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FEEDBACK STABILIZATION OF A FLUID-STRUCTURE MODEL∗
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Abstract. We study a system coupling the incompressible Navier–Stokes equations in a 2D
rectangular-type domain with a damped Euler–Bernoulli beam equation, where the beam is a part
of the upper boundary of the domain occupied by the fluid. Due to the deformation of the beam, the
fluid domain depends on time. We prove that this system is exponentially stabilizable, locally about
the null solution, with any prescribed decay rate, by a feedback control corresponding to a force term
in the beam equation. The feedback is applied on the whole structure, and it is determined, via a
Riccati equation, by solving an infinite time horizon control problem for the linearized model. A
crucial step in this analysis consists of showing that this linearized system can be rewritten thanks
to an analytic semigroup of which the infinitesimal generator has a compact resolvent.
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1. Setting of the problem. Let Ω be the rectangular domain (0, L)× (0, 1) ⊂
R

2, with boundary Γ. Let us set Γs = (0, L)×{1}, the upper part of the boundary of
Ω, and Γ0 = Γ \ Γs. For a given function η from Γs × (0,∞) into (−1,∞) we denote
by Ωη(t) and Γs,η(t) the sets

Ωη(t) =
{
(x, y) | x ∈ (0, L), 0 < y < 1 + η(x, t)

}
,

Γs,η(t) =
{
(x, y) | x ∈ (0, L), y = 1 + η(x, t)

}
.

For 0 < T <∞ or T = ∞ we also use the notation

Σ0
T = Γ0 × (0, T ), ΣT = Γ× (0, T ),

QT = Ω× (0, T ), Q̃T =
⋃

t∈(0,T )Ωη(t) × {t},

Σs
T = Γs × (0, T ), Σ̃s

T =
⋃

t∈(0,T ) Γs,η(t) × {t}.
We consider the following fluid-structure model coupling the Navier–Stokes equations
with a damped Euler–Bernoulli beam equation:

(1.1)

ut + (u · ∇)u− div σ(u, p) = 0, divu = 0 in Q̃∞,

u(x, 1 + η(x, t), t) = ηt(x, t)�e2 for (x, t) ∈ (0, L)× (0,∞),

u = 0 on Σ0
∞, u(0) = u0 in Ωη(0) = Ωη0

1
,

ηtt − βηxx − δηtxx + αηxxxx = ρ1p+H(u, η) + f on Σs
∞,

η = 0 and ηx = 0 on
{
0, L
}
× (0,∞),

η(0) = η01 and ηt(0) = η02 in Γs,
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with

H(u, η) = −ρ2ν(∇u+∇uT )
∣∣
Γs,η(t)

(−ηx�e1 + �e2) · �e2,

σ(u, p) = ν(∇u+∇uT )− p I, �e1 = (1, 0), �e2 = (0, 1).

In this setting ν > 0 is the fluid viscosity; α > 0, β ≥ 0, and δ > 0 are the adimen-
sional rigidity, stretching, and friction coefficients of the beam; ρ1 and ρ2 are positive
constants related to the density of the fluid and the density of the structure (see [3]);
and f is a control function. The vertical force F exerted by the fluid on the beam
can be defined by the variational formulation∫

Γs

F (x, t)φ(x, 1 + η(x, t)) =

∫
Γs,η(t)

((
ρ1pn− ρ2ν(∇u+∇uT

)
n
)
· φ(x, y)�e2,

for all regular functions φ, where n =
(
− ηx√

1+η2
x

�e1 +
1√
1+η2

x

�e2
)
is the unit normal to

Γs,η(t) exterior to Ωη(t). This leads to setting F = ρ1p + H(u, η) in the right-hand
side of the equation satisfied by η (see (1.1)).

Our objective is to determine f in feedback form, able to stabilize the system (1.1)
(in an appropriate space) with a prescribed exponential decay rate −ω < 0, locally
about (u, p, η, ηt) = (0, 0, 0, 0). For that we look for strong solutions to the closed loop
system associated with (1.1), that is, when f is replaced by a feedback law. Despite
its apparent simplicity (2D (two-dimensional) model, rectangular-type domain) very
few results are known about the existence of strong solutions to this type of system.
Existence of a local strong solution for system (1.1) with f = 0 has been proved in [3]
(with periodic boundary conditions on the lateral boundary of Ω), under smallness
conditions on the data, while existence of Hopf solutions for a slightly different model
is proved in [13] (see also [7] and [12] for other models for the beam equation and for
existence results in the 3D case). To the author’s knowledge, nothing is known about
control and stabilization of such a system.

As already mentioned, system (1.1) suffers from several limitations. The model
is stated in two dimensions, the domain occupied by the fluid is of rectangular type,
the boundary condition

u(x, 1 + η(x, t), t) = ηt(x, t)�e2 for (x, t) ∈ (0, L)× (0,∞)

is not necessarily the most relevant one for describing the interaction between the
fluid and the structure (see, e.g., [13] and section A.5), and the damping term −δηtxx
simplifies the analysis of the coupled system. In order to clarify why these limitations
are essential or not, we have indicated in the appendix what results can be extended
to other models. But we can state right now that the 2D setting plays a crucial role at
several stages of the paper. It is used in section 12 to prove the existence of a unique
strong solution to the closed loop system. Indeed the proof is based on a fixed point
argument, and there we use Sobolev imbeddings in one dimension for the structure.
The 2D setting is also used to prove the stabilizability result of the linearized model
in section 5 (a similar result is not known in three dimensions).

The technique used here to study the control system (1.1) is not new; it consists
first of stabilizing the linearized system with a feedback law obtained by solving a
linear quadratic optimal control problem with an infinite time horizon and next of
proving that the linear feedback law, applied in the nonlinear system, is able to
stabilize the nonlinear system, provided that the initial condition is small enough in



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

5400 JEAN-PIERRE RAYMOND

an appropriate norm. However, the analysis that we do for the linearized system is
completely new for this type of fluid-structure system.

The paper is structured into three parts. In part 1 (sections 2–5) we analyze
the linearized model and its stabilizability. In part 2 (sections 6–9) we study two
feedback laws, their properties, and their relationships. These results are next used in
an essential way in part 3 (sections 10–12) to study the closed loop nonlinear system.
We end the paper with an appendix in which we analyze how assumptions made for
system (1.1) are essential.

Let us first describe how we obtain the linearized model. As in [3], we make a
change of variables in order to rewrite system (1.1) in the cylindrical domain Ω ×
(0,∞), and we denote by (û, p̂) the image of (u, p) achieved by this transformation.
Since we are looking for solutions satisfying a prescribed exponential decay rate −ω,
we rewrite the system as a first order system by setting η = η1 and ηt = η2, and
we study the control system satisfied by (ũ, p̃, η̃1, η̃2) = eωt(û, p̂, η1, η2). We linearize
the system satisfied by (ũ, p̃, η̃1, η̃2) about (0, 0, 0, 0). The linearized model reads as
follows:

(1.2)

vt − div σ(v, p) − ωv = 0,

div v = 0 in Q∞,

v = η2�e2 on Σs
∞, v = 0 on Σ0

∞, v(0) = v0 in Ω,

η1,t = η2 + ωη1 on Σs
∞,

η2,t − ωη2 − βη1,xx − δη2,xx + αMsη1,xxxx =Ms(ρ1p+ f) on Σs
∞,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs,

where Ms is the orthogonal projection in L2(Γs) onto L
2
0(Γs) = {η ∈ L2(Γs) |

∫
Γs
η =

0} (see section 2 and system (2.7)). In order to use the control theory, we need
to rewrite system (1.2) in the form of an evolution equation. For that, we have
to eliminate the pressure in the fluid and structure equations. The classical way
to eliminate the pressure in the fluid equation consists of using the so-called Leray
or Helmholtz projector P : L2(Ω;R2) �−→ V0

n(Ω) = {y ∈ L2(Ω;R2) | div y =
0, y · n = 0 on Γ}. It can be shown (see Lemma 3.1) that the equation satisfied by
v in system (1.2) is equivalent to the system

Pv′ = A0Pv + (−A0)PD(η2�e2χΓs) in (0, T ), v(0) = v0 in Ω,

(I − P )v(t) = (I − P )D(η2(t)�e2χΓs) in (0, T ),

where A0 is the extension of the Stokes operator νPΔ and D is the Dirichlet operator
associated with the stationary Stokes equation (A0 and its extensions to (D(A∗

0))
′ and

D are precisely defined in section 3). This type of decomposition of velocity fields, into
Pv and (I−P )v, has already been introduced in [24] for the Navier–Stokes equations
with nonhomogeneous boundary conditions. Finding again this decomposition for
system (1.2) is not totally obvious because the pressure, which is eliminated in the
Navier–Stokes equations thanks to the projector P , also appears in the beam equation.
We also state in Lemma 3.1 that the pressure p in system (1.2) is equal to π − qt,
where q and π are the solutions of two Neumann problems (see Lemma 3.1). The
splitting of the pressure p into the two terms π and −qt is crucial in our analysis.
It is used to eliminate the pressure in the structure equation. The term −qt can be
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expressed in terms of η2,t, while the term π can be expressed in terms of Pv. This
allows us to write system (1.2) in the form
(1.3)

d

dt

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ = Aω

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠+ B

⎛⎜⎜⎝
0
¯
0

f

⎞⎟⎟⎠ ,
⎛⎜⎜⎝

Pv(0)

η1(0)

η2(0)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ ,
(I − P )v(t) = (I − P )D(η2(t)�e2 χΓs),

where Aω and B are defined in section 4. This rewriting of the system satisfied by
(v, p, η1, η2) in the form (1.3) is crucial to proving the stabilizability of this system.
Indeed, we show that the operator (Aω , D(Aω)) is the infinitesimal generator of an
analytic semigroup on the space H = V0

n(Ω) × (H2
0 (Γs) ∩ L2

0(Γs)) × L2
0(Γs) and

has a compact resolvent in this space. We show that the stabilizability of system
(1.3) reduces to proving an approximate controllability result for a projected system.
Such an approximate controllability result can be deduced from [21] in the case of a
rectangular domain (see also [22, 23] for supplementary approximate controllability
results). Let us emphasize the fact that, in order to use the approximate controllability
results from [21] or [22, 23], it is essential that the control f be applied on the whole
structure.

The plan of the paper is as follows. Section 2 is devoted to rewriting system (1.1)
in a fixed domain and to obtaining a linearized system. We study the semigroup of the
linearized system and properties of its infinitesimal generator in section 3. Existence
and regularity results for the linearized system are stated in section 4. We study the
stabilizability of the linearized system in section 5. Two feedback control laws for the
linearized system (1.3) are introduced in section 6: The first one is a feedback law
for system (1.2), and the second one is a feedback law obtained by solving a Riccati
equation of the form

Π̂ ∈ L(Ĥ), Π̂ = Π̂∗ ≥ 0, Π̂Aω +A�
ωΠ̂− Π̂BB�Π̂ + I = 0,

where Ĥ is the space H equipped with another inner product (see section 3.5),

A�
ω ∈ L(Ĥ) is the adjoint of Aω ∈ L(Ĥ), and B� ∈ L(Ĥ, L2

0(Γs)) is the adjoint

of B ∈ L(L2
0(Γs), Ĥ). The main interest of this approach is that A�

ω can be inter-
preted in terms of partial differential operators (which can be helpful for numerical
calculations). Moreover, we are able to establish the precise relationship between the
feedback operators obtained by the two approaches.

The optimal control problems corresponding to the first approach are studied
in detail in sections 7 and 8.1. However, the feedback law corresponding to the
first approach is expressed in terms of an operator Π, which is not, at that stage,
characterized by a Riccati equation. This is why the second approach is helpful even
if in that case the representation of the state and adjoint systems via Aω and A�

ω

cannot be avoided.
To deal with the nonlinear closed loop system, we first study the nonhomogeneous

linearized closed loop system in section 9. The main results of the paper are stated
in section 10 (Theorems 10.2 and 10.3). Some Lipschitz properties of the nonlinear
terms in the nonlinear system are established in section 11. These properties are next
used in section 12 in the proofs of the main results.

Finally let us give some references which are connected to the present work.
The control of a channel flow with periodic boundary conditions has been studied
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in [4, 32, 33, 34]. We think that the results in those papers may be very useful in
studying the control of a channel flow coupled with a beam equation, with periodic
boundary conditions at the lateral boundary {0} × [0, L] ∪ {L} × [0, L] (see section
A.4). Let us also mention some controllability results obtained for systems coupling
the Navier–Stokes equations with finite dimensional solid-structure models [5, 14, 28]
(see also [27] for a simplified model). These controllability results are mainly based
on results first obtained for the Navier–Stokes equations in [10]. In those models the
controls act in the fluid equation and not in the structure equation as in (1.1). Thus
the problems are quite different. The feedback stabilization of the Navier–Stokes
equations in the 3D case is studied in [26]; it can be a starting point for studying the
stabilization of systems similar to (1.1) in the 3D case (see also section A.3).

2. The linearized system. The solutions to system (1.1) obey

0 =

∫
Ωη(t)

divu(t) =

∫
Γs,η(t)

u(t) · n(t) =
∫
Γs

ηt(t) =

∫ L

0

ηt(x, t) dx,

since the unit normal to Γs,η(t) exterior to Ωη(t) is

n(t) =

(
−ηx(t)√
1 + η2x(t)

,
1√

1 + η2x(t)

)T

.

Thus we must choose η02 in the space

L2
0(Γs) =

{
η ∈ L2(Γs) |

∫
Γs

η = 0

}
.

Let us consider the system

(2.1)

ηtt − βηxx − δηtxx + αηxxxx = 0 on Σs∞,

η = 0 and ηx = 0 on
{
0, L
}
× (0,∞),

η(0) = η01 and ηt(0) = η02 in Γs,

and, for t ≥ 0, let S(t) be the mapping (η01 , η
0
2) �−→ (η(t), ηt(t)), where (η, ηt) is

the solution to (2.1). The family (S(t))t≥0 is a strongly continuous semigroup on
H2

0 (Γs)×L2(Γs). Since we look for solutions to system (1.1) such that ηt(t) belongs to
L2
0(Γs), we have to consider the restriction of (S(t))t≥0 to (H2

0 (Γs)∩L2
0(Γs))×L2

0(Γs),
which is actually a strongly continuous semigroup on (H2

0 (Γs) ∩ L2
0(Γs))× L2

0(Γs).
Thus everywhere throughout the paper we shall choose η01 in H2

0 (Γs) ∩ L2
0(Γs).

If we denote by Ms the orthogonal projection in L2(Γs) onto L2
0(Γs), the equation

satisfied by η in system (1.1) must be written in the form

ηtt − βηxx − δηtxx + αMs(ηxxxx) =Ms(ρ1p+H(u, η) + f) on Σs
∞.

Observe that due to the boundary conditions

η = 0 and ηx = 0 on
{
0, L
}
× (0,∞),

we have (for solutions regular enough and when η01 and η02 belong to L2
0(Γs))∫

Γs

ηtt = 0,

∫
Γs

ηxx = 0, and

∫
Γs

ηtxx = 0,
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but in general
∫
Γs
ηxxxx is different from zero. This is why, in the equation satisfied

by η, we have to write Ms(ηxxxx) in place of ηxxxx. But for simplicity we shall
skip writing Ms in the different equations, except if we want to stress the role of
the operator Ms (which is, for example, the case when we shall define the operator
(Aω , D(Aω))).

For u ∈ L2(Ω;R2), we shall denote by u1 and u2 the components of u. We
consider system (1.1) for initial conditions u0 such that divu0 = u0

1,x + u0
2,y = 0 and

obeying the compatibility condition

(2.2) u0 = 0 on Γ0, u0(x, 1+η(x, 0)) = u0(x, 1+η01(x)) = η02(x)�e2 for x ∈ (0, L).

As in [3], for a given function η : (0, L) × (0, T ) �→ R satisfying η > −1, we consider
the changes of variables

Tη : (x, y, t) �−→ (x, z, t) =

(
x,

y

1 + η(x, t)
, t

)
and(2.3)

Tη(t) : (x, y) �−→ (x, z) =

(
x,

y

1 + η(x, t)

)
.

The mapping Tη0
1
is defined in a similar way. The mapping Tη(t) transforms Ωη(t) into

Ω = (0, L)× (0, 1). Setting

û(x, z, t) = u(x, y, t), p̂(x, z, t) = p(x, y, t),

the nonlinear system (1.1) is rewritten in the form

(2.4)

ût + (û · ∇)û− νΔû−∇p̂ = F̂ (û, p̂, η), div û = Ĝ(û, η) in Q∞,

û = ηt�e2 on Σs∞, û = 0 on Σ0∞, û(0) = û0 in Ω,

ηtt − βηxx − δηtxx + αηxxxx = ρ1p̂+ Ĥ(û, η) + f on Σs
∞,

η = 0 and ηx = 0 on
{
0, L
}
× (0,∞),

η(0) = η01 and ηt(0) = η02 in Γs,

where û0(x, z) = u0(x, y) = u0(x, z(1+η(x, 0))) = u0(x, z(1+η01(x))) = u0◦T −1
η0
1
(x, z),

F̂ (û, p̂, η) =− ηût +

(
zηt + νz

(
η2x

1 + η
− ηxx

))
ûz

+ ν

(
−2zηxûxz + ηûxx +

(
z2η2x − η

1 + η

)
ûzz

)
+ z(ηxp̂z − ηp̂x)�e1 − (1 + η)û1ûx + (zηxû1 − û2)ûz ,

Ĝ(û, η) = −ηû1,x + zηxû1,z = div (ŵ) with ŵ = −ηû1�e1 + zηxû1�e2,

and

Ĥ(û, η) = ρ2ν

(
ηx

1 + η
û1,z + ηxû2,x − 2 + η2x

1 + η
û2,z

)
= −2ρ2νû2,z + ρ2ν

(
ηx

1 + η
û1,z + ηxû2,x − η2x − 2η

1 + η
û2,z

)
.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

5404 JEAN-PIERRE RAYMOND

Due to (2.2), we can see that
(2.5)

div (û0 − ŵ(0)) = 0 in Ω, û0 − ŵ(0) = 0 on Γ0, û0 − ŵ(0) = η02�e2 on Γs.

