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Motivation

• We have data X1, . . . ,Xn on manifolds or stratified
spaces.

• We want to do inference: statistical testing,
• controlling the error of the first kind,

P{ accept H0|H0 is true} ≥ 1− α ,

• asymptotically exact as n→∞,
• or even exact for finite n ( Thomas’ talk at 15:30).

Here we do nonparametric asymptotics.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Motivation

• We have data X1, . . . ,Xn on manifolds or stratified
spaces.

• We want to do inference: statistical testing,

• controlling the error of the first kind,

P{ accept H0|H0 is true} ≥ 1− α ,

• asymptotically exact as n→∞,
• or even exact for finite n ( Thomas’ talk at 15:30).

Here we do nonparametric asymptotics.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Motivation

• We have data X1, . . . ,Xn on manifolds or stratified
spaces.

• We want to do inference: statistical testing,
• controlling the error of the first kind,

P{ accept H0|H0 is true} ≥ 1− α ,

• asymptotically exact as n→∞,
• or even exact for finite n ( Thomas’ talk at 15:30).

Here we do nonparametric asymptotics.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Motivation

• We have data X1, . . . ,Xn on manifolds or stratified
spaces.

• We want to do inference: statistical testing,
• controlling the error of the first kind,

P{ accept H0|H0 is true} ≥ 1− α ,

• asymptotically exact as n→∞,

• or even exact for finite n ( Thomas’ talk at 15:30).

Here we do nonparametric asymptotics.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Motivation

• We have data X1, . . . ,Xn on manifolds or stratified
spaces.

• We want to do inference: statistical testing,
• controlling the error of the first kind,

P{ accept H0|H0 is true} ≥ 1− α ,

• asymptotically exact as n→∞,
• or even exact for finite n ( Thomas’ talk at 15:30).

Here we do nonparametric asymptotics.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Motivation

• We have data X1, . . . ,Xn on manifolds or stratified
spaces.

• We want to do inference: statistical testing,
• controlling the error of the first kind,

P{ accept H0|H0 is true} ≥ 1− α ,

• asymptotically exact as n→∞,
• or even exact for finite n ( Thomas’ talk at 15:30).

Here we do nonparametric asymptotics.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Motivation

• We have data X1, . . . ,Xn on manifolds or stratified
spaces.

• We want to do inference: statistical testing,
• controlling the error of the first kind,

P{ accept H0|H0 is true} ≥ 1− α ,

• asymptotically exact as n→∞,
• or even exact for finite n ( Thomas’ talk at 15:30).

Here we do nonparametric asymptotics.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Euclidean Analog
Let i.i.d. X ,X1,X2, . . . ∈ RD and X̄n = X1+...+Xn

n

Theorem (The Strong Law)
If E[X ] exists then for n→∞

X̄n → E[X ] a.s.

Theorem (The Central Limit Theorem)
If E[‖X‖2] <∞ then for n→∞

√
n
(
X̄n − E[X ]

) D→ N (0, cov[X ])

Test statistic for E[X ]: cov[X ]−1/2√n
(
X̄n − E[X ]

) D→N (0, I)

plugging in ΣX
n = 1

n−1
∑n

j=1(Xj − X̄n)(Xj − X̄n)T for cov[X ].
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Test for Equality of Means

Two groups of random variables

X1, . . . ,Xn
i.i.d.∼ X ∈ RD Y1, . . . ,Ym

i.i.d.∼ Y ∈ RD
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Test H0: E[X ] = E[Y ]
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Hotelling Test for Equality of Means
• Under H0 and either cov[X ] = cov[Y ] or n/m→ 1,

T 2 :=
n + m − 2

1
n + 1

m

(X̄n − Ȳm)T (nΣX
n + mΣY

m)−1(X̄n − Ȳm)

D→ explicitly known limit (n,m→∞, 0 < lim n/m <∞)
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Reject H0 with significance (α = 0.05), not highly (α = 0.01).
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Principal Component Analysis (PCA)
Spectral decomposition cov[X ] = ΓΛΓT .
• With eigenvectors Γ = (γ1, . . . , γm) ∈ SO(m) to

• eigenvalues λ1 ≥ . . . ≥ λm ≥ 0, Λ = diag(λ1, . . . , λm)
• giving main modes of variation→ dimension reduction.
• Test for PCs γj ? Note, γj ∈ Sm−1. Actually in RPm−1.
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The Bhattacharya and Patrangenaru (2005) CLT
Data X1, . . . ,Xn

i.i.d.∼ X on a Riemannian D-manifold (M, ρ).

Fréchet functions

F (p) =
1
2
E[ρ(X ,p)2], Fn(p) =

1
2n

n∑
j=1

ρ(Xj ,p)2 .

