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Résumé

Dans cette these, nous étudions les théories des champs quantiques topologiques
(TQFT) construites a partir d'une catégorie enrubannée. Nous sommes particulierement
intéressés par le cas non-semisimple. Notre angle d’attaque est de faire communiquer la
topologie de basse dimension avec I'algebre supérieure. Dans un sens, les constructions ex-
plicites basées sur des écheveaux guident ’algebre supérieure vers les exemples qu’on sait
intéressants. Dans 'autre, I’hypothese du cobordisme prédit de nouvelles constructions.

Nous construisons des TQFTs de dimension 4 a partir de catégories non-semisimples et
finies qui vérifient des conditions de non-dégénérescence. Cette contruction est un travail
en collaboration avec Costantino, Geer et Patureau-Mirand. A Tinverse de la plupart des
constructions non-semisimples précédentes, notre TQFT est bien définie sur tous les 4-
cobordismes. Cette propriété était en fait prévisible par 'hypothese du cobordisme. Notre
construction est tres explicite et nous étudions quelques exemples. Sous des hypotheses de
non-dégénérescence supplémentaire, nous définissons des invariants de 3-variétés fermées
décorées, qui sont calculés par notre TQFT sur une 4-variété bordante. Nous prouvons
que ces invariants retrouvent les invariants de Lyubashenko renormalisés. Ils fournissent
I'ingrédient de base des 3-TQFTs de DGGPR, qui sont des généralisations non-semisimples
des TQFTs de Witten—Reshetikhin—Turaev.

Nous défendons I'idée que ce point de vue est tres fructueux pour étudier ces théories
non-semisimples a la WRT, et qu’il permet de les voir comme des TQFTs pleinement
étendues. Quand la catégorie enrubannée ¥ est modulaire, la (34+1)-TQFT que nous
définissons plus haut est inversible. Il avait déja été montré par Brochier, Jordan, Snyder
et Safronov que la catégorie ¥ est inversible vue comme un objet d’une 4-catégorie de
catégories tressées. Nous nous attendons naturellement a ce que la TQFT pleinement
étendue Z associée a ¥ par 'hypothese du cobordisme retrouve celle que nous avons
décrite plus haut. De plus, on devrait pouvoir retrouver les TQFTs de DGGPR en
appliquant les mémes idées que plus haut. Plus précisément, nous nous attendons a ce
qu’il existe une condition de bord pleinement étendue a Z qui, composée avec la théorie
Z évaluée sur une variété bordante, retrouve DGGPR. Nous montrons que l'inclusion de
I'unité dans 7', dont on s’attend a ce qu’elle soit associée a cette condition de bord, est,
en effet, suffisamment dualisable. Nous montrons en fait qu’elle est quasiment, mais pas
entierement, 3-dualisable. Nous décrivons une version dite non-compacte de I'hypothese
du cobordisme, et définissons la notion associée d’objet dualisable non-compact. Ces
objets donnent sous ’hypothese du cobordisme des TQFTs partiellement définies, que
nous appelons non-compactes. Cette dualisabilité partielle explique précisément pourquoi
les TQFTs de DGGPR ne sont pas définies sur tous les 3-cobordismes. Nous conjecturons
que ’hypotheése du cobordisme, appliquée a l'inclusion de I'unité et a ¥, retrouve, par
une procédure que nous détaillons, les TQFTs de DGGPR.

Sur les surfaces, la 4-TQFT Z est décrite par I’homologie de factorisation, qui est
elle-méme décrite par des catégories de modules sur les algebres d’écheveaux internes
de Brochier, Ben-Zvi et Jordan. Nous donnons une correspondance précise entre ces
algebres et les algebres d’écheveaux a états de Lé, montrant en particulier qu’elles en
sont une généralisation raisonnable. Notre preuve est explicite et montre directement que
les algebres d’écheveaux a états vérifient la propriété universelle qui définit les algebres
d’écheveaux internes. De plus, nous montrons des propriétés de recollement pour n’importe
quelle catégorie enrubannée, un résultat que n’est pas connu pour d’autres généralisations
des algebres d’écheveaux a états.



Abstract

In this manuscript, we study Topological Quantum Field Theories built from a ribbon
tensor category. We are particularly interested in the non-semisimple case. The main
angle of this work is to make low-dimensional topology and higher algebra communicate.
In one direction, explicit constructions from skein theory guide the higher algebra towards
interesting examples. In the other, the cobordism hypothesis predicts new constructions.

We construct 4-dimensional TQFTs from non-semisimple finite tensor categories sat-
isfying some non-degeneracy conditions. This construction is joint work with Costantino,
Geer and Patureau-Mirand. Unlike most other non-semisimple constructions, this TQFT
is defined on every 4-cobordism. This feature was actually predictable from the cobordism
hypothesis. Our construction is very explicit and we study some examples. Under some
extra non-degeneracy conditions, we also provide an invariant of decorated 3-manifolds
which is computed by our TQFT on a bounding 4-manifold. We relate this invariant to
the renormalized Lyubashenko’s invariants. These invariants provide the building block
of DGGPR 3-dimensional TQFTs, which are non-semisimple variants of the well-known
Witten—Reshetikhin—Turaev TQFTs.

We argue that this point of view is very fruitful to understand these non-semisimple
WRT theories and enables one to understand them as fully extended TQFTs. In the case
where the ribbon category 7 is modular, the (34+1)-TQFT described above is invertible.
It is also shown by Brochier, Jordan, Snyder and Safronov that the category 7 is invertible
when thought of as an object of a 4-category of braided tensor categories. It is natural
to expect that the TQFT Z associated to ¥ by the cobordism hypothesis coincides with
the one described above. Moreover, one should be able to recover DGGPR theories in a
similar way, in a fully extended setting. More precisely, it is expected that there exists
a fully extended boundary condition to Z which, when composed with Z on a bounding
manifold, recovers DGGPR. We show that the unit inclusion, expected to be associated to
this boundary condition under the cobordism hypothesis, is indeed sufficiently dualizable.
Actually, we show that it is almost, but not entirely, 3-dualizable. We describe a so-called
non-compact version of the cobordism hypothesis, and introduce the associated notion
of non-compact dualizable object. Such objects give a partially defined, which we call
non-compact, TQFT under the cobordism hypothesis. This explains precisely why the
DGGPR theories are not defined on every 3-cobordim. We conjecture that the cobordism
hypothesis applied on the unit inclusion and the modular category recovers, through a
construction we describe, the non-semisimple WRT theories.

On surfaces, the fully extended 4-TQFT is known to give factorization homology,
which is described as modules over the so-called internal skein algebras by Brochier, Ben-
Zvi and Jordan. We relate these internal skein algebras to Lé’s stated skein algebras and
study some of their properties. We give an explicit proof, and show that stated skein
algebras do satisfy the universal property defining internal skein algebras. In particular,
we argue that internal skein algebras are a very reasonable generalization of stated skein
algebras. Moreover, we show gluing properties of internal skein algebras in any ribbon
category, a result which is not known for other generalizations of stated skein algebras.



Introduction

Quantum topology is a branch of mathematics inspired by modern quantum field the-
ory. No physics will be discussed in this manuscript, but many tools are either motivated
or inspired by physics.

Our main object of study will be Atiyah—Segal’s notion of an n-dimensional Topological
Quantum Field Theory (abbreviated n-TQFT). This notion encodes and formally defines
mathematically the physical notion of a Quantum Field Theory in a very particular case
where the theory is so-called topological, and does not depend on any metric structure.
It contains two kinds of data. The first are vector spaces, called state spaces, associated
to (n—1)-dimensional manifolds M. We think of them as the physical states on the space
M. The second is linear map between these state spaces associated to an n-dimensional
manifold whose boundary is decomposed into an incoming and an outgoing space. We call
such an n-manifold a cobordism. We think of them as space-times, and of the linear map
assigned to them as time evolution operators. This data should satisfy coherence relations
for gluing and disjoint union. Atiyah defines in [Ati88], following Segal’s Conformal Field
Theories [Seg88|, an n-TQFT to be a symmetric monoidal functor

Z : Cob — Vecty

where Cob,, is the category of closed oriented smooth (n—1)-manifolds with n cobordisms
between them, and Vecty is the category of vector spaces over some field k with linear
maps between them.

Since Atiyah’s pioneering paper, the construction of Topological Quantum Field The-
ories (TQFTs) of smooth compact oriented manifolds has flourished. Witten predicted
in [Wit89] the existence of a 3-TQFT associated with Chern—Simons gauge theories. It was
constructed mathematically a few years later by Reshetikhin and Turaev [RT91], Tur94).
They developed a theory which we will refer to as skein theory. This is a strong example
of an event where ideas from physics gave birth to new insights in mathematics. These
TQFTs give rise to computable invariants of 3-manifolds and representations of mapping
class groups of surfaces that are very interesting from a purely mathematical perspective.

A skein, named after the English word for a piece of yarn, is a graph embedded in
a 3-manifold. We will furthermore demand that the graph is oriented, framed (it comes
equipped with a normal vector coming out of it at every point, or equivalently that the
graph is actually made of ribbons) and colored. By colored we mean that every edge
should be given a label from a fixed set of labels, and every vertex where edges meet
should be given a label from a label set that depends on the labels of the adjacent edges.
These set of labels actually arrange in a category C: its objects are the labels for edges,
and its morphisms give the labels for vertices. This category should moreover be endowed
with the structure of a ribbon category. The historical example is when C is the category
of representations of a simple algebraic group G, which is the gauge group of the Chern—
Simons theory. In this context, a loop I' in a 3-manifold M coloured by a G-representation
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V' corresponds to a function on the moduli space of flat G-principal bundles on M. It is
the function obtained by taking monodromy along I' and trace in V. Skeins are considered
up to isotopy and skein relations: two skeins are equivalent when they correspond to the
same function.

Witten—Reshetikhin—Turaev (abbreviated WRT') 3-TQFTs take as input some finite
semisimple ribbon category satisfying some non-degeneracy condition, which they call
modular categories. Their TQFTs were generalized to non-semisimple inputs in, for ex-
ample, [KLO1,BCGP16,DGG™22]. They also call their input categories modular, and we
will adopt the convention to include both semisimple and non-semisimple categories un-
der the word modular. These non-semisimple TQFTs have new properties, often proving
more powerful than their semisimple analogs. For example, non-semisimple TQFTs have
been shown to distinguish diffeomorphism types of homotopically equivalent lens spaces
which were not distinguished by semisimple TQFTs.

Crane and Yetter defined in |[CY93] a 4-TQFT from the same kind of data. It was
noticed by Roberts [Rob95] that Crane—Yetter TQFTs could be described using skein
theory, making the relation between the two theories more obvious, but not very clear
yet. Something we haven’t mentioned yet is that WRT theories are not well-defined on the
usual category of cobordisms, but need some additional structure. The insight discovered
by Walker [Walb| is that this data corresponds to the value of the Crane—Yetter theory
on a bounding manifold. For example, given a closed 3-manifold M, one has to choose
a bounding 4-manifold W. It can be seen as a cobordism W : M — () and via the
4-TQFT gives a linear map Z(W) : Z(M) — k. Evaluating it on a preferred element
of Z(M) produces a scalar which coincides with the WRT 3-manifold invariant up to a
renormalization scalar. We say that the Crane—Yetter theory describes the anomaly of
WRT. This story is expected to extend in lower-dimensional manifolds. This is the point
of view we will adopt and try to develop in this manuscript.

It is legitimate to ask whether we will forever keep on discovering new interesting
TQFTs, or whether we will eventually have found them all. This raises the question of
classifying TQFTs: finding them all, understanding their properties and their similarities.
This is achieved in low dimensions, 0, 1 and 2, but becomes very hard in higher dimension.
However, for a particular class of TQFTs, called fully extended, or fully local, there is a very
strong classification result, the Cobordism Hypothesis. In these TQFTs cobordisms can
be cut into small pieces and glued back together, and therefore the TQFT is completely
determined by its local behavior. Mathematically, we encode this behavior by demanding
that the TQFT give values to manifolds of dimensions lower that (n — 1) too and can be
cut and paste along them. It was conjectured by Baez and Dolan in [BD95| that such fully
extended TQFTs are classified by their value at the point, and what kind of value at the
point come from a TQFT. Namely, the value at the point has to be a fully-dualizable object
in the target higher category. An object X of a symmetric monoidal higher category C is
said 1-dualizable if it has a dual in the usual sense. In particular there is an evaluation
and a coevaluation 1-morphisms “witnessing” the duality. It is called 2-dualizable if these
evaluation and coevaluation 1-morphisms have all adjoints. In particular they have unit
and counit 2-morphisms witnessing the adjunctions and we can ask for them to have
adjoints and so on. The cobordism hypothesis states that if X is n-dualizable, then there
exists a unique-up-to-isomorphism fully extended framed n-TQFT Zx which assigns the
value X to the point. Making it an oriented n-TQFT corresponds to equipping X with an
SO(n)-homotopy-fized-point structure. Note that the terminology n-TQFT here is a bit
loose and in general we will ask that C is a reasonable target “nVect” so that in particular
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restricting to closed (n — 1)-manifolds and n-cobordisms we recover the usual notion of
n-TQFT with values in Vect.

Despite giving such a satisfactory answer, the cobordism hypothesis has its drawbacks.
It requires the language and techniques of higher category theory, which is a field still
under development. Writing the statement of the cobordism hypothesis is difficult, as
well as giving explicit examples. Given one of the objects that classify TQFTs, it is very
hard to rebuild the associated TQFT. The proof is, of course, harder. A sketch of proof
is given by Hopkins and Lurie in [Lur09b], and there are many proofs in progress or in
review, but to the best of our knowledge this result is still a widely believed conjecture
at this day.

Examples of n-dualizable objects in higher categories nVect have been studied in
[DSS20] and |BJS21,BJSS21| for n = 3 and n = 4. However they seem to recover only the
Turaev—Viro and Crane—Yetter state sum TQFTs. It follows from [DSS20] that Witten—
Reshetikhin—Turaev TQFTs cannot be fully extended with values in the expected higher
category 3Vect. The insight of Walker [Walb|, see also [Fre,[F'T14], is that WRT theories
have an anomaly, described by Crane—Yetter theories, and that they should be considered
as boundary conditions to these. Therefore, WRT theories should be fully extended, but
not with values in the usual 3Vect, rather in an arrow category of 4Vect. They should
have trivial source and target corresponding to Crane—Yetter. The appropriate notion of
arrow categories and “twisted” TQFTs is defined in [JS17].

Goals

This manuscript is motivated by the quest to bridge topological and higher-categorical
constructions of TQFTs. In the first approach one explicitly defines an n-manifold invari-
ant and works their way to a TQFT, adding structure or extra conditions as necessary.
This is the approach behind WRT TQFTs and their non-semisimple variants, as well as
Crane-Yetter TQFTs. The second approach classifies “vanilla” TQFTs (i.e. fully extended
and without the extra structures/conditions of the examples above) using the Cobordism
Hypothesis. To bridge the two approaches, we must answer the questions:

Question : Can the Cobordism Hypothesis recover the interesting, hand-built examples
we know?

Having answered this question, one can ask furthermore:
Question : Can these ezamples be generalized?

We claim the answer to both questions is yes, though the answer to the first one is still
conjectural.

In different words, we ask whether Crane—Yetter and WRT theories fall into that class
of fully extended TQFTs that are classified by the cobordism hypothesis. Since the
cobordism hypothesis classifies all such TQFTs, it should then be possible to decide
whether we have found all similar TQFTs. The answer is not straightforward, especially
in the case of WRT theories for which will need to use Walker’s insight of seeing WRT
theories as boundary conditions to Crane—Yetter.

The main object of study of this manuscript is a fully extended 4-dimensional TQFT
Zy associated with a possibly non-semisimple ribbon category #'. However, this fully
extended 4-TQFT is yet to be defined. It should be described by skein theory, should
be an analogue of Crane—Yetter in the semisimple case and should recover WRT-type
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TQFTs at its boundary in the modular case. There certainly should be constraints on 7,
starting with finiteness, but they are not fully understood. In some sense, the goal of this
manuscript is to present skein theory as a fully extended 4-dimensional TQFT. There are
two ways to approach it.

The “top down” approach is to start from the top, i.e. construct a non-extended
(3+1)-TQFT, and try to extend it down. In the semisimple case, this (3+1)-TQFT is
already known: it is the Crane—Yetter TQFT. It is rather clear how one would extend this
TQFT to lower-dimensional manifolds using skein categories, and is described informally
in [Walb|. However, it is difficult to give formal statements in this context, as higher
category theory is sometimes not well-suited to such hands-on approaches. Nevertheless,
this understanding of what should happen in every dimension provides great guidance. It
also provides many motivations and applications.

The “bottom up” approach is to find the value on the point and use the cobordism
hypothesis. The cobordism hypothesis needs an n-dualizable object to produce a framed
fully extended TQFT, and an SO(n)-homotopy-fixed-point structure to produce a fully
extended TQFT. The name bottom-up refers to the fact that it is easier to show that
an object is 2-dualizable rather than 3 or 4-dualizable, so historically these TQFTs are
first defined in low dimensions, and then extended up. It is shown in [BJS21,|BJSS21]
that if ¥ is either fusion (rigid finite semisimple with simple unit) or modular, then it is
indeed 4-dualizable in an appropriate target category BrTens. Therefore Zy is defined,
in those cases, as a framed TQFT. However, little is known about orientation structures.
Moreover, the existence alone is not fully satisfying and one would like to identify the
values of this TQFT and show they agree with the expected ones.

Though none of these approaches has been fully carried out, there are some partial
results and many of the “shadows” of Zy are well-defined and understood. We will focus
on three of these in this manuscript.

The first is the (34 1)-part, i.e. the first step in the top-down approach. It generalizes
Crane—Yetter TQFTs to non-semisimple cases. It does not involve higher category theory
and we construct it using only skein theory in Chapter [3] We check that it does coincide
with Crane—Yetter TQFTs if 7 is semisimple. We extend it to non-semisimple cases
under some finiteness and non-degeneracy conditions on 7?. We believe these conditions
are sufficient for the existence of the fully extended Zy, and may provide good guidance.

The second is boundary conditions to Zy. In the case where ¥ is modular, the TQFT
Zy is invertible, and one should be able to extract an anomalous 3-TQFT from a boundary
condition to Zy. These anomalous TQFTs are expected to recover WRT theories and
their non-semisimple variants. We construct the anomalous 3-TQFT in the framed case
using the cobordism hypothesis in Chapter [4l We give conjectures that it can be oriented,
and how. We also give conjectures that it does recover WRT-type TQFTs.

The last is the 0-1-2-part of Zy, i.e. the first step of the bottom-up approach. It has
been described as factorization homology [Schl4a], skein categories [Co023|, and mod-
ules over internal skein algebras [BBJ18a,|GJS23]. We compare these last internal skein
algebras with stated skein algebras in Chapter

10



BENJAMIN HATOUN INTRODUCTION

Context

Low-Dimensional Topology: an overview on known constructions
of TQFTs

In the 1980’s Jones introduced in [Jon85] an extremely powerful polynomial invariants
of links. It was very mysterious for a long time, and is still not well understood today.
For example, we do not know whether there exists a knot with same Jones polynomial as
the unknot!

Dimension 3

A milestone in quantum topology in dimension 3 is Witten’s understanding that the
Jones polynomial is related to a physical (and topological) Quantum Field Theory: the
Chern—Simons theory with gauge group SU(2). In particular, he predicts that (for any
choice of “level” k, which for us corresponds to evaluating the variable at a k-th root
of unity) the Jones polynomial gives rise to an invariant of closed 3-manifolds. These
3-manifold invariants were constructed by Reshetikhin and Turaev [RT91] using skein
theory, and extended to 3-TQFTs in [BHMV95|/Tur94|. They were first defined for cat-
egories of representations of quantum groups associated with the gauge group of the
Chern—Simons theory, and were later extended to arbitrary semisimple modular cate-
gories.

These TQFTs are not plain TQFTs in Atiyah’s sense: they are anomalous. They are
defined on a category Cobs of cobordisms equipped with extra structure, which is usually
described as an integer for 3-cobordisms and a Lagrangian in the first homology group of
surfaces.

WRT TQFTs are known to extend once, and give values Lg/the circle. To make
sense of this statement, one first has to describe a bicategory Cobss; of cobordisms of
dimension 1—/2_;3/ with extra structure, whose category of endomorphisms of the empty 1-
manifold is Cobs. Then one has to specify a target bicategory 2Vecty, whose category of
endomorphisms /oéﬁhe unit object is Vecty. Finally one has to give a symmetric monoidal
functor WRT : Cobsy; — 2Vect, whose restriction to endomorphisms of the unit coincides
with the usual WRT theory. This is done, for example, in [De 17, Theorem 1.1.1] with
2Vect := @;k the bicategory of Cauchy-complete k-linear categories.

There have been many generalizations of WRT theories, and we will be interested in
those with non-semisimple input. The first instances of these generalizations are due to
Lyubashenko [Lyu95] and Hennings [Hen96]. They were extended to TQFTs in [KLO1],
though in a “connected” setting not fitted for our presentation. The first, and to our
knowledge most powerful, example of non-semisimple analogs of WRT theories that fit in
a more usual framework of TQFTs is due to Blanchet, Costantino, Geer and Patureau-
Mirand [BCGP16]. It is however not perfectly standard either: now one needs a lot of
extra structure on cobordisms, namely a cohomology class and an embedded skein that
have to satisfy an admissibility condition.

In this manuscript, we will be mostly interested in the construction of [DGG™22] which
morally corresponds to the case of cohomology class 0 in [BCGP16]. They take as input a
possibly non-semisimple modular tensor category, and produce a 3-TQFT for cobordisms
equipped with a skein that satisfies an admissibility condition. If we restrict to the empty
skein, which we will, they produce a TQFT defined on cobordisms with the same extra
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structure as WRT theories, but the admissibility condition means that it is not defined
on every 3-cobordism. It is only defined for 3-cobordisms that have non-empty incoming
boundary in every connected component. We call such TQFTs non-compact. Similarly
to WRT theories, BCGP as well as DGGPR theories extend to the circle [De 17,De 21].

These non-semisimple TQFTs are very interesting from a topological point of view.
They give sensitive 3-manifold invariants that distinguish homotopically equivalent lens
spaces, and very interesting (projective) representations of Mapping Class Groups of sur-
faces. Because of the dependence on a cohomology class, BCGP theories naturally only
give rise to a representation of the Torelli subgroup of the mapping class group, which
are believed to be faithful. DGGPR theories (as well as BCGP theories for the null co-
homology class) give rise to projective representations of the whole mapping class group
for which no kernel is known for non-trivial choices of modular category.

Dimension 4

Less research has been done in dimension 4. A notable exception is due to Crane and
Yetter |[CY93] who defined invariants of closed smooth compact oriented 4-manifolds as-
sociated to any semisimple modular category. These invariants determine (3+1)-TQFTs,
called Crane—Yetter TQFTs. However, the underlying 4-manifold invariants depends only
on the Euler characteristic of the manifold and its signature (this was first observed for
simply-connected 4-manifolds in [CKY97|, and follows in general from work of Schommer-
Pries that we recall below).

This construction was generalized to certain non-modular semisimple categories by
Crane, Kauffman and Yetter [CKY97| (then the underlying 4-manifold invariants depends
only on the Euler characteristic of the manifold and its signature for simply-connected
4-manifolds). In [BB18], Birentz and Barrett generalize the CKY construction to pairs of
finite semisimple categories C — D (the CKY construction corresponds to the inclusion
of C in its Drinfeld center). The underlying 4-manifold invariants of these TQFTs, at
least in a broad list of cases, are conjecturally related to the Euler characteristic, the
signature and the fundamental group, see [BB18, Conjecture 8.1]. This implies that
the invariant cannot distinguish exotic pairs of 4-manifolds, i.e. pairs of homeomorphic
but non diffeomorphic manifolds. A different kind of quantum topology construction in
dimension 4 has recently been defined by Beliakova and De Renzi in [BD23|BD]. They
consider connected 4-manifolds which admit a handle decomposition without 3 and 4-
handles, in particular with non-empty and connected boundary, and considered up to a
suitable 2-equivalence relations.

Let us discuss what is known about the topological content of these TQFTs.

There is a general obstruction which is that, because of their gluing properties, the
4-manifold invariants obtained from TQFTs are usually multiplicative under connected
sum, see [Reu23| for a discussion. It is shown by Gompf [Gom84], extending a previous
result of Wall, that two compact orientable 4-manifolds (possibly with boundary) which
are homeomorphic, become diffeomorphic after some finite sequence of connected sums
with S§? x S2. Therefore, a (3 + 1)-TQFT which is multiplicative under connected sum
and assigns a non-zero value to S? x S? cannot distinguish exotic pairs. Building on
this idea, Reutter shows in |Reu23| that a 4-TQFT which is “semisimple” (for which
Z(S®) and Z(S? x S') are semisimple Frobenius algebras, with structure induced by
cobordisms) cannot detect exotic pairs. He shows moreover that once-extended 4-TQFTs
are semisimple.

A similar restriction is that if one stabilizes a closed simply connected 4-manifold by a
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sequence of connected sums with Cﬁor CP? then it can make it diffeomorphic to a con-
nected sum of the form #,,CP*#,CP? for some m,n € N. It follows, see [BB18, Lemma
3.12], that if a 4-TQFT has 1-dimensional state space on S® and invertible values on CP?
and CP?, its underlying 4-manifold invariant depends only on the Euler characteristic and
signature for simply-connected 4-manifolds.

For modular categories, the Crane—Yetter theories are known to be invertible. Re-
member that TQFTs form a monoid by taking tensor product, and a TQFT is called
invertible if it is in this monoid (equivalently, if it assigns 1-dimensional vector spaces to
3-manifolds and invertible maps to 4-cobordisms). In this case the underlying invariant
of 4-dimensional manifolds only depends on the Euler characteristic and the signature.
It is shown in [Sch14b, Theorem 7.6] that invertible (3+1)-TQFTs are classified by two
scalars, one of which corresponds to the signature o and one to the half sum XTJ“’

Higher Algebra: classifying fully extended TQFTs

Stating the Cobordism Hypothesis

The Baez—Dolan cobordism hypothesis [BD95| suggests that the correct notion of fully
extended TQFTs will be much easier to study than their non-extended analogs, and be
classified by their value at the point. This notion however is not immediate to pin down:
a fully extended n-TQFT should be a symmetric monoidal (oo, n)-functor

Z : Bord,, — nVect

from the (oo, n)-category of cobordisms in dimension less than or equal to n into a pre-
ferred target (oo, n)-category.

There are multiple well-developed notions of (oo, n)-categories and the one usually
used in this context is Barwick’s complete n-fold Segal spaces |Bar05,|Lur09b,/CS19].
Many notions we will be interested in are not fully developed in the context of (oo, n)-
categories, and it is often sufficient to understand them for (oo, 1)-categories. There
is a well-developed theory of (oo, 1)-categories called oo-categories or quasi-categories
[Lur09a) Lur]. Model categories also often provide a useful framework [JS17, Appendix
A]. The (00, n)-category of bordisms Bord,, is constructed in [Lur09b, CS19|. Note that
it really is an (0o, n)-category, with (n + 1)-morphisms corresponding to diffeomorphisms
of n-cobordisms, and higher morphisms to homotopies.

The cobordism hypothesis is stated in [Lur09b, Theorems 2.4.6 and 2.4.26]. Note that
Lurie only claims to give a sketch of proof, and a full proof is still under development. The
first version, the framed cobordism hypothesis, gives an equivalence between framed fully
extended TQFTs with values in a chosen nVect with fully-dualizable objects of nVect.
An object is called m-dualizable if it lies in a sub-(oco, n)-category where every object has
duals and every k-morphism has adjoints for £ < m. It is called fully dualizable if it is
n-dualizable. The second version, the oriented cobordism hypothesis, gives an equivalence
between oriented fully extended TQFTs with values in nVect with fully-dualizable objects
of nVect equipped with an SO(n)-homotopy-fixed-point structure.

The cobordism hypothesis provides a new angle to study and construct TQFTs. One
“simply” has to find a fully dualizable object in a higher category, and it induces a (framed)
fully extended TQFT. If one can show we have found all fully dualizable objects, then we
have found all fully extended TQFTs.
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The target category: Even Higher Morita categories

There is still one choice to be made, which is that of the target (0o, n)-category nVect.
As the name suggest, a reasonable choice for n = 1 is Vect. To simplify let us talk about
characteristic 0 below.

For n = 2, it is standard to consider a bicategory of linear categories. There are
multiple choices here, as one could consider linear, Cauchy-complete, finitely cocomplete
or cocomplete categories. We will mostly be interested in the bicategory Pr of cocomplete
presentable linear categories studied in [BCJ15], and in its full subcategory Bimod of
categories with enough compact-projectives (called tiny objects there). Note that there
are completion procedures relating these categories, in particular the free cocompletion
Free : Caty — Pr from linear or Cauchy-complete categories to cocomplete categories, and
the Ind-completion Ind : Rex, — Pr from finitely cocomplete to cocomplete categories.
We will use them implicitly in this introduction. One could also consider the Morita
bicategory of algebras, bimodules and bimodule morphisms. This bicategory is related to
the bicategory of cocomplete categories by the Eilenberg—Watts theorem.

For n = 3, one would expect some 3-category of linear bicategories. This gets difficult
to study, and an easier choice is to consider the subcategory of bicategories with only
one object, which correspond to monoidal categories. TQFTs with this target are called
l-affine in [Joh21|. A standard choice for 3Vect is the 3-category Tens whose objects are
(some kind of) monoidal categories, 1-morphisms are bimodule categories and 2 and 3
morphisms are functors and natural transformations, see [DSS20,BJS21].

For n = 4 one would expect the 4-category of linear 3-categories, but as above we will
restrict to 3-categories with only one object and one 1-morphism. They correspond to
braided categories. A standard choice for 4Vect is the 4-category BrTens whose objects
are (some kind of) braided monoidal categories, 1-morphisms are monoidal-bimodule cat-
egories, 2-morphisms are bimodule categories and 3 and 4 morphisms are functors and
natural transformations, see [BJS21,|Joh21]. TQFTs with this target are called 2-affine
in [Joh21].

The two examples above involving bimodule categories are usually called higher Morita
categories. Giving the list of 0-4 morphisms is unfortunately not enough to define an
(00, 4)-category, but there is a general construction of higher Morita categories. We will
be interested in the even higher Morita category Alg,(Pr) of Es-algebras in the bicategory
Pr of cocomplete presentable categories.

Higher Morita categories were first defined in |[Haul7] and [Schl4a]. Haugseng’s
construction takes as input a symmetric monoidal (oo, 1)-category S and produce an
(0o, m + 1)-category of E,-algebras and successive bimodules in §. The construction is
rather combinatorial and uses some variants of oco-operads. Scheimbauer’s construction is
more geometric and uses factorization algebras. This is a very handy feature and makes
explicit descriptions of TQFTs in this target easier, see [Schl4a|. However, it produces
pointed bimodules, and as we will see this is going to be problematic.

This is not quite what we described above yet: for Es-algebras in categories it will
only produce an (00, 3)-category, and we want an (0o, 4)-category. Somehow higher Morita
categories don’t take into account the (non-invertible) 2-morphisms between categories.
We need to go “even higher”.

Even higher Morita categories are defined in [JS17]. There are two constructions, that
extend Haugseng’s and Scheimbauer’s higher Morita categories. They take as input a
symmetric monoidal (0o, k)-category & and produce an (0o, n + k)-category Alg,,(S). Its
0 up to n morphisms are [E,-algebras and successive bimodules in S, and its n + 1 up to
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n + k morphisms are higher morphisms in §. For § = Pr the bicategory of cocomplete
presentable categories and cocontinuous functors, their construction applies and we can
consider the even higher Morita 4-categories Alg,(Pr) and Alg,(Pr) as a models for
3Vect and 4Vect.

Dualizability in nVect

Dualizability in 2Vect is studied in [BCJ15]. Every object of Bimod is 1-dualizable,
and finite semisimple categories are fully dualizable. They are all the 1- and 2- dualizable
objects for all choices of 2Vect mentioned above [BDSV|, Appendix A], except for Pr for
which the answer is not known. It is however conjectured in [BCJ15, Remark 3.6] that
there are no other examples in Pr.

Dualizability in higher Morita categories is studied in |GS| for Scheimbauer’s pointed
model. They show that every object is n-dualizable in Alg?*™***(S). However, the point-
ing prevents any higher dualizability, and the only (n + 1)-dualizable object is the unit.
For this reason, we consider even higher Morita categories built from Haugseng’s model
below.

Dualizability in 3Vect is studied in [DSS20] for 3Vect a 3-category of finite rigid ten-
sor categories. They show (in characteristic 0) that finite rigid tensor categories are
2-dualizable and that the fully dualizable objects are exactly the rigid finite semisimple
categories (though it is enough to study fusion [FT21, Appendix D]). We will be inter-
ested in a larger choice for 3Vect, namely Alg, (Pr). Dualizability in Tens = Alg, (Pr) is
studied in [BJS21]. They show that cp-rigid categories (with enough compact-projectives
and whose compact-projectives have duals) are 2-dualizable and that fusion categories are
3-dualizable. They make no claim that this describes all the fully dualizable objects, and
indeed there are some non-semisimple invariants simply because semisimplicity is not a
Morita invariant notion, see [BJS21, Remark 1.13].

Dualizability in 4Vect is studied in [BJS21,BJSS21|. They show that cp-rigid braided
tensor categories are 3-dualizable and that braided fusion categories are fully dualizable in
BrTens = Alg,(Pr) in [BJS21]. They show that possibly non-semisimple modular tensor
categories are fully dualizable, and actually invertible, in [BJSS21, Theorem 1.1]. This is
the first example of a non-semisimple fully dualizable object, which is rather surprising
as it was expected that semisimplicity would be a necessary condition.

This last dualizability result raises a question:

Question : What is the associated non-semisimple 4-TQFT?
We claim that it corresponds to the (3+1)-TQFT we define in Chapter .

From Algebra to Topology: building TQFTs from the cobordism
hypothesis

Using the cobordism hypothesis, every dualizability result mentioned above should
have a topological counterpart, and induce a Topological Quantum Field Theory.

Note that partial dualizability results are still interesting: a k-dualizable object in
nVect for k < n will induce a symmetric monoidal functor Bord}" — nVect. However
we would not want to call this a k-TQFT, because it doesn’t have values in kVect. In
particular, closed k-manifolds will not be assigned scalars, but something that looks like
(n — k — 1)-categories (with the convention that O-categories are vector spaces and (-
1)-categories are scalars). We will adopt the point of view that they are wishing to be
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n-TQFTs, but don’t have all the dualizability required and are only defined on Bordir.
There are many names for this kind of TQFTs. For example if £ = 3 and n = 4, such
a functor Bordgr — 4Vect may be called a categorified 3-TQFT in [BJS21], a 3-TQFT
with moduli level 1 in [FV15] or (though this is usually in a non-extended setting) a
(3+¢)-TQFT.

Let us note too that every TQFT we were interested in in low-dimensional topology is
oriented, and we are so far producing framed TQFTs. The oriented cobordism demands an
SO(n)-homotopy-fixed-point structure, which we will often abbreviate SO(n)-structure.
Very little is known about them.

Dimension 3: Turaev—Viro TQFTs

Fully extended 3-TQFTs obtained from fully dualizable objects of [DSS20] are expected
to be related to Turaev—Viro state sum theories. We talk about tensor categories below,
the general case where the unit is not simple is similar, see [BDSV].

Orientation structures in this context are studied in [DSS20}[Schl4c]. They conjecture
that pivotal categories are SO(2)-homotopy-fixed-points and that spherical categories are
SO(3)-homotopy-fixed-points.

For the oriented 2-dualizable objects, so possibly non-semisimple pivotal tensor cat-
egories, it is natural to expect that the categorified 2-TQFT will assign to surfaces the
admissible skein modules of [CGP)] (for the ideal of projectives). Note that in the spherical
case these were extended to non-compact (24+1)-TQFTs in [CGPVDb]| (so, not defined on
all 3-cobordisms, but still much better that only defined on Bords).

For the oriented 3-dualizable objects, so spherical fusion categories, the associated
3-TQFTs are expected to coincide with Turaev—Viro-Barrett—Westbury TQFTs [TV92,
BWO96|. These are already known to be extended TQFTs by [BK].

Dimension 4: Crane—Yetter TQFTs

Fully extended 4-TQFTs obtained from fully dualizable objects of [BJS21| are expected
to be related to Crane—Yetter state sum theories.

Remember that every braided tensor category is 2-dualizable in an even higher Morita
category. It follows from the construction of both framed and oriented TQFTs of [Sch14a)
that an SO(2)-structure on an Ep-algebra is a structure of ES"-algebra. Note that the no-
tations for E,-algebra are often confusing, and what is usually called a framed Es-algebra
is what gives results on oriented manifolds. We denote E; the operad associated with
embeddings of framed disk, and Eg" the operad associated with embeddings of oriented
disks. For braided tensor categories, this corresponds to the data of a balancing.

Moreover, Scheimbauer computes explicitly the twice-categorified 2-TQFTs associated
with a braided tensor category: it is given by |[AFT17|’s factorizarion homology. This
factorization homology has been computed by [Coo23| by skein categories when the input
braided tensor category is the free cocompletion of a ribbon category. We will often call
this case the semisimple case, though at this point this name is a little bit misleading.
Note that these results apply for twice-categorified TQFTs with values in Scheimbauer’s
pointed even higher Morita category. One expects that Scheimbauer’s pointed version
should sit inside Haugseng’s unpointed version, and that the description above holds in
Haugseng’s model too.

For 3-dualizable cp-rigid braided tensor categories, it is expected that a ribbon struc-
ture on the category of dualizable objects induces an SO(3)-structure. In the semisimple
case, it is expected following work of Walker [Walb| that the induced categorified 3-TQFT
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corresponds to skein modules. A 3-cobordism between two surfaces induces a cocontinu-
ous functor between their free cocompletions by considering every skein module in that
3-manifold with boundary conditions prescribed by the objects of the skein categories,
see [Walb, GJS23||Tha21]. It is natural to expect that in the non-semisimple case the
analogous definition with admissible skein modules of |[CGP] will give the correct answer.

For 4-dualizable objects of [BJS21|, i.e. fusion categories, little is known about ori-
entation structures. However, following the work of Walker, one can conjecture that
they correspond to a choice of trace on the ribbon category, which we do in Chap-
ter [l The associated fully extended 4-TQFTs are expected to coincide with Crane-
Yetter TQFTs [CY93,/CKY97]. They were already expected to be extended TQFTs
in [Walb|, Tha21].

For new 4-dualizable objects of [BJSS21], i.e. non-semisimple modular tensor cate-
gories, no low-dimensional topology construction preexisted the result. We propose one

in Chapter [3]

Witten—Reshetikhin—Turaev TQFTs

It seems that we have found the TQFTs associated with every dualizable object men-
tioned, but a key player of low-dimensional topology is still missing.

Question : Can we recover Witten—Reshetikhin—Turaev theories and its non-semisimple
variants from the cobordism hypothesis?

The naive answer appears to be no. Work of Douglas, Schommer-Pries and Snyder [DSS20)]
show that WRT theories extend to the point if and only if they are of Turaev—Viro type.
Of course the answer depends on the choice of the target category 3Vect, and this result
holds for finite rigid tensor categories. One approach that we will not pursue it to build
an entirely new target category, see [Henl7,|F'T21]. Instead, we will use 4Vect.

The complete answer appears to be yes, but it is more complicated. It was never fully
spelled out in written form, but has been communicated in talks and informal notes in the
semisimple case [Fre,Walb]. In the non-semisimple case, this is expectations of Jordan
and Safronov.

An obstacle to obtaining the Witten—Reshetikhin—Turaev theories from the cobordism

hypothesis is that these theories are defined on a category 65]2/)3 of cobordisms equipped
with some extra structure. It is well understood that this extra structure is the shadow
of a bounding manifold: the integer is the signature of a bounding 4-manifold, and the
Lagrangian is the kernel of the inclusion in a bounding 3-manifold. It was understood by
Walker [Walb| that the anomaly of WRT theories is described by Crane—Yetter 4-TQFTs.
In other words, this “shadow” of a bounding manifold is the value of Crane—Yetter on
that bounding manifold. We only need to remember the signature of a 4-manifold because
Crane—Yetter only depends on the signature (note that for this to be true one needs to
pick the trace very well) and similarly in lower dimensions.

Freed and Teleman suggest that the WRT theory should be thought of as a boundary
theory for the Crane—Yetter theory. An adequate description of relative field theory was
given by Freed and Teleman [FT14] and formalized by Johnson-Freyd and Scheimbauer
[JS17]. More precisely, consider an (0o, n)-category C and an n-TQFT Z : Bord,, — C.
They construct an (oo, n)-category C~ of so-called "oplax” arrows in C which has source
and a target functors s, : C7 — C. A relative theory to Z, or a boundary condition to
Z, or an (n — 1)-TQFT with anomaly Z, or again an oplax-Z-twisted (n — 1)-TQFT is
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a symmetric monoidal functor
R :Bord,,_; — C~

whose target coincides with Z restricted to Bord,,_; and whose source coincides with the
trivial TQFT.

Walker’s insight is that composing the arrow R(—) : 1 — Z(—) with the value of Z
on a bounding manifold Z(—) — 1 recovers WRT theories for Z the Crane—Yetter theory
and R the inclusion of the unit. This also answers [DSS20|’s objection: WRT does not
give a value on the point simply because the point cannot be equipped with a bounding
1-manifold.

Another obstacle to obtaining non-semisimple DGGPR, theories from the cobordism
hypothesis is that these TQFTs are non-compact. They are defined on a restricted class
of 3-cobordism that have non-empty incoming boundary in every connected component.
We need to use a non-compact version of the Cobordism Hypothesis to work with this
restricted category of cobordisms. This non-compact version appears as an intermediate
step in the sketch of proof of the Cobordism Hypothesis proposed by Hopkins and Lurie
[Lur09b]. Note that there is independent work in progress of Reutter—Walker in this
direction.

Summing up, one should be able to recover the WRT theories (resp. their non-
semisimple variants) from a 4-TQFT and a (resp. non-compact) boundary theory for this
4-TQFT, both of which are fully extended and obtained from the Cobordism Hypothesis.
The 4-TQFT should be induced by the modular tensor category # and the boundary
theory by the inclusion of the unit in ¥/, see the last slide of [Fre]. Then the WRT
theory is obtained by composing the boundary condition with the 4-TQFT on a bounding
manifold.

Note that this construction using a bounding manifold is what we need to answer
the question above, namely compare with the existing constructions. It is also necessary
to obtain a scalar invariant out of a 3-manifold. However, in some sense, it is not very
fundamental. The “right” Topological Quantum Field Theory is the part which we called
the boundary theory above. It does not assign a scalar to a 3-manifold, but an element
in a one-dimensional vector space, the state space of the invertible Crane—Yetter TQFT,
which is just as sensible from a physical point of view.

Results

Most new results are in Chapters and [5] Let us however mention that Theorem
1.5.10[ and the detailed proof of Theorem [2.3.29| are new.

Chapter : Non-semisimple skein (341)-TQFTs

All results presented in this chapter are based on work in collaboration with Francesco
Costantino, Nathan Geer and Bertrand Patureau-Mirand. They appeared in [CGHP].

We construct (34 1)-TQFTs that take as input a possibly non-semisimple finite ribbon
tensor category C satisfying some non-degeneracy condition. Its state space on a 3-
manifold M is the Proj(C)-admissible skein module .#¢(M) of M is defined in [CGP]. We
prescribe the TQFT on handle attachments, in a spirit very close to WRT, [DGG™22]
and [CGPVb| theories.
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In the case where C is either modular or fusion, in characteristic 0 in the latter case,
the non-degeneracy conditions are satisfied and we expect to recover the (341)-part of
the fully extended 4-TQFT associated with C seen as a fully dualizable object of BrTens.
We show that we recover Crane—Yetter—Kauffman theories in the semisimple case. In
general, we still expect the theory to be fully extended. Our conditions for existence may
serve as a guideline for conditions of full dualizability. Actually, in characteristic 0 it is
expected in [BJSS21| that a finite tensor category with semisimple Miiger center is fully
dualizable, and this indeed seems to be related to our non-degeneracy conditions. We
also expect that our construction is an explicit realization of the work of Kevin Walker
and David Reutter announced in [Wala].

The main non-degeneracy conditions we ask is for C to be unimodular and chromatic-
non-degenerate. This is only enough to produce a non-compact TQFT, and for the full
result we must ask C to be moreover chromatic compact. We work over an algebraically
closed field k of any characteristic.

Theorem A (Theorem [3.4.4): Let C be a finite unimodular ribbon tensor category.
If C is chromatic non-degenerate, then the Proj(C)-admissible skein modules extend to a
non-compact (3 +1)-TQFT

Sc : Cobit | — Vecty

by explicit handle attachment formulas.
If C is moreover chromatic compact, then this non-compact theory extends to a (3+1)-
TQFT
¢ Cobs, 1 — Vecty

We use the work of Juhdsz [Juh18] to build our TQFT by giving the state spaces and
explicit formulas for every handle attachment. Let us describe the main ingredients in
these formulas.

The 4-handle will be given by the modified trace studied in |[GPT09, GKP13,|GKP11,
GKP22|, which is the usual key ingredient in non-semisimple skein theory. It is
shown to exist and to be unique up scalar in a unimodular ribbon tensor category
in |[GKP22, Corollary 5.6]. It is shown to be equivalent to a linear form on the
admissible skein mopdule of S? in [CGP, Theorem 3.1]. Our TQFT will depend
on a choice of modified trace, but simply by a term depending only on the Euler
characteristic, see Proposition

The 3-handle will be given by the cutting morphism first introduced in [CGPT20| and
already used in |[CGPVD]. It is associated with the copairing of the modified trace
and its existence uses the non-degeneracy of the modified trace provided by |[GKP22].

