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Introduction

Fractional SDE

Let Y := (Yt)t>0 be an Rd -valued process such that

Yt = x +
∫ t

0
b(Ys)ds + σBt . (1.1)

where x ∈ Rd , b : Rd → Rd , σ ∈Md (R) and B is a d-dimensional fractional Brownian
motion with Hurst parameter H ∈ (0, 1).

Aim : For all function f : Rd → R Lipschitz, we wish to control :

∗ P

(
1
n

n∑
k=1

(f (Yk∆)− E [f (Yk∆)]) > r

)
for a fixed ∆ > 0,

∗ P
(

1
T

∫ T

0
(f (Yt)− E[f (Yt)])dt > r

)
with respect to n and T .
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Fractional Brownian motion

Definition
Let H ∈ (0, 1). The fractional Brownian motion (fBm) with Hurst parameter H, denoted
by (Bt)t≥0, is a centered Gaussian process with covariance function given by :

E[BtBs ] = 1
2
[
t2H + s2H − |t − s|2H] for all t, s ≥ 0.

Stationary increments :
E
[
(Bt − Bs)2] = |t − s|2H .

Self-similarity :
L((Bct)t≥0) = L(cH(Bt)t≥0) for all c > 0.

Remark
The fBm is neither a semimartingale nor a Markov process except for H = 1/2. In that
case, B is the standard Brownian motion and has independent increments.
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Fractional Brownian motion

Memory :

ρ(k) := E[(Bk+1 − Bk )(B1 − B0)]

= 1
2
[
(k + 1)2H − 2k2H + (k − 1)2H] ∼

k→+∞
H(2H − 1)k2H−2.

If H < 1/2,
∑+∞

k=1 ρ(k) < +∞ −→ Short memory

If H > 1/2,
∑+∞

k=1 ρ(k) = +∞ −→ Long memory

Proposition (Regularity)
Let H ∈ (0, 1). The sample path of fBm with Hurst parameter H are a.s. locally
β-Hölder for all β < H. Namely, for all T > 0 and for all 0 < β < H,

‖B‖β,[0,T ] := sup
06s<t6T

|Bt − Bs |
|t − s|β < +∞ a.s.
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Fractional Brownian motion

Proposition (Volterra representation)
Let (Wt)t>0 be a standard Brownian motion, then the process B defined by :

Bt =
∫ t

0
KH(t, s)dWs , t > 0, (2.1)

where KH is the deterministic kernel given by

KH(t, s) = cH

[
tH− 1

2

sH− 1
2

(t − s)H− 1
2 −
(

H − 1
2

)∫ t

s

uH− 3
2

sH− 1
2

(u − s)H− 1
2 du
]

(2.2)

is a fBm.

Remark

E[BtBs ] =
∫ t∧s

0 KH(t, u)KH(s, u)du = 1
2

[
t2H + s2H − |t − s|2H] .
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Fractional Brownian motion

Back to the fractional SDE

Let Y := (Yt)t>0 be an Rd -valued process such that

Yt = x +
∫ t

0
b(Ys)ds + σ

∫ t

0
KH(t, s)dWs .

where x ∈ Rd , b : Rd → Rd , σ ∈Md (R) and W is a d-dimensional standard Brownian
motion.

Aim : For all function f : Rd → R Lipschitz, we wish to control :

∗ P

(
1
n

n∑
k=1

(f (Yk∆)− E [f (Yk∆)]) > r

)
for a fixed ∆ > 0,

∗ P
(

1
T

∫ T

0
(f (Yt)− E[f (Yt)])dt > r

)
with respect to n and T .
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Transportation inequalities

Let (E , d) be a metric space. Given p > 1 and two probability measures µ and ν on E ,
the Wasserstein distance is defined by

Wp(µ, ν) = inf
π∈Π(µ,ν)

(∫
E×E

d(x , y)pdπ(x , y)
)1/p

,

where Π(µ, ν) := {π ∈M1(E × E) telles que π(.,E) = µ(.) et π(E , .) = ν(.)}.

The entropy of ν with respect to µ is defined by

H(ν|µ) =
{ ∫

log
(

dν
dµ

)
dν, if ν � µ,

+∞ otherwise.

