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varying the azimuth φ during the exposure time and can be
modeled by the following expression:
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where f ðzÞ is the density of fluorophores in the medium con-
volved by the emission point spread function and ρð · Þ represents
the laser beam profile of divergence Ω. The function Iðz; α;φÞ
describes the intensity of the electric field as a function of the
depth z, the incidence angle α, and the azimuth φ: For an in-
cidence angle α greater than the critical angle, an exponentially
decreasing component appears whose characteristic penetration
depth dðαÞ can be expressed as a function of the wavelength λ, the
refractive index of the glass ni, and the refractive index of the
medium nt as dðαÞ= λ=4π ðn2i sin

2 α+ n2t Þ
−1=2. A more realistic

model would take into account a multilayer dielectric material
(24). However, for small enough depth (z< λ=2), the TIRF exci-
tation intensity can be approximated by a simple exponentially
decaying function (25). For a given angle θ, we can average
the contributions of the two polarization components when the
beam describes a full circle. Finally, by considering a finite set of
incident angles θ and depth z, we can discretize the problem and
obtain the following linear system of equations g=Hf , where H
is the matrix associated to the operator involved in the image
formation (Fig. S3B).
To validate the proposedmodel, a test sample has been designed

containing fluorescent beads located at different heights as pre-
viously described (17). A multiangle TIRF and aWF image stacks
of the sample have been acquired (Fig. 2B), and a parametric
model of the beads viewed through the image formation operator
(SI Imaging Model and Reconstruction) has been fitted to the
evolution of the intensity versus the incident TIRF angle (21). It
is worth stressing that the location of the beads in WF are relative
to the objective, whereas in TIRF the estimated depth is related
to the distance to the glass coverslip. As depicted on Fig. 2C
and Movie S2, the adjusted model is in good agreement with
the measured intensity profiles. Indeed, from these parameter
adjustments, the location of the beads can be estimated and the

slope of the glass slide recovered (Fig. 2D), the latter falling within
the confidence interval deducted from the accuracy of the mea-
surement of the different characteristic dimensions of the sample.
Finally, from the dispersion of the estimated depth around the
average slope (Fig. 2D), we can conclude that the localization
precision obtained with this approach is higher than the corre-
sponding precision given by estimating the location of the beads in
the WF image stack as already mentioned (17).
Estimating the 3D density of fluorophores convolved by the

emission point spread function then would simply boil down to
inverting the linear system. Some care has to be taken when
inverting such system, as the inverse problem is at best badly con-
ditioned. Nevertheless, constraints can be imposed to the solution
such as positivity, and, in the case of time-lapse acquisitions, a
multiframe regularization can be used in addition to the spatial and
temporal regularization smoothness to solve the reconstruction
problem. Moreover, to be effective, such a positivity constraint
requires a correct knowledge of the background level. As a conse-
quence, for each multiangle image stack, a background image is
obtained by driving the beam out of the objective. Given that
several convex constraints have to be satisfied at the same time, we
propose to rely on a flavor of the PPXA algorithm (26) to estimate
the tridimensional density of fluorophores (Fig. S4).More detailed
information on how noise, object depth, and the required number
of angles can be taken into account is discussed in SI ImagingModel
and Reconstruction and Fig. S5. Finally, to take into account the
variations of the medium index, we select an effective index within
a predefined range by minimizing the reconstruction error at each
pixel under a spatial smoothness constraint (Fig. S6). It is worth
noting that the computation time for the reconstruction on 10
planes from a stack 512 × 512 images corresponding to 21 in-
cidence angles ranges from 1 to 5 min depending on the number
of iterations.

Imaging in Vitro and in Vivo Actin Assembly. The proposed multi-
angle TIRF image reconstruction approach was then tested on
complex samples such as actin network architectures for which
spatial resolution and dynamics remain an issue. We first chal-
lenged the spatial organization of actin nucleation geometry
using an in vitro assay based on micropatterning method (27).
In this context, the micropatterns promote actin assembly and
constrain the actin organization. This system, giving rise to specific
architectures (parallel or antiparallel bundles and networks)
mimics equivalent structures observed in cells. Three-dimensional
reconstruction of multiangle TIRFM stacks clearly highlights the
fact that structures assembled outside of the patterned areas ex-
tend in depth and are not restricted to the plane of the glass
coverslip. This is displayed both in a color-coded depth visuali-
zation (Fig. 3A), as well as in the thumbnails (Fig. 3A, Right)
corresponding to four equally spaced slices, taken among 10
reconstructed planes. We observe radially expanding bundles lo-
cated in the first 100-nm range and a second set of filaments lo-
cated in the 100- to 300-nm range above. The resulting network is
not well constrained, generating an unorganized architecture;
therefore, bundle crossings appear (Fig. 3A). In contrast, the net-
work induced by a circular pattern appears highly organized (Fig.
3B). The results obtained with this approach confirm and un-
derscore previously published data (27). Indeed, the gain in axial
resolution demonstrates unambiguously that the actin structure
arising from the circular pattern is confined next to the patterned
coverslip (mainly within the first 50 nm). The analysis presented
here emphasizes the structural heterogeneity of actin organization
and extent of deformation observed toward the center as a conse-
quence of growing actin bundles encountering each other. This
allows the characterization of sites of active force-induced de-
formation driven by actin assembly.
In a cellular context, depending on the acquisition parameters,

an axial resolution of 50–100 nm on average can be reached, over
up to 800 nm in depth. This is illustrated in Fig. 3C on LifeAct-
mCherry–expressing RPE1 cells, where actin architecture can be
restored from an image stack corresponding to 21 incidence
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Fig. 2. Experimental validation of the multiangle TIRF model. (A) Schema
of the system designed to create a slope of fluorescent beads. (B) Overlay
of the maximum intensity projection of image stack acquired with WF and
TIRF illumination. (Scale bar: 5 μm.) The evolution of the intensity versus the
illumination angle θ of two selected beads are plotted in Cwith the corre-
sponding fitting theoretical model (continuous line) for their estimated
depth (respectively 10 and 89 nm). (D) Depth of all of the beads estimated by
fitting the theoretical TIRF model (in red) and the depth of the same beads
estimated by fitting a Gaussian model in the WF image stack (in green).
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varying the azimuth φ during the exposure time and can be
modeled by the following expression:
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where f ðzÞ is the density of fluorophores in the medium con-
volved by the emission point spread function and ρð · Þ represents
the laser beam profile of divergence Ω. The function Iðz; α;φÞ
describes the intensity of the electric field as a function of the
depth z, the incidence angle α, and the azimuth φ: For an in-
cidence angle α greater than the critical angle, an exponentially
decreasing component appears whose characteristic penetration
depth dðαÞ can be expressed as a function of the wavelength λ, the
refractive index of the glass ni, and the refractive index of the
medium nt as dðαÞ= λ=4π ðn2i sin

2 α+ n2t Þ
−1=2. A more realistic

model would take into account a multilayer dielectric material
(24). However, for small enough depth (z< λ=2), the TIRF exci-
tation intensity can be approximated by a simple exponentially
decaying function (25). For a given angle θ, we can average
the contributions of the two polarization components when the
beam describes a full circle. Finally, by considering a finite set of
incident angles θ and depth z, we can discretize the problem and
obtain the following linear system of equations g=Hf , where H
is the matrix associated to the operator involved in the image
formation (Fig. S3B).
To validate the proposedmodel, a test sample has been designed

containing fluorescent beads located at different heights as pre-
viously described (17). A multiangle TIRF and aWF image stacks
of the sample have been acquired (Fig. 2B), and a parametric
model of the beads viewed through the image formation operator
(SI Imaging Model and Reconstruction) has been fitted to the
evolution of the intensity versus the incident TIRF angle (21). It
is worth stressing that the location of the beads in WF are relative
to the objective, whereas in TIRF the estimated depth is related
to the distance to the glass coverslip. As depicted on Fig. 2C
and Movie S2, the adjusted model is in good agreement with
the measured intensity profiles. Indeed, from these parameter
adjustments, the location of the beads can be estimated and the

slope of the glass slide recovered (Fig. 2D), the latter falling within
the confidence interval deducted from the accuracy of the mea-
surement of the different characteristic dimensions of the sample.
Finally, from the dispersion of the estimated depth around the
average slope (Fig. 2D), we can conclude that the localization
precision obtained with this approach is higher than the corre-
sponding precision given by estimating the location of the beads in
the WF image stack as already mentioned (17).
Estimating the 3D density of fluorophores convolved by the

emission point spread function then would simply boil down to
inverting the linear system. Some care has to be taken when
inverting such system, as the inverse problem is at best badly con-
ditioned. Nevertheless, constraints can be imposed to the solution
such as positivity, and, in the case of time-lapse acquisitions, a
multiframe regularization can be used in addition to the spatial and
temporal regularization smoothness to solve the reconstruction
problem. Moreover, to be effective, such a positivity constraint
requires a correct knowledge of the background level. As a conse-
quence, for each multiangle image stack, a background image is
obtained by driving the beam out of the objective. Given that
several convex constraints have to be satisfied at the same time, we
propose to rely on a flavor of the PPXA algorithm (26) to estimate
the tridimensional density of fluorophores (Fig. S4).More detailed
information on how noise, object depth, and the required number
of angles can be taken into account is discussed in SI ImagingModel
and Reconstruction and Fig. S5. Finally, to take into account the
variations of the medium index, we select an effective index within
a predefined range by minimizing the reconstruction error at each
pixel under a spatial smoothness constraint (Fig. S6). It is worth
noting that the computation time for the reconstruction on 10
planes from a stack 512 × 512 images corresponding to 21 in-
cidence angles ranges from 1 to 5 min depending on the number
of iterations.

Imaging in Vitro and in Vivo Actin Assembly. The proposed multi-
angle TIRF image reconstruction approach was then tested on
complex samples such as actin network architectures for which
spatial resolution and dynamics remain an issue. We first chal-
lenged the spatial organization of actin nucleation geometry
using an in vitro assay based on micropatterning method (27).
In this context, the micropatterns promote actin assembly and
constrain the actin organization. This system, giving rise to specific
architectures (parallel or antiparallel bundles and networks)
mimics equivalent structures observed in cells. Three-dimensional
reconstruction of multiangle TIRFM stacks clearly highlights the
fact that structures assembled outside of the patterned areas ex-
tend in depth and are not restricted to the plane of the glass
coverslip. This is displayed both in a color-coded depth visuali-
zation (Fig. 3A), as well as in the thumbnails (Fig. 3A, Right)
corresponding to four equally spaced slices, taken among 10
reconstructed planes. We observe radially expanding bundles lo-
cated in the first 100-nm range and a second set of filaments lo-
cated in the 100- to 300-nm range above. The resulting network is
not well constrained, generating an unorganized architecture;
therefore, bundle crossings appear (Fig. 3A). In contrast, the net-
work induced by a circular pattern appears highly organized (Fig.
3B). The results obtained with this approach confirm and un-
derscore previously published data (27). Indeed, the gain in axial
resolution demonstrates unambiguously that the actin structure
arising from the circular pattern is confined next to the patterned
coverslip (mainly within the first 50 nm). The analysis presented
here emphasizes the structural heterogeneity of actin organization
and extent of deformation observed toward the center as a conse-
quence of growing actin bundles encountering each other. This
allows the characterization of sites of active force-induced de-
formation driven by actin assembly.
In a cellular context, depending on the acquisition parameters,

an axial resolution of 50–100 nm on average can be reached, over
up to 800 nm in depth. This is illustrated in Fig. 3C on LifeAct-
mCherry–expressing RPE1 cells, where actin architecture can be
restored from an image stack corresponding to 21 incidence
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Fig. 2. Experimental validation of the multiangle TIRF model. (A) Schema
of the system designed to create a slope of fluorescent beads. (B) Overlay
of the maximum intensity projection of image stack acquired with WF and
TIRF illumination. (Scale bar: 5 μm.) The evolution of the intensity versus the
illumination angle θ of two selected beads are plotted in Cwith the corre-
sponding fitting theoretical model (continuous line) for their estimated
depth (respectively 10 and 89 nm). (D) Depth of all of the beads estimated by
fitting the theoretical TIRF model (in red) and the depth of the same beads
estimated by fitting a Gaussian model in the WF image stack (in green).
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Mixture estimation
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varying the azimuth φ during the exposure time and can be
modeled by the following expression:
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where f ðzÞ is the density of fluorophores in the medium con-
volved by the emission point spread function and ρð · Þ represents
the laser beam profile of divergence Ω. The function Iðz; α;φÞ
describes the intensity of the electric field as a function of the
depth z, the incidence angle α, and the azimuth φ: For an in-
cidence angle α greater than the critical angle, an exponentially
decreasing component appears whose characteristic penetration
depth dðαÞ can be expressed as a function of the wavelength λ, the
refractive index of the glass ni, and the refractive index of the
medium nt as dðαÞ= λ=4π ðn2i sin

2 α+ n2t Þ
−1=2. A more realistic

model would take into account a multilayer dielectric material
(24). However, for small enough depth (z< λ=2), the TIRF exci-
tation intensity can be approximated by a simple exponentially
decaying function (25). For a given angle θ, we can average
the contributions of the two polarization components when the
beam describes a full circle. Finally, by considering a finite set of
incident angles θ and depth z, we can discretize the problem and
obtain the following linear system of equations g=Hf , where H
is the matrix associated to the operator involved in the image
formation (Fig. S3B).
To validate the proposedmodel, a test sample has been designed

containing fluorescent beads located at different heights as pre-
viously described (17). A multiangle TIRF and aWF image stacks
of the sample have been acquired (Fig. 2B), and a parametric
model of the beads viewed through the image formation operator
(SI Imaging Model and Reconstruction) has been fitted to the
evolution of the intensity versus the incident TIRF angle (21). It
is worth stressing that the location of the beads in WF are relative
to the objective, whereas in TIRF the estimated depth is related
to the distance to the glass coverslip. As depicted on Fig. 2C
and Movie S2, the adjusted model is in good agreement with
the measured intensity profiles. Indeed, from these parameter
adjustments, the location of the beads can be estimated and the

slope of the glass slide recovered (Fig. 2D), the latter falling within
the confidence interval deducted from the accuracy of the mea-
surement of the different characteristic dimensions of the sample.
Finally, from the dispersion of the estimated depth around the
average slope (Fig. 2D), we can conclude that the localization
precision obtained with this approach is higher than the corre-
sponding precision given by estimating the location of the beads in
the WF image stack as already mentioned (17).
Estimating the 3D density of fluorophores convolved by the

emission point spread function then would simply boil down to
inverting the linear system. Some care has to be taken when
inverting such system, as the inverse problem is at best badly con-
ditioned. Nevertheless, constraints can be imposed to the solution
such as positivity, and, in the case of time-lapse acquisitions, a
multiframe regularization can be used in addition to the spatial and
temporal regularization smoothness to solve the reconstruction
problem. Moreover, to be effective, such a positivity constraint
requires a correct knowledge of the background level. As a conse-
quence, for each multiangle image stack, a background image is
obtained by driving the beam out of the objective. Given that
several convex constraints have to be satisfied at the same time, we
propose to rely on a flavor of the PPXA algorithm (26) to estimate
the tridimensional density of fluorophores (Fig. S4).More detailed
information on how noise, object depth, and the required number
of angles can be taken into account is discussed in SI ImagingModel
and Reconstruction and Fig. S5. Finally, to take into account the
variations of the medium index, we select an effective index within
a predefined range by minimizing the reconstruction error at each
pixel under a spatial smoothness constraint (Fig. S6). It is worth
noting that the computation time for the reconstruction on 10
planes from a stack 512 × 512 images corresponding to 21 in-
cidence angles ranges from 1 to 5 min depending on the number
of iterations.

Imaging in Vitro and in Vivo Actin Assembly. The proposed multi-
angle TIRF image reconstruction approach was then tested on
complex samples such as actin network architectures for which
spatial resolution and dynamics remain an issue. We first chal-
lenged the spatial organization of actin nucleation geometry
using an in vitro assay based on micropatterning method (27).
In this context, the micropatterns promote actin assembly and
constrain the actin organization. This system, giving rise to specific
architectures (parallel or antiparallel bundles and networks)
mimics equivalent structures observed in cells. Three-dimensional
reconstruction of multiangle TIRFM stacks clearly highlights the
fact that structures assembled outside of the patterned areas ex-
tend in depth and are not restricted to the plane of the glass
coverslip. This is displayed both in a color-coded depth visuali-
zation (Fig. 3A), as well as in the thumbnails (Fig. 3A, Right)
corresponding to four equally spaced slices, taken among 10
reconstructed planes. We observe radially expanding bundles lo-
cated in the first 100-nm range and a second set of filaments lo-
cated in the 100- to 300-nm range above. The resulting network is
not well constrained, generating an unorganized architecture;
therefore, bundle crossings appear (Fig. 3A). In contrast, the net-
work induced by a circular pattern appears highly organized (Fig.
3B). The results obtained with this approach confirm and un-
derscore previously published data (27). Indeed, the gain in axial
resolution demonstrates unambiguously that the actin structure
arising from the circular pattern is confined next to the patterned
coverslip (mainly within the first 50 nm). The analysis presented
here emphasizes the structural heterogeneity of actin organization
and extent of deformation observed toward the center as a conse-
quence of growing actin bundles encountering each other. This
allows the characterization of sites of active force-induced de-
formation driven by actin assembly.
In a cellular context, depending on the acquisition parameters,

an axial resolution of 50–100 nm on average can be reached, over
up to 800 nm in depth. This is illustrated in Fig. 3C on LifeAct-
mCherry–expressing RPE1 cells, where actin architecture can be
restored from an image stack corresponding to 21 incidence
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Fig. 2. Experimental validation of the multiangle TIRF model. (A) Schema
of the system designed to create a slope of fluorescent beads. (B) Overlay
of the maximum intensity projection of image stack acquired with WF and
TIRF illumination. (Scale bar: 5 μm.) The evolution of the intensity versus the
illumination angle θ of two selected beads are plotted in Cwith the corre-
sponding fitting theoretical model (continuous line) for their estimated
depth (respectively 10 and 89 nm). (D) Depth of all of the beads estimated by
fitting the theoretical TIRF model (in red) and the depth of the same beads
estimated by fitting a Gaussian model in the WF image stack (in green).
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Recover pointwise sources from noisy low-resolution observations.

