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Let U be a Morse function on a compact connected m-dimensional Rie-
mannian manifold, m > 2, satisfyingminU =0 andletd ={x e M : U (x) =
0} be the set of global minimizers. Consider the stochastic algorithm X B .=
(X(ﬂ)(t))tzo taking values in M, whose generator is UA[-] — B(VU, V[-]),
where B € R is a real parameter. We show that for g > % —1, XPB (1) con-
verges a.s. as t — 00, toward a point p € U and that each p € U has a pos-
itive probability to be selected when X#)(0) ¢ /. On the other hand, for
B < % — 1 and when the initial law does not charge U/, the law of X B (1)
converges in total variation (at an exponential rate) toward the probability
measure g having density proportional to U (x)~1=F with respect to the
Riemannian measure.

1. Introduction. Global optimization is an important and difficult task in applied math-
ematics, so the development of corresponding algorithms has been the subject of a great deal
of work. Specific assumptions on the function U to be optimized has led to very efficient
approaches: for example, gradient descent or Newton’s method for convex optimization, mo-
ment method for polynomial optimization. There are also a few general algorithms, often
using a certain amount of randomness, such as simulated annealing or interacting particle
algorithms. Here we will consider the special situation where the minimum value of U is
known and can be used by the algorithm. Such an algorithm is said to be fraudulent, since
in general this value is not available and one might think that knowing it is equivalent to
knowing a global minimum. However, there are natural situations where the minimum value
is given but the corresponding minimizers are not.

Here are some simple illustrative examples. Consider a generic polynomial P of odd de-
gree larger than 5 (assume, e.g., that the coefficients are sampled according to a nondegener-
ate Gaussian law) and define U = P2 on R. We know that the minimal value of U is zero, but
we cannot express its roots through radicals. For a more geometric example, consider a tan-
gent continuous vector field V on a sphere S™ of even dimension m € 2N. From Brouwer’s
hairy ball theorem [6], there exists a point xg € S such that V (xg) = 0. Thus we know
that the minimal value of the mapping U : S™ 5 x > ||V (x)||? is zero, without being able
to point a global minimizer in general. Consider for instance a vector field V constructed
from a (m + 1, m + 1)-Brownian sheet, that is, defined from [0, +-00)"*! to R”*! (see, e.g.,
page 269 of Walsh [22]), by restriction to the sphere centred at (2,2, ..., 2) of radius 1, and
by projection on its tangent spaces. Below we will only consider smooth functions U, so V
should also be regularized.

More important and current applications of fraudulent algorithms can be found in the
field of statistical classification. Appendix A.1 provides some heuristics explaining why the
stochastic algorithm X ® introduced below can be seen as a toy model for the diffusion limit
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of mini-batch stochastic gradient descent algorithms extensively used in the theory of ma-
chine learning; see, for instance, Li, Tai and E [17], Wu, Wang and Su [26], Mori, Ziyin, Liu
and Ueda [19] and Wojtowytsch [24, 25] as well as references therein.

Another instance of the usefulness of fraudulent procedures is when a global minimizer is
known and that we are looking for all the other ones. For other interests of fraudulent algo-
rithms, we refer to [18], where the term was coined. There the motivation for the stochastic
algorithm X® comes from its approximation of the large-time limit behavior of the time-
inhomogeneous swarm mean-field algorithm introduced in [5], which is itself nonfraudulent
but uses its current distribution to estimate in real time the minimal value.

Let us present more precisely the framework considered here: U is a Morse function de-
fined on a compact manifold M of dimension m > 2. The underlying stochastic process
XB .= (x (ﬂ)(t))tzo, takes values in M and comes with a real parameter 8 which can be
tuned to increase the relative importance of U with respect to the injected randomness. More
specifically, the generator of X ) will have the form UA[-] — B(VU, V[-]), that is, if we
were in an Euclidean context, the associated X ® can be constructed as solution of the s.d.e.

dXP (1) = —pvU (X P (1)) dt +2U (X B (1)) d B,

where B = (B;)>0 is a standard Brownian motion on R™.

Two quantities By > B, € R (depending explicitly on the eigenvalues of the Hessians of U
at its global minima, see Remark 2.4 below) were introduced in [18] so that 8 > B\, implies
the a.s. convergence of X B)(t) as t — o0, toward the global minima of U (and each of them
attracts the algorithm with positive probability, when X ) (0) is not a global minima), while
for B < B the probability that X #) (r) converges toward a global minimum of U is zero.

Our goal in the present paper is to sharpen these result and describe completely the long
term behavior of X# for all B # By, where By := 7 — 1 is a universal (i.e., independent of
U) critical value, contrary to the results of [18], where 8, and By depended on U (except
in dimension 1). It thus follows from the current results that this dependence was artificial in
dimension larger or equal to 2, By € [BA, Bv] being the exact critical value for the following
behaviors. We will show that for 8 > By, X (¢) a.s. converges toward a global minimizer
of U and that each global minimizer has a positive probability to be selected (except when
X (0) is itself a global minima). On the other hand, for 8 < Bp and X B (0) &€ U, the process
converges in distribution toward a (unique) invariant distribution whose density (with respect
to the Riemannian measure) is explicit. The present results are thus sharper than those of [18]
as soon as o > B and this is equivalent (as it can be seen from (2) in [18]) to the fact there
exists at least one global minimum x € U/ such that the Hessian of U at x is not proportional
to the identity. In practice this feature is quite generic, as soon as m > 1. Here our results
will be obtained by an approach completely different from that of [18], which was based on
comparisons with Bessel processes of various dimensions. Instead, below we will rely on the
persistence/nonpersistence approach presented in [4] and [2].

The paper is organized as follows. Section 2 sets the notation and presents the main results.
Section 3 considers the situation where M is no longer a compact manifold but the Euclidean
space R™. It allows to introduce the main ingredients of the proof in a simple setting. Sec-
tion 4 is devoted to the proof of the main results. Certain additional points are discussed in
the Appendix.

2. Notation and main result. We assume throughout that M is a compact connected
Riemannian manifold having dimension m > 2 and U : M — R is a smooth function such
that (this is the fraudulent assumption)

minU = 0.
M
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The zero set of U,
U:={peM:U(p)=0},

is then the set of global minimizers. We furthermore assume that every p € U is nondegener-
ate, meaning that the Hessian of U at p is nondegenerate. This assumption implies that I/ is
finite. In particular, N := M \ U is a noncompact connected manifold.

Let Lg be the operator on C2(M) defined as

(D Lg[-1:=UA[1-B{VU, V[-]),

where A, (-, -) and V stand for the Laplacian, scalar product and gradient associated to the
Riemannian structure of M, and 8 € R.

A diffusion process generated by (1), is a continuous-time Feller—Markov process on M,
X® = (X®)(1));>0, with infinitesimal generator L and domain D(Lg) C CO(M) (see, e.g.,
Le Gall [16], Section 6.2, for the definitions of Feller processes, domains and generators)
such that for all f € C>(M)

f S D(Eﬁ) and ﬁ/gf = Lﬂf.

Since the mapping VU and /U are Lipschitzian, due to the nondegeneracy assumption of
the zeroes of U for the latter, such a diffusion process exists. More details are given in Ap-
pendix A.3. In addition, given the initial distribution of X #)(0), say . the law of X®), P\,
is uniquely determined by w and Lg. As usual, we write IP’)(Cﬁ ) for ng ), By a mild (but conve-

nient) abuse of notation we may write P (X® € -) for P% (). We also let P = (P,(ﬁ)),zo
denote the semi-group induced by X® . It is defined, as usual, by

Vi>0.VxeM, PP fx):=E,f(XP @)

for every measurable, bounded or nonnegative, map f: M — R.
The proof of the next proposition, which relies on classical results, is given in Ap-
pendix A.3.

PROPOSITION 2.1.  Here are some basic properties of P®):

(i) PP leaves N and U invariant: forallt >0, P,(ﬂ)lN =1y.
(i) PP is Feller on M and strong-Feller on N:

- Forallt>0and f €CO(M), PP (f) e CO(M);
- Forallt >0and f: N — R bounded measurable, P,('B )( f) is continuous on N.

Note that P® is not strong Feller on M, as it can be seen by considering the indicator
function of N. In order to state our main result we first associate, to each p € U, a certain
Lyapunov exponent. Given a symmetric positive definite m x m real matrix A, and 8 € R,
define the probability measure j14,5 on S™~1, the unit sphere in R”, via

) VO €S" !, p(d6) (0, 40)"' o (do),

T Z(A 1+ p)
where, o is the uniform probability measure on S”~!, (-, ) the Euclidean dot product (not
to be confused with the Riemannian metric on M) and Z(A, 1 + B) is the normalization
constant.

Define the S-average eigenvalue of A as

Z(A, B)

(3) A(A, B) =fsmil (0, AO)ua,p(do) = ZA1+h)
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Let A1(A) <--- < Au(A) be the eigenvalues of A. Observe that A(A, ) only depends on
these eigenvalues, because o is invariant by orthogonal transformations and A is orthogonally
conjugate to a diagonal matrix. Observe also that

“) A(A) = A(A, B) < A (A).