Then, we say that µ satisfies an Lp-transportation inequality with constant C > 0
(denoted by µ ∈ Tp(C)) if for any probability measure ν,

Wp(µ, ν) 6
√

2CH(ν|µ).
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Transportation inequalities

Theorem (Bobkov and Götze ’99)
Let (E , d) be a metric space and µ a probability measure on E . Then, µ ∈ T1(C) if and
only if for any µ-integrable Lipschitz function F : (E , d)→ R we have for all λ ∈ R,

E
[
eλ(F (X)−E[F (X)])] 6 exp

(
λ2

2 C‖F‖2
Lip

)
with L(X) = µ. In that case,

P (F (X)− E[F (X)] > r) 6 exp
(
− r 2

2C‖F‖2
Lip

)
, ∀r > 0.
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Transportation inequalities

Results for our fractional SDE : µ = L((Yt)t∈[0,T ])

For H > 1/2, Saussereau shows that µ ∈ T2(CT ) for two metrics on C([0,T ],Rd ) :

d2(γ1, γ2) =
(∫ T

0
|γ1(t)− γ2(t)|2dt

)1/2

and d∞(γ1, γ2) = sup
t∈[0,T ]

|γ1(t)−γ2(t)|.

Proof: build a coupling of (ν, µ) (for ν << µ) which is based on Girsanov applied
to the underlying Brownian motion.

For H ∈ (0, 1) (and even for general Gaussian process), Riedel shows that
µ ∈ T2(CT ) for the metric d∞.

Proof: show that B satisfies a transportation inequality and then show that
B(ω) 7→ Y (ω) is Lipschitz.

Theorem (Saussereau ’12)
Let H > 1/2. There exists C > 0 such that for all Lipschitz function
f :
(
Rd , | · |

)
→ (R, | · |) and for all r > 0,

P
(

1
T

∫ T

0
(f (Yt)− E[f (Yt)])dt > r

)
6 exp

(
− r 2T 2−2H

4C‖f ‖2
Lip

)
.
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Main result

Hypothesis : We assume that there exist α, L > 0 such that: for all x , y ∈ Rd ,

〈b(x)− b(y), x − y〉 ≤ −α|x − y |2 et |b(x)− b(y)| ≤ L|x − y |.

Theorem
Let H ∈ (0, 1) and ∆ > 0. Let n ∈ N∗ and T > 1. Then,
(i) there exists CH,∆ > 0 such that for all Lipschitz function f :

(
Rd , | · |

)
→ (R, | · |)

and for all r > 0,

P

(
1
n

n∑
k=1

(f (Yk∆)− E [f (Yk∆)]) > r

)
6 exp

(
− r 2n2−(2H∨1)

4CH,∆‖f ‖2
Lip

)
.

(ii) there exists C̃H > 0 such that for all Lipschitz function f :
(
Rd , | · |

)
→ (R, | · |) and

for all r > 0,

P
(

1
T

∫ T

0
(f (Yt)− E[f (Yt)])dt > r

)
6 exp

(
− r 2T 2−(2H∨1)

4C̃H‖f ‖2
Lip

)
.
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Sketch of proof
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Sketch of proof Decompositon into martingale increments

We set

FY := 1
n

n∑
k=1

f (Yk∆).

Assume ∆ = 1 for the sake of simplicity. We denote by (Ft)t≥0 the natural filtration
associated to the underlying standard Brownian motion W (see the Voltera
representation). We set Mk = E[FY |Fk ].
Then

FY − E[FY ] = Mn =
n∑

k=1

Mk −Mk−1.

We show the existence of a deterministic sequence (uk ) such that

E
[

eλ(Mk−Mk−1)∣∣Fk−1
]
≤ eλ

2uk

=⇒ E
[
eλMn

]
≤ eλ

2
∑n

k=1
uk
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Sketch of proof Decompositon into martingale increments

Lemma
Let X be a centered real valued random variable such that for all p ≥ 2, there exist
C , ζ > 0 such that

E[|X |p] ≤ Cζp/2pΓ
(p
2

)
.