For −ω < 0, we make the following change of variables:

ũ = eωtû, p̃ = eωtp̂, η̃1 = eωtη, η̃2 = eωtηt.

The system (2.4) is transformed into
(2.6)

ũt + e−ωt(ũ · ∇)ũ− νΔũ−∇p̃− ωũ = e−ωtF̃ (ũ, p̃, η̃1, η̃2),

div ũ = e−ωtG̃(η̃1, ũ) in Q∞,

ũ = η̃2�e2 on Σs
∞, ũ = 0 on Σ0

∞, ũ(0) = û0 in Ω,

η̃1,t = η̃2 + ωη̃1 on Σs
∞,

η̃2,t − ωη̃2 − βη̃1,xx − δη̃2,xx + αη̃1,xxxx = ρ1p̃− 2νρ2ũ2,z + e−ωtH̃(ũ, η̃1) + f̃ on Σs∞,

η̃1 = 0 and η̃1,x = 0 on
{
0, L
}
× (0,∞),

η̃1(0) = η01 and η̃2(0) = η02 in Γs,

with

f̃ = eωtf,

F̃ (ũ, p̃, η̃1, η̃2) = −η̃1(ũt − ωũ) +

(
zη̃2 + νz

(
η̃21,x

eωt + η̃1
− η̃1,xx

))
ũz

+ ν

(
−2zη̃1,xũxz + η̃1ũxx +

(
z2η̃21,x − e−ωtη̃1

eωt + η̃1

)
ũzz

)
+ z(η̃1,xp̃z − η̃1p̃x)�e1 − (1 + e−ωtη̃1)ũ1ũx + (ze−ωtη̃1,xũ1 − ũ2)ũz ,

G̃(η̃1, ũ) = −η̃1ũ1,x + zη̃1,xũ1,z = div (−η̃1ũ1�e1 + zη̃1,xũ1�e2) ,

H̃(ũ, η̃1) = ν

(
e−ωtη̃1,x
eωt + η̃1

ũ1,z + η̃1,xũ2,x −
η̃21,x

eωt + η̃1
ũ2,z +

2e−ωtη̃1
eωt + η̃1

ũ2,z

)
.

If we linearize (2.6) about (0, 0, 0, 0), we obtain the system

(2.7)

vt − div σ(v, p) − ωv = 0,

div v = 0 in Q∞,

v = η2�e2 on Σs
∞, v = 0 on Σ0

∞, v(0) = v0 in Ω,

η1,t = η2 + ωη1 on Σs
∞,

η2,t − ωη2 − βη1,xx − δη2,xx + αMsη1,xxxx =Ms(ρ1p− 2νv2,z + f) on Σs
∞,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs.

Since

div v = v1,x + v2,z = 0 in Q∞,
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if v belongs to L2(0,∞;H2(Ω)), this identity holds to be true on Γs × (0,∞). Thus
we have (v1,x + v2,z)|Γs = 0. Due to the boundary condition v1 = 0 on Γs × (0,∞),
it follows that v1,x|Γs = 0, which implies v2,z|Γs = 0. This is why the term −2νv2,z

will be dropped out of the equation satisfied by η2. Let us notice that ũ2,z cannot be
dropped out in system (2.6).

Remark 2.1. Let us notice that the regular solutions to system (2.7), with ω = 0,
obey the following energy identity:

ρ1
2

∫
Ω

|v(t)|2 + ν ρ1

∫
Qt

|∇v|2 + 1

2

∫
Γs

|η2(t)|2 +
β

2

∫
Γs

|η1,x(t)|2

+ δ

∫ t

0

∫
Γs

|η1,tx|2 +
α

2

∫
Γs

|η1,xx(t)|2

=
ρ1
2

∫
Ω

|v0|2 + 1

2

∫
Γs

|η02 |2 +
β

2

∫
Γs

|η01,x|2 +
α

2

∫
Γs

|η01,xx|2 +
∫ t

0

∫
Γs

f η1,t.

A similar result is established in the proof of Theorem 4.1 in the more general setting
where ω > 0. This energy identity could be the starting point proving the existence
of weak solutions to system (2.7). But it cannot be used, at least in an easy way, to
establish regularity results for systems (2.7) and (9.1). (System (9.1) is a nonhomoge-
neous linear closed loop system in which the nonhomogeneous terms take the place of
the nonlinear terms of the closed loop nonlinear system.) For that we need to rewrite
system (2.7) as an evolution equation, and we have to show that the underlying semi-
group is analytic. Next it will be very easy to apply [1, Chapter 1, Theorem 3.1] in
order to prove Theorem 9.1.

3. Definition of an analytic semigroup.

3.1. Transformation of system (2.7). Let us recall that L2(Ω) = L2(Ω;R2)
admits the orthogonal decomposition

L2(Ω) = V0
n(Ω)⊕ gradH1(Ω),

with

V0
n(Ω) =

{
y ∈ L2(Ω) | div y = 0, y · n = 0 on Γ

}
,

and let us recall that P : L2(Ω) �−→ V0
n(Ω) is the so-called Leray or Helmholtz

projector. We also introduce the notation

V0(Ω) =
{
y ∈ L2(Ω) | div y = 0

}
, H1

0(Ω) = H1
0 (Ω;R

2), H2(Ω) = H2(Ω;R2),

V2(Ω) = H2(Ω) ∩V0(Ω), V1
0(Ω) = H1

0(Ω) ∩V0
n(Ω), V−1(Ω) = (V1

0(Ω))
′,

V0(Γ) =

{
y ∈ L2(Γ;R2) |

∫
Γ

y · n = 0

}
,

L2
0(Ω) =

{
p ∈ L2(Ω) |

∫
Ω

p = 0

}
, Hσ(Ω) = Hσ(Ω) ∩ L2

0(Ω),

Vσ
n(Ω) = Hσ(Ω) ∩V0

n(Ω) for σ ≥ 0,

for σ < 0, Hσ(Ω) = (H−σ(Ω))′,

(H−σ(Ω))′ is the dual of H−σ(Ω) with L2
0(Ω) as pivot space,

L2
0(Γs) =

{
η ∈ L2(Γs) |

∫
Γs

η = 0

}
, L2

0(Γ) =

{
π ∈ L2(Γ) |

∫
Γ

π = 0

}
,
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Hσ(Γs) = Hσ(Γs) ∩ L2
0(Γs) and Hσ(Γ) = Hσ(Γ) ∩ L2

0(Γ) for σ ≥ 0,

for σ < 0 :

Hσ(Γ) = (H−σ(Γ))′, where (H−σ(Γ))′ is the dual of H−σ(Γ) with L2
0(Γ) as pivot space,

Hσ(Γs) = (H−σ(Γs))
′, (H−σ(Γs))

′ is the dual of H−σ(Γs) with L
2
0(Γs) as pivot space.

We also use notation similar to that introduced in [18]:

Hσ,σ̃(QT ) = L2(0, T ;Hσ(Ω;R2)) ∩H σ̃(0, T ;L2(Ω;R2)) for s, σ ≥ 0,

L2(QT ) = H0,0(QT ),

Hσ,σ̃(Σs
T ) = L2(0, T ;Hσ(Γs;R

2)) ∩H σ̃(0, T ;L2(Γs;R
2)) for s, σ ≥ 0.

We denote by A0 = νPΔ the Stokes operator in V0
n(Ω) with domain

D(A0) = V2(Ω) ∩V1
0(Ω).

It is well known that, by the extrapolation method, the Stokes operator can be ex-
tended as an unbounded operator in (V2(Ω)∩V1

0(Ω))
′ with domain V0

n(Ω) (see, e.g.,
[17]). This extension will be still denoted by A0, and we shall see that it does not
lead to confusion. The operator P may also be extended to a bounded operator from
H−1(Ω) (the dual of H1

0(Ω) with L2(Ω) as pivot space) to V−1(Ω) (the dual of V1
0(Ω)

with V0
n(Ω) as pivot space) by the formula

〈Pu,Φ〉V−1(Ω),V1
0(Ω) = 〈u,Φ〉H−1(Ω),H1

0(Ω) for all Φ ∈ V1
0(Ω).

In that case P is a projector in H−1(Ω) but no longer an orthogonal projector. Let
us introduce the operator D ∈ L(V0(Γ),V0(Ω)) defined by Dg = w, where (w, q) is
the solution to the Dirichlet problem

−νΔw +∇q = 0 and divw = 0 in Ω, w = g on Γ.

We shall also set

Dsη2 = D(η2 �e2 χΓs),

where χΓs denotes the characteristic function of Γs.
To define the semigroup corresponding to system (2.7), we need only consider

this system in the case when ω = 0. Following [24], it is convenient to rewrite the
equation satisfied by v in system (2.7) (for ω = 0) as two equations, one satisfied by
Pv and the other by (I − P )v. More precisely we have the following result.

Lemma 3.1. A pair (v, p) ∈ H2,1(QT ) × L2(0, T ;H1(Ω)) obeys the first two
equations of (2.7) with ω = 0 if and only if

Pv′ = A0Pv + (−A0)PD(η2�e2χΓs) in (0, T ), v(0) = v0 in Ω,

(I − P )v(t) = (I − P )D(η2(t)�e2χΓs) in (0, T ),

p = π − qt,

where q ∈ H1(0, T ;H1(Ω)) is the solution to the Neumann problem
(3.1)

Δq(t) = 0 in Ω,
∂q(t)

∂n
= η2(t) on Γs,

∂q(t)

∂n
= 0 on Γ0, for all t ∈ (0, T ),
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and π ∈ L2(0, T ;H1(Ω)) is the solution of the other Neumann problem

(3.2) Δπ(t) = 0 in Ω,
∂π(t)

∂n
= νΔPv(t) · n on Γ, for all t ∈ (0, T ).

For the proof we refer to [24, Proof of Proposition 2.2]. Let us explain why we
have p = π − qt. In Lemma 3.1, A0 is the Stokes operator in (V2(Ω) ∩V1

0(Ω))
′ with

domain V0
n(Ω). By using the Leray projector, we have eliminated the pressure in the

equation satisfied by v. However, since the pressure p also appears in the equation
satisfied by η2, we need to express p in terms of Pv and (I − P )v. Observing that
(I − P )v = ∇q, we are able to characterize q by (3.1). The equation satisfied by
π = p− νΔq + qt = p+ qt follows from the equations (I − P )v = ∇q and

∂Pv

∂t
− νΔPv +∇π = 0 and divPv = 0 in QT .

Since ΔPv belongs to L2(0, T ;L2(Ω)) and divΔPv = 0 ∈ L2(0, T ;L2(Ω)), it fol-
lows that ΔPv(·) · n is well defined in L2(0, T ;H−1/2(Γ)). Moreover, 〈ΔPv(t) ·
n, 1〉H−1/2(Γ),H1/2(Γ) = 0 (see [29, Chapter 1, Theorem 1.2]). Therefore if the solu-

tion to system (2.7) is such that Pv ∈ L2(0,∞;V2(Ω)), then the solution π to (3.2)
belongs to L2(0,∞;H1(Ω)).

In the following, we denote by Ns ∈ L(L2
0(Γs),H3/2(Ω)) the operator defined by

Nsη2(t) = q(t), and byN0 ∈ L(H−1/2(Γ),H1(Ω)) the operator defined byN0(νΔPv(t)·
n) = π(t), when ΔPv(t) · n ∈ H−1/2(Γ).

We denote by γs the modified trace operator on Γs defined by

γsp =Ms(p|Γs) = p|Γs −
1

|Γs|

∫
Γs

p for all p ∈ Hσ(Ω) with σ >
1

2
.

Thus we have

Ms(p(t)|Γs) =Ms

(
(π(t)− qt(t))|Γs

)
= ν γsN0ΔPv(t) · n− γsNsη2,t(t).

We can now rewrite the equation satisfied by η2 in (2.7) in the form

(I+ρ1γsNs)η2,t−ωη2−βη1,xx−δη2,xx+αMsη1,xxxx = ρ1νγsN0ΔPv(t)·n+Msf on Σs
∞.

Lemma 3.2. The operator I + ρ1γsNs is an automorphism in L2
0(Γs).

Proof. The operator γsNs, considered as an operator belonging to L(L2
0(Γs)), is

symmetric, positive, and compact. Indeed if q = Nsη and q̃ = Nsη̃, we have

0 =

∫
Ω

Δq q̃ =

∫
Γs

η γsNsη̃ −
∫
Γs

γsNsη η̃

for all η, η̃ ∈ L2
0(Γs). Thus γsNs is symmetric. Moreover,

0 =

∫
Ω

Δq q = −
∫
Ω

|∇q|2 +
∫
Γs

η γsNsη,

from which we deduce that γsNs is nonnegative. If

0 =

∫
Γs

η γsNsη =

∫
Ω

|∇q|2,



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

5408 JEAN-PIERRE RAYMOND

we have q = C = 0 and ∂q
∂n = η = 0, which proves that γsNs is positive. Since

γsNs ∈ L(L2
0(Γs),H1(Γ)), it is clear that γsNs is a compact operator in L2

0(Γs).
Thus I + ρ1γsNs is symmetric and positive and is an automorphism in L2

0(Γs).
In order to write the system satisfied by (Pv, η1, η2) as an evolution equation, we

introduce the unbounded operator (Aα,β , D(Aα,β)) in L
2
0(Γs) defined by

D(Aα,β) = H4(Γs) ∩H2
0 (Γs) ∩ L2

0(Γs), Aα,βη = βηxx − αMsηxxxx.

Let us notice that (Aα,β , D(Aα,β)) is a self-adjoint operator in L2
0(Γs). Since Aα,β is

an isomorphism from D(Aα,β) to L
2
0(Γs), it can be extended as an isomorphism from

L2
0(Γs) to (D(Aα,β))

′ (the dual of D(Aα,β) with L2
0(Γs) as pivot space), and from

H2
0 (Γs) ∩ L2

0(Γs) into (H2
0 (Γs) ∩ L2

0(Γs))
′. The space

H = V0
n(Ω)× (H2

0 (Γs) ∩ L2
0(Γs))× L2

0(Γs)

will be equipped with the inner product(
(v, η1, η2), (w, ζ1, ζ2)

)
H

= ρ1(v,w)V0
n(Ω) + (η1, ζ1)H2

0 (Γs) + (η2, ζ2)L2
0(Γs)

(where the inner product in V0
n(Ω) is inherited from L2(Ω)) and

(η1, ζ1)H2
0 (Γs) =

∫
Γs

(−Aα,β)
1/2η1 (−Aα,β)

1/2ζ1 =

∫
Γs

(βη1,xζ1,x + αη1,xxζ1,xx) dx.

We define the unbounded operator (A, D(A)) in H by

D(A) =
{
(Pv, η1, η2) ∈ V2

n(Ω)× (H4 ∩H2
0 ∩ L2

0)(Γs)× (H2
0 ∩ L2

0)(Γs) |

Pv − PDsη2 ∈ V2(Ω) ∩V1
0(Ω)
}

and

A =

⎛⎜⎜⎝
I 0 0

0 I 0

0 0 (I + ρ1γsNs)
−1

⎞⎟⎟⎠
⎛⎜⎜⎝

A0 0 (−A0)PDs

0 0 I

ρ1 ν γsN0(Δ(·) · n) Aα,β δΔs

⎞⎟⎟⎠ ,
where Δs =

∂2

∂x2
s
. We define the unbounded operator (As, D(As)) in Hs = (H2

0 (Γs) ∩
L2
0(Γs))× L2

0(Γs) by

As =

(
0 I

Aα,β δΔs

)
, D(As) = (H4(Γs)∩H2

0 (Γs)∩L2
0(Γs))× (H2

0 (Γs)∩L2
0(Γs)).

It can be easily shown that As is an isomorphism from D(As) into Hs.
Now, it is clear that, for ω = 0 and f = 0, we can rewrite system (2.7) in the

form

d

dt

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ = A

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ ,
⎛⎜⎜⎝

Pv(0)

η1(0)

η2(0)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ ,
(I − P )v(t) = (I − P )D(η2(t)�e2 χΓs).
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The rewriting of system (2.7) when ω �= 0 and f �= 0 is done in (4.1).
Proposition 3.3. The norm

(Pv, η1, η2) �−→ ‖(Pv, η1, η2)‖H + ‖A0Pv + (−A0)PDsη2‖V0
n(Ω) + ‖As(η1, η2)‖Hs

is a norm on D(A) equivalent to the norm

(Pv, η1, η2) �−→ ‖Pv‖V2
n(Ω) + ‖η1‖H4(Γs) + ‖η2‖H2

0 (Γs).

Proof. For λ > 0, λI −As is an isomorphism from D(As) to Hs (see, e.g., section
3.4). Thus (η1, η2) �→ ‖(η1, η2)‖Hs +‖As(η1, η2)‖Hs is a norm equivalent to (η1, η2) �→
‖η1‖H4(Γs) + ‖η2‖H2

0 (Γs). Since (−A0) is an isomorphism from V2(Ω) ∩ V1
0(Ω) to

V0
n(Ω), there exist positive constants C1 and C2 such that

C1‖Pv− PDsη2‖V2
n(Ω) ≤ ‖A0Pv + (−A0)PDsη2‖V0

n(Ω) ≤ C2‖Pv− PDsη2‖V2
n(Ω).

Moreover, Ds ∈ L(H3/2
0 (Γs),V

2(Ω)) (see Lemma 3.11) and As ∈ L(D(As), Hs);
therefore we have

‖(Pv, η1, η2)‖H + ‖A0Pv + (−A0)PDsη2‖V0
n(Ω) + ‖As(η1, η2)‖Hs

≤ C(‖Pv‖V2
n(Ω) + ‖η1‖H4(Γs) + ‖η2‖H2

0 (Γs)).

