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Sorting Permutations

x1
<latexit sha1_base64="KeIcf/U0AGQDRO+WNojXGScFL84="></latexit>

x2
<latexit sha1_base64="AxGH8Cz8FOYpFAuHbcpNtKueAt8="></latexit>

x3
<latexit sha1_base64="KxXKq0L4wJarG6wSsqy4XjC2viM="></latexit>

x4
<latexit sha1_base64="cVh/Yc1ISgZHqGn8hlDPNainD5Y="></latexit>

x5
<latexit sha1_base64="jQWzMk8zpeXKX2vmqr65LBxy2Rw="></latexit>

�(x) = (3, 4, 2, 1, 5)
<latexit sha1_base64="eSJ5arRbpabz9bUHibUGFKmJnSA="></latexit>

x = (x1,x2,x3,x4,x5)
<latexit sha1_base64="8p15iRfcZmmSua1snieXaBCefSs="></latexit>
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Sorting Permutations

x1
<latexit sha1_base64="KeIcf/U0AGQDRO+WNojXGScFL84="></latexit>

x2
<latexit sha1_base64="AxGH8Cz8FOYpFAuHbcpNtKueAt8="></latexit>

x3
<latexit sha1_base64="KxXKq0L4wJarG6wSsqy4XjC2viM="></latexit>

x4
<latexit sha1_base64="cVh/Yc1ISgZHqGn8hlDPNainD5Y="></latexit>

x5
<latexit sha1_base64="jQWzMk8zpeXKX2vmqr65LBxy2Rw="></latexit>

�(x) = (3, 4, 2, 1, 5)
<latexit sha1_base64="eSJ5arRbpabz9bUHibUGFKmJnSA="></latexit>

x = (x1,x2,x3,x4,x5)
<latexit sha1_base64="8p15iRfcZmmSua1snieXaBCefSs="></latexit>

⇧� = sp1 ((i,�i)i)
<latexit sha1_base64="0IP0j8ngyi+MMlgVg+SubXqlKi4="></latexit>

⇧�(x) =

2

66664

1
1

1
1

1

3

77775

<latexit sha1_base64="eqCOy75t1Ytynaz1rGmK+uaLHU8="></latexit>

⇧��1 = ⇧T
�

<latexit sha1_base64="xPPhy5LB/b9CM5s3BOw6ONmxEYg="></latexit>

Written as permutation matrix
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Ranks and Sort operator

x1
<latexit sha1_base64="KeIcf/U0AGQDRO+WNojXGScFL84="></latexit>

x2
<latexit sha1_base64="AxGH8Cz8FOYpFAuHbcpNtKueAt8="></latexit>

x3
<latexit sha1_base64="KxXKq0L4wJarG6wSsqy4XjC2viM="></latexit>

x4
<latexit sha1_base64="cVh/Yc1ISgZHqGn8hlDPNainD5Y="></latexit>

x5
<latexit sha1_base64="jQWzMk8zpeXKX2vmqr65LBxy2Rw="></latexit>

R

0

BBBB@

2

66664

x1

x2

x3

x4

x5

3

77775

1

CCCCA
=

2

66664

4
3
1
2
5

3

77775
S

0

BBBB@

2

66664

x1

x2

x3

x4

x5

3

77775

1

CCCCA
=

2

66664

x3

x4

x2

x1

x5

3

77775

<latexit sha1_base64="1DDhHVJKBdT/rDEe+a9Pg84Ds5I="></latexit>

�(x)�1
<latexit sha1_base64="lXqLFpEHIrE5CWSPigmyKkBDPV0="></latexit>

:=<latexit sha1_base64="FutM96R4kPuDPRo3oOH2vKeOZ5w="></latexit>

x = (x1,x2,x3,x4,x5)
<latexit sha1_base64="8p15iRfcZmmSua1snieXaBCefSs="></latexit>

Ranking / Sorting

�(x) = (3, 4, 2, 1, 5)
<latexit sha1_base64="eSJ5arRbpabz9bUHibUGFKmJnSA="></latexit>

x�(x)
<latexit sha1_base64="PjAvlwawnggKGF7H738xI1WfywU="></latexit>

:=<latexit sha1_base64="FutM96R4kPuDPRo3oOH2vKeOZ5w="></latexit>
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Sorting as a Subroutine in ML

Ranking / Sorting
O(n log n)

k-NN 
(1) select neighbours  

(2) majority vote
Classifiers 

select top-k activations

Learning to rank 
NDCG loss and others

Rank-based statistics  
data viewed as ranks

Least Quantile 
regression 

minimize empirical 
quantile of loss (not mean)

Descriptive statistics  
Empirical distribution function 

quantile normalization

MoM 
estimators
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Non-differentiability of ranks and sort

x1
<latexit sha1_base64="KeIcf/U0AGQDRO+WNojXGScFL84="></latexit>

x2
<latexit sha1_base64="AxGH8Cz8FOYpFAuHbcpNtKueAt8="></latexit>

x3
<latexit sha1_base64="KxXKq0L4wJarG6wSsqy4XjC2viM="></latexit>

x5
<latexit sha1_base64="jQWzMk8zpeXKX2vmqr65LBxy2Rw="></latexit>

R

0

BBBB@

2

66664

x1

x2

x3

x4 + ⌧
x5

3

77775

1

CCCCA
=

2

66664

4
3
1
2
5

3

77775
S

0

BBBB@

2

66664

x1

x2

x3

x4 + ⌧
x5

3

77775

1

CCCCA
=

2

66664

x3

x4 + ⌧
x2

x1

x5

3

77775

<latexit sha1_base64="bbhGbZs7D5+SUy1sqoXI/GmRRXo="></latexit>

x = (x1,x2,x3,x4 + ⌧,x5)
<latexit sha1_base64="zs8CwFSuQpWLLPaUUVJJpbU/Eqk="></latexit>

Ranking / Sorting
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Non-differentiability of ranks and sort

x1
<latexit sha1_base64="KeIcf/U0AGQDRO+WNojXGScFL84="></latexit>

x2
<latexit sha1_base64="AxGH8Cz8FOYpFAuHbcpNtKueAt8="></latexit>

x3
<latexit sha1_base64="KxXKq0L4wJarG6wSsqy4XjC2viM="></latexit>

x5
<latexit sha1_base64="jQWzMk8zpeXKX2vmqr65LBxy2Rw="></latexit>

x4 + ⌧
<latexit sha1_base64="tYRq/IZwilhvm8TVxltIsV7+fjk="></latexit>

R

0

BBBB@

2

66664

x1

x2

x3

x4 + ⌧
x5

3

77775

1

CCCCA
=

2

66664

4
3
1
2
5

3

77775
S

0

BBBB@

2

66664

x1

x2

x3

x4 + ⌧
x5

3

77775

1

CCCCA
=

2

66664

x3

x4 + ⌧
x2

x1

x5

3

77775

<latexit sha1_base64="bbhGbZs7D5+SUy1sqoXI/GmRRXo="></latexit>

x = (x1,x2,x3,x4 + ⌧,x5)
<latexit sha1_base64="zs8CwFSuQpWLLPaUUVJJpbU/Eqk="></latexit>

Ranking / Sorting
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Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>

S(x)
<latexit sha1_base64="riGHZP95aRweUZnbpdC+KpFxIr8="></latexit>

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

Sn
<latexit sha1_base64="aP5Fofv0Od7JQagNOUxY2+AiK4o="></latexit>

R(x)
<latexit sha1_base64="ZD7SAlrp3VODuVMp1jxkzPALCTM="></latexit>

JR(x) 2 {0,±1}n⇥n
<latexit sha1_base64="r0Yg+js0VQh6OgTAY0kMPM9/qj4="> </latexit>

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>

JS(x) = ⇧T
�(x) a.e.