Then
E[eλX ] ≤ e2C′ζλ2

with C ′ = 1 ∨ C .

Conclusion : Since E[Mk −Mk−1|Fk−1] = 0, we are thus reduced to estimate

E[|Mk −Mk−1|p|Fk−1] ,∀p ≥ 2.
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Sketch of proof New expression for the martingale increments

Recall that :
Yt = x +

∫ t

0
b(Ys)ds + σ

∫ t

0
KH(t, s)dWs .

We can see Yt as a functional Φ : R+ × Rd × C(R+,Rd )→ Rd depending on the time,
the initial condition x and the Brownian motion :

∀t > 0, Yt := Φt(x , (Ws)s∈[0,t]). (5.1)

Let k ≥ 1,

|Mk −Mk−1|

= |E[FY |Fk ]− E[FY |Fk−1]| =

∣∣∣∣∣1n
n∑

t=k

E[f (Yt)|Fk ]− E[f (Yt)|Fk−1]

∣∣∣∣∣
6
‖f ‖Lip

n

∫
Ω

n∑
t=k

∣∣Φt
(
x ,W[0,k] t w̃[k,t]

)
− Φt

(
x ,W[0,k−1] t w̃[k−1,t]

)∣∣PW (dw̃)

6
‖f ‖Lip

n

∫
Ω

n−k+1∑
u=1

∣∣Xu − X̃u
∣∣PW (dw̃)
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Sketch of proof New expression for the martingale increments

Using the SDE, we get for all u ≥ 1,

Xu − X̃u =
∫ u

0
b(Xs)− b(X̃s)ds + σ

∫ k

k−1
KH(u + k − 1, s)d(W − w̃)s

=
∫ u

0
b(Xs)− b(X̃s)ds + σ

∫ 1

0
KH(u + k − 1, s + k − 1)d(W (k) − w̃ (k))s

where we have set (W (k)
s )s>0 := (Ws+k−1 −Wk−1)s>0 and

(w̃ (k)
s )s>0 := (w̃s+k−1 − w̃k−1)s>0.
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Sketch of proof Control of the martingale increments

Key role of Hypothesis 〈x − y , b(x)− b(y)〉 ≤ −α|x − y |2

For the sake of simplicity, we set

Xu − X̃u =
∫ u

0
b(Xs)− b(X̃s)ds + B̃(k)

u

For u > 1,

d
du |Xu − X̃u|2 = 2〈Xu − X̃u,

d
du (Xu − X̃u)〉

= 2〈Xu − X̃u, b(Xu)− b(X̃u)〉+ 2〈Xu − X̃u, ∂uB̃(k)
u 〉

≤ −α|Xu − X̃u|2 + 1
α
|∂uB̃(k)

u |2

Gronwall’s lemma : for all u0 > 1,

|Xu − X̃u|2 ≤ e−α(u−u0)|Xu0 − X̃u0 |
2 + 1

α

∫ u

u0

e−α(u−v)|∂v B̃(k)
v |2dv .

Séminaire de Probabilités - IMT Concentration inequalities for fractional SDEs 20 / 23



Sketch of proof Control of the martingale increments

Key role of Hypothesis 〈x − y , b(x)− b(y)〉 ≤ −α|x − y |2

For the sake of simplicity, we set

Xu − X̃u =
∫ u

0
b(Xs)− b(X̃s)ds + B̃(k)

u

For u > 1,

d
du |Xu − X̃u|2 = 2〈Xu − X̃u,

d
du (Xu − X̃u)〉

= 2〈Xu − X̃u, b(Xu)− b(X̃u)〉+ 2〈Xu − X̃u, ∂uB̃(k)
u 〉

≤ −α|Xu − X̃u|2 + 1
α
|∂uB̃(k)

u |2

Gronwall’s lemma : for all u0 > 1,

|Xu − X̃u|2 ≤ e−α(u−u0)|Xu0 − X̃u0 |
2 + 1

α

∫ u

u0

e−α(u−v)|∂v B̃(k)
v |2dv .