Assumptions:

(A1) unique Fréchet mean µ ∈ argminp∈M F (p)
(difficult: Karcher (1977); Kendall (1990); Le (1998);
Groisser (2005); Afsari (2011), not covered here),

(A2) in a local chart (U, φ), µ ∈ U ⊆ M, φ−1(U) = V ⊆ RD,

x 7→ ρ
(
X , φ(x)

)2 a. s. ∈ C2(V ) ,

(A3) µn
P→µ for a measurable selection of sample means

µn ∈ argmin
p∈M

Fn(p)

(guaranteed by Ziezold (1977); Bhattacharya and
Patrangenaru (2003) under very general conditions).
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The Bhattacharya and Patrangenaru (2005) CLT
More assumptions:

(A4) ∃G := cov
[
grad|x=φ−1(µ)ρ

2(X , φ(x)
)]

,

∃H := E
[
H
(
X , φ−1(µ)

)]
, H(X , x) = Hess|xρ2(X , φ(x)

)
(we cannot do without, e.g. valid on compact M)

(A5) as ε→ 0,

E

[
sup

x=φ−1(µ),‖x−x ′‖<ε

∣∣H(X , x)− H(X , x ′)
∣∣]→ 0

(A6) H is not singular.

Theorem (Bhattacharya and Patrangenaru (2005);
Bhattacharya and Lin (2017))
Under Assumptions (A1) — (A6):

√
n
(
φ−1(µn)− φ−1(µ)

)
D→N

(
0,H−1GH−1

)
.
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Sketch of Proof
• W.l.o.g φ−1(µ) = 0, φ−1(µn) = xn.

• SLLN by Ziezold (1977); Bhattacharya and
Patrangenaru (2003): xn

a.s.→ 0.
• Fréchet functions:

Fn(x) =
1

2n

n∑
j=1

ρ(Xj , φ(x)
)2
, F (x) =

1
2
E[ρ(X , φ(x))2] ,

• Taylor expansion (with suitable x̃ between 0 and x0),
√

n grad|x=x0Fn(x) =
√

n grad|x=0Fn(x) + Hess|x=x̃Fn(x)
√

nx0 ,

(A2)⇒ holds also a.s. for random x0 = xn
• generalized weak law (n→∞ and x0 → 0)

Hess|x=x̃Fn(x)
P→E

[
Hess|x=0ρ(X , x)2

]
= H ,

(A5)⇒ holds also for random x0 = xn, and
(A6)⇒ E

[
Hess|x=0ρ(X , x)2] > 0

⇒ BP-CLT.
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(A2) Dissected: The Cut Locus
Corollary (2.3 from Bhattacharya and Lin (2017))
Instead of

(A2) in a local chart (U, φ), µ ∈ U ⊆ M, φ−1(U) = V ⊆ RD,

x 7→ ρ
(
X , φ(x)

)2 is a. s. ∈ C2(V )

it suffices to require
(C) there is a neighborhood W ⊆ M of the cut locus Cut(µ)

of µ such that P{X ∈W} = 0.

This is problematic, because

Example (Eltzner et al. (2019))
On the flat cylinder M = S1×R there is a r.v. X that satisfies
(C) but not (A2).

Theorem (Le and Barden (2014))
P{X ∈ Cut(µ)} = 0.
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of µ such that P{X ∈W} = 0.

This is problematic, because

Example (Eltzner et al. (2019))
On the flat cylinder M = S1×R there is a r.v. X that satisfies
(C) but not (A2).

Theorem (Le and Barden (2014))
P{X ∈ Cut(µ)} = 0.
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Stability of the Cut Locus
Let M be a complete, connected Riemannian D-manifold.
We say that (the cut loci of) M is (are)

topologically stable if ∀ p ∈ M, neighborhoods W of
Cut(p), ∃δ = δW ,p such that Cut

(
B(p, δ)

)
⊆W ;

geometrically stable if ∀ p ∈ M, ε > 0, ∃δ = δε,p such
that Cut

(
B(p, δ)

)
⊆ B

(
Cut(p), ε

)
.

Theorem (Eltzner et al. (2019))

1 M topologically stable⇒ M geometrically stable;
2 M compact⇒ M topologically stable;
3 M topologically stable and (C)⇒ (A2);
4 M topologically stable⇒ Bhattacharya and Lin (2017,

Cor. 2.3) holds.

Example (Eltzner et al. (2019))
1. The flat cylinder M = S1×R is metrically stable;
2. The Beltrami trumpet (pseudosphere) is not metrically
stable.
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What Else Can Go Wrong?
Consider (McKilliam et al. (2012), Hotz and H. 2015):

• X1, . . . ,Xn
i.i.d.∼ X ∈ S1 = [−π, π]/ ∼

• Fréchet means 0 (population), xn (sample)
• f local density near −π ∼= π, w.l.o.g. x ≥ 0

2nFn(x) =
∑

Xj∈[x−π,π]

(Xj − x)2 +
∑

Xj<x−π
(Xj + 2π − x)2

=
n∑

j=1

(Xj − x)2 + 4π
∑

Xj<x−π
(Xj − x + π)

Hess|xFn(x) = 1 a.s., but Hess|x=0F (x) = 1− 2πf (−π)
corresponds to H.

f (−π) > 0 possible, E(A5)

