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K-armed bandit problem

ν =
(
B(µ1), . . . ,B(µa), . . . ,B(µK )

)

Game: for each round 1 6 t 6 T :
1. Player pulls arm At ∈ {1, ..,K}.
2. He gets a reward Yt ∼ B(µAt ).

Regret

RT = E
[ T∑

t=1

(
µ? − µAt

)]
=

K∑
a=1

(
µ∗ − µa

)
E
[
Na(T )

]
,

where µ? = max
a=1,...,K

µa and Na(T ) =
∑T

t=1 I{At=a}.
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UCB algorithm

UCB algorithm:
Play each arm once, then for K 6 t 6 T − 1 play:

At+1 ∈ arg max
a

µ̂a,Na(t) +
√

2 log(t)
Na(t) .

Regret bound: for all a such that µ∗ − µa > 0

E
[
Na(T )

]
6

8
(µ∗ − µa)2 ln(T ) + o

(
ln(T )

)
,

Is that the best we can do? ⇒ Lower bound
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Asymptotic lower bound
Kullback-Leibler divergence :

kl(p, q) := KL
(
B(p),B(q)

)
= p ln(p/q) + (1− p) ln

(
(1− p)/(1− q)

)
Theorem (Asymptotic lower bound from Lai & Robbins)
For all consistent algorithms, for all suboptimal arms a (a such that
µ∗ − µa > 0),

lim inf
T→∞

E
[
Na(T )

]
ln T >

1
kl(µa, µ?)

.

An algorithm is asymptotically optimal if (a such that µ∗ − µa > 0)

lim sup
T→∞

E
[
Na(T )

]
ln T 6

1
kl(µa, µ?)

6
Pinsker

2
(µ∗ − µa)2 ,
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kl-UCB algorithm

kl-UCB algorithm:
Play each arm once, then for K 6 t 6 T − 1 play:

At+1 ∈ arg max
a

sup
{
µ ∈ [0, 1] : kl

(
µ̂a(t), µ

)
6

log(t) + 3 loglog(t)
Na(t)

}
.

Regret bound For a such that µ∗ − µa > 0

E
[
Na(T )

]
6

log(T )
kl(µa, µ?)

+ O
(√

log(T )
)
.

=⇒ kl-UCB is asymptotically optimal.
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Minimax optimality

Theorem (Minimax lower bound)

sup
ν

RT > C
√

KT .

An algorithm is minimax optimal if

RT 6 C ′
√

KT .

UCB algorithm not minimax optimal

RT 6 C ′′
√

KT log(T )
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MOSS-algorithm

Algorithm:
Play each arm once, then for K 6 t 6 T − 1 play:

At+1 ∈ arg max
a

µ̂a,Na(t) +

√
g
(
t,Na(t)

)
Na(t) .

Algorithm g(t, n) Minimax opt. Asymptotic opt.
UCB 2 log(t) 7 7

MOSS log+

(
T
Kn

)
3 7
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kl-UCB++ algorithm

Generic algorithm:
Play each arm once, then for K 6 t 6 T − 1 play:

At+1 ∈ arg max
a

sup
{
µ ∈ [0, 1] : kl

(
µ̂a(t), µ

)
6

g
(
t,Na(t)

)
Na(t)

}
.

Algorithm g(T , n) Minimax opt. Asymptotic opt.
kl-UCB log(t) + 3 loglog(t) 7 3

kl-UCB++ log+

(
T
Kn

(
log+

(
T
Kn

)2
+ 1

))
3 3
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Theorem (Optimality of kl-UCB++)
Minimax optimality:

RT 6 38
√

KT + K .

Asymptotic optimality: For any sub-optimal arm a and any δ such that√
11K/(2T ) 6 δ 6 (µ∗ − µa)/3,

E
[
Na(T )

]
6

log(T )
kl(µa + δ, µ? − δ) + O

( loglog(T )
δ2

)
.
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Sketch of proof: minimax bound

Ua(t) := sup
{
µ ∈ [0, 1] : kl

(
µ̂a(t), µ

)
6

g
(
Na(t)

)
Na(t)

}
.

