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Chapters addressed in this presentation:

e Explore First, Exploit Next: The True Shape of Regret in Bandit
Problems

kl-UCB Algorithms for Exponential Families
KL-UCB Algorithms for Bounded Rewards
Thresholding Bandit for Dose-ranging: The Impact of Monotonicity

e Fano’s inequality for random variables
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K-armed bandit problem: parametric setting

Bernoulli rewards:

v = (B(Ml)a B(:ua) 7B(NK))
Game: foreachround 1 <t < T:

1. Player pulls arm A; € {1,..,K}.
2. He gets a reward Y; ~ B(ua,)-
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Regret

Player wants to maximize

equivalently, minimize his regret
Rr=Tu —E|D Y|,
=1

where p* = max pi,.

a=1,...,

KL-UCB algorithm
000000000000



Setting UCB algorithm Lower bound kl-UCB algorithm Minimax optimality
oe 0000 0000 000 00000

Regret

Player wants to maximize

equivalently, minimize his regret

T
Rr=Tu —E|D Y|,
t=1
where i = max .
Chain rule ™ 7"
K
Rr = (0 — pa) E[Ny(T)]
a=1

KL-UCB algorithm
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Player wants to maximize

equivalently, minimize his regret

T
Rr=Tu —E|D Y|,
t=1
where ;¥ = max ;.
Chain rule =7
K
Rt = Z(ﬂ* — pa) E[N,(T)|(~ T worst case),
a=1

Where Na(T) — Zt—'r:l H{At:a}

KL-UCB algorithm
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|deas of strategy

e First idea: pull an arm uniformly at random at each round.
= Exploration = Rr~T
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|deas of strategy

e First idea: pull an arm uniformly at random at each round.
= Exploration = Rr~T

e Second idea: pull the current best empirical arm,

t
Arp1 = argmax,ec(y ... ,K}ﬂa,Na(t) ﬁa,Na(t) = Z Ysla=a/Na(t)

s=1

= Exploitation = Rr~T
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|deas of strategy

e First idea: pull an arm uniformly at random at each round.
= Exploration = Rr~T

e Second idea: pull the current best empirical arm,

t
At+1 = argimaxe(g ... ,K}ﬂa,Na(t) ﬁa,Na(t) = Z Ys HAt:a/Na(t)

s=1

= Exploitation = Rr~T
= Exploration-Exploitation tradeoff

= Ry ~log(T)
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Algorithm 1: UCB

Initialization: Play each arm once.
Fort=Kto T —1,do

1. Compute for each arm a the upper confidence bound

. R log(T)
ULCB t) =

a ( ) :U’a,Na(t) + 2Na(t)

——

Exploration

2. Play A¢t1 € argmax ey ... iy U79%().
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Upper Confident Bound

Xy, Xy iido~ B(p) with i, =301 Xi/n
Hoeffding inequality for x < u
P(fin < x) < e 2n0—n)?

With probability at least 1 — §
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Upper Confident Bound
X1, ) X ido~ B(u) with fip = Y0y Xic/n
Hoeffding inequality for x < u
P(fin < x) < e 2n0—n)?

With probability at least 1 — §

UCB index 6 = 1/T

- log(T)
UCB o
Ua (t) - :u’a,Na(t) + 2Na(t)
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Upper Confident Bound
X1, Xo iiodo~ B(p) with fip = 20 Xi/n
Hoeffding inequality for x < u
P(fin < x) < e 2n0—n)?

With probability at least 1 — §

UCB index § =1/T

- log(T)
UCB o
Ua (t) - :u’a,Na(t) + 2Na(t)
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Regret bound

Theorem
For the UCB algorithm, for all a such that u* — p, >0

E[No(T)] < slog(T) + o(log(T)),

2(p* = pa)
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Regret bound

Theorem
For the UCB algorithm, for all a such that p* — iz >0

E[No(T)] < slog(T) + o(log(T)),

2(p* = pa)

therefore (Chain rule)
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Regret bound

Theorem
For the UCB algorithm, for all a such that p* — iz >0

E[No(T)] < slog(T) + o(log(T)),

2(p* = pa)

therefore (Chain rule)

Is that the best we can do? = Lower bound
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Kullback-Leibler divergence

For two probability distributions P and Q

dP i
KL(P, Q) = /Iog(le)dQ if P< @

400 else.