Even f (−π) = 1
2π possible, E(A6)
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A More General CLT
• With unique (A1) population mean µ = φ(0),

measurable selection µn = φ(xn) of sample means,

• Taylor with 2 ≤ r , R ∈ SO(m) and T1, . . . ,Tm 6= 0,

F (x) = F (0) +
m∑

j=1

Tj
∣∣(Rx)j

∣∣r + o(‖x‖r ) ,

• Donsker cond.: ∃ ρ̇0(X ) := gradxρ(X , φ(x))2|x=0 a.s.
with ∃ cov[ρ̇0(X )], m’ble function ρ̇ : M → R such that
E[ρ̇(X )2] <∞ and ∀x1, x2 ∈ V ,

|ρ(X , φ(x1))2 − ρ(X , φ(x2))2| ≤ ρ̇(X )‖x1 − x2‖ a. s.,

• if µn ∈ En m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)√
n Rxn|Rxn|r−2 D→N (0,Σ) (power component-wise),

suitable Σ > 0. xn has rate n−
1

2(r−1) , is r − 2-smeary.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

A More General CLT
• With unique (A1) population mean µ = φ(0),

measurable selection µn = φ(xn) of sample means,
• Taylor with 2 ≤ r , R ∈ SO(m) and T1, . . . ,Tm 6= 0,

F (x) = F (0) +
m∑

j=1

Tj
∣∣(Rx)j

∣∣r + o(‖x‖r ) ,

• Donsker cond.: ∃ ρ̇0(X ) := gradxρ(X , φ(x))2|x=0 a.s.
with ∃ cov[ρ̇0(X )], m’ble function ρ̇ : M → R such that
E[ρ̇(X )2] <∞ and ∀x1, x2 ∈ V ,

|ρ(X , φ(x1))2 − ρ(X , φ(x2))2| ≤ ρ̇(X )‖x1 − x2‖ a. s.,

• if µn ∈ En m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)√
n Rxn|Rxn|r−2 D→N (0,Σ) (power component-wise),

suitable Σ > 0. xn has rate n−
1

2(r−1) , is r − 2-smeary.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

A More General CLT
• With unique (A1) population mean µ = φ(0),

measurable selection µn = φ(xn) of sample means,
• Taylor with 2 ≤ r , R ∈ SO(m) and T1, . . . ,Tm 6= 0,

F (x) = F (0) +
m∑

j=1

Tj
∣∣(Rx)j

∣∣r + o(‖x‖r ) ,

• Donsker cond.: ∃ ρ̇0(X ) := gradxρ(X , φ(x))2|x=0 a.s.
with ∃ cov[ρ̇0(X )], m’ble function ρ̇ : M → R such that
E[ρ̇(X )2] <∞ and ∀x1, x2 ∈ V ,

|ρ(X , φ(x1))2 − ρ(X , φ(x2))2| ≤ ρ̇(X )‖x1 − x2‖ a. s.,

• if µn ∈ En m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)√
n Rxn|Rxn|r−2 D→N (0,Σ) (power component-wise),

suitable Σ > 0. xn has rate n−
1

2(r−1) , is r − 2-smeary.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

A More General CLT
• With unique (A1) population mean µ = φ(0),

measurable selection µn = φ(xn) of sample means,
• Taylor with 2 ≤ r , R ∈ SO(m) and T1, . . . ,Tm 6= 0,

F (x) = F (0) +
m∑

j=1

Tj
∣∣(Rx)j

∣∣r + o(‖x‖r ) ,

• Donsker cond.: ∃ ρ̇0(X ) := gradxρ(X , φ(x))2|x=0 a.s.
with ∃ cov[ρ̇0(X )], m’ble function ρ̇ : M → R such that
E[ρ̇(X )2] <∞ and ∀x1, x2 ∈ V ,

|ρ(X , φ(x1))2 − ρ(X , φ(x2))2| ≤ ρ̇(X )‖x1 − x2‖ a. s.,

• if µn ∈ En m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)√
n Rxn|Rxn|r−2 D→N (0,Σ) (power component-wise),

suitable Σ > 0. xn has rate n−
1

2(r−1) , is r − 2-smeary.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

A More General CLT
• With unique (A1) population mean µ = φ(0),

measurable selection µn = φ(xn) of sample means,
• Taylor with 2 ≤ r , R ∈ SO(m) and T1, . . . ,Tm 6= 0,

F (x) = F (0) +
m∑

j=1

Tj
∣∣(Rx)j

∣∣r + o(‖x‖r ) ,

• Donsker cond.: ∃ ρ̇0(X ) := gradxρ(X , φ(x))2|x=0 a.s.
with ∃ cov[ρ̇0(X )], m’ble function ρ̇ : M → R such that
E[ρ̇(X )2] <∞ and ∀x1, x2 ∈ V ,

|ρ(X , φ(x1))2 − ρ(X , φ(x2))2| ≤ ρ̇(X )‖x1 − x2‖ a. s.,

• if µn ∈ En m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)√
n Rxn|Rxn|r−2 D→N (0,Σ) (power component-wise),

suitable Σ > 0. xn has rate n−
1

2(r−1) , is r − 2-smeary.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

A More General CLT
• With unique (A1) population mean µ = φ(0),

measurable selection µn = φ(xn) of sample means,
• Taylor with 2 ≤ r , R ∈ SO(m) and T1, . . . ,Tm 6= 0,

