n`cpS^nquně0 is a supermartingale with respect to the filtration tFnuně0 (see
details below). Moreover, it is nonnegative. Thus, if we start from the deterministic
initial condition X0 “ j, then for any n,

EpeZS^n`cpS^nq|X0 “ jq ď eZS^0`cpS^0q “ elog
˚
a j .

But ZS^n ě 0. Thus, EpecpS^nq|X0 “ jq ď elog
˚
a j . Taking nÑ 8 and applying

the monotone convergence theorem, we get

EpecS |X0 “ jq ď elog
˚
a j . (5.3)

Now take any j ě 1 and n ě 1. Let µ be the stationary distribution, and let µj,n
be the law of Xn when X0 “ j. Take any A Ď t0, 1, . . .u. Then for any m ď n,

µj,npAq “ PpXn P A|X0 “ jq

“

m
ÿ

i“0

j0
ÿ

l“0

PpXn P A|S “ i, Xi “ l, X0 “ jqPpS “ i, Xi “ l|X0 “ jq

` PpXn P A|S ą m, X0 “ jqPpS ą m|X0 “ jq.

But

PpXn P A|S “ i, Xi “ l, X0 “ jq “ PpXn P A|Xi “ lq

“ µl,n´ipAq,



A RANDOM WALK ON THE RADO GRAPH 15

and

µpAq “
m
ÿ

i“0

j0
ÿ

l“0

µpAqPpS “ i, Xi “ l|X0 “ jq

` µpAqPpS ą m|X0 “ jq.

Thus,

|µj,npAq ´ µpAq|

ď

m
ÿ

i“0

j0
ÿ

l“0

|µl,n´ipAq ´ µpAq|PpS “ i, Xi “ l|X0 “ jq ` PpS ą m|X0 “ jq.

Now, if our Markov chain has a spectral gap, there exist constants C1 and C2

depending only on j0 and the spectral gap, such that

|µl,n´ipAq ´ µpAq| ď C1e
´C2pn´iq ď C1e

´C2pn´mq

for all 0 ď i ď m and 0 ď l ď j0. Using this bound and the bound (5.3) on
EpecS |X0 “ jq obtained above, we get

|µj,npAq ´ µpAq| ď C1e
´C2pn´mq ` elog

˚
a j´cm.

Taking m “ rn{2s, we get the desired result. �

Proof of inequality (5.2). It suffices to take n “ 0. Suppose that X0 “ j for some
j ě 1. By assumption, there is a neighbor k of j such that k ď K log j “ loga j.
Assuming that j is sufficiently large (depending onK), we have that for any l ď k,

log˚a l ď log˚a k ď log˚aploga jq “ log˚a j ´ 1.

Also, log˚a l ď log˚a j for any l ď j. Thus,

EpeZ1´Z0 |X0 “ jq ď e´1 ¨ PpX1 ď k|X0 “ jq

` Ppk ă X1 ď j|X0 “ jq

`
ÿ

ląj

elog
˚
a l´log

˚
a jPpX1 “ l|X0 “ jq.

Now for any l ě k,

PpX1 “ l|X0 “ jq ď
PpX1 “ l|X0 “ jq

PpX1 “ k|X0 “ jq

“
Qplq

Qpkq
“ 2´pl´kq.

Thus,
ÿ

ląj

elog
˚
a l´log

˚
a jPpX1 “ l|X0 “ jq ď

ÿ

ląj

elog
˚
a l´log

˚
a j2´pl´kq,
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which is less than 1{4 if j is sufficiently large (since k ď log˚a j). Next, let L be
the set of all l ą k that are connected to j. Then

PpX1 ą k|X0 “ jq ď
PpX1 ą k|X0 “ jq

PpX1 ě k|X0 “ jq
“

ř

lPL 2´l

2´k `
ř

lPL 2´l
.

Since the map x ÞÑ x{p2´k ` xq is increasing, this shows that

PpX1 ą k|X0 “ jq ď

ř

ląk 2´l

2´k `
ř

ląk 2´l
“

1

2
.

Combining, we get that for sufficiently large j,

EpeZ1´Z0 |X0 “ jq ď e´1PpX1 ď k|X0 “ jq ` PpX1 ą k|X0 “ jq `
1

4

“ e´1 ` p1´ e´1qPpX1 ą k|X0 “ jq `
1

4

ď e´1 `
1´ e´1

2
`

1

4
“

3` 2e´1

4
ă 1.

�

Proof of the supermartingale property. Note that

EpeZS^pn`1q`cpS^pn`1qq|Fnq

“

n
ÿ

i“0

EpeZS^pn`1q`cpS^pn`1qq1tS“iu|Fnq

` EpeZS^pn`1q`cpS^pn`1qq1tSąnu|Fnq

“

n
ÿ

i“0

EpeZi`ci1tS“iu|Fnq ` EpeZn`1`cpn`1q1tSąnu|Fnq.

Now, the events tS “ iu are Fn-measurable for all 0 ď i ď n, and so is the
event tS ą nu. Moreover, Z0, . . . , Zn are also Fn-measurable. Thus, the above
expression shows that

EpeZS^pn`1q`cpS^pn`1qq|Fnq

“ 1tSďnue
ZS^n`cpS^nq ` 1tSąnuEpeZn`1`cpn`1q|Fnq.

But if S ą n, then Zn ą j0, and therefore by (5.2),

EpeZn`1`cpn`1q|Fnq ď eZn´c`cpn`1q “ eZn`cn.

Thus,

EpeZS^pn`1q`cpS^pn`1qq|Fnq

ď 1tSďnue
ZS^n`cpS^nq ` 1tSąnue

Zn`cn

“ eZS^n`cpS^nq.

�
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6. SPECTRAL GAP FOR THE RANDOM MODEL

Our next goal is to show that the random reversible couple pK,πq admits a
spectral gap. The arguments make use of the ideas and notation of Section 3. In
particular, recall the event B “ tppxq ă x @ x P N`u from Lemma 3.1 and the
random tree T with edge set F from Lemma 3.4. The argument uses a version of
Cheeger’s inequality for trees which is further developed in Appendix A.

Proposition 6.1. On B, there exists a random constant Λ ą 0 such that

@ f P L2pπq, Λπrpf ´ πrf sq2s ď Epfq
where in the r.h.s. E is the Dirichlet form defined by

@ f P L2pπq, Epfq B 1

2

ÿ

x,y PN
pfpyq ´ fpxqq2 πpxqKpx, yq.

Taking into account that for any f P L2pπq, the variance πrpf ´ πrf sq2s of
f with respect to π is bounded above by πrpf ´ fp0qq2s, the previous result is
an immediate consequence of the following existence of positive first Dirichlet
eigenvalue under B.

Proposition 6.2. On B, there exists a random constant Λ ą 0 such that

@ f P L2pπq, Λπrpf ´ fp0qq2s ď Epfq (6.1)

The proof of Proposition 6.2 is based on the pruning of G into T and then re-
sorting to Cheeger’s inequalities for trees. More precisely, let us introduce the
following notations. Define the Markov kernel KT as

@ x, y P N, KT px, yq B

$

&

%

Kpx, yq if tx, yu P F ,
1´

ř

zPNztxuKT px, zq if x “ y,
0 otherwise.

