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Abstract

To visualize how the randomness of a Markov process X is spreading, one can consider subset-
valued dual processes I constructed by intertwining. In the framework of one-dimensional diffusions,
we investigate the behavior of such dual processes I in the presence of hypoellipticity for X. The
Pitman type property asserting that the measure of I is a time-changed Bessel 3 process is preserved,
the effect of hypoellipticity is only found at the level of the time change. It enables to recover
the density theorem of Hormander in this simple degenerate setting, as well as to construct strong
stationary times by introducing different dual processes.
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1 Introduction

The technique of duality by intertwining associates to a Markov process X a dual Markov process,
which here will be taking subsets of the state space of X as values, showing how randomness is
spreading. In particular, this approach offers decompositions of the time-marginal laws of X that are
useful to deduce that they admit a density with respect to a reference measure, at positive times. In
our program to recover Hormander’s theorem by following this probabilistic way, we investigate here
the effects of hypoellipticity on duality, by considering the simple one-dimensional framework.

We begin by studying a toy model on R. Consider the hypoelliptic stochastic differential equation
(s.d.e.) on X := (X(t))se[o,r), With 7 € (0, +0c0] the potential explosion time,

Viel0,7), dX(t) = V2X"(t)dB(t)+ dt, (1)

where n € N :={1,2,3,...} and where (B(t))0 is a standard Brownian motion.
In the next section, we will check that X is hypoelliptic of order n at 0 and that 7 is a.s. infinite.
Let Z stand for the set of nonempty closed intervals from [—o0, +o0], which are either included
into [—00,0) or into [0,+o0] and which are different from {—oo} and {+00}. Denote S the set of
singletons from Z, i.e. S := {{z} : = € R}. Consider puy an p_ the speed measures associated to X
on R, and (—00,0) (whose definition will be recalled in Sections 2 and 3, respectively). We define a
Markov kernel A from Z to R by

d:(A) , when ¢ is the singleton {z},

VieZ,V Ae BR), A(,A) = “L(_Laf) , when ¢ € Z\S is included into [—0, 0), (2)

%&A) , when ¢ € Z\S is included into [0, +0],

where B(R) stands for the set of Borel subsets from R and d, for the Dirac mass at . We will check
later on that the above expression are well-defined, as the denominators are finite.
Our first goal is the following construction of a dual process I with respect to X, a solution of (1):

Theorem 1 There exists a process I = (I(t))i=0 taking values in T such that

1(0) = {X(0)}, (3)
Vit>0, PlI(t)eS] = 0, (4)
Vit=0, L(X(t)I[0,t]) = A((t),"), (5)

where the conditional law in the l.h.s. is with respect to the trajectory I[0,t] = (I(s))se[o,q- In
particular, we have for any t = 0, the decomposition

LX(1) = f A(e,) £(I()(de),

and the r.h.s. is absolutely continuous with respect to the Lebesgue measure for t > 0.

As implied by (4), I immediately grows into a segment with non-empty interior. But contrary
to the elliptic case, where the dual process never return to S, I collapses into the singleton {0} at
7o, the time when X hits 0 (this happens in positive time when X (0) is negative). The process [ is
continuous (for the Hausdorff topology on the compact subsets of [—o0, +0]), except at 79, when I
may be non left-continuous. Point (4) in Theorem 1 will be deduced from the fact that the law of
7o has no atom outside 0. Note that without this requirement, the trivial dual process defined by
I(t) = {X(t)}, for all ¢ = 0, would be suitable.

Remark 2 At first view, the discontinuity of I at 7o may be perturbing in the above diffusion context.
But it is just a suggestion that the segment-valued process I is not the appropriate object to look at.



Indeed, it would be better to consider the probability measure-valued Markov process (A(I(t),))i=o0,
which is continuous at 7p, due to the fact that p_ gives an infinite weight to the left neighborhoods
of 0, which implies that

xli)nol A([—OO,:E], ) = do- (6)
Concerning probability measure-valued process, note that the deterministic flow (L(X (t)))+>0 of time-
marginal laws can also be seen as a (not very useful) dual, with respect to the kernel A which to a
given probability measure associates a random point sampled according to this distribution. In some
sense, we are looking for dual processes strictly between the opposite (dx())i=0 and (L(X(t)))i=0. ©

After 79, the behavior of I depends on n:
e For n € N\{1}, in finite time the process I hits [0, +o0] and stays there afterward.
e For n = 1, the process I converges to [0,+00] in large time, but never reaches it (starting from a
singleton).

This dichotomy is also valid when X (0) is non-negative and will be reformulated in terms of strong
stationary times in the next sections.

But whatever n € N, Theorem 1 recovers, on this example, the density part of Hormander’s
theorem, stating that for all ¢ > 0, the law of X(¢) is absolutely continuous with respect to the
Lebesgue measure.

This study can be extended to any hypoelliptic diffusion on R (or on an interval of R), but we
found the circle case more instructive.

Let a and b be two smooth functions on T := R/Z, such that a is non-negative, /a is smooth
and vanishes at most at a finite number of points, write 91 for their set. Assume that for any x € 91,
b(xz) # 0. Consider on C*(T) the Markov generator

L = ad®+bo, (7)

and let X := (X(t))i=0 be a corresponding diffusion process. The generator L is hypoelliptic and we
are looking for the behavior in law of X for large times.

Let us write M := {y; : k € Zy}, where the representative points in [0, 1] satisfy 0 < np < p; <
-+ <pn—1 < 1 and where N € N (what follows is also trivially true in the classical elliptic case where
N = 0). For k € Zy, let I be the projection on T of the interval (yx,9x+1) (for I = N — 1, it is
the interval (hny_1,00 + 1)), to which is added y if b(yg) > 0 and yg1 if b(pxy1) < 0. Remark that
(I )kez, forms a partition of T. Denote for k € Zy, i the speed measure associated to the restriction
of L to . Let Z stand for the set of non-empty closed intervals from T which are included into one
of the Iy, for k € Zx and let S := {{z} : x € T}. Define a Markov kernel A from Z to T by

0z(A) , when (= {z} €S,
VieZ, vV Ae B(T), A, A) = (1nA) (8)
% , when ¢ € Z7\S with ¢ < I}, and k € Zy.
In Section 4, it will be checked that the last r.h.s. is well-defined, i.e. 0 < pg(t) < +oo for c € Z\S
with ¢t € [, and k € Zy.
Theorem 1 extends to this context:

Theorem 3 Let X be a diffusion on the circle whose generator is the hypoelliptic elliptic L given in
(7). There ezists a dual process I associated to X satisfying all the statements of Theorem 1, where
T and A are defined as in (8).

The process I collapses into a singleton when X hits 91. But our definition of the dual process I
will not always be optimal, with respect to the construction of strong stationary times. We will see



that sometimes it is better to let the dual process I collapses into a pair of points when X exits from
the segments I, which are open, for k € Zy. The description of the evolution of the corresponding
dual process is a little more involved and left to Section 4, as well as the definition of another Markov
kernel (48) replacing (8) and Theorem 24, the extension of Theorem 3 in this situation. Nevertheless
and similarly to the toy model case, we deduce from Theorem 24 the density part of Hormander’s
theorem for the one-dimensional generator (7).

Another interest of the dual process I, associated to the Markov kernel (8) and constructed in
Theorem 3, is to quantify the convergence to equilibrium of X, but only when b takes different signs
over I, in which case I converges a.s. for large time. When b has a constant sign over 91, the process
I does not converge a.s. for large time. Indeed, writing I =: [Y, Z], one of the two processes Y or
Z ends up being Markovian, with a behavior of the same nature as X, after the first time X goes
through 9. In this situation, X admits an invariant probability measure 7 absolutely continuous with
respect to the Lebesgue measure. The support of 7 is T (but its density may vanish on N, e.g. when
a is analytic). It is then natural to consider 7 the set of non-empty closed intervals from T and to
define a Markov kernel A from Z to T by

N N 0z(A) , when = {z} €S,
VieI,VAeB(T), A(,A4) = 9)

”(;EZ)A) , when 1 € 7\S.

Theorem 3 is still valid when A is replaced by A

Theorem 4 Let X be a diffusion on the circle whose generator is the hypoelliptic elliptic L given in
(7), where b has a constant sign over M. There exists a dual process I = (I(t))=0 associated to X
taking values in 7 and satisfying all the statements of Theorem 1, with T and A replaced by 7 and A
defined in (9).

The dual process T converges a.s. in finite time to the whole state space T, so we are able to
construct a strong stationary time for X and to deduce the weak convergence of £(X (t)) toward = for
large times. The dual process T never collapses to a singleton: in this situation the deduction of the
density part of Hormander’s theorem is straightforward, since we have, whatever the initial condition,

P[Vt>01(t)el\S] = 1.

The plan of the paper is as follows: the next two sections are respectively devoted to the restriction
of the toy model to Ry and to R_. In Section 4 we consider the circular hypoelliptic diffusion and
its dual process mentioned in Theorem 3. Section 5 deals with the situation where b has a constant
sign over M and in particular Theorem 4. Finally Appendix A recalls and adapts some computations
from [12] and [3] about the segment-valued dual processes.

2 On R,

The situation treated here is quite similar to that from [12]. This section serves as a reminder of some
notions from the theory of duality by intertwining.

We begin by some general considerations about the diffusion X = (X (t))[o,-) whose evolution is
described in (1). The generator L associated to X is the operator acting on C*(R) via

VfeC®R),VzeR, L[fl(zx) = z?0*f(z)+ of(x).