<latexit sha1_base64="AESwpME0KGwLOoVZF597SooGWcc="></latexit>

Non-differentiability of ranks and sort
Ranking / Sorting

piecewise constant piecewise linear
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Non-smoothness of ranks/sorts

•k-NN LMNN [Weinberger & Saul’06] Neural [Plötz & Roth’18] 

•Learning to rank  
• Pairwise losses: Ranknet[Burges+’05], 
Lambdarank[Burges+’07], Rankboost [Freund+’03], BoltzRank 
[Volkovs & Zemel’09] 

• Smoothed NDCG: SoftRanks [Taylor+’08][Chapelle & Wu’09’] 

•Multiclass classification XE on Softmax activations, smoothed 
top-k losses [Boyd+’12][Berrada+’18] Focal loss [Lin+17] 

• Trimmed Regression Combinatorial approaches



Ranking / Sorting
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Soft Ranks and Sort Operators

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

S(x)
<latexit sha1_base64="riGHZP95aRweUZnbpdC+KpFxIr8="></latexit>

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

Sn
<latexit sha1_base64="aP5Fofv0Od7JQagNOUxY2+AiK4o="></latexit>

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>

R(x)
<latexit sha1_base64="ZD7SAlrp3VODuVMp1jxkzPALCTM="></latexit>

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>



Ranking / Sorting

8

Soft Ranks and Sort Operators

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

S(x)
<latexit sha1_base64="riGHZP95aRweUZnbpdC+KpFxIr8="></latexit>

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

Sn
<latexit sha1_base64="aP5Fofv0Od7JQagNOUxY2+AiK4o="></latexit>

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>

R(x)
<latexit sha1_base64="ZD7SAlrp3VODuVMp1jxkzPALCTM="></latexit>

Goal:  define (programatically) everywhere  
differentiable approximation functions for R/S, 
arbitrarily close to the true R/S vector outputs

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>



Ranking / Sorting
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Soft Ranks and Sort Operators

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

S(x)
<latexit sha1_base64="riGHZP95aRweUZnbpdC+KpFxIr8="></latexit>

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

Sn
<latexit sha1_base64="aP5Fofv0Od7JQagNOUxY2+AiK4o="></latexit>

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>

R(x)
<latexit sha1_base64="ZD7SAlrp3VODuVMp1jxkzPALCTM="></latexit>

Goal:  define (programatically) everywhere  
differentiable approximation functions for R/S, 
arbitrarily close to the true R/S vector outputs

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>

S"(x) !
"!0

<latexit sha1_base64="cMbRrhYXMpVTLDX2P4gPRGHboI8="></latexit>

R"(x) !
"!0

<latexit sha1_base64="ub0xZIGBdzXj6X2hCWoDqKHWLgU="></latexit>
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Soft Ranks and Sort Operators

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

S(x)
<latexit sha1_base64="riGHZP95aRweUZnbpdC+KpFxIr8="></latexit>

Rn
<latexit sha1_base64="vYC9QB9XkQDtXzD6KKUILKLPWO0="></latexit>

Sn
<latexit sha1_base64="aP5Fofv0Od7JQagNOUxY2+AiK4o="></latexit>

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>

R(x)
<latexit sha1_base64="ZD7SAlrp3VODuVMp1jxkzPALCTM="></latexit>

Goal:  define (programatically) everywhere  
differentiable approximation functions for R/S, 
arbitrarily close to the true R/S vector outputs

x 2 Rn
<latexit sha1_base64="lBQ0RxrnXjgDhcEGTTs61T53C28="></latexit>

S"(x) !
"!0

<latexit sha1_base64="cMbRrhYXMpVTLDX2P4gPRGHboI8="></latexit>

R"(x) !
"!0

<latexit sha1_base64="ub0xZIGBdzXj6X2hCWoDqKHWLgU="></latexit>

Why?  
Now Train the way you test + 𝛆 

Next Constraints in real life are relative (fairness)
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Related work

O(n3)
<latexit sha1_base64="NP4HtF4acaCVDKcXYnvew1PRchw="></latexit>

Approximation with 
documented pathologies

Unimodal row matricesDoubly stochastic

O(n2)
<latexit sha1_base64="6H4IbnOKFvtRxU/2EIlcciGeNyM="></latexit>

R(x)i =
X

j

1xi�xj ⇡
X

j

1

1 + e�(xi�xj)/⌧
<latexit sha1_base64="e77zUShfkkcps/a+pAIitEu4s90="></latexit>

O(n2)
<latexit sha1_base64="6H4IbnOKFvtRxU/2EIlcciGeNyM="></latexit>

EZ [R(x+Z)]
<latexit sha1_base64="dH/AEZhaItxozGj+WKEZrM25UCo="></latexit>
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Our Approach builds on OT

Optimal Transport

O((n+m)nm log(n+m)
n weighted points

m weighted points

(⌦, c)
<latexit sha1_base64="qECgxAQ2h2PYO8WNSWAgt2m1dy4="></latexit>

Ranking / Sorting



O(n log n)

11

OT in 1D needs sorting

important to solve 
OT when

⌦ = R

⌦ = R

O(m log m)

Optimal Transport

O((n+m)nm log(n+m)

+

Ranking / Sorting
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Our idea in one slide

important to solve 
OT when ⌦ = R

Optimal Transport

O((n+m)nm log(n+m)

O(n log n)
O(m log m)+

Ranking / Sorting
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Our idea in one slide

generalize both 
using OT  
(overkill!!)

Optimal Transport

O((n+m)nm log(n+m)

O(n log n)
O(m log m)+

Ranking / Sorting
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Our idea in one slide

faster and 
differentiable  
variant.

Regularized OT 
Sinkhorn Algorithm

O(nm)

generalize both 
using OT  
(overkill!!)

Optimal Transport

O((n+m)nm log(n+m)

O(n log n)
O(m log m)+

Ranking / Sorting
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Our idea in one slide

faster and 
differentiable  
variant.

Regularized OT 
Sinkhorn Algorithm

O(nm)

generalize both 
using OT  
(overkill!!)

Differentiable 
sorting in O(nm)

Optimal Transport

O((n+m)nm log(n+m)

O(n log n)
O(m log m)+

Ranking / Sorting
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Discrete OT Problem

µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj

(⌦, c)
<latexit sha1_base64="qECgxAQ2h2PYO8WNSWAgt2m1dy4="></latexit>

P
i ai =

P
j bj = 1

<latexit sha1_base64="UTNQrDKImIjwn3g4kJallWIAbbE="></latexit>

a1
<latexit sha1_base64="quv2dGi7ntUxcpSZgV3X1wielic="></latexit>

x1
<latexit sha1_base64="t0lgVZ77vOUxuircVGkiXbPWU8Y="></latexit>
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Discrete OT Problem

µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj

(⌦, c)
<latexit sha1_base64="qECgxAQ2h2PYO8WNSWAgt2m1dy4="></latexit>

P
i ai =

P
j bj = 1

<latexit sha1_base64="UTNQrDKImIjwn3g4kJallWIAbbE="></latexit>

a1
<latexit sha1_base64="quv2dGi7ntUxcpSZgV3X1wielic="></latexit>

x1
<latexit sha1_base64="t0lgVZ77vOUxuircVGkiXbPWU8Y="></latexit>
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U(a, b)
def
= {P 2 Rn⇥m

+ |P1m = a,P T1n = b}

Consider µ =
nX

i=1

ai�xi and ⌫ =
mX

j=1

bj�yj .