Note that this kernel is reversible with respect to π. The corresponding Dirichlet
form is given by

@ f P L2pπq, ET pfq B
1

2

ÿ

x,y PN
pfpyq ´ fpxqq2 πpxqKT px, yq

“
ÿ

tx,yuPF

pfpyq ´ fpxqq2 πpxqKpx, yq

It will be convenient to work with
rE B ZET

whereZ is the normalizing constant of π, as in equation (1.2). Define a nonnegative
measure µ on N` as

@ x P N`, µpxq B QpxqQpppxqq. (6.2)

Then we have:

Proposition 6.3. On B, there exists λ ą 0 such that

@ f P L2pµq, λµrpf ´ fp0qq2s ď rEpfq (6.3)
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This result immediately implies Proposition 6.2. Indeed, due on one hand to the
inclusion Npxq Ă Jppxq,8J and on the other hand to the nature of Q, we have

@ x P N`, Qpppxqq ď QpNpxqq ď 2Qpppxqq (6.4)

Thus for any f P L2pµq,

λπrpf ´ fp0qq2s “
λ

Z

ÿ

xPN`

pfpxq ´ fp0qq2QpxqQpNpxqq

ď
2λ

Z

ÿ

xPN`

pfpxq ´ fp0qq2QpxqQpppxqq

“
2λ

Z
µrpf ´ fp0qq2s ď

2

Z
rEpfq “ 2ET pfq ď 2Epfq,

and thus, Proposition 6.2 holds with Λ B λ{2.

The proof of Proposition 6.3 is based on a Dirichlet-variant of the Cheeger in-
equality (which is in fact slightly simpler than the classical one, see Appendix A).
For any A Ă N`, define BA B ttx, yu : x P A, y R Au Ă E. Endow E with the
measure ν induced by

@ tx, yu P E, νptx, yuq B ZπpxqKT px, yq

“

"

QpxqQpyq if tx, yu P F ,
0 otherwise.

Define the Dirichlet–Cheeger constant

ι B inf
APA

νpBAq

µpAq
ě 0

where

A B tA Ă N` : A ‰ Hu.

The proof of the traditional Markovian Cheeger’s inequality given in the lectures
by Saloff-Coste [23] implies directly that the best constant λ in Proposition 6.3
satisfies

λ ě
ι2

2

Thus it remains to check:

Proposition 6.4. On B, we have ι ě 1{2 and in particular ι ą 0.

Proof. Take any nonemptyA P A and decompose it into its connected components
with respect to T :

A “
ğ

iPI
Ai

where the index set I is at most denumerable. Note that

µpAq “
ÿ

iPI
µpAiq, νpAq “

ÿ

iPI
νpAiq,



A RANDOM WALK ON THE RADO GRAPH 19

where the second identity holds because there are no edges in F connecting two
different Ai’s. Thus, it follows that

ι “ inf
AP rA

νpBAq

µpAq
,

where rA is the set of subsets of A which are T -connected.
Consider A P rA, it has a smallest element a P N` (since 0 R A). Let Ta

be the subtree of descendants of A in T (i.e., the set of vertices from N` whose
non-self-intersecting path to 0 passes through a). We have

A Ă Ta,

BA Ą ta, ppaqu “ BTa,

and it follows that
νpBAq

µpAq
ě

νpBTaq

µpTaq
.

We deduce that

ι ě inf
aPN`

νpBTaq

µpTaq
“ inf

aPN`

QpaqQpppaqq

µpTaq
.

On B, we have for any a P N`, on the one hand

@ x P Ta, ppxq ě ppaq, (6.5)

and on the other hand

Ta Ă Ja,8J. (6.6)

We get

µpTaq “
ÿ

xPTa

QpxqQpppxqq

ě Qpppaqq
ÿ

xPTa

Qpxq

ě Qpppaqq
ÿ

xPJa,8J

Qpxq

“ 2QpppaqqQpaq.

It follows that

ι ě
1

2
.

�

Lemma 3.5 can now be used to see that the ball Markov chain on the random
graph has a.s. a spectral gap. Indeed, we deduce from Lemma 3.5 that there exists
a (random) vertex x0 P N such that

@ x ą x0, ppxq ă x.
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Consider

x1 B maxtppxq : x P J1, x0Ku.

It follows that for any a ą x1, we have

@ x P Ta, ppxq ă x.

(To see this, take any path a0, a1, . . . in Ta, starting at a0 “ a, so that ppaiq “ ai´1
for each i. Let k be the first index such that ak ě ak`1, assuming that there exists
such a k. Then ak`1 ď x0, and so ak “ ppak`1q ď x1. But this is impossible,
since a0 ď ak and a0 ą x1.)

In particular, we see that (6.5) and (6.6) hold for a ą x1. As a consequence, we
get

inf
aąx1

νpBTaq

µpTaq
ě

1

2

By the finiteness of J1, x1K, we also have

inf
aPJ1,x1K

νpBTaq

µpTaq
ą 0.

So, finally, we have

ι “ inf
aPN`

νpBTaq

µpTaq
ą 0,

which shows that Gp8, 1{2q has a spectral gap a.s.

7. SPECTRAL GAP FOR THE RADO GRAPH

This section proves the needed spectral gap for the Rado graph. Here the graph
has vertex set N and an edge from i to j if i is less than j and the ith bit of j is a one.
We treat carefully the case of a more general base measure, Qpxq “ p1´ δqδx. As
delta tends to 1, sampling from this Q is a better surrogate for “pick a neighboring
vertex uniformly”. Since the normalization doesn’t enter, throughout take Qpxq “
δx. The heart of the argument is a discrete version of Hardy’s inequality for trees.
This is developed below with full details in Appendix B.

Consider the transition kernel K reversible with respect to π and associated to
the measure Q given by

@ x P N, Qpxq B δx

where δ P p0, 1q (instead of δ “ 1{2 as in the introduction, up to the normalization).
Recall that

@ x, y P N, Kpx, yq B
Qpyq

QpNpxqq
1Npxqpyq

@ x P N, πpxq “ Z´1QpxqQpNpxqq

where Npxq is the set of neighbors of x induced by K and where Z ą 0 is the
normalizing constant.

Here is the equivalent of Proposition 6.3:
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Proposition 7.1. We have

λ ě
1´ δ

16p2_ rlog2 log2p2{ log2p1{δqqsq

This bound will be proved via Hardy’s inequalities. If we resort to Dirichlet–
Cheeger, we rather get

λ ě
p1´ δq2

2
(7.1)

To see the advantage of Proposition 7.1, let δ come closer and closer to 1, namely,
approach the problematic case of “pick a neighbor uniformly at random”. In this
situation, the r.h.s. of the bound of Proposition 7.1 is of order

1´ δ

16rlog2 log2p1{p1´ δqqs

which is better than (7.1) as δ goes to 1´.
Here we present the Hardy’s inequalities method to get Proposition 7.1 an-

nounced above. Our goal is to show that K admits a positive first Dirichlet eigen-
value:

Proposition 7.2. There exists Λ ą 0 depending on δ P p0, 1q such that

@ f P L2pπq, Λπrpf ´ fp0qq2s ď
1

2

ÿ

x,y PN
pfpyq ´ fpxqq2 πpxqKpx, yq

It follows that the reversible couple pK,πq admits a spectral gap bounded below
by Λ given above. Indeed, it is an immediate consequence of the fact that for any
f P L2pπq, the variance of f with respect to π is bounded above by πrpf´fp0qq2s.

