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Abstract

" Yakoubsohn, J.-C., The Sturm method in the complex case, Journal of Pure and Applied
Algebra 84 (1993) 95-105.

Let ZY(F), Z(F) be the number of zeros and the number of poles with their multiplicities of a
complex rational fraction lying inside a compact K of C the boundary of which is a Jordan curve
parametrized piecewise by rational curves. We compute the difference Z(F) — Z;(F) extend-
ing the Sturm method in the complex case.

1. Introduction and notations

Let F be an irreducible complex rational fraction and K be a compact set in C.
The boundary 6K is assumed io Lo u coniected simple cloczd Jordan curve
parameterized piecewise by rational curves. Furthermore, 3K is oriented counter-
clockwise. The purpose of this note is computing the right-hand side of the
formula of the Principle of Argument written in the following suggestive fashion

(1]

f % = 2im(number of zeros — number of poles) ,
oK

using the method of Sturm sequences. In the case where F is a complex
polynomial with no root on the real axis, Marden in Chapter 9 of [3] uses the
Sturm sequences to find the number of zeros of F in the upper and lower
half-planes. But only an upper bound of the number of zeros of a complex
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polynomia! is given in a sector of plane. In this note we generalize the results
obtained in [3] and we compute exactly the number of zeros.
First we precise the notations and hypotheses.

1.1. The boundary 9K is the union of rational curves denoted by 7,(¢) defined on
the interval {a;, b;], 0=j=n -1, such that

'Yj(bj)= 'Y,'+l(aj+|)

with the convention v, =1, and a, = a,. We define the real rational fractions
Fy,;(¢) and F,(¢) such that

F(y,(t) = F, (1) +iF,(t) fort€[a;, b], 0=j=n-1,

and we consider the polynomiais P, and P,; such that

F(t) Py
Fy(t) — Py)

1.2. Let Z}(F) and Z(F) be the numbes of zeros of F and the number of poles
of F respectively with their multiplicities lying inside K.

fort€la;, b, 0=j=n-1.

1.3. Let f,g be real rational fractions and a,b be real numbers. We define the
quantity

6(f, g, a, b) = 3(sign f(a™) —sign g(b™)) .
When f =g and a = b = ¢, this quantity is the Cauchy index of f at the point ¢: in

this case we shall write 6( f, t). Also we adopt the convention that sign 0 = 0. This
function @ appears naturally at the end of the proof of Theorem 1.6.

1.4. We recall an algorithm to construct a Sturm sequence and the principal result
concerning them. Given two real polynomials P,(tf) and P,(¢), the associated
Sturm sequence sturm,(P,, P,) is defined in the following way:

- If degree(P,) = degree(P,) then

sturmy(P,, P,)=P,, sturm,(P,, P,) = P,

€i1s¢

sturmy(P,, P,)=P,,  sturm(P,, P,) =rem(P,, P,)

where rem(P,, P,) is the remainder of the euclidean division of P, by P,.
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- For i =21 we compute
sturm,, ,(P,, P,) = —rem(sturm,_,(P,, P,). sturm,(P,, P,})) .

— We stop when there is an index p so that sturm,,, (P, P;) =0.

This construction appears in [3]. The previous sequence appears in [2]} as being
the signed remainder’s sequence reserving to Sturm sequence of polynomials P
and C the signed xemaiﬁder s sequence of polynomials P and rem(P'Q, P). Let
us consider Var(P,,...., P,, "), the number of consecutive variations of sign in
a polynomial’s scquence r‘,, ..., P, at ¢". If the previous sequence is the Sturm
sequence sturmy(Py, P,),...,sturm, (P, P;), the number Var shall be denoted
by Var(sturm(P,, P,), t”). We denote by

Var(sturm(P,, P,),a”, b")
= Var(sturm(P,, P,), a" ) — Var{sturm(P,, P,). b™) .

If the polynomial P, is identically zero, we say that Var(Py, P,, t”)=0. We have
the following result:

Theorem 1.5. Let a and b be real numbers with a<b and P,,P, be real
polynomials. Then,

Var(sturm(P,, P,),a", b") = > 6 (W. t) . O

{e€la.b}: Pyl)y=0;}

The proof of this theorem is based on the same idcas given in [2] or [3].
With these notations and proreriics. we shall prove the following theorem:

Theorem 1.6. Let F be an irreducible complex rational fraction. Assume that F has
neither zero nor pole on the boundary of a compact set K as introduced in 1.1. Let

F,)(t) and F(t), P;;and P, 1 <j=n—1, be defined as in 1.1. We have

ZY(F)— Z(F)=-} 2 Var(sturm(P,, P,;).a; . b7)
j=0

P.. P.
1+ ]
1 LS. Sy .
2 2 G(P_ ’P"a)'*l’b;)"
s Pyfhy=0. tj+1 1y
Osj=<n-~1}

with the convention P, = Py, =01

In [4], the previous formula is given without the second sum and only in the
case where F is a polynomial. Example 3.1 illustrates that the sccond sum is
actually necessary.
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2. Proof of Theorem 1.6
First, we state a lemma.