LP Formulation

CXY
def
= [c(xi,yj)]ij

<latexit sha1_base64="+x//6mI9vXmivINOJL7Z/fBWy5s="></latexit>

Def. Optimal Transport Problem

min
P2U(a,b)

hP ,CXY i
<latexit sha1_base64="XA0zsfXlFnpSxBGx2nCbKnxrdiY="></latexit>
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U(a, b)

Computations

P ?

CXY<latexit sha1_base64="bCzGHRu/mRJoLur/AjkCcy3BbcM="></latexit>



15

U(a, b)

Computations

P ?

CXY<latexit sha1_base64="bCzGHRu/mRJoLur/AjkCcy3BbcM="></latexit>

min cost flow solver used in practice.
O((n+m)nm log(n+m))

<latexit sha1_base64="FUSIA9Mi/U7YPZWjAHf4iIZI+rc="></latexit>



Optimal Transport in 1D

16

⌦ = R

µ =
nX

i=1

ai�xi ⌫ =
mX

j=1

bj�yj



Optimal Transport in 1D
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⌦ = R

µ =
nX

i=1

ai�xi ⌫ =
mX

j=1

bj�yj

a1
<latexit sha1_base64="quv2dGi7ntUxcpSZgV3X1wielic="></latexit>

x1
<latexit sha1_base64="t0lgVZ77vOUxuircVGkiXbPWU8Y="></latexit>



Optimal Transport in 1D

16

⌦ = R

µ =
nX

i=1

ai�xi ⌫ =
mX

j=1

bj�yj

c(x, y) := h(y � x), h is convex and � 0.
<latexit sha1_base64="Yfpd66E2eFToVHpZknjhVln45nU="></latexit>

Assume…

…then OT boils down to sorting

a1
<latexit sha1_base64="quv2dGi7ntUxcpSZgV3X1wielic="></latexit>

x1
<latexit sha1_base64="t0lgVZ77vOUxuircVGkiXbPWU8Y="></latexit>



Empirical Distribution Functions
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µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj
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µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj

Empirical Distribution Functions
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µ =
nX

i=1

ai�xi

⌫ =
mX

j=1

bj�yj

Empirical Distribution Functions
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Empirical Distribution Functions
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Empirical Distribution Functions

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0=">AAA/oHiczVtbd9tIctZubhvlsrPJY156lpJjeShG1Ng7Mzs7Y91omaOLZUqyZQsyDwg0SRzhJgCkSONg/0V+TV6TH5F/k6pudAPdAGR7n+JzLAFffVV9q66ubrRGoevEydbW//7q13/113/zt3/3m79f/Yd//Kd//u1Xv/uXN3Ewiyx6aQVuEF2NzJi6jk8vEydx6VUYUdMbufTt6HYf5W/nNIqdwL9IliG98cyJ74wdy0wAGn </latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>
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Empirical Distribution Functions

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0=">AAA/oHiczVtbd9tIctZubhvlsrPJY156lpJjeShG1Ng7Mzs7Y91omaOLZUqyZQsyDwg0SRzhJgCkSONg/0V+TV6TH5F/k6pudAPdAGR7n+JzLAFffVV9q66ubrRGoevEydbW//7q13/113/zt3/3m79f/Yd//Kd//u1Xv/uXN3Ewiyx6aQVuEF2NzJi6jk8vEydx6VUYUdMbufTt6HYf5W/nNIqdwL9IliG98cyJ74wdy0wAGn </latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>

/Fµ(z) =
nX

i=1

a�i1z�x�i

<latexit sha1_base64="mzQGb8U0FdcODVon1DEjAnWUBXA="></latexit>

/F⌫(z) =
mX

j=1

b⇢j1z�y⇢j

<latexit sha1_base64="BxZW0iz9ZcLsr0Bp+4FBnACZZk8="></latexit>



Empirical Distributions to Quantiles
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� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0=">AAA/oHiczVtbd9tIctZubhvlsrPJY156lpJjeShG1Ng7Mzs7Y91omaOLZUqyZQsyDwg0SRzhJgCkSONg/0V+TV6TH5F/k6pudAPdAGR7n+JzLAFffVV9q66ubrRGoevEydbW//7q13/113/zt3/3m79f/Yd//Kd//u1Xv/uXN3Ewiyx6aQVuEF2NzJi6jk8vEydx6VUYUdMbufTt6HYf5W/nNIqdwL9IliG98cyJ74wdy0wAGn </latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>

/Fµ(z) =
nX

i=1

a�i1z�x�i

<latexit sha1_base64="mzQGb8U0FdcODVon1DEjAnWUBXA="></latexit>

/F⌫(z) =
mX

j=1

b⇢j1z�y⇢j

<latexit sha1_base64="BxZW0iz9ZcLsr0Bp+4FBnACZZk8="></latexit>
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F�1
⌫

<latexit sha1_base64="DQAyo5oOFkYzrx7TeNE3vMaJY3o="></latexit>

F�1
µ

<latexit sha1_base64="Y/O4UKyHHmwniWs8KypKR8BtdFE="></latexit>

Empirical Distributions to Quantiles



OT = Comparing Quantiles

23

min
P2U(a,b)

hP ,CXY i =
Z

u2[0,1]
h(F�1

⌫ (u)� F�1
µ (u))du

<latexit sha1_base64="+g4+poswj7VZ+NOZeCAjHZwSzuU=">  fzpuPLIuYir8rJBDB+PMzL+QVzh3FCsexwUdhpp89wjFGkzB9TL4jjzNx78H9eumewv3P8t7xZztOusN+jz4whvsQ7QbfLHX0n55XL95ttjvftzffbi5t7ec/S//twr8s/OvC6kJn4YeFrYXXCycL5wvWo9892nz04tFPL//95X++/K+X/82pv3mU6/zzgvL38n/+D6PiOUc=</latexit>



OT = Comparing Quantiles

23

min
P2U(a,b)

hP ,CXY i =
Z

u2[0,1]
h(F�1

⌫ (u)� F�1
µ (u))du

<latexit sha1_base64="+g4+poswj7VZ+NOZeCAjHZwSzuU=">  fzpuPLIuYir8rJBDB+PMzL+QVzh3FCsexwUdhpp89wjFGkzB9TL4jjzNx78H9eumewv3P8t7xZztOusN+jz4whvsQ7QbfLHX0n55XL95ttjvftzffbi5t7ec/S//twr8s/OvC6kJn4YeFrYXXCycL5wvWo9892nz04tFPL//95X++/K+X/82pv3mU6/zzgvL38n/+D6PiOUc=</latexit>



OT = Comparing Quantiles

23

min
P2U(a,b)

hP ,CXY i =
Z

u2[0,1]
h(F�1

⌫ (u)� F�1
µ (u))du

<latexit sha1_base64="+g4+poswj7VZ+NOZeCAjHZwSzuU=">  fzpuPLIuYir8rJBDB+PMzL+QVzh3FCsexwUdhpp89wjFGkzB9TL4jjzNx78H9eumewv3P8t7xZztOusN+jz4whvsQ7QbfLHX0n55XL95ttjvftzffbi5t7ec/S//twr8s/OvC6kJn4YeFrYXXCycL5wvWo9892nz04tFPL//95X++/K+X/82pv3mU6/zzgvL38n/+D6PiOUc=</latexit>



