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6. An introduction to diffusion processes

Here we consider "conhinuous stake spaces
13

and Markor processes whose trajectories
ave corhinvors

.

The essh Famous example is the

real Browniar motion
.

One way to

define it is through markingale

problems :

We Lake V = R and consider

the operator La defined -m

D (L) = (J(IB) .
the sel of

C
2

- Functions
on IR which are bounded

as well as their First and second derivatives
.

A process X: (X(2)(20 with corhinors

trajectories is said to be a Bronian - shiro-

the- For afED() ,
M=

(M) (f(x(2) - f(X(01) -9. CG] (x(1)dInso
is a markingale (in the Filtration

generated by X) .



In te theory of shochashic cal-les ,

18 is given by the Tho's integrals

#ro
, M2 = %

.

"f'excell excel
Out this knowledge is not necessary For

Markov theory
,
as the bracker < MP

can be directly deduced from the

~ artingale problem .
Indeed

,
as soon

as the domain ((L) of a Markon

generator ( is an algebra /assoring

8() <doN) and L(8(21) < <(1)

,
we can compute that

XK
,

0

, Mi =( (f , f)(Xk))d

where thecouré du champ M is

given by

-f . 9 tD(2) [169)= L[fg]-82g-ghg

In the case of the Bronian motion,

we have

Xg = -(2), 10 . 61 = 18'1

which gave the name carre dr champ



1 Field Square) .

When L is a Finile Markorgenerator,

FieV
,

558 .8 = E(( . 3) (8(1-80))"
Note What the Dinished Form

is given by

* 89 =F() , Ey) =1 [M8 .81]

This equality also holds in mome

general Situations
.

The convinvors equivalent of a

Finile stale space is a compact
differential manifold V . It allows

US not to worry about the behavior

·F processes at infinity
. This also

te reason why we did not consider

demmenable stake spaces. Problem

ad infinity are usuallyrreahed via

other methods such as Lyspornov fructions .



It is convenient to endor v

with
a
Riemannian structure . For any

CEV
, we are give

escaler product

To ,e on The
,
Solly dependingV

on 1 Il enables us to define

a gradient via

Xfe(VIN) ,
Fer , +fedY,

(fx) :

= de ) 6 : fm
↓

Cin a basis (ilized of Th V
,
where

Si
,j'= Jei , ejte and d is the dimension

of V)
and the Laplace-Beltrami opevalor :

fe(N) ,
faev

[*f=if)
where Igc) is the determinant of gal

-

(9. j/ijzdi
A Markov process (XIH10 with



Continuos trejechories is said to

be a Brovaian motion on
V

when it is a solution the markingale

problem associated to =
witle domain G (1 : ("(V)

.

Remark
-

The continuity of the trajectories

is in fach a consequence of the

markingale problem ,

if we had only

assured them to be cadlag.

This continuity can be seen to be

equivalent to the property What

- (Ec (M)
, ff + D(L)

,

Cof = D(L) and

24.83 = 41128 + 16)W8)
or again equivalently
- MEC() , 8 .978()

Yog EDOCL) and



↑ (4(01 , 9) = 4'() (f . 9) .

Markon processes
with continuors

trajectories are called andffusions.

Let be given a smostle potential

u : V- R

whose global minimal we world like

↓o Find.

For
any inverse hemperature BLO,

the equivalent of the Metropolis

algorithm is the Langevin generator :

Lpi = = -Pou ,
0 :>

on D(Lp) = (2(V).

To co-pule its reversible measure,

let - s recall to other Remannian

objects : · the measure I defined

in any coordinate (ys- (act, .... 19/

6
y de= d ... da

Stokes' theore enables as to see

Laurent Miclo

Laurent Miclo

Laurent Miclo



Whatt is reversible for X :

Ff , g
= (V) :

(889de = - (88 . 592 de

= Sg8fde
· the divergence operator aching

on rector fieds J which writes
S

in an coordinate system (e , i22... x9/

div( Epit6"(
We have -J rector Field

and
any feC"(V) ,

(458 , de = -Sodiv(6) de

It Follows What

X = -
div (88)

Defin For B30
,
the Gibbs

probability measure

zBu(
Face

, ip(dl = te l (dx)

Laurent Miclo



where Ip is the normalizing conta

Lemma 46
-

1 Th is reversible for Lo

f
Let -s check that

p = 1e diu(e.
Indeed the wh

. c . is equal to

1 ePu(ePV divN .)

- (pe <00 ,
0 . 7)

- 1 - Pu%L

=

It Follows that For aux figh*(1)

Tp[8lp93 = /19 et



-fi/Bg) et

/f dir LeB8g) de

/ <D f , Prog de

=<,
e

= ip(gLf]
I

In particular. for large BC,
O,

#B concentrales on neighborhoods

of Th = SEV : Walmin 3 :

For any such reighorhood J.

(i-p(5) = 1
By +c



As in theFinite case
,
the global

optimization of U is performed 6
-

resorting to simulatedenrealing
.