Lemma 2.1. Let vy be a rational curve defined on the real interval [a, b} in C and F
be a complex rational fraction which has neither zero nor pole in y{([a, b]). Define
F, and F, to be real rational fracuons verifying

F(y(0) = Fy(1) +iF (1),

and consider the polynomials P, and P, so that
A_P
F, Py’
We have
F'(z
F(2)

\-/

dz = log(F2(t) + F3()]’

Q\ﬁ

P P
+-( 1py - LI
i{arctan P, (b™) — arctan P, (@)

— wVar(sturm(P,, P,), a”, b_)) .

Proof. We obtain by a direct computation:

F@) j F)(t) +iF (1)
F( y Fy(t) +iF,(1)

F o()Fo(t) + FL(t)F,(¢)
F3(0) + Fi(2)

de

_Hf F;(t)Fo(t) — F(')(t)Fl(t)
F(e) + Fi(t)

Since F has neither zero nor pole in ¥([a, b]), the first integral is equal to
:[log Fo(r) + Fi(n)]5 .
Computing the second, we write

H_B
F,” P’
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where P, and P, are real polynomials. A shori computation gives
h

_[ FORO - FUOR® , f PIOP,0) = Pi()P,(D)
- Fi(t) + Fi(t) ) P+ Pl

de.

s
a

Let us consider the roots ¢, of P,(¢) in ], b[ witha<t, <t,<---<t,<b. Then,

Azj P;(I)P()(t)— P('l(t)P](t) de

P+ P()
T PP — PPy
> f P07 P

dr

de.

. f PLPE) — Pat)Py(1)
i Pi(t) + Pi(1)

The integral A now becomes

P P
A = arctan — (b~ ) — arctan — (a”
7, ") p, )

' P, _ P, .
+ > arctan— (¢, ) — arctan — (1;) .
k=1 P() Pﬂ

Then using the definition of the Cauchy index, we find that

Pl - rl -
arctan — (¢, ) —arctan —- (¢, )
P() « P() g

— ki : Pl ok _I_)_l + \ _ (& ‘
=3 (sngn F‘, (t; ) —sign P, (t, )) = —70 P, tk) .
Hence,

A t P‘(b') ctnP‘(a*) wiﬂ(i)' t)
= arctan — — arctan — - .0 ).
P() P(i k=1 PU g

Applying Theorem 1.5 to the previous sum, we obtain finally

P | S P
A = arctan ;;’ (b ) — arctan Fl (a” ) — wVar(sturm(P,, P;),a ,b ).
0 0

This achieves to prove the lemma. [
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We shall use the following lemma, the proof of which is easy and left to the
reader.

Lemma 2.2. Let a,b be real numbers and P, P,, Q,, Q, be real polynomials so
that

Py(b) =06 0,(a) =0,

: P 0
if Py(b)#0 then F:, (b)= —Q(') (a).
Then we have

P
arctan = (b7) — arctan =1 (a )

PO
0, if Py(b)#0,
= 0, P, ) .
m?( 0,’ P ,a,b otherwise . O

We prove now Theorem 1.6. By the Argument Principle applied to a complex
rational fraction which has neither zero nor pcis on the boundary 0K we have:

Z%(F)— Z%(F) = 21 1;((22)) dz= -2.— 2 I;((z))d

We apply Lemma 2.1. First we remark that
Z [log(Fo;(1) + F1,(1)]; =0
j=0

since by construction the real rational fractions F,, and F,; verify Fy(b;)=

Fy,(a;,,) and F\;(b;) = Fy;,,(a;.,).
Next we estimate the following sum:

n—1 P P
> arctan F— (b;)— arctan = (a;,,)
j=0 0j 0]

Z arctan 1 (b ) — arctan P = (a;,,)-
j=0 01 0j+1

Since the a; and b; are neither pole nor zero of F, it is easy to see that the
polynomials Py, P . Pyji1s Py, verify the hypotheses of Lemma 2.2 for all j,
O=sj=sn-1. Consequently,
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P,
arctan — (b )— arctan - (a ﬁ,)
P()] Uj+l

0, if P, (b,) %0,
= ___Tro(Plj-H P,

a;
P b P s Hi+1
Oj+1 1]

b j) , otherwise .