REMARK 2.2. Inequalities (4) are strict, except when A1(A) = XA, (A). Furthermore it
can be shown (see Appendix A.4) that for all numbers A_ < A < A, there exists, for m
sufficiently large, a m x m definite positive matrix A such that A1 (A) =A_, A(A, f) =X and

dam(A) = Ay

Given p € U, we let A, denote the diagonal matrix whose entries 0 < A(p) < --- <
Am (p) are the eigenvalues of the Hessian of U at p. Set

foi=" —1
0.—2 .

Our main result is the following.

THEOREM 2.3. Letx € N and B € R.

@) If B> o, then

. In(d(XP (1), p))
Z P, |limsup
peut t—400 t

< A(Ap BB - ﬂo>] _

where each term in the above sum is positive.
(i) If B < o, then XB) has, on N, a unique invariant probability distribution given by

1
mp(dx) := C—ﬂU(x)_l_ﬂ(x)E(dx),

where Cg is a normalization constant and £(dx) stands for the Riemannian measure. Fur-
thermore:

(a) XP is positive recurrent on N, meaning that for all f € L! (7p), Py a.s.,

lim /, F(XP(s))ds = mp(f).
0

(b) There exist positive constants a, b, x (depending on B) with x < Bo— B, such that for
all f: N — R, measurable,

—bt

B —
ELF PO =D = 30757

1Ny
where

£y := sup| f(W|d(y, L)%,
yeN
(iii) If B = Po, then, for every neighborhood O of U, Py a.s.,

llm _f 1 X(ﬂ)(s)eo dS —1

t——+oo t
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REMARK 2.4. Theorem 2.3 is an improvement over the results of [18], which showed
the a.s. convergence of X® toward elements of I/ (each being approached with a positive
probability) only for 8 > B\, > Bo with

Liem) M(P)

(5) By = I;]SZEI(W I,

and the a.s. nonconvergence of X # toward elements of I/ for 8 < B < Bo, with

o 2aefmpM(P)
© TR

REMARK 2.5. Here we restrict our attention to dimensions m > 2, so that N is connected.
The case m = 1 which corresponds to the circle is already treated in [18].

REMARK 2.6. While it is true that for 8 > By, whatever the initial point xo outside I/,
the law of X ®) (¢) will charge all the points of 2/ asymptotically for large 7, we also have that
when we let xo converge toward a particular x € I/, the asymptotical weight put by X# (¢)
on x converges toward 1. As a consequence, if we want to use X#) to find all the elements
of U with a nonneglectable chance, say already knowing a particular x € U/, we should not
initialize X#) close to x. Or, as it was proposed by one of the referees, we should modify U
in a neighborhood of x so that x is no longer a global minimum of the new function (for a
related procedure, see Laio and Parrinello [15].) Ideally, when have knowledge of an initial
point xq, such that all elements of ¢/ are approached with a more or less even probability,
then we should repeat the algorithm a corresponding number of times to find all the elements
of .

REMARK 2.7. By Theorem 2.3, the diffusion X®) on N is transient for 8 > By and
positive recurrent if and only if B < By, due to the fact that [ U =B dt = 400 for g >
Bo. By standard results (see, e.g., Kliemann [12], Theorem 3.2 applied with C = N), it is
then either null recurrent or transient for 8 = fy. It would be interesting to investigate this
situation.

3. Euclidean computations. This section considers a situation where the state space
M is no longer a compact manifold but the Euclidean space R™, with m > 2. We state a
theorem (Theorem 3.1 below) analogous to Theorem 2.3 (i) . This result is interesting in
itself, and its proof allows us to explain, in a simple framework, how to characterize the
attractiveness/repulsivity of a global minimum. The main idea is to expand a critical point to
a sphere, using polar decompositions, following [4].

Let U : R™ — R4 be a smooth function with min U = 0. We assume that for each p €
U :=U"1(0), HessU ( p) is positive definite. In particular, points in {/ are isolated and I/ is
therefore countable.

For any fixed B € R, as in (1), we are interested in the operator Lg defined on C%(R™), via

) Vx eR",  Lg[f1x):=U@Af(x) = B(VU,Vf)x),

where A, (-, -) and V, respectively denote, the Euclidean Laplacian, scalar product and gra-
dient. Throughout all this section ||x|| = +/{x, x) denotes the Euclidean norm of x.
Associated to (7) is the stochastic differential equation

(8) dXP (1) =—pvU(XP (1)) dr +,/2U(XB (1)) dB;,

where B = (B;);>0 is a standard Brownian motion on R™.
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By local Lipschitz continuity of VU and /U, there exists, for each x € R™, a unique so-
lution X ® : [0, t°°) — R™ starting from x, (i.e., X#)(0) = x). Here, 0 < 7™ < o0, denotes
the explosion time of X#) and is characterized by

>t o [XP@)] < oo
The set R™ \ U is invariant, in the sense that for all t > 0, x € R" \ U,
P (XP (1) e R" \ U™ > 1) = 1.
The proof of this last point is the same as the proof of Proposition 2.1 (i) given in Ap-
pendix A.3.
THEOREM 3.1.

(1) Suppose B > Bo. Then, forall x e R" \U and p €U,

B) _
P, [lim sup MUIXTO =P _ _ya, gy — ﬁo)} -0,

t——+00 t

©))

where A, A(Ap, B) are defined as in Section 2.
(i) Suppose B > Po, and in addition, that there exist positive constants o, r (possibly
depending on B) such that

(10) 280U (x) — (VU (x), x) < —a|x]?
whenever ||x|| > r. Then, U is finite and for all x € R \ U,
B () —
(11) Z P, [limsup In(I X7 = Pl <—A(A,, BB —Po);T™ = oo] =1.

peld t—400 t

(iii) Suppose B < Bo. Then, for all p e U and x € R™ \ {p}

£l X0 =] =0,

REMARK 3.2. The condition (10) is given for its simplicity. However, the conclusion (11)
holds true under the weaker assumption, implied by (10) (see Lemma 3.3 below), that X (8)
almost surely never explodes (i.e., 7% = 0o) and eventually enters a ball B(0, r) containing
U for some r > 0.

The remainder of this section is devoted to the proof of Theorem 3.1. We first recall some
classical facts about diffusion operators; see, for example, Bakry, Gentil and Ledoux [1]. The
carré du champ T associated to a Markov generator L defined on an algebra A(L) is the
bilinear functional defined on A(L) x A(L) via

Vig€AL), TLlf gl:==LI[fgl— fLIgl—gLIf]

(we will denote ', [ f]:=TLLf, fD.
The generator L is said to be of diffusion, if A(L) is stable by composition with smooth
functions and if we have

(12 Lip(N) =g Hrifi+ D

for any f € A(L) and any function ¢ smooth on the image of f.
In this situation we also have, with the same notation,

(13) Trle(f)] = (¢' ()’ TLLS].

ILlf]
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The Markov generator given in (7) is of diffusion with A(Lg) = C%(R™). The corresponding
carré du champ is given by
(14) VfeC(R™), Trlf1=2U|VfI>
Our first goal is to show that, under condition (10), X #) never explodes and always enter the
ball B(0, r). For all s > 0, we let

t=inf{t >0: [ XP ()] <s} and < =inf{t=0:|XP ()] =s).

Note that these stopping times depend on S, but to shorten notation we omit this dependance
in their definition.

LEMMA 3.3. Under the condition (10),
Py(t™® =005 1, <00) =1

forall x e R™ and r is as in (10).

PROOF. Let V : R™ — R be a smooth function coinciding with In(]|x]|?) for ||x]|| > r.
Using the formulae (12) and (14) it comes that, for all || x| > r,

2
Lp(V)(0) = T3 (AU () = (VU (). x) = 2
In particular, for all x € R™, Lg(V)(x) < C where C = SUP(xcR™: x| <r} [Lg(V)(x)|. Thus,
by Ito’s formulae, for all k£ > 1,
(k)P (5 < 1) < B, (V(XP (1 A T5))
tATH
=V(x)+E, U L,g[V](X(ﬁ)(s))ds}
0
<V(x)+tC.

This shows that P, (¥ <¢) — 0, as k — oo. Hence P, (1™ < c0) =0.
Now, by Ito formulae again, the process (M;);>( defined as

M, =V (XP (A1) —In(r?) — /OW' LgV(XP (s))ds > 2a(t A T7)

is a nonnegative P, local martingale. A nonnegative local martingale may not be a martin-
gale but is always a supermartingale (Le Gall [16], Proposition 4.7). Thus 2aE,(t A 7,) <
E,(M,;) < V(x) —In(r?). Hence E,(t,) < co. O

Our next goal is to investigate the behavior of X around a critical point p € /. Without
loss of generality, we assume that p = {0}. We let A = HessU (0). Fix € € (0, 1) small enough
so that U/ N B(0, €) = {0}. Write any x € B(0, €) \ {0} under its polar decomposition x = p6
with p € (0, €) and 8 € S"~!. This decomposition induces the mapping

Q:C*(B(0,€)) > f > QO[f1€C*(0,€) x S"™1)
with
(15) V(p.0) € (0,) xS, Q[f1(p.0) := f(pb).

