
20 (10)
3 - Spectral gop

Let be
given Lan irreducible Markov

generator , reversible with respect to it

Ishill on the Finile Set V) .

We demole (XCH/no an associated

Markon process and

-50 mr= 2(X (4)

Our goal is no investigate grabitatively

the convergence

- -> IT (19)
r+ +a

Here a nice consequence ofreversibility :

Lemma 21
-
-

The operator Lis diagonalizable ,
and except For the eigenvalve O

I (recall that its eigenspace corsishs of the

cors↓ab Funchious) , all the other

exgenvalves are megative.

Proof
-

The self-adjointness of L



in Ri) implies What L is

diagonalizable in 1 .

We hook into

accouch Chah CT) = F(U) ,
since LO.

Consider & R an engenvalve of

L
,
with of a corresponding

eigen Fruchion :

La = x

We deduce

VL
,
0 E [4] = e+

Since 410
,
tere exists coev

such What Qucol -0 .

IF I >0 , we deduce

Pr[C]a) = edtamol

-> +

n+0

but this is impossible , since

(Pr[4])11114110.
I

This observation leads Lo (11) :



Consider (difileing a

Spectral decomposition of where

( ilico
,
my

is the family of engenvales

and (i)izco
,
M

is a corresponding Family

of eigenfunchions which constitutes a

orthonomal Jasis of [CT) (in

particular (V) = N +1) :

* i Co , ND , 19: = -bili

Vij 40 , NT
,

[4 : 4 ; ) = Si j
-

Kromecker symbol = El if ij
O otherwise

We will always assure What

· do = 0 and % = 13

(the only other mormalized choice

world have been 40 = -13)
· (bil , are ordered O = Soldesan131 : -Edu

Decompose fort in this basis

fo= % :



with FicCND
, an = [80 %: ]

= mo[Ri]

We geh

fr = P
. [8]= a: Pr24i]

=Faien
-> as Co

= a .

L- +c

Not ↓Lah
as = mo [4]

- 1

So What fo -> 1
r - +

This is equivalent to (11) .

By haking the LCH-moom of

Ce21
,
we can get granhilative

estimate on the convergence (ell .

Let -s slightly modify this argument

to be able to exlend it to other

silvations (non-reversibility and eutropy) .



First lek us recall too ways

of
measuring the discrepancy between

wwo probability -easures .

Definitions 22
-

m , m =SS5v) .

(1)Total variation distance

11 (
- π(y = max M(A) - π(A)

ACV

= 1 max ↑ (f)-(6]

1181y = 1I 28ef(u)

=Id-

(ii) 22-discrepay :
if it o ↑

24(5) : = 17 - T((H)

- (m -12π(



* convention For the definition of 24 MIT)
when It is not positive will be presented in the

rext Lesson
.

Give the proof of the equivalent expressions.

The Lolal variation is a distance

on $CV1 out the 22 discrepacy
is not

,

because it is not symmetric

in ins anguests . Nevertheless,

we have
:

Le m 23

EHEScul , with tho ,I 11m-m = (4)
Prof

5/Man-Phil = /Em - 1) Huy16 V

--tu
by Canchy-Schwarks' inequality

I

Here our grabity of interest in this
sechion :



Denihi. 24

I The Spectralgap d(L) is the

Smallest non-zero ecgenvalve of -L.

In is
given by the variational

Formula

X(L) = minGERIT/20
M[f] =0

=ne
where He Divichlet Form
-

associaled toL is the bilinear
mapping :

fr (fig) <(89) : = - [fL[g]]

= 15 (TurLmy) (f(y)-fa1)(g(y) -gm)
2kEv

(15)

and where the variance of
-

f FCI with respect to I is

Nar (f , ci := IT [(8 - Hall"]



= IT[e2] - ACEl us

Let - check these classical assections :

The variational Formulation of d(L)

stakes

JCH)
=
min

8 eigenspaces
f + 0

(the win is attained at

eigenfructions associated to <(1) ) ,

and we get (13) Since

eigenspace (0) = Vect (1)

114) is an easy consequence
of the Each

that For
any fe F(U) and any constant

[8 -c ,8 - c) = 3,808) .

For (15)
,

wrilesHad For
any by ful

- iT[f(g] = -CHal fa[ La gly y
yav

=-Il fa Ln)(9-



Srecall that [L=

=- [MmLas
, y) fue (g(y) - gal

TEV

yev

reversibility

= - EH44(my) f(y)(gm -g(y)
c)

y = v

= 1[ (TMcI Lh
. g) (f(91-faul) (g(g)-qual

2xEv
Gu

Finally ,
(161 is a usual observation:

π[A-(01) = π[82 -28() +ET]

= [g2] - 2 COTIT(f) +IR

= i[8" - HOR

the variance can also be seem

as the Dirichlet Form associated

Go the Markov generalor Ly given



by :

Fazy (kg) = May)

ma-ly
L = H - I

where Mis reinterpreted as

te Markon Kernal those rows

ave equal to the probability measurett.

