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Best arm identification
p= WN(p,1) - Npal) - N(pk,1))
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Best arm identification

p= N(p,1) - N(pal) - N(uk,1))
~ a0 e e ]

Goal: Find the optimal arm (dose): aj, € arg miny <y |12 — S
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Best arm identification

p= N(p,1) - N(pal) - N(uk,1))
~ a0 e e k]

Goal: Find the optimal arm (dose): aj, € arg miny <y |12 — S
Game: while t < 7:

1. Player pulls arm (dose) A; € {1, .., K}.
2. He gets an observation (toxicity) Y: ~ N (pa,,1).

Predict best arm 2.
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Best arm identification

p= WN(p,1) - Nual) - N(uk,1))
~ I 7 1]

Goal: Find the optimal arm (dose): aj, € arg miny <y |12 — S
Game: while t < 7:

1. Player pulls arm (dose) A; € {1,.., K}.
2. He gets an observation (toxicity) Y: ~ N (pa,,1).

Predict best arm 2.

d-correct algorithm. (F; = o(Yi,..., Y:) information available at step t)
e a sampling rule (A;):>1, where A; is Fi_j-measurable;
e a stopping rule 7, stopping time with respect to the filtration (F¢)¢>1;
e a F,-measurable decision rule 3;;

An algorithm is d-correct if (3, # a;,) < ¢ and P, (7 < +00) = 1.
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Goal: find a d-correct algorithm that minimize E,,[75].

— lower bound on E,[75]?
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Lower bound

MZ{MGRK:aZisunique} I={peM: m<..<pkg}

Alternative set for S € {M,Z}: Alt(p,S) :={A €S :a\ #a,}.
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Lower bound

MZ{uGRK:aZisunique} I={peM: m<..<pkg}
Alternative set for S € {M,Z}: Alt(p,S) :={A €S :a\ #a,}.

Theorem
Let S € {M,TI}. For all o-correct algorithm,

[7s5]
i inf 55 > Tan).

where the characteristic time is

K 2
-
Tg(u)*l = sup inf Zwai('ua )

b
weT y AEAI(1,S) *=; 2

where Lk is the simplex of dimension K — 1.
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K arms: optimal weights
Optimal proportions of arm draws: ( Xk simplex of dimension K — 1.)

K o )\3)2

* . (:U‘a
w = arg max |nf Wyg————— .
(1) wgezK ACAlt(1,S) azzl a 2

Case S = M: Similar properties as in the BAI problem, in particular
e wi(p)>0forall a, forall pe$S

Case S =1:
o wi(p) >0 forac{ay, —1,a},a, + 1}, otherwise wj(p) =0
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Non monotonic case

Open questions
000



An optimal algorithm
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Asymptotically optimal algorithm

Algorithm 1: Direct-tracking

Sampling rule

argmin N,(t) if one N,(t) "too small" (forced exploration)
ac Uy
Ac1 € argmax wi(pm(t)) — Ny(t)/t (direct tracking)
1<agK

Stopping rule

K -~ 2
Ts = inf {t e N*: u(t) € M and inf Z Na(t)w > f)’(t,d)}

AeAlt(j(t),8) =1

Decision rule

ar € argmin |a(7) — S|
1<agK
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Theorem (Asymptotic optimality)

For § € {Z, M}, for 5(t,d) = log(tC/d) + (3K + 2) loglog(tC/¢)
Direct-tracking is d-correct on S and asymptotically optimal, i.e.
EH[T(s] < *

li <T .
mSuP fog(1/0) S 5

where

C = et ()K (2(3K +2))*F



Setting Complexity An optimal algorithm Practical implementation Open questions
000 0000 [e]e] @00 000

Practical implementation

How to compute the optimal weights 7

2
* , Aa)
w*(p) = argmax  inf wa .
( ) WEY K AeAlt(p,S) Z
Non-monotonous case: S = M — boils down to solve one scalar equation
— Fast |

Increasing case: § =7 —gradient ascent with isotonic regression
— Relatively fast !
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Monotonous case: S =7

R *
Tp:={A €T a=b}

K 2 K 2
. - A . - A
F:ww— inf E wau = min inf wau, (1)
2 b#aj, A€T, = 2

AeAlt(p,T) o

F is concave — sub-gradient ascent on the simplex.
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Monotonous case: S =7
Ip :={A €I, a5 =>b}

K — )2 K EEWAY
F:ww— inf Zwau = min inf wau (1)

AeAlt(p,T) o

F is concave — sub-gradient ascent on the simplex.
Optimal alternative in Zp:

K 2
AP = arg minz:wa(ua Aa) ,
NeZp  a=1 2
Sub-gradient of F at w
_ Ab 2
OF (w) = Conv l(ﬂa 5 2) ] ,
beBopt ae{l,- ,K}

where Conv denotes the convex hull and Bo,: the set of points that attain
the minimum in (1).
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~ to compute the Unimodal regression AP of ' with mode at b:

K Y 2
A = argmin Zwau.
N <N, 51 2
! ’
AR S SA

Unimodal regression can be efficiently computed via isotonic regressions
(Pool Adjacent Violators Algorithm) in O(K).

— sub-gradient in O(K?).
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Open questions

e Extend to any one-exponential family ? For example

p= (B(u1),. .-, B(ua),.--, B(uk)),

o Compute the sub-gradient in O(K).

e Find algorithm with better theoretical /practical properties ("finite 0"
bound).
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How to compute \? ?

Ty={AeT:a=b}={recM:
M<...< A1 < min()\b,ZS—)\b) <max()\b,25—)\b) <)\b+1 <... <)\K}«
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How to compute \? ?

Ty—{AeT:a,=bl={reM:
M<...< A1 < mln()\b,25 >\b) max()\b,25 )\b) < )\b+1 <... < )\K} .

Suppose up < S then )\b < S — replace Zp with

{AeM A <. <Apo1 < Ap,y
25 — Ak < ... <25 = Apy1 < Ap,y
ng}
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How to compute \? ?

Ty—{AeT:a,=bl={reM:
M<...< A1 < mln()\b,25 >\b) max()\b,25 )\b) < )\b+1 <... < )\K} .

Suppose up < S then /\b < S — replace Zp with

{AeM A <. <Apo1 < Ap,y
25 — Ak < ... <25 = Apy1 < Ap,y
ng}

X change of variables

v if1<a<b
a ] 25—\, else,
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How to compute \? ?

Ty—{AeT:a,=bl={reM:
M<...< A1 < mln()\b725 >\b) max()\b,25 )\b) < )\b+1 <... < )\K} .

Suppose up < S then /\b < S — replace Zp with

INeM:N <...< N1 <Ay,
K <o < XNpp1 < A,
b < S}

X change of variables

N, =

a

Aa ifl<a<hb
25 — \,; else,
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Unimodal regression

K 1\2
. T—A
AY = arg min Zwa( )
N<e <X, a2l 2
/ /
N <N,
M<S
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Unimodal regression

K Y 2
AY = arg min Zwau.
N <N, 521 2
No<o <A
N<S

Then A? = min(AP, S) where A is the unimodal regression of y with

mode at b: B
=R . Y 2
b= arg min Zwai(ua 5 ) )

/ /
Alé...é)\b a=1
A <A

Unimodal regression can be efficiently computed via isotonic regressions
(Pool Adjacent Violators Algorithm) in O(K).

— sub-gradient in O(K?).



	Setting
	Complexity
	An optimal algorithm
	Practical implementation
	*

	Open questions