Endow S”™~! with its usual Riemannian structure, inherited from R”, and denote (-, Yo,
Vs, divg and Ay the corresponding scalar product, gradient, divergence and Laplace—Beltrami
operator. Note that (-, -)4 is just the restriction of (-, -) to the tangent space of S”~! at 6.
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Classical computations in polar coordinates show that for any f, g € C*(B(0, €)), we have
on (0, €) x S"1,

1
O[(Vf,Vg)]=28,00f19,0lg] + ?(Ve O[f1, Vo Qlgl)y

2 m—1 1
O[Af1=0;0[f1+ TapQ[f] + ?AGQ[f]-

It leads us to introduce the operator Lg on C2((0, €) x S"~1) defined by

s om—1 1 1
(16 Lyl1:=u(2201+ g1+ ;Aa[-]) - (@,Wa,01+ 5I%sU. Vol ).

where U := Q[U]. Indeed, on C%(B(0, €)), we have the intertwining relation
Lo Q=QolLg.

LEMMA 3.4. The operator Lg extends to a diffusion operator, still denoted Lg, on
C2([0, €) x S™~1), whose associated diffusion process XP leave {0} x ™~ invariant. On
{0} x S, identified with ", XB) admits for generator the operator Gy acting on
C2(S™ 1) via

2 (q@m—1 . 1 148 . -B
a7 VieCH(S"Y), Gglfl:= E\IIA divg (¥, Vo f),

where V0 € S"1 W4 (0) = (6, AO). Furthermore, Gg has a unique invariant probability
measure on S™ !, given by jua g (see equation (2)).

PROOF. Our assumptions on U imply that, uniformly over 6 € S,

Up,0) 1
(18) lim (p2 ) _ Lo a0y,
p—=04+ o 2
3,U(p,
(19) lim 9% _ o Ay,
p—>0y4 P
VyU(p, 6
(20) lim #:A@—(G,A@)@.
p—=>04 p

Indeed, by the usual expansion of U around 0, we have

Ux)=U(@0)+(VU(0), x)+ %(x HessU (0)x) + o((x, x))

1
= 5(x, Ax) +o((x, x)),

which translates into

2
U<p,9>=%<

0, A0) +0(0?)
leading to the first announced limit (18). Similarly,
VU (x) = VU (0) + HessU (0)x + o(y/(x, x))

= Ax +0(\/<x,—x>).
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At x = p6 with p > 0, 9,U(p, 0)0 is the radial part of VU (x) and VyU(p, 8)/p is the tan-
gential part. It follows that

3,U(p.0) = (VU (x),6),

VoU(p.0) _ VU (x) — 3,U(p, 0)0,
and we get
%909 _ 4 agy + o).
Jol
W — A6 — (0, AG)O + o(1),

leading to the wanted second and third results (19) and (20).
It follows that for any F € C%([0, €) x S™1), we have, uniformly over 6 € sm-1

@) lim Ls[F)(p.0) = %(9, AB)AgF(0,60) — BlAG — (6, AO)O, Vo F(0,6)),.
p—0y

Denoting Lg[F](0, ) the r.h.s. enables us to see Lg as a diffusion operator on [0, €) x sm—1

whose associated diffusion process X leaves {0} x S”~! invariant, and such that on {0} x
S~ identified with S"~!, its generator coincides with the operator defined by

1
Gp() =0, A9)<§Aef(9) — B(b(®), ng)g),

where

_ A6 —(0,A0)0 1
Vo eS™!, () :i= ———"— = ~VyIn((0, A9)).
©) @, AB) 5 Vo ln((6, A6))
It is easily checked that Gg can be rewritten under the divergence form given by (17). This
divergence form implies that the probability measure w4 g defined in (2) is invariant. By
ellipticity of G there is no other invariant probability measure. [J

LEMMA 3.5. Suppose 8 > Bo and 0 < A < A(A, B). For all 0 < n < 1, there exists
0 < €1 such that for all ||x|| < €1,

®)
(22) P, [lim sup 7111(”): Q1)

t—+00

<-x(f-po: |z 10
If now, B < Bo, then for all x € R™ \ {0},

P[ lim [xP @] =0]=0.

lim
—>—+00

PROOF. The proof follows from the stochastic persistence approach used in [2, 4]. For
the reader’s convenience it is presented in details in Appendix A.2. Let V be the function
defined on (0, €) x S~ ! via

(23) V(p,0) :=—In(p).
We claim that:

(a) Lp[V] can be extended into a continuous function Hg on [0, €) x sm-1.
(b) T 4[V]is bounded on (0, €) x S"™=1; and
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() ma,plHp0,)]=A(A, B)(B — Bo) (the Lh.s. is a shorthand for the integration of the
mapping S" sy Hg (0, u) with respect to 4, g, defined in (2)) .

Using the form of Lg (equation (16)) and the equalities (18), (19), (a) holds true with

(24) Hp(0,6) = (B — Bo) (0, AD)

and (c) directly follows from the definition of A(A, B). For (b) , the definition of Lg and I,
lead to

1
VS €O (0.0 x 8", Ty LA1=20(@ 7+ 51V fP).

Thus,

U(p,0)

L [VlI=2 ,
s 02

which is bounded in view of (18). This concludes the proof of the claim.

If B> Bo,wa,glHp(0,-)] > 0 and the first assertion of the lemma follows from Theo-
rem A.10 (based on Theorem 5.4 in [4]). If B < Bo, na,s[Hp(0, -)] <O, the second assertion
follows Proposition A.6(i) in Appendix A.2 applied on the manifold [0, €) x S”~! with ex-
tinction set {0} x S”~1. O

We can now conclude the proof of Theorem 3.1. We start with assertion (ii) . Fix 8 > fo.
For n € N sufficiently large (so that A(A,, B) > %) and p e U, let £,(p) be the event defined
as

In(| X® (1) — 1
&,(p) = {1imsup MO0 - (wappr - )6 - o,
t— 400 t n
and let
gn == U gn(p)
peU

The set U is finite, since (10) cannot be satisfied by a point x € I/ and by consequence U is
included into the compact ball centered at 0 and of radius . Thus there exists, by Lemma 3.5,
€1 > 0 such that

P(&n(p)) =
forall x € B(p,€1) and all p e Y. Let

Ue, = | B(p. 1)
peU

N =

and 7, = inf{t > 0: X¥ (1) € U, }. By ellipticity of Lg on R™ \ U, U, is open and ac-
cessible from all x € R™, in the sense that P, (X#)(t,) € U,) > 0 for some t, > 0. Thus, by
Feller continuity and compactness of B(0, r), there exists § > 0 such that

P, (‘L'u61 <00)>$§

for all x € B(0,r). Combined with Lemma 3.3, this proves that P, (rué1 < 00) > § for all
x € R™. Thus,

P (En) = 6/2
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for all x € R™. The strong Markov property, implies that P,.(£,) = 1. Hence
Py (ﬂ 5n> =1.
n

This concludes the proof of (ii) .
We now pass to the proof of (i) . Fix 8 > By and assume without loss of generality that
p = {0}. Since P, (r,, < 00) > 0 forall x € R™\ {0}, the proof of (9) follows from Lemma 3.5

Finally (iii) is an immediate consequence of the second part of Lemma 3.5 (recall that 0
was an arbitrary point of ¢, up to a translation).

4. Proof of Theorem 2.3.

4.1. Proof of Theorem 2.3 (I). The proof is similar to that of Theorem 3.1. We begin by
proving a Riemannian version of Lemma 3.5. The proof of Theorem 2.3 (i) will then follow
by an argument similar to that given at the end of Section 3.

Let y € 4 and let Bys(y, €) be the Riemannian ball with center y and radius €, where € > 0
is sufficiently small so that:

e the only critical point for U in By (y, €) is y,
e the exponential mapping exp,, : TyM — M is a diffeomorphism between the tangent ball
B(0,¢€) of TyM and By (y, €).

Recall that the exponential mapping exp, : TyM — M associates to any tangent vector
v € TyM the point x € M which is the position at time 1 of the (constant speed) geodesic
starting at time O from y with speed v.

Consider (e, ez, ..., ep) an orthonormal basis of T, M consisting of eigenvectors associ-
ated to the eigenvalues (A1, A2, ..., A;y) of the Hessian of U at the critical point y. A priori
this Hessian is a bilinear form on 7, M, but the Euclidean structure of 7, M enables us to see it

as a symmetric endomorphism on 7y M, and (A1, A, ..., Ay) and (ey, €2, ..., e;) correspond
to its spectral decomposition.
Let (vi, v2,...,v;) be the coordinate system associated to (ey, ez, ..., ey,) on B(0,¢€).

Such a coordinate system based on the exponential mapping is said to be a normal coordinate
system. From now on and until the end of this section, we identify amap f : By (y,€) > R
with f o expy, : B(0,¢) — R, and write f(v) for f o expy(v). Under this identification, the
matrix corresponding to the Hessian at y admits the classical form

(alg,lU(O))k,le[[m]]’
o)

where 0j is a shorthand for o The introduction of the lecture notes of Pennec [20] is a
convenient reference for these assertions (a more thorough exposition can be found in the
book of Gallot, Hulin and Lafontaine [9]).

A first interest of the normal coordinate system (vi, va,...,vy,) on B(0, €) is that we
can consider the corresponding polar decomposition as in the previous section: each v =
(v1,v2,...,uy) € B(0,€) \ {0} can be uniquely written under the form p6 with p € (0, €)
and 6 € S"~!, where the basis (e1, €2, . .., ,;) enables us to identify 7, M with R™.