The 2-handle will be given by the chromatic morphism studied in [CGPVa]. It plays the
role of the Kirby color, and in the abelian case is another way to phrase the integral
in the coend used in [DGGT22]. It is shown to exist in a finite unimodular ribbon
tensor category, and actually in suitably finite spherical categories, in [CGPVa]. This
chromatic morphism is not claimed to be unique in any way, but our construction
does not depend on a choice, see Proposition [3.2.1]

The 1-handle will be given by the gluing morphism. This is a new notion which we
introduce. The category C is called chromatic non-degenerate when a gluing mor-
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phism exists. It can indeed be rephrased by asking that a certain morphism involv-
ing the chromatic morphism and the double braiding is non-zero, see Proposition
B.1.8l Again, our construction will not depend on the choice of gluing morphism,
see Proposition |3.4.1}

The 0-handle will be given by the global dimension of C. It is only the choice of a scalar
because the state space of the 3-sphere is one-dimensional. However, for a coherent
choice to exist, it will impose conditions on the gluing morphism, namely that it
is invertible, see Lemma We call this condition chromatic compact because
it is a strengthening of the above that yields to fully-defined TQFTs instead of
non-compact ones.

¢ non-compact (3+1)-TQFT
3¢ Ze(WH) closed 4-manifold invariant
(W, T) invariant of pair T C —OW*

C is chromatic
non-degenerate

C is chromatic compact ¢ extends to a TQFT
FLe(WH) = (Fe(WH)

C is twist 3 Be(M?) 3-manifold invariant
non-degenerate Bl (M?,T) invariant of pair T C M3
generalizing Lyubashenko’s invariants

C is modular S is invertible

C is fusion )
dimC £ 0 —— Y is the Crane—Yetter—Kauffman TQFT

/ ¢ is the Crane—Yetter TQFT

C is semi-simple modular Be is the WRT 3-manifold invariant

Figure 1: This figure represents different properties on a ribbon chromatic category C and
their relationships and corresponding 3-manifold invariants and TQFTs. A category at
the tail of a double arrow implies the property at the head of the arrow. For example,
chromatic compact implies chromatic non-degenerate. A category at the tail of a single
arrow implies the existence of the invariant at the head of the arrow. For example, a
chromatic non-degenerate category gives rise to a non-compact (3 + 1)-TQFT 7.

A particularity of skein TQFTs is that vectors in the TQFT space are represented by
C-colored links or ribbon graphs in 3-manifolds. Hence the abstract TQFT comes with
an invariant of pair (W, T') where T is a C-colored links or ribbon graph in the boundary
of W.

20



BENJAMIN HATOUN INTRODUCTION

We show in Theorem [3.3.2]that if C is twist non-degenerate, now without the chromatic
non-degenerate assumption, we can define an invariant of 3-manifolds equipped with an
admissible skein using the chromatic morphism on a surgery link. We show in Theorem
that if the category is both twist non-degenerate and chromatic non-degenerate,
this 3-manifold invariant is indeed given by renormalizing the contribution of W in the
invariant of pairs (W,T') for W a 4-manifold bounding M made of 2-handles. We show
that it also coincides with [DGG™22|’s renormalized Lyubashenko’s 3-manifold invariant.

These invariants might be much stronger than the TQFT itself. Indeed the invertible
CY TQFTs are known to only depend on two complex numbers [Sch14b, Theorem 7.6], but
given the empty skein they recover the WRT invariant of the boundary of a 4-manifold.
This extra data corresponds to a boundary condition for the TQFT. We will conjecture in
Chapter {4 that such a boundary condition (in a fully extended setting) on the invertible
TQFT associated with a non-semisimple modular category will recover the non-semisimple
(2+1)-TQFT from [DGGT22|. Assuming the expectations above, Theorem can be
seen as a partial confirmation of this conjecture.

We also expect our construction to be related to work of Beliakova and De Renzi
[BD23,|BD], though a complete comparison appears to need the fully extended version
of our TQFTs. They only give values to 4-dimensional 2-handlebodies, so it is natural
that their construction is defined for more general input (in particular, they don’t need
our chromatic non-degenerate condition, which we need precisely to define the missing
handles). Our construction would give the extension to every 4-manifolds, when it exists.

One advantage of our construction is that it is elementary. The techniques are based
on algebraic data, e.g. modified traces and chromatic morphisms, which are easy to
formulate with low-level technology using monoidal categories. Their properties are easily
represented graphically and most of our proofs reduce to diagrammatic ones. We can easily
study the TQFTs we produce: we characterize their invertibility, study their behavior
under connected sum and provide some examples.

Figure [I] displays all the different constructions and what condition they impose on
the category C.

Chapter : Anomalous theories

The results of this chapter appeared in [Hai.

This chapter is motivated by the quest to obtain non-semisimple WRT theories from
the cobordim hypothesis. We give the first step towards executing the program described
above.

Remember that Walker, Freed and Teleman predict that the inclusion of the unit 7 in
a semisimple modular tensor category V will induce a 3-dimensional boundary condition
to the 4-TQFT associated with V, and that together they recover WRT TQFTs. In the
non-semisimple case, Jordan and Safronov expect that the same story will apply, except
that the boundary condition will only be partially defined, which we call non-compact.

We first show the relevant dualizability of the unit inclusion, and then, conjecturally,
reconstruct WRT-type TQFTs from the induced relative theory.

Dualizability results

We recall Lurie’s sketch of proof of the non-compact cobordism hypothesis and intro-
duce the corresponding notion of non-compact-n-dualizable object. We use the framework
of [JS17] to prove that the unit inclusion in a semisimple (resp. non-semisimple) modular
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tensor category is 3-dualizable (resp. non-compact-3-dualizable) and therefore induces a
(resp. non-compact) relative 3-TQFT under the Cobordism Hypothesis.
Our main theorem is the following.

Theorem B (Theorems [4.2.12}, 4.2.15( and |4.2.14)): Let V € BrTens be a braided
tensor category, and AZ the object of [JS17]’s oplax arrow category BrTens™ induced
by the inclusion of the unit. Then:

1. .A'; is always 2-dualizable.

If V has enough compact-projectives, then:

2. A% s non-compact-3-dualizable if and only if V is cp-rigid.

3. AEZ is 3-dualizable if and only if V is the free cocompletion of a small rigid braided
monoidal category if and only if V is cp-rigid with compact-projective unit.

We give explicitly the dualizability data of .,4'7’7. For the 1-dualizability data we obtain
mates of the bimodule categories M,, and M induced by the unit and the tensor product
of V. For the 2-dualizability data we obtain mates of the functors n, T', and Ty,; : Vvvv —

VY which is induced by T'. For the 3-dualizability data, we obtain mates of the unit and
counits of the right adjunctions of these functors.

Our arguments work any braided monoidal functor F': V — W, though we loose that
they are criteria, see Theorem . The object A% € BrTens™ induced by F is always
2-dualizable. It is non-compact-3-dualizable as soon as V and W are cp-rigid. In this
case, it is 3-dualizable if and only if F' preserves compact-projectives.

On the examples of interest, the main theorem gives:

Corollary C: Let ¥ be a modular tensor category in the sense of [DGGT22], V =
Ind(¥) its Ind-completion, and AZ induced by the unit inclusion in V. Then:

1. If V is semisimple, AZ s 3-dualizable.

2. If V" is non-semisimple, AZ is not 3-dualizable, but is non-compact-3-dualizable.

Freed and Teleman study the dualizability of the unit inclusion in the 3-category
Alg, (Rexc) in [FT21, Theorem B]. They show that 7" € Alg,(Rexc) is finite semisimple
if and only if M, is 2-dualizable, i.e. lies in a subcategory with duals (the forward
implication is [DSS20]).

We show the analogous statement one categorical number higher in Theorem [4.2.16]
Suppose V € BrTens has enough compact-projectives. Then A4, is 3-dualizable if and
only if V is finite semisimple.

Using this result and to-appear results of Will Stewart, we can show that the free
cocompletion of a non-semisimple rigid braided monoidal category is not 4-dualizable.
One should really take Ind-completions.

Reconstructing WRT-type TQFTs
We explain how one can obtain a theory defined on filled cobordisms from a relative
theory together with its bulk theory. We give conjectures on how these theories can be

22



BENJAMIN HATOUN INTRODUCTION

oriented in the case of possibly non-semisimple modular tensor categories. We state the
conjectures that these recover the WRT and [DGGT22| theories.

By Corollary [C| we obtain under the Cobordism Hypothesis a framed, possibly non-
compact, 3-TQFT Ry : BordgT — BrTens™ relative to the 4-TQFT Z), associated with
V.

We give conjectures that these theories can be oriented.

Conjecture A (Conjectures |4.3.11| and |4.3.13)): Let ¥ be a modular tensor cate-
gory and V = Ind(¥'), which is invertible and in particular 5-dualizable by [BJSS21).
Then,

1. The ribbon structure of ¥ induces an SO(3)-homotopy-fized-point structure on V.
2. The ribbon structure of n induces an SO(3)-homotopy-fized-point structure on A%.

3. A choice of modified trace t on ¥ induces an SO(4)-homotopy-fized-point structure
on V.

4. Ezactly two modified traces induce an SO(5)-homotopy-fized-point structure on V),
namely =9~ for 2 a square root of the global dimension of V.

Let us include here a conjecture that reflects the expectations from the previous chap-
ter, which we can state now that we have conjectured orientation structures on V.

Conjecture B: Choose t a modified trace on ¥ and let 2y be the associated oriented
4-TQFT. Then one has a natural isomorphism

y«y ~ th3ZV

between the (3+1)-TQFT defined in Chapter[3 and the (5+1)-part of Zy.

We construct the “anomalous” theory Ay, : Bordgi”ed — Tens associated with Ry and
Zy. It is defined on a 3-category of cobordisms equippeivlith a filling, i.e. a bounding
higher manifold, which degenerates to the more usual Cob. The anomalous theory is
non-compact when Ry is.

We can now state the main conjectures.

Conjecture C (Conjecture : Let V" be a semisimple modular tensor category
with a chosen square root of its global dimension. The anomalous theory Ay induced by
the associated oriented 4-TQFT 2y, and oriented oplaz-Zy-twisted 3-TQFT Ry recovers
the once-extended Witten—Reshetikhin—Turaev theory as its 321-part.

Conjecture D (Conjecture [4.3.16)): Let ¥ be a non-semisimple modular tensor cat-
egory with a chosen modified trace t and square root of its global dimension. The anoma-
lous theory Ay, induced by the associated oriented 4-TQFT Zy, and oriented non-compact
oplax-2y,-twisted 3-TQFT Ry recovers the once-extended DGGPR theory for cobordisms
with trivial decoration as its 321-part.
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We show that the values on the circle coincide by computing Ry explicitly and us-
ing the factorization homology description of Zy,. For higher-dimensions, this second
description stops (remember that surfaces are filled) and we need more values of 2.

An interesting consequence of these conjectures is that since this is the 321-part of
Ay, these theories actually extend down. Not to the point, as Ay is not defined on the
point which is not bordant, but to the pair of points S°.

Note that we use both the oplax-twisted 3-TQFT and the 4-TQFT in this construction.
Therefore, not every case of 3-oplax-dualizability in Theorem [B| induces such a theory.
We also need V to be 4-dualizable. The assumption that Z,, is invertible however can
be dropped. The anomalous theory would then strongly depend on the filling, and give
interesting invariants of 4-manifolds with boundary.

Chapter : Stated versus internal skein algebras

The results of this chapter appeared in |Hai22].

The goal of this chapter is to draw a comprehensive link between stated skein algebras
of [Lé18l|CL22| and internal skein algebras of [BBJ18a, GJS23], including their structures
and properties. The interest of such a link is to benefit from the nice features of both
sides. Stated skein algebras are defined very explicitly, and have numerous applications.
Internal skein algebras are much more theoretical, they are defined for all ribbon categories
of coefficients, and their basic (in particular, excision) properties derive formally.

The main result of this chapter is the following:

Theorem D (Theorem and Proposition |5.3.6)): Let 1% =

OQQ(SLQ)*COmOde’n and ¥ a compact oriented surface with a right boundary edge.
Then one has an isomorphism of Oz (S Ly)-comodule-algebras

Ag = (7()"

between [BBJ18a, GJS25] internal skein algebras and braided opposites of stated skein
algebras.

This result was already known as folklore, though the braided opposite was missing.
It is stated in a slightly weaker form (only as algebras in Vecty) in [LY22, Theorem
4.4], [LS, Theorem 9.1] and |GJS23, Remark 2.21]. Both algebras are also known to
be isomorphic to the Alekseev-Grosse-Schomerus moduli algebras. In [Fai, Theorem 5.3]
and [Kora| the authors provide an O, (S Ls)-comodule algebra isomorphism between these
AGS algebras and stated skein algebras. In [BBJ18a, Section 7] the authors provide an
isomorphism between AGS algebras and internal skein algebras. It is not explicitly given
and might be where the braided opposite hides, i.e. it might be that they deform the
representation variety in the direction of the opposite Poisson structure. We introduce
the relevant notion of left against right internal skein algebras to resolve this issue.

Our proofs are mostly based on skein theory and we do not require the reader to be
familiar with the formalism of higher categories. We give explicitly the natural isomor-
phism exhibiting the stated skein algebra as the left internal skein algebra, and we show
that right internal skein algebras are braided opposites of left internal skein algebras.

Using the well-developed properties of internal skein algebras, we get:
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Corollary E: There is an equivalence of categories
SK\/(E) ~ mOquz(SLg)—comod - y(z)

between the free cocompletion (or presheaf category) of the skein category and the category
of right modules over the stated skein algebra, internally to O, (SLs)-comodules.

We also extend the definition of internal skein algebras to multiple boundary edges.
We show that they still agree with stated skein algebras with appropriate braided op-
posites inserted in Theorem In the proof, we use a half-twist on the category
0,2 (S Lay)-comod’™.

It follows that stated skein algebras generalize to any ribbon category C, because inter-
nal skein algebras do. Note though they will be algebra-objects in the free cocompletion
of C which is maybe unusual. It becomes more familiar if C is the category of comodules
over a semisimple coribbon Hopf algebra. Then they will be H-comodule algebras.

We prove in Theorem that multi-edges internal skein algebras always satisfy
excision properties similar to those on stated skein algebras. To fully relate the excision
properties, we need to use the half-twist on Oq2(SL2)*COmOdf m introduced above. We
argue in particular that there was a non-trivial choice which corresponds to this half-twist
made in the definition of stated skein algebras, actually in the way of expressing their

cutting properties, see Remark [5.3.34
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Chapter 1

Low-dimensional Topology

In this first preliminary chapter we recall the basics of skein theory and the construc-
tions of skein-theoretic TQFTs.

In Section[I.1] we introduce the central example of skein theory: the Kauffman bracket
skein relations. In Section we recall Reshetikhin—Turaev theory of graphical calculus
in ribbon categories [RT91],/Tur94]. In Section [L.3] we recall the definition of a TQFT
and Juhasz’s presentation of the cobordism category by generators and relations [Juh18].
These sections can safely be skipped by the expert.

In Section we recall the skein-theoretic construction of Crane—Yetter and Witten—
Reshetikhin—Turaev TQFTs associated with semisimple modular tensor categories. We
take a slightly unusual point of view and our exposition serves as an illustration of the
construction of Chapter [3] and of the idea of boundary conditions of Chapter [}

In Section [L.5] we recall the tools from non-semisimple skein theory and [DGG'22)
TQFTs. Again we emphase the idea that they are boundary conditions to the (3+1)-
TQFTs defined in Chapter[3] To this end, we prove Theorem[1.5.10] which relates DGGPR
state spaces to admissible skein modules, and which is new.

1.1 Kauffman Bracket Skein Theory

Kauffman introduced in 1987 [Kau87] a state model for the Jones polynomial. It is
an invariant of unoriented framed links that one can compute from a link diagram by
iteratively reducing this diagram using the Kauffman bracket skein relations

/"\\ /"\\ /Q\ //"\\ // \\
K=o (0w O cioen

~ - ~ ~_ -

These relations are local, they change a small part of the link, and, on top of allowing
one to compute the Jones polynomial easily, they are very straightforward to generalize
for links not living in S®.

1.1.1 Kauffman Bracket Skein Modules and Algebras

The Kauffman bracket skein modules, introduced in |[Prz91}Tur88| have been studied
extensively and are still an active research subject |GJS23, Kin,|DKS|. Their integral
version are even richer, but we will mainly focus on the skein module over a field in this
manuscript.
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Definition 1.1.1: Let M be an oriented 3-manifold. Let Link(M) denote the Z[q, ¢~ ']-
module freely generated by isotopy classes of unoriented framed links in M, i.e. smooth
closed sub-1-manifolds equipped with a trivialization of their normal bundle. For every
oriented embedding ¢ : D3 < M and framed link L in M intersecting the image of ¢

exactly in the form '\/\/\\; or '\/O\; (with blackboard framing), we introduce the relations

/"\\ /"\\ /Q\ //"\\ // \\
So=a) (e O el

~_ - ~_ - ~_ -

where the left hand side represents L € Link(M) and the right hand side another linear
combination of links in M, which are as depicted inside the image of ¢, and coincide with
L outside. The Kauffman Bracket Skein Module Sk(M) of M is the quotient of Links(M)
by these relations.

When M = S3, using these relations every link reduces to a scalar times the empty link,
and this scalar is uniquely defined. Hence, Sk(S?) is isomorphic to Z[q, ¢'], generated by
the empty link. The Kauffman bracket link invariant is the quotient map Links(S®) —
Sk(5) ~ Zlg.q”].

When M = ¥ x (0,1) is a thickened surface, its skein module has a natural algebra
structure given by superposition 3 x (0,1)U¥ x (0,1) < ¥ x (0, 1) induced on the height
coordinate by (0,1) L (0,1) ~ (3,1) L (0, 3) <> (0,1). We denote this algebra Sk(X), the
skein algebra of the surface 3.

When M is a manifold with boundary, its skein module is naturally a module over the
skein algebra of its boundary. &

Proposition 1.1.2 (Corollary 4.1 in [SWO0T]): The Z[q,q '|-module Sk(X) is free
with basis the set of isotopy classes of simple unoriented framed links (without double
points nor trivial circles) in X.

Contrary to skein modules of thickened surfaces that are not finitely generated, Witten
predicted that the skein module of a closed 3-manifold seen over Q(q) is finite dimensional.
This was recently proven in [GJS23|:

Theorem 1.1.3 (Gunningham-Jordan—Safronov): Let M be an oriented closed

3-manifold.  The Q(q)-vector-space Sk(M,Q(q)) = Sk(M) [® ]@(q) is finite-
Zlg,q!

dimensional.

However, computing the exact dimension of skein modules is still a difficult problem.
Recent developments in this direction can be found in [Kin, DKS].
A similar behavior is expected for 3-manifolds with boundary. The following is sometimes
called the Detcherry conjecture.

Conjecture 1.1.4: Let M be an oriented compact 3-manifold with boundary. Then
Sk(M,Q(q)) is finitely generated over the skein algebra of its boundary.
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1.1.2 Stated skein algebras

Algebra presentations for skein algebras are not known except for a few examples,
despite the computation of a basis as modules. Their representation theory is a diffi-
cult and active subject, see |Korb| for a survey. Stated skein algebras generalise skein
algebras for tangles on a marked surface with boundary, see [BW11], [Mul] and [Lé1§].
These tangles can be cut and stated skein algebras satisfy nice excision properties, which
makes computations much simpler in stated skein algebras. In particular, for a non-closed
connected surface, one can chunk it into triangles, and embed the skein algebra into a
quantum torus [BW11]. This is very fruitful to obtain representations of skein algebras.
We will recall here the approach of |CL22|. Stated skein algebras can be defined over
integral rings of coefficients, but we will work over the field k being either Q(q%) or C
with q% € C* generic, as our proofs in Chapter |5/ only hold in this context.

Definition 1.1.5: A marked surface is a compact oriented surface with boundary & with
a finite set P C 06 of boundary points, called marked points. We write & = & \. P and
call this the marked surface. We write 9p& the boundary components of & that contains
a point of P and 96 := 9pS . P. Namely we only consider boundary components of
G that contain a marked point, which we remove in &, so all components of & are
intervals. The circular boundary components are discarded and give punctures in &. The
boundary structure of stated skein algebras will depend on a way to cut out a bigon out
of a boundary edge, and that of internal skein algebras on a way to insert one from a
boundary edge. To avoid choices, we suppose that marked surfaces come equipped with
a thickening of their boundary edges inside the surface.

A stated tangle o on & is an unoriented, framed, compact, properly embedded 1-submanifold
of & x (0,1) whose boundary da C 9SG x (0, 1) has positively vertical framing and comes
equipped with a state st : doa — {+, —}. We call height the (0, 1)-coordinate of a point,
and require that all boundary points of « lying over a same component of & have dis-
tinct heights. An isotopy of stated tangles is an isotopy with values in stated tangles, in
particular preserving the height order over a same boundary component. A stated tan-
gle in & x (0, 1) can always be represented as a diagram with blackboard framing in &,
with its under/over crossing information, such that the height order of boundary points
corresponds to a given orientation on the boundary edges, see [BW11] Section 3.5]. <

Definition 1.1.6 (Section 2.5 in [CL22]): The stated skein algebra .7 (&) of a marked
surface G is the k-vector space generated by isotopy classes of stated tangles on & modulo
usual skein relations:

/"\\ /"\\ /Q\ /"\ / \
=) Cra i O=i-eni

and the boundary skein relations:

l//’ + _ _l l//’ l//’ +
\\@_ q 2 \\\_T ) \\@_'_

where the arrows on the boundary edges represent the relative height order of the two
points.
It is an algebra with product given by vertical superposition and unit the empty link.

(ﬁ: =0and |, =¢ _|°F +q—%(>T

\ N \

We denote by C# the coefficient such that ! ﬂ\’z —Cn T , namely Cf = CZ =0,
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and one can compute C7 = —q~ 2, see [CL22, Lemma 2.3 (13)]. We also write

v, &

Proposition 1.1.7 (Lemmas 2.3 and 2.4 in [Lé18|): These relations express equiv-

alently with the boundary at the left, namely: ﬁ@)‘, =H0 T ', where 7O =~"0 =0,

~ ~ ~

f‘D:—qg and;D:q%, and TC‘, :q’% i’ﬁ —q’% T

- - -

Remark 1.1.8: It is easy to check that (G UE') ~ . (6) ® . (&) since all relations
happen in a connected disk. <&

Definition 1.1.9 (see Section 3.1 in |[Lé18] for details): Let & be a marked surface
and c an ideal arc on &, joining two marked points in &. Denote by Cut.(&) the marked
surface obtained by cutting & along c.

Given a stated tangle a on &, one can cut it along ¢ and get a tangle Cut.(a) on Cut.(&).
This tangles has new boundary points, two lifts per points of a N ¢, and we may give any
state to these points. The obtained stated tangle is called a lift of « if the two lifts of a
point of a M ¢ have same state. &

This definition is not perfectly innocent and it seems that one could have chosen different
state-matching patterns for lifts, see Remark |5.3.34}

Theorem 1.1.10 (Theorem 3.1 in [Lé18|): Let & be a marked surface and ¢ an ideal

arc. The map p. : S (6) = L (Cut(S)), a — > _ & is well-defined (it only depends
lifts

on the isotopy class of a) and is an injective algebra morphism. Moreover, the splitting

morphisms p. and po associated to two disjoint ideal arcs ¢ and ¢ commute.

1.2 Reshetikhin—Turaev skein theory

Following Witten’s description of Chern—Simons theory as a Topological Quantum
Field Theory [Wit89], in the modern point of view on skein theory every strand of a
tangle should be colored by a representation of the gauge group of the Chern—Simons
theory. More generally, one colors by an object of some linear “ribbon” category. This
theory was developed mathematically by Reshetikhin and Turaev [RT91].

1.2.1 Graphical calculus

In the following, we fix some monoidal category C and develop a graphical calculus for
C. We will add conditions and structure on C for this calculus to be well-defined.
We want to represent objects by points on a line, and tensor product of objects by jux-
taposition of points. We think of the drawing e e e as representing V; ® Vo ® Vs.

1 Vo V3
Any drawings linking two sets of points (read from bottom to top) represents a mor-
Vi Vo V3
R
phism between the associated objects. In particular, a bunch of straight lines ‘; ‘; ‘;
1 Vo V3
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Vi Wa Ws
[ ] [ J [ ]
i 7
represents the identity. There may be inserted coupons 0 e  colored by cor-
1 V2 V3
responding morphisms, here f : V5, ® V3 — Wy ® W3. One may also twist and braid
Vi Vo V3 V)
the strands representing every object: Composition is represented by
i Vs

vertical superposition.

Graphical calculus is very handy to represent various compositions of morphisms be-
tween tensor product of objects, but it not clear that it is well-defined, i.e. that there is
always one and only one way to interpret a drawing as a morphism. Reshetikhin—-Turaev
theory is precisely about this point. A good survey on graphical calculus can be found
in [Selll].

The golden standard of a category admitting a graphical calculus is the category of
drawings themselves.

Definition 1.2.1: A framed tangle « in a 3-manifold with boundary M is an oriented
framed compact properly embedded 1-sub-manifold of M. Remember that a framing is
a trivialisation of the normal bundle of the submanifold «. Its boundary da C OM is a
finite set of points. Given a finite set of oriented framed points in dM, one can consider
the set of tangles that have this fixed boundary and whose framing matches the framing
of the given boundary points. For the orientation, one also needs to specify whether the
boundary is incoming or outgoing, in which case one want the orientation of the boundary
points with inward or with outward normal to match the orientation of the tangle. &

Note that when we work up to isotopy, framed tangles are equivalent to ribbon tangles,
by slightly thickening them in the direction of the framing.

Definition 1.2.2: The category Tan/" of framed tangles in R? x [0, 1] has objects finite
sets of oriented framed points of the form [n] = {1,...,n} x {0} C R? with upward
vertical framing (in the second coordinate). An object of T'an/™ is described by a finite
sequence 7] of +’s and —’s, which we identify with the set of oriented framed points in R?
it represents.

Morphisms from 7 to ji are given by isotopy classes of framed tangles in R? x [0, 1] with
boundary the union of 77 C R? < R? x {0} and /i C R? — R? x {1}. This imposes that
a strand coming out of a positively oriented point should be oriented upward, and of a
negatively oriented downward. In the definition above, we orient R? x [0, 1] by saying that
R? x {0} has inward normal and R? x {1} has outward normal.

171 071
Composition is given by vertical juxtaposition, and contraction [0, 1]LI[0, 1] & ﬂ> 2| 0, 1],
see Figure[L.1] Identities are given by n straight lines [n] x [0, 1]. &

The category Tan/” is monoidal with tensor product given by horizontal juxtaposition,
see Figure On objects, we get concatenation 7 ® fi = njt. The unit object is the
empty set.

Definition 1.2.3: A braided category is a monoidal category C® equipped with a natural
isomorphism ¢ : ® — ® called the braiding. Its (U, V)-component is denoted cyy =
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f[ @f

Figure 1.1: Example of composition in T'an/"

HEINETE A

Figure 1.2: Example of tensor product in Tan/"

y
;77 Ny - The braiding should satisfy:

&
U® //W CUw®Idv) (IdU®va)

It is called symmetric if cxy o cy x = Idxgy for all objects X, Y € C. &

CUQVW =

The category T'an’" is braided with c;; = % with blackboard framing (coming
7 I

out of the page) and appropriate orientation. It is natural by sliding tangles across the

intersection.

Definition 1.2.4: A rigid category is a monoidal category C® with both left and right
duals for every object.
A left dual for an object V' € C is an object V* together with two morphisms

ev=+ \:V*'QV s kand coev ="_: k= VRV*

satisfying the so-called snake identities:

(ev @ Idy+) o (Idy~ ® coev) :m:l: Idy- and
(Idy ® ev) o (coev @ Idy) :m:T: Idy.

These identities imply (by pre or post-composing with ev and coev) that — ® V' is left
adjoint to — ® V*, and that VV* ® — is right adjoint to V ® —.
The left dual is unique up to canonical isomorphism. It is functorial (contravariant) with

There is a similar notion of right dual *V with ev =/ Y : V ® *V — k and coev =\_7":

k — *V ® V satistying m = T and m = l . The right dual of the left dual of V'
is canonically identified with V. O
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The category Tan/" is rigid with both left (_elnd right duals given by taking the opposite
signs, and mirroring the sequence, (7)* = —n. Evaluation is @ and coevaluation is

@ with blackboard framing and appropriate orientations. The identities m = ‘

and m = ‘ hold as we take isotopy classes of tangles.
Note that in a braided category C® there is always a naive way to obtain right duals
from left duals by setting:

M = 9 Mocyy- and S = b_cw*

In Tan/™ however, this naive ways doesn’t quite match the drawings we gave above, and
it differs by a twist in the framing.

Definition 1.2.5: A twist on a braided category C® is a natural isomorphism 6 : Ide =
Ide compatible with the braiding: Oygw = 0y ® 0w o cwy o cyw. A braided category
endowed with a twist is called balanced.

A ribbon category is a rigid balanced category C whose twist is compatible with duality:

By = (By)". &

Remark 1.2.6: The category T'an/" with twist is ribbon. The compatibility condi-

ll

N/ / /
tions are O = and q Q <&
[N

We showed that the category of drawings satisfies certain properties, namely it is ribbon.
The main theorem of this section is that being ribbon is exactly what is needed for
graphical calculus to make sense.

Theorem 1.2.7 (Theorem 2.5 in [Tur94|): Let C be a ribbon category and V' an ob-
ject of C. There exists a unique monoidal functor, called the Reshetikhin—Turaev functor,

RTy : Tan'™ = C

such that on objects RTy(+) = V and RTy(—) = V* and on morphisms RTV(%) =
cvv, RTy (¥ ) = ev, RTy( ") = coev and RTy ( U ) =0y.

Remark 1.2.8: Here, the right duality morphisms are mapped to

RTV(m) - RTV Q T = €eVy O C‘/’V* O (0‘/ ® _[dv*)

o
RTy(\_) = RTy 5 = (Idy- ® 0y") o ¢/}« o coevy .
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Remark 1.2.9: A framed link in R? can be seen as an endomorphism of the empty se-
quence of points in Tan/™. Under the functor above, it maps to an endomoprhism of
the monoidal unit 1¢ of C. We therefore get an invariant of framed links with values in
Endc(].c> &

Definition 1.2.10: Let U be the O-framed unknot and V' € C. We call qdim(V) :=
RTy (U) € k the quantum dimension of V. O

The theorem above can be thought of as giving some graphical calculus, as we have a way
to interpret any tangle as a morphism in C. But it is a bit restrictive, as we will only see
the object V' appearing, and braidings of V' with itself and so on. We want to generalise
a little this graphical calculus. The object V' here is called the color, and one can extend
this constructions to tangles whose strands are colored with different colors.

Definition 1.2.11: The category Tcmér of C-colored tangles has objects finite sets X
of colored points, namely framed oriented points of the form [n] endowed with a color
which is an object of V. Objects are described by finite sequences (‘7, 77) of pairs (V;,n;),
Vi € C,n; € . It has morphisms from X to Y isotopy classes of colored tangles from X
to Y, i.e. framed oriented tangles with each strand colored by an object of C, and such
that the two extremity points of a (non-circular) strand have same color as the strand.<

Finally, one can add morphisms of )V that are not compositions and tensor products
of identities, braidings, duality morphisms and twists, namely which are not necessarily
represented by a tangle. Concretely, one adds coupons which are colored by morphisms
of V.

Definition 1.2.12: A C-colored ribbon graph between colored points is a colored framed
tangle with coupons. A coupon is an embedding of a little square [0, 1]* in R? x (0, 1), and
the endpoints of a framed strand may be glued to either a point (X, +), respecting the
framing, or to a part of the top or bottom edge of a coupon, with horizontal framing. One
marks the end of a framed strand glued to a coupon with + if it is going upward, and — if
it is going downward in the coupon. Each framed strand is colored by an object of C and
each coupon with framed strands coming from the bottom face ((Xi,%),...,(X,, %)),
in this order, and from the top face ((Y1,=£),..., (Y, £)) is colored by a morphism f :
Xi® - 0XF =5 Yre - ®@VF where X* =X and X~ = X*. See Figure[L.3] &

XY =2 X* |g:Y'"@T =-XT| VT

/ 2N >

(X7 +) (}/7 _) (Y7 _)

Figure 1.3: A C-colored ribbon graph

Definition 1.2.13: The category Rib¢ of C-colored ribbon graphs has objects finite sets
of colored points and morphisms the k-vector space generated by isotopy classes of C-
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colored ribbon graphs. It is monoidal by juxtaposition, and rigid, braided and ribbon by
the usual morphisms (without use of coupons). o

Theorem 1.2.14 (Theorem 2.5 in [Tur94|): Let C be a k-linear ribbon category,
there is an essentially unique k-linear monoidal functor

RTC : Ribc —C

such that RT((X,+)) = X*, RT(xXy) = exy, RT(x x) = evy, RT(¥ " A7) =
coevy, RT( U x) = 0x and RT( y=1F.

Definition 1.2.15: Let U” be the 0-framed unknot with a single coupon. For V € C
and f : V — V. denote U‘J; the closed ribbon graph U*® with strand colored by V' and
coupon by f. We call trace of f the scalar tr(f) := RT¢(U5,). &

1.2.2 Skein categories

The skein theory for tangles in R? x [0,1] can be extended to any 3-manifold. It
generalizes the ideas of skein and stated skein algebras and modules that were introduced
in the case of the Kauffman bracket skein theory. Skein categories were first introduced
by Kevin Walker, though informally and the only written reference is the incomplete
draft [Walb]. They were first defined in [Joh21], where they were studied as being (con-
jecturally) the values on surfaces of a fully extended skein 4-TQFT. This is the point of
view we will adopt later in this manuscript. They were also studied in [Coo023| and shown
to coincide with Factorization Homology of [AFT17], itself known to form a fully extended
2-TQFT [Schl4a]. This result was independently proven in [KT22] in the semisimple case.

Definition 1.2.16: Let M be a compact oriented 3-manifold, possibly with boundary,
and whose boundary is oriented (each connected component has the choice of having
orientation induced by the inward or outward normal). A C-colored ribbon graph 7" in M
is a framed tangle with coupons embedded in M such that the endpoints of every framed
strand is either at the top or bottom face of a coupon, or at the boundary of M. The
strands and coupons are colored by objects and morphisms as before. The boundary data
T NOM of T is a finite set X of framed colored oriented points in M. Given such a
set X, we denote by Ribe(M, X) the vector space freely generated by isotopy classes of
C-colored ribbon graphs in M with boundary data X. %

Definition 1.2.17: The skein relation on Rib¢(M, X) is the equivalence relation gener-
ated by:

a linear combination of C-colored ribbon graphs ; A\;T; is equivalent to 0 if there exists a
little cube ¢ : R? X [0, 1] < M such that all of the T}’s coincide outside its image, intersect
d(R? x [0, 1]) on either the top or the bottom face, transversely, at a finite set of points
of the form [n] and give the zero morphism in C after evaluation under RT¢ on this little
cube. More precisely, every ¢~ (T; Nim ¢) gives a C-colored ribbon graph in R? x [0, 1],
namely a morphism in Ribe. As the T;’s coincide outside the cube, they all have same
source and target. The skein relation holds if 3°; \; RT¢(¢~1(T; Nim ¢)) = 0.

Put differently, let T be a ribbon graph and ¢ a little cube of M such that G := T Nim ¢
is a (possibly complicated) ribbon graph. Then RT¢(G) is a morphism in C, and we allow
ourselves to replace GG with a single coupon colored by this morphism.
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The skein module Ske(M, X)) of M with boundary data X is the quotient of Ribe (M, X)
by the skein relations. O

Definition 1.2.18: Let X be a compact oriented surface possibly with boundary. The
k-linear category Ribe(X) has objects finite sets of framed colored oriented points in ¥.
Orient ¥ X [0, 1] by saying that 3 x {0} has inward normal and ¥ x {1} has outward
normal. Morphisms from X to Y is the vector space Ribe(2 x [0,1], X x {0} UY x {1}).
Composition is given by gluing along the [0, 1]-coordinate. Identity is given by the ribbon
graph X x [0, 1].

The skein category Ske(X) has same objects as Ribe (%) and morphisms from X to Y the
quotient of Hompgih,(x)(X,Y) by skein relations. Namely Homgg,)(X,Y) = Ske(X x
0,1, X x {0} UY x {1}). O

Remark 1.2.19: There are many equivalent ways of defining skein modules and skein
categories. One can require the strands to be actual ribbons, and the endpoints to be
small intervals as is done in |Joh21,Tur94] or small embedded disks as in |[GJS23]. We
preferred to only remember the “direction of thickening” and work with framed tangles
and framed points. As we work up to isotopy, one can make a ribbon arbitrarily thin, and
the resulting vector spaces Ribe (M, X) and Ske(M, X) are isomorphic for every choice.
The analogous skein categories are equivalent. Similarly, we chose to work with coupons,
but one could shrink the coupons arbitrarily small, and work with embedded framed
graphs (with the vertices colored by morphisms). One still needs to remember how the
strands came into the coupon, and it is sufficient to remember the cyclic ordering of the
strands, as is done in [KT22|. Again, the resulting skein theories are equivalent. &

Remark 1.2.20: In the definitions of Ribe(X) and Ske(X) in the special case where ¥ =
R2, we allow any finite set of framed points as objects. However, in our initial discussion
on tangles in R? x [0,1], and in the definition of Rib¢, we did not allow points to be
anywhere in R?, but only to be of the form [n]. This simplifies the construction of the
Reshetikhin-Turaev functor. Clearly, Ribe forms a full subcategory of Ribe(R?), and
its quotient by the skein relation is a full subcategory of Skc(IR?). These categories are
actually equivalent, with equivalence given by the inclusion, but it is not trivial to choose
a quasi-inverse. One has to choose an isomorphism from each object of Skc(R?) to one
of the form [n]. This can be done for example by giving lexicographical order on R? and
pushing all points in good position while preserving this order, then turning the framing
clockwise until it is vertical.

Once this choice has been made (we make the one above), we can see that the Reshetikhin—
Turaev evaluation gives a monoidal functor RT¢ : Ske(R?*) — C. Tt induces an equivalence
there. Its quasi-inverse is given by the inclusion of C in Skc(R?) as objects with a single
point, and morphisms a single straight line, possibly with a coupon in the middle. O

Remark 1.2.21: Note that this inclusion is monoidal but not strictly Ve
monoidal. The isomorphism from the two framed points [2] respectively col- S
ored by V and W to the framed point [1] colored by V@ W is the three-legged ldve
graph with a single coupon Idy gy as shown at the right. Y

w
w

Vw
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Remark 1.2.22: In any skein category, the identity coupon Idyx- : X* — X* (X*,+)
with entry a downward oriented X-colored ribbon and output an upward
oriented X*-colored ribbon depicted at the right gives an identification
(X, =) ~ (X", +).

(X ’ _)

1.2.3 Quantum groups

Quantum groups, or Hopf algebras, provide very interesting and well-studied examples
of ribbon categories. We will see that the algebraic structures match naturally. Coalge-
bras give abelian categories, bialgebras give monoidal categories, Hopf algebras give rigid
categories, coquasitriangular Hopf algebras give rigid braided categories and finally corib-
bon Hopf algebras give ribbon categories. There is a sort of converse, given a fibre functor,
see [EGNO15|. We discuss categories of comodules here, but there is an analogous story
with categories of modules, see [Maj95|. Let k be a field.

Definition 1.2.23: A coalgebra is a k-vector space C equipped with:

a coproduct A = Y : C' — C ® C which we denote A(z) = z(1) ® z(2) With implicit
summation and

a counit e = ¢ : C — k, satisfying:

(Ide ® A)o A = \?/ \<( (A® Idc)o A (coassociativity)

(Ide®e)oA=Y =l=Ide= Y =(e®Ids)oA  (counit)

A right C-comodule is a k-vector space V equipped with a coaction

- Y .ovasvec

C C 1% C
such that V\P/ = \<(C (coassociativity) and = =r1ay (counit).
We denote C—comod the category of right C-comodules, with morphisms the linear maps
f V. — W preserving the coaction, namely Ay o f = (f ® Idg) o Ay. We denote
C-comod/™ the full subcategory spanned by finite dimensional comodules. &

Definition 1.2.24: A bialgebra is an algebra (A,m = Al = o ) equipped with a
coalgebra structure (A, A, ¢) such that A and ¢ are algebra morphisms, namely:

W = I(the crossing represents the flip of tensors), and Y=t

The category A—comod of comodules over a bialgebra A is monoidal with ® = ®; with
coaction on tensor product given by:

Var WS (Ve e (Wed) B rVeWede A ™2 yowe A
Definition 1.2.25: A Hopf algebra is a bialgebra H equipped with an antipode
S=®:H—H
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such that @ = T = <>@ We moreover assume that S is invertible. It is slightly unusual

but is true in general as soon as H is finite dimensional or (co)-quasi-triangular.

The category H-comod’™ is rigid. Given a comodule V, its dual has underlying vector-
space V*. The H-coaction on a form f : V — k is the element Af € V* @ H ~
Hom(V, H) described, for v € V, by Af(v) = f(va)) ® Sha for the left dual, and by
Af(v) = flvay) @ S~ h) for the right dual. %

Definition 1.2.26: A co-quasi-triangular Hopf algebra H is a Hopf algebra equipped
with a co-R-matrix, or R-form, R : H ® H — k which is invertible by convolution, i.e.
there exists R~! : H @ H — k such that

Va, b e H, R(a(l) ® b(l))R_l(a(g) ® b(Q)) = €(a)€(b)

satisfying
b(l).a(l).R(a(g) X b(g)) = R(a(l) ® b(l)).a(g).b(Q) ,

R(ab® c¢) = R(a ® ¢1)).R(b ® c(2)) and

R(a &® bC) = R(a(l) ® c).R(a(Q) ® b).

The category H-comod is braided with braiding cyw : V@ W — W ® V given by
cvw (v @ w) = wa) @ v)-R(ve) © ). Y

Definition 1.2.27: A coribbon Hopf algebra is a co-quasi-triangular Hopf algebra H
equipped with a coribbon functional, i.e. a map 6 : H — k such that :

(1) 6 is invertible by convolution: there exists =" : H — k such that 6(a))0 " (a()) =
Qfl(a(l))9<a(2)) = 6(&),

(2) 0 is central: O(any)ae) = an)f(aw)),

(3) compatibility with product: 6(ab) = R(bay ® an))8(b))0(aw))R(a@) @ b)) and

(4) compatibility with antipode: 6 o0 .S = #.

The category H—comod of comodules over a coribbon Hopf algebra H is balanced with
twist on a H-comodule V' given by 6y : V Nyved '™V, The category H—comod/™
is ribbon. &

Remark 1.2.28: In the literature the coribbon functional is often defined to be 87! in our
definition. The compatibility condition are hence deformed. &

1.2.4 The coribbon Hopf algebra O.(SL;)

On can recover the Kauffman bracket link invariant, and its skein relations, from a
particular example of a coribbon Hopf algebra associated with SLs.

Definition 1.2.29: Letk = C(q%). The coribbon Hopf algebra O,2(SL,) is the k-algebra
with: (one should read the matrix equations component-wise, and the tensor product of
matrices should be computed as a usual matrix product with tensor products of coeffi-
cients instead of products)
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generators : a,b,c,d
ca = ¢*ac, db = ¢*bd, ba = ¢*ab, dc = ¢?cd,
bc=cb, ad—q2bc=1 and da — ¢°chb =1

a b a b a b
coproduct : A(C d>_<c d>® . d)

it _ a by (10
couni : Sl al=\loa

2
antipode : S<Gb>:< d qb)

c d —q % a

relations

a®a a®b b®a bRDL qg 0 0 0
_ . a®c a®d b@c bed | [0 ¢! qg—¢?* 0
co- R-matrix : R coa cob doa dob | =0 o g 0
c®c c®d d®c d®d 0 O 0 q
. . . a b\ ([ —-¢ 0
coribbon functional : 9( e d ) = < 0 —g ) &

Remark 1.2.30: Note that we use here an unusual coribbon functional. It is studied in
[Tin] where the author proves that it gives precisely the Kauffman-bracket relation under
the Reshetikhin-Turaev functor, whereas the usual coribbon functional gives relations
which differ by a sign, and give the Jones polynomial after writhe renormalisation. O

Definition 1.2.31: The quantum plane A32 is the free k-algebra generated by x and y
modulo the relation yz = ¢*zy. It is an O, (S Ls)-comodule algebra with

a(av)=(=u)s (0 ])

on generators.

Its subspace of homogeneous polynomials of degree n forms a sub-comodule which we

denote V.

In particular the generators span the comodule V; which we abbreviate V' and call the

standard co-representation of O, (SLs). It is more conventional to call its basis vy =

and v_ = y. This comodule is self dual. The left dual V* of V' has basis v} and v*, and
vV =

one has an isomorphism of O, (SLs)-comodules ¢ : { v, —q2ut . &
v_ > q%vi

Proposition 1.2.32 (see VIL.7.1 and VIL.5.1 in [Kas95]): For n > m € N, the
comodule V,, ® V,,, splits as the direct sum

Vn®vm2 n+m@vn+mf2®"'®vnfm .

Proposition 1.2.33: The O2(SLy)-comodules V,,, n € N, are all the simple O2(SLy)-
comodules. Moreover, the categories Oy (S La)-comod and O (S La)-comod’™ are semi-
simple, namely any O2(SLy)-comodule splits as a direct sum of V,,’s.

PROOF : The statement for finite comodules is classical, see [KS97, Section 4.2.1]. The
extension to all comodules simply comes from the fact that any element of a comodule
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lives in a finite dimensional subcomodule [Swe69, Theorem 2.1.3 b)| and thus in a direct
sum of simples. Finally, a module is semi-simple if and only if it is the (non-direct) sum
of its simple submodules, see [AF92, Theorem 9.6]. O

Using the Proposition we can show that the comodule V®" has one simple compo-
nent isomorphic to V,, . Hence the standard co-representation V' generates all comodules
V,, and hence all comodules under tensor product, direct summand and direct sum. These
results are sometimes better known in the U,2(SLs)-modules point of view.

