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Fractional SDE

Let Y := (Y:)e>0 be an R%valued process such that
t
Yt :X+/ b(Ys)d5+UBt (11)
0

where x € R?, b: R? = R?, o € M4(R) and B is a d-dimensional fractional Brownian
motion with Hurst parameter H € (0,1).
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Fractional SDE

Let Y := (Y:)e>0 be an R%valued process such that
t
Yt :X+/ b(Ys)d5+UBt (11)
0

where x € R?, b: R? = R?, o € M4(R) and B is a d-dimensional fractional Brownian
motion with Hurst parameter H € (0,1).

Aim : For all function f : RY — R Lipschitz, we wish to control :

< P (}7 Z (F(Yea) — E[F(Vea)]) > r> for a fixed A > 0,

« P (;/O (F(Y2) = E[F(Y.)])dt > r)

with respect to nand T.
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Fractional Brownian motion

Definition

Let H € (0,1). The fractional Brownian motion (fBm) with Hurst parameter H, denoted
by (Bt)¢>o0, is a centered Gaussian process with covariance function given by :

E[B:Bs] = [tzH +2 — |t — s|2H] for all t,s > 0.

N =
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Fractional Brownian motion

Definition

Let H € (0,1). The fractional Brownian motion (fBm) with Hurst parameter H, denoted

by (Bt)¢>o0, is a centered Gaussian process with covariance function given by :

E[B:Bs] = [tzH +2 — |t — s|2H] for all t,s > 0.

N =

o Stationary increments :
E[(Be — B:)?] = |t — s

o Self-similarity :

L((Bet)ez0) = L(c"(Bt)es0)  for all ¢ > 0.
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Fractional Brownian motion

Definition

Let H € (0,1). The fractional Brownian motion (fBm) with Hurst parameter H, denoted
by (Bt)¢>o0, is a centered Gaussian process with covariance function given by :

E[B:Bs] = [tzH +2 — |t — s|2H] for all t,s > 0.

N =

o Stationary increments :
E[(Be — B:)?] = |t — s

o Self-similarity :
L((Bet)e>0) = L(c(Bt)i0)  for all ¢ > 0.

Remark

The fBm is neither a semimartingale nor a Markov process except for H = 1/2. In that
case, B is the standard Brownian motion and has independent increments.
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Fractional Brownian motion

Memory :

p(k) :=E[(Bxs1 — Bk)(B1 — Bo)]
= I (k1) =2k 4 (k- 1)) o HE@H -1,

N

o If H<1/2, Z | p(k) < +0o — Short memory
o If H>1/2, Z . p(k) = +00 — Long memory
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Fractional Brownian motion

Memory :

p(k) :=E[(Bxs1 — Bk)(B1 — Bo)]
= I (k1) =2k 4 (k- 1)) o HE@H -1,

N

o If H<1/2, Z | p(k) < +0o — Short memory
o If H>1/2, Z . p(k) = +00 — Long memory

Proposition (Regularity)

Let H € (0,1). The sample path of fBm with Hurst parameter H are a.s. locally
B-Holder for all B < H. Namely, for all T > 0 and for all 0 < 8 < H,

B.— B
1Blls.jo, 71 := sup 1B: = Bi| < 400 as.

ocs<t<T |t —5|?
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Fractional Brownian motion

Proposition (Volterra representation)

Let (W;)e>o0 be a standard Brownian motion, then the process B defined by :

t
B :/ Ky(t,s)dWs, t>0, (2.1)
0
where Ky is the deterministic kernel given by
H—1 t H—3
Ki(t,s) = cn | (£ — )% — (Hf 1) CHELYWRVES FH (2.2)
stz 2/ ), stz
is a fBm. )
Remark
E[B:Bs] = [ Ku(t, u)Ki(s, u)du = 1 [ + 2" — |t — s .
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Back to the fractional SDE

Let Y := (Y:)e>0 be an R%valued process such that

t t
Yt:x+/ b(Ys)ds+U/ Ky(t,s)dWs.
0 0

where x € R?, b: R? = R?, ¢ € My(R) and W is a d-dimensional standard Brownian
motion.