To prove the reverse inequality we write

‖Pv‖V2
n(Ω) + ‖η1‖H4(Γs) + ‖η2‖H2

0 (Γs)

≤ 1

C1
‖A0(Pv − PDsη2)‖V0

n(Ω) + ‖PDsη2‖V2
n(Ω) + ‖η1‖H4(Γs) + ‖η2‖H2

0(Γs)

≤ 1

C1
‖A0(Pv − PDsη2)‖V0

n(Ω) + ‖η1‖H4(Γs) + C‖η2‖H2
0(Γs).

The proof is complete.
Theorem 3.4. The operator (A, D(A)) is the infinitesimal generator of an ana-

lytic semigroup on H, and the resolvent of A is compact.
To prove this theorem, we rewrite A in the form A = A1 +B0, with

A1 =

⎛⎜⎜⎝
A0 0 (−A0)PDs

0 0 I

0 Aα,β δΔs

⎞⎟⎟⎠
and

B0 =

⎛⎜⎜⎝
0 0 0

0 0 0

ρ1ν(I + ρ1γsNs)
−1γsN0(Δ(·) · n) KsAα,β δKs Δs

⎞⎟⎟⎠ ,
with Ks = (I + ρ1γsNs)

−1 − I.
Theorem 3.5. The operator (A1, D(A1)) is the infinitesimal generator of a

strongly continuous semigroup on H.
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Proof. Step 1. We first show that the unbounded operator (Ã1, D(Ã1)) in
V−1(Ω)×Hs, defined by

D(Ã1) =
{
(Pv, η1, η2) ∈ V1

n(Ω)× (H4 ∩H2
0 ∩ L2

0)(Γs)× (H2
0 ∩ L2

0)(Γs)

| Pv − PDsη2 ∈ V1
0(Ω)
}

and

Ã1 =

⎛⎜⎜⎝
A0 0 (−A0)PDs

0 0 I

0 Aα,β δΔs

⎞⎟⎟⎠ ,
is the infinitesimal generator of a strongly continuous semigroup on V−1(Ω) × Hs.
We endow V−1(Ω) with the norm

v �−→
(〈

(−A0)
−1v,v

〉
V1

0(Ω),V−1(Ω)

)1/2
,

and Hs with the norm ‖ · ‖H2
0 (Γs)×L2

0(Γs). For λ > 0 we have(
(Ã1 − λI)(Pv, η1, η2), (Pv, η1, η2)

)
V−1(Ω)×Hs

= −‖Pv‖2V0
n(Ω) + (PDsη2, Pv)V0

n(Ω) − λ‖Pv‖2V−1(Ω) − λ‖(η1, η2)‖2Hs
− δ‖η2‖L2

0(Γs).

Thus, for λ > 0 large enough, (Ã1 − λI,D(Ã1)) is dissipative in V−1(Ω) × Hs.

It can also be shown that it is maximal. Thus, for λ > 0 large enough, (Ã1 −
λI,D(Ã1)) is the infinitesimal generator of a semigroup of contractions on V−1(Ω)×
Hs, and (Ã1, D(Ã1)) is the infinitesimal generator of a strongly continuous semigroup
on V−1(Ω)×Hs.

Step 2. Let us consider the evolution equation

(3.3)
d

dt

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ = Ã1

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ ,
⎛⎜⎜⎝

Pv(0)

η1(0)

η2(0)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ .
Let us recall that (As, D(As)) is the infinitesimal generator of an analytic semigroup
on Hs (see, e.g., [8, 30]). Let us notice that the solution (Pv, η1, η2) to (3.3) can be
solved by determining first (η1, η2) and next Pv. Thus, if (Pv0, η01 , η

0
2) ∈ V−1(Ω)×Hs,

the solution (Pv, η1, η2) to (3.3) is such that η1 ∈ H3,3/2(Σs
T ) and η2 ∈ H1,1/2(Σs

T )
for all T > 0 (see, e.g., [1, Chapter 3, Corollary 2.1]). From [24, Theorem 2.7]
it follows that if (Pv0, η01 , η

0
2) ∈ H, then Pv ∈ H1,1/2(QT ) ∩ C([0, T ];V0

n(Ω)) and

(Pv, η1, η2) ∈ C([0, T ];H). Therefore the restriction of the semigroup (et
˜A1)t∈R+ to

H is a strongly continuous semigroup on H. It is easy to verify that its domain is
D(A1) = D(A).

We are going to prove the following two theorems.
Theorem 3.6. The operator (A1, D(A1)), with D(A1) = D(A), is the infinitesi-

mal generator of an analytic semigroup on H = V0
n(Ω)×(H2

0 (Γs)∩L2
0(Γs))×L2

0(Γs).
Theorem 3.7. The operator (B0, D(A1)) is A1-bounded with relative bound

zero.
The first claim in Theorem 3.4 clearly follows from Theorems 3.6 and 3.7 (see [15,

Chapter 9, Corollary 2.5]). The second claim is proved in section 3.4.
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3.2. Proof of Theorem 3.6. Now we are going to estimate the resolvent of A1.
We have

(λI −A1)
−1 =

(
(λI −A0)

−1 0
(
(λI −A0)

−1(−A0)PDs

)
(λI −As)

−1

0 (λI −As)
−1

)
.

Since (λI −A0)
−1(−A0)PDs = −λ(λI − A0)

−1PDs + PDs, we obtain

(λI −A1)
−1 =

(
(λI −A0)

−1 0
(
−λ(λI −A0)

−1PDs + PDs

)
(λI −As)

−1

0 (λI −As)
−1

)
.

From [8] (see also [30, section 2.2] and [9]), we know that there exist a ∈ R and
π/2 < θ0 < π such that

(3.4) ‖(λI −As)
−1‖L(Hs) ≤

Cs

|λ− a| for all λ ∈ Sa,θ0 ,

where

Sa,θ0 =
{
λ ∈ C | λ �= a, |arg(λ− a)| < θ0

}
.

For the Stokes resolvent we have

(3.5) ‖(λI −A0)
−1f‖V0

n(Ω) ≤
C0

|λ| ‖Θ‖V0
n(Ω) for all λ ∈ S0,θ1 ,

with π/2 < θ1 < π. We can choose θ0 = θ1 and a > 0. Thus if (f ,Θ) ∈ V0
n(Ω)×Hs,

we have

(λI −A1)
−1

(
f

Θ

)

=

(
(λI −A0)

−1f − λ(λI −A0)
−1PDs

(
(λI −As)

−1Θ
)
2
+ PD

(
(λI −As)

−1Θ
)
2

(λI −As)
−1Θ

)
.

From (3.4) and (3.5), it follows that

‖(λI −As)
−1Θ‖Hs ≤ Cs

|λ− a| ‖Θ‖Hs , ‖PD
(
(λI −As)

−1Θ
)
2
‖V0

n(Ω) ≤
CPD Cs

|λ− a| ‖Θ‖Hs ,

‖λ(λI −A0)
−1PD

(
(λI −As)

−1Θ
)
2
‖V0

n(Ω) ≤
C0 CPD Cs

|λ− a| ‖Θ‖Hs for all λ ∈ Sa,θ0 .

By combining the previous estimates, we obtain∥∥∥∥∥(λI −A1)
−1

(
f

Θ

)∥∥∥∥∥
V0

n(Ω)×Hs

≤ C0

|λ| ‖f‖V0
n(Ω) +

C0 CPD Cs

|λ− a| ‖Θ‖Hs +
CPD Cs

|λ− a| ‖Θ‖Hs +
Cs

|λ− a|‖Θ‖Hs

for all λ ∈ Sa,θ0 , which proves the analyticity of the semigroup generated by A1.
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3.3. Proof of Theorem 3.7. We set

B1 =

⎛⎜⎜⎝
0 0 0

0 0 0

ρ1ν (I + ρ1γsN)−1γsN0(Δ(·) · n)) 0 0

⎞⎟⎟⎠ , B2 =

⎛⎜⎜⎝
0 0 0

0 0 0

0 KsAα,β 0

⎞⎟⎟⎠ ,
and

B3 =

⎛⎜⎜⎝
0 0 0

0 0 0

0 0 δKs Δs

⎞⎟⎟⎠ .
Lemma 3.8. The operator (B1, D(A1)) is A1-bounded with relative bound zero.
Proof. Let us prove that, for all ε > 0, there exists Cε > 0 such that

(3.6) ‖γsN0(Δv · n)‖L2
0(Γs) ≤ ε‖v‖V2

n(Ω) + Cε‖v‖V0
n(Ω)

for all v ∈ V2
n(Ω). To prove (3.6), we argue by contradiction. We assume that there

exists a sequence (vk)k ⊂ V2
n(Ω) such that

‖γsN0(Δvk · n)‖L2
0(Γs) = 1, ‖vk‖V0

n(Ω) −→ 0, and ‖vk‖V2
n(Ω) ≤M

for some M > 0. Therefore, without loss of generality, we can assume that there
exists v ∈ V2

n(Ω) such that

vk ⇀ 0 in V2
n(Ω), Δvk · n⇀ 0 in H−1/2(Γ), and Δvk · n −→ 0 in H−1/2−ε(Γ)

for all 0 < ε ≤ 1/2. From [6, Lemma A.5], we know that γsN0 is bounded from
H−1(Γs) to L

2
0(Γs). Thus

γsN0(Δvk · n) −→ 0 in L2
0(Γs),

which is in contradiction with

‖γsN0(Δvk · n)‖L2
0(Γs) = 1.

Thus (3.6) is proved. The lemma is a direct consequence of (3.6), Lemma 3.2, and
Proposition 3.3.

Lemma 3.9. There exists 0 < θ2 < 1 such that B2 is bounded from D((−A1)
θ2)

into H.
Proof. Let (φk)k≥1 be an orthonormal basis in L2

0(Γs) constituted of eigenvectors
of the operator ρ1γsN , and let λk > 0 be the eigenvalue associated with φk. For all
f =
∑∞

k=1 λkfk φk ∈ L2
0(Γs) we have

(I + ρ1γsNs)f =
∞∑
k=1

(1 + λk)fk φk.

Thus

(I + ρ1γsNs)
−1f =

∞∑
k=1

fk
1 + λk

φk
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and

Ksf = (I − (I + ρ1γsNs)
−1)f =

∞∑
k=1

λk
1 + λk

fk φk.

Since the operator Aα,β is an isomorphism from H4(Γs)∩H2
0 (Γs)∩L2

0(Γs) into L
2
0(Γs)

and from L2
0(Γs) into (H

4(Γs)∩H2
0 (Γs)∩L2

0(Γs))
′, by interpolation it is also continuous

from H4−ε(Γs) ∩H2
0 (Γs) ∩ L2

0(Γs) into H−ε(Γs) for all 0 ≤ ε ≤ 1.
Denoting by (Aα,βf)k the coefficient of Aα,βf in the basis (φk)k≥1, we have

‖KsAα,βf‖2L2
0(Γs)

=

∞∑
k=1

λ2k
(1 + λk)2

(Aα,βf)
2
k ≤

∞∑
k=1

λ2k(Aα,βf)
2
k

= ‖ρ1γsNsAα,βf‖2L2
0(Γs)

≤ Cε‖Aα,βf‖2H−ε(Γs)
≤ Cε‖f‖2H4−ε(Γs)

for all f ∈ H4−ε(Γs)∩H2
0 (Γs)∩L2

0(Γs) and all 0 ≤ ε < 1/2. Indeed, γsNs is continuous
from H−ε(Γs) into L

2
0(Γs) if 0 ≤ ε < 1/2 (see, e.g., [6, Lemma A.5]). Since

H4−ε(Γs) ∩H2
0 (Γs) ∩ L2

0(Γs) ⊃ D((−A1)
(4−ε′)/4)

for all 0 ≤ ε′ < ε < 1/2, the proof is complete.
Lemma 3.10. There exists 0 < θ3 < 1 such that B3 is bounded from D((−A1)

θ3)
into H.

Proof. The proof is very similar to that of the previous lemma and is left to the
reader.

Theorem 3.7 is a direct consequence of Lemmas 3.8, 3.9, and 3.10.

3.4. Resolvent of A. In this section we want to show that the resolvent of A
is compact. For that we study the stationary problem

(3.7)

λv − div σ(v, p) = f and div v = 0 in Ω,

v = η2�e2 on Γs, v = 0 on Γ0,

λη1 − η2 = g in Γs,

λη2 − βη1,xx − δη2,xx + αMsη1,xxxx =Ms(ρ1p+ h) in Γs,

η1 = 0 and η1,x = 0 on
{
0, L
}
,

where f ∈ V0
n(Ω), g ∈ H2

0 (Γs) ∩ L2
0(Γs), h ∈ L2

0(Γs), λ ∈ R, and λ > 0. This system
is equivalent to

(3.8)

λv − div σ(v, p) = f and div v = 0 in Ω,

v = (λη1 − g)�e2 on Γs, v = 0 on Γ0,

λη1 − η2 = g in Γs,

λ2η1 − βη1,xx − δλη1,xx + αMsη1,xxxx =Ms(ρ1p+ h+ λg − δλgxx) in Γs,

η1 = 0 and η1,x = 0 on
{
0, L
}
.

We denote by L the unbounded operator in L2
0(Γs) with domain H4(Γs) ∩H2

0 (Γs) ∩
L2
0(Γs) defined by

Lη = λ2η − βηxx − δληxx + αMsηxxxx.
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The operator L is also an isomorphism from H4(Γs) ∩ H2
0 (Γs) ∩ L2

0(Γs) into L2
0(Γs)

and from H2
0 (Γs) ∩L2

0(Γs) into (H2
0 (Γs) ∩L2

0(Γs))
′. Thus, we can rewrite the system

(3.8) in the form

(3.9)

λv − div σ(v, p) = f and div v = 0 in Ω,

v = (λL−1Ms(ρ1γsp+ h+ λg − δλgxx)− g)�e2 on Γs, v = 0 on Γ0,

λη1 − η2 = g in Γs,

λ2η1 − βη1,xx − δλη1,xx + αMsη1,xxxx = ρ1γsp+ h+ λg − δλgxx in Γs,

η1 = 0 and η1,x = 0 on
{
0, L
}
.

We consider the system

(3.10)
λv − div σ(v, p) = f and div v = 0 in Ω,

v = λρ1L
−1(γsp)�e2 + f�e2 on Γs, v = 0 on Γ0,

where f ∈ H2
0 (Γs) ∩ L2

0(Γs) stands for λL
−1Ms(h+ λg − δλgxx)− g. We set

E =
{
w ∈ V1(Ω) | v = 0 on Γ0, v1 = 0 on Γs, v2|Γs ∈ H2

0 (Γs) ∩ L2
0(Γs)

}
.

The space E, equipped with the norm

‖v‖E =
(
‖v‖2V1(Ω) + ‖L1/2v2|Γs‖2L2

0(Γs)

)1/2
,

is a Hilbert space because L1/2 is an isomorphism from H2
0 (Γs)∩L2

0(Γs) onto L
2
0(Γs).

Multiplying the first equation in (3.10) by w ∈ E, after integration we obtain∫
Ω

(λv ·w+ ν∇v : ∇w) +

∫
Γs

pw2 =

∫
Ω

f w.

Using

λρ1γsp = Lv2 − Lf in (H2
0 (Γs) ∩ L2

0(Γs))
′,

we obtain∫
Ω

(λv ·w + ν∇v : ∇w) +
1

λρ1

∫
Γs

L1/2v2 L
1/2w2 =

∫
Ω

f w +
1

λρ1

∫
Γs

L1/2f L1/2w2.

Next, we set

a(v,w) =

∫
Ω

(λv ·w + ν∇v : ∇w) +
1

λρ1

∫
Γs

L1/2v2 L
1/2w2

and

�(w) =

∫
Ω

f w+
1

λρ1

∫
Γs

L1/2f L1/2w2.

Thus system (3.10) is equivalent to

(3.11)
a(v,w) = �(w) for all w ∈ E,

λρ1γsp = Lv2 − Lf in (H2
0 (Γs) ∩ L2

0(Γs))
′.
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With the Lax–Milgram theorem, we can prove that the variational problem

(3.12) Find v ∈ E such that a(v,w) = �(w) for all w ∈ E

has a unique solution. Indeed, for all H2
0 (Γs) ∩ L2

0(Γs), we have∫
Γs

L1/2η L1/2η =

∫
Γs

(
λ2|η|2 + β|ηx|2 + α|ηxx|2

)
≥ ρ‖η‖2H2

0(Γs)

for some ρ > 0.
The solution v ∈ E to the above variational problem obeys

‖v‖E ≤ C(‖f‖Vn
0 (Ω) + ‖L1/2f‖L2(Γs)).

Since f = λL−1Ms(h+ λg − δλgxx)− g, we have

‖v‖E ≤ C(‖f‖Vn
0 (Ω) + ‖L−1/2h‖L2

0(Γs) + ‖L1/2g‖L2
0(Γs))

≤ C(‖f‖Vn
0 (Ω) + ‖h‖L2

0(Γs) + ‖g‖H2
0(Γs)).

Therefore

‖v2|Γs‖H2
0 (Γs) ≤ C(‖f‖Vn

0 (Ω) + ‖h‖L2
0(Γs) + ‖g‖H2

0(Γs)).

By taking w ∈ V1
0(Ω) in the variational problem, we prove that v ∈ E is the unique

solution to the problem

Find v ∈ E such that

∫
Ω

(λv ·w +∇v : ∇w) =

∫
Ω

f w for all w ∈ V1
0(Ω),

v = 0 on Γ0, v = v2|Γs�e2 on Γs.