Definition 1.2.34: The Hopf algebra U,2(SLy) is the k-algebra with:

generators E F,K
. _ K—-K!
relations KE =¢'FK, KF=q*FK and EF —FE = i
coproduct : AK)=K®K, AE)=1FE+E®K, AF)=K'@F+F®]1
counit : e(K)=1land e(E)=¢(F)=0
antipode  : S(K)y=K', S(F)=-FK'and S(F)=-KF O
Definition 1.2.35: The left U2 (SLy)-module V. ,, is the vector space of dimension n+1
" 0 e 0 0 [n]e 0
] 0 q2(n—2) : : :
on which U (SL,) actsas K = + B =
: .0 : 1
0 - 0 q—2n o --- 0
0 : 0
. : 2n _ —2n
and F = + Mg ™ " |, where [n],2 = %
R qa —4q
0 ]z 0
The modules of the form V, ,, are called of type 1, and the others are discarded here. The
module V ; is denoted V' and called the standard representation of Uy (SLs). &

Definition 1.2.36: An U,2(SLy)-module W is called locally finite if for each w € W, its
orbit Uy (SLs) - w forms a finite dimensional vector space. In other words, if W is the
union of its finite dimensional submodules. &

Proposition 1.2.37 (Theorem VII.2.2 in [Kas95]): The Uz (S Ls)-modules
Vin, n € N are all the locally finite simple Up(SLy)-modules.  Moreover, the
categories of finite and locally finite left Uy (S Ly)-modules are semi-simple.

Their full subcategories generated by direct sums of simple modules of type 1 are still semi-
simple, and closed under tensor product. We denote Uz (S Ly)-mod' and Uy (S Ly )-mod’™
will represent these full subcategories of respectively locally finite and finite modules of

type 1.

Definition 1.2.38: We can define a dual paring, namely a non-degenerate bilinear form
() :U2(SLy) @ Op(SLy) — k satisfying
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o a b (¢ 0 a b (01
It1Sglvenongeneratorsby<K,(C d>>_<0 q_2>’<E’<c d>>_<0 0>

a b 00
and <F, d =10/
A right Op2(SLy)-comodule structure on some vector space W induces a left Uy (SLo)-
module structure by x - w = wq).(x, we)) , © € Up(SLy), we W. O

Proposition 1.2.39: This correspondence induces equivalences of categories
O, (SLy)-comod’™ ~ Upz(SLy)-mod’™ and Op(SLy)-comod =~ Up(SLy)-mod!
between right O,z (SLy)-comodules and type 1 locally finite left Uy (S La)-modules.

The simple comodules V,, are mapped on the simple modules V. ,,.

PROOF : The equivalence between locally finite modules on a Hopf algebra and comodules
on its restricted dual is given in [Abe80, (3.3) p.126] and the link between O,.2(SLs) and
the restricted dual U2 (SLy)° of Up(SLs) is given in [Tak02, Theorem 7.9]. Namely,
Op2(SLy) is a sub-Hopf-algebra of Uy (SLy)°. The standard co-representation is mapped
on the standard representation and the simple comodules V, on the simple modules V. ,,
see [Kas95, VIL.5.1]. The correspondence preserves direct sums (it is the identity on vector
spaces) hence maps direct sums of V,,’s to direct sums of V, ,’s. 0

Note that this correspondence also preserves the monoidal (and actually ribbon) structure.

We are now ready to study the skein theory associated with V = O2(SLy)-comod’™.
In this case, we have seen in Definition that the standard corepresentation V' is
isomorphic to its dual V* in V by . Thus one gets an identification (V,+) ~ (V, —) by
the coupon ¢ in the skein category of any surface. Sliding this coupon along a strand
changes the orientation of the strand. Consequently, one can switch signs of points and
orientations of strands. In this example, we can stop mentioning orientations and talk
about unoriented framed tangles. The Reshetikin—Turaev functor is still well-defined on
unoriented framed tangles, see |[Tin, Theorem 4.2]. An unoriented tangle gives a ribbon
graph by choosing an arbitrary orientation, coloring every strand by V' and replacing V*’s
imposed on the boundary points by V’s using ¢ or ¢~!. For example, for the unoriented
cap M one can orient it either as pointing to the left or to the right, so one has to check
that RT'(+ ) o (p ® Idy) = RT(7\) o (Idy ® ¢). Note that this would not hold with
the “standard” coribbon element in O (SLs), and our choice is important.

Proposition 1.2.40: Let RTy : Tan/munoriented s O 5(S Ly)-comod’™ be the functor
with RTy(4+) = V the standard co-representation given in Theorem and [Tin,
Theorem 4.2]. Then,

«_»
RTy E = q.RTy ) ( +q L.RTy and
e

RTV O = (—q2 — q_Q).RTV

In particular, the invariant of framed links obtained from RTvy is the Kauffman bracket.
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Proposition 1.2.41 ( [MM92,|ALZ15] or Theorem 3.3.4 in |[CFS95|): The alge-
bra Homy,(V®™ V™) is isomorphic to the Temperley-Lieb algebra TL,, as defined in
[Tur94, Section XII.3]. The full subcategory of V of objects of the form V& n € N, is
equivalent to the category Temperley—Lieb T'L, defined in [Tur9j), Section XII.2].

In the following, we will call this full subcategory T'L.

Theorem 1.2.42: Let n.V and m.V be two objects of Sky(X) given respectively by n
and m points colored by V. Any morphism in Homgg, ) (n.V,m.V) can be represented
by a linear combination of unoriented tangles. Moreover, two linear combinations of
unoriented tangles represent the same morphism in Homgy,(s)(n.V,m.V) if and only if
one can get from one to another by a sequence of isotopies and Kauffman bracket skein
relations.

Said differently, the category Skrp(X) is a full subcategory of Sky(3).

PROOF : In the case of ¥ = R?, one has Sky(R?) ~ V and n.V ~ V®" and the result
follows from the proposition above.

On a general surface X, on each connected component one can pull every coupon of a
given ribbon graph inside a disk on I, so there are only strands outside this disk. The
color W of such a strand embeds in some V®" and adding the coupons W — V& — W
and sliding the second across the strand, one can have only strands colored by V®" outside
the disk. Finally the part on the disk can be represented by a tangle by the result on R2.
For the second part, we want to say that all relations happen in R?, where we know
that the only relations are isotopies and Kauffman bracket skein relations. Skein relations
happen in R? x [0, 1] by definition, and isotopies (which, in our smooth setting are ambient
isotopies) can be decomposed into a composition of “local” isotopies, each supported over
a disk [EK71, Corollary 1.3]. O

1.3 Topological Quantum Field Theories

A Quantum Field Theory in physics is a model that should associate to a space M
(which we think of as our universe) a vector space Z(M) (actually a Hilbert space) of
physical states on M, and to a space-time W linking two spaces M and M’ a time-
evolution operator Z(W) : Z(M) — Z(M’). The precise notion of a Quantum Field
Theory is not figured out mathematically yet, but we have a definition when we assume
that the theory is topological, i.e. Z(W) depends on W only up to diffeomorphism.

Definition 1.3.1: Let M and M’ be closed oriented n-manifolds. A cobordism from M
to M’ is a compact oriented (n + 1)-manifold W together with a decomposition of its
boundary into two unions of connected components 0T W, 9~ W, an orientation reversing
diffeomorphism 0~W — M and an orientation preserving diffeomorphism oW — M.

A diffeomorphism between two cobordism W, W’ from M to M’ is a diffeomoprhism
¢ : W — W’ preserving the identifications of the boundary with M and M’. &

Definition 1.3.2 ( [Ati88]): An (n+ 1)-TQFT is a symmetric monoidal functor
Z : Cob,,; — Vect;,.
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where Cob,,;; is the category whose objects are closed oriented n-manifolds M, M’, ...
and whose morphisms M — M’ are diffeomorphism classes of cobordisms. The identity
cobordism is the cylinder M x [0, 1] and composition is given by gluing, which admits a
unique smooth structure up to diffeomorphism. It is symmetric monoidal with disjoint
union. Vecty is the category of vector spaces over a fixed field k and linear maps. It is
symmetric monoidal with tensor product. &

Remark 1.3.3: The index n+ 1 in Cob,,,; is subject to some disagreements in the liter-
ature. In particular our notation disagrees with the one of [Juh18] which we will refer to
extensively in the rest of this section. We make the consistent choice of always referring
to the highest dimension present. We will also sometimes say 4-TQFT for (34+1)-TQFT,
and such. <&

Example 1.3.4: Fix A € k*. The Euler characteristic TQFT assigns the vector space k
to every n-manifold M and the linear map which is multiplication by the scalar AX(W)=x(M)
to a cobordism W : M — M’. O

In the non-semisimple case, we will sometimes need a notion of partially-defined TQFT.

Definition 1.3.5: The category of non-compact cobordisms Cob), , is the subcategory of
Cob,,;; with the same objects and with morphisms the cobordisms that have non-empty
incoming boundary in every connected component (said differently, mo(0~W) — mo(W)
is surjective). It is still symmetric monoidal with disjoint union.

A non-compact (n + 1)-TQFT is a symmetric monoidal functor Z : Cob;" ; — Vecty. <

1.3.1 Diffeomorphisms and handle attachments as cobordisms

There are two particular kinds of cobordisms that, we will see, generate every cobor-
dism: mapping cylinders of diffeomorphisms and handle attachments.

Definition 1.3.6: Let f : M — M’ be an orientation-preserving diffeomorphism. The
mapping cylinder of f is the cobordism Cy = M x [0, 1] with boundary decomposition
0-Cy = M x {0} "2 M and 9+C; = M x {1} £ M.

The gluing of two such mapping cylinders is diffeomorphic to the mapping cylinder of the
composition of the diffeomorphism. Hence this construction gives a symmetric monoidal
functor Man,, — Cob,,;, where Man,, is the category of oriented closed n-manifolds
and diffeomorphisms. This functor is constant on isotopy classes. &

Definition 1.3.7 (Definition 1.2 of [Juhl18]): Let M be a closed oriented n-manifold
and 0 < k <n-+1. A framed (k — 1)-sphere in M is an orientation preserving embedding
S: 8kl x D17k < M. The k-handle attachment along S is the cobordism

W(S) = M x [0,1] Us D¥ x D"*
with 0"W(S) = M x {0} and 0TW(S) is the complement in the boundary, denoted

M (S). It can be endowed with a smooth structure unique up to diffeomorphism (see for
instance [Mil65, Theorem 3.13]). We call M (S) the surgery of M along S. It is obtained by
removing the image of S in M and gluing D* x S"~* at the created S* x S"~* boundary.{

1.3.2 Presentation of the (n + 1)-cobordism category

A generator and relation presentation of the (n + 1)-cobordism category is given in
[Juh18]. The (3+1)-TQFT constructions given in Chapter [3| will use this work.
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Let G be the directed graph with vertices closed oriented n-manifolds and with edges an
edge eq : M — M’ for every diffeomorphism d : M — M’ and an edge eys : M — M(S)
for every framed (k — 1)-sphere S in M.

Let G" be the subgraph of G obtained by removing the edges ej;s where S is a —1-sphere
(so removing 0-handles). Let F(G) (resp. F(G")) be the free category generated by G
(resp. G"°). It is symmetric monoidal with disjoint union.

In |Juhl8 Definition 1.4] Juhdsz considers a set of relations R in F(G) which we

recall now. If w and w’ are words consisting of composing arrows, then we write w ~ w’

if (w,w’) € R.

(R1) For composable diffeomorphisms d and d’ we have the relation ego ~ €4 0 €. For
d: M — M a diffeomorphism isotopic to the identity we have ey ~ Id,;, where Id,,
is the empty word.

(R2) If d : M — M’ is an orientation preserving diffeomorphism between 3-manifolds
and S a framed sphere in M then let S’ = d o S be the framed sphere in M’; then
let d® : M(S) — M'(S') be the induced diffeomorphism. Then the commutativity
of the following diagram defines a relation:

em,s

M= ()
€dq €4S

M NS,

(R3) If S,S" are disjoint framed sphere in an oriented 3-manifold M then M (S)(S') =
M (S')(S) and we denote this 3-manifold by M(S,S’). The commutativity of the
following diagram defines a relation:

eM,s

M —5 M(S)
€nm,s’ eM(s),s!

M(S) 229s, s,

(R4) Let S be a framed k-sphere in M and S’ a framed k'-sphere in M (S). If the attaching
sphere §'(S* x {0}) C M(S) intersects the belt sphere {0} x S~**+2 ¢ M(S) once
transversally, then there is a diffeomorphism (well defined up to isotopy) ¢ : M —
M(S,S’) (defined in Definition 2.17 of |[Juh18]) and the following is a relation:

EM(S),S' O EM,S ™~ €p.

(R5) If S : S¥ x D** < M is a framed k-sphere then there is a relation ey s ~ ey s
where S is the framed k-sphere given by S(x, y) = S(r441 (), 751 (y)) with z € S* C
RFL gy e D3F CR3F and 7 (21, 20, . ., ) = (=21, T2, .., ).

Let R™ be the subset of R consisting of relations where all involved edges are in G"°.
Recall that given a category C and a set of relations ~ on its morphisms, the quotient
category C/ ~ has the same objects as C and equivalence classes of morphisms of C as
morphisms.
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Theorem 1.3.8 (Theorem 1.7 of |[Juh18|): The functor ¢ : F(G) — Cob, 1 which
is the identity on objects and maps an edge eq to the mapping cylinder Cy and an edge
enms to the handle attachment W(S) induces an isomorphism of symmetric monoidal
categories

I(g)/R — CObn+1 .

Theorem 1.3.9: The restriction of the same functor ¢ : F(G") — Coby-, induces an
isomorphism of symmetric monoidal categories

F(G")/R"™ — Cob;",.

PROOF : This follows from Juhész’s argument using parameterized Cerf decomposition.
The fact that 0-1-handle cancellations can be avoided so that one only needs to consider
the equivalence relation generated by R" is stated in [Juhl8, Theorem 2.24]. For an
argument directly based on the statements of Juhasz’s theorems one can easily translate
in dimension 4 the one made in dimension 3 of [CGPVb|, Corollary 4.3]. U

1.4 Semisimple skein TQFTs

We recall here the constructions of skein-theoretic TQFTs coming from semisimple
ribbon categories |[RT91,/Tur94, CY93,|CKY97]. We use a slightly unusual point of view
to emphasize the relation between Crane—Yetter and Witten—Reshetikhin-Turaev TQFTs
associated with the same ribbon category. Most proofs are special cases of the non-
semisimple cases that will be studied in greater detail in Chapter [3], and we do not
rewrite them. Note that, even though we refer to our work for the proofs, the semisimple
constructions preexisted.

1.4.1 Algebraic data

Let k be an algebraically closed field and let C be a ribbon fusion k-linear category
in the sense of [EGNO15]: a finite semisimple abelian ribbon category which is k-linear,
whose tensor product is bilinear, and such that Ende(1) = k. Idy. We denote by O(C) the
set of isomorphism classes of simple objects of C. By assumption, it is finite, and every
object of C is isomorphic to a finite direct sum of simple objects.

Definition 1.4.1: Let C be a ribbon fusion category and 57, ..., S, be representatives of
O(C). We set G := @;5; and call it the generator. We define

c=@;qdim(S;)Idg, : G - G
and call it the Kirby color. We call global dimension of C the scalar

d(C):= > qdim(S;)* = tr(c).

1<i<n

We call C chromatic-non-degenerate if d(C) # 0. It is automatically true if k is of charac-
teristic 0 by [EGNO15, Theorem 7.21.12].
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We call Gauss sums of C the scalars Ay := tr(6% o c). We call C twist-non-degenerate if
they are both non-zero.

We call C modular if the matrix S = (tr(cgjlvsi o Cg,,5;))o<ij<n is invertible. This implies
chromatic-non-degenerate by [EGNO15| Proposition 8.14.2] and twist-non-degenerate by
[EGNO15| Proposition 8.15.4].

We call an object X € C transparent if for every Y € C we have c{/}X ocxy = ldxgy. We
call Miger center Mii(C) the full subcategory of transparent objects of C. By [EGNO15,
Proposition 8.20.12] C is modular if and only if it has trivial Miiger center, namely every
transparent object is isomorphic to a direct sum of the unit 1, so Mii(C) ~ Vect{’. ¢

Definition 1.4.2: Let X, Y be objects of C. We have a non-degenerate pairing
Home(X,Y) ® Home(Y, X) — k

(f .9 = tr(fog)
We denote Qxy € Home(X,Y) ® Home(Y, X) the associated copairing, namely
Oxy=> ¢ @¢
J

for some pair of dual basis (¢;); of Home(X,Y) and (¢7); of Home(Y, X). We abbreviate
QX = QX,]l'

1.4.2 Crane—Yetter (3+1)-TQFTs

Let C be a chromatic-non-degenerate ribbon fusion category. We define a (34+1)-TQFT
CY¢ : Cobs,; — Vecty by using Theorem We do not give the historical state sum
definition of Crane and Yetter [CY93| (extended to possibly non-modular categories later
in [CKY97]), but a skein-theoretic one. Both approaches match using Robert’s chain-mail
construction, see [Tha2l| for an account in this context.

We start by defining the state spaces.

Definition 1.4.3: Let M be a closed oriented 3-manifold. The C-skein module Ske(M)
of M is the vector space generated by isotopy classes of C-colored framed ribbon graphs
in M modulo skein relations, namely the skein module with empty boundary conditions
from Definition [1.2.17] &

Skeins, as embedded ribbon graphs, transport naturally under a diffeomoprhism M — M’.
The relations being local, one can easily check that Ske(M; U M) ~ Ske(My) @ Ske(Ms).
This construction gives a symmetric monoidal functor Ske : Mang — Vect,. We now
simply have to describe maps associated to handle attachments.

Definition 1.4.4 (The 0-handle): Let S : ) < M be a framed —1-sphere. The 0-
handle is the cobordism W (S) = D* UM x [0,1] : M — S* LU M. We set

Ske(M) — Ske(S?) @ Ske(M)

CYe(W(S)) : T = d0).0 ® T

where ) denotes the empty skein. O

Definition 1.4.5 (The 1-handle): Let S : S° x D® < M be a framed 0-sphere. The
1-handle is a cobordism W (S) : M — M(S) where M(S) is obtained from M by removing
the two balls S and joining them by a [0, 1] x S?. For T' € Ske(M), one can isotope T' so
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that it does not intersect S. This gives a skein in Ske(M \S). As M \ S is a submanifold
of M(S), it transports to a skein 7" € Ske(M(S)). See Figure [1.4 We set
1
CYe:(W(S)WT) = ——T".
This process is well-defined because two skeins avoiding S that are isotopic in M are also
isotopic by an isotopy in M ~ S. &

&
1
Hd@u

Figure 1.4: The 1-handle

Definition 1.4.6 (The 2-handle): Let S : S' x D? — M be a framed 1-sphere. The
2-handle is a cobordism W (S) : M — M(S) where M(S) is obtained by doing surgery on
M along S, namely removing S and gluing back another solid torus but switching meridian
and longitude. We call [ = S(S* x 1) € 9(M \'S) the longitude and m = S(1 x S*) C
O(M N S) the meridian. The meridian (in red in Figure bounds a disk in M, but may
not bound one in M(S), and the opposite is true for the longitude (in dark purple).
Again a skein T can be pushed to a skein 7" disjoint from S, and is mapped to itself union
a copy mg, of the meridian colored by the generator G and with a single coupon colored
by the chromatic morphism c, see Figure [I.5] So

CYe(WS))(T) = T' Ums, .

This process is well-defined by Proposition [3.4.2, in the special case of a semisimple
category. &

Definition 1.4.7 (The 3-handle): Let S : S? x [ < M be a framed 2-sphere. The
3-handle is a cobordism W (S) : M — M(S) where M(S) is obtained by cutting S at the
middle sphere S? x {3}, and filling both sides with a 3-ball.

This time in general a skein cannot pushed to be disjoint from S, as it may go through
it. It can however be isotoped to be transverse to S? x {%}, and (fusing tensor products)
to have only one strand going through it.

A skein T C M with only one transverse intersection with S? x {3} at a strand colored
by an object X is mapped to a linear combination of skeins obtained from 7' by cutting
the strand X and adding two coupons on either sides. These coupons are colored by 2x.

Writing Qx = 3°; ¢; ® ¢/ as in Definition [1.4.2] we set

CY:(W(S)(T) =3T3

46



BENJAMIN HATOUN CHAPTER 1. LOW-DIMENSIONAL TOPOLOGY

=
=
&

Figure 1.5: The 2-handle

where T¢"" is the skein T, cut at T'N S? x {3}, filled with two coupons (so now living in

M(S)) couloured by ¢; and ¢/, see Figure .
This process is well-defined by Proposition [3.4.3, in the special case of a semisimple

category. &

O
=44

Figure 1.6: The 3-handle

Definition 1.4.8 (The 4-handle): Let S : S* < M be a framed 3-sphere. It has to be a
connected component of M diffeomorphic to S3. So up to diffeomorphism we can consider
that M = S3UM’. The 4-handle is the cobordism W (S) = D*UM’x[0,1] : S*UM’ — M.
We set

SkC(S3) & Skc(M’) — Skc(M,)

CYeWES): 0 " g L RT(D).T

where RT¢ is the Reshetikhin—Turaev evaluation. &

Theorem 1.4.9 (special case of Theorem [3.4.4)): There exists a unique TQFT,
called the Crane—Yetter TQFT associated with C,

CYe - COb3+1 — Vecty

which coincides with Ske on Mang and with the definitions of CYe(W(S)) given above
on handle attachments.
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The fact it does coincide with the usual definition of the Crane—Yetter TQFT using
state sums is shown in Theorem using Robert’s chain-mail construction as detailed
in [Tha21].

Remark 1.4.10: It is strongly expected [Walbl,Joh21,BJS21Tha21| that the Crane—Yetter
theory extends down and assigns values to surfaces (and actually 0 and 1-manifolds)
and is functorial with respect to 3-cobordisms and 4-cobordisms with corner. A more
precise notion of extended TQFT will be introduced in Chapter 2] The expected values
of the Crane—Yetter theory on surfaces are skein categories described in Section [I.2.2]
3-dimensional cobordisms induce some kind of bimodule between skein categories via the
skein module functor construction [Walbl/GJS23||/Tha21].

1.4.3 Witten—Reshetikhin—Turaev (2+1)-TQFTs

In this section we pick a ribbon fusion category C which is modular. In this case, it is
known that the Crane—Yetter TQFT described above is very simple: every state space is
one-dimensional, and the scalar invariants associated with 4-manifolds depend only on the
Euler characteristic y and the signature o, see Theorem and [CKY97, Proposition
6.2]. However, there is still an interesting theory living “at its boundary” Again, this
point of view is not the historical definition of [RT91, Tur94], but was developed later by
Kevin Walker to understand the anomaly of Witten—Reshetikhin-Turaev theories.

Remark 1.4.11: In every state space Skc(M) of the Crane—Yetter TQFT, there is a
canonical vector given by the empty skein, denoted (. <&

Definition 1.4.12: Let M be an oriented closed 3-manifold and W a bounding 4-manifold.
We define a scalar invariant of pairs (M, W) as:

W RTe (M, W) = CYz(W)(0)

To obtain a (2+1)-TQFT we expect an invariant of closed 3-manifold, not depending on
the data of a bounding 4-manifold. It is possible to renormalize the contribution of the
4-manifold W because the Crane—Yetter TQFT is very simple for a modular category C.

Theorem 1.4.13 (special case of Theorems and [3.3.3): Let M be an ori-
ented connected closed 3-manifold. It is obtained from S® as surgery on some link L.
Denote W : M — S3 the 4-cobordism obtained by composing the 2-handles described
by the link L. Denote W : M — () the 4-cobordism obtained by composing W with the
4-handle D* : S3 — 0. Choose 9 a square root of d(C). Then

WRIe(M) = x<W>+o<W)gi 1><<W> o (W)= rOYe(W)(0)
A+ A~

= ( ) CYC W) (®)

is a well-defined invariant of 3-manifolds, and does not depend on the choice of L and
hence of W. (Note that X M and w are integers)

Remark 1.4.14: We have added a factor 27'""(M) to the definition of Theorem [3.3.2]
so that our invariant coincides with the usual definition of [Tur94, Theorem 2.2.2]. The
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first expression emphasizes that the choice of & is unnecessary to define the 3-manifold
invariant (and is not made in Theorem [3.3.2)).

The second expression emphasizes that the factor in front of C'Yz(W)(0) is here to
renormalize the contribution of the choice of W. Since in this case the Crane—Yetter 4-
manifold invariant depends only on the Euler characteristic xy and the signature o, we only
need these two factors AXp?. Indeed for any two choices W and W’ of bounding manifolds
for M, the maps CYz(W) and CYz(W') differ by a scalar \XX(W)=x(W) ,o(W)=o(W") "g6 that
A XW) =eW)CYL (W) is independent of the choice of .

Note that there are no closed 4-manifolds with signature 0 and Euler characteristic
1 (they always have same parity) so we cannot find the appropriate coefficients A\ and
w1 simply by evaluating the Crane—Yetter TQFT on some 4-manifolds and one needs to
make a choice of square root. For example, taking W’ = W LU S* above we obtain that
A2 = CYe(S8*) = d(C) and taking W’ = W U CP? we obtain that My = CYe(CP?) =
d(C)A,, but we cannot get any other condition. These condition will determine an index
2 lattice for the values of x and o, and we have the choice of a square root for \* = d(C).<

The WRT TQFT is then usually obtained from this 3-manifold invariant through a
process called the universal construction, see [Tur94, BHMV95]. We can describe them
alternatively using the expected extension of the Crane—Yetter theory to dimension 2 by
skein categories.

Remark 1.4.15: In every skein category Ske(X) there is a canonical object given by the
empty set of points. &

Definition 1.4.16: Let > be a closed oriented surface and M a bounding 3-manifold.
We define the state space as the relative skein modules defined in Definition [1.2.17]

W RT.(S, M) := Ske(M, 0)

Again, these vector spaces depend only mildly on the bounding manifold M, and any two
choices give isomorphic state spaces. However, one needs to track these isomorphisms,
and there is no purely canonical way of defining W RT(X) as there was for the scalar
invariant above. The WRT TQFT will in fact not be a TQFT in the usual sense, but
be anomalous. It is sometimes said that the Crane—Yetter TQFT is the anomaly of the
WRT TQFT. We will not recall in detail how to fix this anomaly. The following theorem
follows from |[Tur94]. For a more modern treatment closer to the point of view we have
used here see [De 17, Chapter 1].

Theorem 1.4.17: There exists a symmetric monoidal functor
W RT : Coby,q — Vecty

where C’NonH is the category of surfaces equipped with a Lagrangian in their first ho-
mology group, and 3-cobordisms equipped with an integer. Composition is given by usual
composition and adding the integers plus the Maslov index of the three featured La-
grangians.

It satisfies that for a closed 3-manifold M equipped with the integer 0, the scalar
W RT:(M,0) coincides with W RTe(M) defined above, and for a closed surface ¥ equipped
with a Lagrangian L, the vector space W RT¢ (X, L) is isomorphic to W RT¢(%, M) for
any choice of bounding 3-manifold M.

49



A HIGHER ALGEBRAIC APPROACH TO NON-SEMISIMPLE QUANTUM INVARIANTS

Remark 1.4.18: From our point of view, we can interpret the extra data in the definition

of Cobsy,; as coming from bounding manifolds, though we only remember the data needed
to renormalize the contribution of the bounding manifold. This way, Lagrangians L C
H,(X) correspond to the choice of a bounding 3-manifold M with L = ker(H;(X) —
H{(M)). The integer that 3-cobordisms are equipped with corresponds to the data of
the signature of a bounding 4-manifold. The reason we have to keep track of this data is
that two 4-manifold with corners with signature 0, glued on a corner surface, may give a
4-manifold of non-zero signature. The Maslov index computes precisely this defect. On
the other hand, the Euler characteristic glues very nicely, and actually the whole Crane—
Yetter TQFT can be twisted to not depend on the Euler characteristic, see Proposition

3.4.7 &

Remark 1.4.19: The observation that WRT can be obtained from Crane—Yetter in this
way is due to Kevin Walker, though the full construction is not formalized yet. Chapter
is an attempt towards a formalization. &

1.5 Non-semisimple skein theory

When the category C is no longer supposed to be semisimple, a lot of the techniques
above fall apart. One can check that if C is ribbon tensor and not semisimple, then the unit
1 is not projective [EGNO15| Corollary 4.2.13]. Every projective object has 0 quantum
dimension [GKP11, Corollary 4.4.2 with J = 1]. The Reshetikhin-Turaev invariant of any
closed C-colored ribbon graph containing some projective color is zero [GKP11, Theorem
1.4.1 (2) with J = 1] and the trace pairing is degenerate. There is however a way of
obtaining information from these graphs with projectives, which we present here.

1.5.1 Non-degenerate modified traces

We use the notation and terminology of [CGP]. Let C be a ribbon tensor category.
Recall that in [EGNO15| a tensor category is defined as a locally finite k-linear abelian
rigid monoidal category with End¢(1) = k.

Definition 1.5.1: Let Proj be the ideal of projective objects of C. A mnon-degenerate
m-trace on Proj is family of linear maps t = {tp : Ende(P) — k}pepro; satisfying the
following properties:

1. Cyclicity: For all U,V € Proj and morphisms V' ER U, UV, we have ty(gf) =
tr(fg)-

2. Right partial trace: If U € Proj and W € C, then for any f € End¢(U @ W),

trew (f) =t (([dy ® evw)(f @ Idw-)(Idy ® coevi)). (1.1)

3. non-degeneracy: For any P € Proj, the pairing Hom¢(1, P) ®, Home (P, 1) — k
given by (x,y) — tp(x oy) is non-degenerate. &

Note since C is ribbon the m-trace also satisfies the left partial trace property similar to
Equation (|1.1)).
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Definition 1.5.2: Let Ribgdm be the subset of all closed C-colored ribbon graphs in S3
obtained as the braid closure of a (1,1)-ribbon graph Tp» whose open edge is colored with
an object P € Proj. Equivalently it is the set of C-colored ribbon graphs in S?® with at

least one edge colored by a projective object. The elements of Ribgdm are called admissible

ribbon graphs in S3. &

Recall that RT¢ is the Reshetikhin-Turaev functor from the category Rib¢ of C-colored
ribbon graphs in R? x [0, 1] to C.

Theorem 1.5.3 (see |GPT09, GP18]): The assignment
F': Rib™ — k given by F'(L) = tp(RT¢(Tp))

is an isotopy invariant of C-colored ribbon graphs L in S®.

Definition 1.5.4: A category is unimodular if its unit object has a self dual projective
cover. o

Theorem 1.5.5 (Corollary 5.6 in [GKP22|): IfT is unimodular and pivotal then it
has a unique (up to scalar) non-degenerate m-trace on Proj.

1.5.2 Admissible skein modules

The invariant of ribbon graphs defined above is only defined for graphs that have at
least one projective color: the elements of Ribgdm. We can define the appropriate notion
of skein relations and skein modules for these admissible graphs.

Definition 1.5.6: Let M be a compact oriented 3-manifold. An admissible ribbon graph
in M is a C-colored ribbon graph in M where each connected component of M contains
at least one edge colored with a projective object.

A projective skein relation is a skein relation as in Definition [I.2.17] namely a linear
combination of admissible ribbon graphs Y, A\;T; is equivalent to 0 if they agree outside a
cube ¢ and evaluate to 0 inside the cube, but with the extra condition that each T; must
have some projective-colored strand not entirely inside the cube ¢.

The quotient of Ribgdm(M ) by projective skein relations is called the admissible skein

module Se(M) of M[| %

Theorem 1.5.7: If C is finite, for any oriented compact 3-manifold M the vector space
Fe(M) s finite dimensional.

PROOF : In the case of surfaces this theorem is [CGP, Theorem 5.10]. Let M be a
connected 3-manifold, decomposed into one O-handle, g index 1 handles, and some index
2 and 3 handles. Then (M) is generated by admissible skeins in the genus g handlebody
H, formed by the handles of index 0 and 1. Then we conclude by observing that H, =
Y x [—1,1] for some orientable surface ¥, therefore dim.“¢(H,) = dim (X)) < oc.

1Since we only work with the ideal of projective objects, in this manuscript, we denote by .7¢ the
skein module Sp,o; of [CGP].
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Finally for non connected manifolds the skein modules are tensor products of those of the
connected components. [

y |[CGP| Proposition 2.2] the assignment M — .%-(M) extends to a functor
Se - Emb,, — Vecty

where Emb,, is the category whose objects are oriented n-dimensional manifolds and
morphisms are isotopy classes of orientation preserving proper embeddings.

1.5.3 DGGPR (2+1)-TQFTs

A (241)-TQFT was built in [DGG™22] using some of the techniques introduced above.
They are expected to be related to the non-semisimple TQFTs of [BCGP16|, and they
share similar features. These TQFTs are anomalous in the same way WRT TQFTs
are. They are not defined on the usual category of cobordism but on a category of
cobordisms with extra structure which corresponds to the data needed to renormalize
the contribution of a bounding manifold. In the semisimple case this contribution was
noticed to correspond to the Crane—Yetter TQFT by Kevin Walker, but the analogous
(3+1)-TQFT for non-semisimple categories was only introduced later in [CGHP| (and is
the subject of Chapter [3). The [DGG22] and [BCGP16] TQFTs are also non-compact.
This means that they are not defined on the whole category of cobordisms, but only for
some class of admissible 3-cobordisms.

Definition 1.5.8: The category (foT)ZL is the subcategory of 6\062+1 containing every
object and only those 3-cobordisms that have 1ncom1ng boundary in _every connected

component. Said differently, M : ¥ — ¥/ in Cob2+1 belongs to Cob2 41 if and only if
mo(X) — mo(M) is surjective. &

Theorem 1.5.9 ( [DGGT22]): Let C be a finite ribbon tensor category which is modu-
lar in the sense that it’s Miiger center is trivial. Then there exists a symmetric monoidal

functor
DGGPRe : C’ob2+1 — Vecty

We can identify part of their construction as in Theorem [1.4.17}

Theorem 1.5.10: The state space DGGPR¢(X) on a closed surface ¥ is isomorphic to
the admissible skein module S¢(H) where H is a bounding handlebody.

Note that a surjection 7 : S(H) - DGGPR¢(X) was already constructed in [DGG™22,
Proposition 4.11] (in our case bichrome graphs can be turned blue by [DGG™22, Lemma
4.5]). We give another isomorphism below, but our proof in particular implies that 7 is
an isomorphism.

We will first need a lemma which gives a more explicit description of .7 (H).

Lemma 1.5.11: Let C be a ribbon tensor category and H a genus-g handlebody. Then
there is a vector space isomorphism

Fe(H)~ (@ Home(PL® P} @ ® Py @ Py, 1)) /((f,1d) ~ (Id, f*), f : P, — P])

(P;);€Proj9
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where for f: Pi— Pl and ) : PQPf @ QP @ P ®--® Py® Py — 1, the relation

)

(f,1d) ~ (Id, f*) denotes the usual “coend” relation

Ypo(ld@ - @ f@ldp®@ - ®@Id) ~¢o(ld®-- @ Idp, @f* ®---®1d) .

PROOF : Denote by £, the vector space on the right hand side.

Observe that H is a thickening of a g-punctured disk D, hence .7¢(H) ~ 7¢(D,) as
defined in [CGP]. Choose disjoint arcs 71, ...,7, joining each puncture to the boundary.
Cutting along these arcs gives a disk D = D, \ (U;;).

There is a map £, — .“¢(D,) which maps a morphism ¢ to a unique coupon in
D colored by ¢ with g pairs of strand coming out of it, each going around one of the
punctures, so intersecting 7y; once, and colored by F;, as shown below.

It is well-defined because the relations (f,1d) ~ (Id, f*) are satisfied by isotopy and skein
relations in .%¢(D,). We now construct its inverse.

An admissible ribbon graph in D, is said to be in good position if it intersects each
v; transversely and along at least one projective edge.
From an admissible ribbon graph 7" in D, in good position we can obtain an element of
E, as follows. Let P; denote the tensor product of the colors of the edges crossing ;. It is
projective by our assumption. Then, cutting 7" along the ~;’s, we obtain a ribbon graph
T’ in D which can be evaluated to a single coupon ¢. The morphism ¢ has source the
tensor product of the boundary point of 7" and target 1, namely

e PO ® - @FP®F —1.

We need to put every admissible ribbon graph in good position and study the relations
between them.

Consider the vector space Ribgdm(Dg) freely generated by admissible ribbon graphs in D,
which intersect the arcs ~; transversely. It is enough to consider these because generically
every ribbon graph intersects the arcs transversely. The admissible skein module it its
quotient by isotopy and admissible skein relations.

Moreover, generically every isotopy can be decomposed into a serie of isotopies of the
form: 1) isotopies in D, 2) a coupon crossing a 7; and 3) a cup or a cap crossing a ;.
Finally, up to isotopy, every admissible skein relation can be supposed to happen in D.
In other words, .7¢(D,) is the quotient of Ribgdm(Dg) by the equivalence relation generated
by the three isotopy moves described above and admissible skein relations in D.

Now let us produce an admissible ribbon graph in good position from an admissible
ribbon graph 7T in Ribgdm(Dg). Find a projective strand of 7" in D and, doing a snake
move and adding a coupon, produce a strand colored by ) := P ® P* coming out of the
P-strand, and ending with a coupon coevp : () — 1. One could equivalently use the trick
of [DGG™22, Figure 8] to produce a P; strand ending with a coupon ¢. Then drag this
strand to the boundary of D, crossing above every other edge (using braiding coupons)
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and go around the whole boundary, intersecting every ;. The resulting ribbon graph is
in good position and can therefore be interpreted as an element of E,.

We need to show that this process is well-defined on Ribgdm(Dg). Suppose you have
chosen a different projective strand colored by P’, or indeed the same strand at a dif-
ferent place, and that you joined the boundary using a different path. Then one can do
both operations, and have two projective strands going through every 7;. Now one can
undo either of these operations, isotoping the ) or @)’ strand back in its initial position,
and the ribbon graph will stay in good position throughout because there is always the
other projective. This isotopy is obtained as a sequence of relations in E, whenever the
coevaluation coupon crosses a 7;, and the map Ribgdm(Dg) — B, is well-defined.

Now we can check it descends to .7¢(D,). Admissible skein relations and isotopies in
D do not affect p. Coupons, cups and caps crossing a ; are relations in Fy, up to doing
the operation above to ensure that there is always projective intersecting +;.

It is clear from the definition that these two maps are inverses to each other, and we

get the isomorphism. 0

PrROOF (OF THEOREM [1.5.10)): The description above can now more easily be related
to the coend used in [DGG'22]. Remember that the coend % is defined as the colimit

2= xex = (@xec X @ X*)/((£,1d) ~ (Id, f*), f : X = V)

We only consider projectives in our case, but this does not change this colimit, and
&L ~ [PEPI p @ P by [KLO1, Proposition 5.1.7]. Note that by [KLO01, Corollary 5.1.8],
the infinite nature of this colimit is unnecessary, and we could allow only P = G the
projective generator. We will still denote it [F<7™ but it will be useful to remember
that everything is finite.

It is shown in [DGG™22, Proposition 4.17 and Lemma 4.1 at V' = 1] that

DGGPRe(X) ~ (Home(£%,1))" .

Using the definition of the colimit, the vector space Home(-Z®9, 1) is obtained as a limit:
the subspace of the product I Home (P ® Pf ®- - -®@ P,@ Py, 1) of the collection that satisfy
the (f,1d) ~ (Id, f*) relations. The dual of this limit is then (using the fact everything is
finite) the colimit

DGGPRe(R)~( @ Home(P@Pye---@P,@P;, 1)) /{(f,1d) ~ (Id, f*), f : P — P))

(P;)i€Proj9

This is almost the same as the formula we gave for .7:(H), though there are duals. We
have an isomorphism Home (P, @ P ®- - @ Py@ Py, 1)* ~ Home(PL @ Py ®- - @ Py Py, 1)
given by the modified trace paring, and noticing that by design P, ® Py ®---® P, ® P, is
self-dual up to isomorphism. These isomorphisms preserve the (f,1d) ~ (Id, f*) relations,
and induce an isomorphism on the quotient. Hence the result. 0

The TQFT of [DGG'22| is actually defined on a bigger category of cobordisms where
cobordisms have embedded colored graphs. In this case, they give invariants of closed 3-
manifolds M equipped with an admissible ribbon graph T" C M. We will see in Theorem
that this invariant coincides, up to a factor 217" with the one given in Theorem
[3.3.2 for the same C.
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Chapter 2

Higher Algebra

In this second preliminary chapter we will review the higher-algebraic tools that we
intend to use to describe and classify skein-theoretic Topological Quantum Field Theories.
We will recall the general notion of fully extended TQFT and their classification by the
cobordism hypothesis, mostly following [Lur09b].

This uses a fair amount of higher algebra and we will recall as much as is feasible.
The reader unfamiliar with higher category theory may still find interest in the study
of presentable cocomplete categories in Section [2.3.1] and in the explicit descriptions of
objects and higher morphisms of BrTens in Section [2.3.4]

In Section [2.1} we define complete n-fold Segal space, our model for higher categories,
in detail. We give some standard constructions there, in particular the notion of dualiz-
ability in Section [2.1.6] However, we will only give a quick overview of the definition of
higher functors, which relies on model category theory.

In Section [2.2] we recall the broad lines of the construction of the symmetric monoidal
complete n-fold Segal space Bord,,. We state the cobordism hypothesis, and its oriented
version.

In Section we recall the definition of even higher Morita categories Alg,(Pr)
by [Haul7,JS17]. We only sketch Haugseng’s construction of higher Morita categories
which relies on Lurie’s oo-categories and the straightening-unstraightening equivalence.
Note that Haugseng identifies his construction quite well, which we recall. We give in
detail Johnson-Freyd-Scheimbauer’s extension to “even higher” Morita categories. We
recall the explicit description of Alg,(Pr) under the name BrTens from [BJS21]. We
prove in Theorem that this description does recover the underlying bicategories of
Alg,(Pr). Finally we recall the known dualizability results in BrTens.

2.1 Higher categories

Higher category theory is a recent and still under development field. Its starting point
is the study of structures that have coherences up to homotopy, or more generally whose
coherences represent some extra data that should itself be subject to higher coherences.
The initial example is the space of based loop QX on a topological space X. It has a
product given by concatenation of loops, which is associative up to homotopy, namely
there is a path in (2.X joining any two way of parenthesizing a product of loops. Moreover
these associativity-paths are themselves coherent: on a product of many loops, there are
multiple ways to link two parenthesizings, but all resulting associativity-paths are homo-
topic. We say that 2X is an A,.-algebra in the category of topological spaces.
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Now this implicitly uses some extra structure on the category of topological spaces: ho-
motopies. We want to make sense of an equally true statement: the complex of singular
chains Sing(Q2X) on QX forms an A-algebra in the category of chain complexes. But
what is a homotopy in the category of chain complexes? We do know how to make sense
of this (it is a degree 1 map of chain complexes), but these are just examples and we
want to develop a general theory. What is a category with homotopies? How do we say
that a functor (e.g. Sing above) preserves homotopies? One approach that has been
more pursued in the context of algebraic topology described above is the notion of model
categories, where one makes sense abstractly of homotopies and weak equivalences. An
approach which will be more fruitful in our context is to consider that homotopies are
extra data of morphisms between morphisms. In a higher category, there are objects,
morphisms between these objects, morphisms between theses morphisms and so on.

A first model of higher category is that of a topological category. A topological category
C is a category enriched in topological spaces, namely every Hom space Home(X,Y') be-
tween two objects X and Y is equipped with the structure of a topological space, and
composition maps Home (X, Y)xHome (Y, Z) — Home (X, Z) are continuous. Homotopies
(morphisms between morphisms) are then by definition paths in these spaces, and so on.
This notion, though equivalent (in the sense of model categories) to the following, is not
ideal to work with. A better-accepted definition of higher category has been developed
by Lurie in [Lur09a]. It is based on simplicial complexes, hence is more combinatorial by
nature and reflects well the idea of having a combinatorial data of objects, 1-morphisms
between objects, 2-morphisms between 1-morphisms and so on.

Lurie’s notion of oo-category, though important in what follows, does not encapsulate
every example we will be interested in. It is clear in the topological setting: every 2-
morphism (by definition, homotopy) is invertible up to higher homotopy (as a homotopy
can be read both ways). We will be very interested in the case where there are non-
invertible higher morphisms.

We say that a model for higher categories is a model for (0o, n)-categories if every k-
morphism for £ > n is invertible. We will say it is a model for (m,n)-categories if
moreover every k-morphism for £ > m is an identity. In this terminology, topological
categories, and Lurie’s notion of an oo-category, are models for (oo, 1)-categories. There
is a combinatorial model for (2,2)-categories: bicategories, which we will use to describe
dualizability. However, for greater m and n, we quickly run short of combinatorial mod-
els. We will describe below Barwick’s notion of complete n-fold Segal spaces [Bar05],
which is a model for (0o, n)-category, and will be our definition of (oo, n)-category in this
manuscript. We will mostly follow [Lur09b|, |[Schl4a] and [CS19].

2.1.1 Segal spaces

A Segal space is a model for an (oo, 1)-category, developed in [Rez01]. As for most
constructions of models for higher categories, the definition of a Segal space starts with
some usual construction for strict categories, and tries to weaken some conditions and
add some structure to get a category which is only associative up to homotopy.

Definition 2.1.1: Let C be a category. Its nerve N(C) is the simplicial set with N(C)y =
Ob(C) and N (C)y, is the set of tuples of k composable arrows in C. The face maps are given
by either forgetting the first or last arrow, or composing two of them. The degeneracy
maps are given by adding an identity. &
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Example 2.1.2: An element of N(C)3: X 5Y % Z T &

Proposition 2.1.3: The simplicial set N(C) satisfies the strict Segal condition: the
canonical map, called the Segal map,

N<C)n — N(C)l XN(C)o * " XN(C)o N<C)1 )

given by including every (k,k + 1)-edge, 0 < k <n —1, in A, is a bijection.
Moreover, any simplicial space X, satisfying the strict Segal condition is isomorphic to

some N(C).