Aim : For all function f : RY — R Lipschitz, we wish to control :

< P <}7 Z (F(Yea) — E[F(Yea)]) > r> for a fixed A > 0,

« P (;/O (F(Y2) = E[F(Y.)])dt > r)

with respect to nand T.
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Transportation inequalities

Let (E, d) be a metric space. Given p > 1 and two probability measures 1 and v on E,

the Wasserstein distance is defined by

1/p
Wp(p,v) = inf (/ d(x7y)pd71'(x,y)) ,

meN(p,v)

where M(p, v) := {mw € M1(E X E) telles que (., E) = pu(.) et n(E,.) = v(.)}.
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Transportation inequalities

Let (E, d) be a metric space. Given p > 1 and two probability measures 1 and v on E,
the Wasserstein distance is defined by

1/p
Wp(p,v) = inf (/ d(x7y)pd71'(x,y)) ,

meN(p,v)

where M(p, v) := {mw € M1(E X E) telles que (., E) = pu(.) et n(E,.) = v(.)}.
The entropy of v with respect to u is defined by

H(v ) = {flog( )du if v < p,

otherwise.
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Transportation inequalities

Let (E, d) be a metric space. Given p > 1 and two probability measures 1 and v on E,
the Wasserstein distance is defined by

1/p
Wp(p,v) = inf (/ d(x,y)pdﬂ'(x,y)) ,

meN(p,v)

where M(p, v) := {mw € M1(E X E) telles que (., E) = pu(.) et n(E,.) = v(.)}.
The entropy of v with respect to u is defined by

H(v|p) = { f log (du) dv, ifv <<.u,
otherwise.

Then, we say that p satisfies an LP-transportation inequality with constant C > 0
(denoted by p € T,(C)) if for any probability measure v,

Wo(u,v) < /2CH(v|p).
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Transportation inequalities

Theorem (Bobkov and Gétze '99)

Let (E, d) be a metric space and p a probability measure on E. Then, € T1(C) if and
only if for any p-integrable Lipschitz function F : (E,d) — R we have for all A € R,

2
E [eA(F(X)*lE[F(X)])] < exp (); CIIFIIfip>

with £(X) = p. In that case,

P (F(X) — E[F(X)] > r) < exp <—2C”’F”i> . Yr>o0.
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Transportation inequalities

Results for our fractional SDE : p = L((Y%)¢e[o,7])

e For H > 1/2, Saussereau shows that u € T»>(Cy) for two metrics on C([0, T],R?) :
1/2

;
d2(71,72)—</ Ivl(t)—w(t)lzdt) and doo(%vz):tes[lépﬂhl(t)—vz(t)l-

Proof: build a coupling of (v, 1) (for v << p) which is based on Girsanov applied
to the underlying Brownian motion.
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e For H > 1/2, Saussereau shows that u € T»>(Cy) for two metrics on C([0, T],R?) :

1/2

;
d2(71,72)—</ Ivl(t)—w(t)lzdt) and doo(%vz):tes[lépﬂhl(t)—vz(t)l-

Proof: build a coupling of (v, 1) (for v << u) which is based on Girsanov applied
to the underlying Brownian motion.

e For H € (0,1) (and even for general Gaussian process), Riedel shows that
u € To(Cy) for the metric doo.

Proof: show that B satisfies a transportation inequality and then show that
B(w) — Y(w) is Lipschitz.
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Results for our fractional SDE : p = L((Y%)¢e[o,7])

e For H > 1/2, Saussereau shows that u € T»>(Cy) for two metrics on C([0, T],R?) :

1/2

;
d2(71,72)—</ Ivl(t)—w(t)lzdt) and doo(vmz):tes[lépﬂhl(t)—vz(t)l-

Proof: build a coupling of (v, 1) (for v << u) which is based on Girsanov applied
to the underlying Brownian motion.

e For H € (0,1) (and even for general Gaussian process), Riedel shows that
u € To(Cy) for the metric doo.