Example with Bernoulli

kl(p, q) := KL(B(p), B(q)) = plogg (1 p)log—

KL-UCB algorithm
000000000000

1—gq
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An asymptotic lower bound

Strategy which always pulls the same arm =- assumptions on the strategy.
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An asymptotic lower bound

Strategy which always pulls the same arm =- assumptions on the strategy.

Definition
A strategy is consistent if for all bandit problems v, for all suboptimal arms
a, i.e., for all arms a such that p* — p, > 0, it satisfies E[N,(T)| = o( T%)
forall 0 < o < 1.
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An asymptotic lower bound

Strategy which always pulls the same arm =- assumptions on the strategy.

Definition
A strategy is consistent if for all bandit problems v, for all suboptimal arms
a, i.e., for all arms a such that p* — p, > 0, it satisfies E[N,(T)| = o( T%)
forall 0 < o < 1.

Theorem (Asymptotic lower bound from Lai & Robbins)

For all consistent strategies, for all suboptimal arms a,

EN,(T
liminf [ al )] > L .
Tooo log T kl( 2, %)
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with u/, > p*:

= (B(Hl)a "’B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Yg,---,Y}).

NN

KL-UCB algorithm
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with u/, > p*:

= (B(Hl)a "’B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Yg,---,Y}).

NN

E [Na( T)] Kl(pa, 1) = KL(P;/”, P;//LT)

Chain rule

KL-UCB algorithm
000000000000
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with u/, > p*:

= (B(Hl)a "’B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Yg,---,Y}).

NN

EJNQ(T)} kl('LLa,lj/;) = KL(PZYI:Tv ]P);/II:T)

contraction of entropy > KL(}P”ZVS(T)/T, Pl,,v/a(T)/T)

KL-UCB algorithm
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with u/, > p*:

= (B(Hl)a "’B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Yg,---,Y}).

EJNB( T)} kl(:uaa /‘a

contraction of entropy KL(IP’I’,Va /T, Py,

NN

KL(P):T, PYI )

v

(T)/T)

WV

projection

KL-UCB algorithm
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kl(E [Na(T)]/ T, Ey [Na(T )]/T)
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with p/, > u*:

/
H g

= (B(Ml)a o B(pa), - B(MK))
)

(B(Ml)v "78(,“19)’ "7B(MK )

Information at time t: Y1t = (Yq,---, ;).

E, [N,(T)] kl(pa, wh) = KL([P;/LT’ P;//LT)

contraction of entropy

projection

> KL(IP)Na(T)/T Na(T)/T)

> KI(E, [No(T))/ T, By [Na( T)]/ T)

> (1 — EZ[Na(T)]/T) log T — EVINa(T)] -

Lower bound klI-UCB algorithm Minimax optimality KL-UCB algorithm
[e]e] o] 000 00000 000000000000
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with p/, > u*:

V= (B(Ml)v "?B(Na)a "7B(MK))
V= (B(Ml)v "7B(Mg)’ "7B(MK)>

Information at time t: Y1t = (Yq,---, ;).
Ey[Na( T)] Kl(1a, 1) = KL(BYAT, PYFT)

contraction of entropy > KL([P’Va(T)/T Na(T)/T)

projection > kl(E [N2(T)]/ T, Ey [N (T)]/T)
_ T
Consistent > (1 — EZ[NQ(T)]/T) log —— E, [N(T)]

o(1)

KL-UCB algorithm
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Sketch of proof 1/2

a suboptimal arm (p* — ps > 0).
Modified bandit problem with u/, > p*:

NN

= (B(Hl)a "’B(:ua)’ ..,B(MK))
Hl = (B(Nl)v ..,B(,u;), "7B(NK))

Information at time t: Y1t = (Yg,---,Y}).