PROOF : The first statement is simply the definition of N(C),, as tuples of n composable
arrows.

For the second, we construct C as follow:

Its objects are given by Xy, and its morphisms by X;. The source and target of a morphism
is known from the two face maps X; = Xj, and the identities by the degeneracy map
Xo — Xi. The composition law is read in X,. A pair of composable arrows is exactly
an element of X; xx, X; ~ X,. Then two of the face maps X, =+ X; are the given
two morphisms, the third one defines their composition. Unity of identities is given by
degenerate elements of X5, and associativity is read in Xs3. O

In an (o0, 1) category, we want more structure than in a category, higher morphisms, but
in a controlled manner. Every Hom set should now be an (0o, 0)-category, namely a space.
We denote Space C sSet the full subcategory of Kan complexes [Kan57, Definition 1.1]
inside the category of simplicial sets. To avoid confusion with the other types of simplicial
structure, we will often consider them as topological spaces. The set of 0-simplices of a
space X is called its set of points.

Definition 2.1.4 (Definition 1.4 in [CS19]): A Segal space is a simplicial space X, :
A°P — Space satisfying the Segal condition: the canonical map

h h
Xy = X1 X 0 Xx, X1,

is a weak equivalence. &

Remark 2.1.5: Note the homotopy fiber product above. By definition, the inclusion of the
(k,k+1)-edges in A™ induces a map X,, = X; Xx, - Xx,X1. There is always a canonical
map from the usual fiber product to the homotopy fiber product (a homotopy fiber product
X x% Z can be described as the space of pairs of objects of X and Z together with a path
between their images in Y, the usual fiber product includes as the space of trivial paths).
The map displayed above is the composition X,, — X1 X x,- - X x, X1 = Xy xk -+ xk X;.
Note that the second map between the usual and homotopy fiber products would always
be a weak equivalence under the Reedy fibrant hypothesis in [Rez01]. However, following
[Lur09b] and [CS19|, we dropped this hypothesis. <&

The idea is the same as above, X is the space of objects of the category, and X; the space
of morphisms. Source, target, identities are given by structure maps. The composition
law is given by X5 and uses an inverse to the weak equivalence above, so it is only well-
defined up to equivalence. Unity and associativity are no longer strict, but are controlled
through all of the X,’s. All the higher constraints are encoded there.
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Definition 2.1.6: A morphism of Segal spaces is a morphism of simplicial spaces. One
can check that on the strict version a functor is indeed the data of a morphism of simplicial
sets between the nerves. &

Definition 2.1.7: Let X be a Segal space and z,y two point of X, their Hom space is

Homyx (z,y) := {z} x%, X1 x%, {y}.

Note that we allow paths in Xy as morphisms by this homotopy fiber product.
One can extract a usual category from a Segal space X: its homotopy category hi(X).
Its set of objects is the set of points of X, and is has morphisms from x to y the set

Homy, (x)(, y) := mo(Homx (2, y)).

A morphism f € X is said to be invertible if it is in hy(X). We denote X{™ the subspace
of invertible morphisms. &

Remark 2.1.8: In the definition above, we see that whether two objects x,y € X, are
isomorphic cannot be read entirely inside Xj: they may be isomorphic by an isomorphism
in X; which is not realized as a path in X,. This raises a problem. In a Segal space, there
are two ways to encode an isomorphism: as a path in Xj, or as an invertible element of
X;. Therefore, there might be two Segal paces that have non-equivalent spaces of objects
and of morphisms, that actually represent the “same” higher category. The appropriate
notion of equivalence is the following. &

Definition 2.1.9: A morphism of Segal spaces f : X — Y is called a Dwyer—Kan equiv-
alence if it induces an equivalence of categories hy(X) — hy(Y) and weak equivalences
between Hom spaces Homy (x,y) — Homy (f(x), f(y)) for every =,y € Xj. O

Remark 2.1.10: It is unpleasant that the homotopy types of the X,,’s are ill-defined up
to Dwyer—Kan equivalences, and in every construction on Segal spaces one would have to
be very careful about whether the construction is invariant under such equivalences. A
good solution is to decide how isomorphisms should be described, instead of leaving the
choice between paths in X and elements of X{". In the following definition, our solution
is to ask that every isomorphism comes from a path in Xj. &

Definition 2.1.11 (Section 6 of [Rez01]): A Segal space X, is called complete if the
degeneracy map (i.e. the identities) Xy — X{™ is a weak equivalence. &

In other words this demands that every invertible morphism is homotopic to an identity
in a coherent way, which is the case for paths. Informally, X" should look like the space
of free paths in Xy, which is indeed homotopy equivalent to Xj.

Theorem 2.1.12 (Section 14 in [Rez01]): For every Segal space X, one can con-
struct a complete Segal space X together with a Dwyer-Kan equivalence X — X which
is universal among maps to a complete Segal space.

Remark 2.1.13: The completion X is constructed very explicitly in [Rez01|, Section 14].
The space/\jf\o is taken to have 0-cells (which we call points) the same points as Xy, but
1-cells of Xy consist of 1-cells in the space X{™ of invertible 1-morphisms. They include
in particular both 1-cells in X, (using the identities), and points of X{™ (seen as constant
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paths). k-cells are taken to be k-cells in the space of k-tuples of invertible 1-morphisms.
To describe the spaces X,,, one has to make sense of “invertible morphism of n-simplices”
and this is encoded as morphism out of a product A, x E(1) where E(1) is the nerve of
the walking isomorphism. In general, the set X* of k-cells in X, is defined to be

X" = Homgset (A, x E(k), XF)

where F(k) is the nerve of the walking k-tuple of isomorphisms. We use exponents for
the spacial simplicial structure to avoid confusion with the (soon to be n-uple) categorical
simplicial structure. %

Remark 2.1.14: The theory of model categories describes how to deal with a notion
of equivalences in a category, as we did above. It suggests to replace every object by
an equivalent “nice” objects (called fibrant). In our case, there is a model structure
on Fun(A%, sSet) whose fibrant objects are the complete Segal spaces. The completion
procedure we described above is called a fibrant replacement in this context. See [CS19,
Section 1.4] and [JS17, Appendix A] for a more detailed account on how complete Segal
spaces appear from model category theory. <&

2.1.2 n-fold Segal spaces

We now have a tool to create a recursive model for (oo, n)-categories. We first define
n-uple Segal spaces, then correct this definition to n-fold Segal spaces.

Tentative definition: A Segal object in an co-category C with finite limits is a simplicial
C-object X : A? — (C satisfying the Segal condition: the canonical map X, — X; ><’}<0
-+ xh X is a weak equivalence.

An n-uple Segal space is a Segal object in the oo-category of (n — 1)-uple Segal spaces.<

There are two problem with this definition. The first is that we did not describe higher
morphisms between Segal spaces, but this can be done using model category theory. The
second is that this definition allows morphisms between morphisms that have different
sources and targets. Let us see this in more detail, and try to correct it.

Example 2.1.15 (2-uple Segal space): We want a functor X : (A%)*2 — Space,
which is indeed equivalent to a functor A”? — Fun(A°, Space). It should satisfy first
that for every first index k, the simplicial space Xj . is a Segal space, and second that
the X, , satisfy the Segal condition in the first variable. This second condition has to be
checked levelwise, and is equivalent to asking that for every index [, the simplicial space
X, is a Segal space.

Now, as one can expect, X is the space of objects, but there are two spaces X; and
Xo1 of “vertical” and “horizontal” morphisms. An element of X;; is now a 2-morphism,
but its “boundary” is a square: 2 vertical morphisms with possibly different sources and
targets, and two horizontal morphisms linking these sources and targets, see Figure |2.1
This encodes the notion of a “double category”, with these two directions of morphisms
and squares between them, but it is not exactly what we want for (oo, n)-categories. So we
ask there to be no horizontal morphisms but identities, which should solve the problem.<

Definition 2.1.16: An n-fold Segal space is an n-uple simplicial topological space X,
(A°P)*™ — Space satisfying:

-----

V
Vi, ..., kiy... kn, Xky....o k15 & Segal space (2.1)

n
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A A’
fe Xl,OJ he X Jg € Xipo
B /

—>B
UJEXOJ

Figure 2.1: A 2-morphism in a 2-uple Segal space

Vki,... ki1, Xky, ki 1.0e..e 1S essentially constant (2.2)

where essentially constant means level-wise weakly equivalent to a constant (n — i)-uple
simplicial object.

A map of n-fold Segal spaces is a map of n-uple simplicial objects. We denote by SeSp,,
the category of n-fold Segal spaces.

An element of X is called an object of X, and an element of X; 0. 0, with £ 1’s,
a k-morphism of X. The face maps give two source and target maps from k-morphisms
to (k — 1)-morphisms. The degeneracy map gives a map in the other direction, and we
denote the image of a (k — 1)-morphism = by Id,. O

The higher indices encode composition laws and coherence conditions, e.g. associativity.
By the Segal condition, the space X 2 .. is described by pairs of composable 2-morphisms,
and the third face map gives “horizontal” composition for 2-morphisms, see Figure [2.2]

A A——A
A O
B B B

Figure 2.2: Horizontal composition of 2-morphisms

The space Xo ... o is described by pairs of composable arrows, but is has a third face map:
their composition. The space Xs ... is described by pairs of 2-morphisms whose sources
and targets are composable, and the third face map gives their “vertical” composition,
see Figure 2.3 We sometimes call it composition of 2-morphisms in the direction of
1l-morphisms.

A—— A
flooy
Bh:B
gl 2 g
C——=C

Figure 2.3: Vertical composition of 2-morphisms

Definition 2.1.17: Let X be an n-fold Segal space and 1 < 7 < k < n. Choose a
quasi-inverse of the Segal map

. h
(foas fi2) : Xu 121100 = X1,..11.1..1,0...0 X X1, 1,1,1...1,0...0
X1,...,1,0,1...,1,0...,0

where there are k£ 1’s in the right hand terms, and the 2 is in position j in the left hand-
side.
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77777

we ask t(f) = s(g)) so that (f,g) is in the left hand-side above. We call composition of
f and g in the direction of j-morphisms the k-morphism g o; f obtained as the image of
(f,g) under the map

—1
h (fo,1,f1,2) fo,2
X1,..1,1,1...1,0....0 X X1, 11,1...1,0...0 — X1,..121..1,0..0 — X1,..121..1.0..0

{0<1} = {0<1<2}

0,1 > 0,2 '
Note that the composition is not well-defined on the nose, as it depends on the choice of
a quasi-inverse, but it is well-defined up to coherent isomorphism. %

where fj 2 is the face map obtained by the inclusion

Definition 2.1.18: An n-by-m-fold Segal space is an (n + m)-uple simplicial space X
satisfying Segal conditions and partial essentially constancy conditions:

for fixed ky, ..., kn, Xk

..........