Before going further, let us recall some other traditional notation and facts from Rieman-

nian geometry. For any v € B(0, €), denote g(v) := (gk.i(v))k,ie[m] the matrix of the pull-
back of the Riemannian metric: for any vectors b and b from Texpy(v)M , identified with their
coordinates (bx)xefm] and (I;k)ke[[m]] in the basis (3 )ke[m], We have

(b.byy =" gi(v)biby.
k.1e[m]
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The determinant of g(v) and the inverse matrix g‘1 (v) are respectively denoted |g|(v) and
g~ (v)) k.1e[m]- For any smooth function f, the expressions of its gradient and Laplacian are
given by

V() = ( T gk ’(v)asz)) ,

le[[m]] ke[m]

Af(v) = e (Viglg®'a f)(w)
¢—| [0) k,ezﬂmﬂ
) 8k’1(v)<3/3,1f(v)— )3 r,{,,(wa,-f(v)),
k,le[m] jelm]

where F,{’ ;(v) are the Christoffel symbols at v; see, for instance, the listing [23] (again we
abuse notation in the r.h.s by identifying f with its formulation in the coordinate system
v=(v1, V2, ..., Vy)). There should be no confusion between the traditional uses of the letter
I both for the carré du champ (taking a generator in index) and for the Christoffel symbols
(with two indices and one exponent).

A second interest of the normal coordinate system is that at 0, we recover the usual notions:
g(0) is the identity matrix and the Christoffel symbols all vanish at 0.

The above expressions lead to the following formulation of the generator Lg defined in

(D):
25  Lgll=U > gk’l(aﬁ,m— > Fiﬁﬂ-])—ﬁ > gMaual.
k,le[m] jelm] k,le[m]

Again we are slightly abusing notation by calling it Lg too, especially as we see it as only
defined on C2(B(0, €)).
The associated carré du champ is given as

(26) Fl1=20 Y g"'o[19,[]
k,le[m]

(this is a consequence of the algebraic relation I'y 5, [-] = 209x[-]19;[-], even if 9x0; is not a
Markov generator, i.e., when k #[).

Consider the mapping Q associated in (15) to the polar decomposition. Since Q is invert-
ible from C2(B(0, €)) to C2((0, €) x S™~1), there is a unique diffusion generator Lg acting
on C2((0, €) x S™~ 1) such that

Lgo Q= QoLg.

To compute Lg, let us write that for any v € B(0, €) \ {0},

- [y 2
kel[m]
v

vie[m], 6=—.
0
It follows that for any k € [m],
Uk
hp=—="0k
P

Ski
Vie[m], O = 7—10—3/0——(8](1—9/(‘91)

where dy ; is the Kronecker symbol.
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It follows that

1
(27) Ok =03y + — Z (8k,1 — OrO1) g,
le[m]

and by composition, for any k,/ € [m], we can also write 813’ ; in terms of d,, 85, dp; and
89% 60 for i, j € [m]. Replacing these expressions in (25), we get the formula for Lg in terms

of differentiations of order 1 and 2, with respect to p and the 6, [ € [m].
In order to apply the general method of [4] as in Section 3, we need to check the three facts
respectively listed in the following lemmas.

LEMMA 4.1. Forany F € C*([0, €) x S~ 1Y, we have, uniformly over 8 € "1,
Jim Lg[F.9)(0,0) = Ga[F(0.)](0),
where Gg is given in (17).
PROOF. For any v € B(0, €), define
Vi, le[m], g4 =6k,

Vj.kelm], T{,@w:=0

and in analogy with (25),
Lel1=U Y gr“(a,%,,[-]— 3 f,{,laj[-])—ﬂ Yo dMaual.
k,le[m] j€lm] k,le[m]

This operator coincides with the restriction of (7) to B(0, €). It follows from (21) that
uniformly over 6 € §"~1,

lim Lg[F1(p,0) = Gg[F(0,)]®),
p—>04

where the operator Lg is such that Lg o Q = Q o Lg.
Thus to get the wanted result, it is sufficient to show that

(28) lim (Lg — Lg)[F1(p,6) =0.
p—>04
This convergence is a consequence of the writing
(Lp—Lp[F1=U > (&' —g"") (ale— 3 1,8 F>
k,le[m] je[m]
—U Y g - F -8 Y (¢ —gHaUaF
k.l k,1) 0] 8 g )orUa
k,,jelm] k,le[m]

(where the restriction of F on (0, €) x S"~! was identified with Q~'[F] on B(0, €) \ {0},

with Q given in (15)), and of the following facts, valid uniformly in @ € S”~! as p goes to

04:

e According to (27), for any k, [ € [m]], 9, F is of order 1/p and B%JF is of order 1/p>.

e Due to the regularity of g and of the Christoffel symbols, for any k, I € [m], g&! — g%/ and
F,{J — f‘,{’l are of order p.

e By the assumption that y is a global minimum, U is of order p? and d; U is of order p, for
any k € [m]. O
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We have seen in the previous section that G4 is reversible with respect to the probability
measure (4, g defined in (2), where here A := A, is the diagonal matrix whose entries are
the eigenvalues of the Hessian of U at y € . To continue the method of [4], we also need
the two following ingredients.

LEMMA 4.2. Consider the function \ defined on (0, €) x S"~! via

V(p,0) :=—In(p).

The function L, [V]is bounded on (0, €) x S" 1 and the function Lg[V] can be extended
into a continuous function Hg on [0, €) x sm—1 satisfying (24) and thus jua g[Hg(0, )] =
A(A, B)(B — Bo)-

PROOF. We have FLﬁ [V]= Q[FLﬂ[V]] with V (v) = —% ln(Zkeﬂm]] v,%), so it is sufficient
to see that FLﬂ[V] is bounded on By (y, €) \ {y}. Expanding U (v) near O in the normal
coordinate system v = (v, vy, ..., Vg), we get for v small

1
U(v) ~ > Z )lelz.
le[m]

Hence, using (26),

Av? Av?
Zle[[m]] ] gk’l(O)Ukvlz Zle[[m]] 1Y

Ly [VI() ~
g (Zle[[m]] v12)2 k,le[m] le[m] U12

(see also [18]).

This proves the wanted boundedness.

For the wanted convergence, in view of the computations of the previous section, it is
sufficient to see that (28) holds with F replaced by V. Note that when applied to a function
only depending on p, as V, (27) reduce to d; = 6;d,. It follows that 9,V is of order 1/p and
8,3’ ;V is of order 1/ p>. This observation enables us to use the same arguments as in the end
of the proof of Lemma 4.1 to conclude that (28) holds with F replaced by V. [

A Riemannian version of Lemma 3.5 follows directly from the preceding lemma, the proof
being exactly the same as the proof of Lemma 3.5. The proof of Theorem 2.3 (i) then follows
(almost) verbatim along the lines of the arguments given in the preceding section just after
the proof of Lemma 3.5.

4.2. Proof of Theorem 2.3 (ii). Let V:N — R, x > In(U (x)~#). Observe that for all
feCHN),

div(e"Vf)=e"((VV, V) + Af)=U P Lgf.
Let CCQ(N ) be the set of f € C?(N) having compact support. Then, for all f € CCQ(N ),
Lgfdtg =0,
/N pfdls
where £ is the measure on N defined as

Cp(dx) :=Ux)" P e(ax).

Let p € U. By Morse’s lemma, there is a smooth chart at p such that, in this chart system, U
writes x — || x|* = o xl-z. Since the map x — ||x||~2¥*D is locally integrable (i.e., in a
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neighborhood of Ogm) if and only if 2(8 + 1) < m, it comes that [y U (x)~1*A¢(dx) < 0o
if and only if 2(8 + 1) < m, thatis, 8 < Bo.
Assuming 8 < By, the probability measure

1
mg(dx) ;= —{Lg(dx)
Cp
(where Cpg is a normalization constant) satisfies
(29) / Lgfdng=0
N

for all f € C?(N ). Observe that there is no evidence that the set C CZ(N ) is a core for Lg,
so that we cannot immediately deduce from (29) that 74 is an invariant probability measure
of X, However, by Theorem 9.17 page 248 in Ethier and Kurtz [8] (originally due to
Echeverria [7]) the following properties (a) to (d) ensure that 7g is invariant:

(a) The space N is a separable locally compact metric space (for which the space C(N)
of continuous function “vanishing at infinity” coincide with { f € CO(M) : |y = 0});

(b) The set CZ(N) is an algebra dense in C'(N);

(c) The operator Lg : CC2(N ) — é'(N ), satisfies the positive maximum principle;

(d) The martingale problem for (Lg, Cg (N)) is well-posed: for all x € N, IP’,’? (the law
of X starting from X B (0) = x) is the unique probability on D([0, oo0), N) such that
FX@) — JELgf(X(s))ds is a P}-martingale and PY[X (0) = x] = 1, where (X (1));>0
is the canonical process on D ([0, 00), N).

Properties (a) , (b) and (c) are easy to verify. Property (d) follows from, on one hand, that for
any € > 0 sufficiently small, the stopped martingale problem on N¢ :={x e M : U(x) > €} is
well-posed by uniform ellipticity of L®#) on N, and on the other hand, that these localized
martingale problems can next be extended to the whole state space N. For instance, corre-
sponding precise statements are found in Ethier and Kurtz [8] (see Theorem 5.4, page 199),
providing the existence of a solution of the stopped martingale problem on the N, but also
of the martingale problem on N, Theorem 4.1 page 182 for the uniqueness of stopped mar-
tingale problems on the N, and Theorem 6.2 page 217, for the deduction of the uniqueness
of the solution of the martingale problem on N by localization.

e (ii) (a) : follows from the fact that a strong Feller process on a connected space hav-
ing an invariant probability measure with full support, is positive recurrent (see, e.g., [3],
Corollary 7.10 for a statement on discrete time Markov chains and Proposition 4.58 (ii) for
the application in continuous time). In particular, it is uniquely ergodic (i.e., its invariant
probability measure is unique). Here the strong Feller property of X#) on N follows from
Proposition 2.1.

e (ii) (b) : The following lemma is a consequence of Lemma 4.2 and the stochastic per-
sistence approach exposed in [2, 4].