Since v|Γ0 = 0, v1|Γs = 0, and v2|Γs ∈ H2
0 (Γs) ∩ L2

0(Γs), due to Lemma 3.11 below,
it follows that v ∈ V2(Ω) ∩E and

‖v‖V2(Ω) ≤ C(‖f‖V0
n(Ω) + ‖g‖H2

0(Γs) + ‖h‖L2
0(Γs)).

From the equation satisfied by v we also deduce that p ∈ H1(Ω) and

‖p‖H1(Ω) ≤ C(‖f‖V0
n(Ω) + ‖g‖H2

0(Γs) + ‖h‖L2
0(Γs)).

Finally, with the equation satisfied by η1 and η2 in (3.9), we have shown that system
(3.7) admits a unique solution (v, p, η1, η2) ∈ V2(Ω) ×H1(Ω) × (H4(Γs) ∩H2

0 (Γs) ∩
L2
0(Γs))× (H2

0 (Γs) ∩ L2
0(Γs)) and

‖v‖V2(Ω)+‖p‖H1(Ω)+‖η1‖H4(Γs)+‖η2‖H2
0 (Γs) ≤ C(‖f‖V0

n(Ω)+‖g‖H2
0(Γs)+‖h‖L2

0(Γs)).

Thus the resolvent of A is compact in H.

Lemma 3.11. If f ∈ V0
n(Ω) and g ∈ H

3/2
0 (Γs) ∩ L2

0(Γs) (with H
3/2
0 (Γs) =

[H1
0 (Γs), H

2
0 (Γs)]1/2), then the solution v to

λv − div σ(v, p) = f and div v = 0 in Ω, v = 0 on Γ0, v = g �e2 on Γs

belongs to V2(Ω) and

‖v‖V2(Ω) ≤ C(‖f‖V0
n(Ω) + ‖g‖

H
3/2
0 (Γs)

).
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Proof. With a localization argument and the regularity results in [11], we can
show that v|(0,L)×(0,1−ε) belongs to V2((0, L) × (0, 1 − ε)) and that v|(ε,L−ε)×(0,1)

belongs to V2((ε, L− ε)× (0, 1)) for all 0 < ε < min(1, L). Thus the only difficulty is
at the corners (0, 1) and (L, 1). To prove the lemma, we look for v = (v1,v2)

T in the
form v = ṽ + v̂, with ṽ = (0, ṽ2)

T , where ṽ2 is the solution to the Laplace equation

λṽ2 − νΔṽ2 = 0 in Ω, ṽ2 = 0 on Γ0, ṽ2 = g on Γs,

and v̂ is the solution to

λv̂ − div σ(v̂, p) = f and div v̂ = −ṽ2,y in Ω, v̂ = 0 on Γ.

We set h = −ṽ2,y. We notice that ṽ2 ∈ H2(Ω), h ∈ H1(Ω), h|{0}×(0,1) = 0, and
h|{L}×(0,1) = 0. We look for v̂ in the form v̂ = ζ +w, where ζ is the solution to

div ζ = h in Ω, ζ = 0 on Γ,

and w is the solution to

λw − div σ(w, p) = f − λζ + νΔζ and divw = 0 in Ω, w = 0 on Γ.

It is clear that if ζ ∈ H2(Ω), then the lemma is proved (we can use a regularity result
from [16]). We have to study the regularity of ζ at the corners (0, 0), (0, 1), (L, 1)
and (L, 0). We study the regularity at the corners (0, 0) and (0, 1); the others can
be studied in the same way. To study the regularity of ζ = (ζ1, ζ2)

T , we extend the
equation satisfied by ζ by using a symmetry argument. Let us set

Ω̃ = (−L,L)× (0, 1), Γ̃ = ∂(Ω̃), ζ̃1(x, z) =

{
ζ1(x, z) if x ∈ (0, L),

−ζ1(−x, z) if x ∈ (−L, 0),

ζ̃2(x, z) =

{
ζ2(x, z) if x ∈ (0, L),
ζ2(−x, z) if x ∈ (−L, 0), h̃(x, z) =

{
h(x, z) if x ∈ (0, L),
h(−x, z) if x ∈ (−L, 0).

Since h|{0}×(0,1) = 0, then h̃ ∈ H1(Ω̃). Thus ζ̃ = (ζ̃1, ζ̃2) is solution to the equation

div ζ̃ = h̃ in Ω̃, ζ̃ = 0 on Γ̃,

and ζ̃|(−L+ε,L−ε)×(0,1) belongs to H2((−L+ ε, L− ε)× (0, 1)) for all 0 < ε < L. This
completes the proof.

3.5. Adjoint of (A, D(A)).
Theorem 3.12. The adjoint of (A, D(A)) in H is defined by D(A∗) = D(A)

and

A∗ =

⎛⎜⎜⎝
A0 0 (−A0)PDs

0 0 −I
ρ1νγsN0(Δ(·) · n) −Aα,β δΔs

⎞⎟⎟⎠
⎛⎜⎜⎝

I 0 0

0 I 0

0 0 (I + ρ1γsNs)
−1

⎞⎟⎟⎠ .
Remark 3.13. Let us notice that(

0 −I
−Aα,β δΔs

)
is the adjoint of

(
0 I

Aα,β δΔs

)
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in (H2
0 (Γs) ∩ L2

0(Γs)) × L2
0(Γs). Next, we have to consider the unbounded operator

(Af , D(Af )) in V0
n(Ω)× L2

0(Γs) defined by

D(Af ) =
{
(Pv, η2) ∈ V2

n(Ω)× (H2
0 ∩ L2

0)(Γs) | Pv − PDsη2 ∈ V2(Ω) ∩V1
0(Ω)
}

and

Af =

(
A0 (−A0)PDs

ρ1 ν γsN0(Δ(·) · n) 0

)
.

We expect that

(3.13)
ρ1 (A0(Pv − PDsη2), PΦ)V0

n(Ω) + ρ1 (ν γsN0(Δ(Pv) · n), k2)L2(Γs)

= ρ1 (Pv, A0(PΦ− PDsk2))V0
n(Ω) + ρ1 (ν γsN0(Δ(PΦ) · n), η2)L2(Γs)

for all (Pv, η2) ∈ D(Af ) and all (PΦ, k2) ∈ D(Af ), which means that (Af , D(Af ))
is self-adjoint in V0

n(Ω)× L2
0(Γs).

The reader must be careful. We may write that

A0(Pv − PDsη2) = νΔ(Pv − PDsη2) = νΔPv − νΔPDsη2,

because Pv− PDsη2 belongs to V2(Ω) ∩V1
0(Ω). But we cannot write that A0 Pv =

νΔPv and A0 PDsη2 = νΔPDsη2 separately, because Pv and PDsη2 do not belong
to V2(Ω) ∩ V1

0(Ω). The two terms A0 Pv and A0 PDsη2 have a meaning only in
(V2(Ω) ∩V1

0(Ω))
′.

To verify identity (3.13), we set f = −νPΔPv ∈ V0
n(Ω), Θ = −νPΔPΦ ∈

V0
n(Ω), q = Ns η2 ∈ L2

0(Ω), and ρ = Ns k2 ∈ L2
0(Ω). We can verify that ∇q =

(I−P )Dsη2 and∇ρ = (I−P )Dsk2. We define (I−P )v and (I−P )Φ by (I−P )v = ∇q
and (I − P )Φ = ∇ρ. Thus v|Γ = Pv|Γ + (I − P )v|Γ = (PDsη2 + (I − P )Dsη2)|Γ =
η2 �e2 χΓs . Similarly Φ|Γ = k2 �e2 χΓs . Finally, we set p = N0(νΔ(Pv) · n) and ψ =
N0(νΔ(PΦ) · n). We notice that ∇p = ν(I − P )ΔPv and ∇ψ = ν(I − P )ΔPΦ. We
have

−νΔv = −νPΔPv − ν(I − P )ΔPv − νΔ(I − P )v = f −∇p

because Δ(I − P )v = Δ∇q = 0 and ν(I − P )ΔPv = ∇p. Thus v is the solution to
the boundary value problem
(3.14)

−νΔv +∇p = f and div v = 0 in Ω, v = η2�e2 on Γs, v = 0 on Γ0.

Similarly, Φ is the solution to the boundary value problem
(3.15)
−νΔΦ+∇ψ = Θ and divΦ = 0 in Ω, Φ = k2�e2 on Γs, Φ = 0 on Γ0.

Since v = Dsη2 + (−A0)
−1f and Φ = Dsk2 + (−A0)

−1Θ, we have Pv − PDsη2 =
(−A0)

−1f and A0(Pv − PDsη2) = −f . In a similar way A0(PΦ − PDsk2) = −Θ.
Thus (3.13) is nothing but

− (f ,Φ)L2(Ω) + (p, k2)L2(Γs)
= − (v,Θ)L2(Ω) + (ψ, η2)L2(Γs)

.
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This identity can be deduced by integrations by parts from (3.14) and (3.15).
Thus we have drawn a short proof of Theorem 3.12. We give below another proof,
which is based only on Green’s formula and in which the calculations are easier to
follow.

Proof. Let f belong to V0
n(Ω), g belong to H2

0 (Γs) ∩ L2
0(Γs), and h belong to

L2
0(Γs). Let (v, p, η1, η2) be the solution to (3.7). Let Θ belong to V0

n(Ω), ζ belong
to H2

0 (Γs) ∩ L2
0(Γs), and ξ belong to L2

0(Γs), and let (Φ, ψ, k1, k2) be the solution to

(3.16)

λΦ− div σ(Φ, ψ) = Θ and divΦ = 0 in Ω,

Φ = k2�e2 on Γs, Φ = 0 on Γ0,

λk1 + k2 = ζ in Γs,

λk2 + βk1,xx − δk2,xx − αMsk1,xxxx =Ms(ρ1ψ) + ξ in Γs,

k1 = 0 and k1,x = 0 on
{
0, L
}
.

With integration by parts we have∫
Ω

f ·Φ =

∫
Ω

(λv − div σ(v, p))Φ

=

∫
Ω

v (λΦ− div σ(Φ, ψ))−
∫
Γs

σ(v, p)n ·Φ+

∫
Γs

σ(Φ, ψ)n · v

=

∫
Ω

v ·Θ+

∫
Γs

pΦ2 −
∫
Γs

ψ v2

=

∫
Ω

v ·Θ+

∫
Γs

p k2 −
∫
Γs

ψ η2,

∫
Γs

ζ (−Aα,β)η1 =

∫
Γs

(λk1 + k2) (−Aα,β)η1

=

∫
Γs

(λ(−Aα,β)k1 η1 + k2 (−Aα,β)η1)

=

∫
Γs

(
(−βk1,xx + αk1,xxxx)(η2 + g) + k2(−βη1,xx + αη1,xxxx)

)
and∫

Γs

(ξ + ρ1ψ) η2 =

∫
Γs

(λk2 + βk1,xx − δk2,xx − αk1,xxxx) η2

=

∫
Γs

(λk2 η2 + (βk1,xx − δk2,xx − αk1,xxxx) η2)

=

∫
Γs

(
k2(βη1,xx + δη2,xx − αη1,xxxx + ρ1p+ h) + (βk1,xx − δk2,xx − αk1,xxxx) η2

)
=

∫
Γs

(
k2(βη1,xx − αη1,xxxx + ρ1p+ h) + (βk1,xx − αk1,xxxx) η2

)
.
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By combining the three identities, we obtain

ρ1

∫
Ω

f ·Φ+

∫
Γs

g (−Aα,β)k1 +

∫
Γs

k2 h

= ρ1

∫
Ω

v ·Θ+ ρ1

∫
Γs

p k2 − ρ1

∫
Γs

ψ η2

+

∫
Γs

ζ (−Aα,β)η1 +

∫
Γs

(
(βk1,xx − αk1,xxxx)η2 − k2(−βη1,xx + αη1,xxxx)

)
+

∫
Γs

(ξ + ρ1ψ) η2 +

∫
Γs

(
k2(−βη1,xx + αη1,xxxx − ρ1p)− (βk1,xx − αk1,xxxx) η2

)
= ρ1

∫
Ω

v ·Θ+

∫
Γs

ζ (−Aα,β)η1 +

∫
Γs

ξ η2.

To prove the theorem, we have to interpret the identity

(3.17) ρ1

∫
Ω

f ·Φ+

∫
Γs

g (−Aα,β)k1+

∫
Γs

k2 h = ρ1

∫
Ω

v·Θ+

∫
Γs

ζ (−Aα,β)η1+

∫
Γs

ξ η2.

For that we introduce the unbounded operator (A�, D(A�)) in H defined by D(A�) =
D(A) and

A� =

⎛⎜⎜⎝
I 0 0

0 I 0

0 0 (I + ρ1γsNs)
−1

⎞⎟⎟⎠
⎛⎜⎜⎝

A0 0 (−A0)PDs

0 0 −I
γsN0(ρ1νΔ(·) · n) −Aα,β δΔs

⎞⎟⎟⎠ .
We first notice that (v, p, η1, η2) is the solution to (3.7) if and only if it satisfies

(λIs −A)

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ =

⎛⎜⎜⎝
f

g

(I + ρ1γsNs)
−1h

⎞⎟⎟⎠ , Is =

⎛⎜⎜⎝
I 0 0

0 I 0

0 0 (I + ρ1γsNs)
−1

⎞⎟⎟⎠ ,
(I − P )v = (I − P )Ds(η2).

Similarly, we can show that (Φ, ψ, k1, k2) is the solution to system (3.16) if and only
if

(λIs −A�)

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Θ

ζ

(I + ρ1γsNs)
−1ξ

⎞⎟⎟⎠ , (I − P )Φ = (I − P )Ds(k2).

Thus, identity (3.17) is equivalent to

(3.18)

(
(λI −A)(Pv, η1, η2), (Φ, k1, (I + ρ1γsNs)k2)

)
H

=
(
(λI −A�)(PΦ, k1, k2), (v, η1, (I + ρ1γsNs)η2)

)
H

for all (Pv, η1, η2) ∈ D(A) and all (PΦ, k1, k2) ∈ D(A). Let us denote by Ĥ the space
H equipped with the inner product(

(v0, η01 , η
0
2), (w

0, ζ01 , ζ
0
2 )
)
̂H

= ρ1
(
v0,w0

)
V0

n(Ω)
+
(
η01 , ζ

0
1

)
H2

0 (Γs)
+
(
η02 , (I + ρ1γsNs)ζ

0
2

)
L2

0(Γs)
.
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Thus identity (3.18) means that (A�, D(A�)) is the adjoint of (A, D(A)) in Ĥ. We
can easily deduce the theorem from this result.

4. Regularity of solutions to the linearized system.

4.1. Studying system (2.7). We introduce the operator (Aω , D(Aω)) defined
by D(Aω) = D(A) and

Aω = A+

⎛⎜⎜⎝
ωI 0 0

0 ωI 0

0 0 ω(I + ρ1γsNs)
−1

⎞⎟⎟⎠ .
From calculations in section 3.1, it follows that, if f ∈ L2(0,∞;L2

0(Γs)), system (2.7)
can be rewritten in the following equivalent form:

(4.1)

d

dt

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ = Aω

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠+ Bf,

⎛⎜⎜⎝
Pv(0)

η1(0)

η2(0)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ ,
(I − P )v(t) = (I − P )D(η2(t)�e2 χΓs),

where B ∈ L(L2
0(Γs),H) is defined by

Bf =

⎛⎜⎜⎝
0

0

(I + ρ1γsNs)
−1f

⎞⎟⎟⎠ .
We have to study solutions to system (4.1) when (Pv0, η01 , η

0
2) ∈ [D(A),H]1/2. From

the definition of D(A) and H, we can deduce that

[D(A),H]1/2 =
{
(Pv, η1, η2) ∈ V1

n(Ω)× (H3 ∩H2
0 ∩ L2

0)(Γs)× (H1
0 ∩ L2

0)(Γs) |

Pv − PDsη2 ∈ V1
0(Ω)
}
.

Equipped with the norm

(Pv, η1, η2) −→
(
‖v‖2V1

n(Ω) + ‖η1‖2H3(Γs)
+ ‖η2‖2H1(Γs)

)1/2
,

[D(A),H]1/2 is a Hilbert space.
If (Pv0, η01 , η

0
2) belongs to H, no compatibility condition between Pv0 and η02 is

needed to define weak solutions of the evolution equation (4.1). However, the mapping
t �→ (I − P )v(t), which satisfies the second equation in (4.1), will be continuous at
time t = 0 only if (I − P )v0 and η02 satisfy (I − P )v0 · n = η02 χΓs . Notice that if
v0 ∈ V0(Ω), then div (I − P )v0 = 0 and (I − P )v0 · n is well defined in H−1/2(Γ).
We define a space of initial conditions, satisfying the compatibility condition needed
for the continuity of the mapping t �→ (I − P )v(t), as follows:

Hcc =
{
(v0, η01 , η

0
2) ∈ V0(Ω)×Hs | v0 · n = η02 χΓs

}
.
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Recall that Hs = (H2
0 (Γs) ∩ L2

0(Γs)) × L2
0(Γs) (see section 3.2). We equip Hcc with

the inner product(
(v0, η01 , η

0
2), (w0, ζ

0
1 , ζ

0
2 )
)
Hcc

= ρ1(v
0,w0)L2(Ω) + (η01 , ζ

0
1 )H2

0 (Γs) + (η02 , ζ
0
2 )L2

0(Γs).

Theorem 4.1. (i) If (Pv0, η01 , η
0
2) ∈ [D(A),H]1/2, (v

0, η01 , η
0
2) ∈ Hcc, and f ∈

L2(0, T ;L2
0(Γs)), then system (4.1) admits a unique strict solution satisfying

‖Pv‖H2,1(QT ) + ‖η1‖H4,2(Σs
T ) + ‖η2‖H2,1(Σs

T )

≤ C(‖(Pv0, η01 , η
0
2)‖[D(A),H]1/2 + ‖f‖L2(0,T ;L2

0(Γs))),

‖(I − P )v‖L2(0,T ;H2(Ω)) + ‖(I − P )v‖H1(0,T ;H1/2(Ω))

≤ C(‖(Pv0, η01 , η
0
2)‖[D(A),H]1/2 + ‖f‖L2(0,T ;L2

0(Γs))).