The It6 term in (1) can be transformed into a Stratanovitch term (see for instance Chapter 4 of Revuz
and Yor [13]):

VIXM(8) dB(t) = \@X”(t)odB(t)—%d<f2X"(t),B>
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= V2X"(t) 0 dB(t) — nX>"1(t) dt,

where (-, -) stands for the bracket of semi-martingales. It follows that the generator can be rewritten
under the Hérmander’s form L = V2 + Vp, where Vy and V] are the vector fields on R, seen as first
order differential operators, whose coefficients are given by

Vo(z) = 1—na? 1

Vze Ra { Vl(fl:) -

To see that L satisfies the Hormander’s condition (cf. Hormander [8] or the pedagogical paper of
Hairer [7]), define for all [ € Z ., the set of vector fields V; through the iteration

VO = {‘/1})
VieZ,, Vigr = Vu{[U, V] : UeVyand V e {Vy, V1}},

where [-, -] stands for the usual Lie bracket. For any =z € R, let Vi(z) = {V(z) : V € V;}. For any
x € R\{0}, we have Vo(z) £ {0}, so that L is elliptic on R\{0}. At 0, the first I € Z such that
Vo(0) £ {0} is I = n, so that L is hypoelliptic of order n at 0, as announced in the introduction.

Despite the above choice of R as state space, starting from R, the process X lives in R,. Indeed,
to check the status of the point 0 seen from R, let us introduce the scale and speed functions
associated to L:

V>0, oy(x) = exp < —- du) = exp((z' ™" - 1)/(2n — 1)), (10)
u
= = 11
:U’-‘r(x) $2n0'+( ) +(1")7 ( )
where
V>0, ve(x) = < n > = exp((1—z'2")/(2n - 1)).
The interest of these functions is that on (0, +0), we can write
1

L= M+ <U+a> (2

The corresponding scale and speed measures, also written o4 and p4, are given by

Vezy=0. one) - | ou@ds
Yy

prllyz) = [ pel@)de = v - )

Y

By considering their limits as y goes to 04, these expressions can be extended to

Vz>0, o+([0,2]) = +oo,
p+([0,2]) = vi(2).

We get that

1
R PRET S

[e=]

1
w4 ([0, z]) o4 (z)dx = vi(z)oy(x)dx = J ldr = 1 < +oo0.

0

S
S



Thus using Chapter 15 from Karlin and Taylor [10], it appears that 0 is an entrance boundary for the
restriction of L on R : when X (0) is distributed on R, the positions of the process X are in (0, +00)
for any t € (0, 7).

The status of +00 can be investigated similarly. Since o4 (y) converges to exp(—1/(2n — 1)) as y
goes to +o0, it appears that for any =z > 0, o4 ([z,+0)) = +00 and consequently

Jfoomr([x,—i—oo))m(x)da? = 4.

Furthermore, we have as x > 0 goes to 400,

v (00) — v ()
v (2)

([ )

pr([z, +o0))oy(z) =

It follows that

i = +o Lifn=1,
fl pot ([, +00)) 04 (2)d { < 1o L ifneN\{1).

Thus when X starts from an initial distribution on R, we deduce again from Chapter 15 of Karlin
and Taylor [10] that +co is a natural boundary if n = 1 and an entrance boundary if n € N\{1}. In
both cases, +00 cannot be reached, so that 7 = 400 a.s.

Following the approach developed in [12], we would like to construct an intertwining dual to X.
In this section, we restrict our attention to the case where X starts from R, .

Consider
Iy = {{y2) : g,z e [0, 400, y < 2A\{(+00, +0)},
T, = {(y,2) € (0,40)% : y <z}

(the interior of Z; N R%) and the diagonal Sy = {(y,y) : y € Ry} < Z,. As in the introduction,
the element (y,z) € Z; should be interpreted as the compact interval [y, z] in Ry w {4+00} and the
elements of Sy, as singletons. This is illustrated by the following definition of the Markov kernel A
from 7, to R,:

5y(A) ’ if Y=z
V(y,z)eZy, ¥V Ae B(Ry), A ((y,2), A
(v.2) e T, ®e),  Au((y2) A) D otarvie
Note that the above expression is well-defined, as we have
+00 1
p4 ([0, +0)) = vi(+0) —vy(0) = exp <J x2ndx) -0 < +oo. (13)
1
Let £ be the diffusion generator on ir given by
£ o= (2"0, —y"0,)* + (P = 1)9, + (n2®" 1 —1)0, (14)
+2y H+(?/) +z /’L+(Z) (Znaz _ ynay)

:U’-i-([y? Z])



Complete this definition on {0} x (0, +00) by

220y (2
Sy = (0 + (M 1o+ 2M6z, (15)
on (0, +00) x {400} by
nAa 2 2n—1 y2nﬂ+<y)
£ = (Y"0y)" + (ny —1)o, — 2m6y, (16)
and on (0, +00) € T,
£y = 0, (17)

namely (0, +00) (alias [0, +00]) is absorbing for £ .

More precisely, £, is defined on @, the set of continuous and bounded functions on Z, which
are smooth on each of the subsets Z, {0} x (0,+00) and (0, +0) x {+o}. Since D, is an algebra,
we define the carré du champs I'c, associated to £, via

VEGeD,, Te[F.G] = %(m [FG| — F£.[G] — G, [F]). (18)

For instance on f+, we compute that
V(y.2)ele, Te[FGly2) = (2"0: —y"d)[F](z"0. —y"d,)[G].

It is not difficult to check that for any f € C;°(R), the set of bounded smooth functions on R,
the mapping A, [f] is an element of D .
The interest of A, and £, is the intertwining relation £, A, = A, L, in the sense that,

V(y,2) e T,\S4, ¥V f e G (Ry), LA [f1(y, 2) = AL[L[f]](y, 2). (19)

This can be checked by direct computation, as in Lemma 20 from [12]. Alternatively, as in [3], one
can resort to an algebra A of convenient observables, containing the mappings A [f] for f € CJ°(R4.),
see Appendix A below with (0, 1) replaced by R.

Following the arguments leading to Proposition 4 from [12], we get that the martingale problems
associated to (D4, £, ) are well-posed:

Theorem 5 For any probability distribution mg on Iy, there is a unique (in law) continuous Markov
process I == (Y (t), Z(t))i=0 whose initial distribution is mg and whose generator is £, in the sense of
martingale problems: for any F € ©, the process MF = (MF (t))i=o defined by

vis0, M@ = F(Y(t),Z(t))F(Y(O),Z(O))L£+[F](Y(s),Z(s))ds

s a local martingale. Furthermore the diagonal Sy is an entrance boundary for I: for anyt > 0,
we have (Y (t),Z(t)) ¢ S+.

Remark 6 OnZ,\S;, the process (Y (), Z(t))t=0 is constructed as a solution to the s.d.e.’s associated
to the generator £, see Appendix A, with ¢ = 0 in (50). For instance on Z,, we have, up to the
corresponding explosion time,

_ n n 2n—1 1 /iJr({Y(t)? Z(t)}) n
dY (t) = —/2Y"(t)dW (t) +( Yyl —1 2M+ 0 2 (t)])>y () dt,
_ n n 2n—1 . /iJr({Y(t)vZ(t)}) n

dZ(t) = ~22Z"(t)dW(t) +< Z2n=L(t) 1+2M+ . Z(t)])> Z"™(t) dt,
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where (W (t))=0 is a standard Brownian motion and where

we =Y A (@) (20)

x€(0,+00)

For any xo € R, to get the singleton (xg,xg) as a starting point, an approximation by (zg, zo +€),
for small € > 0, is performed.

Stone-Weierstrass theorem enables us to see that the algebra A, of observables presented in
Appendix A is dense in the space of continuous functions on Z;\S;, endowed with the uniform
convergence on compact subsets (but this is not true on Z,, since the elementary observables vanish
on 84, so that the composed observables from A does not separate the elements of S ). We strongly
believe the martingale problems associated to (A, £ ) are equally well-posed (cf. Section 4.4 of Ethier
and Kurtz [5] for valuable information in this direction). o

As a consequence, we have the following result (this sentence is slightly misleading, since a prelim-
inary version of Corollary 7 plays an important role in the proof of Theorem 5, to be able to let the
process I start from the singletons from S, see [12]), for which we need to introduce some notations:

+00
¢ o= 2 jo 1, (21 (5))% ds (21)
(where p, (0I(s)) = (Y (5))"us(Y(s)) + (Z(s))"p+(Z(s)), according to (20)), with the conventions
that " pu (z) = 0 for x € {0, +00}, a priori ¢4 € (0, +0], but we will see in Corollary 7 below that ¢,
is finite a.s. Let the time change (6. (t))[o,,] be defined by

07§+

0+(t)
Vitel0,¢4), QJ w, (0I(s))*ds = t, (22)
0
and 9+ (C_;,_) = limt*,(g_'_)_ 0+ (t)
We are interested in the process Ry = (R4 (t))i=0 given by

Vit=0, Ri(t) = pe(I(0+( Ast))) (23)
Proposition 14 from [12] and its proof lead to the following result.

Corollary 7 The process Ry is a Bessel process of dimension 8 starting from uy(I1(0)) and stopped
when it hits py((0,+0)). In particular, ¢y is finite a.s. and is the hitting time of py((0,+0)) by
R.. More precisely, we have (conditioning by the initial value I(0) for the second point):

e for n € N\{1} or I(0) of the form (yo,+0) for some yo € [0,+0), we have 0, (¢y) < +0 and the
process I hits (0, +00) in finite time (a.s.)

e for n =1 and I(0) not of the form (yo, +00) for some yo € [0, +0), we have O4(¢;) = +00 and the
process I does not hit (0, +0) in finite time (a.s.).

Proof

More precisely, Proposition 14 from [12] shows that [0,¢;) 3 ¢ — R (t) is a Bessel process of dimension
3 (stopped if ¢4 < +00). If ¢, was to be infinite, we would end up with

lim g (I04(6) = +oo,

t—+00

in contradiction with the fact that p4 ([0, +00)) < +00. So ¢4 must be finite a.s. From (21), we deduce
that

liminfyu, (0I()) = 0,



namely

limsupI(t) = (0,+x0),
t—+00
and in particular
liminf Y (¢t) = 0,
t—+00
limsup Z(t) = +oo.
t—+00

e For n € N\{1}, since 0 and +00 are entrance boundaries for X, we know from Theorem 1 in [12]
that I hits (0,+00) in finite time, say 1. So the mapping Ry 360 — Sg w, (0I(s))*ds is increasing on
[0,7) and constant on [t, +00). It follows that lim, () 0. (t) = T.

e For n =1 and Z(0) # 400, since +00 is not an entrance boundary, we know from Theorem 1 in
[12] that Z does not hit +00 in finite time. Thus the mapping Ry 360 — Sg w, (0I(s))?ds is increasing
and limt_,(ch)_ U (t) = +00.

