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1- Finihe Markov generators

Process
: here means continuous him
-

/chain : discrete hima (
-

In the S First lechures
,

the

state space will
de a
Finite set V.

Markov property :

A Family X := ( X (2/r
,

of random

variables
,

defined on a probability

space (ch ,
F

,

P) and taking
values in

V
,

is said to be

Markovian when for any
-

0 to < he2 ... <knth
, ne

we have for the conditional laws :

2(X(ma)) X(hn) , . . .
,
X (t))

= [(X((m)) X (2)

namely. For any No , (1 , ...,Pure
V

Such What PCX(hol = co , ... X (kn ( =<n]
> 0

,



PEX(hue) = cue) X/hu] =en . ....
X(r)=00]

= P[X(tu+ ) = xn + 1 )X(hn) =x]

Equivalently ,

no core back to

Markov chains
,
For
any (shrickly

increasing sequence (bulnest

(XShullnee
,

has no be

a CV-valued ( Markov chain.

In English
,

X is a Markov

process if at any home/saytu) ,

the Future (XChuxel) depends
on the past (X(We) ,

XChn
-1) . ...,

X(ho)

onlythrough the present (X(hn) .

As the past can be richer

Whan the past behavior of X,

here is a natural extension :

Let (F() /
,
o

be a Filtration



such What (X(H) /ro is adapted.

The process
X is said to be

Marksvian with respect to (ECH11
40

if f +
,10

2(X(n)) (1)

= 2(X(o +v))X(s)
-

the notion of Markovianity

given at the beginning was with

respect to the Filtration generated

6yX
.

The Markov process X is said

to be hime-homogeneous if

there exists a Family of

matrices (Pr/ko such What

- +
, 130 , Va , y +

V
,

PCX(e+) =y(X(e) = x] = Py(x , y)



Except otherwise monhioned
,
from

now on Whe Markov processes
will be assured mode hime-

homogeneos .

Wilh the above definitions,

a Finile Markov process can be

quite wild. Considery a

probability measure on
V which is

not concentrated on a point.

Let (X(H/ko be a Family

of independent variables distributed

according to
m.

It is a Markon process and

we have

#Ko
,

Fa
, yeU , Pf(1 , y)= Mly)

/Po is always the idenhily -chrix).

It can be shown that the

trajectory

R +3> X(r) (1)

is not measurable (a . 1.)



Jo avoid this silvation , we

impose some regularity on the

huajechonies :
(1) is assued to

Ge cadlag , is right combinuous with
-

left lmits
.

Namely Whey look

like (with N1 = 3 (

i
G

jup himes

A process (X(W) / no whose

hunjechones are cadlig is said

to be rongMarkor if For any

Finite shopping-hine (with respect

No /En0) I , we have

V 20
, 7yV

P[X([+ = y) [(t)]



= Pr(X(T) , y)

There ECT) is the 6-field of

events before I
. Note

that the random variables

-wi X (I(w)) (w)

is indeed measurable dre to the cadling

assumption on the trajectories.

Finile cadlag Markov processes
are conveniently

described through Markor generators.

A VXV mahnix L = /L ksik,
you

is

aMarre generator if
-

(i) 1m ,y)3, 0

(ii) FncV
,
< Lus) = 0
yav

In particular

Lkl = -L ( ) > 0 .

Demove FCV) and $(V) Whe

sers of real funchions and



probability measures on V.

f ( f(r) and m + S(r)
are seem respectively as

column and row rectors

(faler and Cymleer.

Consequently Lacts on

F(r) and $/V) respectively on

the right and on the left
.

E
. g . Ffef(u) , EV ,

&

LET (1) = & (mis 1814/
Je v

Marhingale problem :

A cadlag process X == (X(t))v40
Is a solution to the markingale

problem associatedno Lif

For any fe S(V) ,
(MO) /ko



is a markingale ,
where

* ↳30 ,

M
&
(2) = f(x (2)) -f(x(01) -J(f)(X())d
The main goal of this lechure

is to show :

Theorem 1 i

-
-

A solutionno the -anhingale

problem associaled to L is aI shrong Markov process

This -ay seem stange at First

view
,

but marhingate problems are

the simples way to introduce

andno work With cadlig Markov

processes,
and it is even

hover when the shale space is

- complicated than a finie set.



The initial law of X is
-

the distribution of X (0)
.

IF M = SCV) is given , we

say What X is a solution

to the markingale problem associated

Lov and sharkingFrom M ,

when the initual law of X isM.

When M = Se ,
the Dinac mass

at EV
,
we also say whah

X Starts From 1.

In this silvation we wil

wrie Xx : = /Xe /r
,
0

instead of X.

The main step of the proof

of Theorem 1 is



PropositionEssot"what Ne is a solution

no the morkingale problem associated

hoh and sharking From c.

Define the First hime joup as

T = inF(40 : X(H + X (r -)
L

8 If (k) = 0
,

we have

I = + :
the

process shays at.

· IF (m) >o
,

when

X (5) 1 I
77I
& (XT))=

& (I) = exponential of

parameter (C)

(

proof
-

Fix y = x and demol 2 = 1
sys

the indicator Function ofy
.