LEMMA 4.3.  Assume 8 < Bo. Then, there exist a continuous map W : N - R, 0< p <
1, x>0,k >0and T > 0 such that:

(i) W) =d(x, U)X on a neighborhood of U,

i) PPW<pW+«.

PROOF. For y €U, and € > 0 sufficiently small, let Vy, : M \ {y} — R" be a smooth map
such that

Q[Vyoexp,](p,0) =V(p,0) :=—In(p)
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whenever p < €, where, using the notation of Section 4.1, V: (0,¢) x S"~! — R is as in
Lemma 4.2 and Q is the mapping induced by the polar decomposition as in (15). Because
I’ 4[V]is bounded on (0, €) x S™=1 and ma,plHg0, )1 =A(A, B)(B—PBo) <O0,itis possible,
for € sufficiently small, to find numbers x, T > 0, x and 0 < p < 1 such that

P}ﬁ)(exv«v) < peXVr 4k

on M \ {y}. This follows from Proposition A.6(i) in Appendix A.2 (based on [2], Proposi-
tion 8.2). The mapping W : N — R™, defined as W (x) = >yeu €* Yy satisfies the conditions
of the lemma. [J

By ellipticity of L®) on N, every point p € N is an accessible Doeblin point for P}ﬁ ),
Combined with the preceding lemma this proves assertion (ii) (b) of Theorem 2.3 (see, e.g.,
Theorem 8.15 in [3]).

4.3. Proof of Theorem 2.3(iii). It follows from compactness of M and Feller continuity
of X that, with P, probability one, every limit point (for the weak topology) of the family

1 rt
- | $,d
R

is an invariant probability of X B (see, e.g., [3], Theorem 4.20 combined with Proposi-
tions 4.57 and 4.58). It then suffices to show that for 8 = Sy, every invariant probability
of X0 is supported by U, or equivalently, that every ergodic probability measure of X (%0
is a Dirac measure §, for some p € U. We proceed by contradiction. Suppose that there
exists an ergodic probability measure of X Bo) | 1w with w(N) > 0. Then u(N) = 1 (by in-
variance of N) and, by ellipticity of X0 on N, u is absolutely continuous with respect
to £(dx), hence also with respect to £g,(dx). That is, u(dx) = f(x)€g,(dx) with f >0
measurable and £g,[f] = 1. We claim that f is almost surely constant. This is in con-
tradiction with the fact that £4,(N) = co. It remains to prove the claim. First assume that

I flloo = supyey | £ (x)| < 00. Then, f € L?(€g,) because £g,[ f2]1= [ f1 <l flloc- Thus,
gﬂo[(Ptﬁof - f)z] = eﬂo[(PtﬂOf)z + g],
where g := 2 — 2P f e L'(¢g,) and £4,[g] = —u[f]. Thus,

Lo [(P° £ — 1)) = s [(P° £)?] — () = Ls,[(PP 1) — F*] <,

where the last inequality follows from Jensen’s inequality. This shows that £ g,-almost surely,

P,ﬁ O f = f, and also p-almost surely. By ergodicity f is p-almost surely constant. Suppose
now that || f|lcc = 00. Set f,, = min{ f,n} and w,(dx) = f,(x)€g,(dx). For every Borel set
ACN,

1n PP (A) = a PP(ANLF <)) + (n PP (AN f > 1))
< (uP)AN{f <n))+n(g,PP)AN{f > n))
— w(AN{f <n}) +nLgy(ANLS > n)) = pa(A).

This shows that p, is excessive, hence invariant because every finite excessive measure is
invariant (see, e.g., [3], Lemma 4.25). By what precedes, f, is pn-almost surely constant.
Thus f is w-almost surely constant. This concludes the proof of the claim.
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APPENDIX

A.1. On the over-parametrized model in machine learning and mini-batch stochastic
gradient approximations. Here we present the heuristic reason why the fraudulent algo-
rithm investigated in this paper can be seen as an idealized model of an asymptotic behavior
encountered in the theory of machine learning. This exposition is based on the two papers of
Wojtowytsch [24] and [25].

Assume we are given a finite family (x,, y»),e[n] of feature-class couples from the prod-
uct of Euclidean spaces R* x R, with k, € N. We are looking for a function f (6, -) from
RF to R!, parametrized by some 0 € ©®, so that

2
(30) U®):= Y [ya—f®. x|
ne[N]
is minimal (where || - || is the Euclidean norm on R’). The over-parametrized setting corre-

sponds to families ( f (0, -))gce sufficiently large so we are sure there exists at least one 6 € ®
such that U (0) = 0. Thus we know a priori that ming U = 0 and the goal is then to find a
minimizing 6 € ©.

To find such a global minimum of U, a first try is to consider the classical gradient descent
algorithm, namely the dynamic system (6(¢));>0 whose evolution in ® is given by

(31) vVt >0, Z—f(r) =—-VU(0(@))

where we suppose that ® is endowed with a Riemannian structure and that U is at least
C'. We start from an arbitrary 6(0) € © (this will also be the case for all the subsequent
evolutions).

Assuming furthermore that ® is the Euclidean space R™, with m € N (or the torus (R/Z)"
to be in a compact framework), for the purpose of implementing the above evolution on a
computer, it is preferable to replace it by an approximating time-discretization (6(p)) pez.,
such as

(32) VpeZy, O(p+1)=0(p)—nVU(O(p))

where the positive n > 0 is the time-step size (in the machine learning context, » is also called
the learning rate and is often also depending on the time p € Z ): the discrete time p in (32)
rather corresponds to the continuous time np in (31).

From (30), we compute that the gradient VU (0) := (35, U (6));c[m] 18 given by

Vo e®,Vie[m], U®O)==2 > (ya— f(O,x1), 9, (O, )
neN]

where (-, -) is the scalar product in R’. Thus in (32), at each instant p € Z_, a sum of N terms
must be computed. To avoid having to make so many calculations, as in practice N is very
large, one usually resorts to mini-batches. First the time domain is restricted to [0, v/N + 1]
(to simplify notation, assume from now on that N is a square) on which the iteration (32) is
modified via

(33) Vpe[0,v/N], 6(p+1)=0(p)—nVU,(6(p))
where

Vpel0,VN],Voe®, U,®):= 3 lyn — £(6. x0)|*.
ne[pV'N+1,(p+1)V/N]
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Let us now assume that (x,, y,), for n € [N], are independent samples from a law u on
R¥ x R!. Define for any n € [[ﬁ]], the random variable Z(n) := (Z;(n));c[n] taking values
in R via

Vl € H:m]]’ Zi(n) = _Z(yn - f(e(p)’xn)’ ae,f(e(p)»xn»

where p € [0, /N — 1] is such that n € [pv/N + 1, (p + 1)+/N].
Fix p € [0,~/N — 1]. For n € [pv/N + 1, (p + 1)/N], the Z(n) are independent and
identically distributed according to the image of i by the mapping

R¥ xR'5 (x, ) > =2({y = £(6(p), ), 06, f (6(P). X))); gy €R”-

We compute that for any i € [m],

E[35,Up(0(p))] = > E[Z:(n)]
ne[pvVN+1,(p+1)V/N]

=—2JN/W—f@@%XL%f@wxﬂmwmdw

=3, U(6(p))

where the mapping U is defined by

(34) Voe®, U®) ::/Hy — £ O, %) i(dx, dy).
Writing
R(0(p)) := VU, (0(p)) — VU (8(p))

we compute that the covariance matrix A(0(p)) := (A; j(0(p)))i, jepm] of R(O(p)) is given,
for any 7, j € [m], by

Aij(0(p) = > E[(Zi(n) — E[Z;(m)])(Z;(n) — E[Z;(m)])]
ne[pvVN+1,(p+1)V/N]
=+/Na; j(0(p))

where

35 a4 j(0(p):= (f Fopy.i Fop).jdm — (f Fop).is du) (/ Fe(pmdﬂ))

with, for any ¢ € [m], the mapping Fy(,),, defined on R¥ x R/ by

(36)  V(x,y) eREXRL Fypy(x,y) i= =2y — £((p), x), 35, f(0(p), x))

where we implicitly assumed that the mappings Fy(p),, admits a moment of order two under
.

The latter hypothesis allows us to apply the central limit theorem to get for N large the
weak convergence of N —1/4R@©( p)) toward a Gaussian distribution of mean 0 and covariance
matrix a(0(p)) = (ai, j(0(P))i, je[m]-

Thus we can, quite heuristically and for large N, rewrite (33) as

Vpe[0,V/N], 6(p+1)=6(p)—n(VUO()+RO(p)))
~0(p) —nVU(O(p)) + N4 (0(p))G(p)
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where (G(p)) pe[0./N] are independent standard Gaussian random variables in R™, and

where o (6(p)) is a (symmetric) matrix-square root of a(6(p)). This encourages us to take
n=1/+/N, since we get

Vpe[0,v/N], 6(p+1)=0(p)—nVU(O(p))+ V1o (0(p))G(p)

and, under appropriate regularity conditions, we recognize an Euler—-Maruyama approxima-
tion (see, for instance, Section 9.1 of the book of Kloeden and Platen [13]) of the s.d.e.

