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4- Relative entropy

There is another wayno measure He

discrepancy between wwo probability measures,

which is so popular whah it has several

names depending on the Field (up

to an additive herm orland change of

Sign) : Kullback-Leiller divergence , Shannon entropy,
Boltzmann entropy....

citio- 3 = $(V) .
Co-sider

The relative eutropy of ye art It

IS

Ent(pIIT) = - InM iFMacI I + other wise

The relative entropy is not
a distance

,

as it is not symmatric in M and it
.

It is similar in nature to the

chi-square discrepancy , as shown by



Whe Following generalization.

Let 9
:
C + +I+ be a connex Fruchio

vanishing only ah 1

The Centropy is defined by
-

V N .
I = S(V),

Enty (M) := SFr 4) H if Matt

# otherwise

We have Enty(n(t)([0,
+0)

and Enty(mIt) = 0 if and only if

M = M .

Ech it is not a distance
,

Since
,
as the relative entropy ,

in can
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&

· Let
,
Ero

,
Riv-e/

Then Face S(V) , Enty (MI) =IRM-Flow

(the only difference between Ento
,

and2-Irv cores
-

>
.From the convention when M 11

· Let
,

Fro ecri
.-(w - 1/2
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TherUM,(v),ONT
· Let

,
Fro

,
Perl := Mur-(r-e)

Then FM ,
ite Scu)
,Enhy (Nith = Ent (m(



Indeed it is sufficient to check

this relation forj IT ·
The

S -E Il es

= E
3 In
In Mix - Ema +A l

vit
cer

=

-

1 + 1 = p

-

Similarly to &2
,

the relative

entropy controls the Lobal variation :

L
ma 34 (Pinsker's in equality /

Tine$sul
,I

V

1/2-ut

Prof

It is sufficient he
prove this

boundFor1 T

Dende ther f = the density

of /T



We have seen that

1) m- /m = 1S(fx - 1 14m
14
[V
L

Ent((((i) = E Yelfun) tral
xG

One can check the elementary bound :

Fro , 3(r - 1) -(2r + 4)(w(ur - r +1)
&

Thus Carchy-Schwarz inequality

implies

Ela-1Et

t
-m

Ent (m(IT)

+
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I

When Curirso is the Family

of time - marginal law of a Markow

a irreductible and reversible
generator

process associaled Not
,
i is Chem



meaningful to estimate

V
,

0
, In : = Ent(m(4)

Lemma 35

Tehave

I - +30 , GIr = -E)Infr , fr

I
where fr : En

Proof
-

Recall that as soon as +30
/

~ 30 ·
Furthmore In is differentialle

on 10
,
to1 and we have

Faxo
, Ye(r) = & ( rur -w + 1)

dr

= Insul

We deduce for any +30,

JoIn
=& In frSfras

= E In frm) LEfp]ca) h)
1(v

= π[(f4[fr)]



=

- Es (Infr , fr)
I

It leads us to introduce the

Definition 36
-

co-stab associatednoL is

I
The modified logarathmic Sobolev

(L) : inf

OFFM /Versee
where 5 ( = 58 (f(r) : 8203
and

-87594 /

Eur (8)=
Equivalently (L) is the

Smallest constat 0 sach that

* 85 /

& EntUl ! En (8 , 128)

From Lemma 36
,
we deduce



the differential imegaliky

* L30
,
CrIr

-

-HIr

taking who account that for
any

f =(uh() = fut(n(t) .

Since Furthmare

Sim In = 1
L+0

+

We geh
Corollary 37

TanyWL,0
,
we have-v

Ent(ur(M) etEnt(mott)
and! Il ~-illadet serl

One can be doubtful aboutthis

last bound : From 117' the

Vale cannot be better whan J(L) ,

1.e . We always have

# < &(7) (ee



Worse : We did not check yet

What (1) /0
, see Corollary 21 below.

The interest of 1211 is in the fachor

) which can be much

smaller whanlit)
Thus (21) should not be applied
asb + +0

1
but in Sot

intermediate
.

Lie scale
,
as it will

be illustrated at the end of thes lesson .

Before
,
we

must present son

companisons of engodic constats

such as JCL) and ECL)
,

ou

also with the Following one :

Definithis sodoler constant

associated to L is defined byI &(Lin vers



This construct a (L) comes From Le

investigation of hyper combrachivity ,

Write a showt introduction ?

initially in conhinuous in Fini le

dimensional Frameworks
.

Its interest for us is whah it is

simpler to approximate than ins "modified"

version
.

Here is a first comparison :

Lemme 49

Fave

IWe (2) 3,(a(2)
Proof

The elementary bound

V +0 ,
F13 - t

(h +y)(n(h +e)4fnt + (1 +1(t))y

-Cit- (2

is a refinement of the convexity

of the
mapping RAGL H HuCH)



It is shoon by posing

u = 1/2
and considering

the Funchion h(u) obtained

by substraching the w .

h
.
e

.

No the th
. e.

The variation table of h
is

Th
For a certain value no t (-1

,
01 .

Consider 8-[M and
<

, y =
V

and apply (2) Le t + 1 = f(y)

and w == f4)
/

Vo geh

f(y)/ne(y) - 228ns) < 811-201 +A-M

Mushiply 6x TTHDL6 , y) and sur

Over 4 ,
1) EU to geh

i[8L[ing]] >H [28]

+25, M



-2 ,m

namely

[2 (8 : 1mf)4, 25 (m)
which leads to the desired bound

Y
6
minimining over 8F(V) .