Perceptron with 1 hidden layer
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varying the azimuth φ during the exposure time and can be
modeled by the following expression:
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where f ðzÞ is the density of fluorophores in the medium con-
volved by the emission point spread function and ρð · Þ represents
the laser beam profile of divergence Ω. The function Iðz; α;φÞ
describes the intensity of the electric field as a function of the
depth z, the incidence angle α, and the azimuth φ: For an in-
cidence angle α greater than the critical angle, an exponentially
decreasing component appears whose characteristic penetration
depth dðαÞ can be expressed as a function of the wavelength λ, the
refractive index of the glass ni, and the refractive index of the
medium nt as dðαÞ= λ=4π ðn2i sin

2 α+ n2t Þ
−1=2. A more realistic

model would take into account a multilayer dielectric material
(24). However, for small enough depth (z< λ=2), the TIRF exci-
tation intensity can be approximated by a simple exponentially
decaying function (25). For a given angle θ, we can average
the contributions of the two polarization components when the
beam describes a full circle. Finally, by considering a finite set of
incident angles θ and depth z, we can discretize the problem and
obtain the following linear system of equations g=Hf , where H
is the matrix associated to the operator involved in the image
formation (Fig. S3B).
To validate the proposedmodel, a test sample has been designed

containing fluorescent beads located at different heights as pre-
viously described (17). A multiangle TIRF and aWF image stacks
of the sample have been acquired (Fig. 2B), and a parametric
model of the beads viewed through the image formation operator
(SI Imaging Model and Reconstruction) has been fitted to the
evolution of the intensity versus the incident TIRF angle (21). It
is worth stressing that the location of the beads in WF are relative
to the objective, whereas in TIRF the estimated depth is related
to the distance to the glass coverslip. As depicted on Fig. 2C
and Movie S2, the adjusted model is in good agreement with
the measured intensity profiles. Indeed, from these parameter
adjustments, the location of the beads can be estimated and the

slope of the glass slide recovered (Fig. 2D), the latter falling within
the confidence interval deducted from the accuracy of the mea-
surement of the different characteristic dimensions of the sample.
Finally, from the dispersion of the estimated depth around the
average slope (Fig. 2D), we can conclude that the localization
precision obtained with this approach is higher than the corre-
sponding precision given by estimating the location of the beads in
the WF image stack as already mentioned (17).
Estimating the 3D density of fluorophores convolved by the

emission point spread function then would simply boil down to
inverting the linear system. Some care has to be taken when
inverting such system, as the inverse problem is at best badly con-
ditioned. Nevertheless, constraints can be imposed to the solution
such as positivity, and, in the case of time-lapse acquisitions, a
multiframe regularization can be used in addition to the spatial and
temporal regularization smoothness to solve the reconstruction
problem. Moreover, to be effective, such a positivity constraint
requires a correct knowledge of the background level. As a conse-
quence, for each multiangle image stack, a background image is
obtained by driving the beam out of the objective. Given that
several convex constraints have to be satisfied at the same time, we
propose to rely on a flavor of the PPXA algorithm (26) to estimate
the tridimensional density of fluorophores (Fig. S4).More detailed
information on how noise, object depth, and the required number
of angles can be taken into account is discussed in SI ImagingModel
and Reconstruction and Fig. S5. Finally, to take into account the
variations of the medium index, we select an effective index within
a predefined range by minimizing the reconstruction error at each
pixel under a spatial smoothness constraint (Fig. S6). It is worth
noting that the computation time for the reconstruction on 10
planes from a stack 512 × 512 images corresponding to 21 in-
cidence angles ranges from 1 to 5 min depending on the number
of iterations.

Imaging in Vitro and in Vivo Actin Assembly. The proposed multi-
angle TIRF image reconstruction approach was then tested on
complex samples such as actin network architectures for which
spatial resolution and dynamics remain an issue. We first chal-
lenged the spatial organization of actin nucleation geometry
using an in vitro assay based on micropatterning method (27).
In this context, the micropatterns promote actin assembly and
constrain the actin organization. This system, giving rise to specific
architectures (parallel or antiparallel bundles and networks)
mimics equivalent structures observed in cells. Three-dimensional
reconstruction of multiangle TIRFM stacks clearly highlights the
fact that structures assembled outside of the patterned areas ex-
tend in depth and are not restricted to the plane of the glass
coverslip. This is displayed both in a color-coded depth visuali-
zation (Fig. 3A), as well as in the thumbnails (Fig. 3A, Right)
corresponding to four equally spaced slices, taken among 10
reconstructed planes. We observe radially expanding bundles lo-
cated in the first 100-nm range and a second set of filaments lo-
cated in the 100- to 300-nm range above. The resulting network is
not well constrained, generating an unorganized architecture;
therefore, bundle crossings appear (Fig. 3A). In contrast, the net-
work induced by a circular pattern appears highly organized (Fig.
3B). The results obtained with this approach confirm and un-
derscore previously published data (27). Indeed, the gain in axial
resolution demonstrates unambiguously that the actin structure
arising from the circular pattern is confined next to the patterned
coverslip (mainly within the first 50 nm). The analysis presented
here emphasizes the structural heterogeneity of actin organization
and extent of deformation observed toward the center as a conse-
quence of growing actin bundles encountering each other. This
allows the characterization of sites of active force-induced de-
formation driven by actin assembly.
In a cellular context, depending on the acquisition parameters,

an axial resolution of 50–100 nm on average can be reached, over
up to 800 nm in depth. This is illustrated in Fig. 3C on LifeAct-
mCherry–expressing RPE1 cells, where actin architecture can be
restored from an image stack corresponding to 21 incidence
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Fig. 2. Experimental validation of the multiangle TIRF model. (A) Schema
of the system designed to create a slope of fluorescent beads. (B) Overlay
of the maximum intensity projection of image stack acquired with WF and
TIRF illumination. (Scale bar: 5 μm.) The evolution of the intensity versus the
illumination angle θ of two selected beads are plotted in Cwith the corre-
sponding fitting theoretical model (continuous line) for their estimated
depth (respectively 10 and 89 nm). (D) Depth of all of the beads estimated by
fitting the theoretical TIRF model (in red) and the depth of the same beads
estimated by fitting a Gaussian model in the WF image stack (in green).
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[Boulanger et al. 2014]

Single-molecule
fluorescence (3-D)

Recover pointwise sources from noisy low-resolution observations.

Practice: Scalable algorithms?Theory: Rayleigh limit?

Perceptron with 1 hidden layer
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Overview

• Sparse Linear Models 

• Sparse Estimation with Blasso  

• Non-super-resolution Regime 

• Super-resolution Regime



Sparse Linear Models

Measure m on X (e.g. ⇢ Rd or R/Z)d).
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ma,x

m

Discrete measure:

ma,x =
Pn

i=1 ai�xi ,
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ai 2 R, xi 2 X .
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X = R
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Sparse Linear Models

Measure m on X (e.g. ⇢ Rd or R/Z)d).
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ma,x

m

Discrete measure:

ma,x =
Pn

i=1 ai�xi ,
<latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="Z6o+Xeak5T2Jvb6pxfu+0lVUk0o="></latexit><latexit sha1_base64="Z6o+Xeak5T2Jvb6pxfu+0lVUk0o="></latexit><latexit sha1_base64="8y5MwZea358fzXF6EPwAdDKLuOs="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit>

ai 2 R, xi 2 X .
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'(x) 2 H ' continuous.
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Sparse Linear Models

Measure m on X (e.g. ⇢ Rd or R/Z)d).
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'(x) 2 H ' continuous.

'(x) = '̃(·� x)Deconvolution:
! Signal-dependent recovery criteria.
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<latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit>

'̃
<latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit>



Sparse Linear Models

Measure m on X (e.g. ⇢ Rd or R/Z)d).
<latexit sha1_base64="hOFjhcrHAha9iFa/9W/1kk1PuAg="></latexit><latexit sha1_base64="hOFjhcrHAha9iFa/9W/1kk1PuAg="></latexit><latexit sha1_base64="hOFjhcrHAha9iFa/9W/1kk1PuAg="></latexit><latexit sha1_base64="hOFjhcrHAha9iFa/9W/1kk1PuAg=">AABB/nictVzNchu5EYY3P7t2/rzJMZdJJKfslKOVtFuVVG1StbIky1rTtixSstdL2zVDjmjaQw49Q8qyuarKs+SQWyrX3HLNNbnlDZJTXiHdDWCAITHTGMUxShIGxNfd6AEa3Q3Q0SQZ5tP19X9e+uBb3/7Odz/86PKV733/Bz/80dWPf3ycp7OsFx/10iTNHkdhHifDcXw0HU6T+PEki8NRlMSPolfb+Pmj0zjLh+m4M307iZ </latexit><latexit sha1_base64="hOFjhcrHAha9iFa/9W/1kk1PuAg=">AABB/nictVzNchu5EYY3P7t2/rzJMZdJJKfslKOVtFuVVG1StbIky1rTtixSstdL2zVDjmjaQw49Q8qyuarKs+SQWyrX3HLNNbnlDZJTXiHdDWCAITHTGMUxShIGxNfd6AEa3Q3Q0SQZ5tP19X9e+uBb3/7Odz/86PKV733/Bz/80dWPf3ycp7OsFx/10iTNHkdhHifDcXw0HU6T+PEki8NRlMSPolfb+Pmj0zjLh+m4M307iZ </latexit>

ma,x

m

Discrete measure:

ma,x =
Pn

i=1 ai�xi ,
<latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="Z6o+Xeak5T2Jvb6pxfu+0lVUk0o="></latexit><latexit sha1_base64="Z6o+Xeak5T2Jvb6pxfu+0lVUk0o="></latexit><latexit sha1_base64="8y5MwZea358fzXF6EPwAdDKLuOs="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit><latexit sha1_base64="Zu07QcE1SR1hb31uUR0IvdHZqEI="></latexit>

ai 2 R, xi 2 X .
<latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="H5Bk0dfn4OM0PWY3reWgEVcZN7w="></latexit><latexit sha1_base64="H5Bk0dfn4OM0PWY3reWgEVcZN7w="></latexit><latexit sha1_base64="l7WVuJDvXEz3G/0ibKKg8hTtIi8="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit><latexit sha1_base64="rH7AmYXrHx6cdDmTCnCWvdhX+80="></latexit>

X = R
<latexit sha1_base64="qNcoLfo8aoKC1BXk+S6FF9Vg7J4="></latexit><latexit sha1_base64="qNcoLfo8aoKC1BXk+S6FF9Vg7J4="></latexit><latexit sha1_base64="qNcoLfo8aoKC1BXk+S6FF9Vg7J4="></latexit><latexit sha1_base64="qNcoLfo8aoKC1BXk+S6FF9Vg7J4="></latexit><latexit sha1_base64="qNcoLfo8aoKC1BXk+S6FF9Vg7J4="></latexit>

Linear model:
<latexit sha1_base64="/6//g/fwmJ5K44RZnOFiOnUapso="></latexit><latexit sha1_base64="/6//g/fwmJ5K44RZnOFiOnUapso="></latexit><latexit sha1_base64="/6//g/fwmJ5K44RZnOFiOnUapso="></latexit><latexit sha1_base64="/6//g/fwmJ5K44RZnOFiOnUapso=">AABBzXictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWuuRZuU7N2l7eJlRNMecmgOKV9o5TWfkNfkS/Id+YPkKb+QvgADDImZxiiOUZIwIE53owdodDdA96bJKJtvbv7z0gff+e73vv+DDy9f+eGPfvyTn1796GcnWbqY9ePjfpqks0e9bhYno0l8PB/Nk/jRdBZ3x70kfth7sYufPzyLZ9konbTnb6bx43F3OB </latexit><latexit sha1_base64="/6//g/fwmJ5K44RZnOFiOnUapso=">AABBzXictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWuuRZuU7N2l7eJlRNMecmgOKV9o5TWfkNfkS/Id+YPkKb+QvgADDImZxiiOUZIwIE53owdodDdA96bJKJtvbv7z0gff+e73vv+DDy9f+eGPfvyTn1796GcnWbqY9ePjfpqks0e9bhYno0l8PB/Nk/jRdBZ3x70kfth7sYufPzyLZ9konbTnb6bx43F3OB </latexit>

y = �m
def.
=

R
X '(x)dm(x)

<latexit sha1_base64="OGVW9KaFlK8JSyWaYUDFDmydQU0="></latexit><latexit sha1_base64="OGVW9KaFlK8JSyWaYUDFDmydQU0="></latexit><latexit sha1_base64="OGVW9KaFlK8JSyWaYUDFDmydQU0="></latexit><latexit sha1_base64="OGVW9KaFlK8JSyWaYUDFDmydQU0="></latexit><latexit sha1_base64="OGVW9KaFlK8JSyWaYUDFDmydQU0="></latexit>

'(x) 2 H ' continuous.

'(x) = '̃(·� x)Deconvolution:
! Signal-dependent recovery criteria.

Fourier: '(x) = (ei`x)fc`=�fc
2 C2fc+1

Laplace: '(x) = e�x·
2 H

def.
= L2(R+)

�ma,x
<latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit><latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit><latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit><latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit><latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit>

�ma,x
<latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit><latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit><latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit><latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit><latexit sha1_base64="89JE5N9yFkQgHmSmGYrUyt3FKsA="></latexit>

'̃
<latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit>

'̃
<latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit><latexit sha1_base64="RHa/kX/a9bFa3V2gaayWjj7yc6c="></latexit>



Mixture Models

fa,(µ,�)(t) =
nX

i=1

ai
�d
i

h

✓
t� µi

�i

◆

<latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="f7LoXk2hNq37QvuU7hyU10ev4Ko="></latexit><latexit sha1_base64="f7LoXk2hNq37QvuU7hyU10ev4Ko="></latexit><latexit sha1_base64="8bw/HkW/Z+2T0/QB0dSS53t9oUQ="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit>

Mixture estimation:
<latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc=">AABB1XictVzNchy3EYacP0v5k+NjLpPQStkpWSEZVyUVV6pMkRRFi5Io7ZKS7ZVU+zNcjTS7s9rZpSiteUvlmkfINXmKPEfeIDnlFdI/wACzi5nGMIpQJDFYfN2NHqDR3cCqN0mTfLa+/s9L733nu9/7/g/ev3zlhz/68U9+evWDnx3n2Xzaj4/6WZpNH/e6eZwm4/holszS+PFkGndHvTR+1Hu5jZ8/Oo2neZKN27M3k/jJqD </latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc=">AABB1XictVzNchy3EYacP0v5k+NjLpPQStkpWSEZVyUVV6pMkRRFi5Io7ZKS7ZVU+zNcjTS7s9rZpSiteUvlmkfINXmKPEfeIDnlFdI/wACzi5nGMIpQJDFYfN2NHqDR3cCqN0mTfLa+/s9L733nu9/7/g/ev3zlhz/68U9+evWDnx3n2Xzaj4/6WZpNH/e6eZwm4/holszS+PFkGndHvTR+1Hu5jZ8/Oo2neZKN27M3k/jJqD </latexit>

min
a,(µ,�)

R
|f(t)� fa,(µ,�)(t)|2dt

<latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit>

non-convex
<latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY=">AABB4HictVzNchu5EYY3f2vnz5scU5WaROuUN+VVJGUrSdVWqlaWZFlrrS2blOxd03ZxyBFNe8ShOaQsm6tbDrmlcs0j5Jrc8xx5g+SUV0j/AAMMiZnGKI5RkjAgvu5GD9DoboCOx+kwn66t/fPSe9/45re+/Z33L1/57ve+/4MfXv3gR0d5Npv0ksNelmaTR3E3T9LhKDmcDqdp8mg8SboncZo8jF9u4ecPT5NJPsxG7embcf </latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY=">AABB4HictVzNchu5EYY3f2vnz5scU5WaROuUN+VVJGUrSdVWqlaWZFlrrS2blOxd03ZxyBFNe8ShOaQsm6tbDrmlcs0j5Jrc8xx5g+SUV0j/AAMMiZnGKI5RkjAgvu5GD9DoboCOx+kwn66t/fPSe9/45re+/Z33L1/57ve+/4MfXv3gR0d5Npv0ksNelmaTR3E3T9LhKDmcDqdp8mg8SboncZo8jF9u4ecPT5NJPsxG7embcf </latexit>

fa,(µ,�)
<latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit>

µi
<latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit>

�i
<latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit>

Position/scale mixture in Rd:
<latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit>

(µ,�) = (mean, std) 2 X def.
= Rd ⇥ R+:

<latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit>



Mixture Models

fa,(µ,�)(t) =
nX

i=1

ai
�d
i

h

✓
t� µi

�i

◆

<latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="f7LoXk2hNq37QvuU7hyU10ev4Ko="></latexit><latexit sha1_base64="f7LoXk2hNq37QvuU7hyU10ev4Ko="></latexit><latexit sha1_base64="8bw/HkW/Z+2T0/QB0dSS53t9oUQ="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit>

Mixture estimation:
<latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc=">AABB1XictVzNchy3EYacP0v5k+NjLpPQStkpWSEZVyUVV6pMkRRFi5Io7ZKS7ZVU+zNcjTS7s9rZpSiteUvlmkfINXmKPEfeIDnlFdI/wACzi5nGMIpQJDFYfN2NHqDR3cCqN0mTfLa+/s9L733nu9/7/g/ev3zlhz/68U9+evWDnx3n2Xzaj4/6WZpNH/e6eZwm4/holszS+PFkGndHvTR+1Hu5jZ8/Oo2neZKN27M3k/jJqD </latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc=">AABB1XictVzNchy3EYacP0v5k+NjLpPQStkpWSEZVyUVV6pMkRRFi5Io7ZKS7ZVU+zNcjTS7s9rZpSiteUvlmkfINXmKPEfeIDnlFdI/wACzi5nGMIpQJDFYfN2NHqDR3cCqN0mTfLa+/s9L733nu9/7/g/ev3zlhz/68U9+evWDnx3n2Xzaj4/6WZpNH/e6eZwm4/holszS+PFkGndHvTR+1Hu5jZ8/Oo2neZKN27M3k/jJqD </latexit>

min
a,(µ,�)

R
|f(t)� fa,(µ,�)(t)|2dt

<latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit>

non-convex
<latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY=">AABB4HictVzNchu5EYY3f2vnz5scU5WaROuUN+VVJGUrSdVWqlaWZFlrrS2blOxd03ZxyBFNe8ShOaQsm6tbDrmlcs0j5Jrc8xx5g+SUV0j/AAMMiZnGKI5RkjAgvu5GD9DoboCOx+kwn66t/fPSe9/45re+/Z33L1/57ve+/4MfXv3gR0d5Npv0ksNelmaTR3E3T9LhKDmcDqdp8mg8SboncZo8jF9u4ecPT5NJPsxG7embcf </latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY=">AABB4HictVzNchu5EYY3f2vnz5scU5WaROuUN+VVJGUrSdVWqlaWZFlrrS2blOxd03ZxyBFNe8ShOaQsm6tbDrmlcs0j5Jrc8xx5g+SUV0j/AAMMiZnGKI5RkjAgvu5GD9DoboCOx+kwn66t/fPSe9/45re+/Z33L1/57ve+/4MfXv3gR0d5Npv0ksNelmaTR3E3T9LhKDmcDqdp8mg8SboncZo8jF9u4ecPT5NJPsxG7embcf </latexit>

fa,(µ,�)
<latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit>

µi
<latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit>

�i
<latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit>

Position/scale mixture in Rd:
<latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit>

(µ,�) = (mean, std) 2 X def.
= Rd ⇥ R+:

<latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit>



Mixture Models

fa,(µ,�)(t) =
nX

i=1

ai
�d
i

h

✓
t� µi

�i

◆

<latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="f7LoXk2hNq37QvuU7hyU10ev4Ko="></latexit><latexit sha1_base64="f7LoXk2hNq37QvuU7hyU10ev4Ko="></latexit><latexit sha1_base64="8bw/HkW/Z+2T0/QB0dSS53t9oUQ="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit><latexit sha1_base64="vMCpw6NHhPgBlJeVUyuhxU+ZZ3g="></latexit>

Mixture estimation:
<latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc="></latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc=">AABB1XictVzNchy3EYacP0v5k+NjLpPQStkpWSEZVyUVV6pMkRRFi5Io7ZKS7ZVU+zNcjTS7s9rZpSiteUvlmkfINXmKPEfeIDnlFdI/wACzi5nGMIpQJDFYfN2NHqDR3cCqN0mTfLa+/s9L733nu9/7/g/ev3zlhz/68U9+evWDnx3n2Xzaj4/6WZpNH/e6eZwm4/holszS+PFkGndHvTR+1Hu5jZ8/Oo2neZKN27M3k/jJqD </latexit><latexit sha1_base64="mq8SHhnJL+mGJ0fUXsphB9NgAqc=">AABB1XictVzNchy3EYacP0v5k+NjLpPQStkpWSEZVyUVV6pMkRRFi5Io7ZKS7ZVU+zNcjTS7s9rZpSiteUvlmkfINXmKPEfeIDnlFdI/wACzi5nGMIpQJDFYfN2NHqDR3cCqN0mTfLa+/s9L733nu9/7/g/ev3zlhz/68U9+evWDnx3n2Xzaj4/6WZpNH/e6eZwm4/holszS+PFkGndHvTR+1Hu5jZ8/Oo2neZKN27M3k/jJqD </latexit>

min
a,(µ,�)

R
|f(t)� fa,(µ,�)(t)|2dt

<latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit>

non-convex
<latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY=">AABB4HictVzNchu5EYY3f2vnz5scU5WaROuUN+VVJGUrSdVWqlaWZFlrrS2blOxd03ZxyBFNe8ShOaQsm6tbDrmlcs0j5Jrc8xx5g+SUV0j/AAMMiZnGKI5RkjAgvu5GD9DoboCOx+kwn66t/fPSe9/45re+/Z33L1/57ve+/4MfXv3gR0d5Npv0ksNelmaTR3E3T9LhKDmcDqdp8mg8SboncZo8jF9u4ecPT5NJPsxG7embcf </latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY=">AABB4HictVzNchu5EYY3f2vnz5scU5WaROuUN+VVJGUrSdVWqlaWZFlrrS2blOxd03ZxyBFNe8ShOaQsm6tbDrmlcs0j5Jrc8xx5g+SUV0j/AAMMiZnGKI5RkjAgvu5GD9DoboCOx+kwn66t/fPSe9/45re+/Z33L1/57ve+/4MfXv3gR0d5Npv0ksNelmaTR3E3T9LhKDmcDqdp8mg8SboncZo8jF9u4ecPT5NJPsxG7embcf </latexit>

min
m2M1

+(X )
||f � �m||2

<latexit sha1_base64="7r/u+nE1TjzldXk5bN2cNWll2qo="></latexit><latexit sha1_base64="7r/u+nE1TjzldXk5bN2cNWll2qo="></latexit><latexit sha1_base64="7r/u+nE1TjzldXk5bN2cNWll2qo="></latexit><latexit sha1_base64="7r/u+nE1TjzldXk5bN2cNWll2qo="></latexit><latexit sha1_base64="7r/u+nE1TjzldXk5bN2cNWll2qo="></latexit>

ma,(µ,�) ! m
<latexit sha1_base64="9vMGMwQS3pbbmVhNglwTbIvH5w4="></latexit><latexit sha1_base64="9vMGMwQS3pbbmVhNglwTbIvH5w4="></latexit><latexit sha1_base64="9vMGMwQS3pbbmVhNglwTbIvH5w4="></latexit><latexit sha1_base64="9vMGMwQS3pbbmVhNglwTbIvH5w4="></latexit><latexit sha1_base64="9vMGMwQS3pbbmVhNglwTbIvH5w4="></latexit>

convex
<latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="> </latexit><latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="> </latexit><latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="> </latexit><latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="></latexit><latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="></latexit>

fa,(µ,�)
<latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit>

µi
<latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit>

�i
<latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit>

where '(x) =
1

xd
2

h

✓
·� x1

x2

◆

<latexit sha1_base64="dHOiuJo4i/VE4OyoMWgNN9q2Xt4="></latexit><latexit sha1_base64="dHOiuJo4i/VE4OyoMWgNN9q2Xt4="></latexit><latexit sha1_base64="dHOiuJo4i/VE4OyoMWgNN9q2Xt4="></latexit><latexit sha1_base64="dHOiuJo4i/VE4OyoMWgNN9q2Xt4="></latexit><latexit sha1_base64="dHOiuJo4i/VE4OyoMWgNN9q2Xt4="></latexit>

fa,(µ,�) = �ma,(µ,�)
def.
=

Z

Rd

'(x)dma,(µ,�)(x)
<latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit><latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit><latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit><latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit><latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit>

Position/scale mixture in Rd:
<latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit><latexit sha1_base64="50j9yWuC7TgbV1p3KCIkMQcdUgk="> </latexit>

(µ,�) = (mean, std) 2 X def.
= Rd ⇥ R+:

<latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit><latexit sha1_base64="HF9SJISEBDsOe6y39XzRuLaASwE="></latexit>



Multilayer Perceptron

fa,(m,s)(t) =
nX

i=1

ai⇢(hµi, ti+ �i)
<latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit>

ai
<latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit>

⇢
<latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit>

t 2 Rd
<latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit>

(hµi, ti+ �i)i 2 Rn
<latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit>

(µi,�i)
<latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit>

fa,(µ,�)(t) 2 R
<latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit>



Multilayer Perceptron

fa,(m,s)(t) =
nX

i=1

ai⇢(hµi, ti+ �i)
<latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit>

ai
<latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit>

⇢
<latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit>

t 2 Rd
<latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit>

(hµi, ti+ �i)i 2 Rn
<latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit>

(µi,�i)
<latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit>

µi
<latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit>

�i
<latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit>

fa,(µ,�)
<latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit>

f
<latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit><latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit><latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit><latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit><latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit>

min
a,(µ,�)

R
|f(t)� fa,(µ,�)(t)|2dt

<latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit>

fa,(µ,�)(t) 2 R
<latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit>



Multilayer Perceptron

convex
<latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="></latexit><latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="></latexit><latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="></latexit><latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="></latexit><latexit sha1_base64="l1usba2qOisNPNCR57krU86SWP8="></latexit>

ma,w ! m
<latexit sha1_base64="o7mtUYJnbAS9LuwkJ4POUPMf8pE="></latexit><latexit sha1_base64="o7mtUYJnbAS9LuwkJ4POUPMf8pE="></latexit><latexit sha1_base64="o7mtUYJnbAS9LuwkJ4POUPMf8pE="></latexit><latexit sha1_base64="o7mtUYJnbAS9LuwkJ4POUPMf8pE="></latexit><latexit sha1_base64="o7mtUYJnbAS9LuwkJ4POUPMf8pE="></latexit> min

m2M(X )
||f � �m||2

<latexit sha1_base64="5cSjTks90F3U79Fd91G9zURv4To="></latexit><latexit sha1_base64="5cSjTks90F3U79Fd91G9zURv4To="></latexit><latexit sha1_base64="5cSjTks90F3U79Fd91G9zURv4To="></latexit><latexit sha1_base64="5cSjTks90F3U79Fd91G9zURv4To="></latexit><latexit sha1_base64="5cSjTks90F3U79Fd91G9zURv4To="></latexit>

non-convex
<latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit><latexit sha1_base64="+0kG9OzlxgMtVWIs0cFmsrS1yJY="></latexit>

fa,(m,s)(t) =
nX

i=1

ai⇢(hµi, ti+ �i)
<latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit><latexit sha1_base64="rnbRwsAs/TaLFAxDyRzH9Yx23l0="></latexit>

ai
<latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit><latexit sha1_base64="i5C3nx/M6CU6ELS6x2U1gd4QSEk="></latexit>

⇢
<latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit><latexit sha1_base64="VT546MUlbtH/NU/41t3bwzGdIx4="></latexit>

t 2 Rd
<latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit><latexit sha1_base64="9ddb1mC8w3F2TcfQLiHJX5MPGXo="></latexit>

(hµi, ti+ �i)i 2 Rn
<latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit><latexit sha1_base64="XY6YYPy/3OlETLwLmNfkYMo8SKI="></latexit>

(µi,�i)
<latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit><latexit sha1_base64="wE1JDiPQaNj0/I6K9lpWe4d3wUY="></latexit>

µi
<latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit><latexit sha1_base64="bnuVRG5ZFkJPtQQvEW4UnIVidqo="></latexit>

�i
<latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit><latexit sha1_base64="wswFr9N48PN5PTq6FakwRJoZ8Y0="></latexit>

fa,(µ,�)
<latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit><latexit sha1_base64="aA7C5DJll9xgUbFQXISj63jeee4="></latexit>

f
<latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit><latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit><latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit><latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit><latexit sha1_base64="W6/DqUFkF2xG9dsj/T7UnJ+Limg="></latexit>

min
a,(µ,�)

R
|f(t)� fa,(µ,�)(t)|2dt

<latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit><latexit sha1_base64="6ojsHTechOlCSQponuc2bRab+Yk="></latexit>

'(x) = ⇢(hx1, ·i+ x2)
<latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="HDs+eVTKJYvmuwxJWPCvkv9kuoM="></latexit><latexit sha1_base64="HDs+eVTKJYvmuwxJWPCvkv9kuoM="></latexit><latexit sha1_base64="DQzaWV17jrlaopAVexCU8WG7X8M="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit><latexit sha1_base64="cwRrbsK94QyZwFRoL0TL2niWBBc="></latexit>

fa,(µ,�) = �ma,(µ,�)
def.
=

Z

Rd

'(x)dma,(µ,�)(x)
<latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit><latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit><latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit><latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit><latexit sha1_base64="WjkZSMHyosTcfmI/qnsDuMIcjhQ="></latexit>

where
<latexit sha1_base64="XL6E8w3qkYJ+1Wrpnhw9L81Y144="></latexit><latexit sha1_base64="XL6E8w3qkYJ+1Wrpnhw9L81Y144="></latexit><latexit sha1_base64="XL6E8w3qkYJ+1Wrpnhw9L81Y144="></latexit><latexit sha1_base64="XL6E8w3qkYJ+1Wrpnhw9L81Y144="></latexit><latexit sha1_base64="XL6E8w3qkYJ+1Wrpnhw9L81Y144="></latexit>

fa,(µ,�)(t) 2 R
<latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit><latexit sha1_base64="DhRGoOVHGxLQpKZM8C7zNHBYIBg="></latexit>



Overview

• Sparse Linear Models 

• Sparse Estimation with Blasso  

• Non-super-resolution Regime 

• Super-resolution Regime



Off-the-grid Sparse Regularization

Grid-free regularization: total variation of measures:

ma,xdm(x) = f(x)dx

|m|(X )
def.
= sup

�R
X ⌘dm ; f 2 C(X ), ||f ||1 6 1

 
<latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit>

|m|(X ) =
R
|f | = ||f ||L1

<latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="gIZSgl5wGCa2aTigyRErZ01c7uI="></latexit><latexit sha1_base64="ZqInjenBWXp3wKcAyiJPQZsiLFw="></latexit><latexit sha1_base64="ZqInjenBWXp3wKcAyiJPQZsiLFw="></latexit><latexit sha1_base64="1V/ddkWgZBc5e9JotyIyadQCYAE="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="> </latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="> </latexit>

|ma,x|(X ) = ||a||`1
<latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit>



Off-the-grid Sparse Regularization

Grid-free regularization: total variation of measures:

ma,xdm(x) = f(x)dx

|m|(X )
def.
= sup

�R
X ⌘dm ; f 2 C(X ), ||f ||1 6 1

 
<latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit>

|m|(X ) =
R
|f | = ||f ||L1

<latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="gIZSgl5wGCa2aTigyRErZ01c7uI="></latexit><latexit sha1_base64="ZqInjenBWXp3wKcAyiJPQZsiLFw="></latexit><latexit sha1_base64="ZqInjenBWXp3wKcAyiJPQZsiLFw="></latexit><latexit sha1_base64="1V/ddkWgZBc5e9JotyIyadQCYAE="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="> </latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="> </latexit>

|ma,x|(X ) = ||a||`1
<latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit>

(P�(y))

(P0(y))
� ! 0+

Beurling Lasso:
<latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA=">AABB0XictVzbkhu3EYWcm6VcLCePeZlkrZSdkpXdjauSiitV3ptWa1ESJXJXsk1JxcssRWnIoTjk6kJvVSqv+YS8Jt+R78gfJE/5hfQFGGBIzDRmowi1uxgQp7vRAzS6G6B602SUzTc3/3npve9893vf/8H7l6/88Ec//skHVz/86UmWLmb9+LifJunsUa+bxcloEh/PR/MkfjSdxd1xL4kf9l7s4ecPz+JZNkon7fmbafx43B </latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA=">AABB0XictVzbkhu3EYWcm6VcLCePeZlkrZSdkpXdjauSiitV3ptWa1ESJXJXsk1JxcssRWnIoTjk6kJvVSqv+YS8Jt+R78gfJE/5hfQFGGBIzDRmowi1uxgQp7vRAzS6G6B602SUzTc3/3npve9893vf/8H7l6/88Ec//skHVz/86UmWLmb9+LifJunsUa+bxcloEh/PR/MkfjSdxd1xL4kf9l7s4ecPz+JZNkon7fmbafx43B </latexit>

[De Castro, Gamboa, 2012]
<latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit>

min
m

1

2
||�m� y||2 + �|m|(X )

<latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit>

min
m

{|m|(X ) ; �m = y}
<latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="d3BAP8WctGNH0N7rPN6VaTtlR1w="></latexit><latexit sha1_base64="d3BAP8WctGNH0N7rPN6VaTtlR1w="></latexit><latexit sha1_base64="fNggbmza43/IAtjHVJhsik0nVCI="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit>



Off-the-grid Sparse Regularization

Grid-free regularization: total variation of measures:

ma,xdm(x) = f(x)dx

[Fischer Jerome, 1974]

If dim(Im(�)) < +1, 9(a, x) 2 RN ⇥ TN

with N 6 dim(Im(�))
such that ma,x is a solution to P�(y).