(37) Vi e[0,1], dO(t)=—-VU@B®))+0o(01)dW(r)

where (W (¢))s¢[0,1] is a standard Brownian motion on R™.

Here we end up with a s.d.e. on the time interval [0, 1], but to rather get [0, T'], for T > 0,
just consider mini-batches of length /N /T and take n = T/+/N.

Assume that the family (f (0, -))gece is still sufficiently large so there exists some 6 € ©®
so that U(0) = 0, as it was the case when the probability distribution x was the empirical
measure

1 Z 5
AT (Xn,yn)
N ne[N]

(compare (30) with (34)).

Note that when 6y € © is such that U (Bg) =0, then a(8g) = o (6p) = 0. Indeed, we then
have y = f (6o, x), p-a.s. in (x, y) € RF x RL. 1t follows from (36) that Fy,,, =0 p-a.s. for
all ¢ € [m], and we deduce from (35) that a(6y) = 0.

We can be a little more precise. For any 6 € ®, denote «(9) the largest eigenvalue of the
nonnegative definite matrix a(6). Define

K :=sup{|dg, f(0,%)] :0 € ©,i € [m], x e RF}.

PROPOSITION A.1. Assuming that K < 400, we have
VOe®, a®) <4KU®).

PROOF. Fix 6 € © and v := (v;)je[n] € R™. We compute

> viaij@vj= Y (f FoiFp jdi— (/ F9,i»d“)(/ F9vfd“)>”ivi

i,j€[m] i,j€[m]
2 2
=/< > UiFG,i> dp — < > /UiFa,idM>
ie[m] i€[m]
2
< [(2y=s@.0. 3 vt r@.0)) du

ie[m]

<4 [ly=r@0P X oo s 6.0 du

ie[m]
<ak([Iy=r@0Pdn) ¥ o
ie[m]
=4KU®) Y v}
ie[m]

The wanted result follows. O
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We deduce, in the sense of m x m matrices that

Vo e®, o) <2VK\JU®)I

where Id is the m x m identity matrix. If the above inequality was an equality, we would
recover the fraudulent algorithm studied in this paper, up to a linear time change and with
B=1/V2K.

Nevertheless, there is an important difference with our setting. As mentioned in Woj-
towytsch [24], in the over-parametrized framework the set of global minima is usually a
manifold (with high dimension and co-dimension) and do not consist of isolated points as
under our Morse assumption. Furthermore the matrices o (6) are degenerate even for 6 € ©®
which is not a global minima of U. Indeed, this paper should be seen as a first step toward
the investigation of more general fraudulent algorithms, in particular hypo-elliptic ones. Dis-
crimination between a.s. convergence toward the global minima and their avoidance will then
be more involved. In view of the above implications, these extensions deserve to be investi-
gated in future works and our results will serve as a reference of what can be obtained in the
simplest, while nontrivial, situations.

A.2. Stochastic persistence for diffusion processes. This section briefly presents
stochastic persistence theory in the spirit of the papers [2, 4], in the specific case (suffi-
cient for our purposes) of a diffusion process whose extinction set is compact. Although the
results presented here can be deduced from those presented in these papers, diffusion proper-
ties and compactness of the extinction set simplify certain proofs. Therefore, for the reader’s
convenience, we have chosen to give a self-contained presentation.

Generalities. Let M be a metric space which can decomposed into M = Mo U M,
where:

e The subset M # & is compact and is contained in the closure of M . It will play the role
of the extinction set.

e The subset M4 # & is a n-dimensional smooth manifold, that will necessarily be noncom-
pact, since My is nonempty. It is called the persistence set.

On a filtered probability space (€2, (F;):>0, [P), we are given a family of Markov processes
(X%)xem, with X* = (X{);>0, defined such that for all x € M, X = x, and t — X7 is
continuous (i.e., X* is a diffusion). Furthermore, denote P, the law of X*, and (P;);>o the
semigroup defined by

P f(x)= Ex(f(Xt)),

for all f measurable and bounded. We assume that the semigroup (P;);>o is weak Feller,
meaning that P;(Cp(M)) C Cp(M) for all t > 0.
We make the hypothesis that the extinction set My is invariant. That is, for all ¢ > 0,

PIIM() - 1MO'
Invariance of Mj has the consequence (see, e.g., [2], Lemma 9.2) that for all x € M
xeMy & {X;,t1>0}CM;.

On M the evolution of X* is governed by a generator L which is a second order differential
operator taking the form, in a local coordinate system,

n

1 n
(38) L=3 > aij(x)0id; + Y bi(x)9;
i,j=1 i=1
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where the a;;(x) and b; (x) are smooth in x, and

.
aij(x) =Y _ op(x)o] (x),
k=1
with o (x) = (o,f (X))k=1,....r.i=1,....n 1s locally Lipschitz. The generator L is understood in the
sense of martingale problems: For all f € C>(M), x € My and t > 0, define

f t
(39) M/ ()= F(XI) = fx) — /0 L (XY)ds.

The process (M,f (x))r=0 is a (P, (F;)r>0)-local martingale. To control the behavior of the
process at infinity, we assume throughout the existence of a proper continuous map W : M —
R*, which is C% on M. and satisfies the condition

LW < —aW +b

with a, b > 0. Note that when M is compact, this assumption is always verified, say with
W=1.

REMARK A.2. In the above framework, My is any compact invariant set and not neces-
sarily a smooth submanifold, nevertheless the evolution of our Markov processes on Mg can
be approximated by the diffusions on M, due to the weak Feller assumption. A more regular
setting is to assume that M is a n-dimensional smooth manifold with boundary Mj and that
the expression (38) of the generator L is also valid on My (then the vectors (b;); and (ali) i
fork=1,...,r,as well as their Lie brackets, have to be tangential to My on My).

Another similar setting is to assume that M is a is a n-dimensional smooth manifold on
which L can be written as

m
L=Fy+ )Y F}
i=1
where Fy, F; are smooth vector fields, and that M is a compact set invariant under the flows
induced by the F;,i =0, ..., m.

In these cases the processes (M,f (x))s>0 can be defined for all x € M and ¢ > 0 and are
asked to be (P, (F7):>0)-local martingales. The assumptions on a(x), b(x), now assumed to
be valid on M, and the existence of W, ensure that X* exists as the unique and globally
defined solution to a stochastic differential equation. Furthermore, by continuity with respect
to the initial condition, (P;);>0 is then necessarily weak Feller. In the application in the main
text, we will be in this regular situation. Nevertheless, we present here a generalized setting,
as the arguments are in fact the same.

For f, C? in a neighborhood of x € M., we let

L(f)(x) = (Lf?) @) = 2f @) (LF)(x) =0

denote the carré du champ of f at x.

Extinction set and H exponents. We will review sufficient conditions ensuring that the
process goes extinct, namely that P, (X; t—+> My) = 1 for some (or all) x € M, where
—> 400

X; —+> My means that the distance of X; to Mg converges to zero for large ¢ > 0; or
—>—+00

persists, meaning that P, (X; € -) converges, as t — +00, to some distribution on M for all
x € M. This will be done under the following key hypothesis.
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ASSUMPTION A.3. There exist a C2 map V : My — R* and a continuous map H :
M — R such that:

(1) limy_ p, V(x) = 00;
(ii) Forallx e My, LV (x) = H(x);
(iii)) For some, hence for all, § > 0
sup r'vV)x) < oo,
{reMy:d(x,Mp)<é}

where d stands for the distance on M.

The function V can be seen as a Lyapunov function. The sign of H(x) at a point x € My
indicates whether V tends to increase or decrease when the process is at x.

The key point here is that although V is not defined on My, LV extends continuously to
M.

REMARK A.4. Let (V, H) be as in Hypothesis A.3 and let V be a C? function on M.
which coincides with V on a neighborhood of M. Then (V, H) also satisfies Hypothesis A.3
with H = Hly, + LV1y,.

In view of this remark, we can (and will) always assume without loss of generality that V
(hence H) is zero outside a compact neighborhood of My. As a consequence, we can replace
(ii1) of Hypothesis A.3 by

sup T'(V)(x) < o0.
{reM,}

Here a first interest of Hypothesis A.3:

LEMMA A.5. Under Hypothesis A.3, the invariance of My (i.e., P11y, = 1w, for all
t > 0) is equivalent to the apparently weaker condition that My is stable:

Py, > 1y,
forallt > 0.
PROOF. Let
(40) T:=inf{r>0:X; ¢ M}

Fix x e My and T > 0. For € > 0, define
Te :=inf{t > 0: V(X;) > 1/€},
T..=T ATe.