for fixed kpi1, .- Fngms Xe, ok is an n-fold Segal space

~~~~~ kn+m

In particular a 1-by-1-fold Segal space is a 2-uple Segal space as described in the example
above. ¢

Definition 2.1.19 (Definition 1.5.3 of [Sch14a]): Let C be an n-fold Segal space, and
,,,,, o be two objects of C. The (n — 1)-fold Segal space Home(z,y) of morphisms
from x to y is defined as:

Homc(l‘, y)‘f",‘ = {I} XZO’.““’. 617‘7"'7. chl(),.’.“’. {y}

Inductively, we can define an (n—k—1)-fold Segal space Home/(x, y) between k-morphisms
z,y € Cy__10.0 (with k 1’s) with s(x) = s(y) and ¢(x) = t(y) where s and ¢ are the two
face maps Ci,..1,10...0 = Ci,..1,00..0. We set Home (z,y) = HomHomc(s(x),t(x))(%y)- Note
that for Home(s(z), t(z)) to be defined, we need s(s(x)) = s(t(x)) and t(s(x)) = t(t(x)),
which is given by essential constancy of Ci, . 1,0.0..0-

If C has a distinguished object x, we denote QC := Home/(x, ) the loop (n — 1)-fold Segal
space. It itself has a distinguished objects Id,, and this construction can be iterated. In
general if C is monoidal the distinguished object x will be the monoidal unit. &

Definition 2.1.20 (Definition 2.12 in [CS19]): Let C be an n-fold Segal space. We
define its homotopy 1-category hy(C) inductively. We denote hy(C) the set of isomorphism
classes of objects of hi(C). The case n = 1 is Definition 2.1.7 For general n we set the
objects of hi(C) to be the underlying set of Cy . o, the objects of C. Morphisms between
objects x and y are isomorphism classes of morphisms from x to y in hy (Home(z,y)), i.e:

Homhl(c) (l’, y) = hO(HOch (x, y))

where Home(z,y) is the (n — 1)-fold Segal space defined above, and ho(Home(z,y)) is
defined by induction. Composition is given by Definition [2.1.17] &

Dwyer-Kan equivalences between n-fold Segal spaces can be defined inductively:

Definition 2.1.21: A map of n-fold Segal space f : C — D is a Dwyer—Kan equiv-
alences if it induces an equivalence of categories hy(f) : hi(C) — hi(D) and Dwyer—
Kan equivalences of (n — 1)-fold Segal spaces between Hom (n — 1)-fold Segal space
Home(z,y) — Homp(f(z), f(y)) for every objects z, y of C. &
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Definition 2.1.22: An n-fold Segal space X, ... o is said complete if for every ky, ..., ki_1,
the Segal space X, .k, ,.e0,..0 1S complete. &

Applying iteratively Rezk’s completion, one can construct the completion X of an n-fold
Segal space X with a Dwyer—Kan equivalence X=X which is universal among maps to
a complete n-fold Segal space |[CS19, Definition 2.14].

Remark 2.1.23: Again, there is a model structure on Fun((A*™)?, sSet) whose fibrant
objects are complete n-fold Segal spaces. They behave well with Dwyer-Kan equivalences
in the sense that a Dwyer—Kan equivalence between two fibrant objects is a level-wise weak
equivalence. In particular, the levels of a complete n-fold Segal space are well-defined up
to weak equivalences. The completion procedure is again fibrant replacement. &

Definition 2.1.24: An (oo, n)-category, which we will often abbreviate as n-category, is
a complete n-fold Segal space. An n-functor is a map of n-fold Segal spaces. We denote
CSS,, the category of complete n-fold Segal spaces. &

Remark 2.1.25: The notion of n-functors F' : C — D is both incomplete and imper-
fect. It is incomplete because we only have a set Hom(C, D) but, because the category
Fun((A°)*" sSet) is sSet-enriched, these are only the points of a simplicial set of mor-
phisms maps(C, D). It is imperfect because it may give non-equivalent outputs on equiv-
alent inputs (and the mapping spaces just mentioned may fail to be spaces). The right
notion of derived mapping space maps"(C, D) is defined in [JS17, Definition 2.11] using
model category theory. &

2.1.3 Standard constructions

We recall the notion of derived mapping spaces, internal Homs, nerves, truncation,
and extension.

We will need some model category theory, which we do not recall in detail. See [Toél4,
§2.1] for a survey and [Hov99] for details. We will recall just enough to make Remark
explicit. The following is very well explained in [JS17, Appendix A]. We use their
projective model structure.

There are two model category structures on Fun((A)*™ sSet) whose fibrant objects
are respectively complete n-fold Segal spaces and complete n-uple Segal spaces. They
have the same cofibrant objects.

The notion of derived mapping spaces maps”(C, D) is defined by taking usual mapping
spaces from a cofibrant replacement C=C to a fibrant replacement DD, ie:

maps”"(C, D) := maps(C, D) .

In particular we have a map maps(C, D) — maps”(C, D).

As cofibrant objects agree in the two model structures, the derived mapping space
between two complete n-fold Segal spaces agrees with the one computed in complete n-
uple Segal spaces. To avoid confusion, we will nevertheless write maps,, in the latter
case.

To compute derived mapping spaces we have to find a cofibrant replacement for the
source C. This is not easy, but we know one family of examples: given an object [k] x

-+ X [ky] of A*™ the representable presheaf Homaxn(—, [k1] X - - - X [k,]) seen as a discrete
simplicial set is always cofibrant. This is exploited in |JS17, Remarks 3.2 and 3.4 and
Example 5.13] to compute some examples of derived mapping spaces.
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There is yet another notion, using the fact that the model category in question is
monoidal. Given two n-categories C and D, their internal Hom n-category is the n-
category Fun(C, D) defined by the universal property

maps” (B, Fun(C, D)) ~ maps"(B x C, D)
following [JS17, Definition 5.14] and [Lur09b, Notation 2.4.1].

Definition 2.1.26: A strict n-category is defined inductively as a category enriched in
strict (n — 1)-category. A strict n-functor is a functor of enriched categories. We denote
Cat®’" the category of strict n-categories. O

Unsurprisingly, they can bee seen as special cases of n-categories as defined above.

Let ki,...,k, > 0. There is a strict n-category ©*1--* freely generated by k; x --- x k,
n-morphisms on a ky X -+ X k, grid, see [JS17, Definition 5.1]. Let us recall the precise
definition for n = 2.

Definition 2.1.27 (Definition 5.1 of [JS17] for ¢ = 2): Let k,[ > 0, the strict bicat-
egory ©%! has k + 1 objects {vy, ..., v}, [+ 1 1-morphisms {eg’, ..., e} from v, to any
v, for b > a (otherwise it has none or only the identity e®) and a unique 2-morphism bZ’;’
from 5" to e?b if i < j (and none otherwise).

Said differently, it is the strict 2-category freely generated by the morphisms displayed in

Figure 2.4] O
T
ey
TR N

Figure 2.4: The 2-category ©%! is a grid of k-by-l squares

These categories can be used to implement a higher (strict) nerve construction. The
following mirrors the definition of [Aral4] in the context of n-quasi-categories.

Definition 2.1.28: Let S be a strict n-category. Its strict nerve N*"(S) is the (discrete)
n-fold Segal space with levels the sets

NStT(S)kL...,kn = HomCatffT<®khm7kn7 S)

with simplicial structure induced by the maps between the ©*1-+kn’s as in [JS17, Section
5]. The strict Segal condition is satisfied, and coincides with the Segal condition with
homotopy fiber products because every space is discrete. The strict constancy condition
is verified, because it is on the @Ft-#kn’g, &

We will usually still write S when we want to see it as an n-fold Segal space, even though
we mean N*(S). Note that N*"(S) is almost never complete, and we will often have
to complete it. One exception is the nerves of the ©%!s, which are complete because the
OFls are gaunt (have no non-trivial isomorphisms).
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Definition 2.1.29 (Remark 5.4 in [JS17]): The underlying n-fold Segal space U yqC
of a complete n-uple Segal space C has levels

(Ufoldc)kl kp = mapsh (@kl ----- kn’c)

----- uple

with simplicial structure induced by the maps between the @FFn’g, &

Definition 2.1.30 (Sections 2.4.1 and 2.4.2 in [CS19]): One can obtain an (n —1)-
fold Segal space from an n-fold Segal space by setting the last coordinate to 0. This
process is called truncation. Let C be an n-fold Segal space. For m < n its m-truncation
TmC is the m-fold Segal space with

This process does not give equivalent results from (Dwyer—Kan) equivalent inputs if the
n-fold Segal space C is not supposed to be complete. To avoid this issue, one has to always
complete C before taking its truncation.

In the other direction, one can extend an n-fold Segal space to an (n+ 1)-fold Segal space
with only invertible (n + 1)-morphisms. This process is called extension. We set

(5c)k1 ~~~~~ kn,kni1 -— (C)kl ,,,,, kn -+

It sends complete n-fold Segal spaces to complete (n+1)-fold Segal space by [CS19, Lemma
2.16]. It is left adjoint to 7,. &

Remark 2.1.31: If one sees two n-categories as (n + 1)-categories, their (n + 1)-category
of functors is actually an n-category and is the usual one. More precisely, given C, D two
n-categories,

Fun(eC,eD) ~ e Fun(C, D) .

More generally, if a functor F': M — N between two model categories has a left adjoint
G that preserves finite products, then for any two objects C and D, one has

Fun(C, FD) ~ F Fun(GC, D)
Indeed, using the defining universal property of internal Hom’s,
maps” (B, Fun(C, F'D)) ~ maps"(B x C, FD) ~ maps"(G(B x C), D)
~ maps"(GB x GC, D) ~ maps"(GB, Fun(GC, D)) ~ maps"(B, F Fun(C, D))

If moreover F'is fully faithful, or if the counit GF' = Id is an equivalence, then F' preserves
inner Hom’s, i.e. for any two objects C and D, one has

Fun(FC, FD) ~ F(Fun(C, D))

The example above is F' = ¢ : CSS,, — CSS,, ;1 whose left adjoint is the "inverting” n
from [CS19, Section 2.4.3]. Here 1 preserves finite products as geometric realization does,
and the counit ne = Id is an equivalence.

We will also consider F' = 7, : CSS, ;1 — CSS,, whose left adjoint is . Now ¢ does
preserve finite products, but the counit is not an equivalence (this time the unit is). <
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2.1.4 Symmetric monoidal structures

We recall the notion of symmetric monoidal n-category following [Sch14al Section 1.6]
and |[CS19, Section 3.

Definition 2.1.32: Segal’s category I' has objects the pointed finite sets
(m)y={x,1,...,m}, m>0,

and morphisms from (m) to (n) maps of sets preserving the pointing. For every m > 0
and every 1 < j < m we call Segal morphism the map +7*(m) — (1) which maps j to 1
and every other element to x. O

Definition 2.1.33: A symmetric monoidal n-fold Segal space X is a functor
X :T'— SeSp,,

from Segal’s category I' to the category of n-fold Segal spaces such that for every m >
0, the Segal morphisms induce an equivalence X(I];~j") : X((m)) — II; X((1)). By
abuse, we sometimes call X ((1)) the symmetric monoidal n-fold Segal space, and X is
the symmetric monoidal structure.

A symmetric monoidal n-category is a symmetric monoidal n-fold Segal space with values
in complete n-fold Segal spaces.

A symmetric monoidal n-functor is a map of I'-objects. &

Remark 2.1.34: The notion above is surprisingly strict, one would expect a much laxer
one where symmetry is verified only up to coherent isomorphisms. Why this notion
suffices is explained in |[CS19, Section 3.1]. However symmetric monoidal n-functors, just
like n-functors before, may behave badly. As before, one should consider derived mapping
spaces in the model category of [JS17, Example A.11]. See also [CS19, Definition 3.6]. We
will denote Fun®(C, D) the symmetric monoidal n-category defined as the internal Hom
in this model category as in [Lur09b|, Variant 2.4.3]. %

Remark 2.1.35: The completion of a symmetric monoidal n-fold Segal space yields to a
symmetric monoidal n-category, see [Sch14a, Lemma 1.6.6]. &

Remark 2.1.36: There is another way of describing monoidal n-fold Segal space, as cat-
egories of endomorphisms of an object in an (n + 1)-fold Segal space. One expects (or
defines |CS19, Section 3.2]) that a monoidal n-fold Segal space C is the same data as an
(n + 1)-fold Segal space BC with only one object, such that QBC ~ C. A 2-monoidal
(read braided monoidal) n-fold Segal space C is the same data as an (n + 2)-fold Segal
space B?C with only one object and one 1-morphism such that Q?B?C ~ C, and so on.
This formalism is described in [CS19, Section 3.2.2].

One could now define a symmetric monoidal n-category to be an oco-monoidal n-category,
i.e. an infinite tower of (n + k)-categories B*C such that QB*"1C ~ B*C and B°C =C. It
is expected, similarly to [Lur, Corollary 5.1.1.5], that this notion is equivalent to that of
I-object given above, and it is shown in [CS19, Section 3.3] that a I'-object induces such
an infinite tower. In particular if an n-fold Segal space C is symmetric monoidal (in the
sense of [-objects), there exists a delooping (n + 1)-fold Segal space BC with essentially
one object such that C ~ QBC. We will use this delooping (n + 1)-fold Segal space to
define dualizability later. <&
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2.1.5 Underlying bicategories

In the description above we saw that the definition of an n-category is not as nice and
combinatorial as the definition of a bicategory where one simply gives a list of objects,
1l-morphism and 2-morphisms, some composition rules and identities, and checks some
coherences between them. However, we will see that an n-category induces a “chain” of
bicategories at every level. The n-category is not clearly determined by it, but dualizability
in the n-category, a notion we will extensively study in this manuscript, is.

Definition 2.1.37 (Section 5 of [Rom)|, sketched in Def. 1.4.1 in [Schl4a]): LetC
be an n-fold Segal space. Its homotopy bicategory ho(C) has objects points of Cy,._ o the ob-
jects of C. The category of morphisms between objects x and y is the homotopy category
of the (n — 1)-fold Segal space of morphisms from z to y:

Homhz(C) (l’, y) = hl ( HOHIC (IL‘, y))
Compositions are given by Definition [2.1.17] &

Remark 2.1.38: If C is complete, then taking isomorphism classes of objects can be seen
at the level of the space Cy, . o, and does not involve Cy o o. Namely, ho(C) = mo(Co....0)-
Similarly, h;(C) depends only on Ceg.. o and he(C) on Ceeyp,.. 0. If C is not complete, we
need all levels to determine whether a given morphism is an isomorphism (it must have a
weak inverse, such that the composition is isomorphic to the identity, but this “isomor-
phic” needs even higher morphisms to make sense, and so on). From this remark we see
that it would be difficult to define the notion of invertibility in an (0o, co)-category. <

Remark 2.1.39: The definition above is pleasant because it is very explicit and natural.
However, it is difficult to show that this construction by hand indeed gives a bicategory,
with expected associativity and unit conditions. This was done very recently in [Rom].
Note that the notion of homotopy bicategory could already be defined, see for example
[Cam?20], if one is happy to use equivalent models of higher categories, in this case 2-quasi-
categories. Its properties there are well-understood, and they construct its right adjoint,
a nerve construction, which will be used in Remark [2.3.18] <&

Remark 2.1.40: Given an n-fold Segal space C we can extract a chain of bicategories:

o the bicategory hs(C)

a bicategory he(Home(x,y)) for every pair of objects x,y € Co__ o

a bicategory ha(Home(f, g)) for every pair of morphisms f,g: 2z —y

a bicategory ho(Home (o, 3)) for every pair of k-morphisms «, § with same source
and target.

We will see that this “naive” data is sufficient to describe dualizability in C. <&

Proposition 2.1.41: A Dwyer—Kan equivalence f : C — D between two n-fold Segal
spaces induces equivalences of bicategories

hg(f) : hQ(C) — hQ(D)
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and

ha(Home(a, §)) = ha(Homp(f(e), f(5)))

for every pair of k-morphisms «, 8 with same source and target in C.

PROOF : By definition f induces an equivalences hy(C) — hi(D), so ha(f) is essentially
surjective. Given any pair of objects z,y € Cy .o, it induces a Dwyer—Kan equivalence

.....

Home(z,y) — Homp(f(x), f(y)),

hence an equivalence

hi(Home(z,y)) — hi(Homp (f(2), f(y)))-

So ho(f) is fully faithful, and an equivalence of bicategories.

By definition a Dwyer—Kan equivalence induces a Dwyer—Kan equivalence of (n —k — 1)-
fold Segal spaces Home (o, ) — Homyp(f(«), f(5)), hence an equivalence of bicategories
between their homotopy bicategories by the paragraph above. 0

In particular, the naive data described above of an n-fold Segal space X is equivalent to
the one of its completion X.

2.1.6 Dualizability in higher categories

We recall the notion of higher dualizability and of fully dualizable objects in a higher
category.

Definition 2.1.42: Let C be a bicategory, and f : z — y a l-morphism in C. A right
adjoint for f is a morphism f¥ :y — z together with two 2-morphisms ¢ : f o f%® = Id,
called the counit and n : Id, = ff o f called the unit, satisfying the so-called snake
identities:

T T X
T Id, %fi - Jf T
f{ ~ T fE| y = lf = Id; and,
T
Y Y )
Y Y )
= fR
y g f%%my y
le ~ el y oo~ lfR —  Idjx.
O
T T T

We say that f has a right adjoint % and that £ has a left adjoint f.

This definition extends to higher categories. Let C be an n-category, 2 < k < n and
f :x — y a k-morphism between two k — 1-morphisms x,y : a — b in C. A right adjoint
for f is a right adjoint for f seen as a 1-morphism in the bicategory hs(Home(a,b)). If
k =1 then we demand a right adjoint of f in hy(C). If k = 0 and C is a monoidal category
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then we demand a right adjoint of f in hy(BC), where BC is the delooping (n + 1)-
fold Segal space with essentially one object with endomorphisms C and composition the
monoidal structure of C from Remark 2.1.36]

Definition 2.1.43: Let C be a symmetric monoidal n-category. It is said to have duals
up to level m if every k-morphism of C, 0 < k& < m, has both a left and a right adjoint.
It is said to have duals if it has duals up to level n.

An object X € C is called m-dualizable if it lies in a sub-n-category with duals up to level
m. It is called fully dualizable if it is n-dualizable.

We denote C/? the maximal sub-n-category of C that has duals. Its objects constitute of
the fully dualizable objects of C. O

Proposition 2.1.44: Let F' : C — D be a functor between n-categories and f a k-
morphism in C which has a right adjoint. Then F(f) has a right adjoint in D.

In particular if F is a symmetric monoidal functor between symmetric monoidal n-
categories, it maps fully dualizable objects to fully dualizable objects.

PROOF : The image under F' of the adjoint, unit and counit of f in C form adjoint, unit
and counit for F(f) in D. O

One may also define a notion of m-dualizability for k-morphisms.

Definition 2.1.45: A k-morphism f of C is called m-dualizable if it lies in a sub-n-
category with duals up to level m+k. It is called fully dualizable if it is (n—k)-dualizable.<$

However, we will see later that this definition is very strong (in particular, it demands
dualizability of the source and target of f), and that one may relax it.

2.2 Fully extended TQFTs and the Cobordism Hy-
pothesis

A fully extended TQFT is a symmetric monoidal functor from the n-category Bord,,
of bordisms of dimension up to n to some target n-category C. The target is left to be
determined, but in general it will be of linear nature and satisfy h;(Q2"'C) ~ Vecty. Fully
extended TQFTs are classified by the cobordism hypothesis in terms of fully dualizable
objects in C. The goal of this section is to give a precise meaning to these sentences.

2.2.1 The n-category of bordisms

The construction of the n-category of cobordism is done in |[Lur09b] and precised
in [CS19]. We recall the broad ideas here.
We want to define an n-fold Segal space, so an n-uple simplicial space Bord,, : (A%)" —
Space. For indices ki, ..., k,, (Bord,),.  k, should be a space of n-manifolds M that
are obtained as compositions of k; bordisms in the first direction, ks in the second and so
on. We can represent this by asking that the n-manifold M lives over a “grid” in (0,1)"
defined by k; — 1 hyperplanes orthogonal to the first direction, ks — 1 orthogonal to the
second and so on. The part of M which lives over one of the hyperplanes should behave
nicely (to allow to describe M as a gluing there), while the part over the “cubes” is free
and is where the cobordism happens, see Figure [2.6]
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An n-fold Segal space of such grids is described in |[CS19, Section 4].

Definition 2.2.1: The simplicial space Int, is defined as follows. Its underlying simplicial
set of points int, : A°? — Set is defined with
. . 2n . ) ) 0= 1 = — ¥n
inty = {(ao,bo,...,ambn) € (0,1)™", Vi a; < by, bo < by < <by =1 }

We think of them as increasing sequences of k + 1 intervals I, = [ag, bg]. We will typically
represent them as disjoint small intervals over which the composition happen, but [CS19]
makes the point that they should be allowed to overlap. The simplicial structure is given
by forgetting or doubling one of intervals, and if necessary restriction and rescaling (0, 1).
Every level int;, is the set of points of a space Int; whose higher simplices are defined by
considering only smooth deformations of 2n-uples of points, see |[CS19, Section 4.2].

The n-uple simplicial space of n-grids Grid,, is (Inte)*™. A (ki,...,k,)-grid is a point of
(Gridn)kl,m,kn. <>

The grids there are thickened to ensure that the gluings are collar gluings, and might
overlap. There are two thickened hyperplanes “at infinity” describing source and target,
see Figure 2.5 The Segal condition (2.1]) is satisfied because we asked that M behave

time 2

~
)
;\7&

Figure 2.5: A (2,3)-grid. Here k; = 2 and ky = 3.

nicely over an hyperplane and is obtained as a gluing. To ensure the essential constancy
requirement (2.2)), we need to ensure that M is particularly simple over the k;-hyperplanes
for small i’s, see Figure 2.6

Definition 2.2.2 (Definition 5.1 of |[CS19]): Let N > 1. The n-uple simplical space
P Bord,]LV is defined as follows. The space (P Bordf:] )ks.....k,, has points oriented n-manifolds
M C RY x (0,1)" such that the projection M — (0,1)" is proper, together with a
(k1. .. kn)-grid ((15, ..., Ii.))1<i<n- They must satisfy that the projection over the i’th
coordinate p; : M — (0, 1) has no critical point over any of the thickened k;-hyperplanes,
SO on pj_l(l,i), 0 <k < kj; for j <. Note that this means that there are much more
conditions on the pj_l(I,Z) for small j’s (all the p;’s, i > j, must be submersive). See Figure
2.0l

The higher simplices are again given by considering smooth deformations in the Whitney
C*>-topology on embeddings of M in RY x (0,1)", see [CS19, Section 5.2.1].

The face maps are given by forgetting a thickened hyperplane, or restricting (0,1)" (and
therefore M above it), see [CS19, Definition 5.15]: &

Proposition 2.2.3 (Proposition 5.19 in [CS19]): The n-uple simplicial spaces
PBordg are n-fold Segal spaces.
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Figure 2.6: A manifold living over a (2,3)-grid. Over the kj-hyperplanes, it is trivial.
Over the ko-hyperplanes, it is trivial in one direction, and maybe not in the other.

Definition 2.2.4 (Definitions 5.22 and 5.24 in [CS19]): The n-fold Segal space P Bord,,
is the homotopy colimit over N of the n-fold Segal spaces PBord . In particular, its
levels are obtained as (P Bord,), ... s, := hocolimy((P Bord ), .. kn)

It may not be complete for large n [Lur09b, Warning 2.2.8] and the n-category Bord,, is
defined to be its completion. &

Remark 2.2.5: One may give a similar definition for framed manifolds denoted Bord{flr,
or indeed for manifolds equipped with any kind of tangential structure [CS19, Section
9. &

The symmetric monoidal structure on Bord,, is given by disjoint union Section 7.1].
Remember that in Definition [2.1.33]of symmetric monoidal structures, we do not explicitly
build the disjoint union of two cobordisms, we instead give the space of cobordisms that
happen to be disjoint unions, and we have to check a Segal property.

Definition 2.2.6: Let m, N > 0. The space (P Bord) (m)),. . has points m-uples of
oriented manifolds (Mj, ..., M,,) each living in RY x (0,1)" together with a (ki,. .., k,)-
grid I such that each (M, ) is a point of (P Bord) ), . and all the M;’s are disjoint

in RY x (0,1)". The higher simplices and simplicial structures are given similarly

The space (P Bord,,(m)) .., is the homotopy colimits of the spaces (P Bord) (m)) .. r.)-
They arrange into an n- fold Segal space P Bord,,(m).

The n-fold simplicial spaces P Bord,, is symmetric monoidal with

r - SeSp,,
(m) ~— PBord,(m)

Functoriality and the fact that Segal morphisms induce an equivalence are shown in [CS19,
Proposition 7.2]. The n-category Bord,, is then symmetric monoidal by [Sch14a, Lemma,
1.6.6]. &
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Definition 2.2.7: A fully extended n-dimensional Topological Quantum Field Theory (or
fully extended n-TQFT) with values in a symmetric monoidal n-category C is a symmetric
monoidal n-functor

Z :Bord,, —» C O

Remark 2.2.8: By universality of the completion, and as C is assumed to be complete,
one could equivalently consider P Bord,, above. &

Proposition 2.2.9 (Proposition 2.5.1 in [Sch14al): There is an equivalence of
symmetric monoidal categories

hi(Q" ' Bord,) ~ Cob,
Therefore, a fully extended TQFT Z induces in particular an ordinary TQFT

hi(Q"1Z) 1 Cob, — hi(Q"1C).

2.2.2 The cobordism hypothesis

The cobordism hypothesis describes fully extended Topological Quantum Field The-
ories with values in a higher category C in terms of fully dualizable objects of C. It was
formulated in [BD95]. A sketch of proof was given in |[Lur09b], a more formal version
is work in progress of Schommer-Pries. An independent proof of a more general result
is proposed in |GP]. Another independent proof using factorization homology is work in
progress, see |AF].

Conjecture 2.2.10 (The Cobordism Hypothesis, Theorem 2.4.6 in [Lur09b]):
Let C be a symmetric monoidal n-category.  Fully extended framed n-TQFTs
Fun®(Bord£T,C) form an mn-category which happens to be an oo-groupoid, there-
fore a space.

FEvaluation at the point induces a weak equivalence of spaces

Fun®(Bord!",C) ~ (C/%)~

between framed fully extended n-TQF Ts with values in C and the underlying co-groupoid

.....

For X € C a fully dualizable object, we denote Zx (a choice of representant of) the
associated fully extended framed n-TQFT.

Remark 2.2.11: Often enough, we will be interested in the case where C is actually an m-

category for m > n. Then Fun(Bord/", C) is defined by secing Bord!" as an m-category

using the extension from Definition [2.1.30] By Remark [2.1.31] one has an equivalence
Fun(e Bord!", C) ~ ¢ Fun(Bord/", 7,,C)

and the cobordism hypothesis as stated above applies. &
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Remark 2.2.12: The group O(n) acts on the n-category Bord!" by changing the fram-
ing. Therefore it acts on Fun®(Bord/", C) and by the Cobordism Hypothesis on (C/%)~.
Oriented theories are fixed points under the SO(n)-action. The oriented cobordism hy-
pothesis claims a converse. &

Conjecture 2.2.13 (The oriented CH, Theorem 2.4.26 in [Lur09b]): LetC be a
symmetric monoidal n-category. Fully extended n-TQFTs Fun®(Bord,,,C) form an n-
category which happens to be an oco-groupoid, therefore a space.

FEvaluation at the point induces a weak equivalence of spaces

Fun®(Bord,,, C) ~ ((C/%)~)$0m)

between fully extended n-TQFTs with values in C and homotopy fized points under the
SO(n)-action on (C74)~.

Remark 2.2.14: Note that the oriented cobordism hypothesis cannot be stated without
first stating the framed version. Indeed the SO(n)-action on (C/?)™ is very non-trivial
to define and is given by the framed cobordism hypothesis. It is explained in [Lur09b,
Warning 2.4.13] that it does not extend to an SO(n)-action on the n-category C/4: it is
only defined on the underlying oo-groupoid. It is therefore unsurprisingly very difficult
to exhibit an SO(n)-homotopy fixed fully dualizable object in a given n-category C. <

2.3 Even Higher Morita Category of Braided Tensor
Categories

We will work in the even higher Morita category Alg,(Pr) of Ey-algebras in a bi-
category of cocomplete categories which we study in Section [2.3.1] The higher Morita,
(n + 1)-category of E,-algebras in an oo-category S was introduced in [Haul7| using a
combinatorial /operadic description which we briefly recall in Section A pointed
version was introduced in [Sch14a] using very geometric means, namely factorization al-
gebras. This geometric description allows for a good description of dualizability but the
pointing prevents any higher dualizability, see [GS|. Even higher Morita categories are
defined in [JS17| Section 8], for pointed and unpointed versions, which we recall in Section
2.3.3] They form an (n + k)-category Alg,(S) for & a symmetric monoidal k-category.
We will always use the strong version of even higher Morita categories of [JS17], and
never mention lax and oplax versions. All of these construction assume that the monoidal
structure of & behaves well with colimits, more precisely that S is ®-sifted cocomplete
in [Schl4al, that it has good relative tensor products in [Haul7], and that S is @-
sifted cocomplete in [JS17, Definition 8.3]. It is shown in [JS17, Example 8.11] that Pr
satisfies all of these conditions. We consider the unpointed even higher Morita 4-category
Alg,(Pr). This formal description of a 4-category is technical, and for studying dualiz-
ability we only need the “naive” data of all the bicategories of Remark [2.1.40] This data is
described more explicitly in [BJS21], under the name BrTens, which we recall in Section

2.3.4
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2.3.1 Cocomplete categories

We begin by recalling some properties of the bicategory Pr. Let k be a field of
characteristic zero.

Definition 2.3.1: The bicategory Caty has objects small k-linear categories, 1-morphisms
k-linear functors and 2-morphisms natural transformations. It is symmetric monoidal with
tensor product described by Ob(€ ® 2) := Ob(%') x Ob(Z) and Hom¢g s ((c, d), (¢, d')) =
Homgy (¢, ') @, Homg(d, d'). Tt is characterized by:

Homcyt, (o7 @ B,%) ~ Homear, (o, Homeyt, (B, F)).

where we write C' AT}, when the categories involved are not necessarily small. The unit is
the one object category whose endomorphisms are k.

The bicategory Pr has objects cocomplete locally presentable k-linear categories [AR94,
Defintion 1.17] of [BCJ15, Definition 2.1]. These are cocomplete (cocomplete means have
all colimits) categories that are generated under A-filtered colimits by a small subcate-
gory of A-compact objects for some cardinal A. It has 1-morphisms k-linear cocontinuous
functors between them (cocontinuous means preserve colimits), and 2-morphisms natural
transformations. It is symmetric monoidal with the Kelly tensor product X for cocomplete
categories, which is characterized by:

Homp, (AKX B,C) ~ Homp, (A, Homp,(B,C)) ~ Cocont(A, B;C),

see |[Kel05, Section 6.5] and [Ram17, Theorem 2.45]. The unit is Vect. O

Definition 2.3.2: The free cocompletion of a small k-linear category % is a cocomplete
category Free(%) € Pr together with a functor ¢ : € — Free(%’) which is initial among
functors to a cocomplete category. Namely, i* : Homp, (Free(%), D) — Homcag, (¢, D)
is an equivalence of categories for any D € Pr. The free cocompletion Free(%) is unique
up to essentially unique equivalence. A standard choice for the free cocompletion is the
presheaf category Homeyy, (4°7, Vecty), in which ¢ embeds by the Yoneda embedding,
see [Dug, Section 2.2]. We will often forget mentions of i and consider € as a subcategory
of its free cocompletion.

With this description it is easy to see that free cocompletions arrange into a functor

Free = Homcy, ((—), Vecty) : Caty — Pr.

We denote Bimody its essential image. Note that one can always take the tensor product
of a presheaf P with a vector space V' by taking pointwise tensor product. Moreover, V
is a coproduct of copies of k and the presheaf V ® P is a coproduct of copies of P. <

We now aim to show that the free cocompletion is characterized by the fact that it is
cocomplete, contains & as a full subcategory, every object is a colimit of objects of €,
and objects of ¥ are compact projective.

Lemma 2.3.3 (co-Yoneda): Let P € Free(%) be a presheaf. Then P is a colimit of
objects of €. This colimit is explicitly obtained as the coend

cev
P~ / Hompyee(#)(C, P) ® C
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Definition 2.3.4: An object C' € C is called compact-projective (which we abbreviate
cp) if the functor Home(C, —) : C — Vecty is cocontinuous. The category C is said to
have enough compact projectives if its full subcategory C% of compact projective objects
generates C under colimits. A monoidal category C is called cp-rigid if it has enough cp
and all its cp objects are left and right dualizable. &

Lemma 2.3.5: Any object C' € € is compact-projective in Free(€).

Proor : Colimits are computed pointwise in a presheaf category. 0]

The last two lemmas show that Free(%’) has enough cp. The following is shown in [BCJ15,
Proposition 2.2].

Proposition 2.3.6: Let C € Pr. The following are equivalent:
1. C has enough cp,

2. the canonical functor Free(C®) — C induced by the universal property of the free
cocompletion along the inclusion C? C C is an equivalence, and

3. C lies in Bimody

PROOF : For the non-trivial implication 1 = 2, suppose C has enough cp. The functor
F : Free(C®) — C is characterized by F'|cer = Idcer and F' is cocontinuous. It is essentially
surjective because C is generated by colimits of cp objects. For C, D € Free(C®), write
C' = colim; ¢; and D = colim; d; with ¢;,d; € C?. Then:
Home(F(C), F(D)) = %™ Home(colim; F(c;), colim; F(d;))
e~ colim, lim; Home (F(¢;), F(d;))

Fleep=Idcep . .
~ colim, lim; Homeer (¢;, d;)

g HomFree(CCP) <07 D)
and F' is fully faithful. 0J

Proposition 2.3.7: Let C,D € Bimody, and write C ~ Free(¢) and D ~ Free(Z).
There is an equivalence of categories

HomPI' (C7 D) = HomCat]k (Cg ® .@Op, Vectk)
mapping a cocontinuous functors F : C — D to the “bimodule”

C R — Vecty

FFi @ D) = Homn(D,F(C))

Proor : It follows from:

Homp,(C, D) Home g, (¢, D)
Home ag, (¢, Homgay, (27, Vecty))

Homcatk ((f X gop’ Vectk)

10 1%
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using universality of free cocompletions and the characterization of tensor product in
Catk. OJ

€ @ 2°° — Vecty

(C,D) + Homg(D, f(C))
bimodule associated with Free(f). They form a subset of all morphisms from C to D
that will be characterized in Proposition 2.3.8] In topos theory they get called “essential
geometric morphisms”.

For f : ¢ — 2 a k-linear functor, we denote Fy : the

One can describe composition of cocontinuous functors at the level of bimodules.
Given A 5 B S €, we want to describe Feor(A,C) = Home(C,G o F(A)) for A € &7

and C' € €. The problem is that F'(A) in general is not in %, but is obtained as a colimit of
Be#
such by the co-Yoneda lemma: F(A) ~ / Hompg(B, F'(A))® B. Then by cocontinuity

Be#
of G we obtain that G(F(A)) = / Homgp(B, F(A)) ® G(B) and because C' is compact
Be®

projective, that Home(C, G o F(A)) = / Hom (B, F(A)) ® Home (C, G(B)). This

Be%#
adds up to the formula Fgop(—,—) = / Fr(—,B) ® Fg(B,—), which we denote
Fr % Fa.

Proposition 2.3.8: Let F : C — D be a 1-morphism in Pr between two categories that
have enough compact projectives. Let € = C?P and 9 = D®. Then the following are
equivalent:

e [ has a right adjoint in Pr

o The right adjoint of F' in C ATy is cocontinuous

e F' preserves compact projective objects

e F' is the cocontinuous extension of a functor f : € — 9
When these hold, the right adjoint of F is given by the bimodule

= ()" 2 — Vecty

Fri D) Homp(F(C), D) (2:3)

with unit induced by F, and counit induced by composition in D.

PROOF : The first two and last two points are immediately equivalent.
If F'® is cocontinuous then for C' € € and D = colim; D; obtained as a colimit,

Homp(F(C), D) r~ Home(C, FE(D))
P ggeont Home (C, colim; FT(D;))
e colim; Home (C, FR(D;)) ~ colim; Homp(F(C), D;)

and F'(C) is compact projective, so F' preserves cp.
The other direction is a classical construction, see |[BDSV| Lemma 2.10], which we recall
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here. The unit goes: 1 : Idy = F o Fy = Fy %?f where

o CPR€¢ — Vectyg
. Deg
TR { (€0 [ Homs(f(C), D) ® Homa(D, £(C")) = Homa (f(C), F(C))

and is given by

) { Id(g(C’, Cl) = Hom(g(C’, C/) — .Ff %.Tf(c, Cl) = HOIIl_@(f(C),f(C,))
Nc,cr -
g — f(9)

The counit goes € : Fyo F; = F; % Fr = Idgy, where

o 9P R 9 — Vecty
FiRF; cew
PEL 0Dy s [ Homg (D, £(C)) @ Homy (£(C), DY)

and is given by

[ 1% Homy (D, £(0)) ® Homy (f(C0). D) — Homp(D, D))
D.pr - gRh — hog

which is well-defined on the coend because the composition in Z is associative. U

In general, given a cocontinuous functor F' : C — D, the bimodule F of makes
sense, and is associated with a cocontinuous functor D — C. It coincides with the right
adjoint of F' on the compact projectives, but it is cocontinuous and may not agree with
F on all of D (it does when F'? is cocontinuous). We call it the “renormalization” of

FE and denote it FE. Tt is used when F® is not cocontinuous.

Proposition 2.3.9: The free cocompletion functor Free : Caty — Pr is symmetric
monoidal.

PRrOOF : For &7, % € Caty and C € Pr, we have:
Homp, (Free(e/) X Free(4),C) Homp, (Free(<), Homp,(Free(£),C))
HOIHCATk (%, I‘IOIIlCAT]k (:@, C))
HOHlCATk(% X 93, C)
~ Homp,(Free(s @ £),C)
and Free(«/) X Free(Z) satisfies the universal property for Free(« @ A). O

11 R

2.3.2 The higher Morita category alg, (S)

We recall the construction of higher Morita categories of E,-algebras in an co-category
S introduced in [Haul7|, see also [Hau].
Note that they actually describe an n-uple Segal object in oo-categories, from which one
can extract an (n + 1)-uple Segal space, take its underlying (n + 1)-fold Segal space, and
complete to an (n + 1)-category. Here oo-category is understood in the sense developed
in [Lur09a]. We do not recall this notion, but it is well-known [JT07] to be (Quillen)
equivalent to the notion of complete Segal space we introduced in Section [2.1.1 Moreover,
we will not consider the full construction of [Haul7] but truncate these oco-categories
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to their underlying groupoids. We describe the n-fold Segal space alg, (S) which is a
truncation of the (n + 1)-fold Segal space Uge,iA£®,,(S) defined in [Haul7, Definition
5.33]. This is the notion needed in [JS17] to define even higher Morita categories.
Let us recall the broad lines of the construction.

They introduce a notion of generalized A"-oco-operad in [Haul7, Definition 5.8] as some
particular class of functors from some co-category M into (A™)°. The notion of a A"-
monoidal co-category S is a particular case |Haul7, Definition 5.1]. The relation with
the more usual notion of n-times monoidal co-category is done by Lurie’s straightening
equivalence [Lur09a;, Section 3.2], see [Haul7, Corollary A.31]. We will only be interested
in the special cases of monoidal and symmetric monoidal (2,1)-categories. The co-category
Alghy(N) of M-algebras in N is defined in [Haul7, Definition 5.12] for arbitrary A™-
oc-operads M and N. Given integers ki, ..., k,, the slice category (A/[k1])%? x --- X
(A/[kn])? gives a generalized A™-oo-operad with the forgetful functor [Haul7, Lemma
5.14].

Definition 2.3.10: Let S be a A™-monoidal oco-category with good relative tensor prod-
ucts. The level (AL, (S))k,,..k, of the n-uple simplicial co-category ALB,,(S) is de-

fined [Haul7, Definition 5.21] to be a sub-co-category of Algia i, jorx...x(an])or (S) OF
so-called composite bimodules. &

For every 0 < i < j < k, the map [1] =% [k] gives an object (i,5) of A/[k]. Therefore an
element M of AZQ?A/[kl])opX...X(A/[kn])op (8) associates an object M (i1, ji1, ... ,in, jn) of S to
a sequence (0 < iy < 53 < ky,...,0 <14, < j, <k,). It is explained in [Haul7, Section
2.1 and 2.2] why these objects have algebra structures when i; = j, and are bimodules
over these algebras in general. It is explained in [Haul7, Corollary 4.20] that composite
bimodules are those for which the M(iq,J1,...,in,jn) are obtained as relative tensor
products of the M(ly,l; +1,...,1,,1, + 1)’s for various I’s. This property is what ensures
the Segal condition.

The n-fold simplicial structure is given by Lurie’s straightening equivalence and [Haul7,
Theorem 5.31]. The Segal condition is shown in [Haul7, Corollary 5.25].

Definition 2.3.11: The n-fold Segal space alg,,(S) is the underlying n-fold Segal space
of the n-uple Segal space (A£S,(S))~ whose levels (ALS,,(S))r. . ,, are the underlying
groupoids of the oo-categories (ALB,,(S))k, .. k-

o

The higher Morita n-category alg,, (S) is its completion. O

.....

The input data of a A"-monoidal oco-category is identified with the more usual notion
of an E,-algebra in the symmetric monoidal oco-category Cat’, endowed with carthesian
monoidal structure in [Lur, Proposition 2.4.2.5, Example 2.4.2.4 and Definition 2.1.2.13]
and |Haul7, Corollary A.31].

The spaces of objects and morphisms of the higher Morita category alg,,(S) are well-
identified.

Theorem 2.3.12 (Section 5.2 and Corollary A.26 of [Haul7]): Let S be a A"-
monoidal co-category, seen as an E,-monoidal oco-category. There is an equivalence
of co-categories

.....

between the co-category of objects of AL, (S) and the co-category of K, -algebras in the
E,.-monoidal category S as defined in [Lur, Definition 2.1.3.1].
In particular, their underlying groupoids are equivalent.

77



A HIGHER ALGEBRAIC APPROACH TO NON-SEMISIMPLE QUANTUM INVARIANTS

Remark 2.3.13: We will only be interested in two special cases of E,-algebras in a E,-
monoidal co-category §. The first is when n = 2 and § happens to be symmetric monoidal
(which is a special case of Eo-monoidal, for example using [Lur, Corollary 5.1.1.5]). It is
shown in [Lur, Example 5.1.2.4] that if S is a subcategory of Cat,, consisting of (nerves
of usual) categories, then an Ey-algebra structure on an object in S consists exactly of a
structure of braided category.

The second is when n = 1. Then § is a homotopy-associative algebra object in Caty,
and an [E;-algebra in S is a homotopy-associative algebra object in S in the usual sense,
see |Lur, Example 5.1.0.7]. &

Definition 2.3.14 (Section 4.5 in [Haul7]): Let S be a A'-monoidal co-category. We
denote Bimod(S) := Alg{a i} (S) the oo-category of bimodules in S. The inclusions
0,1: A < A/[1] induce two functors s,t : Bimod(S) — Ass(S) := Alghe(S).

Let A, B be objects of Ass(S). The oo-category Bimody 5(S) is the fiber of Bimod(S) —
Ass(8)*% at (A, B). O

It is shown in [Haul7, Corollary 5.45] that when S is A™monoidal with good relative
tensor products and A, B are A™-algebra objects, then Bimods p(S) inherits a A"
monoidal structure.

Proposition 2.3.15 (Propositions 4.53, 5.44 and Corollary A.77 in [Haul7]):
Denote ® the monoidal structure on S. The monoidal structure on Bimoda (S) is
given on two objects M, N by the relative tensor product

M@ N:=4A @ (MON) @ B.
AB ARA B®B

It is shown in [Haul7, Lemma 5.46] that Bimod 4 5(S) has good relative tensor product.

Theorem 2.3.16 (Theorem 5.49 in [Haul7]): Let A, B be objects of alg,,(S). Then
there is a Dwyer—Kan equivalence of (n — 1)-fold Segal spaces

Homalgn(S)(Aa B) = a[gn—l(BimOdA,B(S»'

2.3.3 The even higher Morita 4-category Alg,(Pr)

We recall the extension of Haugseng’s higher Morita categories into even higher Morita
categories from [JS17] for S = Pr.

They define a 2-by-2-fold Segal space a[gz(Pr)., and define Alg,(Pr) to be the
underlying 4-fold Segal space of its completion.

We are working in the particular case where & = Pr is a strict bicategory. It can be seen
as a particular case of 2-fold Segal space where every level is discrete by the discrete nerve

construction.

Definition 2.3.17 (Definition 5.14 of [JS17]): Let k,! > 0. The symmetric monoidal

(2,1)-category Pr is the bicategory Fun(©*! Pr) of bifunctors, strong natural trans-

formations and invertible modifications from ©%! to Pr (remember that the ©%"s were
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defined above following [JS17, Definition 5.1]). It can be seen as a symmetric monoidal
oo-category via Duskin’s nerve |[Dus02] and one can apply Haugseng’s construction on

1t. %

Remark 2.3.18: The definition above is a slight abuse. In [JS17], the (oo, 2)-category
Fun(©%! Pr) is defined as an internal Hom in complete 2-fold Segal spaces, not in bi-
categories. One has to show that the naive way of computing internal Hom between
bicategories described above does coincide with the one defined by seeing these bicate-
gories as (oo, 2)-categories. 1 am very thankful to Bertrand Toén for pointing out the
following argument to me.

There exists a nerve functor N : Bicat — CSS, which satisfies that for C, D two
bicategories,

Funcss,(N(C), N(D)) ~ N(Fungi.:(C, D))

Moreover, for C a strict 2-category, this nerve is weakly equivalent to the strict nerve,
N3t (C) ~ N(C).

The first statement is explained in |[Cam20] when (oo, 2)-categories are understood
as 2-quasi-categories. They construct N in [Cam20|, Corollary 5.11]. They construct its
right adjoint, taking homotopy bicategories, in |[Cam20, Theorem 6.29]. They show it
preserves finite products in [Cam20, Lemma 6.27]. They show that N is fully faithful
in [Cam20, Corollary 5.13]. Hence N satisfies the conditions from Remark and
preserves inner Hom'’s.

We can conclude in our context using well-known Quillen equivalences between differ-
ent models for (oo, n)-categories, namely [Arald, Theorem 8.4] relating n-quasi-categories
to Rezk ©,-spaces and [BR20|, Corollary 7.3] relating Rezk ©,-spaces to complete n-fold
Segal spaces. Such Quillen equivalences in particular preserve internal Hom'’s.

The second statement is [Cam20, Theorem 10.10], again for N with values in 2-quasi-
categories, and strict nerve understood in a sense very close to ours, by taking functors out
of the strict bicategories ©y([n;m]) see |[Arald, Section 5.8]. These bicategories contain
the ©%s as the ©y([k; (I ...,1)])’s. Tracking down the equivalences above, we see that
the equivalence of [BR20, Corollary 7.3] precisely restricts a presheaf on ©, to the objects
of the form ©%! and [Aral4, Theorem 8.4] takes discrete spaces. Therefore Ara’s strict
nerve maps to ours, and Campbell’s result applies. O

Definition 2.3.19 (Section 8 in [JS17]): The 4-uple simplicial space

(Axdyor Space

alg, (P .o !
2( ) 7 (p7qvk7l) = aIgQ(Prk,l )p,q

ro,o

is obtained by applying Haugseng’s construction to various (2,1)-categories Pr. It’s
simplicial structure is given by Haugseng’s construction for the first two coordinates,
and the maps between the ©%! bicategories together with functoriality of Haugseng’s
construction for the last two coordinates. &

Theorem 2.3.20 (Theorem 8.5 in [JS17]): The 4-uple simplicial space
uIQQ(Pr

o0

oo is a 2-by-2-fold Segal space, and is complete in the last two coor-

dinates.
In particular, the 4-uple simplicial space E[EQ(PI‘)., is a complete 2-by-2-fold Segal
space.
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We have a 2-fold simplicial diagram of 2-fold Segal spaces as in Figure 2.7 It is already
complete in the simplicial directions displayed, and its completion is the component-wise
completion in this diagram.

alg,(Fun(0%°. Pr)) ~ ~  algy(Fun(6%!, Pr))

I I

alg, (Fun(©%°, Pr)) alg, (Fun(©™!, Pr))

[T [T

alg, (Fun(©2°, Pr)) alg,(Fun(©!, Pr))
Figure 2.7: The 2-by-2-fold Segal space algy(Pr{’1"" ).,

Definition 2.3.21 (Definition 8.6 in [JS17]): The even higher Morita 4-category

Alg,(Pr) = Uppqalg,y(Proa®),

(X

o o
e.0:"

o0

is the underlying 4-fold Segal space of E[EQ (Pr

Remember that by definition [JS17, Remark 5.4] taking underlying 4-fold Segal space
means that
Algy(Pr), g 11 = maps"(OPM, alg, (Pry ™).,

where ©P%%! are defined in [JS17, Definition 5.1]. To compute the derived mapping
spaces here we need to find a (projectively) cofibrant replacement of ©P%*! The (nerves
of the) ©P¢F’s are indeed not cofibrant (for pg # 0) but they are obtained as colimits
of representable presheaves which are. Morphisms out of them are therefore obtained as
homotopy limits.

We adopt [JS17] convention to not write the last chain of 0’s in the indices, and we
drop comas. For example, C1; denotes Cy 10,0.

Proposition 2.3.22: Let C be a complete 2-by-2-fold Segal space. Then we have equiv-

alences
maps (V00 C) ~ (Cyy
mapsh(@l’l’l,C) ~ Cl Xh C111 Xh Cl
Cio1 Cio1
mapsh(@l’l’l’l,C) ~ Cl Xh 01111 Xh Cl
Cio11 Cio11

PROOF : The first statement is [JS17, Remark 3.4]. We recall the proof to apply it to
the other two cases. The bigon O%! : e /ﬂ\" e (or more formally, its strict nerve) is
~ v

obtained as a quotient of the square by the two vertical edges

° (2.4)
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Here the square is the presheaf represented by [1] x [1], the vertical edges are represented
by [0] x [1], and the points by [0] x [0]. As argued in [JS17, Remark 3.2], as the map
from two vertical arrow to the square is an inclusion, a cofibrant replacement for ©%! can
be computed as the associated homotopy pushout. Finally, by the universal property of
homotopy pushouts we can compute the derived mapping space into any complete 2-uple
Segal space C as

mapsh(@l’l,C) ~ Co x" Cy; x" G

Co1 Co1

In particular, if C,, is already essentially constant one has maps”(©1!,C) ~ C; as claimed.

Similarly, Ol = e :/(5) e is obtained as a quotient of the cube by collapsing its
N A

top and bottom face to an edge and collapsing its left and right face to a point. However,

doing these operations successively, it is not true anymore that the left and right square

faces inject into the partially collapsed cube. Indeed, only vertical bigons remain. For the

arguments above to hold, we need injectivity and we have to write bigons instead. We

represent only the 1-dimensional part, but everything below is filled.

U e——e Ue (2.5)

—
&
L
.
<
|
.

mapsh(Ql’l’l,C)zholim Co g Cot +— Ci1i —5— Cons g Co (2.6)

If one first computes the homotopy limits on columns, the resulting homotopy limit is
exactly the one we get by the presentation of ©11! as a homotopy pushout above. Indeed
the homotopy limit of the central column corresponds to the big parenthesis in (2.5)), and
the columns on its side to the vertical bigons by the same argument as for O,

By our 2-by-2-fold assumption, we have the displayed four equivalences. Now a cone on
this diagram is equivalent to a cone on the central column, and therefore this homotopy
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limit can also be computed as

mapsh(@1’171,C) ~C x"Cyy xh G

Cio1 Ci01

as claimed.

Finally, ©Y151 can be obtained as a quotient of the hypercube in the same way. We
obtain a homotopy limit similar to , but now living on a 3-dimensional grid. Under
our 2-by-2-fold assumption, the new direction is already essentially constant, and the
homotopy limit reduces to that on the 2-dimensional grid, namely

maps"(©"1, C) ~ holim Co —— Conr +— Ciinn —— Corn «>— Cy (2.7)

which for the same reason as above gives the claimed formula. U

2.3.4 BrTens and Alg,(Pr)

We recall the explicit description of the underlying bicategories of Alg,(Pr) from
[BJS21]. We use the name BrTens for their description, and include a comparison theo-
rem with the original definition of Alg,(Pr) that was left implicit.

We follow conventions from |[BJS21|, which means that we illustrate with drawings from
factorization algebras though we use the formalism from [Haul7,[JS17], and that the draw-
ings are a 90 degree rotation from |GS|. So 1-morphisms read top-down and 2-morphisms
read left-to-right. It will not appear in this chapter, but we follow the convention that
a 3-manifold seen as a cobordism is read bottom-up. They all arrange in a nice picture,
and the usual drawings are different 2 dimensional projections. We will mostly work in

the (1,2)-plane in Figure 2.8
Let us recall the description of BrTens from [BJS21].

Definition 2.3.23 (Section 2.4 in [BJS21]): An object V of BrTens is a locally pre-
sentable cocomplete k-linear braided monoidal category. We call these braided tensor
categories here, even though this name has many uses. Equivalently, it is an Fs-algebra
in Pr. &

Remark 2.3.24: There are many equivalent descriptions of the same objects:
1. FEs-algebras in Pr,

2. Fj-algebras in Fj-algebras in Pr, used in [Haul7],
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w0 A
&
Z
P
S
=
o)
2-morphisms
)
¢/

L e
S

5

N

Figure 2.8: How to read morphism directions in BrTens

3. locally constant factorization algebras on (0, 1) with values in Pr, used in [Sch14a],
4. braided tensor categories.

The equivalence between 1. and 2. is Dunn’s additivity [Lur, Section 5.1.2]. The equiv-
alence between 1. and 3. is [Schl4a, Theorem 3.2.20] or [Lur, Theorem 5.4.5.9]. Now
specifically for Pr, a sketch of the equivalence between 3. and 4. is given in [BJS21, Fig-
ure 1]. The equivalence between 2. and 4. is [Lur, Example 5.1.2.4].