Proposition:

|m|(X )
def.
= sup

�R
X ⌘dm ; f 2 C(X ), ||f ||1 6 1

 
<latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit>

|m|(X ) =
R
|f | = ||f ||L1

<latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="gIZSgl5wGCa2aTigyRErZ01c7uI="></latexit><latexit sha1_base64="ZqInjenBWXp3wKcAyiJPQZsiLFw="></latexit><latexit sha1_base64="ZqInjenBWXp3wKcAyiJPQZsiLFw="></latexit><latexit sha1_base64="1V/ddkWgZBc5e9JotyIyadQCYAE="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="> </latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="> </latexit>

|ma,x|(X ) = ||a||`1
<latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit>

(P�(y))

(P0(y))
� ! 0+

Beurling Lasso:
<latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA=">AABB0XictVzbkhu3EYWcm6VcLCePeZlkrZSdkpXdjauSiitV3ptWa1ESJXJXsk1JxcssRWnIoTjk6kJvVSqv+YS8Jt+R78gfJE/5hfQFGGBIzDRmowi1uxgQp7vRAzS6G6B602SUzTc3/3npve9893vf/8H7l6/88Ec//skHVz/86UmWLmb9+LifJunsUa+bxcloEh/PR/MkfjSdxd1xL4kf9l7s4ecPz+JZNkon7fmbafx43B </latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA=">AABB0XictVzbkhu3EYWcm6VcLCePeZlkrZSdkpXdjauSiitV3ptWa1ESJXJXsk1JxcssRWnIoTjk6kJvVSqv+YS8Jt+R78gfJE/5hfQFGGBIzDRmowi1uxgQp7vRAzS6G6B602SUzTc3/3npve9893vf/8H7l6/88Ec//skHVz/86UmWLmb9+LifJunsUa+bxcloEh/PR/MkfjSdxd1xL4kf9l7s4ecPz+JZNkon7fmbafx43B </latexit>

[De Castro, Gamboa, 2012]
<latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit>

min
m

1

2
||�m� y||2 + �|m|(X )

<latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit>

min
m

{|m|(X ) ; �m = y}
<latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="d3BAP8WctGNH0N7rPN6VaTtlR1w="></latexit><latexit sha1_base64="d3BAP8WctGNH0N7rPN6VaTtlR1w="></latexit><latexit sha1_base64="fNggbmza43/IAtjHVJhsik0nVCI="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit>



Off-the-grid Sparse Regularization

Grid-free regularization: total variation of measures:

ma,xdm(x) = f(x)dx

[Fischer Jerome, 1974]

If dim(Im(�)) < +1, 9(a, x) 2 RN ⇥ TN

with N 6 dim(Im(�))
such that ma,x is a solution to P�(y).

Proposition:

Questions: is m0 solution of P0(�m0)? Robustness to noise?
<latexit sha1_base64="4X5prpF66D9UHrXlrlETqmis1OQ="></latexit><latexit sha1_base64="4X5prpF66D9UHrXlrlETqmis1OQ="></latexit><latexit sha1_base64="4X5prpF66D9UHrXlrlETqmis1OQ="></latexit><latexit sha1_base64="4X5prpF66D9UHrXlrlETqmis1OQ="></latexit><latexit sha1_base64="4X5prpF66D9UHrXlrlETqmis1OQ="></latexit>

|m|(X )
def.
= sup

�R
X ⌘dm ; f 2 C(X ), ||f ||1 6 1

 
<latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit><latexit sha1_base64="t7kJpUDFmCOVwAPh5XESJJBFLoo="></latexit>

|m|(X ) =
R
|f | = ||f ||L1

<latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="gIZSgl5wGCa2aTigyRErZ01c7uI="></latexit><latexit sha1_base64="ZqInjenBWXp3wKcAyiJPQZsiLFw="></latexit><latexit sha1_base64="ZqInjenBWXp3wKcAyiJPQZsiLFw="></latexit><latexit sha1_base64="1V/ddkWgZBc5e9JotyIyadQCYAE="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="></latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="> </latexit><latexit sha1_base64="t7drf0SdD2W3+Tyk+mRNdIGlRPA="> </latexit>

|ma,x|(X ) = ||a||`1
<latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit><latexit sha1_base64="KWGch2KLb45yKovD0S6f3nfwEi0="></latexit>

(P�(y))

(P0(y))
� ! 0+

Beurling Lasso:
<latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA="></latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA=">AABB0XictVzbkhu3EYWcm6VcLCePeZlkrZSdkpXdjauSiitV3ptWa1ESJXJXsk1JxcssRWnIoTjk6kJvVSqv+YS8Jt+R78gfJE/5hfQFGGBIzDRmowi1uxgQp7vRAzS6G6B602SUzTc3/3npve9893vf/8H7l6/88Ec//skHVz/86UmWLmb9+LifJunsUa+bxcloEh/PR/MkfjSdxd1xL4kf9l7s4ecPz+JZNkon7fmbafx43B </latexit><latexit sha1_base64="3cP8/pzBQjWjKW/InbMO6zhwADA=">AABB0XictVzbkhu3EYWcm6VcLCePeZlkrZSdkpXdjauSiitV3ptWa1ESJXJXsk1JxcssRWnIoTjk6kJvVSqv+YS8Jt+R78gfJE/5hfQFGGBIzDRmowi1uxgQp7vRAzS6G6B602SUzTc3/3npve9893vf/8H7l6/88Ec//skHVz/86UmWLmb9+LifJunsUa+bxcloEh/PR/MkfjSdxd1xL4kf9l7s4ecPz+JZNkon7fmbafx43B </latexit>

[De Castro, Gamboa, 2012]
<latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit><latexit sha1_base64="RIJLWHEPvwr6inIr7/ekvBwGs+I="></latexit>

min
m

1

2
||�m� y||2 + �|m|(X )

<latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit><latexit sha1_base64="eCa7hPIc4xy86Dwfp69cCcmYvpw="></latexit>

min
m

{|m|(X ) ; �m = y}
<latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="Aj13Pudp3mh0YVvEj8fuguyPDYc="></latexit><latexit sha1_base64="d3BAP8WctGNH0N7rPN6VaTtlR1w="></latexit><latexit sha1_base64="d3BAP8WctGNH0N7rPN6VaTtlR1w="></latexit><latexit sha1_base64="fNggbmza43/IAtjHVJhsik0nVCI="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit><latexit sha1_base64="sjr31SyIwr5/XLC0gxT7rueGyp8="></latexit>



� = 1/fc � = 0.6/fc

Limit Certificate 
P
�
(y
)

Proposition:

⌘�⌘�

min
m

|m|(X ) +
1

2�
||�m� y||2

<latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit><latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit><latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit><latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit><latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit>

m� solves (P�(y)) , ⌘� 2 @|m�|(X )
<latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit><latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit><latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit><latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit><latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit>



� = 1/fc � = 0.6/fc

Limit Certificate 
P
�
(y
)

⌘0
def.
= argmin

⌘=�⇤p
||p|| s.t.

⇢
8 i, ⌘(xi) = sign(ai),
||⌘||1 6 1.

Proposition:

Theorem:
m� ! m0 = ma,x

If (�, ||w||/�) ! 0, then ⌘� ! ⌘0.

⌘�⌘�

min
m

|m|(X ) +
1

2�
||�m� y||2

<latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit><latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit><latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit><latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit><latexit sha1_base64="bXo7QXDcacsCDAduUDESm2HTMI8="></latexit>

m� solves (P�(y)) , ⌘� 2 @|m�|(X )
<latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit><latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit><latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit><latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit><latexit sha1_base64="csHHCFGrGncxx727R6lo1yAaHis="></latexit>
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⌘0 = ⌘V

Vanishing Derivative Pre-certificate
Input measure: m0 = ma,x.

⌘0
def.
= argmin

⌘=�⇤p
||p|| s.t.

⇢
8 i, ⌘(xi) = sign(ai),
||⌘||1 6 1.

⌘V
def.
= argmin

⌘=�⇤p
||p|| s.t.

⇢
8 i, ⌘(xi) = sign(ai),
8 i, ⌘0(xi) = 0.

where Ax(b) =
P

i b
1
i'(xi, ·) + b2i'

0(xi, ·)
Proposition: ⌘V = �⇤A+

x (sign(a); 0)
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1

 

 

η0
ηV

⌘0 = ⌘V

Vanishing Derivative Pre-certificate

Theorem: ⌘V 2 ND(m0) =) ⌘V = ⌘0

Input measure: m0 = ma,x.

⌘0
def.
= argmin

⌘=�⇤p
||p|| s.t.

⇢
8 i, ⌘(xi) = sign(ai),
||⌘||1 6 1.

⌘V
def.
= argmin

⌘=�⇤p
||p|| s.t.

⇢
8 i, ⌘(xi) = sign(ai),
8 i, ⌘0(xi) = 0.

()
Non-degenerate certificate: ⌘ 2 ND(ma,x) :

8 t /2 {x1, . . . , xN}, |⌘(t)| < 1 and 8 i, ⌘00(xi) 6= 0

where Ax(b) =
P

i b
1
i'(xi, ·) + b2i'

0(xi, ·)
Proposition: ⌘V = �⇤A+

x (sign(a); 0)



Support Stability Theorem

Theorem:

the solution of P�(y) for y = �(m0) + w is

for (||w||/�,�) = O(1),

[D
u
va
l,
P
ey
ré

20
14

]

If ⌘V 2 ND(m0) for m0 = ma,x, then

m� =
PN

i=1 a
?
i �x?

i
where ||(x, a)� (x?

, a
?)|| = O(||w||)

||w||

�



When is      Non-degenerate ?⌘V

1 1

⌘V

⌘V

⌘V
⌘V

⌘V

⌘V

Input measure:

� �

m0 = ma,�x, � ! 0

'(0) '(0)

Intuition: for signed measures, spikes should be “separated”.
<latexit sha1_base64="I1UDdkYDbCGM40BrnH0LYE4S+YU="></latexit><latexit sha1_base64="I1UDdkYDbCGM40BrnH0LYE4S+YU="></latexit><latexit sha1_base64="I1UDdkYDbCGM40BrnH0LYE4S+YU="></latexit><latexit sha1_base64="I1UDdkYDbCGM40BrnH0LYE4S+YU="></latexit><latexit sha1_base64="I1UDdkYDbCGM40BrnH0LYE4S+YU="></latexit>



Overview

• Sparse Linear Models 

• Sparse Estimation with Blasso  

• Non-super-resolution Regime 

• Super-resolution Regime



Fisher-Rao Distance

Fisher metric:
<latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit>

Hx
def.
= [@'(x)][@'(x)]> 2 Rd⇥d

<latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit>

(X ⇢ Rd)
<latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit>

x
<latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit>

x0
<latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit>



Fisher-Rao Distance

Fisher metric:
<latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit>

Statistical interpretation: (|'(x)i|2/||'(x)||2)i ⇠ probability distribution.
<latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="> </latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="> </latexit>

Hx
def.
= [@'(x)][@'(x)]> 2 Rd⇥d

<latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit>

(X ⇢ Rd)
<latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit>

x
<latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit>

x0
<latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit>

�
<latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit>

Fisher-Rao geodesic distance:
<latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0=">AABB33ictVzNchu5EYY3f2vnz5scU6maROuUN+V1JGWrkspWqlaWZFtr2ZZNSvbuynYNyRE19ohDc0j5h6tTDrmlcs0j5Jo8QJ4jb5Cc8grpH2CAITHTGMUxShIGxNfd6AEa3Q3QvXGWFtPV1X9eeO8b3/zWt7/z/sVL3/3e93/ww8sf/OigyGeTfrLfz7N88rgXF0mWjpL9aTrNksfjSRKf9LLkUe/FJn7+6DSZFGk+6k7fjJ </latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0=">AABB33ictVzNchu5EYY3f2vnz5scU6maROuUN+V1JGWrkspWqlaWZFtr2ZZNSvbuynYNyRE19ohDc0j5h6tTDrmlcs0j5Jo8QJ4jb5Cc8grpH2CAITHTGMUxShIGxNfd6AEa3Q3QvXGWFtPV1X9eeO8b3/zWt7/z/sVL3/3e93/ww8sf/OigyGeTfrLfz7N88rgXF0mWjpL9aTrNksfjSRKf9LLkUe/FJn7+6DSZFGk+6k7fjJ </latexit>

dFR(x, x
0)2

def.
= inf

�:x!x0

Z 1

0
hH�(t)�

0(t), �0(t)idt
<latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit>



Fisher-Rao Distance

Fisher metric:
<latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit>

Statistical interpretation: (|'(x)i|2/||'(x)||2)i ⇠ probability distribution.
<latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="> </latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="> </latexit>

Hx
def.
= [@'(x)][@'(x)]> 2 Rd⇥d

<latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit>

(X ⇢ Rd)
<latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit>

x
<latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit>

x0
<latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit>

�
<latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit>

Fisher-Rao geodesic distance:
<latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0=">AABB33ictVzNchu5EYY3f2vnz5scU6maROuUN+V1JGWrkspWqlaWZFtr2ZZNSvbuynYNyRE19ohDc0j5h6tTDrmlcs0j5Jo8QJ4jb5Cc8grpH2CAITHTGMUxShIGxNfd6AEa3Q3QvXGWFtPV1X9eeO8b3/zWt7/z/sVL3/3e93/ww8sf/OigyGeTfrLfz7N88rgXF0mWjpL9aTrNksfjSRKf9LLkUe/FJn7+6DSZFGk+6k7fjJ </latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0=">AABB33ictVzNchu5EYY3f2vnz5scU6maROuUN+V1JGWrkspWqlaWZFtr2ZZNSvbuynYNyRE19ohDc0j5h6tTDrmlcs0j5Jo8QJ4jb5Cc8grpH2CAITHTGMUxShIGxNfd6AEa3Q3QvXGWFtPV1X9eeO8b3/zWt7/z/sVL3/3e93/ww8sf/OigyGeTfrLfz7N88rgXF0mWjpL9aTrNksfjSRKf9LLkUe/FJn7+6DSZFGk+6k7fjJ </latexit>

dFR(x, x
0)2

def.
= inf

�:x!x0

Z 1

0
hH�(t)�

0(t), �0(t)idt
<latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit>

dFR(x, x
0) = ��1||x� x0||

<latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit>

Deconvolution: X = Rd
<latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit>

'(x) = h((·� x)/s)
<latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit>



Fisher-Rao Distance

Fisher metric:
<latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit>

Statistical interpretation: (|'(x)i|2/||'(x)||2)i ⇠ probability distribution.
<latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="> </latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="> </latexit>

Hx
def.
= [@'(x)][@'(x)]> 2 Rd⇥d

<latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit>

(X ⇢ Rd)
<latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit>

x
<latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit>

x0
<latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit>

�
<latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit>

Fisher-Rao geodesic distance:
<latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0=">AABB33ictVzNchu5EYY3f2vnz5scU6maROuUN+V1JGWrkspWqlaWZFtr2ZZNSvbuynYNyRE19ohDc0j5h6tTDrmlcs0j5Jo8QJ4jb5Cc8grpH2CAITHTGMUxShIGxNfd6AEa3Q3QvXGWFtPV1X9eeO8b3/zWt7/z/sVL3/3e93/ww8sf/OigyGeTfrLfz7N88rgXF0mWjpL9aTrNksfjSRKf9LLkUe/FJn7+6DSZFGk+6k7fjJ </latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0=">AABB33ictVzNchu5EYY3f2vnz5scU6maROuUN+V1JGWrkspWqlaWZFtr2ZZNSvbuynYNyRE19ohDc0j5h6tTDrmlcs0j5Jo8QJ4jb5Cc8grpH2CAITHTGMUxShIGxNfd6AEa3Q3QvXGWFtPV1X9eeO8b3/zWt7/z/sVL3/3e93/ww8sf/OigyGeTfrLfz7N88rgXF0mWjpL9aTrNksfjSRKf9LLkUe/FJn7+6DSZFGk+6k7fjJ </latexit>

dFR(x, x
0)2

def.
= inf

�:x!x0

Z 1

0
hH�(t)�

0(t), �0(t)idt
<latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit>

dFR(x, x
0) = fc||x� x0||

<latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit><latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit><latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit><latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit><latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit>