Using the martingale problem, we can write
T.
V(X5) =V +/ LV(XY)ds + M.
0 €

< V@) + 1LV oo Te + By,

where (B;);>¢ is the Brownian motion provided by Dambis—Dubins—Schwarz’s theorem (see,
e.g., Theorem 5.13 of Le Gall [16]). We have

Te
(Mf)Te :/O T[V](XT)ds

= [rivifTe
< [PVI]oT-
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Thus we have

VXE) SV +ILVInT +  max By
(X7,) = V) + 1LVl €0 T V]loT]

Letting € go to zero, we deduce

(X7 r7) V@) +IILV 0o +se[0’||rll}[a\}]HMT] y

Since the r.h.s. is finite, we get that 7 < 7. As this is true for all T > 0, it follows that
T =+oc0 (as.). O

Before introducing the H exponents, we recall a few definitions and facts on invariant
measures. Let

o0
41) G:/ e P dt.
0

A probability i on M is called invariant for (P;);>¢ if uP; = pu for all ¢+ > 0. Equivalently
(see [3], Proposition 4.57) G = . A bounded measurable map g is called (G, @) invariant
if Gg = g pn-almost surely. Invariant probability u is called ergodic if every (G, ) invariant
map is p-almost surely constant.

We let Perg(My) denote the set of ergodic probability measures supported by M.

We now can define the H-exponents as:

AT (H)=—sup{uH : pt € Perg(Mp)}
and
AT (H) = —inf{uH : 1 € Perg(Mp)}.
The sign of the H-exponents determine if V tends to increase or decrease in average when
the process is near M.
PROPOSITION A.6.

(1) Assume that A~ (H) > 0. Then, for every 0 < A~ < A" (H), there exists T > 0,0 >
0, and U a neighborhood of My such that

PT(@GV)(X) < e@V(x)e—TA_

for all x € U\ My and sup,¢p+\ Pr(e V) (x) < oo. Furthermore, for all x € U \
My, (X7 )i=0 eventually leaves U .

(ii) Assume that AT (H) < 0. Then, for every 0 > A+ > AV (H), there exists T > 0,0 >
0, and U a neighborhood of My such that

PT(efOV)(x) Se*t9V()c)eTA7L

forall x e U\ M.

This proposition is the key tool from which we will deduce persistence (Theorem A.9) and
extinction (Theorem A.10) results. We now prove Proposition A.6.

LEMMA A.7.

(1) Let A~ be as in Proposition A.6(i). Then, there exists T > 0 and a neighborhood U of
My such that for all x € U,

1 (T
—/ PiH(x)ds < —A" <O.
T Jo
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(i) Similarly, let A be as in Proposition A.6(i). Then, there exists T > 0 and a neighbor-
hood U of My such that for all x € U,

1 T
—/ P;H(x)ds > —A1T > 0.
T Jo

PROOF. By continuity of x — P;H(x), it suffices to prove that for some 7 > O,

T
M < —A~ for all x € My. Suppose the contrary. Then, for some sequence (x,),

included in My, we have for all n, u,H > —A~ where u, = M. By compactness

of My, (un)n is tight (for the weak* topology) and every limit point u of (u,) verifies
uwH > —A" > —A"(H). Now it is easily seen that u is an invariant probability on M.
Hence, by the ergodic decomposition theorem, it satisfies uH < —A~(H). A contradiction.
This concludes the proof of the first statement. The second is similar. [

We now pass to the proof of Proposition A.6.

PROOF. (i). Using the notation of Lemma A.7, set

T T
Y%:/O H(Xf)ds—/O PyH(x)ds,

and, up to reducing U,

_ T
H =sup PH(x)ds <—A"T.

xeU J0

Taking Lemma A.5 into account, we deduce that for all & > 0 and x € U \ My,

exp(0V(X7)) =exp(0V (x)) exp<9 /OT Py H (x) ds) exp(0Y5) exp(6 My (x))

<exp(8V (x))exp(8T H) exp(8Y3) exp(6 M) (x)).

Thus, by taking the expectation and using the Cauchy—Schwarz inequality

E(eVX1)) < exp(0V (x)) exp(@Tﬁ)\/E(exp(20Y%))\/E(exp(ZQM}/ x)))-
Let [[Hlloo = supyep [H )] IIT (V) lloo = supep, I'(V)(x) and
C(T) =max(4T?|H||%,, 2T [T (V)| )

Since E(Y7) =0 and |Y;| < 2T||H||» a classical estimate (on the log-Laplace function
0 — E(ln(eeY;)) leads to

E(exp(20Y3)) < exp(40°T?| H||%,) < exp(6>C(T)).

Now,
E(exp(20 My (x))) = E(Z7 (8, x) exp(202 (M"Y (x));)),
where
r i C(T)
(MY ), =f0 V) (X)) ds < =,
and

Z7(8, x) =exp(20M) (x) — 265 (M" (x)),).
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By the Novikov theorem the local martingale (Z; (6, x));>0 is a true martingale. In particular
E(Z7 (0, x)) =1. Thus

E(exp(20 My (x))) < exp(6>C(T)).
Finally, we get that
Pr(e?V)(x) <exp(0V (x)) exp((T H +0C(T))).

For 6 small enough TH + 6C(T) < —TA~. This concludes the proof of assertion (i)
for x € U. The same type of estimate (with ||H| s in place of H also shows that
Pr(e?V)(x) is bounded outside of U. The fact that (X7) eventually leaves U whenever
x € U\ My relies on the following standard argument. Let T = min{n > 0: X; ; ¢ U}. Then
(exp (9(V(an/\t)T) + mAT)TA7))u>0 i1s a supermartingale. Since V > 0 it comes that
Ex(exp((n AT)TA™) <exp6V(x), hence, by monotone convergence, E,(expt(TA7)) <
exp 6V (x) proving that P, (t < o0) = 1.
The proof of (ii) is similar to the proof of (i). U

The next two results are persistence and extinction consequences of this latter proposition.

Point p € M, is called accessible from x € M, if for every neighborhood U of p
G(x,U) > 0. Here G(x, U) stands for G1y (x). Equivalently p € supp(G(x, -)) where supp
denote the topological support of a measure. We say that p is accessible from M if it is
accessible from all x € M. That is,

pe ) supp(G(x, ).
xeMy

We say that p is a Doeblin point if there exists a nontrivial measure v, fy > 0 and a neigh-
borhood O of p such that

Pto(xa ) > U()
for all x € O. The following proposition follows from classical results.
PROPOSITION A.8. Assume that My is connected and that L is elliptic on M4, mean-

ing that a(x) is definite positive for all x € M. Then every point p € M, is Doeblin and
accessible from M .

THEOREM A.9. Suppose A~ (H) > 0 and that there exists a Doeblin point p € M ac-
cessible from M. Then there exists a unique invariant probability T1 such that IT1(M4) = 1.
Furthermore, there exist positive constants C,a and 6, such that, for every f: My — R
measurable and x € M,

[P f(x) = TI(f)] < Ce ™ (1 + max(e?V ™, W) £l

where

Ifllo = sup 700

xem, 1 +max(e®V® W(x))

PROOF. The assumption that LW < —aW +b (on M) implies that Pr(W) < e Tw 4+
2 on M (see, for instance, [3], Lemma 7.26). Consider W :=exp(0V) + W on M. Then,
it comes that

PrW<eTW 48
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on M, with @’ = min(a, A~) and B > 0. The rest of the proof now follows from Theo-
rem 8.151in [3]. O

We say that M is accessible from x € M if supp(G(x,-)) N Mo # <&, and accessible
from M if it is accessible from every x € M. The following result is basically (up to a few
details) the same as Theorem 5.4 in [4].

THEOREM A.10. Let AT be as Proposition A.6(ii). Let A be the event that
liminf, o0 V&2 > — AT,

(i) For every 0 <n <1, there exists a neighborhood U of M such that

Py(A)>=1-1n
forallx €U.
(ii) If My is accessible from M, then
P,(A) =1

forall x e M.

PROOF. (i) Fore > 0,let Uc ={x € My : e V™ < ¢} U M. Choose ¢ small enough
so that U C U and let T = min{n > 0: X, ¢ U}, where U and T are as in Proposi-

tion A.6(ii). In view of Proposition A.6(ii), for all x € Ug, the sequence (e_BV(X?"mT))n

a (P, (Fu1)n>0) supermartingale. Hence,

>0 iS

E(e_GV(X?"mT)IKOO) < E(e—é)V(X{nMT)) <V,
Letting n — oo and using dominated convergence shows that
eP, (1 <o0) < E(e_gv(xiT)IKOO) < V),
Thus
Pr(t=00)=1-1

forall0<np<landxeU := Ue,. We will now show that {t = oo} C A.
Let

T
Bupi=V (Xiyyr) = V(Xir) = [ PH(Xi7)ds

T T
:/o H(Xpir ) ds + (M40 (x) — M7 (x)) —/0 PyH(X,7)ds.

The assumption that I"(V') is bounded makes the local martingale (M, tV (x)) a true L2 martin-
gale (see, e.g., Le Gall [16], Theorem 4.13) with quadratic variation

(MV(x))tzfo T(V)(XY)ds < |[T(V)] .t
Therefore,
E(Apt11Fur) =0, E(A2, || Fur) < C(T)

with C(T) = 2(T||IT(V)|loo +4T%| H ||go), and consequently, by the strong law of large num-
bers for discrete time L2 martingales (see, e.g., [3], Theorem AS)

n
lim k=1 8% _
n—oo n

0
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almost surely. Therefore,

1406
liminf ( ”T)z—A+

n— 00 nT
almost surely on the event T = oo.
Now, forall nT <t < (n+ 1T,

E(V (X)) = V(X)) <2((TIHI) +E( sup (MY () = M7 (0)°))
nT<t<(n+1)T

<2(T|Hllos)* +4|T (V)] T,

where the last inequality follows from Doob’s inequality for continuous martingales. It then
follows that

V(X)) — V(XX
lim sup (X7) (Xar) =0
=00y T<t<(m+1)T nT
almost surely. Thus
V(X¥
liminf (X7) > AT
t—00 t

almost surely on the event T = co.