Decomposition of the regret a∗ optimal µa∗ = µ∗

RT 6 K +
T−1∑
t=K

E
[
µ? − UAt+1(t) + UAt+1(t)− µAt+1

]
6 K +

T−1∑
t=K

E
[
µ∗ − Ua∗(t)

]
︸ ︷︷ ︸

A

+
T−1∑
t=K

E
[
UAt+1(t)− µAt+1

]
︸ ︷︷ ︸

B

B term: go back to MOSS-Index!
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Ua(t) 6 Ba(t) = µ̂a,Na(t) +

√
g
(
Na(t)

)
2Na(t) .



Setting Asymptotic optimality Minimax optimality KL-UCB++ Generalizations

Sketch of proof: minimax bound

Ua(t) := sup
{
µ ∈ [0, 1] : kl

(
µ̂a(t), µ

)
6

g
(
Na(t)

)
Na(t)

}
.

Decomposition of the regret a∗ optimal µa∗ = µ∗

RT 6 K +
T−1∑
t=K

E
[
µ? − UAt+1(t) + UAt+1(t)− µAt+1

]
6 K +

T−1∑
t=K

E
[
µ∗ − Ua∗(t)

]
︸ ︷︷ ︸

A

+
T−1∑
t=K

E
[
UAt+1(t)− µAt+1

]
︸ ︷︷ ︸

B

B term: go back to MOSS-Index!

B 6 CB
√
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Sketck of proof 2

A term: peeling trick.
Integrate the deviations δ0 ∼

√
K/T

E
[
µ∗ − Ua∗(t)

]
6 δ0 +

∫ +∞

δ0
P
(
Ua∗(t) 6 µ∗ − u

)
du ,

Split the probability

P
(
Ua∗(t) 6 µ∗ − u

)
6

P
(
∃1 6 n 6 T , kl+(µ̂a∗,n, µ

∗ − u) > g(n)/n
)
6

P
(
∃1 6 n 6 nu, kl+(µ̂a∗,n, µ

∗) > g(n)/n
)︸ ︷︷ ︸

A1

+ P
(
∃nu 6 n 6 T , µ̂a∗,n 6 µ∗ − u

)︸ ︷︷ ︸
A2
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g(nu)/nu ∼

u2

2
since

kl+(µ̂a∗,n, µ
∗ − u) > g(n)/n⇒ kl+(µ̂a∗,n, µ

∗) > g(n)/n + u2/2
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)︸ ︷︷ ︸
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A1 : Peeling trick
A2 : Maximal inequality

}
⇒ A 6 CA

√
KT
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One-dimensional exponential family
Bandit problem:

ν =
(
νθ1 , . . . , νθa , . . . , νθK

)
,

one exponential family

dνθ
dρ (x) = exp(xθ − b(θ)), where b(θ) = log

∫
R

exθdρ(x) .

mean parametrization µ = b′(θ), Pinsker-like inequality,

kl(µ, µ′) := KL(νθ, νθ′) >
1

2V (µ− µ′)2 .

Regret bound for kl-UCB++:

E
[
Na(T )

]
6

log(T )
kl(µa + δ, µ? − δ) + O

( loglog(T )
δ2

)
RT 6 76

√
VKT + (µ+ − µ−)K .
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Open question: P[0, 1]
Bandit problem with νa ∈ P[0, 1]:

ν =
(
ν1, . . . , νa, . . . , νK

)
,

Empirical measure: ν̂a(t) = 1/Na(t)
∑t

s=1 δYs IAs=a
Algorithm:
Play each arm once, then for K 6 t 6 T − 1 play:

At+1 ∈ arg max
a

sup
{

Eν ′a : ν ′a ∈ P[0, 1], KL
(
ν̂a(t), ν ′a

)
6

g
(
t,Na(t)

)
Na(t)

}
.

Algorithm g(t, n) Minimax opt. Asymptotic opt.
KL-UCB log(t) + loglog(t) 7 3

KL-UCB+ log+

(
T
Kn

)
? ?
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