Let us briefly recall one direction of this last equivalence that will be useful to keep in
mind. For an Fj-algebra in Ej-algebras V one has both vertical and horizontal monoidal
structures ®, and ®;, on V, with natural isomorphisms pxyzr : (X @, Y) ®, (Z ®p
T)> (X ®,2)?, (Y ®,T) satisfying higher compatibilities. However, a braided category
has only one monoidal structure ® and a braiding. One can obtain the description above
by setting ®; = ®, = ®. On the drawings, we take the top elements and push them
at the left to have everything on a line. The natural isomorphism g is induced by the

braiding as in Figure 2.9 &
(X @, Y
— =
Z ®h
X Y z T X Z—Y T

Figure 2.9: Braided categories are algebra objects in monoidal categories

Let us turn to 1-morphisms. In the factorization algebra picture , one can read

that a l-morphism between two braided tensor categories V (in red) and W (in blue)
is a monoidal category A € Pr (the horizontal line) with a top V-action and a bottom
Wh-action that commute with respect to each other and that commute with the monoidal
structure of A in a coherent way. Note that as .4 is monoidal, such an V-action > is
determined by a monoidal functor V — A that maps V to V > 14. See [BJS21, Figure
2].

Definition 2.3.25 (Definition-Proposition 3.2 in [BJS21]): A I-morphism between
Y and W in BrTens is a V-W-central algebra A. Namely, it is an monoidal category
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A € Pr equipped with a braided monoidal functor
(Fa,0) : VRWT? 5 Z(A)

to the Drinfeld center of A.
Remember that the Drinfeld center of A has objects pairs (y, 5) where y is an object of

Aand B: —®y = y ® — is a natural isomorphism. Here F4 gives the object and o
gives the half braiding. We denote V> A= F4(V)@ Aand A<V := AR F4(V). <

Composition of 1-morphism is relative tensor product over the corresponding braided
tensor category, see [BJS21, Section 3.4]

Again in the factorization algebra picture =®==, a 2-morphism M between two V-WW-

central algebras A and B is a A-B-bimodule category where V (resp. W) acts similarly
when acting through A or through B.

Definition 2.3.26 (Definition 3.9 in [BJS21]): A 2-morphism between A and B in
BrTens is a V-W-centered A-B-bimodule category. Namely, it is an A-B-bimodule cate-
gory M equipped with natural isomorphisms

Nom : Fa(v)>m =>m I Fg(v), velV, meM,
satisfying coherences with tensor product in V and with the half braidings in A and B.$

Horizontal and vertical composition are again relative tensor product over the correspond-
ing monoidal category.

Definition 2.3.27 (Section 3.6 in [BJS21]): A 3-morphism F': M — N is a functor
of A-B-bimodules categories that preserves the V-W-centered structure.
A 4-morphism 7 : F = (G is a natural transformation of bimodule functors. &

Note that we have not defined a 4-category BrTens in this section, merely collections
of 0—4 morphisms and ways to compose them, but this is enough to define a chain of
bicategories analogous to Remark [2.1.40] The following is a slight abuse of notation to
make our point clearer.

Definition 2.3.28: The bicategory hy(BrTens) has objects braided tensor categories, 1-
morphisms central algebras, and 2-morphisms equivalence classes of centered bimodules.
Given braided tensor categories V, W, the bicategory hs(Hompyrens(V, WW)) has objects V-
Wh-central algebras, 1-morphisms centered bimodules and 2-morphisms equivalence classes
of centered bimodule functors.

Given V-Wh-central algebras A, B the bicategory ho(Homp,rens(A, B)) has objects A-B-
centered bimodules, 1-morphisms centered bimodule functors and 2-morphisms bimodule
natural transformations. O

The main theorem of this section is the following.

Theorem 2.3.29: There is an equivalence of bicategories
ho(BrTens) ~ hy(Alg,(Pr)) .

Given braided tensor categories V, YW, seen as objects of Alg,(Pr) by the equivalence
above, one has:

hQ(HOHlBrTenS<V, W)) ~ hg(HomAng(pr) (V, W)) .
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Given V-W-central algebras A, B, seen as 1-morphisms of Alg,(Pr) by the equivalence
above, one has:

hZ(HomBrTens (A, B)) = h2<H0mAlg2(Pr) (Aa B)) .

In particular the definition BrTens := Alg,(Pr) is consistent with the definitions above.

We will need a few lemmas before proving this theorem. We will begin by identifying

the homotopy bicategories of the three essential 2-categories aIQQ(Pr) alg,(Pr m)

and alg,(Pr m) that build morphisms in Alg,(Pr). Then we will look at the procedure
of taking underlying 4-fold Segal space.
The homotopy bicategory of alg,(Pr,

Here Pr ngm = Fun(©°°, Pr) is snnply the underlying (2,1)-category of Pr.

ona))
:

Lemma 2.3.30: One has an equivalence of bicategories

ho(BrTens) ~ hy(alg,(Pr)) .

PROOF : By Theorem objects of alg,(Pr) are Ey-algebras in Pr. By Theorem
[2.3.16] the Hom 1-fold Segal space between two objects V and W is alg, (Bimody,y(Pr)).
The monoidal structure on the co-category Bimody )y (Pr) is relative tensor product over
V and W by Proposition which agrees with [BJS21, Proposition 2.37].

Now, alg,(Bimody ,y(Pr)) has objects algebra-objects A, B in Bimody y(Pr), which is
shown to be equivalent to the notion of V-W-central algebras in [BJS21, Definition-
Proposition 3.2]. Isomorphism classes of morphisms from A to B are given by isomorphism
classes of A-B-bimodules internal to Bimody,y(Pr), which is shown to be equivalent to
the notion of V-W-centered A-B-bimodules in [BJS21} Proposition 3.10]. Compositions
of 1 and 2-morphisms are defined to be relative tensor products in [BJS21|, Sections 3.4

and 3.5] as in [Haul7, Corollary 4.20]. O
The homotopy blcategory of alg,(Pr; )
The (2,1)-category Pr “ has ObJeCtS arrows Cs = C; in Pr, 1-morphisms squares
C, —2— ¢ C. ——=C
RSJ % JRt and 2-morphisms commuting thickened bigons Hﬁ/ﬁf% . There
D, — D, D, 5 D,

are two symmetric monoidal functor s,¢ : Pr m — Pr that remembers only the part
labelled “s” or “t”, induced by the two functors 0% — Lo,

Lemma 2.3.31: Objects of alg,(Pr ) are equivalent to arrows

v, 5oy,

where Vs and V; are braided tensor categom'es and F' is a braided monoidal functor.
1-morphisms of alg,(Pr W) from Vq Tt Vi to Wy uik} W, are equivalent to arrows

A, S A,
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where Ay is a V,-Ws-central algebra, A; is a Vi-W,-central algebra and G is a central
monoidal functor.

2-morphisms in ho(algy(Pr m)) from A, G A, to B, ] B; are equivalent to iso-
morphism classes of arrows

M, B M,

where M is a V- Ws-centered Ag-Bg-bimodule, M, is a Vi-W;-centered A;-B;-bimodule
and H is a centered bimodule functor.

stron

The bicategory hg(aIQQ(Prl 0 %)) is equivalent to the bicategory of arrows as described
above where every composition is given by relative tensor product.

Note that none of the functors described above will be composable, they always go

from the "source” side to the "target” side. Composition of functors will be given by
P
20 -

) are equivalent to Es-algebras F in

PROOF : By Theorem [2.3.12 obJects of alg,(Pr;
p
o

0 - Such an F is an arrow Vi EiN Vi endowed Wlth an [E,-monoidal structure.
The images s(F) = V, and t(F) =V, are therefore equipped with Es-monoidal structures,
and are braided tensor categories. More generally, the source and target parts of each

statement is given by Lemma [2.3.30]
VRV, 5 YR,
The product F X F — F is a square J& / J®t exhibiting F' as a monoidal
F

Vy ——— ),
functor (compare with [JS17, Example 8.8]). Similarly the unit of F shows that F' is unital.
The braiding isomorphism ® =®% coming from its Es-monoidal structure exhibits F as
a braided monoidal functor.

By Theorem [2.3.16| a 1-morphism between two Es-algebras F; and F3 in alg, (Pr)

is an [E;-algebra internal to JFi-Fs-bimodules. Such a G is an arrow A, S A; with
compatible monoidal and bimodule structures. A bimodule structure

V, ) A, KW,y 14, )W,
> <
FRGRF 157G, Jt/ e (2.8)
A, < A,

endows A, (resp. A;) with a Vs-Ws- (resp. Vi-W;-) bimodule structure and exhibits G
as a bimodule functor. A monoidal structure G & G — G in Fi-Fo-bimodules is the data

of a monoidal structure G X G — G in Pr m which is balanced. It endows A, and A,
with a structure of monoidal categories, and exhibits G as a monoidal functor, as above.
Compatibility between these two structures demands an isomorphism (we only write one

FRGNG -2, FRG GRFRG —25 FRG
“F7) - > Wwhereas a balancing is > ®g - They
GRG — 2 g GRG ———— ¢

are equivalent, using the unit of F, to asking
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FRFRGRG Y rrg

g Jer e

Q@QL

V. RV, KA, X A, FRFRGHNG VRV, KA XA

The natural isomorphisms J; and J;, using units of V and A, exhibit A, and A; as central
algebras. The missing natural isomorphisms are those described above exhibiting G as
a monoidal and bimodule functor. Commutativity of the cube shows that G is a central
monoidal functor.

A 2-morphism H : G; — G5 is an arrow M LN M, with a bimodule structure

AR M, K BEEIES A 0 M, K B,

GIRHRG =% H , ie. J> / J> (2.10)
H

M, M,

exhibiting H as a bimodule functor. Demanding that these are JFi-Fs-balanced and
internal to JF;-Fy-bimodules demands a F-Fa-bimodule structure on H (which will have
to agree with the ones obtained by acting through either G’s by the following) and an
isomorphism as above (we still write only one “F”):

FRFRFRGRHRG 25 FRHU

D]—‘&D]—‘&D]—‘J/ / JD}‘ , 1.€.

GIRHKG, =9 H

VXV Vi KMAXK M KB, ——— VKV, KV, XK AKX M, X B,

FRH . Pg V. XM
< t t

(2.11)
Here the natural isomorphisms 75 and 7; (using units of A, B and V) give the centered
structure on My and M;, and commutativity of the cube demands that H is a centered
bimodule functor.
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Finally, compositions in every directions in a[gQ(Pr) are defined to be relative tensor
products. O
The homotopy bicategory of a[gz(Pr):
Py,
stron, . . /N . .
The (2, 1)-category Pr has objects bigons Cs \UL C: , I-morphisms commuting
Pq

TR
¢ |56
thickened bigons (in the opposite direction from before) RSJ { J g, - A 2-morphism
A

D, D,

is only the data of a natural transformation in the source and the target side, commuting
with rest of the diagram. There are now multiple notion of source and target. There
are two inclusions ©%% — ©U! and we still denote s,¢ : Pr — Pr the induced
symmetric monoidal functors. There are also two inclusion @0 — O and we denote
u,d : Pris™ — Prio™ the “up” side and the “down” side.

Lemma 2.3.32: Objects of a[gQ(Pr) are equivalent to bigons

where Vs and V, are braided tensor categories, F,, and F; are braided monoidal functors

and v is a monoidal natural transformation.

1-morphisms of a[gg(Pr) are equivalent to bigons

where As (resp. t) is a Vs-Ws-central algebra, G, (resp. d) is a central monoidal functor
and a is a monoidal natural transformation.

2-morphisms of hQ(aIQQ(Pr)) are equivalent to isomorphism classes of bigons

where My (resp. t) is a Vs-Ws-centered As-Bs-bimodule, H, (resp. d) is a centered
bimodule functor and n is a bimodule natural transformation.
The bicategory hQ(a[gz(Pr)) is equivalent to the bicategory of bigons as described

above where every composition is given by relative tensor product.

PROOF : The proof is very similar. The source and target parts of the statements are
Lemma [2.3.30, and the up and down parts are Lemma [2.3.31] But except for objects,
there is nothing else that the source, target, up and down parts, because there are no
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3-morphisms in Pr. Therefore an algebra or module structure will be no extra structure,

and non-trivial conditions coming only from the 1-morphisms.
Fy

A product on a bigon V, \ﬂl/j V), is given by
Fy

(2.12)

where the unlabelled natural isomorphisms are those exhibiting F), and Fy as monoidal
functors. Commutativity of this diagram, together with the analogous diagram for the
unit, demands that v is a monoidal natural transformation.

The diagram is the same for 1-morphism, and similar for 2-morphisms. U

PrROOF (OF THEOREM [2.3.29)): The first statement follows immediately from Lemma
2.3.30L Indeed, the 2-truncation of Alg,(Pr) is simply

Alg, (Pr), 00 = maps"(0***°, alg,(Pr5™)..) ~ alg,(Pr)..

itself as it is already essentially constant, see |JS17, Remarks 3.4], and Pr ~ Pr.
Now

ha(Alg,(Pr)) := hy(Algy(Pr)es0) ~ ho(algy(Pr)..) ~ ho(algy(Pr)e.) ~ hy(BrTens)

because completion does not affect homotopy bicategories.
The bicategory of 1, 2 and 3 morphisms:

Let ¥V and W be two braided tensor categories, seen as objects of Alg,(Pr) by the
equivalence above. We want to identify ho(Homaig,pr)(V, W)). Its objects and mor-
phisms are also identified (up to isomorphism) by the equivalence above. We need to
understand its 2-morphisms

Let A and B be V-W-central algebras and M, N two V-W-centered A-B-bimodules.
An element H of Homag, pr)(M,N) is an element of

BPX stron
Alg,(Pr); 110 = Alg,(Pr), x alg, (Pro) | x Alg,(Pr),
alg, (Pry 28, alg, (Prr22E),

together with paths between its different sources and targets and V, W, A, B, M and N.
Therefore, H is a centered bimodule functor as in Lemma[2.3.31] The essential constancy
condition will require that its source and target (denoted G and G there) are degenerate,
i.e. are identity monoidal functors, and so are their sources and targets (denoted F; and
F; there). Actually, we are given isomorphisms with degenerate morphisms, but because
isomorphisms can be seen as bimodule we can simply compose H with these isomorphism
and say H has degenerate source and target. Compatibility with V and W demands
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Fy = 1dy and F5 = Idyy. Compatibility with A and B demands G; = Id4 and G5 = Idp.
Compatibility with M and N demands that the source and target “sides” of H agree
with M and V.

The bicategory of 2, 3 and 4 morphisms:

Let us identify ho(Homaig,pr) (A, B)) between two V-W-central algebras. Again, we
know objects and morphisms up to isomorphism by the result above, and we need to
identify 2-morphisms.

Fix F1,F5 : M — N two centered bimodule functors. Again we use Proposition

2.3.22| the definition of Hom spaces, and Lemma [2.3.32l A morphism between F' and G

is a 2-morphism in HEQ(PI‘L1 )11, i.e. a bimodule natural transformation 7, with twice
degenerate source and target o ~ Idy, and 8 ~ Idu,, so v, ~ Idy, and vy ~ Idy,,
(using compatibility with V, W, A and B). Compatibly with M, N, F} and F5 gives that
Fy
T
up to composing with the given isomorphisms, we have M n N . O
p P gw gv P wi Vi \L

Fy

We have identified all the the bicategories mentioned in Remark [2.1.40| and can now
describe dualizability in BrTens := Alg,(Pr).

2.3.5 Dualizability in BrTens

Dualizability in the (pointed) factorization-algebra model of higher Morita categories
is completely determined in |GS].

Theorem 2.3.33 (Theorems 5.1 and 6.1 in [GS]): For any ®-sifted cocomplete
symmetric monoidal k-category S, the (n + k)-category Algr*™*(S) has duals up to
level n.

However, the pointing prevents any higher dualizability, and every (n + 1)-dualizable
object is equivalent to the unit.

If a bimodule has an adjoint as a pointed bimodule, in particular it has an adjoint
as an unpointed one, simply by forgetting the pointing of the adjoint, unit and counit.
Therefore one expects at least n-dualizability in Alg, (S).

We now turn to n = 2 and § = Pr. That Pr is ®-sifted cocomplete and has good rel-
ative tensor products is shown in [JS17, Example 8.11]. There one can check by hand that
the dualizability data exhibited in |GS| gives dualizability data in BrTens. More gener-
ally, sufficient conditions for m-dualizability in BrTens were given in [BJS21, BJSS21].
Explicit subcategories with duals up to level m = 3,4 are exhibited in [BJS21]. We recall
some consequences of their results that will be useful in this manuscript.

Definition 2.3.34: A monoidal category in Pr is called rigid finite semisimple if it is
cp-rigid, semisimple and has finitely many isomorphism classes of simple objects. It is
called fusion if it moreover has a simple unit. Note that these correspond to the free
cocompletion (or the Ind-completion which agree in this semisimple case) of the usual
notions of (not cocomplete) rigid finite semisimple and fusion categories. &

Theorem 2.3.35 (Theorems 5.16 and 5.21 in [BJS21]): Let V € Pr be a braided
tensor category. Then:
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1. V is 2-dualizable,
2. if V is cp-rigid, it is 3-dualizable, and
3. if V is fusion, it is 4-dualizable.
Let V, W be braided tensor categories and A a V-W-central algebra. Then:
1. A is 1-dualizable,
2. if VW, A are cp-rigid, then A is 2-dualizable, and
3. if V., W, A are fusion, then A is 3-dualizable.

Invertible objects were studied in [BJSS21]. In particular, they exhibit the first examples
of non-semisimple fully dualizable objects.

Definition 2.3.36: A braided tensor category is called finite if is is equivalent to A-
mod for some finite dimensional algebra A. It is called modular if it has no non-trivial
transparent object. &

Note that this corresponds to the Ind-completion (see e.g. [KS06| for a definition) of the
usual notion of (possibly non-semisimple) modular category, or the free cocompletion of
the subcategory of projective objects (though usually we also assume that our category
is ribbon, which we do not here).

Theorem 2.3.37 (Theorem 3.20 in [BJSS21]): Let V € Pr be a (possibly non-
semisimple) finite modular tensor category. Then V is invertible, and in particular fully
dualizable, in BrTens.
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Chapter 3

Non-semisimple skein (3+1)-TQFTs

This chapter follows the paper [CGHP] written in collaboration with Francesco Costantino,
Nathan Geer and Bertrand Patureau-Mirand. There are some changes in the exposition,
but the results are the same.

Using skein theory very much in the spirit of the Reshetikhin—Turaev constructions, we
define a (3 + 1)-TQFT associated with possibly non-semisimple finite unimodular ribbon
tensor categories. State spaces are given by admissible skein modules, and we prescribe
the TQFT on handle attachments. The reader may want to compare with the easier
semisimple case described in Section (1.4}

In Sections and 3.2 we define chromatic morphisms and gluing morphisms and
give their skein properties (e.g. that the chromatic morphism can be used as a Kirby
color). We define the notions of chromatic non-degenerate, chromatic compact and twist
non-degenerate unimodular finite ribbon tensor categories for which our constructions
below exist.

In Section [3.3] we show that a twist non-degenerate category C gives rise to a 3-
manifold invariant. We show that this construction recovers the modified Lyubashenko
invariants of [Lyu95,DGG™22] and in particular the Hennings and WRT invariants. This
section is independent to the next.

In Section [3.4, we build non-compact (3 + 1)-TQFTs from chromatic non-degenerate
categories and (3 + 1)-TQFTs from chromatic compact categories, see Theorem m
Here non-compact means we only consider 4-cobordisms with incoming boundary in every
connected component. As a by-product, we obtain an invariant of 4-manifolds equipped
with a ribbon graph in their boundary. We show in Theorem that the (3+1)-TQFT
is invertible if and only if C is modular.

In Section [3.5] we study some examples. We show that we recover Crane—Yetter—
Kauffman TQFTs in the semisimple case. We study finite dimensional versions of quan-
tum s[(2) at roots of unity which give chromatic compact and possibly twist-degenerate
examples. We conclude with a toy example in characteristic p which gives a chromatic
non-degenerate category which is not chromatic compact.

3.1 Algebraic setting
We fix an algebraically closed field k and a strict finite unimodular ribbon k-linear
tensor category C, see the definitions of Section and [EGNO15]. By [GKP22, Corol-

lary 5.6], it admits a non-degenerate m-trace, unique up to scalar. Finiteness implies the
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existence of a chromatic morphism for a non-zero projective generator, two notions we
define below.
We will be interested in cases where C satisfied some additional non-degeneracy con-

ditions, see Section [3.1.4]
In [CGHP], we did not require C to be abelian, but it appears that this generalization

does not yield to new TQFTs or 3-manifold invariant. We restrict to this easier setting
here.

3.1.1 Copairing

In this chapter we denote F' = RT¢ the Reshetikhin-Turaev functor and F’ the renor-
malized invariant of closed admissible ribbon graphs from Theorem [1.5.3] We suppose we
have chosen a non-degenerate m-trace t on Proj, as in Section [L.5.1]

Definition 3.1.1: For any P € Proj, we set
Qp = Zx’ ®xz; € Home (P, 1) @ Home(1, P) and Ap = Z:pioxi € End¢(P), (3.1)
where {x'}; and {z;}, are basis of Hom¢(P, 1) and Hom¢/(1, P) which are dual with respect

to the m-trace, that is, such that tp(z; 0 27) = §;;. Clearly, Qp and Ap are independent
of the choice of such dual basis. &

The properties of the m-trace translate to the copairings (2p as follows:

Lemma 3.1.2:

1. Duality: If Qp = Y;2° @ z;, then Qp« = S, 27 ® (') € Home(P*, 1) ®y
Home (1, P*).

2. Naturality: If f : P — Q is a morphism in Proj, Qp = >, 2" ® x;, and Qg =
iy @i, then

in ® (fox;) =) (v of)®y €Home(P, 1) ®x Home(1, Q).

3. Rotation: If V € C and Qpgy = >; 2* @ z; then Qugp = >, ' ® Z; where

Z = (Id® evy)o(ld ®z;Id)o(coevy) and Z = (evy)o(Id @z'@Id)o(Id ® coevy).

PROOF : The duality and rotation properties follow since we apply transformations that
send dual bases to dual bases. The naturality can be checked by applying tp(z; o ) ®
to(- o y¥) to both side then the equality reduces to the cyclic property of the m-trace:

to(foxkoy) =tp(zroyof). O

We fix a projective cover of the unit P; (which can be chosen as any indecomposable
summand of P* ® P on which evp is non-zero for any object P € Proj) and a non-zero
morphism € : P; — 1. Then since the m-trace is non-degenerate, there exist n : 1 — Py
such that tp (noe) = 1. (If C is semi-simple, we choose P; =1 and ¢ = n = 1dy). Let Iy
be the closed ribbon graph
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Then F’(FQ) = tp]l(T]O<€) = 1.

3.1.2 Chromatic morphisms

We define what will play the role of the Kirby color in the non-semisimple setting. We
have shaped Definition to be analogous to the following.

Definition 3.1.3: A projective generator of C is projective object such that any projective
object is a retract of G®" for some n € N. It always exists in a finite tensor category.
A chromatic morphism for a projective generator G is a map ¢ € End¢(G®G) satisfying

b=t

Acga* C
o

More generally, a chromatic morphism based on P € Proj for a projective generator GG is
a map cp € End¢(G ® P) such that for all V' € C, we have

b= - te ’
Ay go cp | = that is Z cp |= , (3.3)

‘\,/‘ iG‘ &

where {x;}; and {z'}; are any dual bases.

= |. (3.2)

Clearly, a chromatic morphism based on G is a chromatic morphism. Conversely, any
chromatic morphism gives rise to chromatic morphisms based on projective objects:

Lemma 3.1.4 (Lemma 1.2 of [CGPVb]): Letc € Ende(G®G) be a chromatic mor-
phism and P € Proj. Pick any non-zero morphism g : G — 1 and a morphism
epc : P — G ® P such that Idp = (e¢ ® Idp) o epg (such morphisms always exist).
Then the map

Cp = (IdG ®€G) oco (IdG ®€p7g) S Endc(G X P) (34)

is a chromatic morphism based on P.

Definition 3.1.5: A chromatic category is a k-linear pivotal category C endowed with a
non-degenerate m-trace on Proj, in which there exist a non-zero projective generator and
a chromatic map. O

3.1.3 Gluing morphisms
We will prove the following lemma in Section
Lemma 3.1.6: There exists scalars Ay, A € k and a family of {AY €

Home (P, P)} peproj, such that for any chromatic morphisms cp,, cp based on Py and
P respectively, one has

Ap

cp
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Definition 3.1.7: A gluing morphism is an endomorphism

g € End¢(Py) such that go A" = Ap,, i.c. = | ap

We also postpone to Section the proof of the following:

Proposition 3.1.8: The category C admits a gluing morphism g € Endc(Py) if and
only if A 0.

3.1.4 Statement of main results

Definition 3.1.9: We say that
1. C is twist non-degenerate if AL A_ # 0,

2. C is chromatic non-degenerate if A" # 0, i.e. if C admits a gluing morphism,

3. C is chromatic compact if there exists a scalar ( € k*, called the global dimension
of C, such that A" = CAp,,

4. C is modular if there exists a scalar ¢ € k* such that for any projective P, Al = (Ap.

O

We will see in Section that the notion of modular and twist non-degenerate coincide
with the usual ones given for example in [DGGT22]. We called these categories “factor-
izable” and not modular in [CGHP]|, but under our standing assumption that C is finite,
the name modular seems more appropriate. Remember that in [DGGT22] a category is
called modular if it is finite and factorizable. The global dimension ( is called modu-
larity parameter in [DGGT22]. It does depend on the choice of the modified trace, see
Proposition [3.4.7

Clearly, modular = chromatic compact (with the same scalar () = chromatic
non-degenerate. We will also see in Lemma [3.2.4] that modular = twist non-degenerate
with AL A = (.

The main constructions of this chapter are the following:

1. If C is twist non-degenerate, there exists 3-manifold invariants B¢ and B (see The-
orem [3.3.2)) that generalize many quantum invariants defined through link surgery.

2. If C is chromatic non-degenerate, there exists a non-compact (3+1)-TQFT .7 (see
Theorem [3.4.4)) whose vector spaces are the admissible skein modules of 3-manifolds.

3. If C is chromatic compact, then .7 extends to a full (34+1)-TQFT (see Theorem
3.4.4).

4. C is modular if and only if ./ is an invertible (34+1)-TQFT (see Theorem |3.4.8)).

Remark 3.1.10: The name chromatic compact refers to the fact that .#¢ extends from a
non-compact TQFT (i.e. one defined only cobordisms whose components have non-empty
source) to a full TQFT, i.e. one defined on all cobordisms. <&
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3.1.5 Existence of gluing morphisms

The proof of the existence of a gluing morphism as stated in Proposition [3.1.§ is a
direct consequence of the last statement of the following lemma:

1.

S v e

Lemma 3.1.11: If C is a finite ribbon tensor category that admits a non-degenerate
m-trace, we have:

For any non-zero morphism P iN) 1 where P is projective, there exists an epimor-
phism f: P — Py with f =co f.

Py ~ Py, i.e. C is unimodular.

Home(Py, 1) = ke and Home(1, Py) = k.

Ap, =noe.

For any f € End(Py), [ is nilpotent if and only if Ap, o f = 0.

For any non-zero endomorphism f € Ende(Py), there exists g € Ende(Py) with
gof= AP]l'

PROOF : First remark that since k is algebraically closed (so k is the unique finite di-
mensional division k-algebra) and since P; is indecomposable, then by the Fitting Lemma,
(see [DK94]) we have Endg(Py) = kld@®J where J is the Jacobson radical which is a

nilpotent ideal formed by the nilpotent endomorphism of Py.

1.

For any nilpotent n € End¢(Py), if eon # 0, then £on is an epimorphism and since
Py is projective, ¢ factors through it: ¢ = € on o g for some g € End¢(Py). But
n o g belongs to J which is nilpotent thus ¢ = £ o (n o ¢)4™(/) = 0 and we have a
contradiction. Then the kernel of o _: End¢(Py) — Home(Py, 1) contains J which
is a maximal left ideal so it is equal to J. Now if &’ : P — 1 is non-zero, then it is an

epimorphism and since P, Py are projective, there exist P ERN Pp, Py % P such that
e =cf, e =¢g=-efg. In particular since fg is not nilpotent, it is an isomorphism
and so f is an epimorphism which is split since Py is projective.

. Apply the previous to Py 7 implies that Py is a direct summand of P; which is

indecomposable so Py ~ Py.

. If ¢ . P — 1 is non-zero, then there is a split isomorphism Py ER Py such that

e =ef. Write f = A]Id+n with n nilpotent and A € k then, &’ = \e + en = Ae.
Hence Hom(Py,e) = ke. Then Home(1, Py) ~ Home(Py,1) ~ Home(Py, 1) also
has dimension 1 so it is generated by 7.

This follows since {¢} and {n} are dual basis.

. From the proof of (1), we have for any f € End(Py), f is nilpotent if and only if

go f =0. Since 1 is a monomorphism, f is nilpotent if and only if noeco f = 0.

The symmetric pairing (f,g) — tp,(fg) is non-degenerate on End¢(Py). From (5),
kAp, is the orthogonal of J. Recall that J is nilpotent and let & = max{n € N :
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Jf # 0} and let g € J* be such that gf # 0. Then Jgf = 0 thus gf is orthogonal
to J and gf € k*Ap,. Up to rescaling g, we thus have gf = Ap,. O

3.1.6 Existence of chromatic morphisms

In this subsection we discuss existence of chromatic maps as well as some cases where
C is chromatic compact.

In [CGPVa], a more general notion of “left” and “right” chromatic maps is defined
and proven to exist for general rigid finite tensor categories. We provide a sketch of proof
for the special case of interest below:

Theorem 3.1.12: If C is a finite unimodular ribbon tensor category then it admits a
chromatic morphism.

PROOF (SKETCH OF PROOF.): The finite tensor category C has a coend .Z = [V V*®
V' with dinatural transformations 7y : V* ®@ V. — Z. The coend is a Hopf algebra
object in C and every object V' € C has a structure of right .Z-comodule given by 7, =

cngg) 1d

V—mVeV'eV Mo, y g & ) compatible with the monoidal structure: the
product my : X ®.% — £ is used to define the coaction on a tensor product. Moreover,
the coend is known to have (unique up to a scalar) right integrals A : 1 — £ and
A% — 1 with Ao XA = Idy (since C is unimodular, A is a two-sided integral). It is
shown in [CGPVa] that for a good choice of A, we have for any projective P € C:

(Idp ®A) o) zp = AP (35)

where Ap is defined in Equation with the copairing of the m-trace. Let G be a
projective generator, then the map ig is an epimorphism thus the map Aoeg : G = &
factors through it and there exists a map f\ : G — G* ® G such that

)\O€GIiGof)\. (36)

Let f) = (evg®Idg)o(Idg ®fy) and fix any map e : G — G®G such that (¢ ®1dg)oe =
Idg. Then the map

c = (fr®1dg) o (Idg ®e) (3.7)

is a chromatic map. Indeed, the integral property of A is that mg o (A®Idy) = ® A
where m¢ and ¢ are the product and counit of .. Then we make a graphical proof:
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The first equality comes from the duality property of {2 (see Lemma ; the second is
expressing Agga+ as the coaction of A. This coaction on a tensor product is given by the
product of the coactions. The third equality is the defining property of f) and the fourth
is the integral property of . 0

The coend in a ribbon tensor category C also gives an alternative description of the
morphisms Ag and AL as follows: Let 6 : £ — £ be defined by §oiy = iy o (Idy+ ®@6y).
Then Ay =eg o0 o\ Let w: ¥ ®.Z — 1 be the Hopf pairing defined by

w O (ZU ® Zv) = (<6—VU® <e—Vv) (o] (IdU* ®(CV*,U (o] CU,V*) ® Idv)
and let Ag =wo (A®Idy) : £ — 1. Then for any projective object P,
Al = (Idp ®A¢) o7, indeed

Ao

Thus, C is modular if and only if Ag = A which is equivalent (see [DGGT22, Lemma
2.7]) to the non-degeneracy of w. We thus recover the usual notion of modular and twist
non-degenerate given for example in [DGGT22].

Hopf algebras. A particular example is when C is the category of finite dimensional
left modules over a finite dimensional unimodular ribbon Hopf algebra H. By Theorem
1 of [BBG21]| it has a non-degenerate left m-trace on Proj, which is also a right m-trace
since H is ribbon. The module H with its left regular action is a projective generator and
the map Apgpy+ is the action of the two sided cointegral. Indeed, as a Hopf algebra, &
can be indentified with H* where the multiplication is twisted by the braiding of C. An
explicit formula for a chromatic morphism c: H ® H — H ® H is given by

z @y = AMS(w)9r)ye ©ye) (3.8)
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where g is the pivotal element, A is the right integral, S is the antipode, and y(1) ®@y(2) @3
is the double coproduct of y (see [CGPT20, Lemma 6.3]). In this case the morphism Al
is given by the action of the element Ay = A ® Idy(R21 R12), where R € H ® H is the
R-matrix of H. Note that Ay being non-zero is one of the two conditions for H — mod to
be called 3-modular in |[Lyu95, Theorem 3.7.3].

When working with Hopf algebras, it may seem more natural to express everything
in terms of H and avoid mentioning P;. One can define a gluing morphism for H as an
endomorphism gy : H — H satisfying gy o A = Ay. Writing Py as an idempotent
iopin H, it is easy to see that the existence of a gluing morphism gy for H implies the
existence of a gluing morphism g := p o gy o . Similarly, the existence of g implies that
of g :=iogop (there is up to automorphism a unique indecomposable summand of Py
in H which contains the unique left ideal kA isomorphic to 1). However, the existence of
gy is a priori not equivalent to Ay being non-zero.

Fusion categories. Recall that the global dimension of a ribbon fusion category C is
the sum of the squares of the dimensions of its simple objects . It is shown in [EGNO15,
Theorem 7.21.12] that it is non-zero when k has characteristic zero.

Proposition 3.1.13: A ribbon fusion (possibly non-modular) category C with non-zero
global dimension is chromatic compact.

PROOF : We recover the definitions of Definition as Py = 1. Let {S;}ier be a set
of representatives of the isomorphism classes of simple objects of C, then G = ®;¢1.5; is a
generator of Proj = C and the quantum trace t = Tt is a non-degenerate m-trace on C.

It follows that
I; = ————— CO€eVg and { ; =evVg }

are dual bases of Home (1, G®G*) and Home(GRG*, 1), respectively. Using the expansion
Qeoc = Yier Ti Qk Ui, it is straightforward to check that

el

Cp = <@iel qdlm(Sl) Idgl) % Idp

is a chromatic morphism for G based on P (it is essentially the Kirby color tensor the
identity of P).

Let d(C) = Y;c; qdim(S;)? be the global dimension of C. As Py = 1, the morphism A}
is multiplication by d(C), so C is chromatic compact with ¢ = d(C). A gluing morphism
is given by %I dy. O

In particular the parameter ¢ we called global dimension coincides with the usual notion
in the semisimple case and for the usual quantum trace.

Symmetric categories. It seems that having semi-simple Miiger center is a good
criterion for being chromatic compact in characteristic 0. On one extreme, we have seen
above that if C has trivial Miger center (i.e. is modular) then it is chromatic compact.
We consider the other extreme, the symmetric case, below:

Proposition 3.1.14: Suppose C is symmetric monoidal and char(k) = 0. Then the
following are equivalent: C is chromatic non-degenerate, C is chromatic compact, C is
semi-simple.
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PROOF : First, let us observe that C admits a fiber functor. By Deligne’s theorem,
see [EGNO15, Theorem 9.11.4], it is enough to check that C has sub-exponential growth.
Find C' € N such that G ® G C G®° and let L be the length of G. Then the length of
G®™ is at most (C.L)" and C has sub-exponential growth.

Using Tannakian reconstruction, C ~ H — mod/? for some Hopf algebra H. (Note that,
despite the fact C is symmetric, it is not clear that H is cocommutative as it might be a
super-Hopf algebra). We use the chromatic map from Equation (it does not matter
which chromatic map we use by Lemma [3.2.1). We can ignore the double braiding in the
definition and compute Af (1) = A(1)1. If C is chromatic non-degenerate it has to be
non-zero, hence \(1) # 0. This is equivalent to semisimplicity of H* by [Rad12] which is
equivalent to semisimplicity of H in characteristic 0 by |[LR&S].

To conclude, we have seen in Proposition that semi-simple implies chromatic com-
pact, and it is immediate that chromatic compact implies chromatic non-degenerate. [J

3.2 Skein relations and algebraic properties

Throughout this chapter, all manifolds are smooth and oriented and all diffeomor-
phisms are orientation preserving, unless otherwise stated.

3.2.1 Blue, red and green graphs

We consider graphs whose edges are colored by one of the colors blue, red or green
each representing different structures: the blue part will be a C-colored ribbon graph with
coupons in the sense of Turaev. The red part is an unoriented framed link in M which is
not C-colored. Graphs made of the disjoint union of a blue C-colored ribbon graph and
a red set of non-oriented framed circles are called bichrome graphs, see [CGPT20]. The
green is an unoriented framed link which is used as a notation for the topology of M.
This means that M is identified with the result of the S'-surgery on the green link, see
Figure 3.1}

\4 \4

I o

Figure 3.1: The graph on the left is a ribbon graph T in S? x S where the green circle
represents the topology of S? x S'. The graph on the right is a bichrome graph in S3
which after surgery on the red circle produces the graph on the left.

Sliding a blue or red edge on an green circle should be thought as an isotopy in M.
For a disconnected 3-manifolds M, we will use the symbol LI to separate the different
components of M.

A bichrome graph in a manifold M is admissible if every connected component of
M contains a blue edge colored by a projective object. A red to blue modification of a
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bichrome graph is an operation in an annulus given by

— I Cp|>» (39)

where cp is any chromatic morphism based on a projective object P. Here we allow the
P-colored edge to be replaced by several parallel strands with at least one colored by a
projective object (indeed if P € Proj and V,W € C are any objects, then V@ P W €
Proj).

3.2.2 Sliding for chromatic morphisms

We show that the chromatic map behaves as expected, e.g. that the red-to-blue
operation does not depend on the choice of a chromatic morphism, and that one can slide
over red components. Remember the definition of admissible skein modules from Section
[1.5.2l A bichrome graph is called admissible if its blue part is.

The following lemmas are from [CGPVDb]|, for completeness we restate them here in a
slightly different language.

Lemma 3.2.1: Let L be an admissible bichrome graph in M and let Ly and Ly be two
C-ribbon graphs each obtained by using red to blue modifications to change every red
component of L to blue. Then Ly and Ly are projective skein equivalent.

PROOF : In this proof, we write T'=T" if T' and T" are projective skein equivalent graphs
in M. We need to show that two red to blue modifications of a red circle at different places
with different chromatic morphisms are projective skein equivalent. Let cp € Ende(G® P)
and ¢y € Ende(G’' ® Q) be two chromatic morphisms based on P and @), respectively,
where G and G’ are projective generators.

Suppose that we have two modifications of the type “red to blue” which are made on
different blue strands and using opposite orientations for the red circle. Then we have
(with implicit summation):

where 7Z; and 7 are the dual basis obtained from z; and z' by the rotation property of
Lemma [3.1.2] If the two modifications are happening on the same side of the red circle,
then by the above argument they are both equal to a third modification happening on
the opposite side of the red circle. O
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Lemma 3.2.2: Let L be an admissible bichrome graph in M and let L' be the admissible
bichrome graph obtained by sliding a red or blue edge of L over a red circle of L (via a
Kirby II move, see Equation . If Ly and Ly are ribbon graphs obtained by applying
a red to blue modification on each red component of L and L' respectively, then L, and
Ly are projective skein equivalent.

PrROOF : We first consider the case of sliding a blue edge colored by P € Proj on a red
circle:

5

where 2*; and 2** are the dual basis defined by 7** = (2;)* o (¢g ® Idp+ga-) and z*; =
(65" ® Idpsga-) o (2%)*. Notice this implies a red circle can be made blue then slid over a
red circle. Now if we want to slide a blue edge colored by V' € C we can fuse it with an
edge colored with a projective @ to this edge creating an edge colored by V ® @) (which is
projective) and two coupons. Then we can slide the V' ® @Q-colored edge as in the above
computation. After moving one of coupons along the red circle to the other coupon we
can remove both coupons and then unslide the edge colored with Q. [l

3.2.3 Properties of the morphisms of a chromatic category

Next we prove Lemma [3.1.6]

Proor (PrOOF OF LEMMA |3.1.6)): By Lemma we can give a meaning to the
evaluation by F' of F’ of admissible ribbon graphs with red components as the value of
any red to blue modification of it, see Equation (3.9). Thus we have that

’
Aje = F(;X: T) cke, A_e= F(:Xj T) ckeand A = F @ € End¢(P)

does not depend on the choice of any chromatic map. [l

Lemma 3.2.3: The morphisms AL is a natural morphism in P € Proj (that is fo Al =
AOQ of for any P ER Q € Proj) and (AD)* = ALY for any P € Proj.

P
PROOF : Since A} = F <<T>> € End¢(P), the morphism A} is clearly natural in P €
Proj. Finally, since the red circle is not oriented,

\

P
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Lemma 3.2.4: If C is modular, then it is twist non-degenerate and A, A_ = (.

Ce = [@; —ALA e (3.10)

where the left equality is obtained by making the 1-framed component blue, applying the
factorizability condition and then using the defining property of the chromatic morphism.
The right equality is obtained by sliding the O-framed red unknot on the 1-framed red
one. 0

PRroor : We have

Proposition 3.2.5: The dual of a gluing morphism is conjugate to a gluing morphism
by any isomorphism Py ~ Py .

PROOF : For the existence: since AJ* # 0 by Lemma (6) there exist g € Endc(Py)
such that Al'g = Ap,. Since Al' is central, gAJ" = Ap, and taking the dual we get
(Ap,)" = Ap; = (AfYg = (Aopf)g* (where the first equality is due to Lemma [3.1.2| and
the last to Lemma [3.2.3). Now if we conjugate by an isomorphism ¢ : Py — Pj we get
Ap, =9 oAp oy = Al (1~ 'g* ) where the last equality follows by Lemma O

Lemma 3.2.6: The category C has a gluing morphism which is an isomorphism of Py
if and only if

A = (Ap, for some scalar ¢ € k* (i.e. iff C is chromatic compact).

In this case, ("' Idp, +n is a gluing morphism for any nilpotent n € End(P).

PROOF : Let g be an invertible gluing morphism. Then g=! = ¢ Id +n for some n nilpo-
tent and ¢ € k*. Then A" =g 'Ap, = CAp,. O

3.3 3-manifold invariant

In this section we assume C is twist non-degenerate.

3.3.1 Surgery presentation of 3-manifolds containing ribbon graphs

It is well known that any closed 3-manifold can be represented by surgery along a link
in S® and that two such presentations of the same manifold are related by the following
two moves. A Kirby I move which replaces a link L with itself disjoint union a unknot
U with framing +1:

L +— LUU. (3.11)

and a Kirby II move which replaces a component L; of a link with a connected sum of L;
with a parallel copy of a different component L;:

T iy (3.12)
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The result of surgery along a link L is a 3-manifold S?(L) uniquely defined up to dif-
feomorphism. If L and L' are related by a Kirby move, it induces a diffeomorphism
S3(L) = S3(L') canonical up to isotopy.

Now given a pair (M,T) where M is a closed 3-manifold containing an admissible
C-colored ribbon graph 7. We say the ribbon graph LUT C S? is a surgery presentation
of (M,T) if L is a link surgery presentation representing M, and T is identified by T' C
S3 L C M. The components of L are called the surgery components of L UT. We have
the following theorem (see |[CGP14]).

Theorem 3.3.1: Fori=1,2, let L;UT; be a surgery presentation in S® of a 3-manifold
M; containing a C-colored ribbon graph T;. Let f : My — M, be an orientation preserving
diffeomorphism such that f(Ty) = Ty as C-colored ribbon graphs. Then Ly U Ty and
Ly U T, are related by a sequence of orientation changes of the surgery components,
Kirby I moves away from T;, Kirby II moves on the surgery components and Kirby II
moves obtained by sliding an edge of T; on a component of the surgery link such that the
induced diffeomorphism between My and My is isotopic to f.

3.3.2 Existence of the invariant

Recall the definition of the scalars Ay given in Section [3.1.2]

Theorem 3.3.2: Let (M,T) be a pair where M is a closed 3-manifold containing an
admissible C-colored ribbon graph T. Let LUT C S® be a surgery presentation of (M, T).
If LPve js a C-colored ribbon graph obtained by making each red component of T U L blue
using a red to blue modification then

F/(Lblue)

/ _

(3.13)

only depends on the diffeomorphism class of (M,T), where (r,s) is the signature of the
linking matriz of L and F' is as in Theorem[1.5.5,

PROOF : Lemma(3.2.1|implies that any choice of making a surgery presentation blue only
depends on the surgery presentation. This lemma also implies that using a red to blue
modification on a unknot with +1 framing with any chromatic morphism produces the
same the scalar AL. Thus, it is enough to show the invariant is well defined for any two
surgery presentations which are related by a Kirby I or I move as in Theorem [3.3.1]
Lemma [3.2.2] implies any of the Kirby IT moves in Theorem hold. Finally, since
the category is twist non-degenerate then the normalization in Equation implies
invariance under any Kirby I move. 0

When T is not necessarily admissible, and M is connected define Be(M,T) = By (M, T LU
I'y) where
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is contained in a ball in M. If (M,T) and (M’,T") are 3-manifolds with C-colored ribbon
graphs such that 7" is admissible then

BZZ((Ma T)ﬂ(M/aT/)) = BC(M7 T)BZZ(M,>T/)7 (3'14)

where f stands for the connected sum along balls not intersecting 7" nor 7".

3.3.3 Identification of the invariant

Let DGGPR¢ denote the renormalized Lyubashenko invariant defined in [DGG™22].
It is normalized using a choice of square root 2 of A, A_.

Theorem 3.3.3: If C is twist non-degenerate, M is a closed connected 3-manifold and
T is a admissible closed C-colored bichrome graph inside M then

DGGPR¢(M,T) = 271" BL(M, T)

where by is the first Betti number of M.

PROOF : Let L UT be a surgery presentation of (M,T). Let F) be the extension to
bichrome graphs of the RT functor [DGG™22, Proposition 3.1] and let F} be its renor-
malization with the m-trace [DGG™22, Theorem 3.3]. From [DGGT22, Theorem 3.8] we
have

DGGPR¢(M,T) = 276 W E(LUT)

where o(L) = r — s is the signature linking matrix of a surgery presentation L of M,
§ = &+ = Z and ¢ is the number of components of L. The main property of the map F A

7 = A
is that it gives a well defined meaning to a red circle that can be made blue [DGG™22,
Lemma 4.5]. Now [CGPVaj Section 3.4] shows that the red-to-blue operation using the
chromatic morphism is exactly the red-to-blue operation of [DGG'22, Lemma 4.5]. Thus,
with the notation of Theorem it follows that Fy(LUT) = F'(L"°).

Finally, it is easy to show that £ = b, + 7 + s and 27174570 = 9&;:_1 for a surgery

presentation L. 0]

Similarly, comparing Equation and [DGGT22, Proposition 3.11] one sees that
Be(M, D) recovers Lyubashenko’s invariant defined in [Lyu95] up to the same factor
@flfbl'

In particular, let C be the category of finite dimensional left H-modules over a finite
dimensional unimodular ribbon Hopf algebra with right integral A. The modified trace on
C is induced by A [BBG21|, Theorem 1]. Then B¢(M, () recovers the Hennings invariant
defined in [Hen96] and B (M, T') recovers its renormalized version defined in [DGP1§| up
to the same factor.

If C is semisimple modular then B and B¢ agree and recover the Witten-Reshetikhin-
Turaev invariant associated to C up to the same factor.

3.4 The (non-compact) (3+1)-TQFT

In this section we assume that C is chromatic non-degenerate.
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3.4.1 Construction of TQFT and 4-dimensional invariants

We extend the functor .# : Man — Vect to a functor . : F(G"°) — Vect (respec-
tively %z : F(G) — Vect if C is chromatic compact) by assigning to each S-surgery a
linear map between skein modules.

Let M be a closed 3-manifold. For k = 0, ..., 4, recall from Section [1.3.2] the cobordism
W (Sk=1) which is given by gluing a k-handle on M x [—1,1]. Its domain and target are
related by a index k-surgery (along a framed sphere S¥~1) which can be described using
green circles as follows (in what follows the links L and L’ are all green and describe two
distinct components of M by surgery):

1. index O-surgery: M — M LI S3.

2. index 1-surgery: if the gluing S° is not contained in a single component of M:
LUl - LUL ;else: L - LU

3. index 2-surgery: L — L U “green knot” arbitrarily linked with L. Alternatively,
since the result of a S'-surgery on a 3-manifold is invertible by another S! surgery,
then for a well chosen representation of the domain of W (S!), its target can be
represented as its domain with a green knot removed.

4. index 3-surgery: if the glueing S? disconnects a component of M: LU L' — LU L/
where L and L' live in two different hemispheres of S?; else: L — L\ O where the
green unknot bounds a disc disjoint from the other components.

5. index 4-surgery: M L S% — M.
For k € {0, ...,4}, given a framed sphere S*~! in M we define a morphism
Xargkor : Fe(M) = Se(M(S')

which will be assigned to the morphism .#¢(ey;s-1) as follows.

0-handle: We only consider 0-handles when C is chromatic compact and so g = (! Idp,
is a gluing morphism. Let S71 : () < M be a framed —1-sphere. Recall Iy is the ribbon
graph with a unique edge from a coupon colored with 7 to a coupon colored by ¢ (see the
r.h.s. of Figure . Then there exists a birth map:

XMs-1 -+ yC(M) — yc(M LJ 53)
sending a skein in M to its disjoint union with (53, (T), see Figure .

Figure 3.2: The birth map yus-1 augments a skein by adding a disjoint union of S?
containing (T.

1-handle: Given a framed sphere S° in M there exists a gluing map:

Xargo : Se(M) = Fe(M(S"))
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Py

— L —
A : g
Py A

Figure 3.3: The gluing map xsso is depicted by two different representations depending
if SY is embedded in a unique connected component of M (left) or not (right).

B
131 B Py

OHS
[}
]

which glues two edges terminating on coupons colored by 1 and € by a gluing morphism
as represented in Figure [3.3] Let us describe this morphism in more detail. Let x,y be
two distinct points of a 3-manifold M. Let B,, B, be neighborhood of z and y both
oriented and parameterized by B? and let S° be the framed O-sphere B, LI B,. Let

M' = M\ (B, U B,) <% M be the inclusion and C' ~ 52 x [0, 1] be the cylinder such that
M(S%) = M’ Uy C. We put in this cylinder a skein 'y with a single coupon colored by
any gluing morphism g and an incoming and an outgoing edge parallel to (1,0,0) x [0, 1],
framed in the direction (0,0,1). We will say that a skein 7" in M is in good position with
respect to S® if B, NT consists of a planar ribbon graph in Rt x R x {0} N B, consisting of
a unique edge oriented from (1,0,0) € 0B, towards a coupon colored by € and if B, NT
consists of a planar ribbon graph in R* x R x {0} N B,, consisting of a unique edge oriented
from a coupon colored by 1 towards (1,0,0) € 0B,. The map xso assigns to a skein 7'
in good position with respect to S the skein (M', T N M’') Uy (C,Ty).

Proposition 3.4.1: The linear map xyso s well defined and does not depend on the
ordering of {x,y} nor on the gluing morphism g.

PROOF : First we note that the admissible skein module is generated by skeins in M
where every component of M contains a coupon colored by ¢ and a coupon colored by
n. Indeed, consider a box containing a part of an edge colored by P € Proj whose image
by the RT-functor is ev p and apply Lemma (1) to show that a skein relation can
be used to make appear a coupon colored by € : P, — 1. Let us choose an isomorphism
Y : P — PJ normalized so that n* oy = € then a coupon colored by ¢ is skein equivalent
to a graph with two coupons colored by ¢ and 1. So applying this procedure twice we can
ensure the presence of a e-colored coupon and of a 7n-colored coupon in each connected
component of M.

Now, up to isotopy of the skein, the definition of x g0 only depends a priori on the
choice of the two coupons colored by € and 7, and on the choice of a gluing morphism g:
we will now prove independence on these data. Let g’ be an other gluing morphism and
consider the element obtained by using g’ instead of g and two different coupons colored
with € and 7. Then we have if S is embedded in a unique connected component,

IIHE@
PhOT P @ S
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where the first and last equalities are skein equivalences given by definition of gluing
morphisms and the middle one is an isotopy of the red circle in the belt 2-sphere created
by gluing the 1-handle. Similarly, if the surgery is connecting two different components
of M, the representation of the equivalence is similar without the green circles but with
the separating belt 2-sphere represented by the horizontal plane.

The map xpso preserves skein relations as we can always choose coupons € and 7
outside a fixed box.

Finally reversing the orientation of the sphere S that is interchanging = and y does
not change the map since n = 1) ~1e*, ¢ = n* and 1 ~'g*¢ is also a gluing morphism. [J