(ii)Let1 > n > 0 and U be as in (i). Let R > 0 be large enough so that for all x € M, (X7")
eventually enters Wg :={y € M : W(y) < R}. The existence of such an R follows from the
assumption on W (see, e.g., Lemma 3.3). By Feller continuity, the map x — G (x, U) is lower
semi continuous. Hence by compactness of Wy and accessibility of My, there exists § > 0
such that G (x, ﬁ) > § forall x € Wg. It then follows that forallx e M,P(3r > 0: X; € 17) >
8. Combined with (i), and the strong Markov property, this shows that P, (A) > (1 — n)é.
Now, for all x € M, P, almost surely,

14= tl_i>IIOlOIP’x(«4IJ'7) :tl_i)ngPX[(A) > (1 —n)s.
Thus Py (A) = 1. O

A.3. The diffusion process generated by Lg and Proposition 2.1. Here we briefly
explain how the diffusion X # can be constructed and give a proof of Proposition 2.1.

By Nash’s embedding theorem, we can assume without loss of generality that M is a
Riemannian submanifold of R" (equipped with its Euclidean scalar product (,)) for some
n sufficiently large. For reasons that will become clear shortly, we write Vs, Ay, divys the
gradient, Laplacian, and divergence on M, and V, div, the gradient and divergence on R”. If
F is a smooth vector field on M and F a smooth globally integrable vector field on R" such
that F |m = F, then F and F, induce operators on C L(R™) and C1(M) respectively defined
by

Lo . . d(foW
F(H = (v, Fop= T D,
for all f € CI(R”), and x € R";
d(f oW
F(f)(x)=(Vuf(x), F(x))= tho

for all f € C!(M), and x € M. In both formulae, (\IJ;~ )¢ter denotes the flow on R” induced
by F.
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A direct consequence of the right-hand side equalities is that

(42) F(H)lm=F(f)

for every f € C'(M) and fe C'(R™) such that f= f|M.

Let (eq, ..., e,;) be the canonical basisof R”. Fori =1,...,nandx € M,let E;(x) € T, M
be the orthogonal projection of ¢; onto 7, M. Let E; be a smooth vector field on R”, having
compact support, such that E;|y = E;. It is not hard to show that such a vector field exists.
One can, for example, proceed as follows. Let M C R" be a normal tubular neighborhood
of M. Every point y € M writes uniquely y = x 4+ v with x € M and v € T, M. The map
r:M»>sx+ve x € M, is a smooth retraction. It suffices to set Ei x) =nx)E;(r(x)) if
x € M and E; (x) = 0 otherwise, where 0 < < 1 is a smooth function with compact support
in M such that n|y = 1.

The following, key property, is proved in Stroock [21], Section 4.2.1. For the reader’s
convenience we provide an alternative short proof.

LEMMA A.11. Forevery f € C3(M) and f € CEX(R"), such that f = f |y, one has

N
SUES(Hlu = Au(h).
i=1

PROOF. Let F be a C! vector field on M, and F a C! vector field on R” such that F M=
F. For all x € R" divF (x) equals the trace of the Jacobian matrix DF(x), while for all
x € M, divy; F(x) equals the trace of the d x d matrix ((DF(x)ui, uj))ij where uy, ..., ug
is an (arbitrary) orthonormal basis of 7T M. This has the interesting consequence that

divy (F) =div(F or)|m,
where r : M — M is the retraction defined above. Let f € C*(M). Then,

n

Vuf=> (Vufeei=) (Vuf Ei)ei = ZE(f)e,

i=1 i=1 i=1
Thus,

Apf=div(Vy f) =div(Viu (f)or)lm = Zdlv (Ei(f)or)ei]lm
i=1

n

= Z (Ei(f)or)lmeei) =Y (VuEi(f).ei)= D EX(f).

i=1 i=1

Here we have used the fact that V(f or)|yy = Vi f forall f € ctmy. O

Now, let U : R" — R4 be a smooth fllnction such that U I =U, \/5 is Lipschitz and
VU has compact support. For instance U(x) = n(x)U (r(x)) + 1 — n(x) for x € M and
U (x) = 1 otherwise, where 7, r are as above. Here, the Lipschitz continuity of VU follows
from the fact that r is smooth and that, by assumption, the zeroes of U are nondegener-
ate.

Consider the stochastic differential equation on R” defined by

1N -~
dX(t) = (—ﬁ — §>VU(X(I))dt
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"1
(43) + Z(Z(VU(X ), E (X (t)) (X)) + U(X (t))DE (X)) E (X (1)) dt
i=1
+2U(X (1) Y Ei(X(®))dB' (1),
i=1
where B = (B'(¢), ..., B"(t));>0 is a n-dimensional Brownian motion with B(0) =

Since the coefficients of (43) are globally Lipschitz and bounded, the following properties
(a), (b) and (c) are classical (see, e.g., Le Gall [16], Theorems 8.3 and 8.7 for (a) and (b)
and Kunita [14], Theorem 4.5.1 for (¢) ):

(a) For all x € R", there is a unique strong solution Ry 2t —~ X BX) (1) to (43) such that
x (B X)(()) =x,

(b) The process X := (X)) pn is a Feller—Markov process on R” whose generator
Lﬁ contains C2 (R"), the set of compactly supported C> functions, in its domain and such
that for all f € C2(R"),

ZE [O1Ef1+ U Y EF(f)

l\.)l'—‘

-~ 1
Lp(H==BNU, V)= (VU V])+
(44)
=—BVU(f) - —VU(f) + = ZE [U1E:[f1+ UZE2<f>

i=1
(¢) Themapxt— X B:X) (1) is an homeomorphism. In particular,

Vi>0, XPYneR\U < >0 XPY0r)eR'\U.

Set S;(x) =/ 20 (x)Ei (x). On R™" \ U, (43) can be rewritten, using Stratonovich formalism,
as

1 " .
dX (1) = (( B — —)VU(X(t) ZDS (X(®)S (X(t))) dt+ > Si(X(®)dB (1)
(45) i=1
( B — l>VU(X(t) +ZS (X (1)) o dB (7).

i=1

The vector fields VU and S;’s being tangent to N, this latter expression shows that N (hence
M) is invariant for X®)_ That is:

vi>0, X®9(@)eN(resp. M) < 3t>0,XP () e N(resp. M).

It then follows that X ®) := (X8-9)), ., is a Feller—Markov process on M, leaving N invari-
ant, whose generator £g contains C2(M) in its domain and such that Lg f = Lg fly = Lg f
for all f € C3(M) and f € C2(R") such that f|y = f. The last equalities follows from
Lemma A.11 and (44), since on M we have

The strong Feller property on N follows from the ellipticity of Lg on N (see, e.g., Ichihara
and Kunita [10, 11], Lemma 5.1).
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A4. On Remark 2.2. Given 0 < A_ < Ay, and m > 2, let D(A_, A4, m) be the set of
diagonal matrices with entries A_- = A1 <Xy <--- < XAp_1 < Ay = A4. The set {A(A, B) :
A€ D(h_, Ay, m)}is acompactinterval [A_(m, B), A (m, B)] (as the image by a continuous
map of the compact connected set D(A_, A, m)) contained in [A_, Ay].

Let A€ D(A_, Ay, m) be the matrix with entries A = ---A,,—1 = A_ and A,, = A4. Then
_ Ar X2 4 a0 X2\ B
2(6.A) = [ 1463 +3-(1 = 02)] Vo ae) = B[ (“2 o )]
1= 1
where X1, ..., X, are i.i.d. N'(0,1) random variables. By the strong law of large num-

bers and dominated convergence, this quantity converges, as m — 0o, toward A~P. Thus
limy,;, s 00 A—(m, B) = A_. Similarly, lim,,,_, co A4 (m, B) = A4.

A.5. On spherical integrals. In (23) we could have considered another function V. In-
deed, our first choice was

V:=—1In(U)

since it seemed somewhat more “intrinsic” with respect to U. It can be shown similarly that
the points [a] and [b] following (23) equally hold, with V replaced by V and Hg by Hg given
on {0} x S~ ! by
— " (9’ AZQ)
Vo eS™ !, Hg(0,0) i= —tr(A) +2(1 + f)~——,
(0, 0) (A)+2(1+p8) @, A8)
where we recall that A := HessU (9).
The sign of the quantity w4, g[Hg (0, -)] can then be used to discriminate between the at-
tractiveness and repulsivity of 0. In particular w4 g[Hg(0, )] and w4, lg[lzlﬂ (0, -)] must have
the same sign. We tried to prove directly (without success!) that

(46) 21+ Bapldal > tr(A) & B> % -1,
7) 21+ Puapleal <u(a) & p<T -1
with

0, A%0)

VO € S pa(0) = .
A 0) . A8)

A by-product of our computations is thus to show the validity of (46) and (47), which look
as natural bounds on the corresponding spherical integrals for any given definite positive
matrix A.
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