The proof of Proposition 7.2 is based on a pruning ofK and Hardy’s inequalities
for trees. Consider the set of unoriented edges induced by K:

E B ttx, yu P Nˆ N : Kpx, yq ą 0u.

(In particular, E does not contain the self-edges or singletons.) For any x P N`,
let ppxq the smallest bit equal to 1 in the binary expansion of x, i.e.,

ppxq B minty P N : Kpx, yq ą 0u.

Define the subset F of E by

F B ttx, ppxqu P E : x P N`u
and the function ν on F via

@ tx, ppxqu P F, νptx, ppxquq B ZπpxqKpx, ppxqq

“ QpxqQpppxqq.

To any f P L2pπq, associate the function pdfq2 on F given by

@ tx, ppxqu P F, pdfq2ptx, ppxquq B pfpxq ´ fpppxqqq2.

Finally, consider the (non-negative) measure µ defined on N` via

@ x P N`, µpxq B QpxqQpppxqq. (7.2)
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Then we have:

Proposition 7.3. There exists λ ą 0 depending on δ P p0, 1q such that

@ f P L2pµq, λµrpf ´ fp0qq2s ď
ÿ

ePF

pdfq2peqνpeq.

This result immediately implies Proposition 7.2. Indeed, note that by the defini-
tion of Q,

@ x P N`, Qpppxqq ď QpNpxqq ď
1

1´ δ
Qpppxqq. (7.3)

Thus, for any f P L2pµq,

λπrpf ´ fp0qq2s “
λ

Z

ÿ

xPN`

pfpxq ´ fp0qq2QpxqQpNpxqq

ď
λ

p1´ δqZ

ÿ

xPN`

pfpxq ´ fp0qq2QpxqQpppxqq

“
λ

p1´ δqZ
µrpf ´ fp0qq2s

ď
1

p1´ δqZ

ÿ

ePF

pdfq2peqνpeq

ď
1

2p1´ δq

ÿ

x,y PN
pfpyq ´ fpxqq2 πpxqKpx, yq

namely Proposition 7.2 holds with Λ B λp1´ δq.

Note that N endowed with the set of non-oriented edges F has the structure of
a tree. We interpret 0 as its root, so that for any x P N`, ppxq is the parent of x.
Note that for any x P N, the children of x are exactly the numbers y2x, where y
is an odd number. We will denote hpxq the height of x with respect to the root 0
(thus, the odd numbers are exactly the elements of N whose height is equal to 1).

According to [21] (see also Evans, Harris and Pick [10]), the best constant λ in
Proposition 7.3, say λ0, can be estimated up to a factor 16 via Hardy’s inequalities
for trees, see (7.5) below. To describe them we need several notations.

Let T the set of subsets T of N` satisfying the following conditions
‚ T is non-empty and connected (with respect to F ),
‚ T does not contain 0,
‚ there exists M ě 1 such that hpxq ďM for all x P T ,
‚ if x P T has a child in T , then all children of x belong to T .

Note that any T P T admits a closest element to 0, call it mpT q. Note that
mpT q ‰ 0. When T is not reduced to the singleton tmpT qu, then T ztmpT qu has a
denumerable infinity of connected components which are indexed by the children
of mpT q. Since these children are exactly the y2mpT q, where y P I, the set of
odd numbers, call Ty2mpT q the connected component of T ztmpT qu associated to
y2mpT q. Note that Ty2mpT q P T .



A RANDOM WALK ON THE RADO GRAPH 23

We extend ν as a functional on T , via the iteration
‚ when T is the singleton tmpT qu, we take νpT q B νptmpT q, ppmpT qquq,
‚ when T is not a singleton, decompose T as tmpT qu \

Ů

yPI Ty2mpT q , then
ν is defined as

1

νpT q
“

1

νptmpT quq
`

1
ř

yPI νpTy2mpT qq
(7.4)

For x P N`, let Sx be the set of vertices y P N` whose path to 0 passes through x.
For any T P T we associate the subset

T ˚ B pSmpT qzT q \ LpT q

where LpT q is the set of leaves of T , namely the x P T having no children in
T . Equivalently, T ˚ is the set of all descendants of the leaves of T , themselves
included.

Consider S Ă T the set of T P T which are such that mpT q is an odd number.
Finally, define

A B sup
TPS

µpT ˚q

νpT q
.

We are interested in this quantity because of the Hardy inequalities:

A ď
1

λ0
ď 16A, (7.5)

where recall that λ0 is the best constant in Proposition 7.3. (In [21], only finite
trees were considered, the extension to infinite trees is given in Appendix B) So, to
prove Proposition 7.3, it is sufficient to show that A is finite. To investigate A, we
need some further definitions. For any x P N`, let

bpxq B
Qp2xq

Qpppxqq
.

A finite path from 0 in the direction to infinity is a finite sequence z B pznqnPJ0,NK
of elements of N` such that z0 “ 0 and ppznq “ zn´1 for any n P J1, NK. On such
a path z, we define the quantity

Bpzq B
ÿ

nPJ1,NK

bpznq.

The following technical result will be crucial for our purpose of showing that A is
finite.

Lemma 7.4. For any finite path from 0 in the direction to infinity z B pznqnPJ0,NK,
we have

Bpzq ď C,

where

C B
ÿ

lPN
δ2

2l´l ă `8.
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Proof. Note that for any n P J1, NK, hpznq “ n. Furthermore, for any x P N`, we
have hpxq ď x and we get hpppznqq “ hpznq ´ 1 “ n´ 1, so that ppznq ě n´ 1.
Writing zn “ yn2ppznq, for some odd number yn, it follows that

bpznq “
Qp2yn2

ppznq
q

Qpppznqq

“ δ2
yn2ppznq´ppznq

ď δ2
2ppznq´ppznq

ď δ2
2n´1

´n´1.

The desired result follows at once. �

We need two ingredients about ratios µpT ˚q{νpT q. Here is the first one.

Lemma 7.5. For any T P T which is a singleton, we have

µpT ˚q

νpT q
ď

1

1´ δ
.

Proof. When T is the singleton tmpT qu, on the one hand we have

νpT q “ νptppmpT qq,mpT quq “ µpmpT qq.

On the other hand, T ˚ is the subtree growing from mpT q, namely the subtree
containing all the descendants of mpT q. Note two properties of T ˚:

T ˚ Ă ty P N` : y ě mpT qu, (7.6)
@ y P T ˚, ppyq ě ppmpT qq, (7.7)

and we further have ppyq ě mpT q for any y P T ˚ztmpT qu. It follows that

µpT ˚q “
ÿ

yPT˚

QpyqQpppyqq

ď QpppmpT qqq
ÿ

yěmpT q

Qpyq

“ QpppmpT qqq
ÿ

yěmpT q

δy

“ QpppmpT qqq
QpmpT qq

1´ δ
(7.8)

“
1

1´ δ
µpmpT qq.