More Explicit Link to Sorting

24

µ =
nX

i=1

ai�xi ⌫ =
mX

j=1

bj�yj



Link to Sorting: Uniform Measures

25

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

⌫ =
1

n

nX

i=1

�yi

<latexit sha1_base64="5i+Qix98paPJ8Z5UDlCAKYrhtaQ="></latexit>



Link to Sorting: Uniform Measures

25

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>

⌫ =
1

n

nX

i=1

�yi

<latexit sha1_base64="5i+Qix98paPJ8Z5UDlCAKYrhtaQ="></latexit>



Link to Sorting: Uniform Measures

25

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

min
P2U(a,b)

hP ,CXY i =
nX

i=1

h(y⇢i � x�i)
<latexit sha1_base64="OkZEg3HPTEk9INte44zlMrR8DF8="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>

⌫ =
1

n

nX

i=1

�yi

<latexit sha1_base64="5i+Qix98paPJ8Z5UDlCAKYrhtaQ="></latexit>



Link to Sorting: Uniform Measures

25

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

min
P2U(a,b)

hP ,CXY i =
nX

i=1

h(y⇢i � x�i)
<latexit sha1_base64="OkZEg3HPTEk9INte44zlMrR8DF8="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>

⌫ =
1

n

nX

i=1

�yi

<latexit sha1_base64="5i+Qix98paPJ8Z5UDlCAKYrhtaQ="></latexit>



Link to Sorting: Uniform Measures

25

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>

⌫ =
1

n

nX

i=1

�yi

<latexit sha1_base64="5i+Qix98paPJ8Z5UDlCAKYrhtaQ="></latexit>

P ? =
1

n
sp1 ((�i,⇢i)i)

<latexit sha1_base64="sV2FdD3KtGgQyTU7FFXsWTUO20M="></latexit>



Link to Sorting: Uniform Measures

25

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>

⌫ =
1

n

nX

i=1

�yi

<latexit sha1_base64="5i+Qix98paPJ8Z5UDlCAKYrhtaQ="></latexit>

P ? =
1

n
sp1 ((�i,⇢i)i)

<latexit sha1_base64="sV2FdD3KtGgQyTU7FFXsWTUO20M="></latexit>



Link to Sorting: Uniform Measures

25

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⇢ sorts (y1, . . . , ym)
<latexit sha1_base64="pH+m4F1MCJrVe/66LvF+0wyEH0w="></latexit>

⌫ =
1

n

nX

i=1

�yi

<latexit sha1_base64="5i+Qix98paPJ8Z5UDlCAKYrhtaQ="></latexit>

P ? =
1

n
sp1 ((�i,⇢i)i)

<latexit sha1_base64="sV2FdD3KtGgQyTU7FFXsWTUO20M="></latexit>



26

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⌫ =
1

n

nX

i=1

�i
<latexit sha1_base64="/0R6PImfynlA+qDrdEw9Bpgf++k="></latexit>

1 2 3 4 5 6

OT towards a sorted sequence
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µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⌫ =
1

n

nX

i=1

�i
<latexit sha1_base64="/0R6PImfynlA+qDrdEw9Bpgf++k="></latexit>

1 2 3 4 5 6

OT towards a sorted sequence

⇢ = Id
<latexit sha1_base64="swoZwJ+JhdHYcuyK8jKfax6jMK0="></latexit>

min
P2U(a,b)

hP ,CXY i =
nX

i=1

h(i� x�i)
<latexit sha1_base64="cJZpY2Rty12hv49+O/4w94bR4Vc="></latexit>
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µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⌫ =
1

n

nX

i=1

�i
<latexit sha1_base64="/0R6PImfynlA+qDrdEw9Bpgf++k="></latexit>

1 2 3 4 5 6

OT towards a sorted sequence

⇢ = Id
<latexit sha1_base64="swoZwJ+JhdHYcuyK8jKfax6jMK0="></latexit>

min
P2U(a,b)

hP ,CXY i =
nX

i=1

h(i� x�i)
<latexit sha1_base64="cJZpY2Rty12hv49+O/4w94bR4Vc="></latexit>
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µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⌫ =
1

n

nX

i=1

�i
<latexit sha1_base64="/0R6PImfynlA+qDrdEw9Bpgf++k="></latexit>

1 2 3 4 5 6

OT towards a sorted sequence

⇢ = Id
<latexit sha1_base64="swoZwJ+JhdHYcuyK8jKfax6jMK0="></latexit>

P ? =
1

n
sp1 ((�i, i)i)

<latexit sha1_base64="Q5g6h3THlGEhld2VTWbytx17U0g="></latexit>



26

µ =
1

n

nX

i=1

�xi

<latexit sha1_base64="Osv/G0QxgsQk5o+bmLnKjH30Gks="></latexit>

� sorts (x1, . . . , xn)
<latexit sha1_base64="I0iCqbfkAAqdGdjt5mt/qp5wlH0="></latexit>

⌫ =
1

n

nX

i=1

�i
<latexit sha1_base64="/0R6PImfynlA+qDrdEw9Bpgf++k="></latexit>

1 2 3 4 5 6

OT towards a sorted sequence

⇢ = Id
<latexit sha1_base64="swoZwJ+JhdHYcuyK8jKfax6jMK0="></latexit>

P ? =
1

n
sp1 ((�i, i)i)

<latexit sha1_base64="Q5g6h3THlGEhld2VTWbytx17U0g="></latexit>

=
1

n
⇧T

�
<latexit sha1_base64="Xli/HMQQCK05+nuuqzDjwLwVBYk="></latexit>
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1 2 3 4 5 6
x1

<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>x3

<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

1 2 3 4 5 62

6666664

1
n

1
n

1
n

1
n

1
n

1
n

3

7777775

<latexit sha1_base64="rHzYafWsXxogiYSSeDdsmKaLmgo="></latexit>

P ? =
<latexit sha1_base64="uD5vjQTmWkmp88OmlQt+7FSJmjg="></latexit>

=
1

n
⇧T

�(x)
<latexit sha1_base64="+Wc5L0mAGGpFHCo0h5VMhOh2fk0="></latexit>

=
1

n
⇧�(x)�1

<latexit sha1_base64="0Vqc296fUELoKSj1QqG1ChRT93U="></latexit>

OT towards a sorted sequence
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1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

1 2 3 4 5 6
2

6666664

1
n

1
n

1
n

1
n

1
n

1
n

3

7777775

<latexit sha1_base64="rHzYafWsXxogiYSSeDdsmKaLmgo="></latexit>

P ? =
<latexit sha1_base64="uD5vjQTmWkmp88OmlQt+7FSJmjg="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>x3

<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

OT towards a sorted sequence = sorting
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1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

1 2 3 4 5 6
2

6666664

1
n

1
n

1
n

1
n

1
n

1
n

3

7777775

<latexit sha1_base64="rHzYafWsXxogiYSSeDdsmKaLmgo="></latexit>

P ? =
<latexit sha1_base64="uD5vjQTmWkmp88OmlQt+7FSJmjg="></latexit>

R(x) = �(x)�1 = n2P ?