F (x) = F (0) +
m∑

j=1

Tj
∣∣(Rx)j

∣∣r + o(‖x‖r ) ,

• Donsker cond.: ∃ ρ̇0(X ) := gradxρ(X , φ(x))2|x=0 a.s.
with ∃ cov[ρ̇0(X )], m’ble function ρ̇ : M → R such that
E[ρ̇(X )2] <∞ and ∀x1, x2 ∈ V ,

|ρ(X , φ(x1))2 − ρ(X , φ(x2))2| ≤ ρ̇(X )‖x1 − x2‖ a. s.,

• if µn ∈ En m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)√
n Rxn|Rxn|r−2 D→N (0,Σ) (power component-wise),

suitable Σ > 0.

xn has rate n−
1

2(r−1) , is r − 2-smeary.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

A More General CLT
• With unique (A1) population mean µ = φ(0),

measurable selection µn = φ(xn) of sample means,
• Taylor with 2 ≤ r , R ∈ SO(m) and T1, . . . ,Tm 6= 0,

F (x) = F (0) +
m∑

j=1

Tj
∣∣(Rx)j

∣∣r + o(‖x‖r ) ,

• Donsker cond.: ∃ ρ̇0(X ) := gradxρ(X , φ(x))2|x=0 a.s.
with ∃ cov[ρ̇0(X )], m’ble function ρ̇ : M → R such that
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• if µn ∈ En m’ble, use some van der Vaart (2000),

Theorem (Eltzner and H. 2018)√
n Rxn|Rxn|r−2 D→N (0,Σ) (power component-wise),

suitable Σ > 0. xn has rate n−
1

2(r−1) , is r − 2-smeary.
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Smeariness: The Beast is Real

• ∃ arbitrary smeariness on S1 (Hotz and H., 2015);

• ∃ r − 2 = 2 smeariness on Sm for all m ∈ N (Eltzner and
H., 2018);

• ∃ r − 2 = 2 smeariness on Sm for all m ≥ 5 with (C)
(Eltzner, 2019);

• smeariness is measure dependent (!);
• smeariness, although only for nullset of the parameter

space influences finite sample rates nearby.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Smeariness: The Beast is Real

• ∃ arbitrary smeariness on S1 (Hotz and H., 2015);
• ∃ r − 2 = 2 smeariness on Sm for all m ∈ N (Eltzner and

H., 2018);

• ∃ r − 2 = 2 smeariness on Sm for all m ≥ 5 with (C)
(Eltzner, 2019);

• smeariness is measure dependent (!);
• smeariness, although only for nullset of the parameter

space influences finite sample rates nearby.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Smeariness: The Beast is Real

• ∃ arbitrary smeariness on S1 (Hotz and H., 2015);
• ∃ r − 2 = 2 smeariness on Sm for all m ∈ N (Eltzner and

H., 2018);
• ∃ r − 2 = 2 smeariness on Sm for all m ≥ 5 with (C)

(Eltzner, 2019);

• smeariness is measure dependent (!);
• smeariness, although only for nullset of the parameter

space influences finite sample rates nearby.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Smeariness: The Beast is Real

• ∃ arbitrary smeariness on S1 (Hotz and H., 2015);
• ∃ r − 2 = 2 smeariness on Sm for all m ∈ N (Eltzner and

H., 2018);
• ∃ r − 2 = 2 smeariness on Sm for all m ≥ 5 with (C)

(Eltzner, 2019);
• smeariness is measure dependent (!);

• smeariness, although only for nullset of the parameter
space influences finite sample rates nearby.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Smeariness: The Beast is Real

• ∃ arbitrary smeariness on S1 (Hotz and H., 2015);
• ∃ r − 2 = 2 smeariness on Sm for all m ∈ N (Eltzner and

H., 2018);
• ∃ r − 2 = 2 smeariness on Sm for all m ≥ 5 with (C)

(Eltzner, 2019);
• smeariness is measure dependent (!);
• smeariness, although only for nullset of the parameter

space influences finite sample rates nearby.



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Finite Sample Smeariness

from Mardia and Jupp (2000).

Bootstrapped variance
black = Euclidean in
[−π, π] ⊂ R,
red = circular ∼ n2/3?
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Two-Smeariness (Eltzner and H. 2018)

r − 2 = 2 smeary (dashed line)

On a sphere Sm with dimension (all derivatives O(m−1/2))
m = 2 m = 10 m = 100
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Separating Data from Descriptor Space
Generalized Fréchet Means (S.H 2011a,b):

• Random X1, . . . ,Xn
i.i.d.∼ X ∈ Q on a data space Q

• P = descriptor space, e.g. Γ(Q) = space of geodesics
on Q

• ρ : Q × P → [0,∞) continuous = link function
• γ ∈ argminp∈P E[ρ(X ,p)2] = generalized population

Fréchet mean
• γ̂ ∈ argminp∈P

∑b
j=1 ρ(Xj ,p)2 = generalized sample

Fréchet mean

• If γ is unique,

• γ̂ → γ a.s. by S.H. (2011b) under weak regularity
conditions

•
√

n (φ(γ̂)− φ(γ))
D→N (0,Σ) by S.H. (2011a) if P is near

γ a manifold with local chart φ, under regularity
conditions adapted from (A1) – (A6).
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Application: The CLT of Classical PCA
Original CLT proof by Anderson (1963) has not been
reproduced (not even by himself). ∃ nonnormal perturbation
theory proofs, e.g. Davis (1977); Watson (1983); Ruymgaart
and Yang (1997).