There exishs a manhingale (MYH)12
such What For any 10 ,

f (x (2) = f(x(01) +)[f(x(1))de +M

Let us replace ↓ by f15 :

f(X(vnt)) = f(x(0)) =f(x)/d +Mosel

We have f(x(01) = By (n) =0

and for 1 <I
,
we have

X (e) = 1
, so What

f(x(tnt)) = Lf(x) (wez) + ME(ter)

- (ky) (f(t) +Mo(Ter)

Note What by definition MG =0

and What (MOCT1) /4,0 iS

a martingale. It Follows that

= [MO( Enr /Ecol] = MOstrol = O



and thus

E[f(x)] = Lun)[r15]

↓
Ter
= (uy) [ [t15]

11 (2)

P[X(ri) = y]

= P[+ > t
,
X(T) =y]

Summing (2) Over y
& VIEx3

, we

geb

0 [ r> t) = - (m)# Cret]
I

== (m) &[115] &S (3)1
Indeed by Fudini

,

(((11 =
7d

=E [S
.

"

Box = a]
= #[5]



Defin F(r)
= P[T > L] For all

↓30
,

(3) wwives

1 - f(r) = - (a
, x))f()d

which is inheguated inho

- Ln) L
F(r) = e (4)

If (al = 0
,
we geh

P(i <b) = 1 # +30

= [ = + d
. 1 .

If (() >0, (4) shows

tab 5 ~ exp(h(x)

Coming back to (2) and

replacing &(Wi] = (4) - 02+ >H)

=
(x)P[t[L]

as we have just see
,
we geh

P(X(t) = y , [(r)= PCTI)



Lettingbt t
,

we geh

P(X(t) = y]=
and Finally

P(X(t) = y , [[r] = P(X(i) = y] PCTIr)

which shows X(t) 1 [

B

The same proof , replacing the

expectation & bywhe conditional

expectation EC . (X(0)] enables us

to get that iR X is a solution

to the marhingale problem ,
when

For any 230 and
ge

V,

PCI > t
,
X (i) = y

(X (0)]

= en XY) Byx
We can iderate this result



to give a probabilishis description

of X
.

Write In = [ as above

and consider the second jumphim :

[2 = inF(r > in : X (2) + X (2-1)

Sassuing [1 ( +o) .

-

Then conditionally on Fe ,
if

LCX(Te) >O
,
we have

[2- Te ~ exp(((X(Te1))

X(i)~Le
[-Te X (2)

According to the above argents,

to see these results
,
it is

sufficient to see whatme
is a solution to the martingale

problem associated to L
,
under

the conditional law PC · (ECTe)] ,



where the underlying Fittation is now

(20 : = (FEntr))no -

To check this
,
while Vo

S

[ +h

f(x([+ ) = f(X(t)) +13 a
+ Mocrl

with

Ecri = MOCE +L ) - MOCE
1

And indeed Whe shopping theore

shows What f + > 1 30,

#[F(re) -F
1
]

=E [MP(Inthal - MA(Eur (Fenth)]
= 0 (S)

Itemaking This procedure to get the Conditional

distributions of all the couples <hine
, position)

of the jumps ,
we see that



X
,
solution to the markingale problem

associatedno L and starting From y
&

has the same law (ou the

set of cadlag trajechouces) as
-

the process X construched as Follows

- Sample F(0) M
-

sample En ~ exp(L(Xcol)(

- take * (r) = X (0) For w = (0
, in)

-supe * CE) ~ Loi :
- Sample E2-En ~ exp)L( *CE1)

- take * () = X(1 For Le CIn
,
in

- sample (2)
-

sample Es-Ene expSL( * (Fel)

erc
,
at least as long as

We do not end up
with a



En = + in which case we
&

-

Lake X(w) = * (Encel for TECEnre
,
s !

Conversely it can be checked that

the above construction leads to a

solution to the martingale problem
associated no L and sharking from m.

This we have obtained :

C orollary 3

Tot be given a Markor generator (

and ME SCV) . There exishs
a solutionno the morhingaleI
problem

associated to L and

I S tarking From
M . Furthermore

its lau is unique.

The above uniqueness in law
i)

the main ingredient he show

Theorem 1
.

Let X be a solution

no the marhingale problem associated

No L
. Consider I a finie

·



shopping hime) if we hake I ha

be a constant him , it will show

the Markon property of XI .

As in (5) we showwhat

-

conditionally on #t) ,

(X(T +H/no is Shil

a solution to the maching ale

problem associatedno L.

Its law is thus determined

by ins initial distribution

which us the Pinac mass at

X (5) ( don't forget we

work here conditionally on F) .

This a wordsne the marked

dependence on the pash of the

Future only going through the

present position X(t) .



It remains to check the

time-homogeneily of X.

Fix 230 and Lake I = A

The above arguments shot La

(X(er1) conditioned by
-30

Els) has the same law

as (Xxig4)0
In particular , fixing +30

and
y

= V

P(X(1 + ) = y)F(1)]

= [[Xx= 2]

=
P(X()

, y)
↓

with

Pr(x
, y) : = [P(X ,(4) = y]