Let (Br Inso be an inverse

temperature schedule
,
non-negative,

increasing ,
sooth and salisfying

li Br-

We consider a corresponding

Line-inhomogerous Markor process

(XIW1/k0 associated to the Family

of generators ((Br/po-

Define

70 , -r = [(Xr).

It can be shown that for any Ko,

-l with a smooth

demsity Er

We wat to show thah



1- 1 mr-Apollo = 0 (35)
L++o

It will follow what For
any

neighborhood JP of I
,

lin my (5) = 1

t + +

which is the wauled concentration
.

The proof of (35) is similar

to the one provided in the Finite

case and relies on log-sob inequalities.

For any B3O ,
consider < (BI

the largest constant < 30 such that

# fe(2(v) , 830 ,pCO]=

a Entiplo) Ep , Sel

-L1]

-En
In the diffusion case there is



no difference between the modlog Sob

and log Sob inequalities
, up to

a Fachor 4
.

Indeed
,

we have for any fe (3(V)

Mise = Emplo,

= 1 M0 , 8
4 f

while

↑ (8 , ing) =
1 P168
f

Consider the critical construct a

defined as Follows
:

A path is a continous function

p : [0
,
i] + V

,

for
son

T40 . p(o) and pCT) are

called the initial and final points .

The elevation of such
a park p

iS maX ~ (p(r)) .

OCIT



The Absolve communication cast

between x
, y =V iS

hayl : inf e(p)

P path
From

Loy

((r) : = max Um
, y) - Un-Uy) +min

,
U

v
, y

= V

=
max wax hk

, y) - Un

EU geT

Thore 43 is shill valid :

Theore 47
-

Consider the evolution

#Lo
, Br = Electr

· IF &CU)
,

When whatever

the initial distribution ,
<357 isI Sahasfied

· If a <c (2)
,
where exists

initial conditions such thah

(35) does not hold .

Here is the equivalent of lemma 4S.



due to Holly and Shrook (1988) :

Lama 48
-

There exists a constant KLo

such that for
any BXO ,I <

(Bulla (Si e
- Bas

The proof is much more technical

than in the Finile case
,

even if

it follows a similar pattern .
It also

requires the existence of dimension - dependent
Sobolew in equalities .

So letes admit it .

The proof te first point of Theorem 47

is tem essentially identical to that of

Theore 43
:

Consider for any
130,

In = fr ( - rlipr)

=) In fr fodtp
1+x



& even if we can have 10 = + ).

Differentiahing
,

we geh

Er = (G + infe)jdepr
-> In fr tel or) ditor

=SLBrSlufr] Of &Apr

·
30

- Os())Golfr + 1 ditor

= osc( (In +E)
This for any

>

In - (a(pr)-) In



+ ou Br

For h >,

po) - ol pr ~

*
For a certain constat K'0

,

·
= 6

Gronwall's lemma i-plies

It In =
L +1 +

as wanted.

This method enables to get

quantitative bounds
.



All the extensions alluded in the

Finile case are also valid For

Compact Riemannian manifolds
.

&arks the advantage of the

spectrum of theopposite of the (

Laplace-Beltrami operator on a compact

Riemannian ~ anifold is thah

its spectre is discrete and

diverging to to
,

so it has a

spectral gap. .
This is no longer

Completel
necessarily trve

On a non-compact

Riemannian manifold. For instance for ag

on R
,

the spectrom is continuors

and consists of CR+

For a Langevin operator on a

non-compact manifold ,
to get a



spechral gap requires WhatI explodes

sufficiently fast at infinity
.

E
. g. o 1

,
with

UK) = 12419 for cel sufficiently

large
,

L= u
has a (positivel spectral gap

if and

only if a 1 and Where is

a (positive) log-Sob constant if and

only if a 32 .

The First example of log-Sol

inequality is due to Gross (1979)

For the Oruskin - Whembeck operator

E - [ ,
0 . 7

(corresponding to Un = 11
-

4

on RP)
Ils reversible measure is the

Standard Gassion distribution
.



The proof used the log-Sob inequality

For the symmelic random walk

Ou &
2 ,

the fensorization

property and the central limit

theore no approximate the one-dimensinal

Gaussian
.

16) The Riemanniam geomelux structur

is entively encapsulated in the

La place - Beltra-i operator (or

equivalently in the Brownian motion !
)

.

Indeed instead of defining the

Scalar product on rectors
,
it is

sufficient to define it on
1-forms .

So let DEV and Je : 52

E TV
.

Find two funchions

8 , 9 such that

dfaz =
Se

,
dg()= Em

Than we have

< 51
. 5x) = 5(f , 9)m

2

( = <80 , 093)



= (V8 ,89)

(3) The analytico-probabilish approach

of log-Sob initiated by Bakry- Emery

(1985) has led toclor of developments

in Remannian geometry and its

generalisations ,
as well as in ophimal

transport theory.

This field of Functional inequalities

has fully benefiled from being at the

interface of analysis
, probability and

geometry.