Q = Rm, P = G(m, k) 3 p = span(

=:W︷ ︸︸ ︷
vk+1, . . . , vm)⊥:

cov[X ] = V ΛV T , λ1 = . . . = λk > λk+1 ≥ . . . ≥ λm > 0;
cov[X1, . . . ,Xn] = V̂ Λ̂V̂ T , λ̂1 ≥ . . . ≥ λ̂k ≥ λ̂k+1 ≥ . . . λ̂m ≥ 0;
d(p,p′)2 = minR∈O(m−k) ‖W − RW ′‖2

ρ(X ,p)2 = ‖X −WW T X‖2 = ‖X‖2 − trace(W T XX T W );
⇒ (A1), Taylor with r = 2;
ρ(X ,p′)2 − ρ(X ,p)2 = trace(W T XX T W )− trace(W ′T XX T W ′),
with E [‖X‖4] <∞⇒ Donsker;
⇒
√

n Gaussian CLT.
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and Yang (1997).

Q = Rm, P = G(m, k) 3 p = span(

=:W︷ ︸︸ ︷
vk+1, . . . , vm)⊥:

cov[X ] = V ΛV T , λ1 = . . . = λk > λk+1 ≥ . . . ≥ λm > 0;
cov[X1, . . . ,Xn] = V̂ Λ̂V̂ T , λ̂1 ≥ . . . ≥ λ̂k ≥ λ̂k+1 ≥ . . . λ̂m ≥ 0;
d(p,p′)2 = minR∈O(m−k) ‖W − RW ′‖2

ρ(X ,p)2 = ‖X −WW T X‖2 = ‖X‖2 − trace(W T XX T W );
⇒ (A1), Taylor with r = 2;
ρ(X ,p′)2 − ρ(X ,p)2 = trace(W T XX T W )− trace(W ′T XX T W ′),

with E [‖X‖4] <∞⇒ Donsker;
⇒
√

n Gaussian CLT.
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More Applications
• Geodesic PCA (GPCA) on Riemannian spaces by S.H

et al. (2010):

• P1 = Γ(Q) = all geodesics on Q,
 γ1 and γ̂1 = 1st geodesic PCs

• P2 = {p ∈ Γ(Q) : γ1 ⊥ p, γ1 ∩ p 6= ∅}
P̂2 = {p ∈ Γ(Q) : γ̂1 ⊥ p, γ̂1 ∩ p 6= ∅}
 γ2 and γ̂2 = 2nd geodesic PCs

•
...

• If M is a Riemannian manifold and G a Lie group acting
properly and isometrically on G then the shape space
Q := M/G is a Riemann stratified space, so is Γ(Q).

• A shape space has an open and dense
top-dimensional manifold part Q∗ (cf. Bredon (1972)).

• Manifold stability for intrinsic means (singularities are
repulsive for means) not for Procrustes means (!), cf.
S.H. (2012). Open for GPCs.
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Euclidean visualization of scores,
o.g. projection onto GPCs (H. et al, 2010)

28 tetrahedral iron-age
fibulae from a grave site in
Münsingen, Switzerland
(Hodson et al. (1966) and
Small (1996)).

PC1

P
C

2

GPCA scores

Groups from old to
young: filled circles,
stars, crosses,
diamonds and circles.

PC2: Shape change;
PC1: Stronger effect,
diversification.
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Two-Sample Descriptor Test

Data: X1, . . . ,Xn︸ ︷︷ ︸ , Y1, . . . ,Ym︸ ︷︷ ︸ ∈ Q

↓ ↓
Descriptors: pX pY ∈ P

↓ φ−1 ↓
Coordinates: Z X Z Y ∈ RD

Under H0 : µX = µY ,

nm
n + m

(m + n − 2)(Z X − Z Y )T
(

n ĉov[Z X
1...n] + m ĉov[Z Y

1...m]
)−1

·(Z X − Z Y ) ∼ T 2(k ,n + m − 2)

But how to access ĉov[Z X
1...n] and ĉov[Z Y

1...m]?
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Bootstrapping
For b = 1, . . . ,B, resample:
• X ∗1,b, . . . ,X

∗
n,b from X1, . . . ,Xn gives ĉov[Z X

1...n]

• Y ∗1,b, . . . ,Y
∗
m,b from Y1, . . . ,Ym gives ĉov[Z Y

1...m]

• set A = n ĉov[Z X
1...n] + m ĉov[Z Y

1...m]