When Z(0) = +0, since 0 is an entrance boundary for X, the proof of Theorem 1 in [12] shows
that Y hits 0 in finite time. At this hitting time, I hits (0, +00) and we are in the situation where
04(sq) < +o0. [ |

Corollary 7 can be seen as an illustration of Theorem 1 from [12] for elliptic diffusions X defined
on R (here (0,+0)), stating that the dual process hits the whole state space in finite time for all
initial distributions if and only if both boundaries are of entrance type. But in the present context,
we are not so much concerned with the behavior in large time as with the behavior in small time
and with the influence of hypoellipticity. According to Corollary 7, the latter does not modify the
Pitman-type property that the process of the volumes (u4(1(t))):=0 of the dual process is a stopped
Bessel 3 process, up to a time change. The impact is to be found in the time change itself:

Proposition 8 Fiz (y,z) € Z, and consider the process I defined in Theorem & starting from (y, z).
There are several behaviors for the time change 0+ ast goes to 04:
e If (y,z) #+ (0,0), we have

t
SO ) + e ()2
e If (y,z) = (0,0), we have
0.(t) ~ !

((2n —1) ln(l/t))l/(%—l) :

Thus in the latter case, the volume p[I] begins by evolving very slowly (since the inverse function
GIl(t) is negligible with respect to t, for t — 04 ) and the order n of hypoellipticity can be recovered

through
1 . In(In(1/t))
" (1 e 1n<1/e+<t>>> |

For multidimensional diffusions X, the hypoellipticity should also impact the germ of the shape
of the dual process, see [3] for a first approach to the elliptic case.

Proof of Proposition 8

When (y, z) % (0,0), we have p, ({y,2}) = y"pu+(y) + 2" p4(2) > 0, so by continuity of the diffusion
(I(t))tZ(]a we get as 0 — 04,

0
2 fo w ()2 ds ~ 25" (y) + s (2))%6,



and this leads immediately to the first point.
When (y, z) = (0,0), according to (15), the diffusion I is given by

Ve=0, It = (0,Z(t),

where (Z(t))=0 is solution to the s.d.e.

V>0, dZ(t) = V2Z"(t)dW(t) + <nZ2"1(t) —1+ 2%) dt,

where (W(t))i>0 is a standard Brownian motion. We compute that for all z > 0,

w (02w A 1

w([0.2)  pe(02) | e ox(2es(e)

so that the above s.d.e. is

Vi>0, dZ({t) = N2Z"E)dW(t) + (nZ?7L(t) + 1)dt,

from which we deduce that a.s. Z(t) ~ ¢ for small £ > 0.
Since for any t > 0, we have p, (2) = v4(2), (22) can be rewritten under the form,

exp(—2Z7(s)/(2n — 1))ds =

t.
0 2

Jm(t) exp(—2/(2n — 1))

Since for any € > 0, we can find (a random) ¢ > 0 sufficiently small so that for any s € (0,t),
(1 —€)s < Z(s) < (1 +¢€)s, we are led to study the behavior for small § > 0 of Sg exp(—as!™2") ds,
where a > 0 is a constant (that will take the values 2(1 —¢€)/(2n — 1) and 2(1 +¢€)/(2n —1)). A usual
integration by parts shows that for small 6 > 0,

0
fexp(—aslzn)ds ~ 0% exp(—afT),
0

and by consequence,

’ 1-2 -
In <Jo exp(—as ") ds) ~ e

These considerations show that for small ¢t > 0,

2
Gn-1en 1 " In(1/%),

and this leads to the announced result when (y, z) = (0,0). |

Due to (19), the arguments of Section 4 of [12] show that the processes X and I can be coupled
in the following way:

Theorem 9 Let mgy be a probability distribution on I, and consider mqg = mgA,. There exists a
coupling of X with initial distribution mg and of I with initial distribution mg such that for any t = 0,

LX@O0,t]) = Ay (L))

Furthermore, the construction of I from X is adapted, in the sense that given the trajectory X, for
any t = 0, the conditional law of I[0,t] depends only on X|0,t].

10



Remark 10 Note that conversely, for any probability distribution mg on R, we can find a law mg
on Z; such that mg = mgA. It is sufficient for instance to take mg := Sd(gw) mo(dx), as it was done
in Theorem 1 (at least when £(Xy) is supported by R, ). But in general it is not the unique possible
choice, e.g. when mqg = A1 ((y,2),-), for some (y,2) € Z,;\Sy, just consider mg = J, ). o

As a classical consequence, going back to Diaconis and Fill [4] in the framework of finite Markov
chains (see also [12] for one-dimensional diffusions), we obtain the existence of strong stationary times
when n = 1. Recall that a strong stationary time 7 for X is a finite stopping time (with respect
to a possibly enlarged filtration for X') such that T and X (7) are independent and such that X () is
distributed according to the invariant distribution 7, the probability distribution whose density is
proportional to gy (7 exists due to (13)).

Corollary 11 As in Corollary 7, there are two situations:

e for n € N\{1}, whatever the initial distribution supported by R, there exists a strong stationary
time for X.

e for n = 1, for some initial distributions on Ry (in particular for any initial Dirac measure), a
strong stationary time does not exist for X.

Proof

When n € N\{1}, the first time I hits (0, +00) is a strong stationary time for X, see for instance [12]
for more details.

When n = 1, since +00 is not an entrance boundary for X, the proof of Theorem 1 in [12] shows
that there is no strong stationary time t for X, if the initial law of X is of the form A([0,z¢],-), for
any o € Ry (because T would be stochastically bounded below by the hitting time of [0, +00] by I
starting from (0, o), which is infinite), see also Fill and Lyzinski [6]. In particular, there is no strong
stationary time for X starting with X (0) = 0. Let us extend this result to all initial Dirac measure.
So let xg € Ry be given and assume, by contradiction, there is a strong stationary time for X starting
from xg. Then one would be able to construct a strong stationary time for X started from 0, by
considering the first time X hits 2y (which is a.s. finite) and by adding to it a strong stationary time
for X starting from zg. This is in contradiction with our previous observation, so there is no strong
stationary time for X starting from xg.

As at the end of the proof of Corollary 7, remark that if the initial distribution of X is of the form
A ([zo, +0],-), for some g € R, then there exists a strong stationary time for X, consider again
the first time I hits (0, +00). |

Here we are more interested in the following density result, which is the easy part of the Hormander’s
theorem and corresponds to the last statement of Theorem 1 when £(Xj) is supported by R,.

Corollary 12 Under the assumption of Theorem 9, write for any t = 0, my = L(X(t)) and my =
L(I(t)). Then we have

my = JA+(L, ) my(de).
In particular, for any t > 0, my is absolutely continuous with respect to the Lebesgue measure on R .

Proof

The above equality is obtained by taking the expectation in Theorem 9. From Theorem 5, for any
t > 0, the set of singletons Sy is negligible with respect to m;. Furthermore for any ¢ € Z,\S4, A(, -)
is absolutely continuous with respect to the Lebesgue measure on R;. We can thus conclude to the
validity of the last statement of Corollary 12. [ |
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3 OnR_

The situation of R_ follows a pattern similar to the investigation of the previous section. Putting
together the results on R_ and R will lead to Theorem 1.

On R_, it is then more convenient to consider

Vo<, o_(z)

exp <— fl u% du> — exp((@"2 + 1)/(2n — 1)), (24)

pow) = e = ) (25)
where
- L = ex ’ 1 u| = exp(—(z!'72" n—
V<0, v_(z) = o (@) p (J_l o d ) p(—( +1)/(2n —1)).

These modified scale and speed functions, where the base point 1 has been replaced by —1, lead to
the corresponding scale and speed measures on R_, still denoted o_ and p—. We compute that

0
| ot opu-@ae < <o
0
| ntwone @i = e

f_ o (—o2]) p_(2)dz — +oo,

2 = +o ,ifn=1,
J p—((=o0, z]) o—(x)dx { < +owo ,ifneN\{1}.

—00

Thus when X starts from an initial distribution supported by R_, 0 is an exit boundary (i.e. it is
a.s. attained in finite time). Furthermore, depending on n = 1 or n € N\{1}, —o0 is an entrance or a
natural boundary.

As a summary, conditioning by the initial position, we have the following a.s. behavior for X:
starting from X (0) < 0, the diffusion will reach 0 in finite time and instantaneously pass to (0, +00),
where X will next live forever. Of course, when X (0) = 0 or X (0) > 0, the first stage or the first and
second stages of this description has/have to be removed.

We now come to the construction of the dual process I when the initial distribution of X is
supported by (—c0,0).

Consider
%—— = {(y,Z) Y, z€ [_00’0)7 Yy < Z}\{(—OO, _OO)}a
T = {(y,2)e(~0,0) : y <z},
So = {lyy) el ye(-x,0)}

Again, the element (y,z) € Z_ should be interpreted as the compact interval [y, z] in [—00,0). Let
A_ be the Markov kernel from Z_ to (—o0,0) given by:
53/ (A) ’ if Y=z

p—([y,2]nA)
n—([y:2])

Y (y,2)eZ_, ¥ AeB((—0,0)),  A_((y,2), A)

, otherwise.

Note that the above expression is well-defined, as we have for any x € (—o0, 0),

p_((—0,2)) = v_(2) —v_(—00) = (exp <—;;__2nl> —1) exp <—2n1_1> < +oo. (26

12



Let £_ be the diffusion generator on 7 given by

T B PSS o
Yiu—(y) +2"u=(2)  ny  on
pelal) oY

and complete this definition on {—w} x (—00,0) by

+2

22 u(2)
w02 (28)

More precisely, £_ is defined on D(£_), the set of continuous functions on Z_ which are smooth on
each of the subsets Z_ and {—o0} x (—o0,0). It is not difficult to check that for any f e C;°((—,0)),
the mapping A_[f] is an element of D(L£_).