2

6666664

1/6
2/6
3/6
4/6
5/6
1

3

7777775
=

2

6666664

5
4
1
3
6
2

3

7777775

<latexit sha1_base64="pJxUfDpG911Yny9bMJkAvuRgDPQ=">  7KuIpfhyYQxHj7WS+ICouOYoXj2OCjsKjdkMRBRrM4v0e+IfcK+R7A+2rlncL7M/XuhfNNL99kf2NlaI12a/uT438scrXj/n9zdjD+RWcHUqowN5TxRmkG8QNXO2w/mG/ESTJhW8Lqpdd6V8TNrsrvs+DLcK01t6pj5QYAs97FJL+Qy6ftjaI4L7cHPvb3TFoQ5R80uUVF7S+aVGc89ddLKpZDo0fo/Cz/YQAI0XnG0uJOYVW6pnIAyKkMhFv0lVddO/jBx5Wjs3yi7uEXS13zz+bUH970Ot2Hnd6rR0vru+JP6vx64W8X/m7h/kJ34enC+sLOwuHC6wXnzuTOP9355zv/svOvO/+28x87/8mhv7ojZP56QfvZ+a//BvFRa6s=</latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>x3

<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

OT towards a sorted sequence = sorting
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1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

1 2 3 4 5 6
2

6666664

1
n

1
n

1
n

1
n

1
n

1
n

3

7777775

<latexit sha1_base64="rHzYafWsXxogiYSSeDdsmKaLmgo="></latexit>

P ? =
<latexit sha1_base64="uD5vjQTmWkmp88OmlQt+7FSJmjg="></latexit>

S(x) = n(P ?)Tx =

2

6666664

x3

x6

x4

x2

x1

x5

3

7777775

<latexit sha1_base64="zr7y+qL36qKfvMKyPN4HM1ozVmI="></latexit>

R(x) = �(x)�1 = n2P ?

2

6666664

1/6
2/6
3/6
4/6
5/6
1

3

7777775
=

2

6666664

5
4
1
3
6
2

3

7777775

<latexit sha1_base64="pJxUfDpG911Yny9bMJkAvuRgDPQ=">  7KuIpfhyYQxHj7WS+ICouOYoXj2OCjsKjdkMRBRrM4v0e+IfcK+R7A+2rlncL7M/XuhfNNL99kf2NlaI12a/uT438scrXj/n9zdjD+RWcHUqowN5TxRmkG8QNXO2w/mG/ESTJhW8Lqpdd6V8TNrsrvs+DLcK01t6pj5QYAs97FJL+Qy6ftjaI4L7cHPvb3TFoQ5R80uUVF7S+aVGc89ddLKpZDo0fo/Cz/YQAI0XnG0uJOYVW6pnIAyKkMhFv0lVddO/jBx5Wjs3yi7uEXS13zz+bUH970Ot2Hnd6rR0vru+JP6vx64W8X/m7h/kJ34enC+sLOwuHC6wXnzuTOP9355zv/svOvO/+28x87/8mhv7ojZP56QfvZ+a//BvFRa6s=</latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>x3

<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

OT towards a sorted sequence = sorting
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Two ways to rank and sort

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>
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Two ways to rank and sort

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

Compute �(x) = (3, 6, 4, 2, 1, 5),
<latexit sha1_base64="/OBux52Eff0/y6To3//FLeUvefE="></latexit>
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Two ways to rank and sort

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

R(x) = (5,4,1,3,6,2), S(x) = (x3,x6,x4,x2,x1,x5)
<latexit sha1_base64="8hSwIP+ThUXW6SDz14Vy/q2PTis="></latexit>

Compute �(x) = (3, 6, 4, 2, 1, 5),
<latexit sha1_base64="/OBux52Eff0/y6To3//FLeUvefE="></latexit>
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Two ways to rank and sort

1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

R(x) = (5,4,1,3,6,2), S(x) = (x3,x6,x4,x2,x1,x5)
<latexit sha1_base64="8hSwIP+ThUXW6SDz14Vy/q2PTis="></latexit>

Compute �(x) = (3, 6, 4, 2, 1, 5),
<latexit sha1_base64="/OBux52Eff0/y6To3//FLeUvefE="></latexit>

… Set first Milestones in the race …
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Two ways to rank and sort

1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

R(x) = (5,4,1,3,6,2), S(x) = (x3,x6,x4,x2,x1,x5)
<latexit sha1_base64="8hSwIP+ThUXW6SDz14Vy/q2PTis="></latexit>

Compute OT solution P ?
,

<latexit sha1_base64="iZtQC7K7fU7k2elbeR90HQeKY24="></latexit>

Compute �(x) = (3, 6, 4, 2, 1, 5),
<latexit sha1_base64="/OBux52Eff0/y6To3//FLeUvefE="></latexit>
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Two ways to rank and sort

1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

R(x) = (5,4,1,3,6,2), S(x) = (x3,x6,x4,x2,x1,x5)
<latexit sha1_base64="8hSwIP+ThUXW6SDz14Vy/q2PTis="></latexit>

R(x) = n2P ?

2

64
1/6
...

6/6

3

75 , S(x) = n(P ?)Tx

<latexit sha1_base64="Q4Bh+Quve5etRyBR6Vp8OppFt+Y="> </latexit>

Compute OT solution P ?
,

<latexit sha1_base64="iZtQC7K7fU7k2elbeR90HQeKY24="></latexit>

Compute �(x) = (3, 6, 4, 2, 1, 5),
<latexit sha1_base64="/OBux52Eff0/y6To3//FLeUvefE="></latexit>
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Two ways to rank and sort

1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

R(x) = (5,4,1,3,6,2), S(x) = (x3,x6,x4,x2,x1,x5)
<latexit sha1_base64="8hSwIP+ThUXW6SDz14Vy/q2PTis="></latexit>

R(x) = n2P ?

2

64
1/6
...

6/6

3

75 , S(x) = n(P ?)Tx

<latexit sha1_base64="Q4Bh+Quve5etRyBR6Vp8OppFt+Y="> </latexit>

Compute OT solution P ?
,

<latexit sha1_base64="iZtQC7K7fU7k2elbeR90HQeKY24="></latexit>

Compute �(x) = (3, 6, 4, 2, 1, 5),
<latexit sha1_base64="/OBux52Eff0/y6To3//FLeUvefE="></latexit>

O(n log n)
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Two ways to rank and sort

1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

R(x) = (5,4,1,3,6,2), S(x) = (x3,x6,x4,x2,x1,x5)
<latexit sha1_base64="8hSwIP+ThUXW6SDz14Vy/q2PTis="></latexit>

R(x) = n2P ?

2

64
1/6
...

6/6

3

75 , S(x) = n(P ?)Tx

<latexit sha1_base64="Q4Bh+Quve5etRyBR6Vp8OppFt+Y="> </latexit>

Compute OT solution P ?
,

<latexit sha1_base64="iZtQC7K7fU7k2elbeR90HQeKY24="></latexit>

Compute �(x) = (3, 6, 4, 2, 1, 5),
<latexit sha1_base64="/OBux52Eff0/y6To3//FLeUvefE="></latexit>

O(n log n)

O(n3 log n)
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Two ways to rank and sort

1 2 3 4 5 6

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

R(x) = (5,4,1,3,6,2), S(x) = (x3,x6,x4,x2,x1,x5)
<latexit sha1_base64="8hSwIP+ThUXW6SDz14Vy/q2PTis="></latexit>

R(x) = n2P ?

2

64
1/6
...