EJNB( T)} kl(:uaa /‘a

contraction of entropy

v

KL(Pys7, PYAT)
KL (BT T pl(T/Ty

WV

projection

VWV

(1 — ) log(T) — log(2)

KL-UCB algorithm
000000000000

kl(E [N,(T)]/T, Ew[Na(T)]/T)
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For all « € (0, 1]:

E | NL(T —
liminf J a( )] > l-a .
T—o0 log T kl(pea, 1)



Lower bound
[e]e]e] ]

For all a € (0, 1]:

E N, (T —
liminf J a( )] > l-a .
T—o0 log T kl(pea, 1)

Very generic tools, can be used to prove :

-minimax/problem dependent lower bound on the Bayesian posterior
concentration rates

-minimax lower bound for sparse adversarial bandits

-lower bounds in best arm identification
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Lower bound

Pinsker inequality

Lower bound kl-UCB algorithm Minimax optimality
0000 @00 00000

Sub-optimality of UCB

lim sup E{No(T)] < L
Tooo  log T 7 2(uy — p*)?’

EIN,(T
liminf [ ( )] > L .
Tooo log T kl(a, p*)

Kl (pa, 1) = 2(pa — p*)?

KL-UCB algorithm
000000000000
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Chernoff Bound
X1,y Xy iido~ B(p) with fi, = >0 1 Xi/n
Chernoff inequality for x < p

P(fin < x) < e”™0on) < o—2n(x—p)?

Pinsker

KL-UCB algorithm
000000000000
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Chernoff Bound
Xy, Xy lido B(N) with /Af«n = ZZ:l Xk/n
Chernoff inequality for x <

P(ﬁn < X) < efnkl(x#t) < e—2n(x—u)2

Pinsker

Inverting for u = kl(x, u)
P(fin < p and kl(fip, p) > u) < e ™

New upper confidence bound, with probability at least 1 — ¢

log(1/0
fin > 11 or K(jip, 1) < 5%

log(1/6)

M < sup {Ml > ln kl(,ana ,u/) < n}
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Get the right constant: kl-UCB algorithm

kl-UCB algorithm:
Play each arm once, then for K < t < T — 1 play according to the index:

Uk(t) =sup{ﬂ > fialt) © Na(t)Kl(fia(t), 1) < |og(T>}.
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Get the right constant: kl-UCB algorithm

kl-UCB algorithm:
Play each arm once, then for K < t < T — 1 play according to the index:

Ugl(t) = sup {M > a(t) = Na(t)kl(Ea(t), 1) < Iog(T)} :

Regret upper bound:
For the klI-UCB algorithm, for all a such that p* — u, >0

E[N,(T)] < kl(uiﬂ*)mg(r) + o(log(T)),
Lower bound
E[N,(T)] 1

lim inf > .
Tooe  log T~ k(i p*)
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Minimax optimality

Theorem (Minimax lower bound)

supRT , > CVKT .

An algorithm is minimax optimal if
Ry < C'VKT.
UCB algorithm is not minimax optimal

Rr < C"\/KT log(T).
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MOSS-algorithm

MOSS index:

log., (T/(KN,(t)))
2N,(t) ’

Ugd(t) = ﬁa,Na(t) +

MOQOSS algorithm is minimax optimal, i.e.
Rr < 1IVKT+K,

but is not asymptotically optimal (as UCB)...

KL-UCB algorithm
000000000000
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A minimax and asymptotically optimal algorithm

kl-UCB™™ index:

U}jl**(t) = sup {M = ﬁa(t) : Na(t)kl(ﬁa(t)7u) < |Og+(T/(KNa(t)))} :
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A minimax and asymptotically optimal algorithm

kl-UCB™™ index:

U};l**(t) = sup {M = ﬁa(t) : Na(t)kl(ﬂa(t)vu) < |Og+(T/(KNa(t)))} :

kl-UCB™ algorithm is minimax and asymptotically optimal:

Minimax optimality:
Rr <17VKT

Asymptotic optimality: For any sub-optimal arm a,

E[N(T)] < 28T

S m + o(log(T)) .
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Second order optimality

With a stronger assumption:

BIN(T) < S

refinement of the Lai and Robbins lower bound

BN, (T)) > — 8T

> m—o(loglog(T)) :

KL-UCB algorithm
000000000000
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Second order optimality

With a stronger assumption:

BIN(T) < S

refinement of the Lai and Robbins lower bound

log T
ENA(T)] > KI(pta, 11*)

For the kI-UCB™™ algorithm, for any sub-optimal arm a,

—O(loglog(T)) .

log(T)— loglog(T) +0(1).

