
2 - Semigroups

Here a Markov generator (on the

Finale Set V is Fixed
,
and X

will shand for a solution to the

correspondingmartingale problem

(demoted Xx if it starts FromEV).

The associated (Polio is called

the semi-group generated by L.

The name comes from :

Lema 4
-

W
e have

I Po = Id (the identity matuix

Freso Prin = PrPe

Prof
Leb -s recall that

V
,
0
, Ex yeu Pr4g) = P[X =y]

In particular , if t =o,



Pokg) = Dy = x

i.. Po = Id .

We Furthermore deduce from the Markov

property

Prtex(7) = ( [Xx (2 +1) =y]

= [E[Xx(t +1)=y (F())]

=(CPr (Y
,

4) , y)]

= E Pe , g) Pr(g . y)

zz v

= (PoPe) (ag)
A

While the above semigroup property
is valid for any (hime-homogeneors
Markov process , we can

go
further

with our solution of a warhingele problem :

Lamma S
-

I We have What- Pr



is combinuors and differentiable
,
with

I V ↳ Pr = PrL- r G

I In Follows What

F 20 Pr = exp(hL)

roof
Co-sider x = V andf( f(V) .

Integrating

f(X()) = fm) +<@T(Xx4)(d + M8()

We get

#[f(XeNI)] = fa+LG] (X1) de7
= fai +j -[Lf(xx())] de

where we used Fubini's theorem in

the lest equality (since the
mapping

P+ x- + (s
,
w)i ((8](x,/(2) is

measurable with respect to the product
Signa-Field J (R+E

& Borelian --Field (



The last equality can be written

PrS8]() = fu +1 Pe[([8]](2)(S)
Since Pe[LSf]] is bounded

6 > ()((0)10 = max ((27) 1 : y =V1
in

appears that

R + ↓# PC8]() is conhinvous
.

Taking f : Bags , we get the

Continuity of REGLI Pfby)
, is

the continuity of +Et #> Pr
.

Replacing f by 28] , we deduce

He continuity of

R
+ = 1 1+ Ps[((]](x)

and
coming back to 161

,
we

get the differenciability of

R + * (it P
-98]() ,

with

J 0 P[f21) = Pr[L(87](

Taking f = Bsys ,
whis



whiles

br Pr( . y) = (PrL((1 . 3/

C . e
. JrPr = PrL

which itself implies

Pr = exp(bL)

I

Definitions 6
-

to Je invariant

I
A probe IT &$/V) is said

(i) for (Pr)rgo if

Fro
,
Pr = π

(ii) For Lif

TL = 0

The terminology for (i) core

From the Each that if the initial

lawe of X is i
,
the



For any1, 0 X/H ~IT

Indeed writes Xi do say ta

LCX(01) = T
. Conditioning by

Flo)
, we get for and gef(

# (f(X+ (1)]

= ([[f(X+ (4) (F(01]]

=(CP(87(x)]

= [H() PrCfT()
1Ev

= (πPr)[0]

= π[b]

ItFollows What XH1 ~T
.

Lemma 7
-

Both definitions are equivalentIif [Prino = Les



Prof

(i) =(ii)

Differentiahing (i) in L30
,
we

geb

GπPr = 0

L

#GrPr = iPrL

So taking t = 0
,
we ger ITL =

0

(ii) => (i)

butPr = br Mett

= Leth

= Pr

= 8

So TOP is constant in I

and # Pr = ITPo = T

Il

Lemma
-

I In our Finite shake space framework
,



I there always exists an invariant

probability measure

Root
EN ,

consider
,
with a V fixed,

Mul) = 1)Pe .. ) de

which is a probabil ,by measure.

By compactness of$(W) , we

can exhuach a converging subsequen
,

(Man(m
p

e

Mum
->i = Sav
m ->

Let us check thatIt is

invariant.

For any 10 and gef(ul,

MunSPrCET]=CPUCET)a d

- Pr (82) de



= Mum(f)+Pannea -Pe(t)mde

-> i[8]
~- a

since

IE(Paneas-PeCtmide (
I 21818 + -> 0

-->

Thus

# PCf] = lim Num [PrCeT]
- y2

= π(G]

and we get the invariance of

i
,
since this is hure Eyef(r).