Again, for b = 1, . . . ,B′, resample:
• W ∗

1,b, . . . ,W
∗
n+m,b from X1, . . . ,Xn,Y1, . . . ,Ym

• set X ∗j,b = W ∗
j,b for j = 1, . . . ,n

• set Y ∗j,b = W ∗
j+n,b for j = 1, . . . ,m

• compute the empirical quantile c∗1−α such that

• P
{

(Z X∗ − Z Y∗)T A−1(Z X∗ − Z Y∗) ≤ c∗1−α

|X1, . . . ,Xn,Y1, . . . ,Ym

}
≥ 1− α

Then, the test

reject H0 if (Z X − Z Y )T A−1(Z X − Z Y ) > c∗1−α

has the asymptotic level α.
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Bootstrapping
For b = 1, . . . ,B, resample:
• X ∗1,b, . . . ,X

∗
n,b from X1, . . . ,Xn gives ĉov[Z X

1...n]

• Y ∗1,b, . . . ,Y
∗
m,b from Y1, . . . ,Ym gives ĉov[Z Y

1...m]

• set A = n ĉov[Z X
1...n] + m ĉov[Z Y

1...m]
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∗
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reject H0 if (Z X − Z Y )T A−1(Z X − Z Y ) > c∗1−α
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Improved Power
Recall, for b = 1, . . . ,B′, resample:
• W ∗

1,b, . . . ,W
∗
n+m,b from X1, . . . ,Xn,Y1, . . . ,Ym

• set X ∗j,b = W ∗
j,b for j = 1, . . . ,n

• set Y ∗j,b = W ∗
j+n,b for j = 1, . . . ,m

• compute the empirical quantile c∗1−α such that

• P
{

(Z X∗ − Z Y∗)T A−1(Z X∗ − Z Y∗) ≤ c∗1−α
}
≥ 1− α

Then, reject H0 if (Z X − Z Y )T A−1(Z X − Z Y ) > c∗1−α

To improve the power, resample

• X ∗,b from X1, . . . ,Xn and Y ∗,b from Y1, . . . ,Ym

• set dX∗ = Z X∗ − ZµX
, dY∗ = Z Y∗ − ZµY

• compute the empirical quantile c∗1−α such that

• P
{

(dX∗ − dY∗)T A−1(dX∗ − dY∗) ≤ c∗1−α
}
≥ 1− α

Then, rejecting H0 if (Z X − Z Y )T A−1(Z X − Z Y ) > c∗1−α has
the asymptotic level α and we have simulated “close” to H0.
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Sequences of Nested
Subspaces

Note:
• Euclidean PCA ist canonically nested.
• non-Euclidean PCA is not.

For data on a sphere Q = Sm, Jung et al. (2012) define
principal nested spheres (PNS) by residual variance
minimization
• Sm ⊃ Ŝm−1 ⊃ . . . ⊃ Ŝ1 ⊃ {µ̂} (great spheres).
• or even small spheres,
• backward nested.

For more general spaces, Pennec (2018) defines
barycentric subspaces (next two days)
• forward or backward nested or all at once.

How about asymptotics of such nested random subspaces?
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Backward Nested Families of Descriptors
Q (topological, separable = ts): Data space

(i) ∃{Pj}mj=0 (ts) with continuous dj : Pj × Pj → [0,∞)
vanishing exactly on the diagonal,Pm = {Q};

(ii) every p ∈ Pj (j = 1, . . . ,m) is itself a topological space
giving rise to a topological space ∅ 6= Sp ⊆ Pj−1 with

ρp : p × Sp → [0,∞) , continuous ;

(iii) ∀ p ∈ Pj (j = 1, . . . ,m) and s ∈ Sp ∃ “projection”

πp,s : p → s , measurable .

For j ∈ {1, . . . ,m},
f = {pm, . . . ,pj}, with pl−1 ∈ Spl , l = j + 1, . . . ,m

is BNFD from Pm to Pj from the space

Tm,j =
{

f = {pl}jl=m : pl−1 ∈ Spl , l = j + 1, . . . ,m
}
,

with projection along each descriptor

πf = πpj+1,pj ◦ . . . ◦ πpm,pm−1 : pm → pj



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Backward Nested Families of Descriptors
Q (topological, separable = ts): Data space

(i) ∃{Pj}mj=0 (ts) with continuous dj : Pj × Pj → [0,∞)
vanishing exactly on the diagonal,Pm = {Q};

(ii) every p ∈ Pj (j = 1, . . . ,m) is itself a topological space
giving rise to a topological space ∅ 6= Sp ⊆ Pj−1 with

ρp : p × Sp → [0,∞) , continuous ;

(iii) ∀ p ∈ Pj (j = 1, . . . ,m) and s ∈ Sp ∃ “projection”

πp,s : p → s , measurable .

For j ∈ {1, . . . ,m},
f = {pm, . . . ,pj}, with pl−1 ∈ Spl , l = j + 1, . . . ,m

is BNFD from Pm to Pj from the space

Tm,j =
{

f = {pl}jl=m : pl−1 ∈ Spl , l = j + 1, . . . ,m
}
,

with projection along each descriptor

πf = πpj+1,pj ◦ . . . ◦ πpm,pm−1 : pm → pj



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Backward Nested Families of Descriptors
Q (topological, separable = ts): Data space

(i) ∃{Pj}mj=0 (ts) with continuous dj : Pj × Pj → [0,∞)
vanishing exactly on the diagonal,Pm = {Q};

(ii) every p ∈ Pj (j = 1, . . . ,m) is itself a topological space
giving rise to a topological space ∅ 6= Sp ⊆ Pj−1 with

ρp : p × Sp → [0,∞) , continuous ;

(iii) ∀ p ∈ Pj (j = 1, . . . ,m) and s ∈ Sp ∃ “projection”

πp,s : p → s , measurable .