EIN(T] < k(1. 1*)
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An intuition for the exploration function
Bandit problems v and v/ with v = v/ except ), > p*. Lower bound:

/ E,[Na(T)] T
Ey[Na(T)] kl(pta, 115) = (1 -— )log S By INo(T)] In2.
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An intuition for the exploration function

Bandit problems v and v/ with v = v/ except ), > p*. Lower bound:

/ E,[Na(T)] T
Ey[Na(T)] kl(pta, 115) = (1 -— )log S By INo(T)] In2.

Approximations:

E,[Ny(T)] ~ No(T) (% kl'z’j(z))> to m o T), S Eu[No(T)] = KN,(T).
@ b#a



Setting UCB algorithm Lower bound klI-UCB algorithm Minimax optimality KL-UCB algorithm
[o]e] 0000 0000 000 0000e 000000000000

An intuition for the exploration function
Bandit problems v and v/ with v = 1/ except u/, > p*. Lower bound:

.
&S B [No(T)]

Na(T)KI(fia(T), p5) Z lo

Approximations:

E,[N,(T)] ~ Ny(T) (% kl'?j(z))> pa = fa(T), Y By [No(T)] ~ KN,(T).
’ b#a
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An intuition for the exploration function
Bandit problems v and v/ with v = 1/ except u/, > p*. Lower bound:
T

Na(T) kl(a(T), 115) 2 log S0 B INS(T)]

Approximations:

E,[N,(T)] ~ Ny(T) (% kl';’f?)) pa = fa(T), Y By [No(T)] ~ KN,(T).
’ b#a

Index:

- inf{u > fa(T) = No(T)KL(7ia(T). 1) > log KNZ(T)},
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K-armed bandit problem: non-parametric setting

Bounded rewards: v, € P[0, 1]

V= (Vl)

Game: for each round 1 <t < T
1. Player pulls arm A; € {1, .., K}.
2. He gets a reward Y; ~ va4,.

Ha = E(Va)
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Lower bound

Theorem (Asymptotic lower)

For all consistent strategies, for all arms a such that p* — E(v,) > 0,

EN,(T
liminf [ a )] > L .
T—o00 log T King(Va, %)

Kint(v, p) : = inf {KL(v,v') : E(V') > u}
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Lower bound

Theorem (Asymptotic lower)

For all consistent strategies, for all arms a such that p* — E(v,) > 0,

EN,(T
liminf [ a )] > L .
T—o00 log T King(Va, %)

Kint(v, p) : = inf {KL(v,v') : E(V') > u}
= KL(v, ")

v* of the form, for a certain A* € [0, 1]
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E(v) < E(*) =

0 0.25 0.5 0.75 1
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E(v) < E(*) =

0 0.25 0.5 0.75 1
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Sub-optimality of klI-UCB

kl-UCB

lim sup E{Na(T)) < L
T—o0 IOg T h kl(:uav :U’*) ’

Lower bound
EN(T
liminf [ ( )] > ! .
T—o0 log T King(Va, %)

Pseudo-Pinsker inequality

Kinf(’/a,ﬂ*) P kl(E(Va)7 :U’*)

KL-UCB algorithm
000000000000
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Sub-optimality of klI-UCB

kl-UCB T
E N, (T 1

li < )

T Tlog T K(ua, 1)

Lower bound
EIN,(T
liminf [ o )] > L .
T—o0 log T /Cimc(ua, ,u*)

Pseudo-Pinsker inequality
Kinf(yéhlu*) > kl(E(Va)a :U’*)
Reduction to kl for Bernoulli:

Kint(B(pa), ") = Kl(pa, 1)

KL-UCB algorithm
000000000000
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Sub-optimality of klI-UCB

kl-UCB

lim sup E{Na(T)) < L
T—o0 |0g T h kl(:uav :u*) ’

