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Generative Adversarial Network

Inputs data: X ~ p* on RY random noise: Z on RY (d' < d)

Generator G : R? — RY ,
Goal: Find G s.t. G(Z) = p*
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Generative Adversarial Network

Inputs data: X ~ p* on RY random noise: Z on RY (d' < d)
Generator {Gy}oco : RY — RY

Goal: Find 0 s.t. Py

I

L
Gy(Z) = p*
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Generative Adversarial Network

O

feature data
Inputs data: X ~ p* on RY random noise: Z on RY (d' < d)
Generator {Gy}oco : RY — RY
Goal: Find 0 st. po £ Gy(2) & p*
Discriminator: D : R [0, 1], Y ~ B(1/2)

Goal: Find D s.t.
D(YX+(1-Y)Gy(Z)) ~P(Y =1|YX +(1—Y)Gy(2))
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Generator P = {pgloco

data: X ~ p* generated data: Gy(Z) ~ py

Discriminator D : RY — [0, 1],
Log loss for D:

[ 108(1/Dypan + [ 1og(1/(1 - D))pud.
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Generator P = {pgloco

data: X ~ p* generated data: Gy(Z) ~ py

Discriminator D : RY — [0, 1],

Log gain for D:
L(0,D) = /Iog(D)p*du + / log(1 — D)pady .

Minimax objective

|2}‘) sgp L(6,D).
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Divergences

Kullback-Leibler divergence between P and @
dP
In{ — )dP if Pk Q;
KL(P, Q) = /Q n(dQ) ' Q
~+00 else.

Jensen-Shannon divergence between P and @

e 0 - (2 259) B (0259
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Objective

L(6, D) /Iog *du—l—/log (1 — D)pydp
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Objective
L(6.D) = [ tog(D)pdp + [ log(1 ~ D)pacl

Unique (this paper) optimal discriminator:

*

p
p* + po

Dy = argmax L(6,D) =
D

Loss at Dj:

Numerical illustrations
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Objective
L(6.D) = [ tog(D)pdp + [ log(1 ~ D)pacl

Unique (this paper) optimal discriminator:

*

p
p* + po

Dy = argmax L(0, D) =
D

Loss at Dj:

Under mild assumption unique global minimum
0* = argmin L(0, Dy)
0o

= arg min JS(p*, py)
6co
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Asymptotic properties

Parametric family of generator: G = {Gyp}yco
Parametric family of discriminator: D = {D, },cx
Empirical Objective:

L(0,a) = /Iog o) P d;H—/Iog (1 — Do) podp

(O,a) ZlogD (Xi) + = Zlog(l—D o Gy(Z))) .

11 11

Estimator:

0 = argmin max L(0, «)
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Assumption (Hp) There exists t € (0,1/2] s.t.
min(Dy,1 — Dy) > t, Vo eoO.
It implies
t 1—t
—P <SPS —p .
1_ tP Pe " p
Assumption (H.) There exists € € (0, t), s.t.: V0 € ©, 3D, € D s.t.

[[De — Djlloc < €.
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Assumption (Hp) There exists t € (0,1/2] s.t.
min(Dj,1 — Dp) > t, Vo e o.

Assumption (H.) There exists € € (0, t), s.t.: V8 € ©, 3D, € D s.t.
|Da — Djllc < €.
Assumptions (Hieg)
There exists k € (0,1/2) s.t. K < D, <1—k forall & € A, and the
functions
(X>a) = Da(X) 0 — GG(Z) 9>—>p9(X),

are C1 uniformly bounded, with uniformly bounded differentials.
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Assumption (Hp) There exists t € (0,1/2] s.t.
min(Dj,1 — Dp) > t, Vo e o.

Assumption (H;) There exists € € (0,t), s.t.: V8 € ©, 3D, € D s.t.
|Da — Djlloc < €.

Assumptions (Hieg)

There exists k € (0,1/2) s.t. K < D, <1—k forall & € A, and the

functions
(x,a) = Do(x) O Gp(z) 0+ po(x),

are C1 uniformly bounded, with uniformly bounded differentials.

Theorem

Under the assumptions above

* * ]'
EJS(p*, pg) — IS(p”, po+) = O (52 + ﬁ) :
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Proof.
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n = 100000, Z ~U(C), Centered logistic density:

N e—SX
P = s(1+ e=)2

G and D two fully connected neural networks.
||Do — Df||oo small when depth D big.

- 2
0175 -a 3
2 3 4 5

Discriminator depth

Dys(p*.pg)

Figure 1: Bar plots of the Jensen-Shannon divergence Djs(p*,pg) with respect to the
number of layers (depth) of both the discriminators and generators. The height of each
rectangle estimates EDys(p*, pg).-
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(a) Discriminator depth = 2, generator depth = 3. (b) Discriminator depth = 5, generator depth = 3.

Figure 2: True density p*, histograms, and kernel estimates (continuous line) of 100000
data sampled from G4(Z). Also shown is the final discriminator Dy.
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