(remark : it is slighly simpler to use the invariance
I

For 2).
To get a sufficient condition

For the unigreness of the invarial

measure
, we introduce irreducibility :



Definitions 9
-

(i) A path in
V is any finil

sequence p = (p(ails0
,et

of

eleaune oFV
,
with le +

called the length of
p .

The path p

iS saidho shart at plo) andho

(i)) A L-pach is a pathI ev dat p(e) .

D = (p(a)(
= 20

. e

such Wal

-V b =- 42]( =: (1 , (3) /

↓ (plane , p(a)) > 0

(iii) L is saidho be

irreducible if Cy ,
there

exists a L-path sharking at x

and ending al Y ↑

Here is a characherization E F

irreducibility :



Proposition 10
-

LThe Following assentions are equivalent :

(i) L is irreductibleI Cil Shoechries
of Paron

(iii)

Prof
Consider a = max ((() , x(V) +1

and

k=
Ther K is a Markon Kervel :

R
,yev ,

Ka
, y140

Vxc V [kn
. y) = 1 .

J

From L = a (k- Id) ,
we

deduce for any 130,

Pr = exp(t))

=- exp(atk - atl)
-al

- e exp(atk)



=et
i
. e. Vxy v

Pr
. 3) = etatLaky

In particular , since aso
,
For ↓L 0 and 17Y/

Prk
,210 5 le : K .1) 20 If

and since the V.
U

.
S. does not depend

On V To
,
we get ciil (iii) .

Furthermore the r
.

h
. 1

.

oFA) is easily see

no be equivalent to

=> L-palk going
From to

y

Chole What LGog)0E Kag)301
.

We thas get the equivalence of

(ii) with (i) .
I

The interest of irreducibility is .

Theorem 11
-

/Assure What L is irreducible.



Them the invariant probability measure

I ~ E L is unique and it gives a

po sitive - eightno all points ofV
.

&k : The reverse is also hive
,

but less useful.

Led vs deco-pose the proof of

Theorem 11 in several elementary steps.

Lemman 2

#Issuehid L is irreducible. ThenI a-y invariat probability For L is

positive

Proof
-

Let Et be an invariat probability for L,
and NEW be sech Halcol >0.

For any i
V,

Tm
= 2ynπ() P(yx)

↳ The
A

Note that O is always a

eigenvalve of L
,
Since



L(B] = 0 = 0 .1)

Lema 13

I
Fd L is irreducible. TheAssure

re eigenvalve O oF L is simple and

I
its

eigenspace consists of the constant

Functions i.e. Vect (1)
S

Proof

By contradiction ,
assure what of

is a non-constat Funchion sahisfying
LET= 0

The discrete strong maximum principle
will shoes this is not possible.

Indeed
, since Pe = exp(L) ,

-e deduce

P
. [4] = e = &

namely

FxV
, d) ((y)

- 44x) = 0
> 181

Choose EV such What Yol--ax4,

so what Eyer 4syl & &(x) .

We deduce From 181 What
we



mush have

Vy = vY(y) = Cu) ,

cie. 4 E Vect (11)
I

Lamma 14
-

Fix an invariat probability I For L

I The adjoint L of Lin &CNt)

IS an itreducible Markov generator.

Proof

Fix +
, y
EV

, we have

# [1x L[Bays]) = # [1ses L
*

[*as]]
which wailes

[m) (( . y) = i(y)((y ,
x)

i. e ., since IT30

L
*

(y, ) = 1 LCy

It Follows What

= Tey ,
*

(y .x) 0

andFor any ge

↳ Es

girt Fe1

For the irreductibility
,
reverse paths .

A



Remark
: It can be checked thom
-

conversely for irreductible Land For

any probability measure ITL O,

Lt is a Markov generator
=> # is invarial for L

We can now come to :

#oftherenade heo invariat

probability measures
For L

The equation #L =0 means

(f =f() [L8] = 0

:C [Lf] = 0

Ssince #CO ,
the Function

# :Voi is velldefine

= #[1E[I]] = 0

(where ↳ is the adjoint of Lin ECH)) ·

Since itbo and this is hove

Xfef(v) ,

we deduce

E[IT = 0

But Le is an irreducible Markow



generator , so mush be

constat
, say equal to < 30 .

1 =π[I] =
-

,
so F =

.