EN,(T
liminf [ ( )] > ! .
T—o0 log T King(Va, %)

Lower bound

Pseudo-Pinsker inequality

Kinf(Va,,U/*) P kl(E(Va)7 :U’*)

inf{KL(z/, V) E(V) > ,u,} |nf{KL( V) E(V) >, E(v

KL-UCB algorithm
000000000000

=Kint (v,1) —kI(E(v), n)
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Index 7

Move from empirical mean fi, to empirical distribution 7, = 1/n>"}_; dx,

New index

US(£) = sup {u’ > fa(t) : '€ [0,1], K(7a(1), 1) < Ic/)vg((tT))}

Uz (t) = sup {EV' > E@y(t) : v/ € P[0,1], KL(Ds(t), ) < 'Og(T)}
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Index 7

Move from empirical mean fi, to empirical distribution 7, = 1/n>"}_; dx,

New index
US(£) = sup {u’ > fa(t) : '€ [0,1], K(7a(1), 1) < Ic/)vg((tT))}
KL / - / v ) < D)
USE(£) = sup {El/ > E(ya(t)) : v € P[0, 1], KL(Va(t), V) < N, () }
— sup {u’: p€0,1], 1 = fia(t), Kine(a(t), p') < Icl)\/g((tT))}
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An asymptotically optimal algorithm

KL-UCB index:

Uz H(t) = sup {u' > fia(t) © Na(t) King (Pa(t), 1) < '0g(T)} :
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An asymptotically optimal algorithm

KL-UCB index:

Uz H(t) = sup {// > fia(t) © Na(t) King (Pa(t), 1) < '0g(T)} :

Upper bound on the regret: for all a such that p* — E(u,) >0

E[N,(T)] € ——

< mlog(T) + o(log(T)),

Lower bound

EIN,(T
liminf [ a( )} > L )
T—o0 log T /Cimc(lja, M*)
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Non-parametric upper confidence bound

X1, Xpiido~ v with U, = >0 0x,/n.
Deviations of kl

P(ﬁn < E(v) and kl(fin, E(v)) > u) <e ™
Deviations of C;¢

P(Kint (7, E(v)) > 1) < e(n +3)e™™.
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Non-parametric upper confidence bound

X1, Xpiido~ v with U, = >0 0x,/n.
Deviations of kl

P(ﬁn < E(v) and kl(fin, E(v)) > u) <e ™
Deviations of C;¢

P(Kint (7, E(v)) > 1) < eln+3)e™™.

Open question: remove the factor (n+3) ?
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Variational formula

X —
K1) = s By log{ 1 =07

=A(X)

KL-UCB algorithm
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Variational formula

Kint(n, E(v)) = Orggglﬁalbg(l N A)1<—_1:l::((uy))> ]

=f(X)

King(V',E(v)) =u
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Variational formula

’Cinf(i/\n, E(I/)) = 0@)?;(1 < 17,,, f,\ >

<V, fi>=u
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Variational formula

’Cinf(]//\m E(V)) = 0@)??1 < 7/)!1? f/\ >
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Variational formula: Worst family

X —
Kint (v, 1) = om axlE,{ Iog(l — Al_i)

<AL

If E(v) = p. Convex family of probability distributions: %} = (1 - A;:Z)

vy=1+ (1=

Worst family for v:

Kint(vx, 1) = KL(vy, v)

inf(y)\v N)
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Variational formula: Worst family

Kint(v, 1) = — min KL(v,v,) = 0.

0<A<1

dv

1-p

If E(v) = ;1. Convex family of probability distributions: %2 = (1 — /\X—:H>

vy=A1+ (1 - A\v

Worst family for v:

K:inf(l/)\v :U) = KL(V)\a V)

inf(V/\v N)
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Thompson Sampling for arms in P[0, 1]7

79 = D(a, H) Dirichlet process with H € P[0, 1].

Algorithm 2: Thompson sampling

Parameter: prior N% = (79,...,7%)
Fort=0to T —1, do
1. Fora=1to K, do
Sample v,(t) ~ 7k .