Thus, we get

µpT ˚q

νpT q
ď

1

1´ δ
.

�
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For the second ingredient, we need some further definitions. The length `pT q of
T P T is given by

`pT q B max
xPT

hpxq ´min
xPT

hpxq,

and for any l P N, we define

Tl B tT P T : `pT q ď lu

Lemma 7.6. For any l P N, we have

sup
TPTl

µpT ˚q

νpT q
ă `8.

Proof. We will prove the finiteness by induction over l P N. First, note that T0 is
the set of singletons, and so Lemma 7.5 implies that

sup
TPT0

µpT ˚q

νpT q
ď

1

1´ δ
.

Next, assume that the supremum is finite for some l P N and let us show that it is
also finite for l ` 1.

Consider T P Tl`1, with `pT q “ l ` 1; in particular, T is not a singleton.
Decompose T as tmpT qu \

Ů

yPI Ty2mpT q and recall the relation (7.4). Since

T ˚ “
ğ

yPI
T ˚y2mpT q ,

it follows that

µpT ˚q

νpT q
“

ÿ

yPI
µpT ˚y2mpT qq

˜

1

νptmpT quq
`

1
ř

yPI νpTy2mpT qq

¸

“

ř

yPI µpT
˚
y2mpT q

q

νptmpT quq
`

ř

yPI µpT
˚
y2mpT q

q
ř

yPI νpTy2mpT qq

ď
µp\yPIT

˚
y2mpT q

q

µpmpT qq
` sup

#

µpT ˚
y2mpT q

q

νpTy2mpT qq
: y P I

+

. (7.9)

Consider the first term on the right. Given y P I, the smallest possible element of
T ˚
y2mpT q

is y2mpT q, and we have for any x P T ˚
y2mpT q

,

ppxq ě ppy2mpT qq “ mpT q.

Thus we have the equivalents of (7.6) and (7.7):
ğ

yPI
T ˚y2mpT q Ă ty P N` : y ě 2mpT qu,

@ x P
ğ

yPI
T ˚y2mpT q , ppxq ě mpT q. (7.10)
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Following the computation (7.8), we get

µ

˜

ğ

yPI
T ˚y2mpT q

¸

ă
1

1´ δ
QpmpT qqQp2mpT qq,

where the inequality is strict, because in (7.10) we cannot have equality for all
x P

Ů

yPI T
˚
y2mpT q

. It follows that
ř

yPI µpT
˚
y2mpT q

q

µpmpT qq
ă

1

1´ δ

QpmpT qqQp2mpT qq

QpmpT qqQpppmpT qqq

“
1

1´ δ
bpmpT qq (7.11)

ď
1

1´ δ
C

where C is the constant introduced in Lemma 7.4. Since for any y P I, we have
Ty2mpT q P Tl, we deduce the desired result from the induction hypothesis. �

We are now ready to prove Proposition 7.3.

Proof of Proposition 7.3. Fix some T P S, we are going to show that

µpT ˚q

νpT q
ď

1` C

1´ δ

where C is the constant introduced in Lemma 7.4. Due to Lemma 7.5, this bound
is clear if T is a singleton. When T is not the singleton tmpT qu, decompose T as
tmpT qu \

Ů

yPI Ty2mpT q and let us come back to (7.9). Denote z1 B mpT q and

ε B
bpz1q

1´ δ
´

ř

yPI µpT
˚
y2mpT q

q

µpmpT qq

which is positive according to (7.11). Coming back to (7.9), we have shown

µpT ˚q

νpT q
ď

bpz1q

1´ δ
`
µpT ˚z2q

νpTz2q

where z2 P ty2mpT q : y P Iu is such that

sup

#

µpT ˚
y2mpT q

q

νpTy2mpT qq
: y P I

+

ď
µpT ˚z2q

νpTz2q
` ε.

To get the existence of z2, we used that the supremum is finite, as ensured by
Lemma 7.6.

By iterating this procedure, define a finite path from 0 in the direction to infinity
z B pznqnPJ0,NK, such that for any n P J1, N ´ 1K,

µpT ˚znq

νpTznq
ď

bpznq

1´ δ
`
µpT ˚zn`1

q

νpTzn`1q
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and TzN is a singleton. We have N ď maxthpxq : x P T u. We deduce that

µpT ˚q

νpT q
ď

Bpzq

1´ δ
`
µpT ˚zN q

νpTzN q

ď
C ` 1

1´ δ
,

as desired. �

To get a more explicit bound in terms of δ, it remains to investigate the quantity
C.

Lemma 7.7. We have

C ď

#

2 if δ P p0, 1{
?

2s,

1`
Q

log2 log2

´

2
log2p1{δq

¯U

if δ P p1{
?

2, 1q.

Proof. Consider

l0 B minpl P N` : δ2
2l´l ď 1{2q.

Elementary computations enable to see that

@ l ě 1, 22
l`1
´ l ´ 1 ě 2p22

l
´ lq,

so we get
ÿ

lěl0

δ2
2l´l ď

ÿ

ně0

1

22n

ď
ÿ

ně1

1

2n

“ 1.

Since we have

@ l P N, 22
l
´ l ě 0

we deduce

C ď 1`
ÿ

lPJ0,l0´1K

δ2
2l´l

ď 1` l0.

It is not difficult to check that

@ l ě 1, 22
l
´ l ě

1

2
22

l

so that

l0 “ mintl P N` : 22
l
´ l ě 1{ log2p1{δqu

ď mintl P N` : 22
l
ě 2{ log2p1{δqu

“ 1_ rlog2 log2p2{ log2p1{δqqs.
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The announced result follows from the fact

log2 log2p2{ log2p1{δqq ě 1 ô δ ě
1
?

2
.

�

The following observations show that Q needs to be at least decaying exponen-
tially for the Hardy inequality approach to work.

Remark 7.8. a) In view of the expression of π, it is natural to try to replace (7.2)
by

@ x P N`, µpxq B Zπpxq

“ QpxqQpNpxqq.

But then in Lemma 7.5, where we want the ratios µpT ˚q{νpT q to be bounded above
for singletons T , we end up with the fact that

QpNpmpT qqq

QpppmpT qqq
“
µpT q

νpT q
ď
µpT ˚q

νpT q

must be bounded above for singletons T . Namely an extension of (7.3) must hold:
there exists a constant c ą 0 such that

@ x P N`, QpNpxqq ď cQpppxqq. (7.12)

Writing x “ y2p, with y P I and p P N, we must have

QpNpy2pqq ď cQppq.