Proof: show that B satisfies a transportation inequality and then show that
B(w) — Y(w) is Lipschitz.

Theorem (Saussereau '12)

Let H > 1/2. There exists C > 0 such that for all Lipschitz function
f:(RY[]) = (R,|-]) and for all r >0,

T 2 T2-2H
P (T/O (F(Y:) = E[f(Yy)]dt > r) S exp (_4C|f||iip> '
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Main result

Hypothesis : We assume that there exist a, L > 0 such that: for all x,y € R

(b(x) = b(y), x —y) < —alx —y[* et [b(x) = b(y)| < Llx —y|.

Theorem
Let He (0,1) and A > 0. Let n € N" and T > 1. Then,
(i) there exists Cy,a > 0 such that for all Lipschitz function f : (]Rd7 | - |) = (R,|-])
and for all r > 0,

2 2 (2HV1)

p <,17 Z(f(ykA) — E[f(Yka)]) > r) S exp (‘(C:A|f|i> .
k=1 | )

(ii) there exists Cy > 0 such that for all Lipschitz function f : (R‘H . |) = (R,|]) and
for all r > 0,

1 T P2 T2-(2Hv)
Pl = f(Y:) — E[f(Y:)])dt > < _ ] .
(T / (F(Y:) — E[F(Ye)]) ) o |~
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Sketch of proof
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IGIORCEIII Decompositon into martingale increments

We set

1 n
Fy = ; Z f(YkA).

k=1

Assume A =1 for the sake of simplicity. We denote by (Ft)¢>0 the natural filtration
associated to the underlying standard Brownian motion W (see the Voltera
representation). We set My, = E[Fy|Fk].

Then

Fy —E[Fy] = My =Y My~ M1

k=1
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IGIORCEIII Decompositon into martingale increments

We set )
1
Fri=-= ; f(Yin).

Assume A =1 for the sake of simplicity. We denote by (Ft)¢>0 the natural filtration
associated to the underlying standard Brownian motion W (see the Voltera
representation). We set My, = E[Fy|Fk].

Then

Fy —E[Fy] = My =Y My~ M1

k=1

We show the existence of a deterministic sequence (uk) such that

E [eA(Merq)‘ﬂ_l} < Ntk
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IGIORCEIII Decompositon into martingale increments

We set )
1
Fri=-= ; f(Yin).

Assume A =1 for the sake of simplicity. We denote by (Ft)¢>0 the natural filtration
associated to the underlying standard Brownian motion W (see the Voltera
representation). We set My, = E[Fy|Fk].

Then

Fy —E[Fy] = My =Y My~ M1

k=1

We show the existence of a deterministic sequence (uk) such that

E [eA(Merq)‘ﬂ_l} < Ntk

= E [e)‘M”] < exzzzzl Hk

Séminaire de Probabilités - IMT Concentration inequalities for fractional SDEs 16 / 23



IGIORCEIII Decompositon into martingale increments

Lemma
Let X be a centered real valued random variable such that for all p > 2, there exist
C,¢ > 0 such that

E[IX|"] < c¢”2r (£).