6/6

3

75 , S(x) = n(P ?)Tx

<latexit sha1_base64="Q4Bh+Quve5etRyBR6Vp8OppFt+Y="> </latexit>

Compute OT solution P ?
,

<latexit sha1_base64="iZtQC7K7fU7k2elbeR90HQeKY24="></latexit>

Compute �(x) = (3, 6, 4, 2, 1, 5),
<latexit sha1_base64="/OBux52Eff0/y6To3//FLeUvefE="></latexit>

O(n log n)

O(n3 log n)
?
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Generalized Sorting and Ranking

1 2 3 4 5 6x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>
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Generalized Sorting and Ranking

1 2 3 4 5 6x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>

Interesting possibility: set a different number m of Milestones
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Generalized Sorting and Ranking

1 2 3 4 5x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>1.5 2.5 3.5 4.5 5.5
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Generalized Sorting and Ranking

1 2 3 4 5x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>1.5 2.5 3.5 4.5 5.5

Compute n⇥m OT solution P ?
,

<latexit sha1_base64="xMcD4dt2uBmmPnnIKoH1bkIoqeI="></latexit>

R(x) = n2P ?

2

64
1/m
...

m/m

3

75 , S(x) = m(P ?)Tx

<latexit sha1_base64="R2s+pJzARMQpevetF/DF0JvBcgo="></latexit>
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Generalized Sorting and Ranking

1 2 3 4 5x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit>1.5 2.5 3.5 4.5 5.5

Compute n⇥m OT solution P ?
,

<latexit sha1_base64="xMcD4dt2uBmmPnnIKoH1bkIoqeI="></latexit>

R(x) = n2P ?

2

64
1/m
...

m/m

3

75 , S(x) = m(P ?)Tx

<latexit sha1_base64="R2s+pJzARMQpevetF/DF0JvBcgo="></latexit> 2 Rn
<latexit sha1_base64="XakwaLLGD6H34ru5a6qAVw//1bE="></latexit>

2 Rm
<latexit sha1_base64="K8CQl/z35nLvmo6glFOCpqU42AQ="></latexit>
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Less Milestones

2 5x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit> 3.5

Compute n⇥m OT solution P ?
,

<latexit sha1_base64="xMcD4dt2uBmmPnnIKoH1bkIoqeI="></latexit>

R(x) = n2P ?

2

64
1/m
...

m/m

3

75 , S(x) = m(P ?)Tx

<latexit sha1_base64="R2s+pJzARMQpevetF/DF0JvBcgo="></latexit>
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Weighted Milestones

2 5x1
<latexit sha1_base64="HCCrie1aTuTNHKDYOreWDXGH02c="></latexit>

x2
<latexit sha1_base64="oQBcPeroPEZl24BAWnfsM5UDOzs="></latexit>

x3
<latexit sha1_base64="uA9vhleQikDgQBgDb6GoXtdebNc="></latexit>

x4
<latexit sha1_base64="UK0lqkF9i94Hhd0tP6iilga67/U="></latexit>

x5
<latexit sha1_base64="sfPeRFQPBNkFH3hOoC/tJw0AwgM="></latexit>

x6
<latexit sha1_base64="mUTUh5P3BuXiHxhDIkjSq2Qbs60="></latexit> 3.5

Compute n⇥m OT solution P ?
,

<latexit sha1_base64="xMcD4dt2uBmmPnnIKoH1bkIoqeI="></latexit>

R(x) = n2P ?

2

64
1/m
...

m/m

3

75 , S(x) = m(P ?)Tx

<latexit sha1_base64="R2s+pJzARMQpevetF/DF0JvBcgo="></latexit>

b1
<latexit sha1_base64="QwaMHQurfAyiN8UFWcHPwWyja+g="></latexit> b2

<latexit sha1_base64="izfOVUCU17ef5bJg58b2aqj0PhE="></latexit>

b3
<latexit sha1_base64="UtfgcuUTgtrHOxF4UqgKkoBVF0Y="></latexit>
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Weighted Inputs and Milestones
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Weighted Inputs and Milestones

Compute n⇥m OT solution P ?
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All issues do remain however !  
(1) Still not differentiable w.r.t inputs  

(2) Still very costly generalisation
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Optimal Transport

O((n+m)nm log(n+m)

Ranking / Sorting
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Weighted Inputs and Milestones

Compute n⇥m OT solution P ?
,

<latexit sha1_base64="xMcD4dt2uBmmPnnIKoH1bkIoqeI="></latexit>

R(x) = na�1 � P ?cs(b), S(x) = b�1 � (P ?)Tx
<latexit sha1_base64="80VbpuueJOuacDFQ4QxCYUZsaG8="> </latexit>

All issues do remain however !  
(1) Still not differentiable w.r.t inputs  

(2) Still very costly generalisation

Regularized OT 
Sinkhorn Algorithm

O(nm)
Differentiable 

sorting in O(nm)

generalize both using OT 
(overkill!!)

Optimal Transport

O((n+m)nm log(n+m)

Ranking / Sorting



Entropic Regularization [Wilson’68]

36
Note: Unique optimal solution thanks to strong concavity of entropy 

E(P )
def
= �

nmX

i,j=1

Pij(logPij � 1)

min
P2U(a,b)

hP ,CXY i � "E(P )
<latexit sha1_base64="8z/il8vEWOfeq93j8ifTBNxJbpA="></latexit>

Def. Regularized OT, " � 0
<latexit sha1_base64="FXVqHsVGO6oNkP//0khlpX8EKHM="></latexit>



Entropic Regularization [Wilson’68]

36

EMD Entropy

Discrete analog:  Cuturi, NIPS 2013

�
µ

⌫

P�

Note: Unique optimal solution thanks to strong concavity of entropy 

min
P2U(a,b)

hP ,CXY i � "E(P )
<latexit sha1_base64="8z/il8vEWOfeq93j8ifTBNxJbpA="></latexit>

Def. Regularized OT, " � 0
<latexit sha1_base64="FXVqHsVGO6oNkP//0khlpX8EKHM="></latexit>



Entropic Regularization [Wilson’68]

36

EMD Entropy

Discrete analog:  Cuturi, NIPS 2013

�
µ

⌫

P�

Note: Unique optimal solution thanks to strong concavity of entropy 

min
P2U(a,b)

hP ,CXY i � "E(P )
<latexit sha1_base64="8z/il8vEWOfeq93j8ifTBNxJbpA="></latexit>

Def. Regularized OT, " � 0
<latexit sha1_base64="FXVqHsVGO6oNkP//0khlpX8EKHM="></latexit>



Entropic Regularization [Wilson’68]

36

EMD Entropy

Discrete analog:  Cuturi, NIPS 2013

�
µ

⌫

P�

Note: Unique optimal solution thanks to strong concavity of entropy 
⇡ “y = T (x)”

min
P2U(a,b)

hP ,CXY i � "E(P )
<latexit sha1_base64="8z/il8vEWOfeq93j8ifTBNxJbpA="></latexit>

Def. Regularized OT, " � 0
<latexit sha1_base64="FXVqHsVGO6oNkP//0khlpX8EKHM="></latexit>



Fast & Scalable Algorithm

37

Prop. If P "
def
= argmin

P2U(a,b)
hP ,CXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that
<latexit sha1_base64="iBTE5HO4OmmCZmFMl4UiOLH0vaE="> nooCXuf7bxxmjgFNVHVoVPxV9ZEvBgvPysFYoMFw3FEsexwUdhrt/EwjFG0yh7RL4jj3Lx7sP7RuWdwvsv8t0N5rtutguhPizCDGsA3m70zUpP/yF+/eHtVrf3fXfrzdbK9qD4kf5vl/516d+XHi/1ln5c2l56tXSydL5kP/jPB//14L8f/M8O2Xm5c7TzmlN/86DQ+Zcl5W/n4v8AGNfEVA==</latexit>