For j ∈ {1, . . . ,m},
f = {pm, . . . ,pj}, with pl−1 ∈ Spl , l = j + 1, . . . ,m

is BNFD from Pm to Pj from the space

Tm,j =
{

f = {pl}jl=m : pl−1 ∈ Spl , l = j + 1, . . . ,m
}
,

with projection along each descriptor

πf = πpj+1,pj ◦ . . . ◦ πpm,pm−1 : pm → pj



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Backward Nested Families of Descriptors
Q (topological, separable = ts): Data space

(i) ∃{Pj}mj=0 (ts) with continuous dj : Pj × Pj → [0,∞)
vanishing exactly on the diagonal,Pm = {Q};

(ii) every p ∈ Pj (j = 1, . . . ,m) is itself a topological space
giving rise to a topological space ∅ 6= Sp ⊆ Pj−1 with

ρp : p × Sp → [0,∞) , continuous ;

(iii) ∀ p ∈ Pj (j = 1, . . . ,m) and s ∈ Sp ∃ “projection”

πp,s : p → s , measurable .

For j ∈ {1, . . . ,m},
f = {pm, . . . ,pj}, with pl−1 ∈ Spl , l = j + 1, . . . ,m

is BNFD from Pm to Pj from the space

Tm,j =
{

f = {pl}jl=m : pl−1 ∈ Spl , l = j + 1, . . . ,m
}
,

with projection along each descriptor

πf = πpj+1,pj ◦ . . . ◦ πpm,pm−1 : pm → pj



CLT for
Fréchet
Means

Huckemann

Euclidean

BP/BL-CLT

(A2): Cut Locus

(A5): Emp. Pr.

(A6): Smeary

Generalizations

PCA/
Applications

Outlook

References

References

Backward Nested Families of Descriptors
Q (topological, separable = ts): Data space

(i) ∃{Pj}mj=0 (ts) with continuous dj : Pj × Pj → [0,∞)
vanishing exactly on the diagonal,Pm = {Q};

(ii) every p ∈ Pj (j = 1, . . . ,m) is itself a topological space
giving rise to a topological space ∅ 6= Sp ⊆ Pj−1 with

ρp : p × Sp → [0,∞) , continuous ;

(iii) ∀ p ∈ Pj (j = 1, . . . ,m) and s ∈ Sp ∃ “projection”

πp,s : p → s , measurable .

For j ∈ {1, . . . ,m},
f = {pm, . . . ,pj}, with pl−1 ∈ Spl , l = j + 1, . . . ,m

is BNFD from Pm to Pj from the space

Tm,j =
{

f = {pl}jl=m : pl−1 ∈ Spl , l = j + 1, . . . ,m
}
,

with projection along each descriptor
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Backward Nested Families of Descriptors
Q (topological, separable = ts): Data space
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Backward Nested Families of Descriptors

For another BNFD f ′ = {p′l}jl=m ∈ Tm,j set

d j(f , f ′) =

√√√√ j∑
l=m

dj(pl ,p′l)2 .
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Backward Nested Fréchet Means

Random elements X1, . . . ,Xn
i.i.d.∼ X on a data space Q

admitting BNFDs give rise to backward nested population
and sample means (BN means) recursively defined via
f m = {Q} = f m

n , i.e. pm = Q = pm
n and for j = m, . . . ,1,

pj−1 ∈ argmin
s∈Spj

E[ρpj (πf j ◦ X , s)2], f j−1 = (pl)j−1
l=m

pj−1
n ∈ argmin

s∈S
pj
n

n∑
i=1

ρpj
n
(πf j

n
◦ Xi , s)2, f j−1

n = (pl
n)j−1

l=m .

If all of the population minimizers are unique, we speak of
unique BN means.
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Strong Law

Theorem (S.H. and Eltzner (2018))
If the BN population means f = (pm, . . . ,pj) are unique and
fn = (pm

n , . . . ,p
j
n) is a measurable selection of BN sample

means then under “reasonable” assumptions

fn → f a.s.

i.e. ∃Ω′ ⊆ Ω m’ble with P(Ω′) = 1 such that
∀ε > 0 and ω ∈ Ω′, ∃N(ε, ω) ∈ N

d(fn, f ) < ε ∀n ≥ N(ε, ω) .
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The Joint CLT [S.H. and Eltzner (2018)]
With local chart η

ψ−1

7→ f j−1 7→ ρpj (πf j ◦ X ,pj−1)2 := τ j(η,X ):

√
nHψ

(
ψ(f j−1

n )− ψ(f ′j−1
)
)
→ N (0,Bψ) .

