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The Vicsek model

Discrete system
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, ε is the noise

The continuous model (P.Degond, S.Motsch
08)

dXi (t)
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= ωi (3)

dωi (t) = (Id − ωi ⊗ ωi )(νΩ̄idt +
√

2DdBt)(4)
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The individual based model

dXi (t)

dt
= vi (5)

vi (t) = v0ωi + µFi (6)

dωi (t) = (Id − ωi ⊗ ωi )(νΩ̄idt
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2DdBt + αvidt) (7)
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The kinetic equation

Mean field limit

The density of particles f (x , ω, t) satisfies:

∂t f +∇x · (vf ) +∇ω · (Gf ) +∇ω · (Hf )− D4ωf = 0 (8)

where

v = v0ω − µ
∫
∇φ(|x − y |)f (y , ω, t)dω (9)

G (x , ω, t) = ν(Id − ω ⊗ ω)Ω̄f (x , t) (10)

Ω̄f (x , t) =
jf
|jf |

(11)

jf (x , t) =

∫
K (|x − y |)f (y , ω, t)dydω (12)

H(x , ω, t) = α(Id − ω ⊗ ω)v (13)
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Scaling

We define the regime we are interested in:

The interaction regimes of kernels K , φ are small.

The diffusion and social terms are large.

The alignment term prevails over the repulsion term

The other terms are kept order of 1.

Mac Thi Bich Ngoc Hydrodynamic limit and numerical solutions in a system of self-propelled particles



Outline
Introduction

The Vicsek model with repulsion
Numerical solutions

The microscopic model
The kinetic equation
The macroscopic model

Scaling

We define the regime we are interested in:

The interaction regimes of kernels K , φ are small.

The diffusion and social terms are large.

The alignment term prevails over the repulsion term

The other terms are kept order of 1.

Mac Thi Bich Ngoc Hydrodynamic limit and numerical solutions in a system of self-propelled particles



Outline
Introduction

The Vicsek model with repulsion
Numerical solutions

The microscopic model
The kinetic equation
The macroscopic model

Scaling

We define the regime we are interested in:

The interaction regimes of kernels K , φ are small.

The diffusion and social terms are large.

The alignment term prevails over the repulsion term

The other terms are kept order of 1.

Mac Thi Bich Ngoc Hydrodynamic limit and numerical solutions in a system of self-propelled particles



Outline
Introduction

The Vicsek model with repulsion
Numerical solutions

The microscopic model
The kinetic equation
The macroscopic model

Scaling

We define the regime we are interested in:

The interaction regimes of kernels K , φ are small.

The diffusion and social terms are large.

The alignment term prevails over the repulsion term

The other terms are kept order of 1.

Mac Thi Bich Ngoc Hydrodynamic limit and numerical solutions in a system of self-propelled particles



Outline
Introduction

The Vicsek model with repulsion
Numerical solutions

The microscopic model
The kinetic equation
The macroscopic model

The kinetic equation

Finally, the function f ε(x , ω, t) satisfies

ε(∂t f
ε +∇x · (vf ε) +∇ω · (Hf ε) +∇ω · (Lεf ε)) = Q(f ε) (14)

with

v(x , ω, t) = v0ω − µΦ∇(

∫
f εdω) (15)

G ε(x , ω, t) = ν(Id − ω ⊗ ω)
Jεf (x , t)

|Jεf (x , t)|
(16)

Lεf ε = k0ν(Id − ω ⊗ ω)lεf ε(x , t) (17)

lεf ε(x , t) = (Id − Ω⊗ Ω)
4(Jεf (x , t))

|Jεf (x , t)|
(18)

Jεf (x , t) =

∫
f εωdω (19)
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The kinetic equation

The Properties of Q(f )

Q(f ) = −∇ · (Gf ) + D4f (20)

The equilibrium of Q(f )

MΩ(ω) = Cexp(
ω · Ω
d

) (21)

with d = D/ν, for Ω is an arbitrary direction.
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The macroscopic model

The density ρ(x , t) and the average direction Ω(x , t) satisfy the
following equations

∂tρ+∇x · (ρu1) = 0 (22)

∂tΩ + ρ(u2 · ∇)Ω + δ(Id − Ω⊗ Ω)∇xρ

= γ(Id − Ω⊗ Ω)4(ρΩ) (23)

with u1 = c1v0Ω− µΦ∇ρ, u2 = c2v0Ω− µΦ∇ρ,
δ = v0d + αµΦρ(2d + c2), γ = (2d + c2)k0
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Numerical solutions

We want to numerically solve the macroscopic model

∂tρ+∇x · (ρu1) = 0

∂tΩ + ρ(u2 · ∇)Ω + δ(Id − Ω⊗ Ω)∇xρ

= γ(Id − Ω⊗ Ω)4(ρΩ)

|Ω| = 1

The model is non- conservative

has a geometric constraint

=⇒ We replace the geometric constraint by a relaxation operator.
(Ref: S.Motsch, L.Navoret)

Mac Thi Bich Ngoc Hydrodynamic limit and numerical solutions in a system of self-propelled particles



Outline
Introduction

The Vicsek model with repulsion
Numerical solutions

Numerical solutions

We want to numerically solve the macroscopic model

∂tρ+∇x · (ρu1) = 0

∂tΩ + ρ(u2 · ∇)Ω + δ(Id − Ω⊗ Ω)∇xρ

= γ(Id − Ω⊗ Ω)4(ρΩ)

|Ω| = 1

The model is non- conservative

has a geometric constraint

=⇒ We replace the geometric constraint by a relaxation operator.
(Ref: S.Motsch, L.Navoret)

Mac Thi Bich Ngoc Hydrodynamic limit and numerical solutions in a system of self-propelled particles



Outline
Introduction

The Vicsek model with repulsion
Numerical solutions

Numerical solutions

We want to numerically solve the macroscopic model

∂tρ+∇x · (ρu1) = 0

∂tΩ + ρ(u2 · ∇)Ω + δ(Id − Ω⊗ Ω)∇xρ

= γ(Id − Ω⊗ Ω)4(ρΩ)

|Ω| = 1

The model is non- conservative

has a geometric constraint

=⇒ We replace the geometric constraint by a relaxation operator.
(Ref: S.Motsch, L.Navoret)

Mac Thi Bich Ngoc Hydrodynamic limit and numerical solutions in a system of self-propelled particles



Outline
Introduction

The Vicsek model with repulsion
Numerical solutions

Numerical solutions

We want to numerically solve the macroscopic model

∂tρ+∇x · (ρu1) = 0

∂t(ρΩ) +∇ · (ρu2 ⊗ Ω) + δ∇ρ− γ4(ρΩ) =
ρ

η
(1− |Ω|2)|Ω|2

The model is non- conservative

has a geometric constraint

=⇒ We replace the geometric constraint by a relaxation operator.
(Ref: S.Motsch, L.Navoret)
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Splitting method

The idea is to split the relaxation model into two parts. Firstly, we
consider this part

∂tρ+∇ · (ρu1) = 0 (24)

∂t(ρΩ) +∇ · (ρu2 ⊗ Ω) + δ∇ρ− γ4(ρΩ) = 0 (25)

and the relaxation part

∂tρ = 0

∂t(ρΩ) =
ρ

η
(1− |Ω|2)|Ω|2. (26)
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The convergence of the splitting scheme

Problem:

The density is uniform on the
domain

The orientation is a vortex
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Thank you for listening!
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