17

Leb -s consider the particular
case of the generator La

where #ESCV) ,
ITLO is givn

Lemma 40
--

We have

I *(2)et
tu

[1

%

am

Broof

It is based o - the elementary

Gored :



* A 31
,

F reCo
,
A]

,

Co-1P I wh-
(24)

Indeed For any a < % ,
consider

the
mapping

Yo :
(R + -rt (-1)2 - a(riur -v + 1)

We compute

Erso
, MärFle-

We deduce the variation table

F



Thus taking a < % such

What 9 (A) =0 , Fort ,
we get

↓Lab Ya 10 on Co
. A],

this amours to (24) .

By definition
,
we have

cyl = inf

G FNe
inf

-

-Fπ(87 = 1

Since both the unerator and

denomination are 1-homogeneous.

for 8F() ,

with ACCr,

we
have

Vx = v falF
Applying(24) With r = f()



For -F(V) , (8) = 1 ,

and ex

and integrating with respect to it

in
,
we get

TSE-1E]c,
Vant, He The The

-

t in
which implies the wanted bound

.

I

Remark
-

The true value of acti

has been obtained by more involved

computations :

=



But our bound is not bad as

M + O + :

l
(8rt for Tr = 1 1 an = 0 , 444

while <(L) =Y=/

Crollaux 41 (1
(
2

11)
-

For
any

L irreducible and reversible

Iwith respectno it
,
we have

& (L) 32(L) 32a
+
d(L)

I Im particular both(4) and

a (L) ave positive

Boots
sufficient to showt the dome

x(L) > a
+
>(L)

Consider & EF (V)
,
we have



Et, l a) Vor / , /

< >(4) ai Enh(8 ,
it/

according to Lemma 40.

#

Both the modified log-Sob and

the log-sot constants enjoy the

↓ ensorization property.

Let us show it for [CL),

leaving the <(2) case as an

exercise
.
Carine ir !

Consider d, 2 Finthe spaces

V
, ...,

Vd endowed with

irreductible Markor generalors Le
. . . - ,
Ld
;

reversible with respect to im ...., Aid.
S

Define
on

V = Vex - --xVd

(d) nod . and

↓ =
L +.. - + La

,
which is reversible

/IT : = TONQ -
-- QNd



where Lacts on
the Fachor Va

as La , leaving the other factors

free of motion.

#Hora

I
We have

12h1d

(L) = min ICLE

Proof
-

B iteration
,

it is sufficient no

consider the case d = 2
.

Consider any bF(V) with

# CG)
,
we want he check that

a [HE) - [ , (f , if

where a= (2) 1[(22)
Write In the probability -essure

admittingf as density/IT.

Leh -s decompose In in



*k] EV , je Ceseul = MeleceltielMe2 1

u2

conditional marginal
of
Mprobability

on V1
of 12 Knowing

11

We have

Ent()
=&InIl est

= E
Prizer
Inse McKinkle

+ E Me(1)PhaseierIn Fossel Maklekiel Mon

= E Ent (M
>

C . () (2) Melel

11 +V

+ E In Me(21)

x17v

= E Emble)) Mel

+ Ente(f1) (25)



WhereFor all (2 , ke) &V ,

F (in (viel = Mel
fe(c)=

Let us first consider(he part LoFL .

E((n f . 8) =

- E facl (Im fly)-Infr) MM Lyl
7
,y

= E f(x ,n)(f(x , ya) - Inf( ,1)
(u( , (2) EV #(e(e)L,4 ,%1
YzEv

= &En (b), InGel k)fa
11 cV1

Sallel) Mekel

which is the Finsh part in(es) .

coming to h
,
we gen



symmetrically ,

E (8 .613Chld Ent/be ! (en) Mouli
12 EVz

Companing with the second part

in /2C)
,
it remains ne show

that

& Ent/81? (2)Mul), Eur (fe) (26
12 EVz

Using Jensen's inequality we get

[Entne (bel . (42)) Anka]
12 EVz

= d πn[0(81k)] Maman
42EVz

Tr [4(581) · (1)(24))]
xEVz

Since In is convex
.

For any che XV1
,
we have

5Gelenkie) Me (eu)
=& Mon se12 v



= = fex)

Chus (26) Follows.

I

Lot -s come back te Example 29 .

Since It is uniform over,

He have ite = *
Proposition 41 ↓- implies as N ->

(i)

~N1
It is whus better to use

Theoren 42 :

[(() = (Ln)

n x((r)

~ (e7)



We have for any 40 ,

-()t
Ilma-Tillor e

t
/

case is when no is a

S
using Jensen

,
the worse

Dinac mass ah Someof

tr
Lot be given <70.

We will have pmp-Mirr - E

as soon as

Eneli ↓ E

and using (27) in will sakisfied For

Some ↓ N2(u(N) ( In 1/2 I~



For Fixed [TO
,
as N

,
1 + &

~ (ndII

which is much better in horm of dx1

than the bound obhaimed using the

Spectral gap
.

Remark

En Corollary 41
,

the bound

&(2)
,
2 and(L)

can be far from ophimal .

Indeed let us come back to

Lit
,
for it so on V.

we compute that the special

decomposition of hit is

eigenvalre enthiplicity eigenspace

O [1] Vect (1)

1 [N1-1
.

] S8Ef(V) : TET =OS



so thub x((
+ ) = 1

Furthermore
, #f EF, (V/ withitg:t , we have

En 18 , (mf) = & MDSTg) fuel (Infac-Influ
yav

-E Mal fai In fE My
37

- [ iciful & Tay) Infly)
1 cw y Ev

= Enh(f) -MC8] HEIng]

Note Hab by Jensen

#[luf] < In [2] = 0

so [1101 Ing) > Enty(6)

and 2(
,+
14
,
1

Eur
ano

to