Firsh It is reversible For Lp :

* x + y Tucky) = Mus)π(y)

Next
,
for anx f EF(V)

- [[f((07) = - [f(x() -21]

=
-π(f] + π(g]

= Var(f , il .

Here is the first interest of the

Spectral gap
:

#positionse For
any initial mossl ,



! -L G 22 (m+, 1) <2x(42y2(mo , it)
(17)

As a consequence , we also have

I Ut G 11 -2- Ellow EF e
- >(l)t

With Tr = minut

Proof
-

According to Corollary 20 , be have

#10 X(mr
.
M =[E--12

un

= fr

= π[(PC) - + M) .

w

= fo
We can differentiale:

-mr . 1 = 2 [(Pr &f.5- 1)drPrGob]
= 2π[(Pr[f) 1) [Pr[fo]]

=-2E(or fr

-- 2x() Var (fr , /



=

-2d()22(mr
. /

Gronwall's lemma leads to (17)

Using Laure 23
,
we deduce

& 1
,
0
, Der-iThor1erit)

2

We have

Yo(mo
· i) = Var (f0 , #T

- π[22]

=>

&ms

-1 [mom = 1
TheEv T1

I

This ~ ethod can be extended to

all it reducible Markow generators 1
:

Let At be its invariat measure



and de mote

I = 1( + E)
2

(where L is the edjoint of Lin &(TT)

Whe Loddilivel symmetrization of L

Since [ is ihredwaitle and TI

is reversible For I
,
we can consider

the spechel gap <CI) 30.

Let us core backno the previous

anguments :

3 ( r ,
5) = Vo Var(3 , /

=br
= 2π[(fr -1) fr]

= 2π[(fr -1)E fr]

= 2i[(fr -1)[(f
.
-1/]

= 2 [L(f0 - 1) · (6r - 2]

= 2π[(fr - 1)[[fr - 17]



1 - 2)(E) Var (fr : it)

=
-2x([)2% r

.
πT)

=> From .. it) -e-ISky So
,+

=>
FL0 1mr-im-1e-br

Fi

In particular , we recover the

well-known qualitative result
:

Corollary 26
-

Leb L de irreductible andT

6 ins invariah probability.CI WhaLever the initial law motsul,
lim -r = π
L + +

Renank
-

In the reversible case
,
J(L)

is the ophimal rale
,
in the sense

Hah



) = min in 1Im 44 mrit
h++227~S5yr/23n)

We can have in the non-reversible case

S(I)S minlim 1 In 44 mr
.
i

h++227~ fS5sv/n(it
> ho be checked on aFinile Kinchic

model (

Coming back to (121 and considering

FaEV
,
mon =m)/1-l

Where I is an eigenfunction

associated to the speckel gap,

we show

J (L) = min - lim 1 Im 11mr-Ho (171
h++2

~

-SS(v/g
+

↓

Let us present a very classical

Example2F

Continuors random walk on Que



with NE N1213 ·

The usual generator is given by

(4
. y) = 1 if (y -x) = 1Vkzy N S O othenwire

Consider for ne Ex

24in1)

Exten 9.11 : 2 T

Luhere i = - 1)

L[2] m = ( - 2) Our
=
2 (os)/fum)

To come back to real functions

wiles

FnzBy , YuH = cos(Linx) +Siren
1 Follows What For -L :

N

eigenalve O multiplicity [1]

En - 2p-co- 2

if N is even :

egenvalve 2 - 1



In particular
x (4) = 2( - cos())

↑=
Il suggests a

home of order N2

For the associated Markov process Le

reach equilibrium , but see Example 2 below

(with d=1)

For a more precise statement.

Before presenting this other very classical

example , let us show le important
property -F

stability of the spechel gap
by tensorization :

The irreductible and reversible

generator ( skill being given,

For dEN
, consider on

d
V the generhom

, di d

L =
E Lu (18)
n = 1

T
aching on te uth Factor ofVN

ic .
Vellne Fyflynne = vd



La( ,gla ke , Yel ,
if

e = ge

S
L

* m c (dD(u]

g
,
otherwise

(d)
L is a Markov generatou

under which the coordinates

(Xn(H)
10 1
For Ed D,

of (x*(H)
↳ 01

evolve independently

as Markow processes of generator (

Cunder the assuphion What

initially the X-10) are independent) .

hema 28
-

I
We have

> (((a)) = x(L)

Proof
-

(di .Milie corresponding to

(with I = Do , (V1 - 1 D/



Whe Cordered) Spectral decomposition of,

we check that for
any in ...., :Net

the fruction

Gig := Y *10--- ①lin

is an eigenfunchion For L'd' and

·>
↳M Tien = (Jin + bin +... + did Minid

I

IS Follows What the

smallest mon newo egenvalme of Ld

is >1 whose
eigenspace is al

least of dimension d
as it contains

For all m < #d ]

= Cannet 4. (x)

1 = 10 - -.010410 -
- - 01)

* In place
#

Reark :

The above result extents to non-identical

but shill independent factors. The
global
spectral gap is

then the minimum -F the spectral gaps of the factors .