Séminaire de Probabilités - IMT Concentration inequalities for fractional SDEs 20 / 23



Sketch of proof Control of the martingale increments

Key role of Hypothesis 〈x − y , b(x)− b(y)〉 ≤ −α|x − y |2

For the sake of simplicity, we set

Xu − X̃u =
∫ u

0
b(Xs)− b(X̃s)ds + B̃(k)

u

For u > 1,

d
du |Xu − X̃u|2 = 2〈Xu − X̃u,

d
du (Xu − X̃u)〉

= 2〈Xu − X̃u, b(Xu)− b(X̃u)〉+ 2〈Xu − X̃u, ∂uB̃(k)
u 〉

≤ −α|Xu − X̃u|2 + 1
α
|∂uB̃(k)

u |2

Gronwall’s lemma : for all u0 > 1,

|Xu − X̃u|2 ≤ e−α(u−u0)|Xu0 − X̃u0 |
2 + 1

α

∫ u

u0

e−α(u−v)|∂v B̃(k)
v |2dv .

Séminaire de Probabilités - IMT Concentration inequalities for fractional SDEs 20 / 23



Sketch of proof Control of the martingale increments

Proposition
For all u ≥ 1 and k ∈ N∗,

|Xu − X̃u|

6 Ψu,k

(
‖W (k)

v − w̃ (k)
v ‖∞,[0,1] + sup

v∈[0,2]
|G (k)

v |

+ sup
v∈[0,1/2]

∣∣∣∣∫ 1

0
s

1
2−H (1− vs)H− 3

2 d(W (k) − w̃ (k))s

∣∣∣∣)
where G (k) is given by

G (k)
v =

∫ 1∧v

0
KH(v + k − 1, s + k − 1)d(W (k) − w̃ (k))s .

Technical difficulties :
Get a “good” sequence Ψu,k by using sharp upper-bounds with the following tools :
Gronwall’s lemma + precise estimates on the kernel KH .
Get the Sub-Gaussianity of the supremum of G (k) uniformly in k (actually, we show
this for Hölder seminorm).

Séminaire de Probabilités - IMT Concentration inequalities for fractional SDEs 21 / 23



Sketch of proof Control of the martingale increments

Proposition
For all u ≥ 1 and k ∈ N∗,

|Xu − X̃u|

6 Ψu,k

(
‖W (k)

v − w̃ (k)
v ‖∞,[0,1] + sup

v∈[0,2]
|G (k)

v |

+ sup
v∈[0,1/2]

∣∣∣∣∫ 1

0
s

1
2−H (1− vs)H− 3

2 d(W (k) − w̃ (k))s

∣∣∣∣)
where G (k) is given by

G (k)
v =

∫ 1∧v

0
KH(v + k − 1, s + k − 1)d(W (k) − w̃ (k))s .

Technical difficulties :
Get a “good” sequence Ψu,k by using sharp upper-bounds with the following tools :
Gronwall’s lemma + precise estimates on the kernel KH .
Get the Sub-Gaussianity of the supremum of G (k) uniformly in k (actually, we show
this for Hölder seminorm).

Séminaire de Probabilités - IMT Concentration inequalities for fractional SDEs 21 / 23



Conclusion

L.Coutin (2007): An introduction to (stochastic) calculus with respect to fractional
Brownian motion, Séminaire de Probabilités XL, 3–65.

H.Djellout, A.Guillin and L.Wu (2004): Transportation cost-information inequalities
and applications to random dynamical systems and diffusions, The Annals of
Probability 32, no. 3B, 2702–2732.

Peter K.Friz and Nicolas B.Victoir (2010): Multidimensional stochastic processes as
rough paths, Cambridge University Press, Cambridge.

P.Rigollet and J-C.Hutter (2017): High dimensional statistics, Lecture notes, MIT.

S.Riedel (2017): Transportation-cost inequalities for diffusions driven by Gaussian
processes, Electron. J. Probab.

B.Saussereau (2012): Transportation inequalities for stochastic differential equations
driven by a fractional Brownian motion, Bernoulli 18, no. 1, 1–23.

Séminaire de Probabilités - IMT Concentration inequalities for fractional SDEs 22 / 23



Conclusion

Thank you !
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