2. Play A; € argmax,cy ... x}E(va(t)), update the posterior M+,
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A minimax and asymptotically optimal algorithm
KL-UCB™ index:

UsS(t) ::sup{ue[o,ll t Na(t) Kinf (7a(t), 1) <'°g+(KN7a_(t)>}'
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A minimax and asymptotically optimal algorithm
KL-UCB™ index:

UsS(t) ::sup{ue[o,l] b Na(t) Kin (7a(t), 1) <'°g+(K/V7a_(t)>}'

KL-UCB-switch index:

US5(1t) =

)

{Uﬁ“*(t) si Ny(t) < [(T/K)'®]
U(t) i Na(t) > [(T/K)Y?)
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A minimax and asymptotically optimal algorithm
KL-UCB™ index:

UsS(t) ::sup{ue[o,l] + Na(t) Kinf (7a(t), 1) <'°g+(K/V7a_(t))}'

KL-UCB-switch index:
KL++ i /
U)o {Ua (6) 5 M(e) < L(T/K)'")
Uy(t)  si Na(t) > [(T/K)'?

)

KL-UCB-switch algorithm is minimax and asymptotically optimal:

Minimax optimality:
RT <25V KT

Asymptotic optimality: For any sub-optimal arm a

log(T)

TS ot )

+ o(log(T))
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A minimax and asymptotically optimal algorithm
KL-UCB™ index:

UsS(t) ::suP{ME[O,l] + Na(t) Kinf (7a(t), 1) <'°g+(K/V7a_(t)>}'

KL-UCB-switch index:

US5(1t) =

)

{Ué‘“*(t) si Ny(t) < [(T/K)'®]
U(t) i Na(t) > [(T/K)Y?)

Minimax optimality:
RT <25V KT

Asymptotic optimality: For any sub-optimal arm a

log(T)

TS ot )

+ o(log(T))
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Merci pour votre attention !
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Best arm identification
p= WN(p,1) - Nual) - N(pk,1))

» N 4
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Best arm identification

p= N(p,1) - N(pal) - N(uk,1))
~ a0 e e ]

Optimal arm (dose): aj, € argminy <y |1a — S



Setting Complexity Asymptotically optimal algorithm Open questions

oceo

Best arm identification

p= N(p,1) - N(pal) - N(uk,1))
~ a0 e e k]

Optimal arm (dose): aj, € argminy <y |1a — S
Game: while t < 7:

1. Player pulls arm (dose) A; € {1, .., K}.
2. He gets an observation (toxicity) Y: ~ N (pa,,1).

Predict best arm 2.
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Best arm identification

p= WN(p,1) - Nual) - N(uk,1))
~ I 7 1]

Optimal arm (dose): aj, € argminy <y |1a — S
Game: while t < 7:

1. Player pulls arm (dose) A; € {1,.., K}.
2. He gets an observation (toxicity) Y: ~ N (pa,,1).

Predict best arm 2.

d-correct algorithm. (F; = o(Y1,..., Y:) information available at step t)
e a sampling rule (A;):>1, where A; is Fi_j-measurable;
e a stopping rule 7, stopping time with respect to the filtration (F¢)¢>1;
e a F,-measurable decision rule 3;;

An algorithm is d-correct if P, (3, # a;,) < 0 and P, (75 < +00) = 1.
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Goal: find a é-correct algorithm that minimize E,,[75].

— lower bound on E,[75]?
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Lower bound

M:{uGRK:aZisunique} I={peM: m<..<pkg}

Alternative set for S € {M,Z}: Alt(p,S) :={A€S:a\ #a,}.
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Lower bound

MZ{uGRK:aZisunique} I={peM: m<..<pkg}
Alternative set for S € {M,Z}: Alt(p,S) :={A€S:a\ #a,}.