(ii) If (v0, η01 , η
0
2) ∈ Hcc and f ∈ L2(0, T ;L2

0(Γs)), then system (4.1) admits a
unique weak solution (in the sense of semigroup theory) satisfying

‖Pv‖W (0,T ;V1(Ω),V−1(Ω)) + ‖η1‖H2,1(Σs
T ) + ‖η2‖L2(0,T ;H1(Γs))

≤ C(‖(Pv0, η01 , η
0
2)‖H + ‖f‖L2(0,T ;L2

0(Γs))),

‖(I − P )v‖L2(0,T ;H3/2(Ω)) ≤ C(‖(Pv0, η01 , η
0
2)‖H + ‖f‖L2(0,T ;L2

0(Γs))).

(Here we use the terminology strict solution and weak solution in the sense of semi-
group theory for the evolution equation satisfied by (Pv, η1, η2) and not for the equation
satisfied by (I − P )v.)

Proof. (i) If (Pv0, η01 , η
0
2) ∈ [D(A),H]1/2 and f ∈ L2(0, T ;L2

0(Γs)), the estimate
of (Pv, η1, η2) follows from [1, Chapter 1, Theorem 3.1]. The estimate of (I −P )v in
L2(0, T ;H2(Ω)) follows from Lemma 3.11 and from the estimate of η2 in H2,1(Σs

T ).
The estimate of (I −P )v in H1(0, T ;H1/2(Ω)) follows from the property of the oper-
ator D.

(ii) If (Pv0, η01 , η
0
2) ∈ H and f ∈ L2(0, T ;L2

0(Γs)), we know that system (4.1)
admits a unique weak solution in L2(0, T ;H) satisfying

‖(Pv, η1, η2)‖C([0,T ];H) ≤ C(‖(Pv0, η01 , η
0
2)‖H + ‖f‖L2(0,T ;L2

0(Γs))).

With this estimate and the equation η1,t = η2 + ωη1, we obtain

‖η1‖H1(0,T ;L2
0(Γs)) ≤ C(‖(Pv0, η01 , η

0
2)‖H + ‖f‖L2(0,T ;L2

0(Γs))).

To prove the other estimates, we have to write an energy estimate for strict solutions
to system (2.7). We substitute η2 by η1,t − ωη1 in the equation of η2:

η1,tt − 2ωη1,t + ω2η1 − βη1,xx − δη1,txx + δωη1,xx + αη1,xxxx = ρ1p+ f.

We multiply this equation by η1,t−ωη1, and by ρ1v the equation satisfied by v. After
integration and by adding the two identities, we obtain

ρ1
2

∫
Ω

|v(t)|2 + ν ρ1

∫
Qt

|∇v|2 + 1

2

∫
Γs

|(η1,t − ωη1)(t)|2 − ω

∫ t

0

∫
Γs

|η1,t − ωη1|2

+β
2

∫
Γs

|η1,x(t)|2 − βω

∫ t

0

∫
Γs

|η1,x|2 + δ

∫ t

0

∫
Γs

|η1,tx − ωη1,x|2

+α
2

∫
Γs

|η1,xx(t)|2 − αω
∫ t
0

∫
Γs

|η1,xx|2 + ω
∫ t
0

∫
Γs
η1 p

=
ρ1
2

∫
Ω

|v0|2 + β

2

∫
Γs

|η01,x|2 +
α

2

∫
Γs

|η01,xx|2 +
1

2

∫
Γs

|η02 − ωη01 |2 +
∫ t

0

∫
Γs

f(η1,t − ωη1).
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We also have

ω

∫ t

0

∫
Γs

η1 p = ω

∫
Γs

η1(t) η1,t(t)− ω

∫
Γs

η01 η
0
2 − ω

∫ t

0

∫
Γs

|η1,t|2 − ω

∫
Γs

|η1(t)|2

+ ω
∫
Γs

|η01 |2 + ω3
∫ t
0

∫
Γs

|η1|2 + βω

∫ t

0

∫
Γs

|η1,x|2 +
ωδ

2

∫
Γs

|η1,x(t)|2

− ωδ
2

∫
Γs

|η01,x|2 − δω2
∫ t
0

∫
Γs

|η1,x|2 + αω

∫ t

0

∫
Γs

|η1,xx|2 − ω

∫ t

0

∫
Γs

f η1.

From these identities and the previous estimates we deduce that

‖v‖L2(0,T ;H1(Ω)) + ‖η2‖L2(0,T ;H1(Γs)) ≤ C(‖(v0, η01 , η
0
2)‖Hcc + ‖f‖L2(0,T ;L2

0(Γs))),

not only for strict solutions but also for weak solutions. Next we obtain

‖(I − P )v‖L2(0,T ;H3/2(Ω)) ≤ Cε‖η2‖L2(0,T ;H1(Γs))

from the properties of the operator D (see, e.g., [24]; we can also adapt the proof of
Lemma 3.11). Thus we have

‖Pv‖L2(0,T ;V1(Ω))+‖(I−P )v‖L2(0,T ;H3/2(Ω)) ≤ C(‖(v0, η01 , η
0
2)‖Hcc+‖f‖L2(0,T ;L2

0(Γs))).

Finally, using that

d

dt

∫
Ω

v ·Φ =
d

dt

∫
Ω

Pv ·Φ = −ν
∫
Ω

∇v : ∇Φ+ ω

∫
Ω

v ·Φ

for all Φ ∈ V1
0(Ω), we deduce that

‖Pv‖H1(0,T ;V−1(Ω)) ≤ C‖v‖L2(0,T ;V1(Ω)) ≤ C(‖(v0, η01 , η
0
2)‖Hcc + ‖f‖L2(0,T ;L2

0(Γs))),

and the proof is complete.

4.2. Another nonhomogeneous linear system. We now consider the system

(4.2)

vt − div σ(v, p) − ωv = F and div v = 0 in Q∞,

v = η2�e2 on Σs
∞, v = 0 on Σ0

∞, v(0) = v0 in Ω,

η1,t = η2 + ωη1 on Σs
∞,

η2,t − ωη2 − βη1,xx − δη2,xx + αMsη1,xxxx =Ms(ρ1p+ f) on Σs
∞,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs,

where F belongs to L2(0,∞;L2(Ω)). We shall need to write this system in the form
(4.3)

d

dt

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ = Aω

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠+ Bf + CF,

⎛⎜⎜⎝
Pv(0)

η1(0)

η2(0)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ ,
(I − P )v(t) = (I − P )D(η2(t)�e2 χΓs),
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where C ∈ L(L2(Ω),H) is to be determined. For that we decompose F = PF +
(I − P )F , and we denote by πF ∈ L2(0,∞;H1(Ω)) the function defined by ∇πF =
(I − P )F . We have

p = π − qt + πF ,

where q is the solution to (3.1), π is the solution to (3.2), and πF = π1 + π2 with

π1 ∈ H1
0 (Ω), Δπ1 = divF in Ω and Δπ2 = 0 in Ω,

∂π2
∂n

= (F −∇π1) · n on Γ.

If we set π1 = −(−ΔD)−1(divF ), we have π2 = N((F +∇(−ΔD)−1(divF )) ·n). Thus
the term Msp in the equation satisfied by η2 in system (4.2) is

Msp = ν γsN0ΔPv(t) · n− γsNsη2,t(t) + γsN
(
F +∇

(
(−ΔD)

−1
(divF )

)
· n
)
.

Therefore

CF =

⎛⎜⎜⎜⎝
PF

0

ρ1 (I + ρ1γsNs)
−1
(
γsN
(
F +∇

(
(−ΔD)

−1
(divF )

)
· n
))
⎞⎟⎟⎟⎠ .

The rewriting of system (4.2) in the form (4.3) is needed in section 9 to prove Theorem
9.1.

5. Approximate controllability and stabilizability. In this section, we study
the approximate controllability of the system coupling the Stokes equation with the
beam equation. Next we prove that system (2.7) is exponentially stabilizable.

Recall that the linearized system is

(5.1)

vt − div σ(v, p) = 0 and div v = 0 in QT ,

v = η2�e2 on Σs
T , v = 0 on Σ0

T , v(0) = v0 in Ω,

η1,t = η2,

η2,t − βη1,xx − δη2,xx + αη1,xxxx = ρ1p+ f on Σs
T ,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0, T ),

η1(0) = η01 and η2(0) = η02 in Γs.

Theorem 5.1. System (5.1) is approximately controllable, in time T > 0, in the
space Hcc by controls f belonging to L2(0, T ;L2

0(Γs)).
Proof. To prove the above approximate controllability result in Hcc we have to

show that if (v0, η0, η1) = (0, 0, 0), then the reachable set R(T ) at time T , when the
control f describes L2(0, T ;L2

0(Γs)), is dense in Hcc. To prove that result we assume
that (ΦT , kT1 , k

T
2 ) ∈ R(T )⊥. We want to show that (ΦT , kT1 , k

T
2 ) = 0.
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We introduce the adjoint system

(5.2)

−Φt − div σ(Φ, ψ) = 0 and divΦ = 0 in QT ,

Φ = k2�e2 on Σs
T , Φ = 0 on Σ0

T , Φ(T ) = ΦT in Ω,

−k1,t = −k2,
−k2,t + βk1,xx − δk2,xx − αk1,xxxx = ρ1ψ on Σs

T ,

k1 = 0 and k1,x = 0 on
{
0, L
}
× (0,∞),

k1(T ) = kT1 and k2(T ) = kT2 in Γs.

With an integration by parts we obtain
(5.3)

ρ1

∫
Ω

v(T ) ·ΦT +

∫
Γs

(−Aα,β)
1/2η1(T ) (−Aα,β)

1/2kT1 +

∫
Γs

η2(T ) k
T
2 =

∫ T

0

∫
Γs

f k2.

If (ΦT , kT1 , k
T
2 ) ∈ R(T )⊥, we deduce that∫ T

0

∫
Γs

f k2 = 0

for all f ∈ L2(0, T ;L2
0(Γs)); that is, k2 = 0. Thus we must show that if k2 = 0 and if

(Φ, k1, k2) is solution to (5.2), then (ΦT , kT1 , k
T
2 ) = 0.

By taking the time derivative in the equation

k2,t − βk1,xx + δk2,xx − αMsk1,xxxx = −ρ1Msψ,

we deduce that ψt|Σs = C(t). Thus, using an expansion of the solution Φ to

(5.4)
−Φt − div σ(Φ, ψ) = 0, divΦ = 0 in QT ,

Φ = 0 on ΣT , Φ(T ) = ΦT in Ω,

in terms of the eigenfunctions of the Stokes operator, as in Osses and Puel [21], the
approximate controllability problem reduces to showing that if

−νΔv +∇p = μv, div v = 0 in Ω,

v = 0 on Γ, and p = C on Γs,

with μ ∈ R, then v = 0. Therefore we can use results from [21, 22] to complete the
proof. (See also [18].)

Theorem 5.2. For all ω > 0 and all (v0, η01 , η
0
2) ∈ Hcc, there exists f ∈

L2(0,∞;L2
0(Γs)) such that the solution to system (2.7) obeys

‖(v, η1, η2)‖L2(0,∞;Hcc) <∞.

Proof. Without loss of generality, we can choose ω in the resolvent set of A.
Due to Theorem 3.4, we know that the spectrum of −A is only a pointwise spectrum
constituted of a countable number of distinct eigenvalues, that we can order as follows:

�λ1 ≥ �λ2 ≥ · · · ≥ �λN > −ω > �λN+1 ≥ · · · .
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Moreover, the generalized eigenspace of each eigenvalue is of finite dimension (see
[15]). Let us denote by G(λi) the real generalized eigenspace associated with λi if

λi ∈ R and with the pair (λi, λ̄i) if �λi �= 0, and let us set Hu =
⊕N

i=1G(λi) and
Hs =

⊕∞
i=N+1G(λi). If E(λi) denotes the complex generalized eigenspace associated

with λi and if (ej(λi))1≤j≤m(λi) is a basis of E(λi), then G(λi) is nothing else than
the space generated by the family {�ej(λi), �ej(λi) | 1 ≤ j ≤ m(λi)}. Let us observe
that Hu is the unstable subspace of system (2.7), while Hs is the stable space. Let
us denote by Pω the projection onto the finite dimensional unstable subspace Hu

(parallel to the stable subspace Hs). If we project system (5.1) onto Hu, we obtain
(5.5)

d

dt
Pω

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ = APω

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠+ PωBf, Pω

⎛⎜⎜⎝
Pv(0)

η1(0)

η2(0)

⎞⎟⎟⎠ = Pω

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ .
Due to Theorem 5.1, system (5.1) is approximately controllable in time T > 0. Thus
the projected system (5.5) is also approximately controllable. Since it is of finite
dimension, it is also controllable. Let f0 ∈ L2(0, T ;L2

0(Γs)) be a control such that
Pω(Pv, η1, η2)(T ) = (0, 0, 0), and still denote by f0 its extension by zero to (T,∞).
Now, we notice that Pω(Pv, η1, η2) is the solution of system (5.5) corresponding to f
if and only if Pω(P v̂, η̂1, η̂2) = eωtPω(Pv, η1, η2) is the solution of the system
(5.6)

d

dt
Pω

⎛⎜⎜⎝
P v̂

η̂1

η̂2

⎞⎟⎟⎠ = Aω Pω

⎛⎜⎜⎝
P v̂

η̂1

η̂2

⎞⎟⎟⎠+ PωBf̂ , Pω

⎛⎜⎜⎝
P v̂(0)

η̂1(0)

η̂2(0)

⎞⎟⎟⎠ = Pω

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ ,
corresponding to the control f̂ = eωtf . Thus system (5.6) is stabilizable. System
(5.6) is the projection of system (2.7) onto its unstable subspace. Due to [31, 20],
system (2.7) is stabilizable by a control f belonging in L2(0,∞;L2

0(Γs)) if and only if
its projection onto its finite dimensional unstable subspace is stabilizable. The proof
is complete.

6. Feedback stabilization of system (2.7). In this section, we study the
feedback stabilization of system (2.7). There are several ways to do that. One way
consists of studying the infinite time horizon control problem
(P∞

0,v0,η0
1,η

0
2
)

inf
{
I(v, η1, η2, f) | (v, η1, η2, f) satisfies (2.7), f ∈ L2(0,∞;L2

0(Γs))
}
,

where

I(v, η1, η2, f) =
ρ1
2

∫ ∞

0

∫
Ω

|v|2 dxdzdt+ 1

2

∫ ∞

0

‖η1(t)‖2H2
0 (Γs)

dt

+
1

2

∫ ∞

0

∫
Γs

|η2|2 dxdt+
1

2

∫ ∞

0

|f(t)|2L2(Γs)
dt

and (see section 3)

‖η1‖2H2
0(Γs)

=

∫
Γs

|(−Aα,β)
1/2η1|2.
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From Theorem 5.2 we know that system (2.7) is stabilizable in Hcc. Thanks to this
stabilizability result, and following the approach in [25], the next theorem can be
proved.

Theorem 6.1. For all (v0, η01 , η
0
2) ∈ Hcc, problem (P∞

0,v0,η0
1,η

0
2
) admits a unique

solution (vv0,η0
1 ,η

0
2
, η1,v0,η0

1 ,η
0
2
, η2,v0,η0

1 ,η
0
2
, fv0,η0

1,η
0
2
). There exists Π ∈ L(Hcc), obeying

Π = Π∗ ≥ 0, such that the optimal cost is given by

(6.1) inf(P∞
0,v0,η0

1 ,η
0
2
) =

1

2

(
Π(v0, η01 , η

0
2), (v

0, η01 , η
0
2)
)
Hcc

.

Theorem 6.1 will be proved in section 8.1.
The operator Π ∈ L(Hcc), which defines the value function of (P∞

0,v0,η0
1,η

0
2
) through

formula (6.1), is obtained as the limit of the operator Π(T ) ∈ L(Hcc) when T tends
to infinity, where Π(T ) ∈ L(Hcc) is the operator defining the value function of the
corresponding finite time horizon control problem
(PT

0,v0,η0
1,η

0
2
)

inf
{
IT0 (v, η1, η2, f) | (v, η1, η2, f) satisfies (2.7), f ∈ L2(0, T ;L2

0(Γs))
}
,

where

IT0 (v, η1, η2, f) =
ρ1
2

∫ T

0

∫
Ω

|v|2 dxdzdt+ 1

2

∫ T

0

‖η1(t)‖2H2
0 (Γs)

dt

+
1

2

∫ T

0

∫
Γs

|η2|2 dxdt+
1

2

∫ T

0

|f(t)|2L2
0(Γs)

dt.

We are going to see in section 8.1 that the solution (vv0,η0
1,η

0
2
, η1,v0,η0

1,η
0
2
, η2,v0,η0

1,η
0
2
,

fv0,η0
1,η

0
2
) of problem (P∞

0,v0,η0
1 ,η

0
2
) obeys the feedback law

fv0,η0
1 ,η

0
2
(t) = −Π3

(
vv0,η0

1 ,η
0
2
(t), η1,v0,η0

1,η
0
2
(t), η2,v0,η0

1,η
0
2
(t)
)
,

where Π3 ∈ L(Hcc, L
2
0(Γs)) is the third component of the mapping Π:

(6.2) Π =

⎛⎜⎜⎝
Π1

Π2

Π3

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Π11 Π12 Π13

Π21 Π22 Π23

Π31 Π32 Π33

⎞⎟⎟⎠ ∈ L(Hcc).