Exte29

Let vs come back to Example 27

and consider For deN
, (

defined in (181
,
with L

:
= Lv.

We get
(4) =3(4

We could think that the

convergence to equilibrium does not

depond on the dimension d
,
Gut

it is not completely have !

Indeed
,
we have the Forma

Erso Clan-Halles
d

Here TEd , so
the the

is mainly-
d(u(x) -4

=
22

E
* given



Form

>N(Alu(n +Il (19)
2

d in theWe will show how no ↑

~prove the dependence inx lesson
.

But it is quite wave
tat
ke can explicitly

compute the spechorm of a generator.

Indeed. For 1136 ,
the engenvalves

Conce O is removed) of "generic" irreducible and

reversible Markov generators are the roots of

generic polynomials of degrees .

It is often preferable to have

reasonable approximations of the spectral gap.

&pahsageach is also called

Poincare's method.

Let to
given ,

For any c+ GEV ,

a 2-path Pay
of length fosy

By will also be seen as

the set of its oriented transitions :

Pu
, y

= & (ph - 11
, pal) : htE



For any oriented edge (n
.
r) -El
Il

&Mineve : ((n
,
+l >0]

demote

8 (u
,
vi = S(x . /Ev : REY

and Cert - Pers ?

Al
, wl=cami m(y

A(L) = max (Alma ,Gwit)

Proposition3o
2 1214, 1I ACL)

Prof

By definition , d(2) is the large

d30 such What

Xftf(rl , a VarIf , it) < 5
,
38 .8/

-C
.

< & (f() - fait mistry < [ (8syl-fPHu (19)
x= y +V UEyzv (20)

FixEY &V and write



(8(41- fal)" = (28(41)(Pal) ("
k+(x

,y]

Eleg&Ap -Elle

= fey [ (8121-fous 1
(ur) Pr

, y

Il follows that

5 (f() - fa)) i4)iT (y)
x+y

-
> & les ihlitay

,deptesx+G

= [ Co-yoning &voy AM/T(y
(4 ,v)f (x ,y) 0(u ,/

= E (f(2)-f(a)) A (u
.
eliscal (ler

(um +E
)

& ALL) [ Im-fc)(HulLlaw
(n

,w=

= All)d (firl-fR iTu L,

so (20) is sanisfied With d =
1
A(L)

E



ark be shown what in general the above

bound does not provide an equality ,
even

For the best possible choises of the

paths .

(6) For the application no simulated

anrealing (see Lesson S)
,
the path

method will provide the ophimal

exponential rale at small temperature.

(a) The above method admils a

lot of variants :

- weights can be introduced in

the Carchy-Schwarz' inequality

-> te paths can be random

erc

ThiCherinealaa a
approachho

the spectral gap ,
What wasFirsh

developped in the context of compach



Riemannian manifolds Forwhe spectral

gap of the Belhrami-Laplacian.

For any 0 A CV ,
devin

<Al : IL
This is a kind of isoperietric
valio :

#[11LPAc] =&A
G4 A

is a measure of the Fronhier

between A and A", seen as the

ser (Scy) : EA
, YeA) .

Consider the Changer constat

< (2) = minj(x)
Oct(A) =1/2

which corresponds to partition V

inho hao parts communicating as little

as possible.

Theor 31
-

I



We have

I>(2with (7) = max(LM ,
x = V3

Proof to be written !

Remark
--

Theorem 31 admits several variants
,

one of them is homogeneors and

Shakes What

exc

Hardy'sinequal yo

approximation is valid only

For Finik segments /60 Here is

an extension to trees. Finite or nord.
-

Nevertheless it is quite sharp
,
as it is valid

-p no a Factor 0.

So consider on V = CO
,
NB

an irreducible dirth-and-death

generator. For + O
, N-14 ,

demole basl = (1 ,
1 + 1)

,
the



birth rale and dral--((.-1) Whe

death nake.

For x CN-17 introduce

8l
=wax(Fati

8
- (1))

=x ( lgi

(8+ ()v0 - ())O(L) = min
x- (N - 11

Theore 32
-
-

Ne have

I #(2)
Proof to be written !

Remark

The same inequalities hold

if DSLI is replaced by

8 (m) vo- (m)

where in ECN-11 is a madian of It.