2-handle: Given a framed sphere S! in M there exists a knot-surgery map:
Xarst © Le(M) = Le(M(SY)

adding a red circle along the meridian of the surgery knot, see the r.h.s. of Figure |3.4
Let C' = —B? x S where the sign of B? means reversing orientation and O, C C be a red

Figure 3.4: The knot-surgery map xsst, two alternative representations: on the left we
choose a representation of M where S! is a meridian of a green knot; a presentation for
M(S') is then obtained by forgetting the green knot in the presentation of M, but the
map on skeins consists of adding a red component along that S!. On the right, the surgery
presentation of M(S') is obtained by adding the green circle (which is S') and the map
on skeins consists in adding also its red meridian.

ribbon knot of the form [—0.1,0.1] x {0} x S*. Let S' ~ S' x B? be a framed knot in M,

M = M\(Sl X B2) and M" = M’Uac. Let yc(M’) i> yc(M) and yc(M,) Z—> yc(M”)
be the maps induced by the inclusions. We define x 1 to be the map that sends a skein
i(T) to ¢"(T) UO,. Observe that this map is defined on all .#(M) because each skein in
M can be isotoped off C'.

Proposition 3.4.2: The linear map x st s well defined.

PROOF : If 11, Ty € S(M') are such that i(T7) = i(T3) then T} and T differ by isotopies
in M’, slidings through meridian discs of C' and skein relations which, up to isotopy, can
be supposed to be supported in a box disjoint from C'. Then i"(77) U O, and " (T5) U O,
differ by isotopies in i”(M’), skein relations in ¢”(M') and sliding of edges on the created

red component O,, which by Lemma preserves the class in #(M"). O

3-handle: Given a framed sphere S? in M there exists a cutting map:
Xarge  Le(M) = Le(M(S?))

sending parallel strands passing through the cutting sphere S? to the copairing €2, see Fig-
ure We say that the skein is in standard position with respect to S? if its intersection
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+—>Z L or Qr—>z

- 1] T

Figure 3.5: The cutting map yuss2: two representations depending if S? is a separating
(left) or a non-separating sphere in M (right).

consists in n parallel edges in a rectangle (i.e. a disc of the form a x [0,1] C S§* x [0, 1] for
some simple arc @ C S?) with at least one edge colored by a projective module (see Figure
3-5). We now consider a skein in standard position. Then the image by the RT-functor
of this rectangle is the identity of P for some P € Proj. The cutting map xss2 replaces
the framed sphere by the sums of graphs in two balls each containing a unique coupon
colored with the dual basis of Hom¢(P, 1) and Home(1, P).

Proposition 3.4.3: The linear map xps2 s well defined.

PROOF : We refer here to the proof of [CGPVb| Lemma 3.3] which is completely similar.
The main idea is that the naturality of {2 implies that the images of isotopic skeins are
skein equivalent. [l

4-handle: Given a framed sphere S* in M, the map y,rgss corresponding to filling of a
3-sphere of M = M’ S? is given by

(M,T) — F'(TNS*(M',T N M) € S (M).

Theorem 3.4.4: There exists a unique symmetric monoidal functor
S Cob™ — Vect

extending ¢ - Man — Vect such that c(ess) = Xus-
If C is chromatic compact, then the functor extends to a symmetric monoidal functor on
Cob:

S . Cob — Vect.

PROOF : We only need to prove that the relation (R1)—(R5) are satisfied by .7%.

(R1) Since .#¢ : Man — Vect is functorial we have ¢(egoa) = Se(eq) o Se(eq). Also,
since elements of .z (M) are defined by ribbon graphs up to isotopy we clearly have
Fe(eq) = 1d if d is isotopic to Idy.

(R2) Since the construction of the maps x s are local, they are covariant under diffeo-
morphisms of the pair (M, S).

(R3) Again, since the construction of the maps xss are local, they commute for disjoint
framed spheres.
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(R4) The 2-3-handle cancellations reduces to the chromatic identity as shown in
Figure [3.6] Indeed since the attaching framed 2-sphere of the 3-handle intersects
the belt circle of the 2-handle once, the attaching circle for the 2-handle bounds a
disc in the intermediate 3-manifold. This is why we can represent the green circle
in Figure [3.6| as an unknot.

The 1-2-handle cancellations reduces to the defining property of the gluing map.
Indeed the sphere S? created by the 1-handle can’t be separating since it is inter-
sected once by the attaching S! of the 2-handle. This means that we can represent
the map xp st as in the left hand-side of Figure and the map xss2 is then the
left hand-side of Figure turning the green unknot into red.

The 3-4-handle cancellation relies on the fact that evaluating F” on a cut 3-ball is a
skein relation.

Finally, in the compact case, the 0-1-handle cancellation is obvious since we can
choose g = (7' Idp, as gluing morphism.

(R5) The maps xars do not depend on the orientation of S. O

I
N

£
-
P Py Py

Py + Py

Figure 3.6: The cancellation of a 2-handle by a 3-handle.

We now extract (even in the non-compact case) two scalar invariants of 4-manifolds:
e(W,T) for manifolds with an admissible graph in the boundary and .#-(W) for con-
nected closed 4-manifolds.

Definition 3.4.5: Let W be an oriented compact 4-manifolds with no closed components.
A C-ribbon graph T' C (—0W) is admissible if for each component M of —OW, T N M is
admissible i.e. if T represents an admissible skein of .7:(—0W) (where the minus sign is
for opposite orientation). If 7" C (—0W) is admissible then define the invariant

Fe(W,T) = Fe(W)(T)

where W is W seen as a cobordism from —9W to 0. &
Definition 3.4.6: Let W be a connected closed 4-manifold. Define

(W) = Z(W,Ty) €k
where W = W \ B is a once punctured W. %

If C is chromatic compact, by definition of the maps x g0 (see Figure , we have for
any closed connected 4-manifold W:

Fo(W) = CSp(W)1dy . (3.15)

For example, .#2(S*) = 1 whereas .7:(S*) = ¢ Idy is the global dimension.
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3.4.2 Properties

Remember that in this section we are assuming that C is chromatic non-degenerate so
that in particular it has an m-trace t, chromatic morphism c and gluing morphism g.

Proposition 3.4.7: Let k € k*, then
1. t' := Kkt is a non-degenerate m-trace on Proj,
2. its associated copairing is given by Qp = %Qp, and I'fy = %Fo,
3. ¢ = kc is a chromatic morphism associated to t',
4. g = %g is a gluing morphism, and in the compact case (' = k*C.

Finally the TQFT %} associated to t' satisfies LL(W) = kXW) S(W) where x is the
Euler characteristic.

PRrROOF : The first four points are immediate from the definitions. In the compact case,
the 0-handle map becomes X, g1 = kXars-1, as ('I'y = £(T. The 1-handle map becomes
Xyso = %X Mo as it maps a p to a g’. The 2-handle map becomes X, g0 = KXag0 as
¢’ = rc. The 3-handle map becomes ;g0 = %XMSO as Qp = %Q p. The 4-handle map
becomes X', 0 = kXm0 as t’ = kt.

Therefore for a 4-bordism W decomposed using n; i-handles, 0 < ¢ < 4, one has:

SLW) = granatna=mtno g (W) = g XW) S (W). O

Theorem 3.4.8: The TQFT /¢ is invertible if and only if C is modular.

PROOF : First we prove the necessity of the theorem: recall that .#7(S%) ~ k is generated
by the skein (53, ). Let G be a projective generator with a unique indecomposable factor

Py 5 G % Py. Then by naturality of A and since G contains a single copy of Py, we have
Ag = iAp,p. Consider the subspace of .7¢(S? x S') generated by graphs {Of} fepnde(c)
with a unique coupon colored by f € Endc(G) and a unique edge of the form {pt} x S.
Consider the two cobordisms Wy, W3 : S x ST — 53 given by gluing a 2-handle (resp. a
3-handle) to 5% x S* x [0, 1] respectively along {pt} x S* x {1} and 5% x {pt} x {1}. Then
yc(Wz)(Of) = tg(Agf) € k ~ yC(S?’) and yc(Wg)(Of) = tg(Agf) ek ~ yc(S?’)
In particular, for the gluing morphism g, .7¢(W3)(O,gp) = 1 = S (W3)(O1a) = 1 so the
two maps are non-zero. If .7 is invertible, dimy(S? x S') = 1 and there exists ¢ € k*
such that S(Ws3) = (S(Ws). Then for any f € Ende(G), ta(A§ f) = Se(W3)(0f) =
(Fe(Wy) = Ctg(Agf). Finally, by non-degeneracy of the m-trace, AS = (Ag.

Now we prove the sufficiency of the theorem: we suppose C is modular and we show
that for any connected 3-manifold M, dimy(#2(M)) = 1. This is true because the image
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of any 1-surgery given by a 2-handle can be inverted:

Here the first map is the image of any S'-surgery on M and the second is the image of an
appropriate second S'-surgery; the first equality is an isotopy in the manifold obtained by
sliding the second red curve along the first green curve, the second equality comes from
the fact that topologically on the level of the 3-manifolds, a surgery along a meridian
of a S'-surgery component cancels both components and the last equivalence is a skein
equivalence due to the factorizability of C.

Then we check that every cobordism induces an isomorphism. It is immediate from
the definition that 0-handles and 4-handles are isomorphisms. The proof for 2-handles
is given above. Note that a 1-handle followed by a 3-handle glued on the belt sphere
created by the 1-handle is a scalar times the identity. Indeed, the 1-handle will introduce
a gluing morphism (which is a scalar times the identity of Py by assumption) from a pair
of coupons ¢ and 7. Then the 3-handle will cut it, turning it back to a pair of coupons
¢ and 7. This shows that 1-handles are injective and 3-handles surjective. Because every
skein module is 1-dimensional, they are also bijective. 0

Theorem 3.4.9: Assume C is twist non-degenerate and chromatic non-degenerate and
let M be a closed connected 3-manifold. Fix any connected bordism W with OW = —M
such that the cobordism W : M — 0 is made by gluing 2-handles and a unique 4-handle
on M x [0,1]. Let (r,s) be the signature of —W then for any admissible skein T in M,

Fe(W,T) = AL A* B/ (M, T) €k, (3.16)

(where B' is defined in Subsection[3.5.9).

PROOF : Let =W = B* Un(p)—in (982)xp> (Ui B* x B?) : § — M where N(L) is a
tubular neighborhood of a n component link L in S3. Then L™ U T is a link presen-
tation in S* of the pair (M,T) while L97" U T represents T' in the manifold M. Now
Fe(WYM,T) = So(W)(Loee" UT) = LU T C S® Thus S(W,T) = F'(L"e U T)
where (LP™¢ U T) is obtained from L™ U T by doing red to blue modifications. Fi-
nally (see |[GS99, Proposition 4.5.11]) the linking matrix of L is the intersection form on

H?(—W) so the signature of —W is (r,s). O

Proposition 3.4.10: Behavior under connected sums:

o The invariant of closed connected 4-manifolds YC(W) is multiplicative under con-
nected sum.
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o IfW is a closed connected 4-manifold and W' : M' — N' € Cob"™ (resp. W' €
Cob if C is chromatic compact), both non-empty, then

S (WHW') = Fo(W)Se(W') € Homy (Se(M'), o (N").

o For nmon-empty 4-manifolds W, W' containing admissible graphs T,T" in their
boundaries,

LIS (W, T).S(W,T) if C is chromatic compact,

/ AN
JWHW TUT) = | o "

o If C is chromatic compact, for two non-empty 4-cobordisms W : M — N and
W' M"— N,

Le(WHW') = (TLS(W) @ Le(W') : Le(M) @ Se(M') = Se(N) @ Se(N').

PROOF : The admissible skein module .#(S®) is one dimensional and generated by

I'y= 11 . For a closed connected 4-manifold W the twice punctured cobordism .7 (W) :
n

Fe(S?) — F(5?) acts as multiplication by the scalar .%(W). Composition corre-
sponds to connected sum for the twice-punctured cobordisms, and to multiplication for
the scalars. The second point is obtained by adding a cancelling pair of 3 and 4-handles
to W’. Then connected sum with W precomposes by .%¢ (W) before the 4-handle, hence
simply multiplies by 2 (W).

Let P: S31S? — S3 be the three dimensional pair of pants, namely a 3-punctured S4
which can be seen as a unique 1-handle. The cobordism (W#W') : (—0W)U(—0W') — S3
factors as W#W' = P o (W L W’).

The map “¢(P) : k ® k = k — k is a scalar morphism which sends I'y ® 'y to
the unique graph with 3 coupons colored by 7, g and €. Since cog = 0 unless g
is invertible (i.e. C is chromatic compact by Lemma , the second case follows.
Let’s now assume that C is chromatic compact and let us use g = ("' 1Idp, for the glu-
ing morphism. Then S (WH#W' T UT') = S(W,T)S(W' T F'(S(P)(I'y® ) =
LS (W, TS (W', T).

For the last statement, since every object of Cob is dualizable we can suppose that
N = N’ = (). Then the statement follows from the previous identity since for any T®1T" €
Fe(M)® S (M) = Se(—0(W UW’)), we have So(WHWNWT QT') = Se(WHW' T U
T". O

Proposition 3.4.11: The category C is chromatic compact if and only if

Fe(Stx %) #£0 .

PROOF : A handle decomposition of the punctured bordism St x 93 : 9% = 0 is given
by a 1-handle followed by a 3-handle glued on its belt sphere and a closing 4-handle. The
skein Ty is sent to a circle with a coupon g in % (S? x S') which is then cut into the
closure of go Ap, in .#:(S%). This is non-zero if and only if g is invertible. The statement
follows then by Lemma |3.2.6] O

113



A HIGHER ALGEBRAIC APPROACH TO NON-SEMISIMPLE QUANTUM INVARIANTS

Proposition 3.4.12: If C is twist non-degenerate or if (S x S?) # 0 then S does
not distinguish exotic pairs of cobordisms.

PROOF : Since 5’%(1@[?2) = AL, the category is twist non-degenerate if and only if
F¢(CP?).(—CP?) # 0. As said in the introduction, Gompf ( [Gom84]) showed that two
homeomorphic compact orientable 4-manifolds (possibly with boundary) become diffeo-
morphic after some finite sequence of connected sums with S? x S2; the same is true for
connected sums with complex projective planes (or their opposites) since (S? x 52)#(CIP’2
is diffeomorphic to CP?#CP?#(—CP?). The statement then follows from Proposition
3.4.101 O

Proposition 3.4.13: Let C be non-semisimple and chromatic compact then ./¢(B?* x
S2.Ty) = 0 (where Ty is the graph of the r.h.s. Figure contained in a ball in
OB?% x 5?). Equivalently, the skein O U Tq is zero in #c(S?) (where O denotes a red
unknot).

PROOF : As C is chromatic compact, AJ* = (Ap, for some ¢ € k*. Therefore O U T, =
(ToUI'y which is zero by the skein relation which evaluates only one I'y via the RT functor.
This proves the second statement. The first follows by observing that B? x S? is obtained
by gluing a 2-handle to S* x S? x [—1,1] along S* x B? x {1} and then filling the result
by a 4-handle. Then we present (S x S?,Ty) as O UT and the first operation consists
of changing O to O.

3.5 Examples and relations with other works

3.5.1 Semisimple case

Using the chain-mail construction of [Rob95|, we can rewrite our construction in the
semi-simple case as a state sum. We then recover the Crane—Yetter—-Kauffman 4-manifold
invariant associated with a semi-simple fusion category C. The chain mail construction
has been carried out for the state spaces in [Tha2l] in characteristic 0 and we will use
this description.

The state-sum 4-manifold invariant was defined for all fusion categories in [CKY97]. It
was first only defined in the modular case by Crane and Yetter, and mentioned to extend
to a TQFT there. It is well-known that in the modular case the TQFT is invertible, and
the associated 4-manifold invariant is classical, namely only depends on the signature and
Euler characteristic, see [CKY97, Proposition 6.2]. Note however that given the extra
data of a boundary condition, which corresponds to the empty skein in our description,
this TQFT recovers the Reshetikhin—Turaev invariants of 3-manifolds. It was shown
in [BB18] that when the category C is not modular, i.e. has non-trivial Miiger center,
it is no longer true that the 4-manifold invariants depend only on the signature and the
Euler characteristic, but at least also on the fundamental group. It is however still almost
trivial on simply connected manifolds, see [BB1§].
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Theorem 3.5.1: Let C be a fusion category over an algebraically closed field of charac-
teristic 0. Choose t = Tr the standard categorical trace. Then the TQFT .%¢ coincides
with the Crane—Yetter—Kauffman TQFT.

PROOF : In the semi-simple case, the admissible skein modules are the usual skein mod-
ules.

Let us describe the TQFT % in this setting. Let {S;}ic;r be a set of representatives of
the isomorphism classes of simple objects of C. We described in Proposition [3.1.13| the
chromatic map cp = (®;e; qdim(S;) Idg,) ® Idp and the gluing morphism g = ﬁldﬂ,
hence ¢ = d(C).

0. A 0-handle introduces d(C) - § in the created S®.

1. A 1-handle on a skein disjoint from the attaching sphere multiplies by % without
affecting the skein.

2. A 2-handle introduces a Kirby-colored circle along the attaching sphere.

3. A 3-handle cuts the strands passing through the canceling 2-handle represented by
the green arc by introducing a copairing.

4. A 4-handle does Reshetikhin—Turaev evaluation on a skein in S3.

This is exactly the description of [Tha2l, Definition 5.11]. The only non-trivial check
is for the 3-handle. Let V' denote the color of the strand passing trough the green arc.
In the description there, one splits V' as a direct sum of simples, and only keeps the 1
components. In our construction, we choose a basis { f;}; of Hom¢(V, 1) and the dual basis
{ I7 }; of Home(1, V') with respect to the m-trace. Then indeed J7 o f; is an idempotent
of V' corresponding to a 1-component, and the two constructions agree.

It is shown in [Tha2l, Sections 5.2 and 3.4] that the TQFT of skein modules and the
construction above coincides with the Crane—Yetter TQFT. Skein modules are introduced
there in Definition 5.6, and the linear maps induced by 4-manifolds in Definition 5.11.
The Crane—Yetter state spaces (as outlined by Yetter, see also [BB18, Section 7.1]) are
introduced in Proposition 3.50, and the linear maps induced by 4-manifolds in Definition
3.46. The fact that this recovers the Crane—Yetter invariants is proven in Theorem 3.61.
The isomorphism between the skein and Crane—Yetter state spaces is given in Lemmas
5.22 and 5.24. The fact that this isomorphism is natural and respects 4-cobordisms is
Theorem 5.26. 0

3.5.2 The example of sl,

We study the category of modules over a partially unrolled version of the small quan-
tum group associated with sly, at roots of unity. Varying the parameters, this gives exam-
ples of possibly non-modular and possibly twist-degenerate chromatic compact categories.
In particular, our construction applies and gives a plain (3+1)-TQFT . We expect this
TQFT to be similar to the construction of [BD23, Section 9.2] on 2-handlebodies. In
particular, we expect that a result similar to [BD, Theorem 8.1] applies, and that the
associated invariant of closed connected 4-manifolds only depends on the Euler charac-
teristic, signature and (in the twist-degenerate case) spin status. The whole TQFT might
be of greater interest though.
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Definition 3.5.2: Let k = C and m,n,r be positive integers such that n|m and r > 2.
Let ¢ be a primitive 2r-th root of unity and choose q% a primitive mnr-th root of unity.
Note that (gmn )% is a primitive n?r-th root of unity. Let H := u;"(slz) be the C-algebra
presented as
r T nr 2 -2 K — Kil
C(E,FR|E"=F =0,"" =1, kE =qnEKKF =q¢ "FKEF - FE = ———)
q—4q

where K = K. The algebra H can be given the structure of a Hopf algebra with coproduct
A, counit € and antipode S defined by

AE)=19 E+E®K, e(E) =0, S(E)=-EK™,
AF)=K'®oF+F®l, e(F) =0, S(F)=—KF,
A(K) =k K, e(k) =1, SR =K' O

Note that H contains a version of the small quantum group at even root of unity as
the sub-Hopf-algebra generated be E, F' and K. Let C = H — mod be the category of

mnr—1 o
finite dimensional left H-modules. For i € Z/mnrZ, denote kK, = —— Y ¢ e K. Then
mnr 4
7=0
mnr—1

2i
K& = qmn ks, KKy = 00k, Y k=1, Bk =Ky, B, and F&=k_,F.
i=0
Namely, £; acts as the projection on the q% eigenspace of K,

Proposition 3.5.3: The Hopf algebra H = u*"(sly) is ribbon where the R-matriz and
twist are given by:

mnr—1 2%k o
(”Z:O gt k;,@kj) <Z {{113}' ( )Ek®Fk>,
0 — K71 Z {1}% = I)S(Fk) mfl =22 o
- ot 2 R

PROOF : We first sketch the proof when ¢ = exp(in/r) and gmr = exp(2iw /mnr). Then
H is a sub-quotient of the topological unrolled quantum group (see |GHP22]). The R-
matrix factors R = HR where R is the quasi R-matrix. Then R is an R-matrix since H
satisfies the following relations: Va,y € H, H(z @ y)H ' = v K!¥/2 @ K1*1/2y where ||, |y|
are the integral weights of z and y; A @ Id(H) = Hi3Ha3; and I[dRA(H) = HizHis.
Similarly the fact that 6 is a twist follows since T = >~ 1q n? @ mo (S ®Id)(Ha)
satisfies S(T) =T.

Finally for the general case, we remark that the Q(q%) subalgebra generated by E, F'

and K is also ribbon since it is isomorphic through a Galois isomorphism to a sub Hopf
algebra of the previous case which contains the R-matrix and the twist. U

The cointegral is A = ckyE"'F"1 for some scalar ¢ € k* and the right integral is
MKEMFF) = TG m(1—r)Onr—10k,r—1. I particular A(KF"~ Lpr=1) = lqm(rn =
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Proposition 3.5.4: The category C = H — mod is chromatic compact. It is modular if
and only if m = n and both n and r are odd. It is twist degenerate if and only if n is
odd and r is a multiple of 4.

PROOF : As discussed in Section [3.1.6, A is given by the action of the central element
Ag = (A® Id)(R21Ry2). One can compute:

Ay = (A®Id)(RaR12)
2k42l  k(k—1)+1(— 1) 2z1+ ps
Beld 2, e koki i B E* @ KKy B'F)
Each summand is 0 unless p = ¢ — nl and s = j + nl, and after applying A they are also

0 unless k =1 =7 — 1. We use that {r — 1}! = ¢"=1)/2p,

mnr—1 {1}40—1) 2ij4+2(i—n(r=1))(G4+n(r=1)) 2(i—n(r— 1))(7‘ 1)

(A@ Id)(RaRi2) = Zo o (q n q Kisnry BT
7]_
4(r—1) _ mnr—1 —2(r—1)j [MNT— 1 41(]+n(7 1)) r_ r_
= {l}c,a q2( b Z q ( Z:O q ) kj+TL(T 1) Erotprt
The term in parenthesis is mnr if j + n(r — 1) is a multiple of WZQ’;Q) and 0 otherwise.

Let m' = %"2“2). Finally,

r— m/—1 72j'n(7 1)
()\ ® ]d)<R21R12) = mnw Z ( )gcd 7-2) k‘ jn - E?"—lFT’—l'

er 7=0 ged(n2r,2)

Then gy given by multiplication on the right by W&) is a gluing morphism for
H, ie.:
g o AN (1) = (A®gn)(RaiRys) = Ky E™'F = A =Ag(1)
Write P as an idempotent ep, = ip, o mp, in H such that ¢ o mp, is the counit. The

morphism g = mp, ogy oip, is a gluing morphism by naturality of the Ag ’s and the Ap’s.
Hence C is always chromatic non-degenerate. Actually, eo = gomp, o(—— {1}4(T 7 Ky)0tip, =

We as the counit is multiplicative and is 1 on £y. By Lemma|3.1.11} g is invertible,

and by Lemma C is chromatic compact.
As discussed in Section C is modular if and only if (A ® Id)(Ra1 R12) is a scalar

times A. This happens if and only if m’ = 1, so if and only if m = n and n and r are odd.
Let us check for twist non-degeneracy:

A=A, =)\0) = (KT 12{{115}}2:€ s (m” T ) )

{1}2r b mar r—1_—=5— 2r—2 rr—1 r—1
= BN g E AT B

cr

=0
{1}2 ) m%": ! i —2i24+-6n(r— 1)(zfn(r71))>
= r q 2
(=D)r=ter =

{1}2(T Y —6(7’ 1) milq 2 (—i+3n(r—1))
(—1)= Tord

This is a quadratic Gauss sum at a n?r-th root of unity. They are well-studied, we are
computing G(1, —3n(r — 1),n?r) in the notations of [BD23, Appendix B]. It is recalled

117



A HIGHER ALGEBRAIC APPROACH TO NON-SEMISIMPLE QUANTUM INVARIANTS

there that if 3n(r — 1) is even, this vanishes if and only if n?r = 2[4] which never happens.
If 3n(r — 1) is odd, this vanishes if and only if 4|n*r. Hence C is twist degenerate if and
only if n is odd and 4|r. O

The algebraic input in the following example is a generalization of the one used in |[BD]
where analogous computation was performed:

Proposition 3.5.5: For n odd and 4|r, the (3+1)-TQFT ¢ distinguishes the closed
4-manifolds S* x S? and CP2*#CP?, which have same signature, Euler characteristic
and fundamental groups but different spin status. One has:

mn ged(nr,2){1}80—1
cir?

Fe(S% x S?) = and S2(CP?*#CP?%) =0

PROOF : Both 4-manifolds can be obtained by a single 0 handle, two 2-handles and a
single 4-handle. For S? x S? the 2-handles form a Hopf link, whereas for CP2#CP? they
are two disjoint +1-framed unknots. The 0O-handle gives the skein (T'g. Adding a red
+1-framed unknot multiplies by A, so by 0 here, and .%z(CP?*#CP?) = 0. Adding a red

Hopf link multiplies by (A® A)(Ra1 R12) which is mQQCd("Tég){l}MPI) . The 4-handle evaluates

T

o to 1. So F(S? x §2) = C.(A @ \)(Rar Ryp) = mingedlnr {170 0

cir

3.5.3 Characteristic p

We give an example of a category which is chromatic non-degenerate but not chromatic
compact, and therefore gives a non-compact TQFT. The example we give is very simple
and unlikely to give interesting 4-manifold invariant, but the TQFT already shows some
very interesting features. Its associated algebra on S? x S! is non-semisimple, so it does
not fall under Reutter’s theorem |[Reu23| showing that semi-simple TQFTs cannot detect
exotic structures.

The proof of Proposition hints at this example. In characteristic p, one may
find a cocommutative Hopf algebra H which is non-semisimple but such that H* is semi-
simple. This gives a symmetric monoidal, non-semisimple and chromatic non-degenerate
category, therefore with non-semisimple Miiger center.

Definition 3.5.6: Let k be an algebraically closed field of characteristic p, and H =
k[Z/pZ). Denote « the generator of Z/pZ. Let C = H-mod/? be the symmetric monoidal
category of finite dimensional left H-modules. &

Proposition 3.5.7: The category C is chromatic non-degenerate, but not chromatic
compact. It gives a non-compact TQFT ./¢.

PROOF : The cointegral is A = Zf:_(} o, and the right integral is A = 1* in the basis
(1,a,...,aP71). We observe indeed that e(A) = p = 0 whereas A(1) = 1 # 0, so H* is
semi-simple whereas H is not. One computes the central element Ag = A(1)1 =1 € H,
thus Al = Idp for any projective. Therefore, the gluing morphism g is given by Ap,
which is not invertible as C is non-semisimple. 0
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Note that g = Ap, means that the 1-handle map does not affect the skein. Similarly,
C being symmetric and A\(1) = 1 implies that a homotopically-trivial red links can be
ignored.

As explained in [Reu23], the vector space .#¢(5% x S!') has a natural algebra structure

induced by the cobordism S% x S' where S? is the thrice-punctured sphere. Note that
this algebra is non-unital as the TQFT is non-compact.

Proposition 3.5.8: The non-unital algebra Sz(S* x S') is non-semisimple (i.e. it is
non-semisimple if one freely adjoins a unit).

PRrROOF : For f : P — P an endomorphism of a projective object, denote O; the skein
{pt} x St C 8% x S* colored by P with a single coupon f. The skein module of S* x St is
generated by the Oy’s. As the braiding and twist are trivial, the only relation is cyclicity:
Ofog = Ogop for f: P — Q and g : Q — P. A handle decomposition of B x S! is given
by a single 1-handle and a single 2-handle, both of which doesn’t affect the skeins. The
algebra structure is given by O;.04 = O gy.

As H is a projective generator of the category, one can restrict to P = H for the generators
of S¢(S8?x S'). Furthermore endomorphisms of H are right multiplications by elements of
H, so since H is commutative, the cyclic relations are trivial. So .#¢(.5? x S') is isomorphic
to Endec(H) ~ H as a vector space, with basis the O; := O__,i’'s. To compute their
product, we need to decompose H @ H = @i;éH (1 ® a*). Then O,.0; is multiplication
by o ® o on H® H. It maps 1 ® o to o' ® o7 which is in the k + j — i summand.
We get OZO] = ZZ;‘% 5i,j0i = p5i7j0i = 0.

If one freely adjoins a unit to .#¢(S5% x S') one gets the non-semisimple (p+1)-dimensional

algebra k[Oy, Oy, ...,0,.1]/(0;.0; = 0). O
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Chapter 4

Anomalous Theories

This chapter is based on [Hai]. There are some changes, mostly that the confusion
around dependence of choices of representants for Zy, and Ry in Section is fixed, see
Corollary [4.1.17]

The inclusion of the unit in a braided tensor category V induces a 1-morphism in the
Morita 4-category of braided tensor categories BrTens described in Section [2.3] We give
criteria for the dualizability of this morphism.

When V is a semisimple (resp. non-semisimple) modular category, we show that the
unit inclusion induces under the Cobordism Hypothesis a (resp. non-compact) relative
3-dimensional topological quantum field theory. Following Jordan-Safronov, we conjec-
ture that these relative field theories together with their bulk theories recover Witten—
Reshetikhin—Turaev (resp. [DGGT22]) TQFTs, in a fully extended setting. In particular,
we argue that these theories can be obtained by the Cobordism Hypothesis.

In Section we recall the definition of the oplax arrow category BrTens™ and the
various notions of dualizability for a 1-morphism. We give some general results dualiz-
ability data. Finally, we recall different versions of the cobordism hypothesis, associated
with arrows, and explain how to extract a non-compact version from [Lur09b|. We define
the associate notion of non-compact-n-dualizable.

In Section [4.2) we define bimodules associated with functors, and study their dualizabil-
ity. We define A, the 1-morphism in BrTens induced by the unit inclusion 7 : Vecty — V
in Definition [4.2.2] We give its adjunctibility data explicitly, see Figure [4] using the nota-

morphism
tion Left adjoint .~ \Right adjoint ‘
counit | unit  counit | unit

A
Z/ ’7\477
Mﬁ | MT B MT | B Mﬂ
A AN
Ty T Tl T T Tl e Tl

Figure 4.1: Adjunctibility data of the unit inclusion. The whole description (including
gray) holds for V cp-rigid, see Proposition {4.2.20] and the black subset holds when V has
enough compact-projectives, see Theorem |4.2.12]

Using this explicit dualizability data we derive the main results in Theorems 4.2.14] and

120



BENJAMIN HATOUN CHAPTER 4. ANOMALOUS THEORIES

[4.2.15] In particular, we obtain that the unit inclusion in a modular category induces a
possibly non-compact relative 3-TQFT R,. We compute its value on the circle.

In Section we study the examples of interest to recover Witten—Reshetikhin—
Turaev-type TQFTs. In Sectionwe define the category Bordgi”ed of filled cobordisms
(equipped with a bounding higher manifold) and compare it to the usual “augmented”

category of cobordisms Cobs on which WRT theories are defined. We explain how to
compose Ry and Zy, to obtain a theory Ay : Bordgmed — Tens := ) BrTens. In Section
we recall the main results giving different tastes of extended TQFTs from a modular
tensor category, and give conjectures to compare them. We also conjecture on sufficient
data to induce orientation structures on 2y, and Ry.

4.1 Relative and Non-compact TQFTs

In this chapter we will study the dualizability of a 1-morphism. What exact kind of
dualizability we are interested in is dictated by the relative cobordism hypothesis: we
want a 1-morphism that will induce a relative TQFT. It turns out that there are multiple
notions of relative TQFTs, and therefore multiple interesting notions of dualizability for
a l-morphism.

Throughout, we will use the expression n-category to mean (oo, n)-category as de-
scribed in Section 2.1} For j > k, we write o, for the composition of j-morphisms in the
direction of k-morphisms. We write [ d’} for taking k-times the identity of f.

4.1.1 Review of relative TQFTs

We recall the notions of relative TQFTs that will be our motivation. Let C be a
symmetric monoidal n-category. We distinguish two flavors.

The first is purely topological. Lurie defines a new category Bordfl of bipartite
cobordisms with two different colors for the bulk and interfaces between them, see [Lur09b;,
Example 4.3.23]. There are in particular manifolds with only one color and without
interfaces. This induces two inclusions Bord,, — Bord’®.

Definition 4.1.1 (Lurie): A domain wall between two theories 2, 2, : Bord,, — C is
a symmetric monoidal functor Bord;el — C that restricts to Z; and Z, on manifolds with
one color. o

In particular, the interval with an interface point in the middle induces a morphism
Z(pt) — Z5(pt). Freed and Teleman describe a notion of relative TQFT by means of
such morphisms for every values of Z; and Z; on manifolds of dimension strictly less than
n, see [FT14]. They mention it should be equivalent.

The second notion focuses on the algebraic flavour of Freed—Teleman’s description.
One can drop the assumption that Z; and Z; are well defined on n-manifolds because
these don’t appear. Johnson-Freyd and Scheimbauer define three different notions of an
n-category of arrows in an n-category. We will focus on the oplax one C.

Definition 4.1.2 (sketch, see Definition 5.14 in [JS17]): Let C be a symmetric monoidal
n-category. The symmetric monoidal n-category C™ of oplax arrows in C is defined as
follows:
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objects . triples f = (sy,ts, f#) where s; and t; are objects of C and f# :
sy — ty is a 1-morphism

l-morphisms : triples h = (sp, ty, h¥) where s;, : s; — s, and ¢, : t; — t, are

f—g l-morphisms, and k¥ : g% o 55, = t;, o f# is a 2-morphism

k-morphisms : triples f = (sy,ts, f#) where sy : s, — s, and t; : t, — t, are

a—b k-morphism in C, and f# is a k + 1-morphism in C from the compo-

sition of some whiskerings of b# and s; to the composition of some
whiskerings of ¢; and a¥.
It has two symmetric monoidal functor s,¢: C~ — C.
A 1-morphism f of C can therefore be seen as an object of C7. To avoid confusion, we
will denote it f* when it is seen as an object of C~*, with (f*)# = f. O

Definition 4.1.3 (Definition 5.16 in [JS17]): Let C be a symmetric monoidal n-category
and 21,2, : Bord,,_; — C two categorified (n — 1)-TQFTs. An oplaz-Z,-Z,-twisted
(n—1)-TQFT is a symmetric monoidal functor

R :Bord,_; — C~
such that s(R) = Z; and t(R) = Zs. &

The name and strategy come from [ST11].

We will use the formalism of Johnson-Freyd and Scheimbauer in this chapter. For
application, see Section 4.3, we are interested in the case where Z is the trivial theory and
Z, is well defined on n-manifolds. The two notions should then agree. The only argument
we aware of to prove this relies on the cobordism hypothesis, and will be discussed below.
If Z : Bord,, — C is defined on n-manifolds, we will say oplax-Z-twisted theory for
oplax-Triv-Z|gora,_,-twisted theory.

4.1.2 Dualizability data

Let us first recall multiple notions of dualizability and adjunctibility for morphisms in
a symmetric monoidal n-category C.
Following [Lur09b], where one often assumes C to have duals, one defines:

Definition 4.1.4: A k-morphism f of C is said m-dualizable if it lies in a sub-n-category
with duals up to level m + k. It is called fully dualizable if it is n — k-dualizable. &

Following [JS17] one gets a few more notions. For simplicity we focus on 1-morphisms.

Definition 4.1.5: A l-morphism f : X — Y of C is said m-oplax-dualizable if it is m-
dualizable as an object f” of C~. It is said m-laz-dualizable if it is m-dualizable as an
object of C*, where C* is the category of lax arrows defined in [JS17, Definition 5.14]. <

Definition 4.1.6: A k-morphism f is said to be left (resp. right) adjunctible if it has
a left (resp. right) adjoint, and adjunctible if it has arbitrary left and right adjoints
(fHE, (fF)® and so on...). It is said to be m-times (resp. left, right) adjunctible if it
is m — 1-times (resp. left, right) adjunctible and every unit/counit witnessing this are
themselves (resp. left, right) adjunctible. We sometimes abbreviate m-times adjunctible
as m-adjunctible. O

Note that being (left, right) adjunctible is only a condition on the morphism while
being (lax, oplax) dualizable is also a condition on its source and target.
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Theorem 4.1.7 (Theorem 7.6 in [JS17]): A I-morphism f : X — Y of C is m-
oplazx-dualizable if and only if X and Y are both m-dualizable and f is m-times right
adjunctible.

Similarly, it is m-laz-dualizable if and only if X and Y are both m-dualizable and f is
m-times left adjunctible.

Similarly, a 1-morphism f : X — Y is m-dualizable if and only if it is m-times
adjunctible and its source and targets are m + 1-dualizable. Indeed we only have to check
that the subcategory generated by the dualizability data of f, X and Y still has duals up
to level m + 1. Put differently, that the various compositions of adjunctible morphisms
stays adjunctible.

Redundancy in the dualizability data

The dualizability data of a morphism grows very fast: there are four units/counits
for the left and right adjunctions, and this does not consider taking the right adjoint of
the right adjoint and so on. In particular, checking n-adjunctibility of a morphism seems
tedious. It turns out that there is a lot of redundancy in this data, especially if we are
only interested in dualizability properties.

Let us begin with some notations. Let f be a k-morphism in an n-category. We say
that Radj(f) (resp. Ladj(f)) exists if f has a right (resp. left) adjoint, in which case we
denote this adjoint Radj(f) (resp. Ladj(f)), and the unit and counit of the adjunction
Ru(f) and Reo(f) (resp. Lu(f) and Lco(f)).

f . B
We write N\ () (resp. Ladj(] ?/ ). Note that these are only defined up to

Reo(f)|Ru(f) Leo(f)|Lul(f)

some isomorphisms, and the notation stands for any choice.
Definition 4.1.8: We say that two k-morphisms f and ¢ have same dualizability prop-
erties, which we denote f = g, if for every finite sequence

N A (- .- az(ay(f))...) exists if and only if a,,(...az(ai(g)) ... )exists,
and this for any choice of adjoints, units and counits. &
We will show that dualizability properties are preserved by isomorphisms and “higher

mating” defined in Definition 4.1.10 Let us describe formally this second notion.

Proposition 4.1.9: Let f : © — y be a k-morphism in an n-category C with adjoint
(ff,e,m). Then for any other k-morphisms g : z — x and h : z — y, one has an
equivalence of n — k — 1-categories of k + 1-morphisms:

Home(f op g,h) = Home(g, f7 o h)
®f, ¢ N:iforg—h = (Idgm oy N)og (noy Idy)
k + j-morphism o+ (IdicR o o) Opp1 (Id) " of Id))

Similarly, for any g : x — z and h : y — z, one gets an equivalence:

‘Ijg,h = (— oy, Idy) o1 (Idy o m) : Home (g of, £, h)= Home(g, b oy f)
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PROOF : Its inverse is given by:
Home (g, fRor h) = Home(f oy g, h)
(@®1,)7 0 M:ig— fforh = (g0, Idy) oy (Idy o M)
k + j-morphism 8 + (Idi™" oy Idj}) opyy (Id} o )

The composition (I)g,h o (<I>§7h)_1 (resp. (@ch’h)_l o @Jgﬂh) is post- (resp. pre-) composition
by a snake identity. Similarly, (\Ifi;h)_l = (Idg oy €) opq1 (— op Idyr). O

Definition 4.1.10: For a k+ 1-morphism N : forg — h, we say that N and Cbgh(N) are
mates. For a higher morphism « in Home(f o g, h), we say that a and ®§7h(a) are higher
mates. Similarly, for N, « in Home(g o f%, h) we call N and ‘Ifg,h(N) mates, and « and

\Ifg’h(a) higher mates. More generally we say that N and M are mates (resp. « and 3
are higher mates) if they can be linked by a chain of matings (resp. higher matings) and
isomorphisms.

For a k-morphism f, we say that g is obtained from f by whiskering if it can be written
as a composition of f with identities of lower morphisms. Note that if a and 3 are higher
mates, their are both obtained from the other by whiskering. %

Proposition 4.1.11: Let f and g be k-morphisms in an n-category. Then:
1. f=f.
2. If f £ g are isomorphic, then f = g.
3. If f = g oy h for an isomorphism h, then f = g.

4. If f and g are higher mates, then f = g.

ProOOF : What we have to prove for point 1 is that existence of higher adjoints in the
adjunctibility data does not depend on the choices made in the adjunctions. It is an
a inductive consequence of the following, and the fact that adjoints are unique up to
isomorphism, and counits/units by pre/post composing with this isomorphism.

2. If f £ g are isomorphic, then f has a right (resp. left) adjoint if and only if g does,
in which case one can choose Radj(g) = Radj(f), Ru(g) = (Idgaaj(s)°r ) Ok+1 Ru(f)
and Reo(g) = (¢7" ok Idpagj(s)) k1 Reo(f).

3. If f = goyhis obtained as a composition, then f has a right (resp. left) adjoint as
soon as g and h do, in which case one can choose Radj(f) = Radj(h) oy Radj(g),
Ru(f) = (Idgagjn) ok Ru(g) o Idp) opi1 Ru(h) and Reo(f) = (Idy o Rco(h) oy,
IdRagj(g)) ©k+1 Reo(h). In particular, if h is an isomorphism, then g ~ f o, h™!, and
f has a right (resp. left) adjoint if and only if ¢ does.

4. If f = g oj h is obtained as a composition in the direction of j-morphisms for
Jj < k, then f has a right (resp. left) adjoint as soon as g and h do, in which
case one can choose Radj(f) = Radj(g) o; Radj(h), Ru(f) = Ru(g) o; Ru(h) and
Rco(f) = Rco(g) o; Reo(h). In particular, if h is an identity of a lower morphism,
then f has a right (resp. left) adjoint as soon as g does. So, if f and g are higher
mates, they both can be obtained as composition of the other with identities of
lower morphisms, and f has a right (resp. left) adjoint if and only if g does.
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Every point follows by induction. U

We can now describe the redundancy in the dualizability data:

Proposition 4.1.12: Let f be a k-morphism in an mn-category C, suppose that
Radj(f), Radj(Rco(f)) and Radj(Ru(f)) exist, then:

1. fis 1-adjunctible, and one can choose Ladj(f) = Radj(f), Lu(f) = Radj(Rco(f))
and Leo(f) = Radj(Ru(f)).

2. Rco(Ru(f)) = Ru(Rco(f)).
Suppose moreover than Radj(Lco(f)) and Radj(Lu(f)) exist, then:

3. f is 2-adjunctible, and Rco(f) = Radj(Radj(Rco(f))) and Ru(f) =
Radj(Radj(Ru(f))).

In particular if f = X is an object in a symmetric monoidal n-category, then:

4. X is 1-adjunctible if and only if it has a dual. It is 2-adjunctible if and only if
evy = Rco(X) and coevy := Ru(X) have right adjoints. More generally, it is
m-adjunctible if and only if Radj(Reco®(Ru™'7%(X))) exist for all0 < k < m—1.

PROOF : Point 1 is [Lur09b, Remark 3.4.22], or [Schl4b, Lemma 20.1]. One directly
checks that the right adjoints of the right counit and unit satisfy the snake relations
(because taking right adjoints behaves well with composition) and exhibit Radj(f) as the
left adjoint of f.

Point 2 is [Lur09b, Proposition 3.4.21]. It is shown that Reco(Ru(f)) and Ru(Rco(f)) are
higher mates, so in particular Rco(Ru(f)) = Ru(Rco(f)).

Point 3 is [JS17, Lemma 7.11]. One applies point 1 twice and observes a redundancy: we
have two right adjunctions for f, which are therefore isomorphic.

Point 4 is [JS17, Corollary 7.12] and point 2. Tt uses the fact that C is symmetric, and
therefore the right and left adjoints of an object agree. Point 3 applies automatically,
and point 1 enables to move right adjunctibility to left adjunctibility properties. Using
point 2, we know that Ru and Rco commute as far as existence of adjoints is concerned,
so there are only m different m — 1-morphisms whose adjunctibility should be checked,
Reo®(Ru™17%(X)), 0 <k <m—1. O

Oplax dualizability data

We investigate the proof of Theorem and explain how to get from adjunctibility
data in C to dualizability data in C.

Theorem 4.1.13 (Johnson-Freyd—Scheimbauer): Let [ = (s; t;, f*) : a =
(Sayta,a®) = b = (sp, tp, b7) be a k-morphism in C™ s0 sy : 8, — sp and ty : t, — b
are k-morphism in C, and f* is a k + 1-morphism in C from the composition of some
whiskerings of b* and s; to the composition of some whiskerings of t; and a¥. Then:

[ has a right adjoint in C™ if and only if sy, t; and f# have right adjoints in C.

In this case:
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e Radj(f) = (Radj(sy), Radj(ts),g) where g is a mate of Radj(f*),
o Ru(f) = (Ru(sy), Ru(t;),u) where u is a higher mate of Reo(f*), and
e Rco(f) = (Reo(sy), Reo(ty),v) where v is a higher mate of Ru(f*).

In particular, if we only look at the right dualizability data, and only take right adjoints
once, then:

Vi,j € N, Radj(Rco'(Ru/(f))) exists if and only if Radj(Rco'(Ru’(sy))),
Radj(Reo’(Ru/(tg))) and Radj(Ru'(Reo’(f#))) exist.

PROOF : The description of the right adjunctibility of a morphism in C~ is [JS17, Propo-
sition 7.13], in the oplax case.

For the last statement, we use that higher mates have same dualizability properties. Note
that we can only take right adjoints once, because mates do not. 0

Example 4.1.14 (k = 0): An object f = (X,Y,A: X = Y) of C is dualizable if and
only if X and Y are dualizable, and A has a right adjoint Radj(A). Then:

o "= (X*Y" Radj(A)" := (Idy~ ® evx) o (Idy @ Radj(A) @ Idx+) o (coevy @ Idx+)),
o coevy = (coevy, coevy, (Rco(A) ® Idpqa,.) 01 Idcoer, ), and
o cvy = (evx,evy, Idey,, o1 (Ru(A) ® Idjg,.)).

A surprising consequence of this is that if f is 2-dualizable, the right counit and unit of
A are biadjoints up to isomorphisms and mating. A drawing for this is given in Figure

1.3] &

4.1.3 Cobordism Hypotheses

The cobordism hypothesis described in Section generalizes in various directions.
We recall relative versions that describes relative TQFTs, and a non-compact version that
describes partially-defined TQFTs.

The relative Cobordism Hypothesis

Lurie proposes a result classifying his notion of domain wall.

Conjecture 4.1.15 (Theorem 4.3.11 and Example 4.3.23 in [Lur09b]): Let C
be a symmetric monoidal n-category with duals and X,Y € C. There is a bijection
between isomorphism classes of framed domain walls between Zx and Zy and isomor-
phism classes of 1-morphisms f : X — Y, given by evaluation at the interval with an
interface point in the middle. Here Zx and Zy are the fully extended framed TQFTs
associated with X and Y, which are fully dualizable as we assumed that C has duals.

In particular if one drops the assumption that C has duals, then a I1-morphism
f X = Y induces a framed domain wall as soon as it is fully dualizable.
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There is an oriented version asking that f preserves orientation structures.
On the other hand, [JS17]’s notions of a twisted quantum field theory are already classified
by the usual Cobordism Hypothesis. Note however that [JS17, Definition 5.16] is surpris-
ingly strict because it demands that the source and target of the functor R : Bord,,_; — C
agree strictly with Z; and Z,. Equivalently, we could have asked that R comes equipped
with isomorphisms $(R) ~ Z; and t(R) ~ Z5. In both cases, it is clear that the Cobor-
dism Hypothesis does not apply on the nose. The fix is easy.

Definition 4.1.16: Let C be a symmetric monoidal n-category and X,Y € C. Denote
(C7)xy the homotopy pullback

C)xy — (C7)
J J{s,t

Similarly, for Z;, 25 : Bordir_l — C denote Fun® (Bord
back

C7)z,.z, the homotopy pull-

n—1»

Fun®(Bord!" ,,C7)z, z, —— Fun®(Bord!" ,,C™)

J, . l
s,t
21,22

* (Fun®(Bord!" ,,C))*?

called the space of framed oplax-Z;-Zs-twisted-(n — 1)-TQFTs.
Note that both are also strict pullbacks as taking source and target induces a fibration of

spaces. %

Corollary 4.1.17 (of the Cobordism Hypothesis): Let C be a symmetric monoidal
n-category and X,Y € C. Choose Zx, Zy : BordfT 1 — C two TQF'Ts associated with
X and'Y by the cobordism hypothesis. Evaluation at the point induces an equivalence

Fun® (Bordn LC T )2y 2y (C_’)}y )

PROOF : The cobordism hypothesis on C and C™ gives a commutative diagram of hori-

zontal equivalences
evpt

Fun®(Bord!" ,,.C7) —2— (C™)~

lsi lsi

(Fun®(Bord/" |, €))*2“ 225" (¢~ <2
ZX,ZYT X,YT
* *
inducing an equivalence between homotopy pullbacks. U

Remark 4.1.18: There is an oriented version as well. The maps s, t : Fun®(Bord!" |,C~) —
Fun® (Bordn 1,C) are SO(n — 1)-equivariant because SO(n — 1) acts on the source

Bord/" ,. Therefore the maps s,t : (C*)~ — C~ are also equivariant, and descend
to maps between the SO(n — 1)-homotopy-fixed-points s, : (C7)~*0n=1 — ¢~50(n=1),
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Given two objects X, Y € C equipped with SO(n—1)-homotopy-fixed point structure, one

can reproduce exactly the whole paragraph above and define (CH)}ffo(n_l) as a pullback.
We get

Fun®(Bord,, 1,C )z, z, =~ (CH)}’,SQ/O(”*D
by the same proof, using the oriented cobordism hypothesis. &

Remark 4.1.19: To appear results of Will Stewart show that if we assume that the source
and target objects X and Y are fully dualizable then a morphism f: X — Y is (n — 1)-
oplax dualizable if and only if it is (n — 1)-dualizable. In particular, if we restrict the
notion of oplax twisted TQFTs to the case where the “twisting” theories Z; and Z; extend
to Bord,,, then this notion, using the cobordism hypothesis twice, is equivalent to Lurie’s
notion of domain walls. &

Non-compact TQFTs

To study non-semisimple variants of Witten—Reshetikhin—Turaev TQFTs, we will be
interested in theories defined on a restricted class of cobordisms, namely where top-
dimensional cobordisms have non-empty outgoing boundary in every connected compo-
nent.

Lurie’s sketch of proof of the cobordism hypothesis is done by induction on the handle
indices allowed. One starts with only opening balls, then allows more and more complex
cobordisms. Eventually one allows every cobordisms but closing balls, namely cobordisms
with outgoing boundary in every connected component. Finally one allows every cobor-
dism, and obtain a TQFT. We call it a non-compact TQFT when we stop at this ante-last
step. Lurie’s proof then gives an algebraic criterion classifying these.

We follow |[Lur09b, Section 3.4] and state the results there in a form fitted for our use. It
should be noted that the proofs of the statements below are not very formal.

Definition 4.1.20: Let Bord!"" C Bord/" denote the subcategory where n-dimensional
bordisms have non-empty outgoing boundary in every connected component.

A framed fully extended non-compact n-TQFT with values in a symmetric monoidal n-
category C is a symmetric monoidal functor Z : Bord{?’”c —C. &

Lurie defines in [Lur09b} Definition 3.4.9] an n-category Fj of < n-dimensional bordisms
where all n-manifolds are equipped with a decomposition into handles of index < k. Here
bordisms are actually equipped with a framed function without certain kinds of critical
points.

We denote ot = D¥ x Dm=F : §k=1 x pm=k — Dk x §m=k=1 the m-dimensional index
k handle attachment, seen as an m-morphism in Bordﬂ ,orin Fi if m =n. Let v =
Sk=2 5 pr—k g = D1 x §n=k=1 geen as n— 2-morphisms ) — S¥72 x S*~#~1 in Bord/" .
Note that for 1 < k < n, o} : 2 — y and a7} : y — x. Then, af ;, can be

seen (up to higher mating) as a morphism Id, — o~} o af~{ and af as a morphism

ap~{ oa”; — Id,, and they form a unit/counit pair in Fy, see [Lur09b, Claim 3.4.17].
n—1

Op_q _—

Ok,
Namely, Radj(a}"1) = o/}, Ru(a}"}) = a_, and Reo(a}”}) = a}, or \ "
ay | og_y

By induction, Rco*(Ru™ *(pt)) = a}.
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Conjecture 4.1.21 (Index-k cobordism hypothesis, Lurie): A symmetric
monoidal functor Zy : Bord,{T_l — C extends to Z2 : Fr, - C, 1 < k < n, if and
only if the images of every n — 1-dimensional handle of index < k — 1 is right

adjunctible. This extension is essentially unique.

PROOF (SKETCH): For k = 0, one can extend Z;, : Bord!" | — C with any n-morphism
Z(ag) : 1= Z5(S™ 1), see [Lur09b, Claim 3.4.13] (note that Lurie works in the unoriented
case there, and demands on O(n)-equivariant morphism, and we look at the framed case).
Now, for 1 < k < n, a symmetric monoidal functor Z, : Fr_1 — C extends to Z : F, — C
if and only if a}_, is mapped to a unit of an adjunction between o} "{ and o}, see
[Lur09b|, Proposition 3.4.19]. In this case, the extension is essentially unique, and af is
mapped to the counit of the adjunction.

For k = 1, this gives little choice for the n-morphism Z(af), it has to be the unit of an
adjunction. Then, of will be sent to the counit.

For k > 2, we want Z(a}_,), which is so far defined as the counit of the adjunction
between Z(a}—,;) and Z(al~, ), to be also the unit of the adjunction between Z(aj";)
and Z(a"}). This in particular implies that the n — I1-dimensional handle of index
k — 1 is right adjunctible, as stated in the conjecture. For the converse, we use |[Lur09b,
Proposition 3.4.20] which states that provided the adjunction exists, a_; must map to
the unit. This exploits some redundancy in the dualizability data, namely Proposition

4.1.12 point 2. O

Definition 4.1.22: Let C be a symmetric monoidal n-category. An object X in C is said
(n, k)-dualizable if it is n — 1-dualizable and the k following n — 1-morphisms Ru™!(X),
Reo(Ru"2(X)), ..., Rco* " (Ru"*(X)) have right adjoints. We say X is non-compact-
n-dualizable if it is (n,n — 1)-dualizable.

For example, for n = 3, k = 2, we want X to have a dual (X*, evx,coevy), both its
evaluation and coevaluation maps to have right adjoints (ev¥, a,b) and (coev¥, ¢, d), and
the unit and counit of the right adjunction of the coevaluation to have right adjoints c?

and df. &

Conjecture 4.1.23 (Non-compact Cobordism Hypothesis): Let C be a symmet-
ric monoidal n-category. There is a bijection between isomorphism classes of framed
fully extended non-compact n-TQFTs with values in C and isomorphism classes of non-
compact-n-dualizable objects of C, given by evaluation at the point.

PROOF (SKETCH): We apply the index-k cobordism hypothesis for & = n — 1, and
obtain a symmetric monoidal functor F,,_; — C. This is not exactly what we want, as
Fp_1 is indeed Bord/"" but with the extra data of a framed function whose critical
point have index < n. Lurie proves that the forgetful functor F,, = Bordﬁf — Bordff
is an equivalence, see |Lur09b, Section 3.5]. The same proof should apply to F,_; —
Bord/™"*. O

4.2 Dualizability of the unit inclusion