P " = diag(u)KKdiag(v), KK
def
= e�CXY /"

<latexit sha1_base64="b7BuNfTZuwov5I7kxTw9J/UHmcc="></latexit>



Fast & Scalable Algorithm

37

Prop. If P "
def
= argmin

P2U(a,b)
hP ,CXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that
<latexit sha1_base64="iBTE5HO4OmmCZmFMl4UiOLH0vaE="> nooCXuf7bxxmjgFNVHVoVPxV9ZEvBgvPysFYoMFw3FEsexwUdhrt/EwjFG0yh7RL4jj3Lx7sP7RuWdwvsv8t0N5rtutguhPizCDGsA3m70zUpP/yF+/eHtVrf3fXfrzdbK9qD4kf5vl/516d+XHi/1ln5c2l56tXSydL5kP/jPB//14L8f/M8O2Xm5c7TzmlN/86DQ+Zcl5W/n4v8AGNfEVA==</latexit>

P " = diag(u)KKdiag(v), KK
def
= e�CXY /"

<latexit sha1_base64="b7BuNfTZuwov5I7kxTw9J/UHmcc="></latexit>

L(P,↵,�) =
X

ij

PijCij + "Pij(logPij � 1) + ↵T (P1� a) + �T (PT1� b)

@L/@Pij = Cij + " logPij + ↵i + �j

(@L/@Pij = 0) )Pij = e
↵i

" e�
Cij

" e
�j

" = ui KKijvj
<latexit sha1_base64="8+YKr0kUZtVnphD7BKOkMAfbfA8="> tD9ngOznmDZO3yDnayN7G8yfY4SlwY7SArVq/snZeWW9veJMQNj5mdfMn7vyKQJXMq37nANp53VxDs8poJ+ZLt7bDCTI5W4LlWoMRUSlCk8wfrF0WLTu98pXexssV1sQafJtE85ps5wXY241dlXC+wv+1+89iKt+WVpA/b1kJzdbbRibNG4iQw7tiPtGH2o0lItlBu6kdj24e+ywCCPYceS4rSDT0mQvLVlZVVflWnFMan0hRyHy8oQnTFn+cRpQBliJIm9+/zswSDzg2MAi 8Dn0jmmS7fZP6Gfj9pZatUUQozXcBQW2GinbJr0VDWPFw4UXyLLSfaQt7uCqnl2yk+NwjPhPBMQuchmvHpOqSpq7w18aYYCIkaqrblo2974oGLRpPsOlrpSUF2y6ziv0x2K87YlSup SKideKpl6oby9pBvus5SF+t4mGGVogW/6JW3SmxYMPj10kEM2l04LII2dGmIrZ7evXfWFmJx2VKs+mgks6CDmnj82cbrsaErmo+sypiKPyklEMF4/VkvCINFR7HCcWzwUViY185wjNEszu+Th+R+Id8DeN+ovFN4f6LevXCx6+W7kP/Dyswa70O0G3220jP/Jwn1h9db3d7X3a2XWyvb++J/oPCrpb9f+oelB0u9pW+WtpeeLR0vvVpy7v3zvX+596/3/q3/7/3/7P9X/7859N4vhMzfLml//f/5X139txo=</latexit>



Fast & Scalable Algorithm

38

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b

Prop. If P "
def
= argmin

P2U(a,b)
hP ,CXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that
<latexit sha1_base64="iBTE5HO4OmmCZmFMl4UiOLH0vaE="> nooCXuf7bxxmjgFNVHVoVPxV9ZEvBgvPysFYoMFw3FEsexwUdhrt/EwjFG0yh7RL4jj3Lx7sP7RuWdwvsv8t0N5rtutguhPizCDGsA3m70zUpP/yF+/eHtVrf3fXfrzdbK9qD4kf5vl/516d+XHi/1ln5c2l56tXSydL5kP/jPB//14L8f/M8O2Xm5c7TzmlN/86DQ+Zcl5W/n4v8AGNfEVA==</latexit>

P " = diag(u)KKdiag(v), KK
def
= e�CXY /"

<latexit sha1_base64="b7BuNfTZuwov5I7kxTw9J/UHmcc="></latexit>



Fast & Scalable Algorithm

38

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = bdiag(u)1n| {z }
u

Prop. If P "
def
= argmin

P2U(a,b)
hP ,CXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that
<latexit sha1_base64="iBTE5HO4OmmCZmFMl4UiOLH0vaE="> nooCXuf7bxxmjgFNVHVoVPxV9ZEvBgvPysFYoMFw3FEsexwUdhrt/EwjFG0yh7RL4jj3Lx7sP7RuWdwvsv8t0N5rtutguhPizCDGsA3m70zUpP/yF+/eHtVrf3fXfrzdbK9qD4kf5vl/516d+XHi/1ln5c2l56tXSydL5kP/jPB//14L8f/M8O2Xm5c7TzmlN/86DQ+Zcl5W/n4v8AGNfEVA==</latexit>

P " = diag(u)KKdiag(v), KK
def
= e�CXY /"

<latexit sha1_base64="b7BuNfTZuwov5I7kxTw9J/UHmcc="></latexit>



Fast & Scalable Algorithm

38

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = bdiag(u)1n| {z }
u

vz }| {
diag(v)1m

Prop. If P "
def
= argmin

P2U(a,b)
hP ,CXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that
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Fast & Scalable Algorithm

38

P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b

v

u

Prop. If P "
def
= argmin

P2U(a,b)
hP ,CXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that
<latexit sha1_base64="iBTE5HO4OmmCZmFMl4UiOLH0vaE="> nooCXuf7bxxmjgFNVHVoVPxV9ZEvBgvPysFYoMFw3FEsexwUdhrt/EwjFG0yh7RL4jj3Lx7sP7RuWdwvsv8t0N5rtutguhPizCDGsA3m70zUpP/yF+/eHtVrf3fXfrzdbK9qD4kf5vl/516d+XHi/1ln5c2l56tXSydL5kP/jPB//14L8f/M8O2Xm5c7TzmlN/86DQ+Zcl5W/n4v8AGNfEVA==</latexit>

P " = diag(u)KKdiag(v), KK
def
= e�CXY /"

<latexit sha1_base64="b7BuNfTZuwov5I7kxTw9J/UHmcc="></latexit>



Fast & Scalable Algorithm
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P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b

v

u

u �
v �

Prop. If P "
def
= argmin

P2U(a,b)
hP ,CXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that
<latexit sha1_base64="iBTE5HO4OmmCZmFMl4UiOLH0vaE="> nooCXuf7bxxmjgFNVHVoVPxV9ZEvBgvPysFYoMFw3FEsexwUdhrt/EwjFG0yh7RL4jj3Lx7sP7RuWdwvsv8t0N5rtutguhPizCDGsA3m70zUpP/yF+/eHtVrf3fXfrzdbK9qD4kf5vl/516d+XHi/1ln5c2l56tXSydL5kP/jPB//14L8f/M8O2Xm5c7TzmlN/86DQ+Zcl5W/n4v8AGNfEVA==</latexit>

P " = diag(u)KKdiag(v), KK
def
= e�CXY /"

<latexit sha1_base64="b7BuNfTZuwov5I7kxTw9J/UHmcc="></latexit>



Fast & Scalable Algorithm
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P� 2 U(a, b) ,
(
diag(u)KKdiag(v)1m = a

diag(v)KKTdiag(u)1n = b

v

u

u �
v �
u = a/KKv

v = b/KKTu

1.