£ = (2"0)*+ (- 1)0, + 2

As in the previous section, the interest of A_ and £_ is the intertwining relation £_A_ = A_L,
in the sense that,
VieZ\S_,V feCy((-2,0)),  L_[A_[f]]I(t) = A_[L[f]](»). (29)

Again, this can be computed directly as in Lemma 20 of [12] or by introducing, as in [3] (see also
Appendix A), an algebra A_ < D(£_) and a measure p_ = >, o o x?"u_(x), similarly to what
was done in the previous section, replacing R} and py by (—00,0) and p_.

The martingale problems associated to (D(£_), £_) are also well-posed:

Theorem 13 For any probability distribution mg on Z_, there is a unique (in law) continuous Markov
process I := (Y (t), Z(t))e[0,r;) whose initial distribution is mg and whose generator is £_ in the sense
of martingale problems: for any F € D(£_), the process M¥ = (MF(t))=o defined by

V tel0,77), ME@#) = F(Y(t),Z(t)) - F(Y(0),2(0) — f L_[F(Y(s),Z(s))ds

is a local martingale. The diagonal S— is an entrance boundary for I: for any t € (0,77), we have
(Y(t),Z(t)) ¢ S—. Furthermore, the explosion time T corresponds to the “hitting” time of 0 by Z, in
the sense that

lim Z(t) = O. (30)

Proof

The arguments are similar to those of Proposition 4 in [12], except that in this previous paper, the
situation of an exit boundary was not considered. So let us sketch the necessary modifications. First
consider the case where my = ¢,,, for some ¢y € Z_. Consider € > 0 such that ¢y © [—o0, —2¢). Let L,
be the generator acting like L on (—o0, —¢) and such that —e is an reflecting boundary (i.e. a Neumann
condition is imposed at —e on the functions entering in the domain of L.). Use Proposition 4 in [12] to
construct the corresponding generator £, and an associated Z_ .-valued diffusion I, = (Y, Z¢), where
Z_ . stands for the elements of Z_ included into [—c0, —€]. The process Z is stopped at the time 77,
it hits —e. Up to this stopping time 77, I, is the unique (in law) solution of the martingale problem
associated to £ starting from ¢o. Due to the Dirichlet condition on Z, some functions from D(£) are
missing to conclude that (Ic(t A 77.))i>0 is a stopped solution of the martingale problem associated
to £ and starting from ¢g. To go around this little difficulty, rather stop I, when Z, hits —2¢. When
€ > 0 varies, all these processes are consistent, so we can apply Kolmogorov’s extension theorem to
get a process I as in the above theorem. Its uniqueness is shown similarly by stopping. For more
general initial distribution mg, just condition by I(0), see for instance the book of Ethier and Kurtz
[5]. [ |
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Lemma 14 The hitting time 77 is a.s. finite.

Proof

This result would be obvious, if we already had Theorem 17 below at our disposal, since it provides
a coupling such that Z(t) = X(t) for all t € [0,77) and we already know that X hits 0 in finite time.
But the finiteness of 77 can also be proven directly. According to Appendix A, Z satisfies

v te0,7), dZ(t) = V2Z"dW(t) +~(Y (t), Z(t))dt, (31)
where
o 2l y'p-(y) +2"n-(2)
V(y,z) e Z_\S—, v(y,2) = 1+2 (. 2])
Define
Vze(—0,0), F(z) = y(—0,2) = nz2 14 g 2H-(2)
Y ’ p—((—o0, 2])”

Since y"z" > 0, 22" > 0 and p—([y,2]) < p—((—0,2]) for any y < z € (—0,0), we get

V(y,2)eZ\S-, (Y2 = (%) (32)
Consider the diffusion Z = (Z (t))teo,7) on (—00,0), where T is the explosion time, starting with
Z(0) = Z(0) and solution of the s.d.e.
Vie[0,7), dZ({t) = ~2Z"dW(t)+F(Z(t))dt.
Due to (32), we have
Vitel0,11 AT), Z(t) < Z(t), (33)

so that 77 < 7. To prove rigorously (33), one must come back to the situation of constant diffusion
coefficient, namely to consider, when n € N\{1},

Az () = V21 —n)dW(t) + ((1 —n)Z " (t)y(Y(t),Z(t)) + n(n — 1)Z”_1(t)) dt,
A2V () = V21— n)dW(t) + ((1 ) ZTMOAZW) + nln — 1)2"*1@)) dt,

and when n =1,

din(=Z(t)) = V2dW (@) + (=Z7 1)y (Y (t), Z(t)) — 1) dt,
din(—Z(t) = v2dW(t)+ (—2*1@)&(2@)) - 1) dt.

Classical comparison arguments (see for instance Chapter 6 of Tkeda and Watanabe [9]) are applied
on these s.d.e. (be careful of the signs) to get (33).

To prove that 77 is a.s. finite, it remains to show that 7 is a.s. finite. Since Z is a diffusion process,
it is enough to check that 0 is an exit boundary and that —oo is not an exit boundary.

We compute that for any z € (—0o0,0),

220 (2) _ 1
PR (e R o T o 5 B ()
1
1 —exp(zl=27/(2n — 1))
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The last term converges to 1 as z goes to 0_ and is equivalent to —(2n — 1)22"~! as z goes to —o0.
Thus we get

lim §(z) = -1,

z—0_
and for z going to —oo
F(z) ~ (=3n+2)2""1 (- 40).

Via the introduction of the corresponding scale and speed functions, Chapter 15 of Karlin and Taylor
[10] implies that 0 is an exit boundary and that —oo is an entrance boundary. |
Transform the definitions given in (21), (22) and (23) into

TI

¢ = 2 L u (O1(s))2 ds, (34)

with the convention that (—o0)"u_(—00) = 0, a priori s_ € (0,40], but we will see in Corollary 15
below that ¢_ is infinite a.s. Let the time change (6_(t)):c[0_] be defined by

Vtel0,c), 2{09“),1_(@1(5))%3 _— (35)

and 6_ (§,) = limt_,(gf)f 0_ (t)
We are interested in the process R_ = (R_(t)):>0 given by

Vt>0, R_(t) = p_(I(0_(t A< ))). (36)

Corollary 15 We have s = +o0, 0_(+0) = 77 and the process R_ is a Bessel process of dimension
3 starting from pu—(I1(0)).

Proof

Proposition 14 from [12] shows that [0,¢_) 3¢t — R_(t) is a Bessel process of dimension 3 (stopped
if ¢ < +00). So to get that R_ is a Bessel process of dimension 3, we must show that the event
€ = {¢_ < +} has probability 0.

Define

7 o= imf{t =0 Z(t) = Z(0)/2),

which is a.s. finite according to Lemma 14. Let us begin by checking that on &, the trajectory
(Z(t))terz,7,] is Holder of any order o € (0,1/2). Indeed, taking (31) into account, we have for any
s<te|r, 1),

Z(t)— Z(s) = M(t)— M(s) + Jt nZ () — 1+ 2%2"@ du, (37)

S
where

Viz0, M) - \@LTIMZ"(u)dW(u).

Since M = (M(t))i=0 is a continuous martingale, up to enlarging the underlying probability space,
we can find a standard Brownian motion W = (W(t));>¢ so that

—~ T AL
Yi=0, M) = W <2f 7" (u) du> .
0
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The trajectories of W are a.s. of order o (see e.g. Chapter 1 of Revuz and Yor [13]), so the same is
true for M, since the mapping R, 3¢ — g”t Z?"(u) du is Lipschitzian (these statements hold a.s.,

i.e. the corresponding “constants” are random). The mapping R} 3¢ — ST’ Moz L(u) —1du is also

Lipschitzian, so according to (37), it remains to bound the term SS P IE QZ"( ) du. This is done via

Cauchy-Schwartz’ inequality, for s,t € [T, 77]:

[l ) < [ >W”

|Z”
< max u))? dur/t — s.

’uETTI

The quantity max,efz ,,1/2"(u)| is finite by continuity of Z and maxyefz 1 1/u—(I(u)) is finite due
to the fact that the Bessel process of dimension 3 R_ does not hit zero once it has left 0 (this the

reason for the introduction of 7). Since on &, \/ §o" 1 (I(u))? du is also finite, we deduce the trajectory

(Z(t))tefz,7,) is Holder of order a. In particular, there exists a (random) constant C' > 0 such that for
all

Vsel[rm), |Z] = |Zs—2Z,] < Clrp—s"*.
We deduce that on &,

exp(—2(Z172"(s) + 1)/(2n — 1)) ds

exp(201 27 (1=20/4 (9, — 1)) ds

= 4o,
in contradiction with the definition of £. Since all the above assertions are a.s., we get that & is
negligible.

Finally, the equality 6_(400) = 77 is a consequence of the (strict) monotonicity of the mapping
[0,77) 30 — §0 u_(21(s))? ds. |

Remark 16 As a consequence of Corollary 15, we have
lim p_(I(t) = +co. (38)
t—11—

It suggests the following behavior for approximations: for ¢ > 0, consider the elliptic generator

Le = (22 + €)0% + 0 (not to be mistaken with the reflecting generator introduced in the proof of
Theorem 13). The associated speed function . is defined by

1 * 1
VzeR, pe(x) = T &P <— J_l T du) .