Theorem
Let S € {M,TI}. For all o-correct algorithm,

[7s5]
i inf 55 > Tan).

where the characteristic time is

K 2
-
Tg(u)*l = sup inf Zwai('ua )

weT ACAI(.8) =

where Lk is the simplex of dimension K — 1.
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0000 o

Characteristic time:

K _ 2
Tg‘(u)_]': su inf Zwai('ua Aa) .

p
weT g AEAI(1,S8) 2 2
Optimal weights:
K 2
—Xa)
* = argma; inf (1a = Aa)° .
W(p) 1= argmax,ex, | inf S);wa 5

where 2k simplex of dimension K — 1.
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Two arms
If K =2,
-1 2
T7(p) = (25 — 1 — p2)°/8
—1 . 2 2
Tiu(p) =mm((25—u1—uz) (1 — p2) )/8-
p =12, 4
1.2 Y T
\ — Tyt III
1.0 ‘\‘ -—- T ()t ]
\ /
\ /
0.8 \ /
\ /
\ /7
\ /
0.6 \ /
AY /
0.4
0.2
0.0 1 2 4

0w
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Karms: p=1[6, 8, 11, 14]
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Non monotonic case

Open questions
o]
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Asymptotically optimal algorithm

Algorithm 3: Direct-tracking

Sampling rule

argmin N,(t) if one N,(t) "too small" (forced exploration)
ac Uy
Ac1 € argmax wi(p(t)) — Ny(t)/t (direct tracking)
1<ag<K

Stopping rule

K -~ 2
Tg:inf{tEN* . p(t) € M and inf ZNa(t)w >6’(t,(5)}

xeAlt(j(t),8) =1

Decision rule

ar € argmin |a(7) — S|
1<agK
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Theorem (Asymptotic optimality)
For § € {Z, M}, for 5(t,d) = log(tC/d) + (3K + 2) loglog(tC /&)
Direct-tracking is 6-correct on S and asymptotically optimal, i.e.

- E,[75]
| Sl ad ST < TE .
mSuP fog(1/a) S 5

where

C = et ()K (2(3K +2))**
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Theorem (Asymptotic optimality)
For S € {Z, M}, for B(t,8) = log(tC/d) + (3K + 2) loglog(tC/4)
Direct-tracking is d-correct on S and asymptotically optimal, i.e.

lim sup Euls) < Ts(p).

50 log(1/6) = ¢

One key tool :

Theorem (Concentration inequality for KL divergences)

For all § > (K 4+ 1) and t € N* we have

IP’(ZK: N, (2) (ﬁa(t)z— [ta)? > 5) < i1 (25(5 log(t) + 1)>K -y

K
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Practical implementation

How to compute the optimal weights 7

* . al (ta — )‘a)z
w*(p) = argmax v, Ae/{/r:{“ s) Z Wam——— -

a=1

Non-monotonous case: S = M
— boils down to solve one scalar equation — Fast !
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Monotonous case: S =7
Ip :={A €T, a5 =>b}
K K
- /\5)2 L (,Ua - )\a)2 (1)

. (Ma
F LW Inf Wg—m/————
A Alt(p,T) 32::1 a 2 baj, AT, £

F is concave — sub-gradient ascent on the simplex.
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Monotonous case: S =7
Ip :={A €T, a5 =>b}

K — )2 K EEWAY
F:ww— inf Zwau = min inf wau (1)

AeAlt(p,T) o]

F is concave — sub-gradient ascent on the simplex.
Optimal alternative in Zp:

K 2
AP = arg minz:wa(ua Aa) ,
NeZp  a=1 2
Sub-gradient of F at w
_ Ab 2
OF (w) = Conv l(ﬂa 5 2) ] ,
beBopt ae{l,- ,K}

where Conv denotes the convex hull and Bo,: the set of points that attain
the minimum in (1).
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0000C 0000e
How to compute \? ?
K 2
—A
AP = arg minZwa(ua a) ,
NeZp a=1 2

~ to compute the Unimodal regression AP of ' with mode at b:

K Y 2
A = argmin Zwau.
N <N, 521 2
! ’
AR S SA

Unimodal regression can be efficiently computed via isotonic regressions
(Pool Adjacent Violators Algorithm) in O(K).

— sub-gradient in O(K?).
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Open questions

e Extend to any one-exponential family ? For example

p= (B(p1),. .., B(ua), .-, Bluk)),

o Compute the sub-gradient in O(K).

e Find algorithm with better theoretical /practical properties ("finite 0"
bound).
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