Idea of proof:

0 = gradη

n∑
k=1

τ j(ηn,Xk ) +
m∑

l=j+1

λl
n gradη

n∑
k=1

τ l(ηn,Xk )

= gradη

n∑
k=1

τ j(η′,Xk ) +
m∑

l=j+1

λl
n gradη

n∑
k=1

τ l(η′,Xk )

+

Hessη
n∑

k=1

τ j(η̃n,Xk ) +
m∑

l=j+1

λl
n Hessη

n∑
k=1

τ l(η̃n,Xk )


·(η′ − ηn)

with η̃n between η′ and ηn. N.B.: λl
n

P→ λl .
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The Joint CLT [S.H. and Eltzner (2018)]
With local chart η

ψ−1

7→ f j−1 7→ ρpj (πf j ◦ X ,pj−1)2 := τ j(η,X ):

√
nHψ

(
ψ(f j−1

n )− ψ(f ′j−1
)
)
→ N (0,Bψ) .

Idea of proof:

0 = gradη

n∑
k=1

τ j(ηn,Xk ) +
m∑

l=j+1

λl
n gradη

n∑
k=1

τ l(ηn,Xk )

0 =
1√
n

gradη

n∑
k=1

τ j(η′,Xk ) +
1√
n

m∑
l=j+1

λl
n gradη

n∑
k=1

τ l(η′,Xk )

+
1
n

Hessη
n∑

k=1

τ j(η̃n,Xk ) +
m∑

l=j+1

λl
n Hessη

n∑
k=1

τ l(η̃n,Xk )


·
√

n(η′ − ηn)

with η̃n between η′ and ηn. N.B.: λl
n
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The Joint Central Limit Theorem
With local chart η

ψ−1

7→ f j−1 7→ ρpj (πf j ◦ X ,pj−1)2 := τ j(η,X ):
√

nHψ

(
ψ(f j−1

n )− ψ(f ′j−1
)
)
→ N (0,Bψ)

and typical regularity conditions, where

Hψ = E

Hessητ j(η′,X ) +
m∑

l=j+1

λl Hessητ l(η′,X )

 and

Bψ = cov

gradητ
j(η′,X ) +

m∑
l=j+1

λl gradητ
l(η′,X )

 .
and λj+1, . . . λm ∈ R are suitable such that

gradη E
[
τ j(η,X )

]
+

m∑
l=j+1

λl gradη E
[
τ l(η,X )

]
vanishes at η = η′.
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Factoring Charts
If the following diagram commutes we say the chart factors

Tm,j−1 3 f j−1 = (f j ,pj−1)
ψ→ η = (θ, ξ)

↓ πPj−1 ↓ πRdim(θ)

Pj−1 3 pj−1 φ→ θ

Then

η = (θ, ξ)
ψ−1

7→ f j−1 7→ ρpj (πf j ◦ X ,pj−1)2

= ρ
π

Pj ◦ψ−1
2 (ξ)

(
π
ψ−1

2 (ξ)
◦ X , ψ−1

1 (θ)
)2

=: τ j(θ, ξ,X ) ,

Taylor expansion at η′ = (θ′, ξ′) gives a joint Gaussian CLT,

√
nHψ(ηn − η′) =

√
nHψ

(
θn − θ′
ξn − ξ′

)
→ N (0,Bψ)

and projection to the θ coordinate preserves Gaussianity.
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Application: Stem Cell Diversification
(H. and Eltzner, 2018)

Actin-myosin structure of an adult stem cell after 16 hours.

Left: m1 = main orienation field filament pixels.
Right: m2 = smaller orienation field filament pixels,
Cyan: m3 = “rogue” filament pixels.

Composite data m = m1 + m2 + m3 mapped to a sphere:(√
m1

m
,

√
m2

m
,

√
m3

m

)
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Applying the Bootstrap Two-Sample Test

nested mean jointly great circle and nested mean

Time ≤ 1 kPa ≥ 10 kPa ≤ 1 kPa ≥ 10 kPa

4h–8h 0.120 < 10−3 0.308 < 10−3

8h–12h < 10−3 < 10−3 0.024 < 10−3

12h–16h 0.126 < 10−3 0.008 < 10−3

16h–20h 0.468 0.626 0.494 0.462

20h–24h < 10−3 < 10−3 < 10−3 0.014
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Visualization

Left: ≤ 1 kPa. Right: ≥ 10 kPa
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Wrap up and Outlook
Wrap up:
• from the BP/BL-CLT requiring (A1), (A2), (A5), (A6) we

have gone to

• a more general CLT requiring only (A1), (Taylor),
(Donsker);

• smeariness may be a finite sample issue:
• we have dealt with generalized, nested and flag Fréchet

means and their bootstrap inference.
Open challenges:

• (A1): uniqueness of Fréchet means?
• Validity of the Taylor expansion of the Fréchet function?
• Manifold stability for GPCs etc. e.g. on shape spaces?
• ∃ arbitrary smeariness on (non?)compact spaces?
• N.B: ∃ stickiness on all nonmanifold stratified spaces?
• ∃ antismeariness (crispness?) nγxn = Op(1) with
γ > 1/2?

•
...
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