Fourier coe�cients: X = (R/Z)d
<latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww=">AABB8nictVzNchTJES7Wfwv+Y+2jL20LHKwDs5K8EXZ4YyNWSEJoESCYkWDZAWJ+WkNDa3qYnhGCWb2GD745fPUjOMIn+x38BvbJr+D8qeqqnqnurJYxFZKqa+rLzMquysrMqqE3TpN8urr6zwsffOvb3/nu9z68eOn7P/jhj358+aOfHObZbNKPD/pZmk0e97p5nCaj+GCaTNP48XgSd497afyo92oTP390Ek/yJBu1p2/H8dPj7nCUHCX97hSanl9e7UzjU8DNbwHFJJ5E/Sw </latexit><latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww=">AABB8nictVzNchTJES7Wfwv+Y+2jL20LHKwDs5K8EXZ4YyNWSEJoESCYkWDZAWJ+WkNDa3qYnhGCWb2GD745fPUjOMIn+x38BvbJr+D8qeqqnqnurJYxFZKqa+rLzMquysrMqqE3TpN8urr6zwsffOvb3/nu9z68eOn7P/jhj358+aOfHObZbNKPD/pZmk0e97p5nCaj+GCaTNP48XgSd497afyo92oTP390Ek/yJBu1p2/H8dPj7nCUHCX97hSanl9e7UzjU8DNbwHFJJ5E/Sw </latexit><latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww=">AABB8nictVzNchTJES7Wfwv+Y+2jL20LHKwDs5K8EXZ4YyNWSEJoESCYkWDZAWJ+WkNDa3qYnhGCWb2GD745fPUjOMIn+x38BvbJr+D8qeqqnqnurJYxFZKqa+rLzMquysrMqqE3TpN8urr6zwsffOvb3/nu9z68eOn7P/jhj358+aOfHObZbNKPD/pZmk0e97p5nCaj+GCaTNP48XgSd497afyo92oTP390Ek/yJBu1p2/H8dPj7nCUHCX97hSanl9e7UzjU8DNbwHFJJ5E/Sw </latexit><latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww="></latexit><latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww="></latexit>

'(x) = (e2i⇡kx)fck=�fc
<latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit>

dFR(x, x
0) = ��1||x� x0||

<latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit>

Deconvolution: X = Rd
<latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit>

'(x) = h((·� x)/s)
<latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit>



Fisher-Rao Distance

Fisher metric:
<latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ="></latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit><latexit sha1_base64="6yIOx85vGmPIGpVqPjk65dRbuQQ=">AABBznictVzbchu5EYU3t7Vz8yaPeZlE65Q35XUkZauSylaqVpZkWWvapk1K9u7SdvEyosYecugZUr5wVXnNJ+Q1+ZF8R/4gecovpC/AAENiBoDiGCUJA+J0N3qARncD9GCWJsV8c/Oflz74zne/9/0ffHj5yg9/9OOf/PTqRz87LrJFPoyPhlma5U8G/SJOk2l8NE/mafxklsf9ySCNHw9e7uLnj8/ivEiyaXf+dhY/nfTH0+ </latexit>

Statistical interpretation: (|'(x)i|2/||'(x)||2)i ⇠ probability distribution.
<latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="></latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="> </latexit><latexit sha1_base64="ata295JDeJXmPL7tYcH3+akYUSs="> </latexit>

Hx
def.
= [@'(x)][@'(x)]> 2 Rd⇥d

<latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit><latexit sha1_base64="xiPIEhAMdH2wVasW+E8g/BJLeWE="></latexit>

(X ⇢ Rd)
<latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit><latexit sha1_base64="muPqTNYBkHC87gln8Ir7FyGFoI0="></latexit>

x
<latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit><latexit sha1_base64="Gb1hICP6sEU6XIr8wI3PKyY6uvU="></latexit>

x0
<latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit><latexit sha1_base64="GBI5WAdXW/UPTmhYB+Y8jLJXpkM="></latexit>

�
<latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit><latexit sha1_base64="bohT0JGxmb0iNHfJueajop7xyzY="></latexit>

Fisher-Rao geodesic distance:
<latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0="></latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0=">AABB33ictVzNchu5EYY3f2vnz5scU6maROuUN+V1JGWrkspWqlaWZFtr2ZZNSvbuynYNyRE19ohDc0j5h6tTDrmlcs0j5Jo8QJ4jb5Cc8grpH2CAITHTGMUxShIGxNfd6AEa3Q3QvXGWFtPV1X9eeO8b3/zWt7/z/sVL3/3e93/ww8sf/OigyGeTfrLfz7N88rgXF0mWjpL9aTrNksfjSRKf9LLkUe/FJn7+6DSZFGk+6k7fjJ </latexit><latexit sha1_base64="/UA8O+j+mSf6PVvKDXmivW0aEK0=">AABB33ictVzNchu5EYY3f2vnz5scU6maROuUN+V1JGWrkspWqlaWZFtr2ZZNSvbuynYNyRE19ohDc0j5h6tTDrmlcs0j5Jo8QJ4jb5Cc8grpH2CAITHTGMUxShIGxNfd6AEa3Q3QvXGWFtPV1X9eeO8b3/zWt7/z/sVL3/3e93/ww8sf/OigyGeTfrLfz7N88rgXF0mWjpL9aTrNksfjSRKf9LLkUe/FJn7+6DSZFGk+6k7fjJ </latexit>

dFR(x, x
0)2

def.
= inf

�:x!x0

Z 1

0
hH�(t)�

0(t), �0(t)idt
<latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit><latexit sha1_base64="C04mtBe5eqQyfl+qTJHkfQX1oCs="></latexit>

dFR(x, x
0) = fc||x� x0||

<latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit><latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit><latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit><latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit><latexit sha1_base64="4btlMF1LhYJJ0pI2yTv3At0pznU="></latexit>

Fourier coe�cients: X = (R/Z)d
<latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww=">AABB8nictVzNchTJES7Wfwv+Y+2jL20LHKwDs5K8EXZ4YyNWSEJoESCYkWDZAWJ+WkNDa3qYnhGCWb2GD745fPUjOMIn+x38BvbJr+D8qeqqnqnurJYxFZKqa+rLzMquysrMqqE3TpN8urr6zwsffOvb3/nu9z68eOn7P/jhj358+aOfHObZbNKPD/pZmk0e97p5nCaj+GCaTNP48XgSd497afyo92oTP390Ek/yJBu1p2/H8dPj7nCUHCX97hSanl9e7UzjU8DNbwHFJJ5E/Sw </latexit><latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww=">AABB8nictVzNchTJES7Wfwv+Y+2jL20LHKwDs5K8EXZ4YyNWSEJoESCYkWDZAWJ+WkNDa3qYnhGCWb2GD745fPUjOMIn+x38BvbJr+D8qeqqnqnurJYxFZKqa+rLzMquysrMqqE3TpN8urr6zwsffOvb3/nu9z68eOn7P/jhj358+aOfHObZbNKPD/pZmk0e97p5nCaj+GCaTNP48XgSd497afyo92oTP390Ek/yJBu1p2/H8dPj7nCUHCX97hSanl9e7UzjU8DNbwHFJJ5E/Sw </latexit><latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww=">AABB8nictVzNchTJES7Wfwv+Y+2jL20LHKwDs5K8EXZ4YyNWSEJoESCYkWDZAWJ+WkNDa3qYnhGCWb2GD745fPUjOMIn+x38BvbJr+D8qeqqnqnurJYxFZKqa+rLzMquysrMqqE3TpN8urr6zwsffOvb3/nu9z68eOn7P/jhj358+aOfHObZbNKPD/pZmk0e97p5nCaj+GCaTNP48XgSd497afyo92oTP390Ek/yJBu1p2/H8dPj7nCUHCX97hSanl9e7UzjU8DNbwHFJJ5E/Sw </latexit><latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww="></latexit><latexit sha1_base64="sTu0JnojxSUKNe/629PdimIg3Ww="></latexit>

'(x) = (e2i⇡kx)fck=�fc
<latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit>

dFR(x, x
0) = | log(x/x0)|

<latexit sha1_base64="KJVmwaWFwrPf55qWHtNYw5yt8is="></latexit><latexit sha1_base64="KJVmwaWFwrPf55qWHtNYw5yt8is="></latexit><latexit sha1_base64="KJVmwaWFwrPf55qWHtNYw5yt8is="></latexit><latexit sha1_base64="KJVmwaWFwrPf55qWHtNYw5yt8is="></latexit><latexit sha1_base64="KJVmwaWFwrPf55qWHtNYw5yt8is="></latexit>

Laplace transform: X = R⇤
+

<latexit sha1_base64="EJ1We4aVrjhS9LCFTWV8PtdfWUQ="></latexit><latexit sha1_base64="EJ1We4aVrjhS9LCFTWV8PtdfWUQ="></latexit><latexit sha1_base64="EJ1We4aVrjhS9LCFTWV8PtdfWUQ="></latexit><latexit sha1_base64="EJ1We4aVrjhS9LCFTWV8PtdfWUQ="></latexit><latexit sha1_base64="EJ1We4aVrjhS9LCFTWV8PtdfWUQ="></latexit>

'(x) = e�x·
<latexit sha1_base64="EOAulcBNaIDdczi4/8W44eZaefM="></latexit><latexit sha1_base64="EOAulcBNaIDdczi4/8W44eZaefM="></latexit><latexit sha1_base64="EOAulcBNaIDdczi4/8W44eZaefM="></latexit><latexit sha1_base64="EOAulcBNaIDdczi4/8W44eZaefM="></latexit><latexit sha1_base64="EOAulcBNaIDdczi4/8W44eZaefM="></latexit>

dFR(x, x
0) = ��1||x� x0||

<latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit><latexit sha1_base64="bWcvFxl/DTtomnoFaC6cQnZS9cI="></latexit>

Deconvolution: X = Rd
<latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit><latexit sha1_base64="pc8SAsN7XKd+k4XhYfRjr1XfX2o="></latexit>

'(x) = h((·� x)/s)
<latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit>



Gaussian Mixtures

x = (µ,�) 2 X = R⇥ R+
<latexit sha1_base64="pFpLVhYssZkZ+t4dffb9/3PS/FU="></latexit><latexit sha1_base64="pFpLVhYssZkZ+t4dffb9/3PS/FU="></latexit><latexit sha1_base64="pFpLVhYssZkZ+t4dffb9/3PS/FU="></latexit><latexit sha1_base64="pFpLVhYssZkZ+t4dffb9/3PS/FU="></latexit><latexit sha1_base64="pFpLVhYssZkZ+t4dffb9/3PS/FU="></latexit>

'(x) = 1
� e

� (·�µ)2

2�2
<latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit>

�

µ
<latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit>

Hx =
1

�2
Id2⇥2

<latexit sha1_base64="JcjP+v+mlmBmCNnV5cWAwnOcorY="></latexit><latexit sha1_base64="JcjP+v+mlmBmCNnV5cWAwnOcorY="></latexit><latexit sha1_base64="JcjP+v+mlmBmCNnV5cWAwnOcorY="></latexit><latexit sha1_base64="JcjP+v+mlmBmCNnV5cWAwnOcorY="></latexit><latexit sha1_base64="JcjP+v+mlmBmCNnV5cWAwnOcorY="></latexit>

dFR(x, x
0) = arcsinh

||x� x0||p
��0

<latexit sha1_base64="5mpowEAQHRJ0YuXlByjAzKVn7Is="></latexit><latexit sha1_base64="5mpowEAQHRJ0YuXlByjAzKVn7Is="></latexit><latexit sha1_base64="5mpowEAQHRJ0YuXlByjAzKVn7Is="></latexit><latexit sha1_base64="5mpowEAQHRJ0YuXlByjAzKVn7Is="></latexit><latexit sha1_base64="5mpowEAQHRJ0YuXlByjAzKVn7Is="></latexit>



Exact Support Recovery
Input measure: m0 =

P
i ai�xi .

<latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8="></latexit><latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8="></latexit><latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8="></latexit><latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8=">AABB73ictVzNchu5EYY3P7t2/rzJMZdJZKe8Ka8iabcqqWxt1cqSLGtN27JJyd5d2qohOaLHHnLoGVKWzeVT5JBbKtc8Qk6pSp4ib5Cc8grpH2CAITEDjOIYJQkD4utu9ACN7gbo3iSJ8+nGxj8vvfed737v++9/cPnKD374ox//5OqHPz3O01nWj476aZJmT3phHiXxODqaxtMkejLJonDUS6LHvZc7+PnjsyjL43Tcmb6ZRE </latexit><latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8=">AABB73ictVzNchu5EYY3P7t2/rzJMZdJZKe8Ka8iabcqqWxt1cqSLGtN27JJyd5d2qohOaLHHnLoGVKWzeVT5JBbKtc8Qk6pSp4ib5Cc8grpH2CAITEDjOIYJQkD4utu9ACN7gbo3iSJ8+nGxj8vvfed737v++9/cPnKD374ox//5OqHPz3O01nWj476aZJmT3phHiXxODqaxtMkejLJonDUS6LHvZc7+PnjsyjL43Tcmb6ZRE </latexit>

Theorem: there exists � such that
<latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk="></latexit><latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk="></latexit><latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk="></latexit><latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk=">AABB8XictVzNchu5EYY3f2vnz5scc5lEdsqb8nolZauSylaqVpZkWWuuLZuU7N2l7eLPiKI95NAzQ1k2V4+RQ26pXPMIOeSSPETeIDnlFdLdAAYYEjMNKI5RkjAgvu5GD9DoboDuz5JxXqyv//PSe9/69ne++733L1/5/g9++KMfX/3gJ0d5Os8G8eEgTdLsSb+Xx8l4Gh8W4yKJn8yyuDfpJ/Hj/stt/PzxaZzl43TaKd7M4q </latexit><latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk=">AABB8XictVzNchu5EYY3f2vnz5scc5lEdsqb8nolZauSylaqVpZkWWuuLZuU7N2l7eLPiKI95NAzQ1k2V4+RQ26pXPMIOeSSPETeIDnlFdLdAAYYEjMNKI5RkjAgvu5GD9DoboDuz5JxXqyv//PSe9/69ne++733L1/5/g9++KMfX/3gJ0d5Os8G8eEgTdLsSb+Xx8l4Gh8W4yKJn8yyuDfpJ/Hj/stt/PzxaZzl43TaKd7M4q </latexit>

maxi 6=i0 dFR(xi, xi0) > �
<latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit><latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit><latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit><latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit><latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit>

=)
<latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit>

⌘V is non-degenerate.
<latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit><latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit><latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit><latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit><latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit>

Remark: additional smoothness/decay assumption required.
<latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit><latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit><latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit><latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit><latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit>

[Poon, Keriven, P, 2018]
<latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit><latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit><latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit><latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit><latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit>

⇠ �
<latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit><latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit><latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit><latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit><latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit>

µ
<latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit>

�
<latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit><latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit><latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit><latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit><latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit>

Exclusion balls:
<latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit><latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit><latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit><latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit><latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit>

={x0 ; dFR(x, x0) 6 �}
<latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit><latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit><latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit><latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit><latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit>

x1
<latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit><latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit><latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit><latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit><latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit>

x2
<latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit><latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit><latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit><latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit><latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit>

⇠ s
<latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit><latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit><latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit><latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit><latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit>

⇠ f�1
c

<latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit><latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit><latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit><latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit><latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit>

'(x) = (e2i⇡kx)fck=�fc
<latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit>

'(x) = h((·� x)/s)
<latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit>

'(x) = 1
� e

� (·�µ)2

2�2
<latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit>



Exact Support Recovery
Input measure: m0 =

P
i ai�xi .

<latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8="></latexit><latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8="></latexit><latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8="></latexit><latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8=">AABB73ictVzNchu5EYY3P7t2/rzJMZdJZKe8Ka8iabcqqWxt1cqSLGtN27JJyd5d2qohOaLHHnLoGVKWzeVT5JBbKtc8Qk6pSp4ib5Cc8grpH2CAITEDjOIYJQkD4utu9ACN7gbo3iSJ8+nGxj8vvfed737v++9/cPnKD374ox//5OqHPz3O01nWj476aZJmT3phHiXxODqaxtMkejLJonDUS6LHvZc7+PnjsyjL43Tcmb6ZRE </latexit><latexit sha1_base64="ooBrb91hD76ixeX7Opvhtv48d/8=">AABB73ictVzNchu5EYY3P7t2/rzJMZdJZKe8Ka8iabcqqWxt1cqSLGtN27JJyd5d2qohOaLHHnLoGVKWzeVT5JBbKtc8Qk6pSp4ib5Cc8grpH2CAITEDjOIYJQkD4utu9ACN7gbo3iSJ8+nGxj8vvfed737v++9/cPnKD374ox//5OqHPz3O01nWj476aZJmT3phHiXxODqaxtMkejLJonDUS6LHvZc7+PnjsyjL43Tcmb6ZRE </latexit>

Theorem: there exists � such that
<latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk="></latexit><latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk="></latexit><latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk="></latexit><latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk=">AABB8XictVzNchu5EYY3f2vnz5scc5lEdsqb8nolZauSylaqVpZkWWuuLZuU7N2l7eLPiKI95NAzQ1k2V4+RQ26pXPMIOeSSPETeIDnlFdLdAAYYEjMNKI5RkjAgvu5GD9DoboDuz5JxXqyv//PSe9/69ne++733L1/5/g9++KMfX/3gJ0d5Os8G8eEgTdLsSb+Xx8l4Gh8W4yKJn8yyuDfpJ/Hj/stt/PzxaZzl43TaKd7M4q </latexit><latexit sha1_base64="xmJoTb3Ixwz3EluzWxUV4fBoWPk=">AABB8XictVzNchu5EYY3f2vnz5scc5lEdsqb8nolZauSylaqVpZkWWuuLZuU7N2l7eLPiKI95NAzQ1k2V4+RQ26pXPMIOeSSPETeIDnlFdLdAAYYEjMNKI5RkjAgvu5GD9DoboDuz5JxXqyv//PSe9/69ne++733L1/5/g9++KMfX/3gJ0d5Os8G8eEgTdLsSb+Xx8l4Gh8W4yKJn8yyuDfpJ/Hj/stt/PzxaZzl43TaKd7M4q </latexit>

maxi 6=i0 dFR(xi, xi0) > �
<latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit><latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit><latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit><latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit><latexit sha1_base64="58ynrN1wWVUTlM48B5Lg1SOvLak="></latexit>

=)
<latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit><latexit sha1_base64="PTN1DUCaapZR3FVie4BE16FhL4c="></latexit>

⌘V is non-degenerate.
<latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit><latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit><latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit><latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit><latexit sha1_base64="syo0Jh4+G6u4LxHHV+e0HTPWY8s="></latexit>

Remark: additional smoothness/decay assumption required.
<latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit><latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit><latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit><latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit><latexit sha1_base64="lIFPmwWgTjhEAwZeW3C/+cHwbAE="></latexit>

[Poon, Keriven, P, 2018]
<latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit><latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit><latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit><latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit><latexit sha1_base64="PQricJu3PUMbzRx7QUyBkNz2V18="></latexit>

⇠ �
<latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit><latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit><latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit><latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit><latexit sha1_base64="xULi14hlP33V1n7C2leR9qmUUkg="></latexit>

µ
<latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit>

�
<latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit><latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit><latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit><latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit><latexit sha1_base64="kx/AuIG3LNOfw+zA1cXFgxUqzds="></latexit>

Exclusion balls:
<latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit><latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit><latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit><latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit><latexit sha1_base64="riNyuwVQXcGqvQoK8Jo+Dj6jRJY="></latexit>

={x0 ; dFR(x, x0) 6 �}
<latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit><latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit><latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit><latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit><latexit sha1_base64="1OC90Hkrlb7FOx+T04ZNJeNCwJ8="></latexit>

x1
<latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit><latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit><latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit><latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit><latexit sha1_base64="WJnAUNezSIWve+7CFiygg9xnAME="></latexit>

x2
<latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit><latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit><latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit><latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit><latexit sha1_base64="sm9SaDuBifDY7bFrqJ0+dea/hqI="></latexit>

⇠ s
<latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit><latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit><latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit><latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit><latexit sha1_base64="QoDR4zTZ9EF8JLupk0RIZq+TyCE="></latexit>

⇠ f�1
c

<latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit><latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit><latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit><latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit><latexit sha1_base64="dB9UhR1Y30UW+TR7Xr81NkAKMTc="></latexit>

'(x) = (e2i⇡kx)fck=�fc
<latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit><latexit sha1_base64="0gSeVDpv/E0yvhLCYTpyOva6aTc="></latexit>

'(x) = h((·� x)/s)
<latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit><latexit sha1_base64="4Nzm66LpSmcLt+JDbr3+X/6hmZ8="></latexit>

'(x) = 1
� e

� (·�µ)2

2�2
<latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit>

Remark: extends to randomized (compressed sensing) measurements.
<latexit sha1_base64="gP5R7vNKcaCJuyi9m8BPPdIVudk="></latexit><latexit sha1_base64="gP5R7vNKcaCJuyi9m8BPPdIVudk="></latexit><latexit sha1_base64="gP5R7vNKcaCJuyi9m8BPPdIVudk="></latexit><latexit sha1_base64="gP5R7vNKcaCJuyi9m8BPPdIVudk=">AABCC3ictVzNchu5EYY3P7t2/rzJMZdJtE7ZKa8iabcqqWylamVJlrWmbdqkZO8ubdeQHNFjDTn0DCnL5uoR8iw55JZKVU55hBxySa7JKa+Q7gYwwJCYaYziGCUJA+LrbvQAje4G6P40ifPZxsbfL733rW9/57vvf3D5yve+/4Mf/ujqhz8+ytN5NogOB2mSZk/6YR4l8SQ6nMWzJHoyzaJw3E+ix/2THfz88WmU5XE66c7eTK </latexit><latexit sha1_base64="gP5R7vNKcaCJuyi9m8BPPdIVudk=">AABCC3ictVzNchu5EYY3P7t2/rzJMZdJtE7ZKa8iabcqqWylamVJlrWmbdqkZO8ubdeQHNFjDTn0DCnL5uoR8iw55JZKVU55hBxySa7JKa+Q7gYwwJCYaYziGCUJA+LrbvQAje4G6P40ifPZxsbfL733rW9/57vvf3D5yve+/4Mf/ujqhz8+ytN5NogOB2mSZk/6YR4l8SQ6nMWzJHoyzaJw3E+ix/2THfz88WmU5XE66c7eTK </latexit>

Remark: for Fourier (or convolution), � independent of fc (or s).
<latexit sha1_base64="aoyitoTrMsqCY6+WAODIhm3NaHY="></latexit><latexit sha1_base64="aoyitoTrMsqCY6+WAODIhm3NaHY="></latexit><latexit sha1_base64="aoyitoTrMsqCY6+WAODIhm3NaHY="></latexit><latexit sha1_base64="aoyitoTrMsqCY6+WAODIhm3NaHY=">AABCFXictVxLcxu5EYY3r7Xz8ibHXCaRnLJTXkVStiqpbKVqZUmWtaZt2aRk7y5tFR9Deqwhh54hadlc/Y78lhxSuaRyzTmnXHdP+QvpBzDAkJgBRnGMkoQB8XU3eoBGdwN0dxJH2XRz819XPvjOd7/3/R98ePXaD3/045/89PpHPzvJklnaC497SZykz7qdLIyjcXg8jaZx+GyShp1RNw6fds928fOn8zDNomTcmr6dhM9Hne </latexit><latexit sha1_base64="aoyitoTrMsqCY6+WAODIhm3NaHY=">AABCFXictVxLcxu5EYY3r7Xz8ibHXCaRnLJTXkVStiqpbKVqZUmWtaZt2aRk7y5tFR9Deqwhh54hadlc/Y78lhxSuaRyzTmnXHdP+QvpBzDAkJgBRnGMkoQB8XU3eoBGdwN0dxJH2XRz819XPvjOd7/3/R98ePXaD3/045/89PpHPzvJklnaC497SZykz7qdLIyjcXg8jaZx+GyShp1RNw6fds928fOn8zDNomTcmr6dhM9Hne </latexit>



Optimal Transport Approximate Recovery
“Unbalanced” Fisher-Rao Optimal Transport:

<latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc=">AABB7nictVzdchu3FYbTv9j9c9rL3myruHEyjiupmWmnmc5ElmRZMW3RJiU7CW1lSa6otZdcepeUfxi9RC961+ltH6F3nfYt+gbtVV+h5wdYYEnsAqu6xkjCgvjOOTgLHJxzALo/TeJ8tr7+z0vvfOvb3/nu9969fOX7P/jhj3589b2fHOXpPBtEh4M0SbPH/TCPkngSHc7iWRI9nmZROO4n0aP+8238/NFZlOVxOunOXk+jJ+ </latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc=">AABB7nictVzdchu3FYbTv9j9c9rL3myruHEyjiupmWmnmc5ElmRZMW3RJiU7CW1lSa6otZdcepeUfxi9RC961+ltH6F3nfYt+gbtVV+h5wdYYEnsAqu6xkjCgvjOOTgLHJxzALo/TeJ8tr7+z0vvfOvb3/nu9969fOX7P/jhj3589b2fHOXpPBtEh4M0SbPH/TCPkngSHc7iWRI9nmZROO4n0aP+8238/NFZlOVxOunOXk+jJ+ </latexit>

W 2
2 (m1,m2)

def.
= inf

⇡2M+(X 2)

Z

X 2

d2FR(x1, x2)d⇡(x1, x2) + |⇡1 �m1|(X ) + |⇡2 �m2|(X )
<latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit>

Example: Gaussian mixtures.
<latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit>

m1
<latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit>m2
<latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit>

�m2
<latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit>

�m1
<latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit>

�

µ
<latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit>

'(x) = 1
� e

� (·�µ)2

2�2
<latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit>

⇡
<latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit>



Optimal Transport Approximate Recovery
“Unbalanced” Fisher-Rao Optimal Transport:

<latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc=">AABB7nictVzdchu3FYbTv9j9c9rL3myruHEyjiupmWmnmc5ElmRZMW3RJiU7CW1lSa6otZdcepeUfxi9RC961+ltH6F3nfYt+gbtVV+h5wdYYEnsAqu6xkjCgvjOOTgLHJxzALo/TeJ8tr7+z0vvfOvb3/nu9969fOX7P/jhj3589b2fHOXpPBtEh4M0SbPH/TCPkngSHc7iWRI9nmZROO4n0aP+8238/NFZlOVxOunOXk+jJ+ </latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc=">AABB7nictVzdchu3FYbTv9j9c9rL3myruHEyjiupmWmnmc5ElmRZMW3RJiU7CW1lSa6otZdcepeUfxi9RC961+ltH6F3nfYt+gbtVV+h5wdYYEnsAqu6xkjCgvjOOTgLHJxzALo/TeJ8tr7+z0vvfOvb3/nu9969fOX7P/jhj3589b2fHOXpPBtEh4M0SbPH/TCPkngSHc7iWRI9nmZROO4n0aP+8238/NFZlOVxOunOXk+jJ+ </latexit>

W 2
2 (m1,m2)

def.
= inf

⇡2M+(X 2)

Z

X 2

d2FR(x1, x2)d⇡(x1, x2) + |⇡1 �m1|(X ) + |⇡2 �m2|(X )
<latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit>

Example: Gaussian mixtures.
<latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit>

m1
<latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit>m2
<latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit>

�m2
<latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit>

�m1
<latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit>

�

µ
<latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit>

'(x) = 1
� e

� (·�µ)2

2�2
<latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit>

⇡
<latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit>

|⌘(x)| 6 1
<latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE="></latexit><latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE="></latexit><latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE="></latexit><latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE=">AABB4HictVxfcxPJER8u/w7yj0seU5XaxEcKUoTYhKqk6ipVZ2xjfBgwSDbcncClldZCsNYKrWQMwm95yFsqr/kIeU3e8znyDZKnfIX0n5mdWWl2e9YhTNmeHc2vu6d3pqe7Z0Q8Tof5dHX1nxc++sY3v/Xt73x88dJ3v/f9H/zw8ic/Osiz2aSX7PeyNJs8jbt5kg5Hyf50OE2Tp+NJ0j2O0+RJ/GoDP39ykkzyYTZqT9+Ok2 </latexit><latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE=">AABB4HictVxfcxPJER8u/w7yj0seU5XaxEcKUoTYhKqk6ipVZ2xjfBgwSDbcncClldZCsNYKrWQMwm95yFsqr/kIeU3e8znyDZKnfIX0n5mdWWl2e9YhTNmeHc2vu6d3pqe7Z0Q8Tof5dHX1nxc++sY3v/Xt73x88dJ3v/f9H/zw8ic/Osiz2aSX7PeyNJs8jbt5kg5Hyf50OE2Tp+NJ0j2O0+RJ/GoDP39ykkzyYTZqT9+Ok2 </latexit>

⌘(xi) = sign(ai)
<latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI="></latexit><latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI="></latexit><latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI="></latexit><latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI=">AABB5nictVzNchu5EYY3f2vnz5scc5lEdkpOOY7kuCqp2tqqlSVZ1pq2ZZOSvbu0VTPkiBp7yKE5pCybyxfIIbdUrnmEXJNLniNvkJzyCuluAAMMiZnGKI5RkjAgvu5GD9DoboCOxmmSTzc2/nnpo299+zvf/d7Hl698/wc//NGPr37yk6M8m0168WEvS7PJ8yjM4zQZxYfTZJrGz8eTOBxGafwser2Nnz87iyd5ko0603fj+M </latexit><latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI=">AABB5nictVzNchu5EYY3f2vnz5scc5lEdkpOOY7kuCqp2tqqlSVZ1pq2ZZOSvbu0VTPkiBp7yKE5pCybyxfIIbdUrnmEXJNLniNvkJzyCuluAAMMiZnGKI5RkjAgvu5GD9DoboCOxmmSTzc2/nnpo299+zvf/d7Hl698/wc//NGPr37yk6M8m0168WEvS7PJ8yjM4zQZxYfTZJrGz8eTOBxGafwser2Nnz87iyd5ko0603fj+M </latexit>

Dual certificate: ⌘ 2 Im(�⇤),
<latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q="></latexit><latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q="></latexit><latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q="></latexit><latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q=">AABB+XictVzNchu5EYY3f2vnz5scc5lEdsrechxJ2apNZStVK0uyrDVt0yYle3dpu2bIETX2kENzSPmHy0fJIbdUrnmAHHJNHiBvkJzyCukfYIAhMQOM4hglCQPi6270AI3uBuhokib5bHPznxc++Na3v/Pd73148dL3f/DDH/348kc/Oc6z+bQfH/WzNJs+icI8TpNxfDRLZmn8ZDKNw1GUxo+jl7v4+eOzeJon2bg7ezuJn4 </latexit><latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q=">AABB+XictVzNchu5EYY3f2vnz5scc5lEdsrechxJ2apNZStVK0uyrDVt0yYle3dpu2bIETX2kENzSPmHy0fJIbdUrnmAHHJNHiBvkJzyCukfYIAhMQOM4hglCQPi6270AI3uBuhokib5bHPznxc++Na3v/Pd73148dL3f/DDH/348kc/Oc6z+bQfH/WzNJs+icI8TpNxfDRLZmn8ZDKNw1GUxo+jl7v4+eOzeJon2bg7ezuJn4 </latexit>



Optimal Transport Approximate Recovery
“Unbalanced” Fisher-Rao Optimal Transport:

<latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc="></latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc=">AABB7nictVzdchu3FYbTv9j9c9rL3myruHEyjiupmWmnmc5ElmRZMW3RJiU7CW1lSa6otZdcepeUfxi9RC961+ltH6F3nfYt+gbtVV+h5wdYYEnsAqu6xkjCgvjOOTgLHJxzALo/TeJ8tr7+z0vvfOvb3/nu9969fOX7P/jhj3589b2fHOXpPBtEh4M0SbPH/TCPkngSHc7iWRI9nmZROO4n0aP+8238/NFZlOVxOunOXk+jJ+ </latexit><latexit sha1_base64="ANX5T3t4paZnI2xBwuWOoZRhBGc=">AABB7nictVzdchu3FYbTv9j9c9rL3myruHEyjiupmWmnmc5ElmRZMW3RJiU7CW1lSa6otZdcepeUfxi9RC961+ltH6F3nfYt+gbtVV+h5wdYYEnsAqu6xkjCgvjOOTgLHJxzALo/TeJ8tr7+z0vvfOvb3/nu9969fOX7P/jhj3589b2fHOXpPBtEh4M0SbPH/TCPkngSHc7iWRI9nmZROO4n0aP+8238/NFZlOVxOunOXk+jJ+ </latexit>

W 2
2 (m1,m2)

def.
= inf

⇡2M+(X 2)

Z

X 2

d2FR(x1, x2)d⇡(x1, x2) + |⇡1 �m1|(X ) + |⇡2 �m2|(X )
<latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit><latexit sha1_base64="mVyI6NQoDgil6dIMikkQcIgJMiI="></latexit>

Example: Gaussian mixtures.
<latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit><latexit sha1_base64="9cihuraiDCGq8olS/APWR8W1Fco="></latexit>

m1
<latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit><latexit sha1_base64="8h1KM5ATQ5DivTQCk9JZzbV1B58="></latexit>m2
<latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit><latexit sha1_base64="I/eYtE1c83mppcjOwZYE+EroS/w="></latexit>

�m2
<latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit><latexit sha1_base64="u+7QbwmKqQdHPV9cHrI97oX50F8="></latexit>

�m1
<latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit><latexit sha1_base64="8qNwm4lcrdv9qIQ51BaOupQ6//U="></latexit>

�

µ
<latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit><latexit sha1_base64="/BT4VkLRHmogVsl6xepGj3yRs9M="></latexit>

'(x) = 1
� e

� (·�µ)2

2�2
<latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit><latexit sha1_base64="sbaLGdVX+JNTtciDXX8e9aNUTlU="></latexit>

⇡
<latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit><latexit sha1_base64="L0fuVe8q+LMSvZpBRm1hfFyDCTI="></latexit>

|⌘(x)| 6 1
<latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE="></latexit><latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE="></latexit><latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE="></latexit><latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE=">AABB4HictVxfcxPJER8u/w7yj0seU5XaxEcKUoTYhKqk6ipVZ2xjfBgwSDbcncClldZCsNYKrWQMwm95yFsqr/kIeU3e8znyDZKnfIX0n5mdWWl2e9YhTNmeHc2vu6d3pqe7Z0Q8Tof5dHX1nxc++sY3v/Xt73x88dJ3v/f9H/zw8ic/Osiz2aSX7PeyNJs8jbt5kg5Hyf50OE2Tp+NJ0j2O0+RJ/GoDP39ykkzyYTZqT9+Ok2 </latexit><latexit sha1_base64="Gt+ssAS/RrevEzTu2WMnRp8UNZE=">AABB4HictVxfcxPJER8u/w7yj0seU5XaxEcKUoTYhKqk6ipVZ2xjfBgwSDbcncClldZCsNYKrWQMwm95yFsqr/kIeU3e8znyDZKnfIX0n5mdWWl2e9YhTNmeHc2vu6d3pqe7Z0Q8Tof5dHX1nxc++sY3v/Xt73x88dJ3v/f9H/zw8ic/Osiz2aSX7PeyNJs8jbt5kg5Hyf50OE2Tp+NJ0j2O0+RJ/GoDP39ykkzyYTZqT9+Ok2 </latexit>