Take y “ 1 ` 2 ` 4 ` ¨ ¨ ¨ ` 2l, then we get that p, p ` 1, ..., p ` l all belong to
QpNpy2pqq, so that

Qptp, p` 1, ..., p` luq ď cQppq,

and letting l go to infinity, it follows that

QpJp,8Jq ď cQppq,

namely, Q has exponential tails.
b) Other subtrees of the graph generated by K could have been considered. It

amounts to choose the parent of any x P N`. But among all possible choices of
such a neighbor, the one with most weight is ppxq, at least if Q is decreasing. In
view of the requirement (7.12), it looks like the best possible choice.

c) If one is only interested in Proposition 7.3 with µ defined by (7.2), then many
more probability measuresQ can be considered, in particular any polynomial prob-
ability of the form

@ x P N, Qpxq B
1

ζplqpx` 1ql

where ζ is the Riemann function and l ą 1.
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APPENDIX A. DIRICHLET–CHEEGER INEQUALITIES

We begin by showing the Dirichlet–Cheeger inequality that we have been using
in the previous sections. It is a direct extension (even simplification) of the proof
of the Cheeger inequality given in Saloff-Coste [23]. We end this appendix by
proving that it is in general not possible to compare linearly the Dirichlet–Cheeger
constant of an absorbed Markov chain with the largest Dirichlet–Cheeger constant
induced on a spanning subtree.

Let us work in continuous time. Consider L a sub-Markovian generator on a
finite set V . Namely, L B pLpx, yqqx,yPV , whose off-diagonal entries are non-
negative and whose row sums are non-positive. Assume that L is irreducible and
reversible with respect to a probability π on V .

Let λpLq be the smallest eigenvalue of ´L (often called the Dirichlet eigen-
value). The variational formula for eigenvalues shows that

λpLq “ min
fPRV zt0u

´πrfLrf ss

πrf2s
. (A.1)

The Dirichlet–Cheeger constant ιpLq is defined similarly, except that only indicator
functions are considered in the minimum:

ιpLq “ min
AĂV,A‰H

´πr1ALr1Ass

πrAs
. (A.2)

Here is the Dirichlet–Cheeger inequality:

Theorem A.1. Assuming L ‰ 0, we have

ιpLq2

2`pLq
ď λpLq ď ιpLq

where `pLq B maxt|Lpx, xq| : x P V u ą 0.

When L is Markovian, the above inequalities are trivial and reduce to ιpLq “
λpLq “ 0. Indeed, it is sufficient to consider f “ 1 and A “ V respectively in
the r.h.s. of (A.1) and (A.2). Thus there is no harm in supposing furthermore that
L is strictly sub-Markovian: at least one of the row sums is negative. To bring this
situation back to a Markovian setting, it is usual to extend V into V B V \ t0u
where 0 R V is a new point. Then one introduces the extended Markov generator
L on V via

@ x, y P V , Lpx, yq B

$

&

%

Lpx, yq if x, y P V ,
´
ř

zPV Lpx, zq if y “ 0,
0 otherwise.

Note that the point 0 is absorbing for the Markov processes associated to L.
It is convenient to give another expression for ιpLq. Consider the set of edges

E B ttx, yu : x ‰ y P V u.
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We define a measure µ on E:

@ e B tx, yu P E, µpeq B

$

&

%

πpxqLpx, yq if x, y P V ,
πpxqLpx, 0q if y “ 0,
πpyqLpy, 0q if x “ 0.

(Note that the reversibility assumption was used to ensure that the first line is well-
defined.) Extend any f P RV into the function f on V by making it vanish at 0 and
define

@ e B tx, yu P E, |df |peq B |fpyq ´ fpxq|.

With these definitions we can check that

@ f P RV , ´πrfLrf ss “
ÿ

ePE

|df |2peqµpeq.

These notations enable to see (A.2) as a L1 version of (A.1):

Proposition A.2. We have

ιpLq “ min
fPRV zt0u

ř

ePE |df |peqµpeq

πr|f |s
.

Proof. Restricting the minimum in the r.h.s. to indicator functions, we recover the
r.h.s. of (A.2). It is thus sufficient to show that for any given f P RV zt0u,

ř

ePE |df |peqµpeq

πr|f |s
ě ιpLq. (A.3)

Note that

@ e P E, |df |peq ě |d|f ||peq,

so without lost of generality, we can assume that f ě 0. For any t ě 0, consider
the set Ft and its indicator function given by

Ft B tf ą tu “ tf ą tu,

ft B 1Ft .

Note that

@ x P V, fpxq “

ż `8

0
ftpxq dt,

so that by integration,

πrf s “

ż `8

0
πrFts dt.

Furthermore, we have
ÿ

ePE

|df |peqµpeq “
ÿ

eCtx,yu : fpyqąfpxq

pfpyq ´ fpxqqµpeq

“
ÿ

eCtx,yu : fpyqąfpxq

ż fpyq

fpxq
µpeq dt
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“

ż `8

0

ÿ

eCtx,yu : fpyqątěfpxq

µpeq dt

“

ż `8

0
µpBFtq dt,

where for any A Ă V , we define

BA B ttx, yu P E : x P A and y R Au.

Note that for any such A, we have

µpBAq “ ´πr1ALr1Ass,

so that
ÿ

ePE

|df |peqµpeq “ ´

ż `8

0
πrftLrftss dt

ě ιpLq

ż `8

0
πrFts dt

“ ιpLqπrf s,

showing (A.3). �

We are now ready to prove Theorem A.1.

Proof of Theorem A.1. Given g P RV , let f “ g2. By Proposition A.2, we com-
pute

ιpLqπrf s ď
ÿ

ePE

|df |peqµpeq

“
ÿ

eCtx,yuPE

|g2pyq ´ g2pxq|µpeq

“
ÿ

eCtx,yuPE

|gpyq ´ gpxq||gpyq ` gpxq|µpeq

ď

d

ÿ

eCtx,yuPE

pgpyq ´ gpxqq2µpeq

d

ÿ

eCtx,yuPE

pgpyq ` gpxqq2µpeq

ď
a

´πrgLrgss

d

2
ÿ

eCtx,yuPE

pg2pyq ` g2pxqqµpeq

“
a

´πrgLrgss

d

4
ÿ

eCtx,yuPE

g2pxqµpeq

“
a

´πrgLrgss

d

2
ÿ

xPV

g2pxqπpxq
ÿ

yPV ztxu

Lpx, yq

“
a

´πrgLrgss

d

2
ÿ

xPV

g2pxqπpxq|Lpx, xq|
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ď
a

2`pLq
a

´πrgLrgss
a

πrg2s

“
a

2`pLq
a

´πrgLrgss
a

πrf s.

Thus, we have

ιpLq2

2`pLq
πrg2s ď ´πrgLrgss,

which gives the desired lower bound for λpLq. The upper bound is immediate. �

The unoriented graph associated to L is G B pV ,ELq where

EL B te P E : µpeq ą 0u.