It is also possible to define dual processes (Ic(t))¢=0 with values in the set of closed intervals in the
extended line [—00, +-00] (except the singletons {—o0} and {+00}). Assume that I.(0) is a fixed element
of Z_. Then we guess that

lim IU’E(IE(TE)) = +00,

€—>0+
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where 7. :=inf{t > 0 : 0 € I(¢)} (or at least with 7. == inf{t > 0 : n € I(¢)}, for all fixed n > 0). o

Due to (29), the processes X and I can be coupled in the following way:

Theorem 17 Let mgy be a probability distribution on Z_ and consider mg = mgA_. There exists a
coupling of X with initial distribution mg and of I with initial distribution mg such that for any t = 0,
we have on {11 > t},

LX@0,t]) = A_(I(2),). (39)
Furthermore, the construction of I from X is adapted.
With the above coupling, we get that 77 = 79, the hitting time of 0 by X seen in the introduction:
Proposition 18 In addition to (30), we have

Proof

Since a.s., for all ¢t € [0,77), we have X(t) < Z(t), it follows that 77 < 79. To see the converse
inequality, define for any € > 0,

Te = inf{t >0 : Z(t) > —e}.
We have
613& Te = T0,

thus by continuity of the the trajectories of X, a.s.

lim X (1) = X(m).

€—>0+

To get X (77) = 0, it is sufficient to check that X (7.) converges in probability toward 0 as € goes to
04. The relation (39) is also true when ¢ is replaced by a stopping time for I (see Diaconis and Fill
[4]), so we have

LX()[0,7]) = A_(I(7),).
It follows that for any given n > 0,
PIX(7c) € [=n,0]l1[0,7]) = A_(I(7e),[-n,0]).

Taking expectation, we deduce that

PIX(7c) € [-n,0]] = E[A-_(I(7e), [-n,0])].
Note that we have A_(I(7e),[—n,0]) < A_([—0, Z(7c)],[—n,0]), so by dominated convergence, (6)
implies that

lim P[X(7) € [-n,0]] = E[A_(I(7e),[-n,0])] = O,

€—>0+

as desired. m

In general, we cannot conclude that lim;_,(,y_ Y () = 0 (convergence which should be sufficiently
slow to be compatible with (38)), e.g. if we started with Y'(0) = —oo, then Y (t) = —oo for all ¢ € [0, 79).
Anyway, Proposition 18 enables to set (Y (79), Z(70)) := (0,0) while preserving the validity of (39).
See also Remark 2, where A is just A_ in (6).
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Next we extend the process I after time 7y as in Theorem 5, starting from (0,0). Note that the
Markov kernel A from Z_ 17, to R defined in (2), is obtained by imposing that A = A_ on Z_ x B(R)
and A = A; on Z; x B(R). Taking into account this observation, we can merge Theorems 9 and 17
and Corollary 12 into Theorem 1.

Remark 19 Corollary 11 is still valid, replacing R, by R. Indeed, the unique invariant measure
remains m, the probability measure defined before Corollary 11. The first time I hits (0,+0) is a
strong stationary time, as soon as it is finite. o

To deduce the density part of Hérmander’s theorem, stating that for any ¢ > 0, £(X (¢)) is absolutely
continuous with respect to the Lebesgue measure on R, it remains to show the next result:

Lemma 20 For any t > 0, we have P[I(t) = (0,0)] = 0.

Proof

According to the previous considerations, we have for ¢t > 0, a.s.

{I(t) = (0,0)} = {X(t) =0} = {ro =1t}.

To prove that P[ry = t] = 0, up to conditioning with respect to X (0), we can assume that X (0) = xg
for some 29 € R. When z¢ > 0, the previous section shows that P[X (¢) = 0] = 0 for all ¢ > 0. So
assume that z¢g < 0 and decompose 79 = T + 7, with

inf{t =0 : X(¢t) = zo/2},
= inf{t>0: X(T+1t) =0}

S

Due to the strong Markov property of X, 7 and 7 are independent. Thus to get that the law of 7y has
no atom, it is sufficient to see that £(7) has no atom. By contradiction, assume there exists s > 0
such that P[7 = s] > 0. We would have P[X (s) = /2] > 0. Couple X with I = (Y, Z) starting from
(0, x0) as in Theorem 17. Taking into account the equality 79 = 77 and (39), we have

P[X(s) =x0/2] = P
P

X (s) = x0/2, 70 > §]
X (s) =x0/2, 71 > 8]
E[1 x(s)=z/2 [0 8]]17/>s]
A_(1(s), 70/2) Lry o]

[
[

&=

= K
= 0,

[
[

because for s € (0,77), A_(I(s),-) is absolutely continuous with respect to the Lebesgue measure.
This is the wanted contradiction. |

4 On the circle

In the circle framework presented in the introduction, we begin by studying X and its dual I on each
of the segments I, with k € Zx. The global behavior of (X, ) is deduced by putting together the
obtained informations, similarly to what was done in the previous section.

Let I be one of the segments I, for k € Zy. To simplify the notation, we see I as a subset of R
and up to an affine transformation, we assume that the interior of I is (0,1) (where the boundaries 0
and 1, may or not be the same in T). There are four possibilities for the status of the boundaries of
I, that we investigate below. First we recall some classical definitions, valid in the four cases. To the
restriction on I of the generator L defined in (7), we associate its scale and speed functions:

vV xe(0,1), o(x) = exp (— Jx blw) du) , (40)

1/2 a(u)
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The interest of these functions is that on (0, 1), we can write

L - Lo (1(9). (42)

wo\o

The corresponding scale and speed measures, also written ¢ and p, are given by

Vz=ye(0,1), o(ly, 2])

I
N
2
3
IS
ks

ulv) = | " (e) de.

With the notation of Chapter 15 from Karlin and Taylor [10], define

1/2 1/2
20) = [ ol@u)uwdn,  NO) = | a(0.0)ofu)d

0 0

1 1
(1) = J o((u, 1)) p(u)du, N(1) : J w((u, 1)) o(u)du.
1/2 1/2

The finiteness or not of ¥(0) and N(0) determine the status of the boundary 0 with respect to the
diffusion X associated to L, seen from I, and similarly for 1. To get these status of the boundaries, as
well as their orders of ellipticity, we only need the asymptotic behavior of a and b near the boundaries.
That is why we assumed 4/a to be smooth, so that by considering expansions of 4/a near the bound-
aries, we can come back to the computations made in Sections 2 and 3. Probably these computations
can be extended to more general positive exponents n, in particular with n = 1/2 we would only
need to assume that a is smooth. We refrained from this generality, just to avoid the emergence of
singularities in the formulation of Héormander’s condition.

Define 7 the set of compact subsegments included in I and S the set of singletons from Z. Consider
the Markov kernel A from Z to [0,1]:

52/ ) lf Yy =z,
Y , 2| € I, A A
ly, 2] (ly. =1,-) % , otherwise.

e Case (C1): I =0, 1], namely b(0) > 0 and b(1) < 0, by considering the behavior of ;1 and o near
0 and 1, we compute that ¥(0) = 400, N(0) < 40, 3(1) = +00 and N(1) < +00, so that 0 and 1 are
entrance boundaries for X. It follows that under the initial condition X (0) = zo, where zg is fixed in
[0, 1], the process X stays forever in [0, 1] and, more precisely, in (0,1) for positive times. Since for

any constant ¢ > 0, the function z — ﬁ exp (— Sf/z Wcu) du) is integrable at 04, and the function

x — ﬁ exp (ST/Q ﬁ du> is integrable at 1_, (we even have lim, o, pu(z) = 0 = lim,—1_ p(z) if a
is assumed to be analytic), the measure p has a finite weight over I. It is also clear that p is positive
on (0,1). It justifies the above definition of A and enables to define 7 as the normalization of x into
a probability measure, which is just A([0,1],-).

As in Section 2 and in [12], it is possible to construct a Z-valued dual process I = (I(t));>0, SO
that Theorem 1 is valid. It follows that for any ¢t > 0, £(X(t)) is absolutely continuous with respect
to p (or equivalently to the Lebesgue measure restricted to [0, 1]), because S is an entrance boundary
for I. More precisely, note that p satisfies (50) with ¢ = 0, so according to Appendix A, I can be
described in the following way. Writing I := (Y, Z) = ((Y(t), Z(t))i=0, the processes Y and Z are
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solutions, up to the time (finite a.s.) when either Y hits 0 or Z hits 1, of the s.d.e.

v ()
) «\/2(1/ dW t

a2 (t) <a'< <t>> b2 (1)
L +4/2a(Z(t)) dW (t).

where (W (t)):=>0 is a standard Brownian motion. Assume for instance that Y hits 0 before Z hits 1,
after the corresponding hitting time and up to the time Z hits 1, Z is solution of the s.d.e.

dZ(t) = <a’(Z(t))—b(Z(t))+2 ([(() Z(t()t))]) Z(t))) dt + \/2a(Z(t)) dW (t). (44)

Once Z hits 1, I remains at [0, 1]. Furthermore, the covering time

<al(y(t)) b(Y (1)) — W t))+\/mu t))\/i) it

u([Y(t) Z(t

(t),
)

ool W ZO)uZ@)
+2 a2 “(Z(t))> dt

T = inf{t>0: I(t) =[0,1]}

is finite a.s. and is a strong stationary time for X. Recall that the separation discrepancy between
two probability measures m and 7 is defined in general via

dm

= inf (1 — —
s(m,m) ess in ( dw)

where dm/dr is the Radon-Nikodym derivative of the absolutely continuous part of m with respect
to m. We have the following bound, due to Diaconis and Fill [4] (in the case of finite Markov chains,
but valid in general):

Vi>0, LX) -7, < s(CX®),7) < Plt>1], (45)

where the norm in the Lh.s. is the total variation. In particular, X (¢) converges in law toward = for
large t > 0.

e Case (C2): T = [0,1), namely b(0) > 0 and b(1) > 0, we get that X(0) = +00, N(0) < +o0,
¥(1) < +00 and N(1) = +oo, so that 0 is an entrance boundary and 1 an exit boundary for X. It
follows that under the initial condition X (0) = z¢, where zg is fixed in [0, 1), the process X ends up
exiting [0,1) by hitting 1 in finite time, say at 7 :=inf{t > 0 : X (¢) = 1}. As in the case (Cl), any
compact segment included into I has a finite weight (this would not be true if 1 was to be added to
I, since limy_,; p(z) = +00), which is positive if it is not reduced to a singleton. Thus the Markov
kernel A is well-defined.