A

The adjoint L of L in ECTT) has played

a role in the above arguments. It can be

interpreted as the Markov generator of

the hime-reversed process an equilibrium

in the sense made more precise by the following
Remark
-

When # is invariat For L
, it is

possible to define XIT on the whole

him doman R
: (XW/reR

-

Consider (XI (H) /no the hine-

reversed process

= 40, Im) = X
+
( - 2)

The trajectories ofI are

lagad ,
but make the necessary

modifications on the ju-p lines

to transform them in calag trajectorie

- ->-
↓ L



Denote X=(
the obtained process.

Them X* is a solutionte the

martingale problem associated to

sharking with I.
I

For us
,

L will be inherashing in
another respect :

Assume What It is a positive invariant

probability -easure For L /without

necessarily assuring (irreducible) .

Lot Le be the dral of Lin [45) .

Let mot $(V) Ge
given

and de mote

-L
,
0 ~ = mopp

= L (Xm
.
(4)

and define fr = Enf(V)
/ seen as a Radon-Nykodim demusity (

Proposition 15
-

We have

I -10 , fr = Pr[fo]

with Pr = exp(t)
.



Im particular, ↓ It fr is

differentiable andI -vo crf = Effr]

Prof

For any g &FCUI , we have
,
on one

hand,

mo [g] = (moPr) [9]

=
mo [Pr &g]]

=[b Pr5g]]

= [50]9]
On the other hand,

m

r (q7 = #[Or9]

Comparing these equalities and

haking inho accord What I0

and thah thex are valid EgeSCY,
Ke deduce

fr = P(80)

= exp(t() fo

This Jofr =
1 explatefo

=
& (fr] #



Eh in the sequel we will consider a more

restricted sitvation .

Definition 16
-

A probability measure it is said

Lo be reversible For L if
-IFes , yeU ,

i()((
, y) = π(y)((y m)

(9)
C local balance equalion) .

Summing (9) over you , we get

H(() = [[(y)((y , x)
y v

= ET() (lucy)
Je v

= πm)5(ky) =

so a revensible probability measure for

is also invariat.

The converse is not have in general :

Exa-ple
-

E

Y0 L =( S·X



The uniform probability on 20
,
1

, 23

is invariant but not reversible.

Here is a characterization of reversibility
,

in a Fruchional analysis spirit.

homma 17

# is revensible For LiFandonly

I if L is self-adjoind in LCH)

Pot
is self-adjoint in RCH) if

and only if

* 8 . g
= F(ul , it(f (cq7]= (g((87]

(10)
Taking f = B,

and
g
= 17
g

with
1. y =

V
,
we recover (9)

Conversely
, writing

f= fa

9 =

5 ar 9() By
and expanding in (10)

,

we

get
What (9) = (10).

#



Kolmogorov provided a criterion

enabling vs to check the existence

of
a reversible measure :

For any L-path pe
= (pCalles co, ep

1
define

L + (pleit L (place , play)
kt (l]

L-(p) : = i L( pla) , pla-es)
hc Dl]

For EV, demote G(x) the set of

L-paths starking and ending at es

I also called x-cycles

Theorem 18/ Kolmogoror's criberian
-

Let h be an irreductible Markov

generator .

There is equivalence between

(i) The invariah probability -easure

of L is reversibleI (ii) fx = V , fpeC() ,

L + (p) = L - (p)



I
Civil JeeV

, Ape & CHI ,

L + (p) = L - (p)

The proof is left as an exercise.

Recall that a free on V

is a connected vuroriented graph (VIE)

Where E is the set of edges , such

What 191 = IVI-1 .

We
say Hal L is supported

by abree (V , E) if

VEye V
,
(1

, 7130 #s Exy] E
-

I
un-oriented

edge Getween

and
g

From Kolmogonor's criterior ,
we

deduce :

Corollary19

& If the generator Lis supported



I
by a

tree
,
then it is irreductible

and its invariat probability is

reversible
-

Examples of Markow generators supported

by trees are birth-and-death generators,

which are those 6 u V = 40
,
N],

With NEN and sahisfying
((2

, 7) >0 Es (x - y) = 1.

Another consequence of reversibility is :

Corollary 20
-

Wilh thevotations of Proposition IS,

Er = Pr[fo7
Fr
,
0

,I
we have

S Jrfa = L[fr]