We would like to find an equation characterizing the operator Π. Because system (2.7)
is not an evolution equation (indeed, (I − P )v does not obey an evolution equation),
the operator Π is not characterized by a classical algebraic Riccati equation. To
address this issue we introduce a second problem leading to another feedback law
that we can link with the one expressed with Π. We consider the problem
(R∞

0,Pv0,η0
1,η

0
2
)

inf
{
Î(Pv, η1, η2, f) | (Pv, η1, η2, f) satisfies (4.1), f ∈ L2(0,∞;L2

0(Γs))
}
,

where

Î(Pv, η1, η2, f) =
ρ1
2

∫
Q∞

|Pv|2 + 1

2

∫ ∞

0

‖η1‖2H2
0 (Γs)

+
1

2

∫
Σs∞

|(I + ρ1γsNs)η2|2 +
1

2

∫
Σs∞

|f |2.
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Observe that

Î(Pv, η1, η2, f) =
1

2

∫ ∞

0

‖(Pv(t), η1(t), η2(t))‖2̂H dt+
1

2

∫
Σs∞

|f |2.

(See end of section 3.5 for the definition of Ĥ.)

Theorem 6.2. For all (Pv0, η01 , η
0
2) ∈ Ĥ, problem (R∞

0,Pv0,η0
1,η

0
2
) admits a unique

solution (PvPv0,η0
1,η

0
2
, η1,Pv0,η0

1,η
0
2
, η2,Pv0,η0

1 ,η
0
2
, fPv0,η0

1,η
0
2
). There exists Π̂ ∈ L(Ĥ),

obeying Π̂ = Π̂∗ ≥ 0, such that the optimal cost is given by

inf(R∞
0,Pv0,η0

1 ,η
0
2
) =

1

2

(
Π̂(Pv0, η01 , η

0
2), (Pv

0, η01 , η
0
2)
)

̂H
.

Moreover, Π̂ is the solution to the algebraic Riccati equation

Π̂ ∈ L(Ĥ), Π̂ = Π̂∗ ≥ 0, Π̂Aω +A�
ωΠ̂− Π̂BB�Π̂ + I = 0,

where (A�
ω, D(A�

ω)) is the adjoint of (Aω, D(Aω)) in Ĥ and B� ∈ L(Ĥ, L2
0(Γs)) is the

adjoint of B ∈ L(L2
0(Γs), Ĥ).

Proof. The theorem follows from [2, Part III, Chapter 1, Theorem 3.1] (see also
[17, Chapter 2]). Indeed, for the control system (4.1), the operator B is bounded from

the control space L2
0(Γs) into the state space Ĥ, and the observation operator in the

cost functional Î is the identity in Ĥ.
One can verify that D(A�

ω) = D(Aω) = D(A) and

A�
ω = A� +

⎛⎜⎜⎝
ωI 0 0

0 ωI 0

0 0 ω(I + ρ1γsNs)
−1

⎞⎟⎟⎠ .
Moreover,

B�(f , g, h)T = h.

We are able to prove the following relationship between Π and Π̂.
Theorem 6.3. The operator Π ∈ L(Hcc) can be expressed in terms of

Π̂ =

⎛⎜⎜⎝
Π̂1

Π̂2

Π̂3

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Π̂11 Π̂12 Π̂13

Π̂21 Π̂22 Π̂23

Π̂31 Π̂32 Π̂33

⎞⎟⎟⎠ ∈ L(Ĥ)

as follows:

PΠ1(v
0, η01 , η

0
2) = Π̂1(Pv

0, η01 , η
0
2), Π2(v

0, η01 , η
0
2) = Π̂2(Pv

0, η01 , η
0
2),

Π3(v
0, η01 , η

0
2) = Π̂3(Pv

0, η01 , η
0
2), (I − P )Π1(v

0, η01 , η
0
2) = (I − P )DsΠ̂3(Pv

0, η01 , η
0
2)

for all (v0, η01 , η
0
2) ∈ Hcc.

The main interest of problem (R∞
0,Pv0,η0

1,η
0
2
) is that its optimality system is the

same as for problem (P∞
0,v0,η0

1,η
0
2
) (see section 8.2).
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7. Studying problem (PT
0,v0,η0

1 ,η
0
2
).

Theorem 7.1. For all (v0, η01 , η
0
2) ∈ Hcc, Problem (PT

0,v0,η0
1 ,η

0
2
) admits a unique

solution (v̄, η̄1, η̄2, f̄), and the optimal control is

f̄ = −k2,

where (Φ, k1, k2) is the solution of the following adjoint system:

(7.1)

−Φt − div σ(Φ, ψ)− ωΦ = v̄ and divΦ = 0 in QT ,

Φ = k2�e2 on Σs
T , Φ = 0 on Σ0

T , Φ(T ) = 0 in Ω,

−k1,t = −k2 + ωk1 + η̄1,

−k2,t − ωk2 + βk1,xx − δk2,xx − αk1,xxxx = ρ1ψ + η̄2 on Σs
T ,

k1 = 0 and k1,x = 0 on
{
0, L
}
× (0,∞),

k1(T ) = 0 and k2(T ) = 0 in Γs.

Conversely, the system

(7.2)

vt − div σ(v, p) − ωv = 0 and div v = 0 in QT ,

v = η2�e2 on Σs
T , v = 0 on Σ0

T , v(0) = v0 in Ω,

η1,t = η2 + ωη1,

η2,t − ωη2 − βη1,xx − δη2,xx + αη1,xxxx = ρ1p− k2 on Σs
T ,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs,

−Φt − div σ(Φ, ψ)− ωΦ = v and divΦ = 0 in QT ,

Φ = k2�e2 on Σs
T , Φ = 0 on Σ0

T , Φ(T ) = 0 in Ω,

−k1,t = −k2 + ωk1 + η1,

−k2,t − ωk2 + βk1,xx − δk2,xx − αk1,xxxx = ρ1ψ + η2 on Σs
T ,

k1 = 0 and k1,x = 0 on
{
0, L
}
× (0,∞),

k1(T ) = 0 and k2(T ) = 0 in Γs

admits a unique solution (v, p, η1, η2,Φ, ψ, k1, k2), and now the optimal solution to
(PT

0,v0,η0
1,η

0
2
) is

f = −k2.

The operator Π(T ) ∈ L(Hcc) defined by

Π(T )(v0, η01 , η
0
2) = (Φ(0), k1(0), k2(0))

is linear and continuous in Hcc, it is symmetric and semidefinite positive, and the
optimal cost is given by

inf(PT
0,v0,η0

1 ,η
0
2
) =

1

2

(
Π(T )(v0, η01 , η

0
2), (v

0, η01 , η
0
2)
)
Hcc

.

Proof. The proof is classical, and thus omitted for brevity.
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8. Studying problems (P∞
0,v0,η0

1 ,η
0
2
) and (R∞

0,Pv0,η0
1 ,η

0
2
).

8.1. Problem (P∞
0,v0,η0

1 ,η
0
2
).

Proof of Theorem 6.1. The existence of admissible controls follows from Theorem
5.2. Next the existence of an optimal control can be proved in a classical way. The
operator Π is obtained as the limit of Π(T ) when T tends to infinity (see, e.g., [25,
Theorem 4.1]).

Following the approach of [25, Lemma 4.2], we can obtain an optimality system
for problem (P∞

0,v0,η0
1 ,η

0
2
) in the form

(8.1)

vt − div σ(v, p) − ωv = 0 and div v = 0 in Q∞,

v = η2�e2 on Σs
∞, v = 0 on Σ0

∞, v(0) = v0 in Ω,

η1,t = η2 + ωη1,

η2,t − ωη2 − βη1,xx − δη2,xx + αη1,xxxx = ρ1p− k2 on Σs∞,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs,

−Φt − div σ(Φ, ψ)− ωΦ = v and divΦ = 0 in Q∞,

Φ = k2�e2 on Σs
∞, Φ = 0 on Σ0

∞, Φ(∞) = 0 in Ω,

−k1,t = −k2 + ωk1 − η1,

−k2,t − ωk2 + βk1,xx − δk2,xx − αk1,xxxx = ρ1ψ + η2 on Σs
∞,

k1(∞) = 0 and k2(∞) = 0 in Γs,

(Φ(t), k1(t), k2(t)) = Π(v(t), η1(t), η2(t)).

More precisely, the following theorem can be proved by adapting the proof of [25,
Lemma 4.2] to problem (P∞

0,v0,η0
1,η

0
2
).

Theorem 8.1. For all (v0, η01 , η
0
2) ∈ Hcc, system (8.1) admits a unique solution

(v, p, η1, η2,Φ, ψ, k1, k2) in W (0,∞;V1(Ω),V−1(Ω))×L2(0,∞;L2
0(Ω))×H2,1(Σs

∞)×
L2(0,∞;H1(Γs)) × V2,1(Q∞) × L2(0,∞;H1(Ω)) × H4,2(Σs

∞) × H2,1(Σs
∞), and the

optimal control to (P∞
0,v0,η0

1,η
0
2
) is

f = −k2.
Therefore the solution (vv0,η0

1,η
0
2
, η1,v0,η0

1,η
0
2
, η2,v0,η0

1,η
0
2
, fv0,η0

1 ,η
0
2
) to problem (P∞

0,v0,η0
1 ,η

0
2
)

obeys the feedback law

fv0,η0
1 ,η

0
2
(t) = −Π3

(
vv0,η0

1 ,η
0
2
(t), η1,v0,η0

1,η
0
2
(t), η2,v0,η0

1,η
0
2
(t)
)
,

where Π3 ∈ L(Hcc, L
2
0(Γs)) is the third component of the operator Π (see (6.2)) and

Π is the operator defined in Theorem 6.1.
Theorem 8.2. If (Pv0, η01 , η

0
2) ∈ [D(A),H]1/2, (v0, η01 , η

0
2) ∈ Hcc, then the

optimal solution to problem (P∞
0,v0,η0

1,η
0
2
) belongs to H2,1(Q∞)×H4,2(Σs∞)×H2,1(Σs∞)

and

‖v‖H2,1(Q∞) + ‖η1‖H4,2(Σs∞) + ‖η2‖H2,1(Σs∞)

≤ C(‖Pv0‖V1
n(Ω) + ‖η01‖H3(Γs)∩H2

0 (Γs) + ‖η02‖H1
0 (Γs)).

The proof of Theorem 8.2 is postponed to subsection 8.3.
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8.2. Problem (R∞
0,Pv0,η0

1,η
0
2
). In order to prove Theorem 6.3, we first need to

compare the solutions to (PT
0,v0,η0

1,η
0
2
) and (RT

0,Pv0,η0
1,η

0
2
), where

(RT
0,Pv0,η0

1,η
0
2
)

inf
{
ÎT0 (Pv, η1, η2, f) | (Pv, η1, η2, f) satisfies (4.1), f ∈ L2(0, T ;L2

0(Γs))
}

and

ÎT0 (Pv, η1, η2, f)

=
ρ1
2

∫
QT

|Pv|2 + 1

2

∫ T

0

‖η1(t)‖2H2
0 (Γs)

+
1

2

∫
Σs

T

|(I + ρ1γsNs)η2|2 +
1

2

∫
Σs

T

|f |2.

The following theorem is a classical result in control theory.
Theorem 8.3. For all (Pv0, η01 , η

0
2) ∈ Ĥ, problem (RT

0,Pv0,η0
1,η

0
2
) admits a unique

solution.
The system

(8.2)

d

dt

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ = Aω

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠− BB�

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠ ,
⎛⎜⎜⎝

Pv(0)

η1(0)

η2(0)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ ,

− d

dt

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠ = A�
ω

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠+

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ ,
⎛⎜⎜⎝

PΦ(T )

k1(T )

k2(T )

⎞⎟⎟⎠ =

⎛⎜⎜⎝
0

0

0

⎞⎟⎟⎠
admits a unique solution (Pv, η1, η2, PΦ, k1, k2), and now the optimal control to
(RT

0,Pv0,η0
1,η

0
2
) is

f(t) = −B�(PΦ(t), k1(t), k2(t)) = −k2(t).

The operator Π̂(T ) ∈ L(Ĥ), defined by

Π̂(T )(Pv0, η01 , η
0
2) = (PΦ(0), k1(0), k2(0)) ,

is linear and continuous in Ĥ, it is symmetric and semidefinite positive, and the
optimal cost is given by

inf(RT
0,Pv0,η0

1 ,η
0
2
) =

1

2

(
Π̂(T )(Pv0, η01 , η

0
2), (Pv

0, η01 , η
0
2)
)
̂H
.

Using the expression of A�
ω determined in section 3.5, it can be shown that the so-

lution (Pv, η1, η2, PΦ, k1, k2) to system (8.2) and the solution (v̄, p̄, η̄1, η̄2, Φ̄, ψ̄, k̄1, k̄2)
to system (7.2) obey

(P v̄, η̄1, η̄2, P Φ̄, k̄1, k̄2) = (Pv, η1, η2, PΦ, k1, k2).

Therefore we have

(8.3)

Π̂(T )(Pv0, η01 , η
0
2) = (PΦ(0), k1(0), k2(0)) = (P Φ̄(0), k̄1(0), k̄2(0))

=

⎛⎜⎜⎝
P 0 0

0 I 0

0 0 I

⎞⎟⎟⎠Π(T )(v0, η01 , η
0
2) for all (v0, η01 , η

0
2) ∈ Hcc.
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The following analogue of Theorem 8.1 can be proved for problem (R∞
0,Pv0,η0

1,η
0
2
).

Theorem 8.4. For all (Pv0, η01 , η
0
2) ∈ H we consider the system

(8.4)

d

dt

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ = Aω

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠− BB�

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠ ,
⎛⎜⎜⎝

Pv(0)

η1(0)

η2(0)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
Pv0

η01

η02

⎞⎟⎟⎠ ,

− d

dt

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠ = A�
ω

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠+

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ ,
⎛⎜⎜⎝

PΦ(∞)

k1(∞)

k2(∞)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
0

0

0

⎞⎟⎟⎠ ,
(PΦ(t), k1(t), k2(t)) = Π̂(Pv(t), η1(t), η2(t)).

System (8.4) admits a unique solution (Pv, η1, η2, PΦ, k1, k2) in W (0,∞;V1(Ω),
V−1(Ω))×H2,1(Σs

∞)× L2(0,∞;H1(Γs))×V2,1(Q∞)×H4,2(Σs
∞)×H2,1(Σs

∞), and
the optimal control to (R∞

0,Pv0,η0
1 ,η

0
2
) is

f = −k2.

This theorem may be proved, as in [25], by passing to the limit in the optimality
system of the finite time horizon control problem (RT

0,Pv0,η0
1,η

0
2
).

Proof of Theorem 6.3. Since Π and Π̂ are defined as the respective limits of Π(T )

and Π̂(T ) when T tends to infinity, with (8.3), we obtain⎛⎜⎜⎝
P 0 0

0 I 0

0 0 I

⎞⎟⎟⎠Π(v0, η01 , η
0
2) = Π̂(Pv0, η01 , η

0
2)

for all (v0, η01 , η
0
2) ∈ Hcc. This equality gives the expression for PΠ1, Π2, and Π3.

The expression for (I − P )Π1 follows from the equalities

(I − P )Π1(v
0, η01 , η

0
2) = (I − P )Φ(0) = (I − P )Dsk2(0)

= (I − P )DsΠ̂3(Pv
0, η01 , η

0
2).

8.3. Proof of Theorem 8.2. The proof is based on the fact that system (8.1) is
equivalent to system (8.4) with the additional equations (I−P )v = (I−P )D(η2�e2χΓs)
and (I − P )Φ = (I − P )D(k2�e2χΓs). Since we can use, for system (8.4), the maxi-
mal regularity result stated in [1, Chapter 1, Theorem 3.1], we can derive the same
estimates for the solution to system (8.1).

We already know that

(8.5)

‖Pv‖L2(0,∞;V0
n(Ω)) + ‖η1‖L2(0,∞;H2

0 (Γs)) + ‖η2‖L2(0,∞;L2
0(Γs))

+ ‖PΦ‖L2(0,∞;V0
n(Ω)) + ‖k1‖L2(0,∞;H2

0 (Γs)) + ‖k2‖L2(0,∞;L2
0(Γs))

≤ C(‖Pv0‖V0
n(Ω) + ‖η01‖H2

0 (Γs) + ‖η02‖L2
0(Γs)).



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

5432 JEAN-PIERRE RAYMOND

We can rewrite the adjoint equation of (8.4) in the form

− d

dt

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠ = (A�
ω − λI)

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠+ λ

⎛⎜⎜⎝
PΦ

k1

k2

⎞⎟⎟⎠+

⎛⎜⎜⎝
Pv

η1

η2

⎞⎟⎟⎠ ,(8.6)

⎛⎜⎜⎝
PΦ(∞)

k1(∞)

k2(∞)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
0

0

0

⎞⎟⎟⎠ .

We choose λ > 0 such that (et(A
�
ω−λI))t≥0 is exponentially stable. From [1, Chapter

1, Theorem 3.1], with estimate (8.5), it can be shown that the solution (PΦ, k1, k2)
of system (8.6) obeys

(8.7)

‖PΦ‖H2,1(Q∞) + ‖k1‖H4,2(Σs∞) + ‖k2‖H2,1(Σs∞)

≤ C(‖PΦ‖L2(0,∞;V0
n(Ω)) + ‖k1‖L2(0,∞;H2

0 (Γs)) + ‖k2‖L2(0,∞;L2
0(Γs)))

≤ C(‖Pv0‖V0
n(Ω) + ‖η01‖H2

0 (Γs) + ‖η02‖L2
0(Γs)).

Next, with estimates (8.5) and (8.7), still with [1, Chapter 1, Theorem 3.1], and with
[25], we can show that

(8.8)

‖Pv‖H2,1(Q∞) + ‖η1‖H4,2(Σs∞) + ‖η2‖H2,1(Σs∞)

≤ C(‖Pv0‖V1
n(Ω) + ‖η01‖(H3∩H2

0 )(Γs) + ‖η02‖H1
0 (Γs) + ‖k2‖L2

0(Σ
s∞)),

‖(I − P )v‖H2,1(Q∞) = ‖(I − P )Dsη2‖H2,1(Q∞) ≤ C‖η2‖H2,1(Σs∞).