As in Section 3, it is possible to construct a Z-valued dual process I = ([Y (t), Z(t)])se[o,), SO that
Theorem 17 is valid, see also Appendix A with ¢ = 0. Up to the time 7, the processes Y and Z are
solutions to (43) (or (44), after Y has hit 0, this may happen or not before Z hits 1). We have a.s.

tlilp 2t = L
and the natural way to extend I after time 7 is to define I(7) = {1} and to let I start from there into
the corresponding segment. Note that for any time ¢ > 0, we can write

LIX(tArT)) = Plr>t]L(X ()T >1t)+P[r < t]oy,
with

L(X(t)|T>1) JA t) € di|t > t],
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so that the conditional law in the Lh.s. is absolutely continuous with respect to the Lebesgue measure
for ¢ > 0. As in Lemma 20, we show that for any given ¢ > 0, P[r = ¢] = 0.

e Case (C3): T = (0,1], namely b(0) < 0 and b(1) < 0, we get that ¥(0) < +o0, N(0) = +co0,
¥(1) = 40 and N (1) < +o0, so that 0 is an exit boundary and 1 an entrance boundary for X. This
situation can be described as in the above case I = [1,0), by symmetry.

e Case (C4): T = (0,1), namely b(0) < 0 and b(1) > 0, we get that ¥(0) < +o0, N(0) = +0,
¥(1) < 400 and N(1) = +o0, so that 0 and 1 are exit boundaries for X. It follows that under the
initial condition X (0) = xo, where zg is fixed in (0, 1), the process X ends up exiting (0, 1) by hitting
0 or 1 in finite time, say 7x := inf{t = 0 : X(¢) € {0,1}}. Since p as function is continuous and
positive, any compact segment included into I has a finite weight, which is positive if it is not reduced
to a singleton. Again the Markov kernel A is well-defined.

As in Section 3, it is possible to construct a Z-valued dual process I := ([Y(t), Z(t)])se[o,r,), Where
71 > 0 is the explosion time, so that Theorem 17 is valid, see also Appendix A with ¢ = 0. Up to the
time 77, the processes Y and Z are still solutions to (43). A priori the explosion time 77 is such that
71 < Tx, but the arguments of Proposition 18 show that

lim Y(¢t) = 0 or lim Z(t) = 1,
o7 — t—Tr—
and 77 = Tx.

When lim¢_,,,— Y (t) = 0 and lim;—,,,— Z(t) < 1, it is safe to set I(77) = {0}. In this situation we
have X (77) = 0, according to the proof of Proposition 18. We can thus let (X, I) start from (0, {0})
into the segment containing 0. Symmetrically when lim;,,, _ Y (¢t) > 0 and lim;,,,_ Z(t) = 1, we
set I(r7) = {1} and we have X(77) = 1, so we can let (X, I) start from (1,{1}) into the segment
containing 1.

Consider now the case where lim;_,,,_ Y (¢) = 0 and lim;,-,— Z(t) = 1. When furthermore we
have

Jim A(I(H),) = & or lm AU(),) = b (46)
again we can respectively define I(77) = {0} and I(77) = {1}.

But what should we do when the limit of A(I(¢),-), as t goes to 77—, charges both 0 and 1, or
worse, if this limit does not exist? In fact, we believe the former alternative is always true (killing
even the possibility of (46)):

Conjecture 21 In the Case (C4), we have a.s.

lim A(I(t),)) = L(X(r7)).

t—11—

Whether this assertion is true or wrong, it is always possible to look at X (77), which is either 0 or
1, and to set I(r7) = {X(77)}. This idea was also used in Copros [2], in the context of denumerable
Markov processes. Immediately after 77, X and I will evolve in the segment containing {X (77)}. This
choice leads to a dual process I satisfying Theorem 1.

Remark 22 One does not need to wait that X pass through 0 or 1 for making an observation of
X and subsequently concentrate I to a singleton: at any stopping time ¢ for X, one can decide to
change the value of I and impose that I(¢) = {X¢}. This quantum physics sounding property does
not impact condition (5), but of course it may destroy condition (4), for instance if ¢ is the minimum
of a positive deterministic time with 7x. Note that the observation may also be imperfect: assume
that (0,1) is decomposed into a measurable partition LigegAs, where S is a denumerable index set,
and that we observe that X ({) € As, then we can replace I(¢) by I(¢) n As. In general we are looking
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for the largest dual processes, so the above observation/concentration procedure should be avoided,
see Example 23 below. o

More precisely, let us come back to the circle setting described before Theorem 3. Consider the
segments I, for k € Zy, as the vertices of an oriented graph whose edges are as follows: there is
an edge from I to Igyq, if Y1 € [xy1 and an edge from I to I, if Yrrq € Ix. Except when the
segments are all of type (C2), or all of type (C3), following the oriented edges, one goes from segments
of type (C4) or springs to segments of type (C1) or sinks, after possibly visiting a successive sequence
of segments of type (C2), turning anti-clockwise, or a successive sequence of segments of type (C3),
turning clockwise. In particular, it appears that the number of springs is the number of sinks. Inside
each segment, the dual process is constructed according to its type. From the above considerations,
we get all the requirements on the dual process I presented in Theorem 1.

Note that the segments are all of type (C2) (respectively (C3)) if and only if b is positive (resp.
negative) on M. Thus assuming the drift b does not take a fixed sign on N, whatever the starting point,
X ends up into a sink in finite time, since the exit times from segments of type (C2), (C3) and (C4) are
all a.s. finite. In this situation, for large times, the process X converges in law, the process I converges
a.s. and the limit law of X is E[A(/(+), )], where I(+o0) = lim;_, 4 I (t) (convergence taking place
in finite time). Except when there is only one sink (in which case it is possible to construct a strong
stationary time, since there is a unique invariant probability measure, namely the normalizations of
the speed measure on the sink), the limit law of X depends on its initial condition. E.g. starting
from a spring, the process X have positive probabilities (depending on the exact initial position in
the spring) to exit it from the right or from the left and with the same probabilities, I collapse on
the right or on the left boundary. After that, I will converge toward the closest sink following the
above edges. The limit law of X is then a convex combinaison (with the previous probabilities) of the
normalizations of the corresponding speed measures.

When b has a fixed sign on 91, the process I does not converge a.s. since it appears that I(t,) =
{X(tn)} for all n € N, where (t,)nen is the unbounded increasing sequence of times ¢ > 0 such that
X (t) € M. More precisely, assume for instance that b is positive on 0N, after the first time X hits 91,
according to (44), we have, according to Appendix A with ¢ = 0,

dZ(t) = (a'(Z(t)) —b(zZ(t) +2— " K0 (Z(1)) a(Z(t))> dt +/2a(Z(t)) dW (1),
pr e (Y, Z(t)])
where K (t) is the unique index k € Zy such that Z(t) € I, (furthermore, we have Y () = yx (). Thus
it appears that Z becomes a Markov processes, whose behavior is quite similar to that of X (they
even coincide at each time X pass through 91). The dual process [ is not very helpful to understand
the convergence in law of X. Indeed, as announced in the introduction, another dual process T should
be considered to go in this direction. It will be done in the following section.

Let us now present an example showing the above dual is not optimal with respect to the con-
struction of a strong stationary time.

Example 23 Consider on T := R/(277Z), the operator L = ad? + bd, with

a(z) = cos?(x),

VzeT, { b(x) = sin(z).

We have N = 2, yg = 7/2 and vy = 37/2, so that [ = (—7/2,7/2) is of type (C4) and I} = [7/2,37/2]
is of type (C1). Consider the initial condition X(0) = 0. Due to the symmetry of Iy and of the

coefficients a and b (anti-symmetric) with respect to 0, we deduce from (43) that we have Z = —-Y
until X hits {—7/2,7/2}, say at time 7. In this situation, it appears that
. 1
tl_l)I‘Ii A([_Z(t)a Z(t)]a ) = 5 (5*71'/2 + 5#/2) .



Thus the natural extension seems to be I(7) = {—n/2,7/2}, instead of I(7) := {X(7)}. Indeed, in the
former case, for ¢t > 7, we can construct a dual process of the form

I(t) = [=2(t), —7/2l v /2, Z()],

where Z takes values in [7/2, ] and solves the s.d.e.
v = (a/<Z<t>> _b(z(t) + 2YUEOmZ0) + ol 2B (2 (1)

pi([=Z(t), —m/2] u [7/2, Z(t)])
+\/2a(Z (1)) dW (¢)

_ (d(zg)) —b(Z(1)) + 2 VS((Z[ (72)“21%](?)«/@(2(15))) dt +\/2a(Z(D) AW (), (47)
1\|7/ 4,

a(Z(t))) dt

where p; is the speed measure associated to I; and (W (t));>0 is a standard Brownian motion. For
the second equality, we used the symmetry of I; and of L (with respect to the real axis, when T is
seen as the unit circle in C). When Z hits 7, I hits [7/2,37/2] and the corresponding hitting time is
a strong stationary time for X.

Consider now the case where we set I(7) = {X(7)} and assume for instance that X (7) = 7/2. For
t > 7, our construction for Theorem 3 leads to a dual of the form I(t) = [7/2, Z(t)], where Z takes
values in [7/2,37/2] and solves the s.d.e. (47). The dual process will be absorbed at I; when Z hits
3m/2 and this provides a strong stationary larger than the previous one, since Z must go through 7
before hitting 37/2.

As just seen, starting from 0, this example can be brought back to the case of a diffusion on
a segment starting from its boundary. This situation is well-understood (see Fill and Lyzinski [6])
and the strong stationary time constructed in the former case is in fact sharp, namely stochastically
smaller than any other strong stationary time.