Finally we obtain

n—1
Z(F)~ Zi(F)=~} 3, Var(sturm(P,;, P}, a; , b;)
‘ park

P... Py
1 1j+1 1]
> 9(',7”"[)—’“;”*'{’;')’
{j: Pﬂi(bj):()‘ 0j+1 0f
O=jsn—1}

and the conclusion of Theorem 1.6 holds. O

3. Examples

Example 3.1. Let us consider the rectangle K=[—i,1—i 1 +i,i} and P(z) =
2z~ z+1 with roots (1—iV3/2) and (1+iV3/2). The curves are defined on
{0, 1] by (see Fig. 1):

o) =-i1-n+A~i), yO=A-A-0+QQ+i),
v =01 +i)(1~-0)+ir, w()=i(1—1)—it.

On the segment [—i,1—1] we have 2, M= —1, P ()= -2t+1. The es-
sociate Sturm sequence is: Py, Py, 1; and Var(sturm(Py,, P,),0%,17)=0.

On the segment [1—i,1+i] we have P, (t)=—¢"+1t, P, (t)=2t—1. The
associate Sturm sequence is: Py, P, —1; and Var(sturm(P, ,, P;;), 07, 17)=0.

The result on the segment [1 +1,i] (resp. [i, —i]) is the same as that on the
segment [—i, 1 —i] (resp. [1—i,1+i]). Since Py (1)=0, 1ij<i we compute
the function @ at the summits of the rectangle We cbtain 6(z-, 7, J, 1)=—1.
Applying Theorem 1.6 we find Z}(P)=2. The first sum of the formula of
Theorem 1.6 is zero and does not compute the number Zy(P) as it is asserted in

[4].
Example 3.2. Let us consider 4K composed of

-2t . 1-¢
i 5,
41 1+¢

-1=r=1,

Nlt) =
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Y2
i 142
73 M
—2 1-:
Yo
Fig. 1.

@O =-1-n-it,  0=t=1,
v)=—-i(l—-0)+¢, O=r=1,
(see Fig. 2) and F(z) = (2z° + 1)/z with for roots +iV2/2 and 0 for pole.
On y, we have P,,(t) = 6t, P,o(t) = £* — 1. The associate Sturm sequence is: 61,
—1; and Var(sturm(P,,, P,,), —1", 17)=—1.

On y, we have P, (t)=(t—1)(4' —4t+3), P, (t)=—t(4r —4t+1). The
associate Sturm sequence is:

Py, P,,4—6t+3,2t—3, -3;
and Var(sturm(P,,, P,,),0",17) =0.
On y, we have P, (t)=t(4t’ —4t+3), P,(t)=(t—1)(4t> —4t+1). The as-
sociate Sturm sequence is:

P,, P,, =4 +2t—1, =2t-1, 3;

and Var(sturm(P,,, P,,),0",17) =0.
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To

—i

Fig. 2.

Furthermore, P,,(1) = P,,(0) =0 and

P, P
0( 12 711 0 1) = _
PO" P()l

Applying Theorem 1.6 we find ZY(F)— Z5(F)=1/2+1/2=1.

Example 3.3. Let us consider the sector of boundary d K composed of

24+7
Yo(t) = lt, 0=t=<1,
—2t 1—t2 s .
= 5, —i=t=-1,
n(0) = F 1 147 4 4
8+ 15i

(see Fig. 3) and P(z) =4z> — (6 + 4i)z° + (2+4i)z — i with (1 +i)/2 as dovble
root inside K.
On y, we have

Po()= B0~ + 0, Py = BEC - BB+ 11— 1.

The associate Sturm sequence is:

Py, P, —16875£ + 179501 — 5148, “U3;— %3 1,

and Var(sturm(Py,, P,,),0",17)=0.
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8+ 15¢
17

N
"2

24475
25
Yo

Fig. 3.

On v, we have

Po(t)=5t°+18F° — 13" — 448 =177 +2t + 1,
Po(t) =56 =32 —85¢* — 166° + 39 + 16¢ + 1.

The associate Sturm sequence is:

Py, P =256 —126* + 147 + 28 + 7t , 3219¢* + 4044¢° + 438¢°
— 628t — 125,

26678t — 8202442 — 591 + 8¢ | 481519¢° + 356184¢
+59255, 2831¢+ 10984, 1,

and Var(sturm(Py,, P,,),0%,17) =~
On vy, we have

P ()=81-0+ZA-1)+11¢-1),
P, ()=50A-0-2Q-1)-62t+45.
The associate Sturm is:
Py, P,,, —838is" +7208¢ — 1271, 34822r— 2386 = 1

And Var(sturm(P,,, P,;),0",17) = -1,
Furthermore, we have Py (0) = P,, =0 and
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P, P
a(-—&, '2,0,1)=— i
P() P()Z

Applying Theorem 1.6 we tind Zy(P) =

I
+
N
1l
N
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