This completes the proof.

9. Nonhomogeneous system. We now consider the nonhomogeneous linear
system
(9.1)
vt − div σ(v, p)− ωv = F and div v = G = div w̄ in Q∞,

v = η2�e2 on Σs
∞, v = 0 on Σ0

∞, v(0) = v0 in Ω,

η1,t = η2 + ωη1 on Σs
∞,

η2,t − ωη2 − βη1,xx − δη2,xx + αη1,xxxx = ρ1p− 2νρ2v2,z +H −Π3(v, η1, η2) on Σs
∞,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs,

with w̄ ∈ H2,1(Q∞)∩L2(0,∞;H1
0(Ω)). We can look for a solution to system (9.1) in

the form v = w+ w̄, where (w, p, η) is the solution to
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(9.2)
wt − div σ(w, p) − ωw = F − w̄t + νΔw̄ + ν∇div w̄ + ωw̄ and divw = 0 in Q∞,

w = η2�e2 on Σs∞, w = 0 on Σ0∞, w(0) = v0 − w̄(0) in Ω,

η1,t = η2 + ωη1 on Σs
∞,

η2,t − ωη2 − βη1,xx − δη2,xx + αη1,xxxx

= ρ1p− 2νρ2(w2,z + w̄2,z) +H −Π3(w̄, 0, 0)−Π3(w, η1, η2) on Σs
∞,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs.

Since divw = 0, the term 2νρ2w2,z can be dropped out in the equation satisfied
by η2, but not the term 2νρ2w̄2,z. We introduce the operator unbounded operator
(Aω,̂Π, D(Aω,̂Π)) in H, defined by D(Aω,̂Π) = D(A) and

Aω,̂Π = Aω − BB�Π̂.

System (9.2) can be written in the form

d

dt

⎛⎜⎜⎝
Pw

η1

η2

⎞⎟⎟⎠ = Aω,̂Π

⎛⎜⎜⎝
Pw

η1

η2

⎞⎟⎟⎠+ BH̄ +

⎛⎜⎜⎝
PF̄

0

0

⎞⎟⎟⎠ ,(9.3)

⎛⎜⎜⎝
Pw(0)

η1(0)

η2(0)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
P (v0 − w̄(0))

η01

η02

⎞⎟⎟⎠ ,
(I − P )w = (I − P )D(η2�e2χΓs),

where

F̄ = F − w̄t + νΔw̄ + ν∇div w̄+ ωw̄,

H̄ = −2νρ2w̄2,z +H −Π3(w̄, 0, 0)

+ρ1(I + ρ1γsNs)
−1γsN((F̄ +∇(−ΔD)−1div F̄ ) · n).

We assume that w̄ belongs to H2,1(Q∞), F ∈ L2(0,∞;L2(Ω)), and also H ∈
L2(0,∞;L2

0(Γs)). Thus PF̄ belongs to L2(0,∞;V0
n(Ω)). Moreover, (F̄ +∇(−ΔD)−1

div F̄ ) · n belongs to L2(0,∞;H−1/2(Γ)), γsN((F̄ +∇(−ΔD)−1div F̄ ) · n) belongs to
L2(0,∞;H1/2(Γs)), and H̄ belongs to L2(0,∞;L2

0(Γs)). Since the semigroup gen-
erated by (Aω,̂Π, D(Aω,̂Π)) is exponentially stable on V0

n(Ω) × (H2
0 (Γs) ∩ L2

0(Γs)) ×
L2
0(Γs), system (9.3) admits a unique solution (Pw, η1, η2) in L2(0,∞;V0

n(Ω)×
(H2

0 (Γs) ∩ L2
0(Γs))× L2

0(Γs)).
Theorem 9.1. If (Pv0 − P w̄(0), η01 , η

0
2) ∈ [D(A),H]1/2, (v

0 − w̄(0), η01 , η
0
2) ∈

Hcc, F ∈ L2(0,∞;L2(Ω)), w̄ ∈ H2,1(Q∞), and H ∈ L2(0,∞;L2
0(Γs)), then system

(9.1) admits a unique solution, which belongs to H2,1(Q∞) ×H4,2(Σs
∞) ×H2,1(Σs

∞)
and

‖v‖H2,1(Q∞) + ‖p‖L2(0,1;H1(Ω)) + ‖η1‖H4,2(Σs∞) + ‖η1‖L∞(Σs∞) + ‖η2‖H2,1(Σs∞)

≤ C1(‖Pv0‖V1
n(Ω) + ‖η01‖H3(Γs) + ‖η02‖H1(Γs)

+‖F‖L2(Q∞) + ‖w̄‖H2,1(Q∞) + ‖H‖L2(Σs∞)).
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Proof. We first consider system (9.3). We know that (Pv0 − P w̄(0), η01 , η
0
2) ∈

[D(Aω,̂Π),H]1/2, (PF̄ , 0, H̄) ∈ L2(0,∞;H), and that the semigroup generated by

(Aω,̂Π, D(Aω,̂Π)) is exponentially stable on H. Thus, arguing as for (8.6), with [1,

Chapter 1, Theorem 3.1] and the continuous imbedding H4,2(Σs∞) ↪→ L∞(Σs∞), we
obtain

‖w‖H2,1(Q∞) + ‖η1‖H4,2(Σs∞) + ‖η1‖L∞(Σs∞) + ‖η2‖H2,1(Σs∞)

≤ C1(‖Pv0‖V1
n(Ω) + ‖η01‖H3(Γs) + ‖η02‖H1(Γs)

+‖F‖L2(Q∞) + ‖w̄‖H2,1(Q∞) + ‖H‖L2(Σs∞)).

Since v = w + w̄ and w̄ ∈ H2,1(Q∞), we recover the estimate for v. The estimate
for the pressure can be obtained from the estimate for v and from the first equation
of system (9.1).

10. Stabilization of the coupled system. In this section we study the non-
linear closed loop system
(10.1)

ũt − div σ(ũ, p̃)− ωũ = e−ωtF̃ (ũ, p̃, η̃1, η̃2), div ũ = e−ωtG̃(η̃1, ũ) in Q∞,

ũ = η̃2�e2 on Σs
∞, ũ = 0 on Σ0

∞, ũ(0) = û0 in Ω,

η̃1,t = η̃2 + ωη̃1 on Σs
∞,

η̃2,t − ωη̃2 − βη̃1,xx − δη̃2,xx + αη̃1,xxxx

= ρ1p̃− 2νρ2ũ2,z + e−ωtH̃(ũ, η̃1)−Π3(ũ, η̃1, η̃2) on Σs
∞,

η̃1 = 0 and η̃1,x = 0 on
{
0, L
}
× (0,∞),

η̃1(0) = η01 and η̃2(0) = η02 in Γs,

with

(10.2)

F̃ (ũ, p̃, η̃1, η̃2)

= −η̃1(ũt − ωũ) +

(
zη̃2 + νz

(
η̃21,x

eωt + η̃1
− η̃1,xx

))
ũz − (ũ · ∇)ũ

+ ν

(
−2zη̃1,xũxz + η̃1ũxx +

(
z2η̃21,x − e−ωtη̃1

eωt + η̃1

)
ũzz

)
+ z(η̃1,xp̃z − η̃1p̃x)�e1 − (1 + e−ωtη̃1)ũ1ũx + (ze−ωtη̃1,xũ1 − ũ2)ũz ,

(10.3) G̃(ũ, η̃1) = −η̃1ũ1,x + zη̃1,xũ1,z = div w̃, w̃ = −η̃1ũ1�e1 + zη̃1,xũ1�e2,

and
(10.4)

H̃(ũ, η̃1) = νρ2

(
η̃1,x

eωt + η̃1
ũ1,z + e−ωtη̃1,xũ2,x −

η̃21,x
eωt + η̃1

ũ2,z +
η̃1

eωt + η̃1
ũ2,z

)
.

We want to show the following theorem.
Theorem 10.1. There exist 0 < μ0 < 1 and an increasing function θ0 from R+

into itself such that if μ ∈ (0, μ0), (P (û
0+η01û

0
1�e1−zη01,xû0

1�e2), η
0
1 , η

0
2) ∈ [D(A),H]1/2,
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(û0 + η01û
0
1�e1 − zη01,xû

0
1�e2)|Γ = η02 �e2 χΓs , and ‖P û0‖V1

n(Ω) + ‖η01‖H3(Γs)∩H2
0 (Γs)+

‖η02‖H1
0 (Γs) ≤ θ0(μ), then system (10.1) admits a unique solution in the set

D̃μ =
{
(ũ, p̃, η̃1, η̃2) | ‖ũ‖H2,1(Q∞) + ‖p̃‖L2(0,∞;H1(Ω))

+ ‖η̃1‖H4,2(Σs∞) + ‖η̃1‖L∞(Σs∞) + ‖η̃2‖H2,1(Σs∞) ≤ μ
}
.

Let us recall that the imbedding from H4,2(Σs
∞) into L∞(Σs

∞) is continuous.
Thus an estimate of η̃1 in H4,2(Σs∞) also provides an estimate of η̃1 in L∞(Σs∞).
But we look for solutions to system (10.1) such that −1 < η̃1 in order that Tη̃1 be a
diffeomorphism. This is why the condition ‖η̃1‖L∞(Σs∞) ≤ μ ≤ μ0 < 1 is added in the

definition of D̃μ.
Next we consider the system

(10.5)

ût − div σ(û, p̂) = F̂ (û, p̂, η1, η2), div û = Ĝ(η1, û) in Q∞,

û = η2�e2 on Σs
∞, û = 0 on Σ0

∞, û(0) = û0 in Ω,

η1,t = η2 on Σs
∞,

η2,t − βη1,xx − δη2,xx + αη1,xxxx = ρ1p̂+ Ĥ(û, η1)−Π3(û, η1, η2) on Σs∞,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs,

where

F̂ (û, p̂, η1, η2) = −η1ût +

(
zη2 + νz

(
η21,x

1 + η1
− η1,xx

))
ûz − (û · ∇)û

+ ν

(
−2zη1,xûxz + η1ûxx +

(
z2η21,x − η1

1 + η1

)
ûzz

)
+ z(η1,xp̂z − η1p̂x)�e1 − (1 + η1)û1ûx + (zη1,xû1 − û2)ûz ,

Ĝ(û, η1) = −η1û1,x + zη1,xû1,z = div (ŵ), ŵ = (−η1û1�e1 + zη1,xû1�e2),

and

Ĥ(û, η1) = νρ2

(
η1,x

1 + η1
û1,z + η1,xû2,x −

2 + η21,x
1 + η1

û2,z

)
.

From calculations in section 2 it follows that (ũ, p̃, η̃1, η̃2) is a solution to system (10.1)
if and only if

û = e−ωtũ, p̂ = e−ωtp̃, η1 = e−ωtη̃1, η2 = e−ωtη̃2

is a solution to system (10.5). Therefore from Theorem 10.1, we deduce the following
result.

Theorem 10.2. There exist 0 < μ0 < 1 and an increasing function θ0 from R+

into itself such that if μ ∈ (0, μ0), (P (û
0+η01û

0
1�e1−zη01,xû0

1�e2), η
0
1 , η

0
2) ∈ [D(A),H]1/2,
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(û0 + η01û
0
1�e1 − zη01,xû

0
1�e2)|Γs = η02 �e2 χΓs , and ‖P û0‖V1

n(Ω) + ‖η01‖H3(Γs)∩H2
0 (Γs)+

‖η02‖H1
0 (Γs) ≤ θ0(μ), then system (10.5) admits a unique solution in the set

Dμ =
{
(û, p̂, η1, η2) | ‖eω·û‖H2,1(Q∞) + ‖eω·p̂‖L2(0,∞;H1(Ω)) + ‖eω·η1‖H4,2(Σs∞)

+‖eω·η1‖L∞(Σs∞) + ‖eω·η2‖H2,1(Σs∞) ≤ μ
}
.

Still, from calculations in section 2 we know that (û, p̂, η1, η2) is a solution to
system (10.5) if and only if (u, p, η, ηt) = (û ◦ Tη1 , p̂ ◦ Tη1 , η1, η2) is solution to system
(1.1) with u0 = û0 ◦ Tη0

1
. Thus from Theorem 10.2, we deduce the next claim.

Theorem 10.3. There exist 0 < μ0 < 1 and an increasing function θ0 from R+

into itself such that if μ ∈ (0, μ0), (P (û
0+η01û

0
1�e1−zη01,xû0

1�e2), η
0
1 , η

0
2) ∈ [D(A),H]1/2,

(û0 + η01û
0
1�e1 − zη01,xû

0
1�e2)|Γs = η02 �e2 χΓs , and ‖P û0‖V1

n(Ω) + ‖η01‖H3(Γs)∩H2
0 (Γs)+

‖η02‖H1
0 (Γs) ≤ θ0(μ), where û0 = (û0

1, û
0
2) = u0 ◦ T −1

η0
1
, then system (1.1) with the

feedback law f = −Π3(u ◦ T −1
η (x, z, t), η, ηt) admits a unique solution in the set

Fμ =
{
(u, p, η, ηt) | ‖eω·u ◦ T −1

η ‖H2,1(Q∞) + ‖eω·p ◦ T −1
η ‖L2(0,∞;H1(Ω))

+ ‖eω·η‖H4,2(Σs∞) + ‖eω·η‖L∞(Σs∞) + ‖eω·ηt‖H2,1(Σs∞) ≤ μ
}
,

where Tη is defined in (2.3).

11. Some Lipschitz properties.
Theorem 11.1. The mapping

(ũ, p̃, η̃1, η̃2) �−→ (F̃ (ũ, p̃, η̃1, η̃2), w̃(ũ, η̃1), H̃(ũ, η̃1)),

where F̃ , w̃, and H̃ are respectively defined by (10.2), (10.3), and (10.4), is locally
Lipschitz from H2,1(Q∞)×L2(0,∞;H1(Ω))×H4,2(Σs∞)×H2,1(Σs∞) into L2(Q∞)×
H2,1(Q∞)×L2(Σs

∞). More precisely, for all (ũ, p̃, η̃1, η̃2), (ũ
1, p̃1, η̃11 , η̃

1
2), (ũ

2, p̃2, η̃21 , η̃
2
2)

belonging to H2,1(Q∞) × L2(0,∞;H1(Ω)) × H4,2(Σs
∞) × H2,1(Σs

∞) and such that
max(‖(1 + η̃1)

−1‖L∞(Σs∞), ‖(1 + η̃11)
−1‖L∞(Σs∞), ‖(1 + η̃21)

−1‖L∞(Σs∞)) ≤ μ1 and
max(‖η̃1,x‖L∞(Σs∞), ‖η̃11,x‖L∞(Σs∞), ‖η̃21,x‖L∞(Σs∞)) ≤ 1, we have

(11.1)

‖F̃ (ũ, p̃, η̃1, η̃2)‖L2(0,∞;L2(Ω))

≤ C2(μ1)(‖η̃1‖H4,2(Σs∞)‖ũ‖H2,1(Q∞) + ‖η̃2‖H2,1(Σs∞)‖ũ‖H2,1(Q∞)

+‖η̃1‖H4,2(Σs∞)‖p̃‖L2(0,∞;H1(Ω)) + ‖ũ‖H2,1(Q∞)‖ũ‖H2,1(Q∞)),

(11.2)

‖F̃ (ũ1, p̃1, η̃11 , η̃
1
2)− F̃ (ũ2, p̃2, η̃21 , η̃

2
2)‖L2(0,∞;L2(Ω))

≤ C2(μ1)
(
‖(ũ1, p̃1, η̃11 , η̃

1
2)‖W‖(ũ1, p̃1, η̃11 , η̃

1
2)− (ũ2, p̃2, η̃21 , η̃

2
2)‖W

+‖(ũ2, p̃2, η̃21 , η̃
2
2)‖W‖(ũ1, p̃1, η̃11 , η̃

1
2)− (ũ2, p̃2, η̃21 , η̃

2
2)‖W

)
,

with W = H2,1(Q∞)× L2(0,∞;H(Ω))×H4,2(Σs∞)×H2,1(Σs∞),

(11.3) ‖w̃(ũ, η̃1)‖H2,1(Q∞) ≤ C2(μ1)‖η̃1‖H4,2(Σs∞)‖ũ1‖H2,1(Q∞),

(11.4)
‖w̃(ũ1, η̃11)− w̃(ũ2, η̃21)‖H2,1(Q∞)

≤ C2(μ1)(‖η̃1‖H4,2(Σs∞)‖ũ1
1 − ũ2

1‖H2,1(Q∞) + ‖η̃11 − η̃21‖H4,2(Σs∞)‖ũ2
1‖H2,1(Q∞)),
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(11.5) ‖H̃(ũ, η̃1)‖L2(Σs∞) ≤ C2(μ1)‖ũ1‖H2,1(Q∞)‖η̃1‖H4,2(Σs∞),

and
(11.6)

‖H̃(ũ1, η̃11)− H̃(ũ2, η̃21)‖L2(Σs∞)

≤ C2(μ1)(‖ũ1‖H2,1(Q∞)‖η̃11 − η̃21‖H4,2(Σs∞) + ‖ũ1
1 − ũ2

1‖H2,1(Q∞)‖η̃1‖H4,2(Σs∞)).

(In these estimates the constant C2 depends in an explicit manner on μ1.)
Proof. Step 1: Proof of (11.3) and (11.4). If (ũ, η̃1) ∈ H2,1(Q∞) × H4,2(Σs

∞),
then we have

‖η̃1ũ1‖L2(0,∞;H2(Ω)) + ‖η̃1,xũ1‖L2(0,∞;H2(Ω))

≤ C(‖η̃1‖L∞(0,∞;H2(Γs))‖ũ1‖L2(0,∞;H2(Ω)) + ‖η̃1‖L∞(0,∞;H3(Γs))‖ũ1‖L2(0,∞;H2(Ω)))

≤ C‖η̃1‖H4,2(Σs∞)‖ũ1‖H2,1(Q∞).