For the remaining part of this section, let us assume that Conjecture 21 is true. To construct a
dual process J = (J(t))i=0 able to collapse on pairs of points, we modify the definitions given in the
introduction in the following way. Let Z; stand for the set of non-empty closed intervals from T which
are included into one of the Iy, for k € Zx and Z, the set of pairs (1, t2), where ¢1, 12 € Z; are disjoints.
Now set Z =77 uZy and S = &1 U So, with Sy := {{z} : x € T} and S2 == {(vx,0) : k + 1€ Zn}. For
any « € [0, 1], define a Markov kernel A, from Z to T by

([ 0.(-) , when ¢ = {z} € S,
ady, (1) + (1 — a)dy,(-) , when ¢ = (9, 1;) € Sa,
VieT, M) = 4 o (18)

o) , when ¢ € Z;\S; and ¢ < [,

o (t10)+(I—a)p(12n)
apr (1) + (1= (2) ’

when ¢ = (11,12) € Io\S2, 11 < I and 19 < 1.
Then Theorem 3 can be extended into:

Theorem 24 There exists a process J := (J(t))i=0 taking values in T, whose construction is adapted
with respect to X, such that

J(0) = {X(0)},
Vit>0, PJ(t)eS] = 0,
V=0,  LXOM0L]) = Aaaoy((E),),
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where a(1(0)) € [0, 1] only depends on I1(0) (or equivalently on X (0)). In particular, when L£L(X(0)) =
0z, for some xg € T, we have for any t = 0, the decomposition

LX(1) = f Aagap () LT (1) (o).

Proof

When X (0) does not belong to a spring, the dual process J is the same as I in Theorem 3 and the
introduction of Zy and Sy are not necessary. When X (0) = xy belongs to a spring, say Ij, let 7 its
exit time from I} and a({zo}) = Py, [ X (7) € I[x_1]. Before 7, J is constructed as I in Theorem 3, but
at 7, we impose J(7) = ({0}, {9r+1}). Conjecture 21 enables us to see that

LXOI0,7]) = Aoy (7)),

from which we can keep up constructing J after the time 7, by setting

(11(t), I2(t)),
inf{t >0 : I1(t) n L(t) £ T},

Vitel0,7), J(1T+1)

7"_’

where I; and [» are the same as in Theorem 3, starting with 7;(0) = {yx} and I2(0) = {px41}, and
directed by the same Brownian motion (W (t));>0 in (43) and (44). When 7 < 400 (as in Example 23,
where it corresponds to the time Z hits ), we set J(T + t) = I1(T) u I5(7) for all ¢ > 0. [ |

As in Remark 2, the probability measure-valued Markov process (Aqy({zo})(/(t),) is continuous
and seems the right object to consider as a dual.

The main advantage of Theorem 24 over Theorem 3, i.e. of the Markov kernel given in (48) over
the Markov kernel (8), is that it enables to extend the construction of strong time stationary times T,
in the sense that the position X is distributed according to an invariant probability measure (maybe
non longer the unique invariant probability measure as before). This is possible when X (0) starts
from a fixed position g € T and when b does not take a fixed sign on 91. Indeed, in this case the
dual process ends up being absorbed in a state J(c0) depending only on z¢, which is either a closed
segment from {I : k € Zy} or a disjoint union of two such segments. Since Ay((zo})(J(0),-) is an
invariant probability measure for X depending only on x, classical arguments from Diaconis and Fill
[4] then show that the absorbing time for J is a strong stationary time.

5 The turning diffusion

Here we consider more precisely the circle situation where b has a fixed sign on N, to show Theorem 4
and to deduce the convergence of X in law for large time.

Up to conjugacy with respect to T 3 x — —x € T, it is sufficient to study the case where b > 0
on N. We begin by investigating the invariant measure for the generator L given in (7). For k € Zy,
recall that py is the speed measure of the restriction of L on I. It is defined up to a positive factor
by

Vxel, pr(x) = a(lx)exp (J[;, | a(u)du> ,

where 3, is a chosen point belonging to I and where a segment [u,v] ¢ T will always be understood
as the path going from u to v anti-clockwise. For any family of non-negative numbers (py)kez, , the
measure [ = Y 7 ppu satisfies pu[L[f]] = 0 for any smooth f with compact support in T\9N. But
this is not sufficient for p to be a invariant measure. Furthermore we are here looking for an invariant
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probability measure and it can be easily check that u(T) = +00, except in the trivial case where all
the pg, for k € Zy, are equal to zero. In fact, for fixed k € Z, the restriction of L to smooth functions
with compact support in I}, is symmetric in L?(u) but the problem at hand is really non reversible
since the diffusion X has a strong tendency to turn anti-clockwise around T. Lemma 25 in Appendix
A suggests to rather look for the solutions 7 of the equation given on the interior of I by

(ami) = bn — ck,

where ¢ is a constant. When a did not vanish on {yg, i1}, it is not difficult to check that the
general solution of this equation is

V z el ne(z) = b pkf exp f é(1}) dv du—i—qkj exp —f é(v) dv | du,
a(z) [vx,2] [u,z] @ [2,0k+1] [z,u] @

where p; and ¢ are two constants such that —py + g = cx. If we want this expression to converge
when a does vanish on {yx, 911} and b is positive on {hx, yx+1}, we must take pr = 0. It leads us to
consider

. 1 b
Vaeely, mn(z) = @) f[%%ﬂ] exp (— J[gw] 5(1}) d’u) du.

We compute that

lim a(x)ng(x) = 0 = lim a(x)n(z),
T4 TYg 41—
so define (ang)(vx) = 0 = (ang)(9g+1) (under nice assumptions on the degeneracy of a on M, for
instance if a is analytic, we also get lim, .y, m(2) = 0 = limg .y, ., Mk(x), so we can even take
e (Mk) =0 = nr(hre1)). Since we have (ang)’ = bnr — 1, we deduce from the decomposition (61) with
¢ = 1 that for any f € C*([vg, Dk+1]), we have

mlLIAAL = famef Tor™ = (£l
—(f(r+1) — fow))-
Define the function n on T by imposing that i coincide with 7 on I, for all k € Zy. Also denote 7 the

measure admitting 7 as density with respect to the Lebesgue measure and remark that n(T) < +o0.
Furthermore we have for any f € C*(T),

LI = = > fr1) — floe) = 0,

k‘EZN

namely 7 is invariant for L. The probability = appearing in (9) is just the normalization of 7 into a
probability measure.

Let us now describe the evolution of the dual process I = (Y, Z). Assume that X (0) = zq € I, =
[9%, Drs1), for some k € Zy. Following (51) and (55), we begin by defining (¥ (¢), Z(t))te[o,n) as the
solution of the s.d.e.

(limyo, Y(t) = =0,
limt_,0+ Z(t) = Xo,

AV () = (a'(?<t>)—b(?(t))+ 2 - al a(¥ ()Y ())+y alZ()n(Z(0) a(ff(t))> dt

(¥ (t))
77([17( t),Z(t)])
2a(Y (t)) dW (),

az) - (a'<2<t>>—b<z<t>> 2, Ve

n(Z(t))
L +4/2a(Z(t)) dW (1),

(Y (t))
n([ﬁ ) Z(t)])
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for ¢t € (0,71), where 71 is the first time either Y hits ), or Z hits 1.
First, assume that Y () = nk. We extend the process (Y, Z) after time 7, by letting Y (£) = n,
for all t > 71, and by solving for Z the s.d.e., for ¢ € [11,72),

: W0 s :
=~ 2 = a(Z d 2a(Z(t)) dW (1), 49
20 Ealon 20D “”) t 20 Z@0)dW (), (19)

dZ(t) = (d(Z(t)) —b(Z(t)) +

where 7, is the first time after 7 that Z hits Dra1. This time is a.s. finite, because yi. 1 is an exit
boundary for Z (as well as for X ) on [0, 9x+1). Next for ¢ € [12,73), we ask that Z solves again the
s.d.e. (49), where 73 is the first time after 7 that 7 hits Yr+2. This time is a.s. finite, because ygyo
is an exit boundary for Z on [Dk+1,Vk+2). We keep solving this equation until Z ends up hitting ny,
say at time T, which is also a.s. finite. After T, we take T to be equal to T.

When Z(Tl) = y1, we also impose that Y (1) = y1. We extend the process (Y, Z) after time
71 by letting Y( ) = Yk+1, for all £ > 71, and by proceeding as above.

Since the generator of I := (Y Z ) is intertwined with L through A, we construct a coupling of I
with the diffusion X, associated with the generator L, so that

100) = {X(0)},
Viz0,  LX@)H0,¢]) = A(L({®),).
Then we get that T is a strong stationary time for X.
It follows that X converges toward 7 in separation and in total variation in large time, due to the
general bounds (45). As pointed out by the referee, since by compactness the above hitting times can

be bounded uniformly with respect to the starting point, these convergences are uniform with respect
to the starting point, implying an exponential convergence.

A About segment-valued dual processes
Putting together considerations from [12] and [3], we present here some computations that were used
throughout the paper.

On (0, 1), consider a generator L = ad® + bd, where a > 0 and b are smooth functions on (0, 1).
Let n > 0 be a smooth function on (0, 1) satisfying

(an)’ = bn—c, (50)

where ¢ is a constant. Then the measure (still denoted 1) admitting 1 with respect to the Lebesgue
measure A on (0, 1) is invariant for L in the following sense:

Lemma 25 For any f € CX(0,1), the space of smooth functions with compact support inside (0,1),
we have n[L[f]] = 0. Furthermore, n is reversible with respect to L, in the sense that for all f,g €

CL(0,1), nlgL[f]] = nlfLlgl], if and only if c = 0.

Proof

These results are immediate consequences of the following integration by parts: for all f, g € C(0,1),

1
nlgLlf]] = Langf”+bngf’dA

1

— | ~tengys + bugsax

0

1
_ L —(an)gf — ang'f' + bngf' dx
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1
= —f ag’f’dn—i—cfgf’d)\.