Then
]E[eAX] < 62(,'/(/\2

with ¢’ =1V C. )

Conclusion : Since E[M, — My_1|Fx—1] = 0, we are thus reduced to estimate

B[ Mk = Mi—1|°|Fieea] VP = 2.
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SUGIRCIEEITIN  New expression for the martingale increments

Recall that :

Ye=x+ b(Y:)ds+o | Ky(t,s)dWs.
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SUGIRCIEEITIN  New expression for the martingale increments

Recall that : . .
Y: :x+/ b(Ys)dera/ Ky(t, s)dWs.
0 0

We can see Y; as a functional ® : Ry x R? x C(Ry,R?) — R? depending on the time,
the initial condition x and the Brownian motion :

VEZ0, Yii= b, (x, (Ws)ecp.q)- (5.1)
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SUGIRCIEEITIN  New expression for the martingale increments

Recall that : . .
Y: :x+/ b(Ys)dera/ Ky(t, s)dWs.
0 0

We can see Y; as a functional ® : Ry x R? x C(Ry,R?) — R? depending on the time,
the initial condition x and the Brownian motion :

V20, Yi:=d(x,(Ws)sep,q)- (5.1)
Let Kk > 1,
My — My—1|

= [E[Fy | ~ BIFy|Feall = |+ S EIF(YI ] - BIF(Y)Fia)

t=k

< % / Z ’¢t (%, Wio,uq U W) — @ (%, Wio k1) U We—1,47) | Pw(dw)
Qi

n—k+1

e/ :
< Xy — Xy

Py (di)
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SUGIRCIEEITIN  New expression for the martingale increments

Using the SDE, we get for all u > 1,
. u . k
Xy — Xy = / b(Xs) — b(X:)ds + a/ Ky(u+ k —1,s)d(W — W),
0 k—1
u . 1
= / b(X:) — b(X:)ds + a/ Ku(u+ k — 1,5 + k — 1)d(W® — %®),
0 0

where we have set (Ws(k))s>o = (Wesgk—1 — Wik—1)s>0 and

(Ws(k))s>o = (Wssk—1 — Wk—1)s30.
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Control of the martingale increments
Key role of Hypothesis (x — y, b(x) — b(y)) < —a|x — y|?

For the sake of simplicity, we set

X, — X, = / b(X:) — b(Xs)ds + B
0
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Control of the martingale increments
Key role of Hypothesis (x — y, b(x) — b(y)) < —a|x — y|?

For the sake of simplicity, we set

X, — X, = / b(X:) — b(Xs)ds + B
0

For u > 1,

d
o g Ko = X))

= 2(X, — Xu, b(Xu) — b(X)) + 2(Xy — K, 0,BH))

< —alXy - X+ i\auéﬁ”F
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Control of the martingale increments
Key role of Hypothesis (x — y, b(x) — b(y)) < —alx — y|?

For the sake of simplicity, we set
X, — X, = / b(X:) — b(Xs)ds + B
0

For u>1,
DX~ P =20 — Koy (X~ X))

= 2(Xy — Xu, b(Xy) — b(Xu)) + 2(X, — X,, 8,BP)

< —alX, = X2+ S |0,BOP

(0%

Gronwall’s lemma : for all up > 1,

Xy — X < et X, — X, + 1/ e =19, BY 2ay.
(0%

uo
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Sketch of proof Control of the martingale increments

Proposition
For all u > 1 and k € N*,

X, — Xu|

< Wy (IIWv(k) — | sooq) + sup |G
velo,2]

+ sup
velo,1/2]

1
/ S v R - W(”)SD
0

where G is given by

1Av
G — / Ku(v+k—1,5 + k — 1)d(w® — 5®),.
0
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Sketch of proof Control of the martingale increments

Proposition
For all u > 1 and k € N*,

X, — Xu|

< Wk <||W£“ — WM oo + sup |G|
velo,2]

+ sup
velo,1/2]

1
/ S v R - W‘”)SD
0

where G is given by

1Av
G§k>:/ Ku(v+k—1,5 + k — 1)d(w® — 5®),.
0

Technical difficulties :
o Get a "good” sequence W, , by using sharp upper-bounds with the following tools :
Gronwall's lemma + precise estimates on the kernel K.
o Get the Sub-Gaussianity of the supremum of G uniformly in k (actually, we show
this for Holder seminorm).
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Conclusion
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Conclusion

Thank you !
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