Consider T, the set of all subtrees of G, and for any T P T, consider the sub-
Markovian generator LT on V associated to T via

LT px, yq B

$

’

’

&

’

’

%

Lpx, yq if tx, yu P EpT q,
´
ř

zPV ztxu LT px, zq if x “ y and tx, 0u R EpT q,
´
ř

zPV ztxu LT px, zq ´ Lpx, 0q if x “ y and tx, 0u P EpT q,
0 otherwise,

where x, y P V and EpT q is the set of (unoriented) edges of T .
Note that LT is also reversible with respect to π (it is irreducible if and only if 0

belongs to a unique edge of EpT q). Denote µT the corresponding measure on E.
It is clear that µT ď µ, so we get

ιpLT q ď ιpLq.

In the spirit of Benjamini and Schramm [2], we may wonder if conversely, ιpLq
could be bounded above in terms of maxTPT ιpLT q. A linear comparison is not
possible:

Proposition A.3. It does not exist a universal constant χ ą 0 such that for any L
as above,

χιpLq ď max
TPT

ιpLT q

Proof. Let us construct a family pLpnqqnPN` of sub-Markovian generators such that

lim
nÑ8

maxTPT ιpL
pnq
T q

ιpLpnqq
“ 0 (A.4)

For any n P N`, the state space V pnq of Lpnq is JnK ˆ t0, 1u (more generally,
all notions associated to Lpnq will marked by the exponent pnq). Denote V pnq0 B

JnKˆ t0u and V pnq1 B JnKˆ t1u. We take

Lpnqpx, yq B

$

’

’

’

&

’

’

’

%

ε if x P V pnqi , y P V
pnq
1´i with i P t0, 1u,

nε` 1 if x “ y P V
pnq
0 ,

nε if x “ y P V
pnq
1 ,

0 otherwise,



A RANDOM WALK ON THE RADO GRAPH 33

where x, y P V pnq, and ε ą 0, that will depend on n, is such that nε ă 1{2.
Recall that 0 is the cemetery point added to V pnq, we have

@ x P V pnq, L
pnq
px, 0q “

#

1 if x P V pnq0 ,
0 if x P V pnq1 .

Note that πpnq is the uniform probability on V pnq. Let us show that

ιpLpnqq “ nε. (A.5)

Consider anyH ‰ A Ă V pnq, and decomposeA “ A0\A1, withA0 B AXV
pnq
0

and A1 B AX V
pnq
1 . Denote a0 B |A0| and a1 B |A1|. We have

BA “ ttx, yu : x P A0, y P V
pnq
1 zA1u

\ttx, yu : x P V
pnq
0 zA0, y P A1u \ ttx, 0u : x P A0u,

and thus

µpnqpBAq “
1

2n
pεpa0pn´ a1q ` a1pn´ a0qq ` a0q.

It follows that

µpnqpBAq

πpnqpAq
“ nε`

a0p1´ 2εa1q

a0 ` a1
.

Taking into account that 1 ´ 2εa1 ą 0, the r.h.s. is minimized with respect to
a0 P J0, nK when a0 “ 0 and we then get (independently of a1),

µpnqpBAq

πpnqpAq
“ nε.

We deduce (A.5).
Consider any T P Tpnq and let us check that

ιpL
pnq
T q ď ε. (A.6)

Observe there exists x P V pnq1 such that there is a unique y P V pnq0 with tx, yu
being an edge of T . Indeed, put on the edges of T the orientation toward the root
0. Thus from any vertex x P V pnq1 there is a unique exiting edge (but it is possible
there are several incoming edges). Necessarily, there is a vertex in V pnq0 whose
edge exits to 0. So there are at most n ´ 1 vertices from V

pnq
0 whose exit edge

points toward V pnq1 . In particular, there is at least one vertex from V
pnq
1 which is

not pointed out by a vertex from V
pnq
0 . We can take x to be this vertex from V

pnq
1

and y P V pnq0 is the vertex pointed out by the oriented edge exiting from x.
Considering the singleton txu, we get

µ
pnq
T pBtxuq “ µT ptx, yuq “

ε

2n
,

πpnqpxq “
1

2n
.
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implying (A.6) (a little more work would prove that an equality holds there). As a
consequence, we see that

max
TPTpnq

ιpL
pnq
T q ď ε.

Taking for instance ε B 1{p4nq to fulfill the condition nε ă 1{2, we obtain

maxTPTpnq ιpL
pnq
T q

ιpLpnqq
ď

1

n

and (A.4) follows. �

APPENDIX B. HARDY’S INEQUALITIES

Our goal here is to extend the validity of Hardy’s inequalities on finite trees to
general denumerable trees, without assumption of local finiteness. We begin by
recalling the Hardy’s inequalities on finite trees. Consider T “ pV ,E, 0q a finite
tree rooted in 0, whose vertex and (undirected) edge sets are V and E. Denote
V B V zt0u, for each x P V , the parent ppxq of x is the neighbor of x in the
direction of 0. The other neighbors of x are called the children of x and their set is
written Cpxq. For x “ 0, by convention Cp0q is the set of neighbors of 0. Let be
given two positive measures µ, ν defined on V .

Consider cpµ, νq the best constant c ě 0 in the inequality

@ f P RV , µrf2s ď c
ÿ

xPV

pfpppxqq ´ fpxqq2νpxq (B.1)

where f was extended to 0 via fp0q B 0.
According to [21] (see also Evans, Harris and Pick [10]), cpµ, νq can be esti-

mated up to a factor 16 via Hardy’s inequalities for trees, see (B.4) below. To
describe them we need several notations.

Let T the set of subsets T of V satisfying the following conditions

‚ T is non-empty and connected (in T ),
‚ T does not contain 0,
‚ if x P T has a child in T , then all children of x belong to T .

Note that any T P T admits a closest element to 0, call itmpT q, we havempT q ‰ 0.
When T is not reduced to the singleton tmpT qu, the connected components of
T ztmpT qu are indexed by the set of the children of mpT q, namely CpmpT qq. For
y P CpmpT qq, denote by Ty the connected component of T ztmpT qu containing y.
Note that Ty P T.

We extend ν as a functional on T, via the iteration

‚ when T is the singleton tmpT qu, we take νpT q B νpmpT qq,
‚ when T is not a singleton, decompose T as tmpT qu\

Ů

yPCpmpT qq Ty, then
ν satisfies

1

νpT q
“

1

νpmpT qq
`

1
ř

yPCpmpT qq νpTyq
. (B.2)
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For x P V , let Sx be the set of vertices y P V whose path to 0 pass through x. For
any T P T we associate the subset

T ˚ B pSmpT qzT q \ LpT q

where LpT q is the set of leaves of T , namely the x P T having no children in
T . Equivalently, T ˚ is the set of all descendants of the leaves of T , themselves
included.

Consider S Ă T, the set of T P T which are such that mpT q is a child of 0.
Finally, define

bpµ, νq B max
TPS

µpT ˚q

νpT q
. (B.3)

We are interested in this quantity because of the Hardy inequality:

bpµ, νq ď cpµ, νq ď 16 bpµ, νq. (B.4)

Our goal here is to extend this inequality to the situation where V is denumerable
and where µ and ν are two positive measures on V , with

ř

xPV µpxq ă `8.

Remark B.1. Without lost of generality, we can assume 0 has only one child,
because what happens on different Sx and Sy, where both x and y are children of
0, can be treated separately.