We also have

‖η̃1ũ1‖H1(0,∞;L2(Ω)) + ‖η̃1,xũ1‖H1(0,∞;L2(Ω))

≤ C(‖η̃1‖H1(0,∞;L∞(Γs))‖ũ1‖H1(0,∞;L2(Ω)) + ‖η̃1‖H1(0,∞;H1(Γs))‖ũ1‖H1(0,∞;L2(Ω)))

≤ C‖η̃1‖H4,2(Σs∞)‖ũ1‖H2,1(Q∞).

In these estimates we have used that

‖η̃1‖H3/2(0,∞;H1(Γs)) ≤ C‖η̃1‖H4,2(Σs∞).

Thus we have

‖η̃1ũ1‖H2,1(Q∞) + ‖η̃1,xũ1‖H2,1(Q∞) ≤ C2‖η̃1‖H4,2(Σs∞)‖ũ1‖H2,1(Q∞).

Now, we assume that (ũ1, η̃11) ∈ H2,1(Q∞) ×H4,2(Σs
∞) and (ũ2, η̃21) ∈ H2,1(Q∞) ×

H4,2(Σs
∞). Let us estimate

η̃11,xũ
1
1 − η̃21,xũ

2
1.

The other component, that is η̃11ũ
1
1 − η̃21ũ

2
1, can be estimated in the same way. We

have

η̃11,xũ
1
1 − η̃21,xũ

2
1 = η̃11,x(ũ

1
1 − ũ2

1) + (η̃11,x − η̃21,x)ũ
2
1.

As above, we estimate these terms as follows:

‖η̃11,x(ũ1
1 − ũ2

1)‖H2,1(Q∞) + ‖(η̃11,x − η̃21,x)ũ
2
1‖H2,1(Q∞)

≤ C2(‖η̃1‖H4,2(Σs∞)‖ũ1
1 − ũ2

1‖H2,1(Q∞) + ‖η̃11 − η̃21‖H4,2(Σs∞)‖ũ2
1‖H2,1(Q∞)).

Step 2: Proof of (11.1) and (11.2). To estimate the different terms in F̃ , we first
write

‖η̃1ũt‖L2(Q∞) ≤ ‖η̃1‖L∞(Σs∞)‖ũt‖L2(Q∞),

‖η̃1ωũ‖L2(Q∞) ≤ ‖η̃1‖L∞(Σs∞)‖ωũ‖L2(Q∞),

‖zη̃2ũz‖L2(Q∞) ≤ ‖η̃2‖L∞(Σs∞)‖ũz‖L2(Q∞) ≤ C‖η̃2‖L∞(0,∞;H1(Γs))‖ũz‖L2(0,∞;H1(Ω)),∥∥∥∥∥νz η̃21,x
eωt + η̃1

ũz

∥∥∥∥∥
L2(Q∞)

≤ C‖(1 + η̃1)
−1‖L∞(Σs∞)‖η̃1,x‖2L∞(Σs∞)‖ũz‖L2(Q∞)

≤ C‖η̃1,x‖L∞(Σs∞)‖ũz‖L2(Q∞),

‖νzη̃1,xxũz‖L2(Q∞) ≤ C‖η̃1,xx‖L∞(Σs∞)‖ũz‖L2(Q∞).
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In these estimates we have used that ‖(1 + η̃1)
−1‖L∞(Σs∞) ≤ μ1, ‖η̃1,x‖L∞(Σs∞) ≤ 1

and that

η̃1,xx ∈ H2,1(Σs
∞) ↪→ L∞(0,∞;H1(Γs)) ↪→ L∞(Σs

∞)

because Γs is of dimension one.
We continue as follows:

‖η̃1,xũxz‖L2(Q∞) ≤ ‖η̃1,x‖L∞(Σs∞)‖ũxz‖L2(Q∞),

‖η̃1ũxx‖L2(Q∞) ≤ ‖η̃1‖L∞(Σs∞)‖ũxx‖L2(Q∞),∥∥∥∥∥ z2η̃21,x
eωt + η̃1

ũzz

∥∥∥∥∥
L2(Q∞)

≤ C‖(1 + η̃1)
−1‖L∞(Σs∞)‖η̃1,x‖2L∞(Σs∞)‖ũzz‖L2(Q∞),

∥∥∥∥ e−ωtη̃1
eωt + η̃1

ũzz

∥∥∥∥
L2(Q∞)

≤ C‖η̃1‖L∞(Σs∞)‖ũzz‖L2(Q),

‖η̃1,xp̃z‖L2(Q) ≤ ‖η̃1,x‖L∞(Σs∞)‖p̃z‖L2(Q),

‖η̃1p̃x‖L2(Q) ≤ ‖η̃1‖L∞(Σs∞)‖p̃x‖L2(Q),

‖(1 + e−ωtη̃1)ũ1ũx‖L2(Q∞) ≤ C‖1 + η̃1‖L∞(Σs∞)‖ũ1‖L∞(0,∞;H1(Ω))‖ũx‖L2(0,∞;H1(Ω)),

‖e−ωtη̃1,xũ1‖L2(Q∞) ≤ C‖η̃1,x‖L∞(Σs∞)‖ũ1‖L2(0,∞;L2(Ω)),

‖ũ2ũz‖L2(Q∞) ≤ C‖ũ2‖L∞(0,∞;H1(Ω))‖ũz‖L2(0,∞;H1(Ω)),

‖(ũ · ∇)ũ‖L2(Q∞) ≤ C‖ũ‖L∞(0,∞;H1(Ω))‖ũ‖L2(0,∞;H1(Ω)).

Thus

‖F̃ (ũ, p̃, η̃1, η̃2)‖L2(0,∞;L2(Ω))

≤ C2(‖η̃1‖H4,2(Σs∞)‖ũ1‖H2,1(Q∞) + ‖η̃2‖H2,1(Σs∞)‖ũ1‖H2,1(Q∞)

+ ‖η̃1‖H4,2(Σs∞)‖p̃‖L2(0,∞;H1(Ω)) + ‖ũ‖H2,1(Q∞)‖ũ‖H2,1(Q∞)).

Estimate (11.2) can be proved in the same way.
Step 3: Proof of (11.5) and (11.6). We have∥∥∥∥ η̃1,x
eωt + η̃1

ũ1,z

∥∥∥∥
L2(Σs∞)

≤ C‖(1 + η̃1)
−1‖L∞(Σs∞)‖η̃1,x‖L∞(Σs∞)‖ũ1,z‖L2(Σs∞),

‖η̃1,xũ2,x‖L2(Σs∞) ≤ C‖η̃1,x‖L∞(Σs∞)‖ũ2,x‖L2(Σs∞),∥∥∥∥∥ η̃21,x
eωt + η̃1

ũ2,z

∥∥∥∥∥
L2(Σs∞)

≤ C‖(1 + η̃1)
−1‖L∞(Σs∞)‖η̃1,x‖2L∞(Σs∞)‖ũ2,z‖L2(Σs∞),

∥∥∥∥ η̃1
eωt + η̃1

ũ2,z

∥∥∥∥
L2(Σs∞)

≤ C‖η̃1‖2L∞(Σs∞)‖ũ2,z‖L2(Σs∞).

(We have used that ‖(1 + η̃1)
−1‖L∞(Σs∞) ≤ μ1 and ‖η̃1,x‖L∞(Σs∞) ≤ 1.) With these

estimates we can show that

‖H̃(ũ, η̃1)‖L2(Σs∞) ≤ C2‖ũ1‖H2,1(Q∞)‖η̃1‖H4,2(Σs∞)

and that

‖H̃(ũ1, η̃11)− H̃(ũ2, η̃21)‖L2(Σs∞)

≤ C2(‖ũ1‖H2,1(Q∞)‖η̃11 − η̃21‖H4,2(Σs∞) + ‖ũ1
1 − ũ2

1‖H2,1(Q∞)‖η̃1‖H4,2(Σs∞)).
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12. Proof of Theorem 10.1. To prove Theorem 10.1, we consider the nonho-
mogeneous closed loop linear system
(12.1)

vt − div σ(v, p)− ωv = e−ωtF̃ and div v = e−ωtG̃ = e−ωtdiv w̃ in Q∞,

v = η2�e2 on Σs∞, v = 0 on Σ0∞, v(0) = û0 in Ω,

η1,t = η2 + ωη1 on Σs
∞,

η2,t − ωη2 − βη1,xx − δη2,xx + αη1,xxxx

= ρ1p− 2νρ2v2,z + e−ωtH̃ −Π3(v, η1, η2) on Σs∞,

η1 = 0 and η1,x = 0 on
{
0, L
}
× (0,∞),

η1(0) = η01 and η2(0) = η02 in Γs,

where F̃ , G̃, and H̃ stand, respectively, for the mappings F̃ (η̃1, η̃2, ũ,∇p̃), G̃(η̃1, ũ),
and H̃(ũ, p̃, η̃1) defined in (10.2), (10.3), and (10.4).

We first choose 1 < μ1. Without loss of generality, we can assume that C1 ≥ 1
and C2(μ1) ≥ 1. We set

μ0 = min

(
1

6C1 C2(μ1)
, 1− 1

μ1

)
and θ0(μ) =

μ

2C1
.

Let us notice that if (ũ, p̃, η̃1, η̃2) belongs to D̃μ, then ‖(1 + η̃1)
−1‖L∞(Σs∞) ≤ 1

1−μ ≤
1

1−μ0
≤ μ1 and ‖η̃1,x‖L∞(Σs∞) ≤ μ < 1. Thus estimates of Theorem 11.1 may be used

for elements in D̃μ.
We are going to prove that the mapping

F : (ũ, p̃, η̃1, η̃2) �−→ (v, p, η1, η2),

where (v, p, η1, η2) is the solution to system (12.1), and in which F̃ , G̃, and H̃ are the
functions of (ũ, p̃, η̃1, η̃2) defined by (10.2), (10.3), (10.4), is a contraction in D̃μ.

If (v, p, η1, η2) = F(ũ, p̃, η̃1, η̃2), due to Theorems 9.1 and 11.1, we have

‖v‖H2,1(Q∞) + ‖p‖L2(0,∞;H1(Ω)) + ‖η1‖H4,2(Σs∞) + ‖η1‖L∞(Σs∞) + ‖η2‖H2,1(Σs∞)

≤ C1(‖Pv0‖V1
0(Ω) + ‖η01‖H3(Γs)∩H2

0 (Γs) + ‖η02‖H1
0 (Γs)

+ ‖e−ωtF̃‖L2(Q∞) + ‖e−ωtw̃‖H2,1(Q∞) + ‖e−ωtH̃‖L2(Σs∞))

≤ C1

(
1

2C1
μ+ 3C2μ

2

)
≤ μ.

Thus F is a mapping from D̃μ into itself.

Let (ũ1, p̃1, η̃11 , η
1
2) and (ũ2, p̃2, η̃21 , η

2
2) belong to Ẽμ. For i = 1, 2, we set (vi, pi, ηi1,

ηi2) = F(ũi, p̃i, η̃i1, η
i
2). Due to Theorems 9.1 and 11.1, we also have
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‖v1 − v2‖H2,1(Q∞) + ‖p1 − p2‖L2(0,∞;H1(Ω)) + ‖η11 − η21‖H4,2(Σs∞)

+ ‖η11 − η21‖L∞(Σs∞) + ‖η12 − η22‖H2,1(Σs∞)

≤ C1(‖e−ωt(F̃ 1 − F̃ 2)‖L2(Q∞) + ‖e−ωt(w̃1 − w̃2)‖H2,1(Q∞) + ‖e−ωt(H̃1 − H̃2)‖L2(Σs∞))

≤ 3C1C2μ(‖v1 − v2‖H2,1(Q∞) + ‖p1 − p2‖L2(0,∞;H1(Ω)) + ‖η11 − η21‖H4,2(Σs∞)

+ ‖η12 − η22‖H2,1(Σs∞))

≤ 1
2 (‖v1 − v2‖H2,1(Q∞) + ‖p1 − p2‖L2(0,∞;H1(Ω))

+ ‖η11 − η21‖H4,2(Σs∞) + ‖η12 − η22‖H2,1(Σs∞)).

Thus F is a contraction in D̃μ, and the proof is complete.

Appendix. In this section we analyze what results can be extended to models
slightly different from system (1.1).

A.1. The case when δ = 0. In that case Theorem 3.4 is replaced by the
following.

Theorem A.1. The operator (A, D(A)), with δ = 0, is the infinitesimal genera-
tor of a strongly continuous semigroup on H, and the resolvent of A is compact.

Theorem 5.1 is still valid, but we cannot deduce the stabilizability of system
(5.1) from the approximate controllability result stated in Theorem 5.1 because the
semigroup generated by (A, D(A)) is no longer analytic. Therefore the assumption
δ > 0 is essential in sections 6–12.

Of course, since the control acts everywhere in the structure, if we want to control
system (1.1) in the case when δ = 0, we can artificially add a viscous term −δ ηtxx in
the model, determine the corresponding feedback, and take the sum of this feedback
and of δ ηtxx as feedback for the original system. In that case the total feedback law
is no longer a bounded operator from Ĥ into Hs.

A.2. The case when Ω is not a rectangular domain. We can consider 2D
domains Ω of class C2 for which Γs = (0, L)× {1} ⊂ Γ, where Γ is the boundary of
Ω. We may assume in addition that (0, L) × (0, 1) ⊂ Ω. In that case Theorem 3.4
is still valid. But we do not know whether Theorem 5.1 is still valid. The unique
continuation property, which is the main argument in the proof of Theorem 5.1, is
in that case an open problem. (See, e.g., [22] to see for which domains the unique
continuation property is established.)

Using results in [22], it is possible to extend results of the present paper to domains
Ω which are not necessarily of rectangular type but which have a corner at the junction
between the structure and the rigid part of the boundary Γ of Ω. In that case if
(Pv, η1, η2) belongs toD(A), Pv does not necessarily belong to V2

n(Ω). It is necessary
to analyze the loss of regularity for Pv, due to the presence of the corner at the
boundary of Ω, and the loss of regularity for the associated pressure, to see whether we
still have (η1, η2) ∈ (H2

0 (Γs)∩L2
0(Γs))×L2

0(Γs) when (Pv, η1, η2) ∈ D(A). Therefore
this loss of regularity of elements belonging to D(A) implies that the regularity results
of Theorem 9.1 have to be weakened. Therefore, it may happen that the analysis of
the nonlinear closed loop system made in section 10–12 fails.

A.3. 3D models. If we want to extend some results of the paper to 3D models,
we have to replace the beam equation by a plate equation with a damping of the
form −δΔηt. Let us notice that this damping is different from that considered in [7].
We can consider either the case when Ω is the parallelepiped (0, L1)× (0, L2)× (0, 1)
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and Γs, the reference configuration for the plate, is (0, L1)× (0, L2)× {1} or the case
when Ω is a domain of class C2 and the reference configuration for the plate is a 2D
domain with a boundary of class C2. The analogue of Theorem 3.4 can be established
in those cases, but it is out of the scope of the paper to give a precise definition of
the corresponding operator A and its domain D(A). As mentioned in section A.2, no
approximate controllability result is known in those cases.

A.4. Periodic boundary conditions. As mentioned in the introduction, some
results can be extended to systems of the form (1.1) in which the boundary conditions
u = 0 on {0}× (0, 1)∪{1}× (0, 1) are replaced by periodic boundary conditions as in
[3]. Using the stabilizability results from [4] for a channel flow problem, it is possible to
extend the results of our paper to these models. For that we have to consider a model
with two beams, one beam occupying the upper part of the boundary of the rectangle
Ω = (0, L)×(0, 1) and the other occupying the lower part. The complete stabilizability
results that we obtain in section 5 may be replaced, using [4], by stabilizability for
some exponential decay rate. And therefore we have to adapt results that are stated
for an arbitrary exponential decay rate −ω to the case where the decay rate is the
one obtained in the paper by Barbu [4].

A.5. Other boundary conditions. It may be more relevant, from the physical
viewpoint, to replace the boundary condition

u(x, 1 + η(x, t), t) = ηt(x, t)�e2 for (x, t) ∈ (0, L)× (0,∞)

by the following (see [13, 1.1c]):

(A.1) u(x, 1 + η(x, t), t) · n(x, t) (1 + η2x)
1/2 = ηt(x, t) for (x, t) ∈ (0, L)× (0,∞).

In that case this boundary condition may be completed by a condition on the tan-
gential component of the normal stress at the boundary,
(A.2)
(σ(u(x, 1 + η(x, t), t), p(x, 1 + η(x, t), t))n(x, t))·τ(x, t) = 0 for (x, t) ∈ (0, L)×(0,∞),

where

τ(t) =

(
1√

1 + η2x(t)
,

ηx(t)√
1 + η2x(t)

)T

.

(Such a model is considered in [13].) Due to (A.1) and (A.2), in the linearized model
(1.2) the boundary condition

v = η2�e2 on Σs
∞

has to be replaced by

(A.3) v · �e2 = η2 and (σ(v, p)�e2) · �e1 = 0 on Σs
∞.

We think that the results of sections 2–4 can be extended to that case. However,
the regularity results that we use in section 3 for the Stokes equation with Dirichlet
boundary conditions have to be recovered if the linearized model is written with the
boundary conditions (A.3). This has to be done very carefully, and it is out of the
scope of the present paper. The approximate controllability result of section 5 is
an open problem in that case. In particular the unique continuation result for the
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Stokes equation proved in [21] for Dirichlet boundary conditions is not known when
the Dirichlet condition on Γs is replaced by

v · �e2 = 0 and (σ(v, p)�e2) · �e1 = 0 on Γs.
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