0

When g = 1 (the mapping always taking the value 1, here on (0, 1)), the r.h.s. is equal to

1
cf fldx = 0,
0

showing the first assertion of the above lemma. Concerning the second one, the reversibility is equiv-
alent to

VfgeCPO0),  cfordn = cf £

By another integration by parts, the r.h.s. is equal to —c{gf’ d\, so we must have ¢ {gf'd\ = 0, fo
all f,g€C¥(0,1) and this is true if and only if ¢ = 0. [

Let be given yp < zp € (0,1) and 8 a smooth function on (0, 1) that will be specified later, in (55).
Consider a solution (Y, Z) := (Y(t), Z(t))e[o,r) of the s.d.e.

([ Y(0) = wo,
Z(0) = =z,
Qv = (a,(y(t))_ BV (1)) — 22V OO 0)+aZEOIZw) a(y(t))> it
) —/2a(Y (t)) dW (¢), | (51)
iZ(t) = (a,(z(t))_ B(2(1)) + 23/ O) /o Z D Z(0) a(Z(t))> @t
+1/2a(Z(2)) dW (1),

where the explosion time 7 is such that either lim;,. Z(t) — Y (¢t) = 0, or limy—., Y (¢) = 0 or
lim¢,, Z(t) = 1. Denote A = {(y,2) : 0 <y < z < 1}. For any f € CF(0,1), define the
elementary observable

Vy,z)ed,  Frly,z) = | fl@)n(d). (52)
y
It will be also convenient to consider for (y,z) € A,
Gily,2) = f2)Valz)n(z) + Fy)valy)n(y),

— G]l(yaz)
H(y,z) = Foly2)

We compute that for any f e CL(0,1) and (y, z) € A,

OyFr(y,z) = —fy)ny),
0 Fr(y,z) = f(2)n(z),
02Ff(y,2) = —(fn)(y),
O2Fp(y,z) = (fn)(2),
0.0yFs(y,z) = 0.

It follows from It6’s formula that
dFy(Y (1), Z(t)) = 0.Fr(Y (1), Z(t)dZ(t) + oy Fp(Y(t), Z(t))dY (t) + %5§Ff(y(t)» Z(t))d{Z) (t)

S OFL(Y (1), Z0)ACY) (1) + 2.0, Fp(V (), Z(1)d <Y, 2) (1)
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= 0:Fy(Y(t), Z(t)dZ(t) + 0, Fy (Y (1), Z()dY (t) + G2 F4 (Y (t), Z(t))a(Z (t))dt
+O,Fr (Y (1), Z(1))a(Y (1))dt

= (f)(Z(t))dZ(t) — (fn) (Y (£))dY (t) + (fn) (Z(t))a(Z(t))dt — (fn) (Y ())a(Y (¢))dt

= dMI(t) + A(Y (1), Z(t))dt (53)

where M7 = (Mtf )te[o,r) is the local martingale defined by
vielor), M) = L (Z(3)V/2a(Z()) + ()Y (5)y/2a(Y (5) dW(s)  (54)
- V2 GV, Z(s) W o).

and where
Aw,2) = (=) (@) = B(2) +2H(y, 2)a(2)) = () () (o' ) = Bly) = 2H (v, 2)/aly) )
+(fn) (2)a(z) = (fn) ()aly)
= (fan)'(z) = (fan)'(y) — (Bfn)(2) + (Bfn)(y) + 2H (y, 2)G(y, 2)
= (fan)() = (S'an)(y) + (f(an)' = B)(=) = (F((an) = Bn)(w) + 2H (y. 2)G (g, 2).

The first term of the r.h.s. can be transformed into

(Fan)(2) — (fan)(y) = f[ () @) da
'y,Z
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where we took into account (50). We deduce that
A(y,2) = Frp(y,2) + (f((an) = Bn —c))(2) — (f((an)" = Bn — o)) (y) + 2H (y, 2)G(y, 2)
= Frip(y,2) + (f((b—B)n —2¢))(z) — (F((b— B)n —2¢))(y) + 2H (y, 2)Gy(y, 2).
It leads us to consider

B o= b—2°, (55)

so that

Remark 26 Let us make the link with the formulation adopted in [3] in the context of Riemannian
geometry in dimension strictly larger than 1. Endow (0, 1) with the Riemannian metric given by 1/a
(so that the norm of the usual unit vector 1 above z € (0,1) is 1/4/a(x), or equivalently, ++/a(x) are
the unit vectors above z in the new Riemannian metric). Let d be the corresponding distance and for
any A < (0,1) and € > 0, let Ac := {z € (0,1) : d(z, A) < €}, the e-enlargement of A. Then we have
for any f e CF(0,1) and (y,2) € A,

6€f fdn = Gy(y,2)
[y,2]e

e=0
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_ f fdn, (57)
0ly,z]

where 7 is the (non-o-finite) measure given by

n o= Y Va@n@)s, (58)

z€(0,400)

(n will only serve to measure the boundaries d[y, z] = {y, z} of segments [y, z], with (y,z) € A, we
used the symbol { in (57) instead of a sum over the two elements of [y, z| to adopt the same notation
as in higher dimensional Riemannian geometry). It appears that

o2 f fn
[y,2]e

where (-, -) and V are relative to the considered Riemannian metric and where v is the “unit exterior
normal vector” on d[y,z]. The function U = In(dn/dvy) is the logarithm of the Radon-Nikodym
density of n with respect to the Riemannian measure -, which admits itself the density 1/y/a with
respect to the usual Lebesgue measure. Thus we have dn/dy = n, where by a traditional abuse of
notation, we also interpret 7 as the function y/an. In the usual definitions in higher dimensional
Riemannian geometry (see e.g. Proposition 1.2.1 of Mantegazza [11]), the r.h.s. of (59) should contain
a supplementary term { fpdn where p would be the “mean” curvature on the boundary d[y, z] with
respect to the unit exterior normal vectors. Thus we recover that in dimension 1, the mean curvature
of a boundary of dimension 0 vanishes: p = 0. To see the coherence of (51) with the formulation of
[3] in the context of diffusions in Riemannian manifolds of dimension larger or equal to 2, we should
check that

- J (Vf,v)y+{VU,v) dn, (59)
=0 y,2]

a—p = —(VU-by,v)v— pv, (60)

where by is such that the Helmoltz-Hodge decomposition b = VU + by holds (note the change of sign
with respect to (60)), i.e.

by = b—VU
= b—al
o, any
Va
,rll a/

— p—agt— =,
an 9

It follows that the r.h.s. of (60) is equal to

—(VU = by,vyvr = bg—VU

= 2bg—0b
/
= b—2a77——a'
n
!
= b—2<(m7)—a'>—a'
n
= a,_ﬁa

as wanted, where we used (50) and (55).
Remark that in general the Helmoltz-Hodge decomposition b = VU + by is different from the
decomposition b = (an)’/n + ¢/n, which enables to write

1 c
L = —0(and) + -0, 61
77(77) ; (61)
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where %0(&7]8) is symmetric in L?(x) and 50 is skew-symmetric in L2 (). o

Let (D, £) be the generator £ of (Y, Z) in the sense of (local) martingale problems. It follows from
(53) and (56) that £ acts on the elementary observable Fy, with f e CX(0,1), by

S[Ff](yaz) = FL[f](yvz)+2H(y7Z>Gf(y7Z>

Furthermore, the carré du champs I'e associated to £ is such that the bracket of the martingale M/
defined in (54) satisfies

t
viefor), (M) = 2| DLl A () Z)ds
0
It follows by polarization that all f,g € C(0,1),

V (y7 Z) EA, FS[Ff7F9](y7 Z) = Gf(y7 z)Gg(y,z).

Since (Y, Z) is a diffusion (namely a Markov process with continuous trajectories), the generator £
and the carré du champs I'¢ extend in the following way (see e.g. the book of Bakry, Gentil and Ledoux
[1]). Consider the algebra A consisting of the composed observables of the form § := §(Fy,, ..., Fy,),
where n € Zy, fi,..., fn € CF(0,1) and f : R — R is a C* mapping, with R an open subset of R"
containing the image of A by (FYy,, ..., Fy,). Then A is included into © and since £ is a differential
operator of order 2 without terms of order 0, we have for any § = §(Fy,, ..., Fy,) and & = g(Fy,, ..., Fy,,)
belonging to A,

£[3] = Z ajf(Ffu S an)S[Ffj] + Z ak,lf(Ffu ) an)FS[kav Ffz]v
jen] k,le[n]
Le[F, 6] = D Af(Fp e Fr)okg(Fyy s ooy Fy, )Te[Fy, Fy ]
le[n], ke[m]

(where [n] = {1,2,...,n}).
Define a Markov kernel A from A to (0,1) by

n(ly, 2] 0 A)
n(ly,z])

Note that for any f € C(0,1), we have A[f] = Fy/Fy, so A[f] € A and the above formulas lead
without difficulty to the intertwining relation

V(y,2)e AV feCy(0,1),  LA[fI(y,2) = AL[f]](y,2). (62)

Furthermore, by considering observables of the form f(Fy), where f € C*(R), it appears that
(n([Y (1), Z(t)]))te[o,r) is a (possibly stopped) time-changed Bessel process of dimension 3. This prop-
erty enables us to let the process (Y, Z) start from the singleton (g, 30), by passing to the limit as 2
goes to Yo+ and to see that the set of the singletons is an entering boundary for (Y, Z), see Section 2
from [12]. Under the assumption that £(Yp, Zo)A = L(Xy), proceeding as in Section 4 from [12], we
construct a coupling of the diffusion X associated to the generator L with the process (Y, Z), so that

V (y,z) e A, Y Ae B(0,1), Ay, z], A)

VT =20,  L(X|(Ye Zo)eor) = MOz, Zr),-). (63)

Alternatively, conditioning furthermore by the initial condition Xy, we can also couple X and (Y, Z)
so that Yy = X¢ = Zy, in addition to (63).

When 7([0,x]) < +o for (one or all) z € (0,1), in the above considerations Y can be fixed equal
to 0 (and symmetrically, Z can be fixed equal to 1, when n([z,1]) < 400 for z € (0,1)). In particular,
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we can impose this restriction once Y has hit 0 (or Z has hit 1). Then the natural extensions of the
previous results hold.
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