More precisely, while V is now (denumerable) infinite, we first assume that the
height of T B pV ,E, 0q is finite (implying that T cannot be locally finite). Recall
that the height hpxq of a vertex x P V is the smallest number of edges linking x
to 0. The assumption that supxPV hpxq ă `8 has the advantage that the iteration
(B.2) enables us to compute ν on T, starting from the highest vertices from an
element of T. Then bpµ, νq is defined exactly as in (B.3), except the maximum has
to be replaced by a supremum.

Extend cpµ, νq as the minimal constant c ě 0 such that (B.1) is satisfied, with
the possibility that cpµ, νq “ `8 when there is no such c. Note that in (B.1), the
space RV can be reduced and replaced by BpV q, the space of bounded mappings
on V :

Lemma B.2. We have

cpµ, νq “ sup
fPBpV qzt0u

µrf2s
ř

xPV pfpppxqq ´ fpxqq
2νpxq

.

Proof. Denote rcpµ, νq the above r.h.s. A priori we have cpµ, νq ě rcpµ, νq. To
prove the reverse bound, consider any f P RV and consider for M ą 0,

fM B pf ^Mq _ p´Mq.

Note that
ÿ

xPV

pfM pppxqq ´ fM pxqq
2νpxq ď

ÿ

xPV

pfpppxqq ´ fpxqq2νpxq.
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(This a general property of Dirichlet forms and comes from the 1-Lipschitzianity
of the mapping R Q r ÞÑ pr ^Mq _ p´Mq.) Since fM P BpV q, we have

µrf2M s ď rcpµ, νq
ÿ

xPV

pfM pppxqq ´ fM pxqq
2νpxq

ď rcpµ, νq
ÿ

xPV

pfpppxqq ´ fpxqq2νpxq.

Letting M go to infinity, we get at the limit by monotonous convergence

µrf2s ď rcpµ, νq
ÿ

xPV

pfpppxqq ´ fpxqq2νpxq.

Since this is true for all f P RV , we deduce that cpµ, νq ď rcpµ, νq. �

Consider pxnqnPN` an exhaustive sequence of V , with x0 “ 0 and such that for
any n P N`, V n B tx0, x1, ..., xnu is connected. We denote Tn the tree rooted
on 0 induced by T on V n and as above, Vn B V nzt0u “ tx1, ..., xnu. For any
n P N` and x P Vn, introduce the set

Rnpxq B txu
ğ

yPCpxqzVn

Sy.

In words, this is the set of elements of V whose path to 0 first enters Vn at x.
From now on, we assume that 0 has only one child, taking into account Remark

B.1. It follows that

V “
ğ

xPVn

Rnpxq. (B.5)

Let µn and νn be the measures defined on Vn via

@ x P Vn,

"

µnpxq B µpRnpxqq,
νnpxq B νpxq.

The advantage of the µn and νn is that they brought us back to the finite situation
while enabling to approximate cpµ, νq:

Proposition B.3. We have

lim
nÑ8

cpµn, νnq “ cpµ, νq.

Proof. We first check that the limit exists. For n P N`, consider the sigma-field
Fn generated by the partition (B.5). To each Fn-measurable function f , associate
the function fn defined on Vn by

@ x P Vn, fnpxq B fpxq.

This function determines f , since

@ x P Vn, @ y P Rnpxq, fpyq “ fnpxq.

Furthermore, we have:

µrf2s “ µnrf
2
ns
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ÿ

xPV

pfpppxqq ´ fpxqq2νpxq “
ÿ

xPVn

pfnpppxqq ´ fnpxqq
2νnpxq.

It follows that

cpµn, νnq “ sup
fPBpFnqzt0u

µrf2s
ř

xPV pfpppxqq ´ fpxqq
2νpxq

,

where BpFnq is the set of Fn-measurable functions, which are necessarily bounded,
i.e., belong to BpV q. Since for any n P N` we have Fn Ă Fn`1, we get that the
sequence pcpµn, νnqqnPN` is non-decreasing and, taking into account Lemma B.2,
that

lim
nÑ8

cpµn, νnq ď cpµ, νq.

To get the reverse bound, first assume that cpµ, νq ă `8. For given ε ą 0, find a
function f P BpV q with

µrf2s
ř

xPV pfpppxqq ´ fpxqq
2νpxq

ě cpµ, νq ´ ε.

Consider π the normalization of µ into a probability measure and let fn be the
conditional expectation of f with respect to π and to the sigma-field Fn. Note
that the fn are uniformly bounded by }f}8. Thus by the bounded martingale
convergence theorem and since π gives a positive weight to any point of V , we
have

@ x P V, lim
nÑ8

fnpxq “ fpxq.

From Fatou’s lemma, we deduce

lim inf
nÑ8

ÿ

xPVn

pfnpppxqq ´ fnpxqq
2νnpxq

“ lim inf
nÑ8

ÿ

xPV

pfnpppxqq ´ fnpxqq
21Vnpxqνpxq

ě
ÿ

xPV

lim inf
nÑ8

rpfnpppxqq ´ fnpxqq
21Vnpxqs νpxq

“
ÿ

xPV

pfpppxqq ´ fpxqq2νpxq.

By another application of the bounded martingale convergence theorem, we get

lim
nÑ8

µnrf
2
ns “ lim

nÑ8
µrf2ns

“ µrf2s,

so that

lim sup
nÑ8

µnrf
2
ns

ř

xPV pfnpppxqq ´ fnpxqq
2νpxq

ě
µrf2s

ř

xPV pfpppxqq ´ fpxqq
2νpxq

.

It follows that

lim
nÑ8

cpµn, νnq ě cpµ, νq ´ ε,
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and since ε ą 0 can be chosen arbitrary small,

lim
nÑ8

cpµn, νnq ě cpµ, νq.

It remains to deal with the case where cpµ, νq “ `8. Then for any M ą 0, we
can find a function f P BpV q with

µrf2s
ř

xPV pfpppxqq ´ fpxqq
2νpxq

ě M.

By the above arguments, we end up with

lim
nÑ8

cpµn, νnq ě M,

and since M can be arbitrary large,

lim
nÑ8

cpµn, νnq “ `8 “ cpµ, νq.

�

Our next goal is to show the same result holds for bpµ, νq. We need some ad-
ditional notations. The integer n P N` being fixed, denote Tn and Sn the sets T
and S associated to Tn. The functional νn is extended to Tn via the iteration (B.2)
understood in Tn.

To any T P Tn, associate Tn the minimal element of T containing T . It is
obtained in the following way: to any x P T , if x has a child in T , then add all the
children of x in V , and otherwise do not add any other points.

Lemma B.4. We have the comparisons

νnpT q ě νpTnq,

µnpT
˚q ď µpT ˚n q,

where T ˚ is understood in Tn (and T ˚n in T ).

Proof. The first bound is proven by iteration on the height of T P Tn.
‚ If this height is zero, then T is a singleton and Tn is the same singleton, so that

νnpT q “ νpTnq.
‚ If the height hpT q of T is at least equal to 1, decompose

T “ tmnpT qu \
ğ

yPCnpmnpT qq

Tn,y

where mnp¨q, Cnp¨q and Tn,¨ are the notions corresponding to mp¨q, Cp¨q and T¨ in
Tn.