⌘(xi) = sign(ai)
<latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI="></latexit><latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI="></latexit><latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI="></latexit><latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI=">AABB5nictVzNchu5EYY3f2vnz5scc5lEdkpOOY7kuCqp2tqqlSVZ1pq2ZZOSvbu0VTPkiBp7yKE5pCybyxfIIbdUrnmEXJNLniNvkJzyCuluAAMMiZnGKI5RkjAgvu5GD9DoboCOxmmSTzc2/nnpo299+zvf/d7Hl698/wc//NGPr37yk6M8m0168WEvS7PJ8yjM4zQZxYfTZJrGz8eTOBxGafwser2Nnz87iyd5ko0603fj+M </latexit><latexit sha1_base64="WHvCaeCk856YhRbYh1xIlmsBmvI=">AABB5nictVzNchu5EYY3f2vnz5scc5lEdkpOOY7kuCqp2tqqlSVZ1pq2ZZOSvbu0VTPkiBp7yKE5pCybyxfIIbdUrnmEXJNLniNvkJzyCuluAAMMiZnGKI5RkjAgvu5GD9DoboCOxmmSTzc2/nnpo299+zvf/d7Hl698/wc//NGPr37yk6M8m0168WEvS7PJ8yjM4zQZxYfTZJrGz8eTOBxGafwser2Nnz87iyd5ko0603fj+M </latexit>

Dual certificate: ⌘ 2 Im(�⇤),
<latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q="></latexit><latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q="></latexit><latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q="></latexit><latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q=">AABB+XictVzNchu5EYY3f2vnz5scc5lEdsrechxJ2apNZStVK0uyrDVt0yYle3dpu2bIETX2kENzSPmHy0fJIbdUrnmAHHJNHiBvkJzyCukfYIAhMQOM4hglCQPi6270AI3uBuhokib5bHPznxc++Na3v/Pd73148dL3f/DDH/348kc/Oc6z+bQfH/WzNJs+icI8TpNxfDRLZmn8ZDKNw1GUxo+jl7v4+eOzeJon2bg7ezuJn4 </latexit><latexit sha1_base64="pkyN7IHXtiHSYH+1cpE5jzPOx/Q=">AABB+XictVzNchu5EYY3f2vnz5scc5lEdsrechxJ2apNZStVK0uyrDVt0yYle3dpu2bIETX2kENzSPmHy0fJIbdUrnmAHHJNHiBvkJzyCukfYIAhMQOM4hglCQPi6270AI3uBuhokib5bHPznxc++Na3v/Pd73148dL3f/DDH/348kc/Oc6z+bQfH/WzNJs+icI8TpNxfDRLZmn8ZDKNw1GUxo+jl7v4+eOzeJon2bg7ezuJn4 </latexit>

Theorem: [Poon, Keriven, Peyré 2018]
<latexit sha1_base64="6eIMeXI56rSMIb7Q7ndL/1Ujguo="></latexit><latexit sha1_base64="6eIMeXI56rSMIb7Q7ndL/1Ujguo="></latexit><latexit sha1_base64="6eIMeXI56rSMIb7Q7ndL/1Ujguo="></latexit><latexit sha1_base64="6eIMeXI56rSMIb7Q7ndL/1Ujguo=">AABB8XictVzNchu5EYY3f2vnz5scc5lE68S75XglZauyla1UrSzJsla0TZuU7F3TdvFnRNEecugZUpbN1WPkkFsq1zxCDrkkD5E3SE55hfQPMMCQmAGgOEZJwoD4uhs9QKO7Abo3TUb5bH39n5fe+9a3v/Pd771/+cr3f/DDH/346gc/OcrTedaPD/tpkmaPe908TkaT+HA2miXx42kWd8e9JH7Ue7mNnz86jbN8lE7aszfT+O </latexit><latexit sha1_base64="6eIMeXI56rSMIb7Q7ndL/1Ujguo=">AABB8XictVzNchu5EYY3f2vnz5scc5lE68S75XglZauyla1UrSzJsla0TZuU7F3TdvFnRNEecugZUpbN1WPkkFsq1zxCDrkkD5E3SE55hfQPMMCQmAGgOEZJwoD4uhs9QKO7Abo3TUb5bH39n5fe+9a3v/Pd771/+cr3f/DDH/346gc/OcrTedaPD/tpkmaPe908TkaT+HA2miXx42kWd8e9JH7Ue7mNnz86jbN8lE7aszfT+O </latexit>

If 9⌘ non-degenerate certificate
<latexit sha1_base64="y3yV6E1nXcwTSBRrsn92xaCG24I="></latexit><latexit sha1_base64="y3yV6E1nXcwTSBRrsn92xaCG24I="></latexit><latexit sha1_base64="y3yV6E1nXcwTSBRrsn92xaCG24I="></latexit><latexit sha1_base64="y3yV6E1nXcwTSBRrsn92xaCG24I="></latexit><latexit sha1_base64="y3yV6E1nXcwTSBRrsn92xaCG24I="></latexit>

then for any solution m� of (P�(�m0 + w))
<latexit sha1_base64="2hEQt3MCclktfstcP/Fb0UUfhyc="></latexit><latexit sha1_base64="2hEQt3MCclktfstcP/Fb0UUfhyc="></latexit><latexit sha1_base64="2hEQt3MCclktfstcP/Fb0UUfhyc="></latexit><latexit sha1_base64="2hEQt3MCclktfstcP/Fb0UUfhyc=">AABB+nictVxLcxu5EYY3j107L29yzGUSySk763glZauyVVupWlmSZa1pmzYp2btLWzUkh9TYQw7NISXbtP5KDrmlcs09l1yTe/5BcspfSD+AAYbEDDCKY5QkDIivu9EDNLoboLuTJM5mGxv/vPTBd777ve9/+NHlKz/44Y9+/JOrH//0KEvn01502EuTdPq0G2ZREo+jw1k8S6Knk2kUjrpJ9KT7cgc/f3IaTbM4HbdnbybRs1 </latexit><latexit sha1_base64="2hEQt3MCclktfstcP/Fb0UUfhyc=">AABB+nictVxLcxu5EYY3j107L29yzGUSySk763glZauyVVupWlmSZa1pmzYp2btLWzUkh9TYQw7NISXbtP5KDrmlcs09l1yTe/5BcspfSD+AAYbEDDCKY5QkDIivu9EDNLoboLuTJM5mGxv/vPTBd777ve9/+NHlKz/44Y9+/JOrH//0KEvn01502EuTdPq0G2ZREo+jw1k8S6Knk2kUjrpJ9KT7cgc/f3IaTbM4HbdnbybRs1 </latexit>

! golfing scheme construction of ⌘.
<latexit sha1_base64="t8QDfkMqewIjhpOpxpBBGYoGTQQ="></latexit><latexit sha1_base64="t8QDfkMqewIjhpOpxpBBGYoGTQQ="></latexit><latexit sha1_base64="t8QDfkMqewIjhpOpxpBBGYoGTQQ="></latexit><latexit sha1_base64="t8QDfkMqewIjhpOpxpBBGYoGTQQ="></latexit><latexit sha1_base64="t8QDfkMqewIjhpOpxpBBGYoGTQQ="></latexit>

W
2
2 (m�,m0) = O(||w||) when � ⇠ ||w||

<latexit sha1_base64="bQqGXA0viBzhVaM8P+yLiWBKT7Q="></latexit><latexit sha1_base64="bQqGXA0viBzhVaM8P+yLiWBKT7Q="></latexit><latexit sha1_base64="bQqGXA0viBzhVaM8P+yLiWBKT7Q="></latexit><latexit sha1_base64="bQqGXA0viBzhVaM8P+yLiWBKT7Q="></latexit><latexit sha1_base64="bQqGXA0viBzhVaM8P+yLiWBKT7Q="></latexit>



Overview

• Sparse Linear Models 

• Sparse Estimation with Blasso  

• Non-super-resolution Regime 

• Super-resolution Regime



Recovery of Positive Measures

Theorem: let and

[d
e
C
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et
al.

2011]

�! m0 is recovered when there is no noise.

⌘S(t) = 1� ⇢
QN

i=1 sin(⇡(t� xi))2
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Input measure: m0 = ma,x where a 2 RN
+ .

'(x) = (ei`x)fc`=�fc

for N 6 fc and ⇢ small enough, ⌘S 2 ND(m0).
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[Morgenshtern, Candès, 2015] discrete `1 robustness.
[Demanet, Nguyen, 2015] discrete `0 robustness.

Input measure: m0 = ma,x where a 2 RN
+ .

�! behavior as 8 i, xi ! 0 ?

'(x) = (ei`x)fc`=�fc

for N 6 fc and ⇢ small enough, ⌘S 2 ND(m0).



Recovery of Positive Measures

Theorem: let and

[d
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C
astro
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al.

2011]

�! m0 is recovered when there is no noise.

�! noise robustness of support recovery ?

⌘S(t) = 1� ⇢
QN

i=1 sin(⇡(t� xi))2
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[Morgenshtern, Candès, 2015] discrete `1 robustness.
[Demanet, Nguyen, 2015] discrete `0 robustness.

Input measure: m0 = ma,x where a 2 RN
+ .

�! behavior as 8 i, xi ! 0 ?

'(x) = (ei`x)fc`=�fc

for N 6 fc and ⇢ small enough, ⌘S 2 ND(m0).



Asymptotic of Vanishing Certificate
1

⌘V

Vanishing Derivative pre-certificate:

⌘V
def.
= argmin

⌘=�⇤p
||p||

m0 = ma,�x where � ! 0

s.t. 8 i,
⇢

⌘(�xi) = 1,
⌘0(�xi) = 0.

Valid only in 1-D, i.e. T = R or T = R/Z.



Asymptotic of Vanishing Certificate
1
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1
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⌘W

Vanishing Derivative pre-certificate:

⌘V
def.
= argmin

⌘=�⇤p
||p||

�

m0 = ma,�x where � ! 0

s.t. 8 i,
⇢

⌘(�xi) = 1,
⌘0(�xi) = 0.

Valid only in 1-D, i.e. T = R or T = R/Z.



Asymptotic of Vanishing Certificate
1

⌘V

1

1

1

⌘V

⌘V

⌘W

s.t.

⇢
⌘(0) = 1,
⌘0(0) = . . . = ⌘(2N�1)(0) = 0.

Asymptotic pre-certificate:

⌘W
def.
= argmin

⌘=�⇤p
||p||

Vanishing Derivative pre-certificate:

⌘V
def.
= argmin

⌘=�⇤p
||p||

� ! 0

�

m0 = ma,�x where � ! 0

s.t. 8 i,
⇢

⌘(�xi) = 1,
⌘0(�xi) = 0.

Valid only in 1-D, i.e. T = R or T = R/Z.



Asymptotic Robustness

Theorem:

the solution of P�(y) for y = �(m0) + w is

for
�
w
� ,

w
�2N�1 ,

�
�2N�1

�
= O(1)

PN
i=1 a

?
i ��x?

i

�

�||w
||
N = 2

�

�
||w
||
N = 1

If ⌘W 2 NDN , letting m0 = ma,�x, then

where ||(x, a)� (x?
, a

?)|| = O

✓
||w||+ �

�2N�1

◆
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.
2015]



Asymptotic Robustness

Theorem:

the solution of P�(y) for y = �(m0) + w is

x?
i

�0
↵ < 2N � 1

Noise: w = �w0.

for
�
w
� ,

w
�2N�1 ,

�
�2N�1

�
= O(1)

PN
i=1 a

?
i ��x?

i

Regularization: � = �0�↵

�0

�max

↵ = 2N � 1

x?
i

x0

�

�||w
||
N = 2

�

�
||w
||
N = 1

If ⌘W 2 NDN , letting m0 = ma,�x, then

where ||(x, a)� (x?
, a

?)|| = O

✓
||w||+ �

�2N�1

◆

y = �ma,�x + w

[D
en
oyelle,

D
.,
P
.
2015]



Gaussian convolution:

Proposition: ⌘W (x) = e�
x2

4�2

N�1X

k=0

(x/2�)2k

k!

In particular, ⌘W is non-degenerate.

1
N = 1

⌘W

1
N = 3

⌘W

'(x) = e�
|x�·|2

2�2

�! Gaussian deconvolution
<latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit><latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit><latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit><latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit><latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit>

is support-stable.
<latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit><latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit><latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit><latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit><latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit>

Deconvolution and Laplace



Gaussian convolution:

Proposition: ⌘W (x) = e�
x2

4�2

N�1X

k=0

(x/2�)2k

k!

In particular, ⌘W is non-degenerate.

1
N = 1

⌘W

1
N = 3

⌘W

'(x) = e�
|x�·|2

2�2

�! Gaussian deconvolution
<latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit><latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit><latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit><latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit><latexit sha1_base64="gpcauouFKtG9sdaXS0Moe/4Nnps="></latexit>

is support-stable.
<latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit><latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit><latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit><latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit><latexit sha1_base64="5TIgiSU4s4JFa3eUA8zdLWrLdkQ="></latexit>

Deconvolution and Laplace

Laplace transform: '(x) = e�x·

Non-translation-invariant operator

x̄x1 x2
! ⌘W depends on x̄!

Proposition:

In particular, ⌘W is non-degenerate.

⌘W (x) = 1�
✓
x� x̄

x+ x̄

◆2N

N = 1

N = 3

⌘W

⌘W

x̄ = 2 x̄ = 20



Higher Dimension
Gaussian convolution: m0 = ma,�x where � ! 0

The limiting certificate in multi-dimensions

The limit now depends on the spikes configuration!

t = 1 t = 0.5 t = 0.2 t = 0.01

15 / 31

⌘W
<latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit>

⌘V
<latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="></latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="></latexit>

�
<latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit>

� = 0
<latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit>

on the directions x!
<latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit>

⌘W depends
<latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc="></latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc="></latexit>



Higher Dimension
Gaussian convolution: m0 = ma,�x where � ! 0

The limiting certificate in multi-dimensions

The limit now depends on the spikes configuration!

t = 1 t = 0.5 t = 0.2 t = 0.01
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⌘W
<latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit>

⌘V
<latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="></latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="></latexit>

�
<latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit>

� = 0
<latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit>

on the directions x!
<latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit>

⌘W depends
<latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc="></latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc="></latexit>

Proposition:
<latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo="> </latexit><latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo="> </latexit><latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo="> </latexit><latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo=">AABB2HictVzdchPJFW42P7uQPzapyk1uJvGSYlOE2M5WJZWtVK2xjfEiQCDZsKyA0s9YCMYaoZGMQbgqd6nc5hFym7xDniNvkFzlFXJ+uqd7pJ45PQ5Ll+2eVn/nnD7Tffqc0y16k2SUzdbX/3Xhg299+zvf/fCji5e+9/0f/PBHlz/+8WGWzqf9+KCfJun0Ua+bxcloHB/MRrMkfjSZxt3jXhI/7L3cxs8fnsTTbJSO27M3k/ </latexit><latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo=">AABB2HictVzdchPJFW42P7uQPzapyk1uJvGSYlOE2M5WJZWtVK2xjfEiQCDZsKyA0s9YCMYaoZGMQbgqd6nc5hFym7xDniNvkFzlFXJ+uqd7pJ45PQ5Ll+2eVn/nnD7Tffqc0y16k2SUzdbX/3Xhg299+zvf/fCji5e+9/0f/PBHlz/+8WGWzqf9+KCfJun0Ua+bxcloHB/MRrMkfjSZxt3jXhI/7L3cxs8fnsTTbJSO27M3k/ </latexit>

⌘W
def.
= argmin

⌘=�⇤p
||p|| s.t.

⇢
⌘(0) = 1,
P1(@)⌘(0) = . . . = P(d+1)N�1(@)⌘(0) = 0.

<latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit><latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit><latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit><latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit><latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit>

⌘V
�!0�! ⌘W where

<latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit><latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit><latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit><latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit><latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit>

De Boor basis
<latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit><latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit><latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit><latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit><latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit>

Carl R.
de Boor

[Poon, P. 2018]
<latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit><latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit><latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit><latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit><latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit>



Higher Dimension
Gaussian convolution: m0 = ma,�x where � ! 0

The limiting certificate in multi-dimensions

The limit now depends on the spikes configuration!

t = 1 t = 0.5 t = 0.2 t = 0.01
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⌘W
<latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit><latexit sha1_base64="p+OzoDAh/Ft9/marKVJWbg4ar94="></latexit>

⌘V
<latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="> </latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="></latexit><latexit sha1_base64="RjCbt4IeGy6ZLg0EfnTkjbXgYiI="></latexit>

�
<latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit><latexit sha1_base64="BmMsGbbWmiTZuwKqdPkW8yYu0tI="> </latexit>

� = 0
<latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit><latexit sha1_base64="sbHTSnH8NIQMGICs6c8IhGwSBNc="></latexit>

on the directions x!
<latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit><latexit sha1_base64="W0WMVJ4wIDXVR46lEdg7G8IPtb4="></latexit>

⌘W depends
<latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc=">AABB1HictVzNchu5EYY3f2vnz7s55jKJ7JQ35TiSslVJ1VaqVpZkWWvalk1K9u7SVvFnRNMecmgOKcumdUrlmkfINXmLPEfeIDnlFdI/wABDYqYximOUJAyIr7vRAzS6G6C7k2SYzdbX/3npo+9893vf/8HHl6/88Ec//slPr37y6VGWzqe9+LCXJun0abeTxclwHB/OhrMkfjqZxp1RN4mfdF9t4+dPTuNpNkzHrdnbSfxs1BmMhyfDXmcGTcdXP42uteNZ5/jJtagfT+JxP4uOr66t31qnf9FqZUNX1pT+d5B+Eh2qtuqrVPXUXI1UrMZqBvVEdVQG5Vu1odbVBNqeqQW0TaE2pM9jda6uAHYOvWLo0YHWV/B7AE/f6tYxPCPNjNA94JLAzxSQkboOmBT6TaGO3CL6fE6UsbWM9oJoomxv4W9X0xpB60y9gFYJZ3qG4nA </latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc="></latexit><latexit sha1_base64="7bfhbu2Pa9Qt1lkGoWmyrirvzIc="></latexit>

Proposition:
<latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo="> </latexit><latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo="> </latexit><latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo="> </latexit><latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo=">AABB2HictVzdchPJFW42P7uQPzapyk1uJvGSYlOE2M5WJZWtVK2xjfEiQCDZsKyA0s9YCMYaoZGMQbgqd6nc5hFym7xDniNvkFzlFXJ+uqd7pJ45PQ5Ll+2eVn/nnD7Tffqc0y16k2SUzdbX/3Xhg299+zvf/fCji5e+9/0f/PBHlz/+8WGWzqf9+KCfJun0Ua+bxcloHB/MRrMkfjSZxt3jXhI/7L3cxs8fnsTTbJSO27M3k/ </latexit><latexit sha1_base64="q+K3ByUUNL4RwiWDsqAQGG1pWlo=">AABB2HictVzdchPJFW42P7uQPzapyk1uJvGSYlOE2M5WJZWtVK2xjfEiQCDZsKyA0s9YCMYaoZGMQbgqd6nc5hFym7xDniNvkFzlFXJ+uqd7pJ45PQ5Ll+2eVn/nnD7Tffqc0y16k2SUzdbX/3Xhg299+zvf/fCji5e+9/0f/PBHlz/+8WGWzqf9+KCfJun0Ua+bxcloHB/MRrMkfjSZxt3jXhI/7L3cxs8fnsTTbJSO27M3k/ </latexit>

⌘W
def.
= argmin

⌘=�⇤p
||p|| s.t.

⇢
⌘(0) = 1,
P1(@)⌘(0) = . . . = P(d+1)N�1(@)⌘(0) = 0.

<latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit><latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit><latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit><latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit><latexit sha1_base64="UX5hE1q+Tg3CpGqwsbVf3sXr3fI="></latexit>

⌘V
�!0�! ⌘W where

<latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit><latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit><latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit><latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit><latexit sha1_base64="Wfw5Xx2hptBk28m6A9yadHOvbXQ="></latexit>

De Boor basis
<latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit><latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit><latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit><latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit><latexit sha1_base64="JLIOe3gjZawFFwguyFEbfqMYsIY="></latexit>

Carl R.
de Boor

[Poon, P. 2018]
<latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit><latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit><latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit><latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit><latexit sha1_base64="7x9CJQIbJbGSPp2Ff5U3REDio2c="></latexit>

Non-degeneracy of ⌘W is necessary for stable recovery.
<latexit sha1_base64="4Um5oGGTa7GMay3fA982QAoSZkk="></latexit><latexit sha1_base64="4Um5oGGTa7GMay3fA982QAoSZkk="></latexit><latexit sha1_base64="4Um5oGGTa7GMay3fA982QAoSZkk="></latexit><latexit sha1_base64="4Um5oGGTa7GMay3fA982QAoSZkk="></latexit><latexit sha1_base64="4Um5oGGTa7GMay3fA982QAoSZkk="></latexit>

necessary and su�cient for N = 2 spikes.
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Neuro-imaging

Let X =
�
x 2 R2 ; kxk 6 1

 
. To model MEG/EEG, '(x) = u 7! kx� uk�2 2 H = L

2(@X ).

N = 1 N = 2 N = 2 N = 3

Clustering about (0.4,0.3).

⌘W,Z is always a valid certificate when Z consists of aligned spikes.

For non-aligned spikes, ⌘W,Z is not a valid certificate. In the presence of noise, one
cannot stably super-resolve 3 close spikes.
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Neuro-imaging:
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Conclusion

varying the azimuth φ during the exposure time and can be
modeled by the following expression:

gðθÞ=
Z2π

0

Z∞

0

Z∞
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Iðz; α;φÞρ
!

θ− α
Ω=cos θ

"
f
#
z
$
dαdzdφ;

where f ðzÞ is the density of fluorophores in the medium con-
volved by the emission point spread function and ρð · Þ represents
the laser beam profile of divergence Ω. The function Iðz; α;φÞ
describes the intensity of the electric field as a function of the
depth z, the incidence angle α, and the azimuth φ: For an in-
cidence angle α greater than the critical angle, an exponentially
decreasing component appears whose characteristic penetration
depth dðαÞ can be expressed as a function of the wavelength λ, the
refractive index of the glass ni, and the refractive index of the
medium nt as dðαÞ= λ=4π ðn2i sin

2 α+ n2t Þ
−1=2. A more realistic

model would take into account a multilayer dielectric material
(24). However, for small enough depth (z< λ=2), the TIRF exci-
tation intensity can be approximated by a simple exponentially
decaying function (25). For a given angle θ, we can average
the contributions of the two polarization components when the
beam describes a full circle. Finally, by considering a finite set of
incident angles θ and depth z, we can discretize the problem and
obtain the following linear system of equations g=Hf , where H
is the matrix associated to the operator involved in the image
formation (Fig. S3B).
To validate the proposedmodel, a test sample has been designed

containing fluorescent beads located at different heights as pre-
viously described (17). A multiangle TIRF and aWF image stacks
of the sample have been acquired (Fig. 2B), and a parametric
model of the beads viewed through the image formation operator
(SI Imaging Model and Reconstruction) has been fitted to the
evolution of the intensity versus the incident TIRF angle (21). It
is worth stressing that the location of the beads in WF are relative
to the objective, whereas in TIRF the estimated depth is related
to the distance to the glass coverslip. As depicted on Fig. 2C
and Movie S2, the adjusted model is in good agreement with
the measured intensity profiles. Indeed, from these parameter
adjustments, the location of the beads can be estimated and the

slope of the glass slide recovered (Fig. 2D), the latter falling within
the confidence interval deducted from the accuracy of the mea-
surement of the different characteristic dimensions of the sample.
Finally, from the dispersion of the estimated depth around the
average slope (Fig. 2D), we can conclude that the localization
precision obtained with this approach is higher than the corre-
sponding precision given by estimating the location of the beads in
the WF image stack as already mentioned (17).
Estimating the 3D density of fluorophores convolved by the

emission point spread function then would simply boil down to
inverting the linear system. Some care has to be taken when
inverting such system, as the inverse problem is at best badly con-
ditioned. Nevertheless, constraints can be imposed to the solution
such as positivity, and, in the case of time-lapse acquisitions, a
multiframe regularization can be used in addition to the spatial and
temporal regularization smoothness to solve the reconstruction
problem. Moreover, to be effective, such a positivity constraint
requires a correct knowledge of the background level. As a conse-
quence, for each multiangle image stack, a background image is
obtained by driving the beam out of the objective. Given that
several convex constraints have to be satisfied at the same time, we
propose to rely on a flavor of the PPXA algorithm (26) to estimate
the tridimensional density of fluorophores (Fig. S4).More detailed
information on how noise, object depth, and the required number
of angles can be taken into account is discussed in SI ImagingModel
and Reconstruction and Fig. S5. Finally, to take into account the
variations of the medium index, we select an effective index within
a predefined range by minimizing the reconstruction error at each
pixel under a spatial smoothness constraint (Fig. S6). It is worth
noting that the computation time for the reconstruction on 10
planes from a stack 512 × 512 images corresponding to 21 in-
cidence angles ranges from 1 to 5 min depending on the number
of iterations.

Imaging in Vitro and in Vivo Actin Assembly. The proposed multi-
angle TIRF image reconstruction approach was then tested on
complex samples such as actin network architectures for which
spatial resolution and dynamics remain an issue. We first chal-
lenged the spatial organization of actin nucleation geometry
using an in vitro assay based on micropatterning method (27).
In this context, the micropatterns promote actin assembly and
constrain the actin organization. This system, giving rise to specific
architectures (parallel or antiparallel bundles and networks)
mimics equivalent structures observed in cells. Three-dimensional
reconstruction of multiangle TIRFM stacks clearly highlights the
fact that structures assembled outside of the patterned areas ex-
tend in depth and are not restricted to the plane of the glass
coverslip. This is displayed both in a color-coded depth visuali-
zation (Fig. 3A), as well as in the thumbnails (Fig. 3A, Right)
corresponding to four equally spaced slices, taken among 10
reconstructed planes. We observe radially expanding bundles lo-
cated in the first 100-nm range and a second set of filaments lo-
cated in the 100- to 300-nm range above. The resulting network is
not well constrained, generating an unorganized architecture;
therefore, bundle crossings appear (Fig. 3A). In contrast, the net-
work induced by a circular pattern appears highly organized (Fig.
3B). The results obtained with this approach confirm and un-
derscore previously published data (27). Indeed, the gain in axial
resolution demonstrates unambiguously that the actin structure
arising from the circular pattern is confined next to the patterned
coverslip (mainly within the first 50 nm). The analysis presented
here emphasizes the structural heterogeneity of actin organization
and extent of deformation observed toward the center as a conse-
quence of growing actin bundles encountering each other. This
allows the characterization of sites of active force-induced de-
formation driven by actin assembly.
In a cellular context, depending on the acquisition parameters,

an axial resolution of 50–100 nm on average can be reached, over
up to 800 nm in depth. This is illustrated in Fig. 3C on LifeAct-
mCherry–expressing RPE1 cells, where actin architecture can be
restored from an image stack corresponding to 21 incidence

A
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C

D

Fig. 2. Experimental validation of the multiangle TIRF model. (A) Schema
of the system designed to create a slope of fluorescent beads. (B) Overlay
of the maximum intensity projection of image stack acquired with WF and
TIRF illumination. (Scale bar: 5 μm.) The evolution of the intensity versus the
illumination angle θ of two selected beads are plotted in Cwith the corre-
sponding fitting theoretical model (continuous line) for their estimated
depth (respectively 10 and 89 nm). (D) Depth of all of the beads estimated by
fitting the theoretical TIRF model (in red) and the depth of the same beads
estimated by fitting a Gaussian model in the WF image stack (in green).
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Super-resolution should be o↵-the-grid!

More accurate theory:
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More e�cient algorithms.
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– “`2” error meaningless.
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– Track the support.
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– Fisher-Rao + Optimal Transport.
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Conclusion

Open problem: other regularizations (e.g. piecewise constant) ?

see [Chambolle, Duval, Peyré, Poon 2016] for TV denoising.

varying the azimuth φ during the exposure time and can be
modeled by the following expression:
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where f ðzÞ is the density of fluorophores in the medium con-
volved by the emission point spread function and ρð · Þ represents
the laser beam profile of divergence Ω. The function Iðz; α;φÞ
describes the intensity of the electric field as a function of the
depth z, the incidence angle α, and the azimuth φ: For an in-
cidence angle α greater than the critical angle, an exponentially
decreasing component appears whose characteristic penetration
depth dðαÞ can be expressed as a function of the wavelength λ, the
refractive index of the glass ni, and the refractive index of the
medium nt as dðαÞ= λ=4π ðn2i sin

2 α+ n2t Þ
−1=2. A more realistic

model would take into account a multilayer dielectric material
(24). However, for small enough depth (z< λ=2), the TIRF exci-
tation intensity can be approximated by a simple exponentially
decaying function (25). For a given angle θ, we can average
the contributions of the two polarization components when the
beam describes a full circle. Finally, by considering a finite set of
incident angles θ and depth z, we can discretize the problem and
obtain the following linear system of equations g=Hf , where H
is the matrix associated to the operator involved in the image
formation (Fig. S3B).
To validate the proposedmodel, a test sample has been designed

containing fluorescent beads located at different heights as pre-
viously described (17). A multiangle TIRF and aWF image stacks
of the sample have been acquired (Fig. 2B), and a parametric
model of the beads viewed through the image formation operator
(SI Imaging Model and Reconstruction) has been fitted to the
evolution of the intensity versus the incident TIRF angle (21). It
is worth stressing that the location of the beads in WF are relative
to the objective, whereas in TIRF the estimated depth is related
to the distance to the glass coverslip. As depicted on Fig. 2C
and Movie S2, the adjusted model is in good agreement with
the measured intensity profiles. Indeed, from these parameter
adjustments, the location of the beads can be estimated and the

slope of the glass slide recovered (Fig. 2D), the latter falling within
the confidence interval deducted from the accuracy of the mea-
surement of the different characteristic dimensions of the sample.
Finally, from the dispersion of the estimated depth around the
average slope (Fig. 2D), we can conclude that the localization
precision obtained with this approach is higher than the corre-
sponding precision given by estimating the location of the beads in
the WF image stack as already mentioned (17).
Estimating the 3D density of fluorophores convolved by the

emission point spread function then would simply boil down to
inverting the linear system. Some care has to be taken when
inverting such system, as the inverse problem is at best badly con-
ditioned. Nevertheless, constraints can be imposed to the solution
such as positivity, and, in the case of time-lapse acquisitions, a
multiframe regularization can be used in addition to the spatial and
temporal regularization smoothness to solve the reconstruction
problem. Moreover, to be effective, such a positivity constraint
requires a correct knowledge of the background level. As a conse-
quence, for each multiangle image stack, a background image is
obtained by driving the beam out of the objective. Given that
several convex constraints have to be satisfied at the same time, we
propose to rely on a flavor of the PPXA algorithm (26) to estimate
the tridimensional density of fluorophores (Fig. S4).More detailed
information on how noise, object depth, and the required number
of angles can be taken into account is discussed in SI ImagingModel
and Reconstruction and Fig. S5. Finally, to take into account the
variations of the medium index, we select an effective index within
a predefined range by minimizing the reconstruction error at each
pixel under a spatial smoothness constraint (Fig. S6). It is worth
noting that the computation time for the reconstruction on 10
planes from a stack 512 × 512 images corresponding to 21 in-
cidence angles ranges from 1 to 5 min depending on the number
of iterations.

Imaging in Vitro and in Vivo Actin Assembly. The proposed multi-
angle TIRF image reconstruction approach was then tested on
complex samples such as actin network architectures for which
spatial resolution and dynamics remain an issue. We first chal-
lenged the spatial organization of actin nucleation geometry
using an in vitro assay based on micropatterning method (27).
In this context, the micropatterns promote actin assembly and
constrain the actin organization. This system, giving rise to specific
architectures (parallel or antiparallel bundles and networks)
mimics equivalent structures observed in cells. Three-dimensional
reconstruction of multiangle TIRFM stacks clearly highlights the
fact that structures assembled outside of the patterned areas ex-
tend in depth and are not restricted to the plane of the glass
coverslip. This is displayed both in a color-coded depth visuali-
zation (Fig. 3A), as well as in the thumbnails (Fig. 3A, Right)
corresponding to four equally spaced slices, taken among 10
reconstructed planes. We observe radially expanding bundles lo-
cated in the first 100-nm range and a second set of filaments lo-
cated in the 100- to 300-nm range above. The resulting network is
not well constrained, generating an unorganized architecture;
therefore, bundle crossings appear (Fig. 3A). In contrast, the net-
work induced by a circular pattern appears highly organized (Fig.
3B). The results obtained with this approach confirm and un-
derscore previously published data (27). Indeed, the gain in axial
resolution demonstrates unambiguously that the actin structure
arising from the circular pattern is confined next to the patterned
coverslip (mainly within the first 50 nm). The analysis presented
here emphasizes the structural heterogeneity of actin organization
and extent of deformation observed toward the center as a conse-
quence of growing actin bundles encountering each other. This
allows the characterization of sites of active force-induced de-
formation driven by actin assembly.
In a cellular context, depending on the acquisition parameters,

an axial resolution of 50–100 nm on average can be reached, over
up to 800 nm in depth. This is illustrated in Fig. 3C on LifeAct-
mCherry–expressing RPE1 cells, where actin architecture can be
restored from an image stack corresponding to 21 incidence
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D

Fig. 2. Experimental validation of the multiangle TIRF model. (A) Schema
of the system designed to create a slope of fluorescent beads. (B) Overlay
of the maximum intensity projection of image stack acquired with WF and
TIRF illumination. (Scale bar: 5 μm.) The evolution of the intensity versus the
illumination angle θ of two selected beads are plotted in Cwith the corre-
sponding fitting theoretical model (continuous line) for their estimated
depth (respectively 10 and 89 nm). (D) Depth of all of the beads estimated by
fitting the theoretical TIRF model (in red) and the depth of the same beads
estimated by fitting a Gaussian model in the WF image stack (in green).
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Super-resolution should be o↵-the-grid!

More accurate theory:
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More e�cient algorithms.
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– “`2” error meaningless.
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– Track the support.
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– Fisher-Rao + Optimal Transport.
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