2.

Sinkhorn’s Algorithm : Repeat

Prop. If P "
def
= argmin

P2U(a,b)
hP ,CXY i��E(P )

then 9!u 2 Rn
+,v 2 Rm

+ , such that
<latexit sha1_base64="iBTE5HO4OmmCZmFMl4UiOLH0vaE="> nooCXuf7bxxmjgFNVHVoVPxV9ZEvBgvPysFYoMFw3FEsexwUdhrt/EwjFG0yh7RL4jj3Lx7sP7RuWdwvsv8t0N5rtutguhPizCDGsA3m70zUpP/yF+/eHtVrf3fXfrzdbK9qD4kf5vl/516d+XHi/1ln5c2l56tXSydL5kP/jPB//14L8f/M8O2Xm5c7TzmlN/86DQ+Zcl5W/n4v8AGNfEVA==</latexit>

P " = diag(u)KKdiag(v), KK
def
= e�CXY /"

<latexit sha1_base64="b7BuNfTZuwov5I7kxTw9J/UHmcc="></latexit>
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u = a/KKv

v = b/KKTu

1.

2.
Sinkhorn’s Algorithm : repeat

• [Sinkhorn’64] proved first convergence 
• Speed: [Lorenz’89] proved linear convergence, see 

[Altschuler’17] [Dvurechensky’18] for new results.  

•               complexity, GPGPU parallel [C’13] . 

•                    using convolutions [Solomon+’15]  

•             using clever low rank    [Altschuler+’18/19]

O(nm)

O(n logn)

O(nk) KK
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Sinkhorn

Prop. @PL
@X ,

@PL
@a can be computed recur-

sively, in O(L) kernelKK⇥vector products.

KK
def
= e�CXY /"Def. For L � 1, define

PL
def
= diag(uL)KKdiag(vL), where

v0 = 1m; l � 0,ul
def
= a/KKvl,vl+1

def
= b/KKTul.
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Sinkhorn Ranks and Sorts

Compute n⇥m OT solution P ?
,

<latexit sha1_base64="xMcD4dt2uBmmPnnIKoH1bkIoqeI="></latexit>

R(x) = na�1 � P ?cs(b), S(x) = b�1 � (P ?)Tx
<latexit sha1_base64="80VbpuueJOuacDFQ4QxCYUZsaG8="> </latexit>
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Sinkhorn Ranks and Sorts

Compute n⇥m OT solution P ?
,

<latexit sha1_base64="xMcD4dt2uBmmPnnIKoH1bkIoqeI="></latexit>

R(x) = na�1 � P ?cs(b), S(x) = b�1 � (P ?)Tx
<latexit sha1_base64="80VbpuueJOuacDFQ4QxCYUZsaG8="> </latexit>

Set ", compute uL,vL in nmL ops
<latexit sha1_base64="qMzfMeUu444+vnPErQAcX/jbShE="></latexit>

R(x) = na�1 � uL � KKvL � cs(b)
<latexit sha1_base64="Rdl4NS5PDecVpFYms4DbN+5FtkQ="></latexit>

S(x) = b�1 � vL � KKTuL � x
<latexit sha1_base64="GtQ8biTBggiZK/FWEi79NuARG+U="></latexit>
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Sinkhorn Ranks and Sorts

Compute n⇥m OT solution P ?
,

<latexit sha1_base64="xMcD4dt2uBmmPnnIKoH1bkIoqeI="></latexit>

R(x) = na�1 � P ?cs(b), S(x) = b�1 � (P ?)Tx
<latexit sha1_base64="80VbpuueJOuacDFQ4QxCYUZsaG8="> </latexit>

Regularized OT 
Sinkhorn Algorithm

Differentiable 
sorting in O(nm)Ranking / Sorting

Set ", compute uL,vL in nmL ops
<latexit sha1_base64="qMzfMeUu444+vnPErQAcX/jbShE="></latexit>

R(x) = na�1 � uL � KKvL � cs(b)
<latexit sha1_base64="Rdl4NS5PDecVpFYms4DbN+5FtkQ="></latexit>

S(x) = b�1 � vL � KKTuL � x
<latexit sha1_base64="GtQ8biTBggiZK/FWEi79NuARG+U="></latexit>
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The Devil is in the Details



Sinkhorn Sort, Ranks, Quantiles
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Applications
• Soft-ranks can tell differentiably if a point is close 

to desired rank among its peers. 

• We use this directly in ML, to replace Softmax/KL 
losses by a differentiable approx to 0/1 or more 
generally top-k loss among L labels. 

Heaviside

Any soft/continuous H like function.
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CIFAR-10
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CIFAR-100
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Comparison with Neuralsort
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Comparison with Neuralsort

quantile method bio bike facebook star concrete community

⌧ = 0.1
S-Quantile 0.211 0.171 0.018 0.354 0.478 0.201

Pinball 0.109 0.144 0.018 0.166 0.103 0.095

⌧ = 0.2
S-Quantile 0.220 0.191 0.036 0.363 0.433 0.204

Pinball 0.206 0.271 0.036 0.277 0.180 0.174

⌧ = 0.5
S-Quantile 0.241 0.267 0.090 0.382 0.297 0.205

Pinball 0.430 0.514 0.090 0.419 0.302 0.336
Table 1: Pinball loss (averaged on 12 runs) obtained on the dataset shared by [21] and at levels
⌧ = 0.1; 0.2 and 0.5 (mean absolute error) using either a direct minimization of the loss or the
S-Quantile operator. .

algorithm n=3 n=5 n=7 n=9 n=15
Stochastic NeuralSort 0.920 (0.946) 0.790 (0.907) 0.636 (0.873) 0.452 (0.829) 0.122 (0.734)

Deterministic NeuralSort 0.919 (0.945) 0.777 (0.901) 0.610 (0.862) 0.434 (0.824) 0.097 (0.716)
Our 0.928 (0.950) 0.811 (0.917) 0.656 (0.882) 0.497 (0.847) 0.126 (0.742)

Table 2: Sorting exact and partial precision on the neural sort task averaged over 10 runs. Our
method performs better than the method presented in [11] for all the sorting tasks, with the exact
same network architecture.

confirm experimentally that S-sort performs on par with
their neural-sort function. We set " = 0.05 and ` =

100. This particular application is one where we have
observed empirically that tuning " is important, as very
little gradient information is propagated with " = 0.01.

Conclusion. We have proposed in this paper a new frame-
work to backpropagate through sorting, and more generally
operators that can mimic the behavior of CDF and quantile
functions. We have shown that, with a focus on numerical stability, one can use there operators in
various settings, including challenging ones that operate within a learning pipeline. We have used the
S-Quantile operator to quantify the loss in quantile regression problems, the S-CDF to formulate an
alternative to the cross-entropy that can mimic the 0/1 loss in multiclass classification, and combined
both to do quantile normalization in a supervised way. Several issues need to be investigated with
this operator. In particular, decreasing " cancels out progressively any Jacobian between sort/CDFs
and input values, yet fits better the criteria used in real life, and which require “hard” decisions that
rely on max/min operations. Although we match the existing neuralsort algorithm on the tasks they
have defined, the more ambitious tasks we have targeted paint a mixed picture. Setting y adaptively
and varying " when needed are important directions to improve the performance of our framework.
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What I could not talk about…

Several open choices: h, 𝜀, L,  y, b  

They at all boil to down to sorting in the limit, 
as long as h convex, yet shape differentiability