Note that T and Tn have the same height and decompose

Tn “ tmpTnqu \
ğ

zPCpmpTnqq

Tn,z.

On the one hand, we have mpTnq “ mnpT q and CnpmnpT qq Ă CpmnpT qq and
on the other hand, we have for any y P CnpmnpT qq,

νnpTyq ě νppTyqnq

“ νpTn,yq
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due to the iteration assumption and to the fact that the common height of Ty and
pTyqn is at most equal to hpT q ´ 1. The equality pTyqn “ Tn,y is due to the fact
that Tn,y is obtained by the same completion of Ty as the one presented for T just
above the statement of Lemma B.4, and thus coincides with pTyqn.

It follows that
1

νnpT q
“

1

νnpmnpT qq
`

1
ř

yPCnpmnpT qq
νnpTyq

“
1

νpmpTnqq
`

1
ř

yPCnpmnpT qq
νnpTyq

ď
1

νpmpTnqq
`

1
ř

yPCnpmnpT qq
νpTn,yq

ď
1

νpmpTnqq
`

1
ř

yPCpmpTnqq
νpTn,yq

“
1

νpTnq
,

establishing the wanted bound

νnpT q ě νpTnq.

We now come to the second bound of the above lemma. By definition, we have

T ˚ “ \xPLnpT qSn,y,

where LnpT q is the set of leaves of T in Tn and Sn,y is the subtree rooted in y in
Tn.

Note that LnpT q Ă LpTnq and by definition of µn, we have

@ y P LnpT q, µnpSn,yq “ µpSyq.

It follows that

µnpT
˚q “

ÿ

xPLnpT q

µnpSn,yq

“
ÿ

xPLnpT q

µpSyq

ď
ÿ

xPLpTnq

µpSyq

“ µpT ˚n q.

�

Let rSn be the image of Sn under the mapping Sn Q T ÞÑ Tn P S. Since
Sn Q T ÞÑ Tn P rSn is a bijection, we get from Lemma B.4,

bpµn, νnq B max
TPSn

µnpT
˚q

νnpT q

ď max
TnPSn

µpT ˚n q

νpTnq



40 SOURAV CHATTERJEE, PERSI DIACONIS, AND LAURENT MICLO

ď bpµ, νq,

so that

lim sup
nÑ8

bpµn, νnq ď bpµ, νq. (B.6)

Let us show more precisely:

Proposition B.5. We have

lim
nÑ8

bpµn, νnq “ bpµ, νq.

Proof. According to (B.6), it remains to show that

lim inf
nÑ8

bpµn, νnq ě bpµ, νq. (B.7)

Consider T P S such that the ration µpT ˚q{νpT q serves to approximate bpµ, νq,
namely up to an arbitrary small ε ą 0 if bpµ, νq ă `8 or is an arbitrary large
quantity if bpµ, νq “ `8. Define

@ n P N`, T pnq B T X Vn.

Arguing as at the end of the proof of Proposition B.3, we will deduce (B.7) from

lim
nÑ8

µnppT
pnqq˚q

νnpT pnqq
“

µpT ˚q

νpT q
,

where pT pnqq˚ is understood in Tn. This convergence will itself be the consequence
of

lim
nÑ8

µnppT
pnqq˚q “ µpT ˚q, (B.8)

lim
nÑ8

νnpT
pnqq “ νpT q. (B.9)

For (B.8), note that

µpT ˚q “
ÿ

xPLpT q

µpSyq,

and as we have seen at the end of the proof of Lemma B.4,

µpT ˚q “
ÿ

xPLnpT pnqq

µpSyq.

Thus (B.8) follows by dominated convergence (since µpV q ă `8), from

@ x P T, lim
nÑ8

1LnpT pnqqpxq “ 1LpT qpxq.

To show the latter convergences, consider two cases:
‚ If x P LpT q, then we will have x P LnpT pnqq as soon as x P Vn.
‚ If x P T zLpT q, then we will have x R LnpT pnqq as soon as Vn contains one of

the children of x in T .
We now come to (B.9), and more generally let us prove by iteration over their

height, that for any rT P T and rT Ă T , we have

lim
nÑ8

Ò νnp rT X Vnq “ νp rT q, (B.10)
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i.e., the limit is non-decreasing.
Indeed, if rT has height 0, it is a singleton txu, we have νnp rT X Vnq “ νp rT q as

soon as x belongs to Vn, insuring (B.10).
Assume that rT has height a h ě 1 and that (B.10) holds for any rT whose height

is at most equal to h´ 1. Write as usual
1

νp rT q
“

1

νpmp rT qq
`

1
ř

yPCpmp rT qq
νp rTyq

. (B.11)

Assume that n is large enough so that Cpmp rT qq X Vn ‰ H and in particular
mp rT q P Vn and mnp rT X Vnq “ mp rT q. Thus we also have

1

νnp rT X Vnq
“

1

νnpmnp rT X Vnqq
`

1
ř

yPCnpmnp rTXVnqq
νnpp rT X Vnqyq

“
1

νpmp rT qq
`

1
ř

yPCnpmp rT qq
νnp rTy X Vnq

. (B.12)

On the one hand, the setCnpmp rT qq is non-decreasing and its limit isCpmp rT qq, and
on the other hand, due to the induction hypothesis, we have for any y P Cpmp rT qq,

lim
nÑ8

Ò νnp rTy X Vnq “ νp rTyq.

By monotone convergence, we get

lim
nÑ8

Ò
ÿ

yPCnpmp rT qq

νnp rTy X Vnq “
ÿ

yPCpmp rT qq

νp rTyq,

which leads to (B.10), via (B.11) and (B.12). This ends the proof of (B.7). �

The conjunction of Propositions B.3 and B.5 leads to the validity of (B.4), when
V is denumerable with T of finite height.

Let us now remove the assumption of finite height. The arguments are very
similar to the previous one, except that the definition of bpµ, νq has to be modified
(µ and ν are still positive measures on V , with µ of finite total mass).

More precisely, for any M P N`, consider

VM B tx P V : hpxq ďMu.

Define on VM the measure νM as the restriction to VM of ν and µM via

@ x P VM , µM pxq B

"

µpxq if hpxq ăM ,
µpSxq if hpxq “M .

By definition, we take

bpµ, νq B lim
MÑ8

bpµM , νM q.

This limit exists and the convergence is monotone, since he have

@M P N`, bpµM , νM q “ max
TPSM

µpT ˚q

νpT q
.
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where

SM B tT P S : T Ă VMu.

Note that a direct definition of bpµ, νq via the iteration (B.2) is not possible: we
could not start from leaves that are singletons.

By definition, cpµ, νq is the best constant in (B.1). It also satisfies

cpµ, νq B lim
MÑ8

cpµM , νM q,

as can be seen by adapting the proof of Proposition B.3. We conclude that (B.4)
holds by passing at the limit in

@M P N`, bpµM , νM q ď cpµM , νM q ď 16 bpµM , νM q.
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