Remember the definition of Alg,(Pr) from Section and its explicit description
under the name BrTens. Let V € BrTens be a braided tensor category. We consider
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the inclusion of the unit 7 : Vecty — V. It is a braided monoidal functor and we define an
associated Vecty-V-central algebra A,, which is simply the category V seen as the regular
right V-module, see Definition [£.2.2] We study the dualizability of this 1-morphism in
BrTens. First, we recall some context and develop some properties of bimodules induced
by functors. Then we describe all the dualizability data explicitly and give criteria for
dualizability.

Let us recall previously known results about the dualizability of A,. The following
is [GS, Theorem 5.1], [BJS21, Theorem 5.16] and |BJS21, Theorem 5.21] respectively.

Theorem 4.2.1: The I-morphism A, is always I-dualizable. It is 2-dualizable as soon
as V is cp-rigid, and 3-dualizable as soon as V is fusion.

Note that the requirement fusion can easily be relaxed to rigid finite semisimple (with-
out the assumption that the unit is simple), see the proof of Theorem |4.2.16|

4.2.1 Bimodules induced by functors

We give basic definitions and facts about bimodules induced by (braided) monoidal
functors, and show how to compute their adjoints.

Definition and coherence

We show that the notion of bimodules induced by functors behaves as expected in
BrTens. Namely, the Morita category, whose morphisms are bimodules, extends the
category whose morphisms are functors.

Definition 4.2.2: Let A and B be two objects of BrTens. A braided monoidal functor
F : A — Binduces an A-B-central algebra Ap which is given by B as a monoidal category
on which A acts on the top using F'(—) ® — and B acts on the bottom using —® —. More
formally its structure of A-B-central algebra is given by:

AR B7P —  Z(B)
(A,B) — (F(A)@B,(IdF(A)®U§}7)O(O‘_7F(A)®]d3))
where o is the braiding in B. It is braided monoidal because F' is braided monoidal.
It also induces a B-A-central algebra Ay which is also given by B as a monoidal category

on which A acts on the bottom using — ® F'(—) and B acts on the top using — ® —.
When the functor F is understood, we may write 4Bg for Ar and zB4 for Ap O

Figure 4.2: The 1-morphisms Ar and Ap

Proposition 4.2.3: The above induced-central-algebra construction preserves composi-
tion.  Given two braided monoidal functors F': A — B and G : B — C, one has
AG O .AF ~ AGoF and .AF O .AG ~ -AGoF-
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PrROOF : We want to prove that 4Bz % 8Cc =~ 4Cc. This is true on the underlying

categories as B %C 2 € with equivalence given on pure tensors by ®(BXC) = G(B)®C.

This assignment is balanced as G is monoidal:
P(BB)XC)=GB®B)C~GB)GB)2C=dBX(G(B")x()).

It is monoidal (the monoidal structure on the relative tensor product is described in
[BJS21} Definition-Proposition 3.6]) by:

®(BRO)2®(B'RC") = G(B)@CRG(B)eC" 28 G(B)oG(B)20@C" ~ &((BRC)o(B'XC")).
The bottom action of C is unchanged, and the top action of A is preserved by ®:
A (BRC) := (Ax1)®(BRC) = (F(A)@B)XC % G(F(A))®G(B)®C = Ax-®(BXC).

Finally, let us show that ® preserves the central structure. The central structure in the
composed bimodule Ap % Ag is given by:

Ideo

X
" (F(A)®B)RC = Ax(BRC)

B
UB,

(BRC)<A := (BRC)®(F(A)R1e) = (BRF(A)RC

This maps under ®, using that G is braided monoidal, to ag(B)E(F( 4y ® ldc. And
indeed, the following diagram, where the horizontal arrows are the central structures and
the vertical arrow monoidality of ®, commutes:

C
g
B(BRC) @ d(1 < A) MW 6 4L 1) @ d(BRC)

Idgp) ® Ug,G(F(A))l 08(3) o) ® Ide lld
P(BRC)® (1<aA)) — P((A>1)® (BXC(C))

The A case is similar. O

Definition 4.2.4: Let C and D be A-B-central algebras, i.e. 1-morphisms of BrTens. A
bimodule monoidal functor F' : C — D preserving the A-B-central structures induces an
A-B-centered C-D-bimodule My which is given by D as a category on which C acts on
the left using F'(—) ® — and D act on the right using — ® —. The A-B-centered structure
on My is induced by the A-B-central structure of D, and the fact that F' is a bimodule
functor:

UD
F(Ar 1< B) @M ~(A> 1p<B) @M ~ M ® (A> 1p < B)
It also induces an A-B-centered D-C-bimodule My which is again given by D as a
monoidal category on which C acts on the right using — ® F(—) and D act on the left

using — ® —.
When the functor F is understood, we may write ¢Dp for M and pD¢ for Mp &

Proposition 4.2.5: The above induced-bimodule construction preserves:
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1. horizontal composition.:
Given two A-B-bimodule monoidal functors F : C — D and G : D — & preserving
central structures, one has Mgo Mp >~ Mgor and Mg o Mg ~ Mgor,

2. wertical composition:
Given C and D two A;-As-central algebras, C' and D' two As-As central algebras,

F : C — D an A;-Ay-bimodule monoidal functor and F' : C' — D' an Ay-Ajz-
bimodule monoidal functor preserving central structures, one has Mp ;‘E Mpr ~
2

MFgFr and ﬂp &M}w Eﬂpgp.
Ao -'42 Ao

PROOF : The first point is similar to the last proposition. We proved that Dp % p&e 2

c€s, as bimodules. Recall from [BJS21, Definition-Proposition 3.13] that the centered
structure on the composition of bimodules D % & is given by the composition of the

centered structure and a balancing. In our case on some A, D, E, this is:

IdpRa$, ,

ob ,RId
DR(A®E)~ (Do ARE "5 (A9 D)RE

~ ~

DR (E® A)

which maps by ® to (G(0p 4) ® Idg) o (Idap) ® 0% 4). The centered structure of ¢& is

given by 02( pyep,4- Lhey coincide as G preserves central structures.

The second point is not surprising either. We want Dp ? D'y ~ cxeD %l Dhsgps
2 Ag 2 Ag

which is true on the underlying categories. Because F' and F’ are bimodule functors, the

functor FRF':CX(C' — DXD — D & D’ is B-balanced and descends to the relative

tensor product C ? C'. We then see that the left C & C’-action is the one induced by

2

F X F’ on the relative tensor product, namely action by F ? F’. The centered structures
2

are both given by the central structure of D X D’ and coincide. 0

As

Dualizability

Given a braided monoidal functor F': A — B, we will prove that both adjoints of Apg
are given by Ap. For the right adjunction, the counit should go:

AFOXF :BBA§ABB — ]dg :BBB-

We actually have a functor going this way, the tensor product 7" in B, which is A-balanced
and descends to the relative tensor product. We denote it T}y : B % B — B, and it is

indeed a B-B-bimodule monoidal functor. The central structures on both sides are given
by braiding in B, which is preserved by 7. Hence we can construct a B-B-centered
sBa % ABp-sBp-bimodule My, , using Definition 4.2.4]

The unit should go:

Ida= aAs— Apo Ap = ABp M B~ aBa-
Again we have a functor ' : A — B which is an A-A-module monoidal functor. The

central structure on the left is given by braiding in A, and on the right by braiding in B.
The first is sent on the latter because F' is braided monoidal, and the central structures
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are preserved. Therefore we also have an A-A-centered 4A44-4B4-bimodule Mp.
Note also that the identity of A is the bimodule induced by Idg seen as an A-B-bimodule
monoidal functor.

Proposition 4.2.6: The 1-morphism Ap has right adjoint given by jp,iwith counit
My, and unit Mpg. Its left adjoint is also given by Ap, with counit Mp and unit
MTbal'

Proor : We directly check the snake. We repeatedly use Proposition 4.2.5}

A A Mo, A

A AA4 % Agg — Bs A
AIEB a A 8B B a A)FB

B AIEB & A’gg M 5Bs B

B B B

~

A A A

AA A Agg AIFB A

A
A%B MIlAIXI— A MF‘%“B B$A Mfds%ﬂm B M_g_ ,4453
/ —— A — 5 /
B ADB Bbs B
‘ ABs
B B B

which is the bimodule induced by the composition:

X = (]lbe) = (]le]lBaX) = (]lBaX) = X

which is indeed the identity.
Every other snake identity is very similar, with functors going in the other direction for
the left adjunction. dJ

Proposition 4.2.7: Let F' : C — D be an A-B-bimodule monoidal functor. The bi-
module Mg has right adjoint given by Mp, with counit Ty : D %l D — D seen as a

D-D-bimodule functor and unit F' seen as a C-C-bimodule functor.

PROOF : The proof is the same as above, except that the horizontal morphisms are now
the functors instead of the bimodules induced by the functors. The snake identities read:

([dD%Tbal)o(ngdD)gldMF and (Tbal%’[dp)0<]dD§F>2[de (41)

as has been used above. Here Idp is seen alternatively as a C-D-bimodule functor and as
a D-C-bimodule functor. 0

We would like to apply Proposition [4.1.12/1, to have the left adjoint of M. We need F
and Tjy to have right adjoints in BrTens. There is a well-known sufficient condition for
this.
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Proposition 4.2.8 ( [BJS21, Proposition 4.2 and Corollary 4.3]): Let

F : M — N be an A-B-centered C-D-bimodule functor, so a 3-morphism in
BrTens. Suppose that M and N have enough cp, that A, B, C, D are cp-rigid, and
that F preserves cp. Then FE : N — M is an A-B-centered C-D-bimodule functor, and
is the right adjoint of F' in BrTens.

All we need to check is that both F and Ty, preserve cp.

Lemma 4.2.9: Let M and N be right and left modules over C and F : MXN — P
be a cocontinuous C-balanced functor. Suppose M and N have enough cp, C is cp-rigid
and F preserves cp. Then the induced functor Fpy : M %N — P preserves cp.

In particular, if A and B are cp-rigid, then Ty : B % B — B preserves cp.

PROOF : Following the proof of closure under composition of 1-morphisms [BJS21, Sec-
tion 4.2], the cp objects of M %N are generated by pure tensors of c¢p objects. These are

sent to cp objects in P.
For the second point, T}, is induced by 7" which preserves cp as B is cp-rigid. U

We can summarize the result as follows:

Proposition 4.2.10: Let F' : C — D be an A-B-bimodule monoidal functor which
preserves cp, where A, B, C, D are cp-rigid. The bimodule Mg has left adjoint given
by My, with counit F® seen as a C-C-bimodule functor and unit TE, seen as a D-D-
bimodule functor.

4.2.2 Unit inclusion

We give explicitly the dualizability data of the 1-morphism induced by the unit in-
clusion in a braided tensor category V, and criteria for dualizability when )V has enough

cp.
Definition 4.2.11: Let V € BrTens be an Fy-algebra in Pr. We denote by T': VXV —
V its monoidal structure, and n : Vecty — V the inclusion of the unit. The functor n

is braided monoidal and induces a Vecty-V-central algebra 4,, namely a 1-morphism in
BrTens. Remember that we denote by AZ € BrTens™ the associated object in the oplax

arrow category. &

Theorem 4.2.12: The 1-morphism A, is both twice left and twice right adjunctible,

with adjunctibility data as displayed:

A
71/ ! \Jiln
M, | My Mr | M,
M, / Mz | &HT \ﬂn
Tln Tyu|T Tya|T Tln
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where Ty : V v%v VY — V is induced by T on the relative tensor product

PROOF : We use the results of Section [4.2.1, By Proposition |4.2.6] the 1-morphism A4,
has left and right adjoints given by A,,, with units and counits as displayed in the second
line above, with n : Vecty — V now seen as a Vecty-Vecty-bimodule monoidal functor,

and T :V V@t YV — V the tensor product balanced over Vecty so not balanced.
ecty

Then by Proposition each of these bimodules has either a left or a right adjoint,
with units and counits as displayed, with Tye : My V%y Mpr =YV V%} Y — V induced by

T. U

Corollary 4.2.13: The object .,4';7 is 2-dualizable in BrTens™, and :
Ru(Ru(A})) has a right adjoint if and only if both Ty and Ru(Ru(V)) do.
Reo(Ru(A2)) has a right adjoint if and only if both T' and Reo(Ru(V)) do.
Rco(Rco(A})) has a right adjoint if and only if both n and Reo(Rco(V)) do.

PROOF : For 2-dualizability, we use the criterion of [JS17, Theorem 7.6], we know that
V is 2-dualizable by |GS|, Theorem 5.1] and \A,, is twice right adjunctible by the theorem
above. The rest is Theorem [4.1.13| on the right dualizability data of A,,. 0J

Theorem 4.2.14: Suppose that V has enough cp, then .A'; is 3-dualizable if and only if
V the free cocompletion of a small rigid braided monoidal category.

PROOF : The heart of the proof is to notice that T appears in the dualizability data, and
by |[BJS21, Proposition 4.1] when V has enough cp, it is cp-rigid if and only if 7" has a
bimodule cocontinuous right adjoint.

If A} is 3-dualizable then Ru(Ru(A?)), Reo(Ru(A?)) and Rco(Rco(A})) have right ad-
joints, so Ty, T and n have bimodule cocontinuous right adjoints. The functors 7" and 7
preserving cp mean that they are well-defined on ¥ := YV and endow it with a monoidal
structure, and 7 is rigid as V is cp-rigid. Therefore V is the free cocompletion of a small
rigid braided monoidal category.

On the other hand if V is the free cocompletion of a small rigid braided monoidal cate-
gory then it is cp-rigid and hence 3-dualizable, [BJS21, Theorem 5.16]. The functors T’
and 7, and also Ty, by Lemma [£.2.9] preserve cp, and have bimodule cocontinuous right
adjoints by Proposition We get that A4, is 3-times right adjunctible and its source
and targets are 3-dualizable, so AL’? 3-dualizable by [JS17, Theorem 7.6]. O

Theorem 4.2.15: Suppose that V has enough cp, then AZ s non-compact-3-dualizable
if and only if V is cp-rigid.

Proor : If V is cp-rigid, then V is 3-dualizable and 7" and T}, have right adjoints in
BrTens. By Corollary 4.2.13 AE; is non-compact-3-dualizable.

Suppose now AE; non-compact-3-dualizable, then T has a bimodule cocontinuous right
adjoint, and V is cp-rigid. O
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Theorem 4.2.16: Let V be a braided tensor category with enough cp. Then the follow-
ing are equivalent:

1. A, is 3-dualizable,
2. A, is 3-adjunctible, and

3.V is rigid finite semisimple.

PROOF : The implication 1 = 2 is immediate: for a 1-morphism 3-dualizable demands
3-adjunctible and 4-dualizablility of the source and target.

The implication 3 = 1 is essentially [BJS21, Theorem 5.21]. If V is fusion, then V and A,
lie BrFus which has duals. Now fusion demands simplicity of the unit, which may not
be the case here. This is easily solved by noticing that coproduct agrees with product in
Pr and ought to be called direct sum |[BCJ15, Remark 2.5], and that braided rigid finite
semisimple categories are direct sums of fusion categories [EGNO15, Section 4.3].

Let us prove 2 = 3. If A, is 3-adjunctible then M, and M,, which are respectively
Ru(A,) and Lco(A,) by Theorem , must be 2-adjunctible. Hence their composite
M, % M,, has to be 2-adjunctible in the symmetric monoidal 2-category 22 BrTens ~

Pr. This composition is just V % YV ~ V as a category, and by our assumption that it has

enough cp, it actually lies in the full subcategory Bimody C Pr. By [BDSV| Theorem
A.22|, the 2-dualizable objects of Bimody are finite semisimple categories. We already
saw that V has to be cp-rigid, so V? is rigid finite semisimple, and so is V ~ Free(V?).O]

Remark 4.2.17: A very similar result one categorical dimension down, in Alg,(Rezc), is
proven in [FT21] Theorem BJ]. The proof is similar too, but we couldn’t directly use their
result on M, as we work in Bimody and not in Rexc. &

Remark 4.2.18: Both results need full adjunctibility of A,: oplax dualizability does not
imply semisimplicity (take the free cocompletion of a non-semisimple ribbon category
in Theorem [4.2.14)). Semisimplicity is not needed for 4-dualizability either, as proven
in [BJSS21|. However, if we assume that V is 4-dualizable and A, is 3-oplax-dualizable,
which is the case of interest for Section then to-appear work of Will Stewart shows
that A, is 3-adjunctible. This has an interesting consequence: the free cocompletion
of a ribbon category which is not semisimple cannot be 4-dualizable. Indeed if it were
Stewart’s result would apply and V would have to be semisimple. This justifies that,
given a non-semisimple ribbon tensor category as in Chapter [3, we want to work with its
Ind-completions, and not its free cocompletion. O

Remark 4.2.19: Being dualizable for a morphism is both a condition on its adjunctibility
and on the dualizability of its source and target. However, we saw in the proof of Theorem
that A, 3-right-adjunctible < A, 3-oplax-dualizable, and in the Theorem above
that A, 3-adjunctible < A, 3-dualizable. This phenomenon seems to be specific to the
unit inclusion. &

Proposition 4.2.20: Suppose that V is cp-rigid, then A, is 2-adjunctible with the fol-
lowing adjunctibility data in BrTens:
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A
Z/ ! \“j‘ln
Mﬂ | MT Mr | 7M77
Myz/ LMU MTZ \MT HT/ \/HT MU\Z \ﬂn
Tln nR|ITE Ty T TR|TE TRITE, Tou|T nk|TE T|n

where 77‘2 is the essentially unique cocontinuous functor that agrees with n® on cp objects.

PROOF : The snake for 7% and 7;}} comes from the following. Denote ¥ = V.
(V,W)ey®2

) Vey
TR is the coend TR(]IV):/ (VR W)@ Homy(V @ W, 1) 2/ VEV*, and

ver ver
more generally TR(X) ~ / (XQ@V)RKV* ~ / VX (V*® X). For X cp, the snake

goes
— vey

(" & Tdv)o (I, BTH(X) = [ pR(X e V)=V

Vecty
Ve

v

_ / Hom(1y, X ® V) ® V*
Vey

~ / Hom(V*, X) @ V* ~ X

The part with TF and T}, is given by Proposition 4.2.10, Indeed T, and hence Tyq,
preserves cp as V is cp-rigid.
The fact that this is sufficient for 2-adjunctibility is [JS17, Lemma 7.11]. O

Remark 4.2.21: Using Theorem we can also see that A, is always 2-lax-dualizable,
and it is 3-times left adjunctible if and only if , T and T}, have left adjoints in BrTens.
Using the proposition above, we can also get another characterisation of adjunctibility:
every morphism appearing there must have a right adjoint. If V has enough cp, then A,
is 3-adjunctible if and only if V is cp-rigid and 7, n%, T® and T}, preserve cp. &

We studied the unit inclusion, but the same arguments work in greater generality. We
loose that they are criteria though, because T' no longer appears in the dualizability data,
only some balanced version does.

Theorem 4.2.22: Let F' : V — W be a braided monoidal functor between two objects
of BrTens. Then the object A% € BrTens™ induced by the I-morphism Ap is 2-
dualizable. It is non-compact-3-dualizable as soon asV and VW are cp-rigid. In this case,
it is 3-dualizable if and only if F' preserves cp.

PROOF : We know that Radj(Ar) = Ap with Ru(Ar) = Mr and Reo(Ar) = Mr,,_,,
by Proposition 4.2.6, where Ty 44 : W % W — W is induced by the monoidal structure
on W.

Then, Radj(MTv_bal) = HTV—bal with RU(MT\}—bal) = TV—bal and RCO(MTV_M[) = TQbal
by Proposition 4.2.7], where Ty, : W WEW W — W is induced by the monoidal structure

v

on W.
Similarly, Radj(Mp) = Mg with Ru(Mp) = F and Rco(Mp) = Ty _pa-
We know by Theorem [4.1.13] that the existence and right adjunctibility of Ru(Ru(A%)),
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Rco(Ru(A%)) and Rco(Rco(A%)) is equivalent to that of respectively Thype, Ty_pe and
F, and of the same units/counits of the source and target. So 4% is non-compact-3-
dualizable if and only if T\, . and Th have right adjoints in BrTens, and both V and
W are non-compact-3-dualizable. This is true as soon as } and W are cp-rigid by Lemma
and [BJS21, Theorem 5.6].

It is 3-dualizable if and only if F', T\,_, and Thy, have right adjoints and V and W are
3-dualizable. If V and W are cp-rigid, this is true if and only if F' preserves cp. 0J

4.2.3 The relative theory on the circle

We compute the value on the circle of the relative TQFT Ry induced by A?, under
the cobordism hypothesis, for any V. Namely, we write S}, = ev,; o coev,;, compute the
images of ev,; and coev,, under Ry, which are ev o and coev A2 and compose them. Note
that it is S with non-bounding framing that we are computing. We need the symmetric
monoidal structure of C to compose evy : 1T — X®X* and coevy : X@X* ~ X*®X — 1.
We know that the evaluation and coevaluation for AE; are mates of the unit and counit
for the right adjunction of A,, namely M, and M. It might sound surprising that one
can compose them, but indeed up to whiskering and mating they are composeable, see

Figure 4.3

Figure 4.3: The unit and the counit compose up to mating

We know from [BJSS21, Theorem 2.19] that the evaluation and coevaluation for V are
respectively ygyoor Weet, and vect, Vyeorxy. Then, Example 4.1.14] gives:

./4 ® (X )* Vectk veCt]k Vectk
Vecty, -V @ Voor oo
Id o L T coeny,
1 dl JGUV B 1dvee”
Ry(evy) = M, and Ry (coevy) = (A @
Vecty ———— Vect Vect = 2
ecty Vecty ecty ecty A @ (A) ®

Their composition is vertical stacking and gives that Ry(S},) is:
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Vect, — Vecty ———— Vecty Vecty, Vecty
A’?/ CO@U])J/
A, V. ®@Vecty VY @yoor  ldeen,
M, Icy coevvl Anl (M glld )
Id = v ke ppoerg y W Vecty Id T O vers | 2y (SL,)
v J1a Ay [d:vv
A, Vect,® 'V Y ® yoop =
A/ o)
Vecty, — Vecty ———— Vecty Vecty Vecty

Note that every bimodule above is induced by a functor as displayed here:

n ~~ ~ Idy ¥ (T ® Id) R Idy
Vect, — V % Vy(Ve) V@)%p@v VeV~ Vgctkgvzp r_ - - Vv%v)o)p

F— IX1I— (I101)X(1®1)—— 1 X1+ 1X1

So Ry(S},) is induced by the monoidal functor given by inclusion of the unit in Z,(S},).

n

4.3 Non-semisimple WRT relative to CY

We can now state the conjectures which are the main motivation for the study above.
The main idea is that the Witten—Reshetikhin—Turaev theories and their non-semisimple
variants can be obtained in a fully extended setting from a 3D theory relative to an
invertible 4D anomaly. In particular, they are defined in a setting where the cobordism
hypothesis applies, and can be rebuilt out of their value at the point. These would be a
(not necessarily semisimple) modular tensor category for the invertible 4-TQFT and the
I-morphism induced by the inclusion of the unit for the relative 3-TQFT. As exposed
above, in the non-semisimple case the unit inclusion is only partially dualizable, and
induces a non-compact TQFT.

These conjectures follow ideas of Walker [Walb|, Freed and Teleman [Fre] in the semisimple
case, of Jordan and Safronov in the non-semisimple case. We do not know of a formal
statement in the existing literature and propose one here.

4.3.1 Bulk+Relative=Anomalous

Remember that the WRT theories, and their non-semisimple variants, are defined on a
category of cobordisms equipped with some extra structure. They morally come from the
data of a bounding higher manifold. 3-manifolds come equipped with an integer, which
corresponds to the signature of the bounding 4-manifold, and surfaces come equipped
with a Lagrangian in their first cohomology group, which corresponds to the data of the
contractible curves in a bounding handlebody. In this setting, this extra structure is used
to resolve an anomaly, and is due to Walker. We describe below how this kind of extra
structure arises in the setting of relative field theories.

Definition 4.3.1: The (n — 1)-category of filled bordisms
Bord/"¢* C Bord;

is the sub-(n — 1)-category of bordisms that map to the empty under the target functor
Bord,” — Bord, and to Bord,_; under the source functor. These are k-bordisms,
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k <n —1, equipped with a bounding k£ 4+ 1-bordism which we call the filling. We denote
Hollow : Bord!"** — Bord,_;

the functor that forgets the filling, namely the source functor.
The (n — 1)-category of non-compact filled bordisms

Bord{"* C Bord,’

is the sub-(n — 1)-category of bordisms that map to the empty under the target functor
and to Bord)?, under the source functor. O

Definition 4.3.2: An n-relative pair (Z,R) is the data of:
an n-TQFT Z : Bord,, — C

an oplax-Z-twisted-(n — 1)-TQFT R : Bord,_; — C~, namely an oplax transfor-
mation Triv = Z|gord,_,-

It is called a non-compact n-relative pair if R is a non-compact theory. &
Given an n-relative pair (Z,R) one has two symmetric monoidal functors Bordﬁlf 4y
C~. One is given by applying functoriality of (=)~ on Z, namely applying Z to any
diagram in Bord,, to get a diagram of the same shape in C. It has trivial target and gives
an oplax transformation

Z7% . Z|Bora,_, © Hollow = Triv
between functors Bord/ "¢ — C.
The other one is given by applying the relative field theory on the hollowed out bordism,
it is an oplax transformation

R o Hollow : Triv = Z|gora,_, © Hollow .

Definition 4.3.3: The anomalous (n—1)-theory A induced by the n-relative pair (Z,R)
is the composition Z7!o(RoHollow) of these two oplax transformations. It gives an oplax
ransformation Triv = Triv which by [JS17, Theorem 7.4 and Remark 7.5] is equivalent
to a symmetric monoidal functor

A : Bord!"" — (QC)** o

where odd opp means we take opposite of k-morphisms for £ odd, and QC := End¢(1) is
the delooping (n — 1)-category.

If (£Z,R) is a non-compact n-relative pair, the same construction on the appropriate
subcategories gives an anomalous theory A : Bordﬁi{med — (QC)odd opp, &
For comparison with WRT theories, we will need to restrict to a once extended the-
ory, namely look at endomorphisms of the trivial in Bordff_”f d, and to check that the
anomalous theory descends to the quotient where one only remembers signatures and La-
grangians out of the fillings. We will also move this odd opposite to the source category.
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Definition 4.3.4: The bicategory of simply filled 3-2-1-cobordisms Cobgéllled is the sub-
category of hy(Q Bord] "% ° PPy where circles can only be filled by disks, and surfaces
by handlebodies. Taking the opposite orientation for 1- and 2-manifolds (which will have
the effect of switching the source and target of a 3-bordism), one can identify this bicat-
egory as:
objects oo (unsturD? St - 0), neN
Cobfi{** ~{ l-morphisms : (X :U™S' — 1S H: () — (UmD?)UX U (L™D?))
2-morphisms : (M : 3] — 3, W : HH UM U Hy — ()

The analogous definition in the non-compact case Cobgsy " C hy(QBordj=/ e odd orr)
will require 3-bordism to have non-empty incoming boundary in every connected compo-
nent, as source and targets of 3-manifolds are switched. To facilitate comparison with the
existing literature, we also require that all surfaces have non-empty incoming boundary,
although in our setting this is purely artificial. &

This is to be compared with:

Definition 4.3.5: The bicategory 656321 (resp. EBT)Z;) is the bicategory of circles,
surfaces bordisms (resp. surface bordisms with non-empty incoming boundary) equipped
with a Lagrangian subspace in their first homology group, and 3-bordisms (resp. 3-
bordisms with non-empty incoming boundary) equipped with an integer. Composition is
given by usual composition on the underlying bordisms, plus:

taking the sum of the Lagrangian subspaces for composition of surfaces,

adding the integers plus some Maslov index for composition of 3-bordisms,

just adding the integers for composition of 3-bordisms in the direction of 1-morphisms.
See [De 21, Section 3] and references therein for a precise definition. The bordisms there
are decorated by objects of a ribbon Category,/z_i\n/dnzve are looking at the subcategory where

every decoration is empty. The category Cob,,, corresponds to admissible bordisms
there. &

Proposition 4.3.6: The assignment

Coblill«t Cobsx

o) WS uh?) - LSt

321 (3, H) — (3, ker(iy : H(X) — Hi(H)))
(M, W) = (M,oc(W))

is a symmetric monoidal functor.

PROOF : For composition of 1-morphisms we want to show that the kernel of a gluing is
the sum of the kernels. One inclusion is immediate and the other one follows by dimensions
since both are Lagrangians, see [De 17, Propositions B.6.5 and B.6.6].

For composition of 2-morphisms we use Wall’s theorem, see [De 17, Theorem B.6.1] for a
statement in our context.

For composition of 2-morphisms in the direction of 1-morphisms we use that filled surfaces
only glue on disks, hence filled 3-manifolds on 3-balls, so the signature of the filling simply
adds. 0J

Similarly, one can restrict to non-compact cobordisms and get
ne . ne, filled P
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If we restrict 631/)321 to surfaces equipped with Lagrangians that are induced by some
handlebody, these functors are essentially surjective, hence the name.

4.3.2 Conjectures

We want to relate the Witten—-Reshetikhin-Turaev theories and their non-semisimple

variants to the ones induced by the cobordism hypothesis. We want to say that the
anomalous theory induced the relative pair (Zy, Ry) factors through Cobss; and recovers
WRT and DGGPR theories.
A closer look at the WRT construction from [Tur94] shows that Witten—Reshetikhin—
Turaev theories extend to the circle. Once-extended 3-TQFTs are classified in the preprint
[BDSV, Theorem 3], and the following result can be obtained from it (in our case the unit
is simple). We give the statement of [De 17| restricted to trivially decorated bordisms.

Theorem 4.3.7 (Theorem 1.1.1 in [De 17]): For a semisimple modular tensor cate-
gory ¥V with a chosen square root of its global dimension, the Witten—Reshetikhin—Turaev
TQFT extends to the circle as a symmetric monoidal functor

WRTV : 65()321 — @k

where (iz;tk is the category of Cauchy-complete categories.

Similarly, restricting the statement of [De 21| to trivially decorated bordisms:

Theorem 4.3.8 (Theorem 1.1 in [De 21|): For a non-semisimple modular tensor
category ¥ with a chosen square root of its global dimension, the non-semisimple TQFT
from [DGGT22] extends to the circle as a symmetric monoidal functor

DGGPRy : Cobyy, — Caty

On the other hand, using the Cobordism Hypothesis:

Theorem 4.3.9 (Brochier—Jordan—Safronov—Snyder): For a semisimple or non-

semisimple modular tensor category ¥, its Ind-cocompletion V € BrTens is /-dualizable
and induces under the Cobordism Hypothesis a 4-TQFT 2y : Bordff’” — BrTens.

The main result of this chapter can be stated in this context.

Theorem 4.3.10: For a semisimple modular tensor category V¥, the arrow .,4';] €
BrTens™ induced by the unit inclusion n : Vecty — V := Ind(¥) is 3-dualizable and
induces under the Cobordism Hypothesis a framed oplaz-Zy,-twisted 3-TQFT

Ry : Bord]” — BrTens™ .

For a non-semisimple modular tensor category ¥, .AEY is mot 3-dualizable but is non-
compact-3-dualizable and induces under the non-compact Cobordism Hypothesis a framed
non-compact oplax-2Zy-twisted 3-TQFT

Ry : Bord}""™ — BrTens™ .
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PRrOOF : If ¥ is semisimple, V = Ind(?) = Free(¥’) and Theorem [4.2.14] applies. If
¥ is not semisimple, the unit is not projective in ¥, nor in V = Ind(¥'), so A'; is not
3-dualizable. But V is cp-rigid and Theorem 4.2.15| applies. U

To compare the two sides, we need all theories to be oriented. We assume the following:

Conjecture 4.3.11: The ribbon structure of ¥ induces an SO(3)-homotopy-fized-point
structure on V.
The ribbon structure of n induces an SO(3)-homotopy-fized-point structure on AZ.

The first statement is expected by experts. The second one follows [Lur09b, Example
4.3.23]. Note that in the second statement we actually mean an SO(3)-homotopy-fixed-
point structure compatible with the one on V, as in Remark [4.1.18|

Remark 4.3.12: The fact that the anomalous theory Ay, would factor through 636321 is
not too surprising. As was pointed to me by Pavel Safronov, we know from [BJSS21| that
V is not only 4-dualizable, but invertible, and hence 5-dualizable. But BrTens has no
non-trivial 5-morphisms, and hence the 5-theory induced by V is trivial on 5-bordisms.
This means that 2, should give the same value on cobordant 4-manifolds. If this story
can be made oriented, it means it depends only on the signature of 4-manifolds.

It was observed by Walker [Walb, Chapter 9] in the semisimple case that there is a scalar
choice of ways to extend Zy from Bord3" to Bord]", namely Zy,(B*), and that exactly
two of these scalars yield to a theory which is cobordant-invariant on 4-manifolds. These
scalars are exactly the two square roots of the global dimension among which one has to
choose when defining WRT theories. This motivates the following conjecture. In the non-
semisimple case, it is supported by the fact that the constructions of the (3+1)-TQFTs
of Chapter |3 need exactly the choice of a modified trace. &

Conjecture 4.3.13: A choice of modified trace on ¥ induces an SO(4)-homotopy-fized-
point structure on V.

A modified trace induces an SO(5)-homotopy-fized-point structure on V if and only if
Ly (SY) =1 with this choice of modified trace in the construction of Chapter @

In particular, we conjecture that every modular tensor category has an SO(5)-homotopy-
fixed-point structure. Indeed let #” be a modular tensor category and choose t a modified
trace on ¥ (which exists by [GKP22, Corollary 5.6]). Choose a square root Z of its global
dimension { = A;A_ = .%y ;(5") as defined in Chapter [3] Then the modified trace 2t

satisfies .y 4-1,(S*) = 1 by Proposition .

Corollary 4.3.14 (of conjectures): Both 2y, and Ry give oriented TQFTs by the ori-
ented cobordism hypothesis.

We now assume that this corollary is true, that a the choice of modified and square
root of global dimension has been made, and that Z,, and R, are oriented.
In the semisimple case, the relative pair

(Zy : Bordy; — BrTens, Ry : Bord; — BrTens ™)
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induces an anomalous theory

Ay : Bordj"ed odd orr_, eng .= OBrTens .

Its restriction on Cobgéllled gives a 2-functor

A3 Cobdd*d 5 OTens ~ Pr .

Conjecture 4.3.15: For a semisimple modular tensor category ¥, the anomalous the-
ory induced by (2y, Ry) recovers the Witten—Reshetikhin—Turaev theory. Namely:

321
1%

Coblil“ Pr

s 321‘ IFree
- WRTy = commutes up to isomorphism.
COb321 Cat]k

In the non-semisimple case, the relative pair
(Zy : Bordy — BrTens, Ry, : Bord;“ — BrTens™)
induces an anomalous theory

Ay : Bordjo/illed: odd orp_, pepg :— OBrTens .

Its restriction on Cobis ™ gives a 2-functor

A2 Cobls™* — OTens ~ Pr .

Conjecture 4.3.16: For a non-semisimple modular tensor category ¥, the non-
compact anomalous theory induced by (2y,Ry) recovers the De Renzi-Gainutdinov—
Geer—Patureau- Mirand—Runkel theory. Namely:

321
Cobgg,lleled - S Pr
wggll IFree
e DGGPRy 2 commutes up to isomorphism.
Cobsy, Caty

We know how to check these conjectures on the circle. We have WRTy (S!) = ¥ whose
free cocompletion is equivalent to V because ¥ is semisimple. Similarly, DGGPRy(S!) =
Proj(¥’) whose free cocompletion is equivalent to V. On the other side, we know that
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in dimension two 2y, coincides with factorization homology, and we computed Ry(S*) in

Section [4.2.3] So:

321/ al T2 1 2 1
S5, D) =Ry(S X Zy(D%) ~ veet, Zv(ST) X ety 2 Veets Wee
AVH(S5 D7) = Ru(S7) B Zv(D7) = veer, Z0(57) B Wect,  veet Wect,
Computing the values of the theories induced by the Cobordism Hypothesis on higher
dimensional bordisms comes down to computing some adjoints in BrTens and compose
them in various ways. This will be carried out in future work.

Corollary 4.3.17 (of conjectures): Both WRTy and DGGPRy extend to S°.

PROOF : Indeed, the anomalous theory Ay is really defined as a functor between the 3-
categories Bord}"** — Tens (or Bord;*/"** — Tens in the non-semisimple case). The
two points S? are bordant, by a cap, and therefore give an object (S° N) € Bordi’;med (or
B dnc,filled

ord; ).
It is easy to compute the value of the anomalous theory on this object, namely Ay (S%,N) =

Ry(58%) 0 Zy(N) = (A, X (A4,)%) V@%MP VY ~ V seen as a Vecty-Vecty-central algebra. [

Remark 4.3.18: This is to be compared with results of [DSS20] which shows that WRTy
extends to the point if and only if ¥ ~ Z(%) is a Drinfeld center, in which case the point

is mapped to €. In the modular case, the Drinfeld center Z (%) is isomorphic to € ® €7,
and the two descriptions agree on SY. Therefore it appears that WRTy always extends

to SY, and extends to the point if and only if one can find a “square root” for its value on
SY. This is also related to ongoing work of Freed, Teleman and Scheimbauer.

Note however that the statement above is a bit informal, because it is really Free o WRTy o739,
that extends to S°, so WRT indeed but with different source and target. In particular,
the results of [DSS20] do not apply directly in this context. O
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Chapter 5

Stated versus internal skein algebras

This chapter is based on |Hai22].

We give an explicit correspondence between stated skein algebras, which are defined
via explicit relations on stated tangles in [Lél§], and internal skein algebras, which are
defined as internal endomorphism algebras in free cocompletions of skein categories in
[BBJ18al/GJS23].

In Section [5.1] we recall the structure on stated skein algebras and skein categories
induced by a boundary edge. The first gives an O,2(SLs)-comodule algebra structure on
stated skein algebras, which enables one to express their gluing properties [CL22]. The
second gives a structure of module categories on skein categories, which enables one to
express gluing properties too, and to define [BBJ18a}/GJS23|’s internal skein algebras.

In Section [5.2], we explicitly give the natural isomorphism St exhibiting the stated skein
algebra as the (left) internal endomorphism algebra of the empty set in the skein category
associated with V = O2(S La)-comod’™ ~ Uz (sly)-mod’™, without relying on excision
properties. On an object of the Temperley-Lieb category, this natural isomorphism simply
expresses that assigning states to a tangle defines an O,2(SLs)-comodule morphism from
some tensor product of the fundamental representation to the stated skein algebra.

In Section we complete the picture. We extend in a straightforward manner the
definition of internal skein algebras to surfaces with multiple boundary edges, labelled
either left or right. The left and right actions differ by rotating the picture by 180

degrees, which is homotopic to the identity by the half twist \/\ . We give an explicit way
to compare internal skein algebras obtained from right and left edges using the half twist,
which induces a braided opposite algebra structure, see Proposition [5.3.6] In Section
5.3.4, we describe the action of the half twist in the context of stated skein algebras, i.e.
on Oqz(SLQ)—comodf i There are multiple choices, but as we explain ours is imposed
by conventions from stated skein algebras. We extend the main theorem to surfaces
with multiple boundary edges, and appropriate braided opposites inserted, see Theorem
[.3.28 Finally we compare excision properties. We prove excision properties of internal
skein algebras for any ribbon category in Theorem [5.3.32] We prove that this recovers the
usual statements for stated skein algebras for our choice of half-twist. This sheds light on
the choice in the definition of stated skein algebras. Indeed it is shown in [Lé18, Section
3.4] there is essentially no choice for the boundary skein relations, if we want the cutting
morphism to be well-defined. We claim there is choice in how to write this cutting
morphism, which corresponds to the choice of the half-twist, see Remark [5.3.34]
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5.1 Boundary structure and gluing properties

We recall the extra structure on stated skein algebras |CL22] and skein categories
[Coo023] that come from a boundary edge. This second structure allows us to define
internal skein algebras [BBJ18a|,GJS23|.

Let k be either @(q%) or C with q% € C* generic, i.e. not a root of unity.

5.1.1 Stated skein algebras

The key player for stated skein algebras will be the stated skein algebra of the bigon.
Indeed, one can cut a bigon out of a boundary edge of any stated skein algebra, giving
an extra comodule structure for every boundary edge.

Example 5.1.1: The bigon B is the marked surface (D, {+i}), the disk with two marked

points. The algebra .7 (B) is generated as an algebra by the ,5, = # @ Voou,v € {£},

H1 141
and has basis the z0; = qu @u where fi = (p1,...,pn) and U = (vq,...,1,) are

n n
decreasing sequences of signs.
It is a bialgebra with coproduct given by cutting along the “unique” arc joining the two

marked points @, A=p.:SB) = S(BUB)~.YB)®.(B). Coassociativity

comes from the second part of Theorem [1.1.10} The counit € : .(B) — k is defined on
the basis by e(z87) = 0,5

K1 1’\{ 1{1 _V.n ‘A; _';U'm C’(ﬁ)
I : -
g Un —n N~ C(i)

It is a Hopf algebra with antipode S ( i = d¥b: . where

n

C():=]] C(w).

=1

\
It is coquasitriangular with co-R-matrix R(a® ) = ¢ D % , see |CL22, Theorem
3.5].

It is coribbon with coribbon functional 6(a) = ¢ . &

Proposition 5.1.2 (Thm. 4.1 in [Lé18|, Sec. 2.2 in [KQ], Thm. 3.4 [CL22|):
One has an isomorphism of coribbon Hopf algebras #(B) ~ Op(SLs) given on the
generators by By — a, _f_—d, +S_—band _[; — c.

Definition 5.1.3: Consider a marked surface & and a boundary edge e of &. Let ¢ be
an ideal arc parallel to e inside &, see Figure . Cutting along ¢ splits & into a bigon
(between e and ¢) and a surface canonically homeomorphic to &. Therefore the splitting
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morphism along ¢ goes
A=p.: L(6) = S(GUB)~7(6)®.7(B)

and endows (&) with right O, (SLs)-comodule structure. It is compatible with its
algebra structure, namely .7 (&) is an O2(SLsy)-comodule-algebra, see [CL22, Proposition

4.1]. ¢

Figure 5.1: The comodule structure on stated skein algebras

Definition 5.1.4: Let rot : B — B be the homeomorphism of marked surfaces given by
the planar 180 degree rotation. It induces an algebra isomorphism

SN g Vn 20\ Hm
: u P
P o’ Vn R\ 75

rot, : /(B) = (B), with rot*( : =@= : HgpR:

It reverses the coproduct, namely

| 4 | 4 op
Aorot,(f) = N ® WY = (rot, @ rot,) o A(f) ,

and preserves the counit, because 5(rot (z

B7)) = €(s65) = 05,3 = O,
On O,(SLy), it is given by r ( ) < Z ) &

Remark 5.1.5: If one sees the edge e at the left instead of the right of the surface, one
gets a structure of left O,2(SLs)-comodule. One can easily get from one to another by
rotating the whole picture, see Figure [5.2] Namely, the left coaction 4, is obtained from
the right coaction A, by rotating the bigon by 180 degrees. In |[CL22, Proposition 4.1]
one gets

= flo(Idy@) @rot,) o A, ,

where fl denotes the flip of tensors.
Actually, one gets such a structure for each boundary edge of &, and if & has n right
boundary edges and m left, (&) is an (Oy2(SL2)®", Op2(SLy)®™)-bicomodule algebra.<

Remark 5.1.6: The structure forms on .#(B), such as the co-R-matrix or the coribbon
functional, are often defined using the counit on some transformation of the tangle. This
has a direct interpretation on how this form then acts on comodules:

Let ¢ : Z(B) — k be given by some ¢

=
=¢ . @ , where
. A J -

T, m € N, is a family of tangles with m right and m left boundary points and s,, :
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\ \'
< S
s )
/'.\ \
EW,
\'

N

»2

' C [ ——

Figure 5.2: From left to right boundary edges for stated skein algebras

{£}™ — k{({£}™). Here, we allowed s,, to have values in formal linear combination of
m-tuples of states because in the definition of the co-R-matrix for example one needs
coefficients depending on the states. What we mean by a tangle o with state a formal
linear combination of states Y_; \;7j; is the linear sum of stated tangles Y > A,
Note that the T},’s and the s,,’s should satisfy extra conditions for this to be well-defined
on .(B). Then for a marked surface & with a right edge e, the map

Dy S (6) B .7(6)0.7(B) L .7 (6)

is given by:

m A 4 Vi m
o = e a 509 :
nm Vm ’/m nm

»

3

" 141 =
3

Um Um §
»
1% 1% =
splitting = counit =
=" (ld®e)| o Q0 5 = A
well def . . : :
Um Um § §

The co-R-matrix isn’t exactly of this form, but the same kind of computation applies.
Remember that the braiding on (&) ® (&) is defined using the coaction on each
(&), the co-R-matrix on the .#(B)®? part thus obtained, and then flipping the two
factors, namely cy(e),.7(6) = flo Ras0 (A @) ® Ayes)). The braided opposite product on
S (G) is defined as m* :=moc #(&),7(e) and it has a nice geometric depiction, namely:

b - n M1 @
m*P(a®B) =mo fl| an . ® By G &)
Un Hm

:%&%,

o o

AN

NI ]
)
AN

S
66
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Endowed with extra boundary structure, stated skein algebras satisfy a form of excision.
The stated skein algebra of a gluing is obtained as a from of relative tensor product of
the stated skein algebras of the two initial surfaces.

Definition 5.1.7: Let H be a Hopf algebra and M an (H, H)-bicomodule, with coprod-
ucts denoted by Ay : M — M ® H and Ay : M — H ® M. The 0-th Hochschild cohomol-
ogy of M is the subalgebra of M defined as HH(M) := {x € M | Ai(z) = floAy(x)}.$

Let &' be a marked surface and ¢; and ¢, respectively a right and a left boundary edges
of & as in Figure[5.3] Then .(&') has a structure of (Oy2(SLs), Op2(SLs))-bicomodule.
We consider & = &'/.,—., the marked surface obtained by gluing ¢; to ¢z, and ¢ the
ideal arc formed by ¢; = ¢ in &. We have &' = Cut (&), and Theorem gives an
injective algebra morphism p. : Z(8) — .7 (&').

6/

&1 C2

Figure 5.3: Gluing surfaces

Theorem 5.1.8 (Section 2.3 in [KQ|, Theorem 4.8 in [CL22|): Consider a
marked surface & = &'/, _., obtained as a gluing. Then the splitting morphism
pe: L (6) = (&) maps isomorphically # (&) onto HH(.#(&)).

Remark 5.1.9: The formula is slightly nicer if &; and &, are two marked surfaces, ¢,
is a right boundary edge of &1, ¢y a left boundary edge of Gy and & = &; U G,.
Then . (6') ~ .7 (6;) Q& (S2) (this is the vector space tensor product) and the 0-th
Hochschild cohomology of .#(&’) corresponds to the cotensor product

of Z(6;) and .¥(S,) over .7 (B). &

5.1.2 Skein categories

Remember the definition of the coribbon Hopf algebra O,2(SLs), the description of its
category of right comodules and its links with left U2 (sly)-modules from Section [1.2.4]

Remark 5.1.10 (Remark 1.7 in |Coo023|): For a general surface 3, its skein category is

not monoidal because there is no notion of horizontal juxtaposition, which we use in R2.

However, if A = C x [0,1] for a 1-manifold C, the category Sky(A) is monoidal with

0,21U[2 1

tensor product induced by AL A [ 3<]—£3 ! A. <

Remark 5.1.11 (Remarks 1.6 and 1.18 in [Co023|): An orientation-preserving smooth em-
bedding f : 31 — 3 induces a functor Sky(f) : Sky(X1) — Sky(X2). It maps an object

s, which is a bunch of coloured points in ¥, to f(s), and a ribbon graph T'C ¥; x [0, 1]

to (f x Id)(T). This defines a symmetric monoidal functor

S]{ZV : (Mang", |_|) — (Catk, ®]k) .
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An isotopy of smooth embeddings A : 31 x [0, 1] — X5 between f = A\g and g = A; induces
a natural isomorphism 7iby : Sky(f) = Sky(g) where ribys : f(s) — g(s) is the braid
in 3y x [0,1] drawn by {(\(s),t),t € [0,1]}. Homotopic isotopies give isotopic ribbon
graphs, and this extends to a symmetric monoidal functor of (0o, 1)-categories

Sk?y : (Mﬂdgr, |_|) — (Catk, ®k) .

It is shown in [Coo023| that this functor coincides with factorisation homology [AFT17]
with coefficients in V. &

Remark 5.1.12 (Section 1.3 of [Co023|): As for stated skein algebras, whenever we talk
of a boundary component C' C ¥ below, we mean thickened boundary component, i.e.
equipped with a trivialization of its neighborhood. This notion distinguished left and
right boundary components, equipped respectively with an embedding C' x [0,2) < X
and C'x (—1,1] < X. We denote A := C' x [0, 1]. By retracting ¥ away from its boundary,
we have a (canonical given the data above) embedding AU — X.

This embedding induces an action

which endows Sky(3) with a structure of left or right Sky(A)-module category. &

Skein categories satisfy a form of excision, namely the skein category of a gluing is obtained
as a relative tensor product of the skein categories of the initial surfaces.

Let 31 and Y5 be two surfaces and C' a curve which is both a right boundary component
of ¥; and a left boundary component of 5. We denote >; Uy Y5 the collar gluing of the
surfaces along the two embeddings of A.

Theorem 5.1.13 (Theorem 1.22 in [Co023|): The skein category of a collar gluing
is obtained as the relative tensor product

Sk’y(zl Ua 22) >~ Sk’y(zl) & Sk’v(Zg)
Sky(A)

of the right Sky(A)-module Sky(31) and the left Sky(A)-module Sky(3s).

PROOF (SKETCH): Here relative tensor product may be taken to be either Tambara’s
relative tenbsor product, or the usual 2-colimit definition, which are equivalent by |[Co023,
Theorem 2.27].

One has an explicit description of the Tambara relative tensor product of two module
categories, by formally adding a balancing natural isomorphism ¢. For s;, a, s some
sets of colored points respectively in 3, A, 3, the image of the balancing isomorphism
Lsyasy : (S1<a,s2) = (S1,a D> s9) in Sky(X; Ua Xo) is depicted in Figure . O

Corollary 5.1.14: Let s; € Sky(31) and sy € Sky(X2). Then any morphism
a € HomSkzv(EluAEg)(Sl L sq, (Z))

can be decomposed in a (linear combination of) pair(s)

aq € Homgkv(gl)(sl, 0 < CL) , Qo € HOmSkV(Z2)(CL > So, @)
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1 al> Sy

S
s1<a 2

Figure 5.4: The skein category of the gluing is balanced

for some a € Sky(A), with a = (Idy, az) 0 Ly 45, 0 (01, Ids,).

This decomposition is unique up to balancing, namely if as can be written Boo (y> Ids,),
with By € Homgg,,(s,)(b > s2,0) and v € Homgy,(4)(a,b), for some b € Sky(A), then
(a1, B2 0 (v > Idy,)) ~ ((Idp <) 0 ag, B2).

PROOF : On a drawing one wants to decompose « as:

which is easily done by pushing the ribbon graph happening in the middle region inside
say 2o leaving only straight lines (namely, ¢’s) behind.

The relation (o, Seo (Y>> 1ds,)) ~ ((Idg<t7y)oay, 32) is true by sliding v along the straight
lines of ¢, and this is the only relation by the theorem above. U

Note that the asymmetry in this description is purely artificial, and one could have chosen
a cup or a cap instead of a slanted line to link the left and right actions.

5.1.3 Internal skein algebras

When a surface has a boundary edge, one can push a little disk inside the surface from
this boundary edge. This process induces an action of the skein category of the disk on the
skein category of the surface. Namely, Sky(X) is a Sky(R?)-module category, see [Co023,
Sections 3.2]. In this situation there is a notion of internal Hom objects that encode en-
tirely in Sky(R?) the behavior of objects of Sky,(R?) seen in Sky,(32) by the action. Namely
for fixed V, W € Sky(X) one has Homgy,, () (X >V, W) ~ Homgy,, g2y (X, Hom(V, W)) nat-
urally in X, see [EGNO15, Section 7.9]. However, such an object does not always exist
in Sky(R?), and actually lives in its free cocompletion. The internal skein algebra Ay, of
the surface is the internal endomorphism algebra of the empty set Hom((, (), see |[GJS23]
or [BBJ18a] together with [Coo23|. This means one can understand ribbon graphs in
Sky(X) with boundary points on the bottom and near the boundary edge as morphisms
in (the free cocompletion of) Sky(R?) with target As.

Note that in [Coo23], [BBJ18a] and [GJS23] one uses a right Sky(R?)-action and we use
a left Sky(R?)-action here. See Section [5.3| for more details.
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Definition 5.1.15 (See Section 7.9 of [EGNO15]): Let M be a A-module category
and M, My in M. The A-internal Hom Hom(M,, Ms) of M; and M, is the object of
A representing Hom(— > My, M) : A — Vecty. It comes equipped with a natural
isomorphism

n : Homa(— > My, M)~ Hom 4(—, Hom (M, Ms)) .

It is unique up to canonical isomorphism when it exists.
When all involved internal Hom objects exist, this natural isomorphism defines

€UNMy My - HOIIl(Ml,Mg) > M, — M,

and
¢ : Hom(M,, M3) ® Hom(M,, My) — Hom(M,, Ms) .

In particular, an internal endomorphism End(M) := Hom(M, M) is an algebra object in
A, with unit the morphism 14 — End(M) associated with Idy,. O

The functor Homa(— > My, Ms) : A — Vecty cannot always be represented in .A.
However, it is always an object of its free cocompletion.

Proposition 5.1.16: Let A € Caty be a monoidal k-linear category, M an A-module
category and My, M, two objects of M. The presheaf

F = Homp(— > My, My) € Free(A)

is the internal Hom object of My and My (seen as objects of Free(M) by the Yoneda
embedding) with respect to the Free(A)-module structure.

PROOF : For the “small” objects A € A < Free(.A), the isomorphism
Hompyee(a) (A, F) >~ F(A) := Hom (A > My, M,)

is given by the Yoneda Lemma.
Now any object X € Free(.A) is obtained as a colimit of such small objects, X = colim; A;,
A; € A, by the co-Yoneda Lemma. Then it is straightforward to check that:

Hompyee(a) (X, F) = lim; Hompyee(a) (As, F') ~ lim; Hompyee(aq) (Ai > My, My)
~ Hompyee(ar) (colim;(A; > M), My) ~ Hompee(pmy (X D> My, Mo).

Here we kept the notation > for its essentially unique cocontinuous extention to free
cocompletions. O

We now apply the internal Hom object constructions to the case of skein categories.
We choose a k-linear ribbon category )V and denote its free cocompletion £.

Definition 5.1.17: We consider an oriented surface with boundary ¥, with a “red” arc
chosen on its boundary, seen at the left. This arc can be thickened in the surface, which
gives a thick left embedding (0,1) — 9X. In particular one has an embedding of surfaces
(0,1) x [0,1] UY < X as in Figure 5.5
By Remark[5.1.12] this gives a structure of left Sky(IR?)-module category on Sky(X). We
denote

> S]fv(]R2) X Sk)v(Z) — Sl{?v(Z)
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the action functor.
We denote SKy(—) := Free(Sky(—)) and still denote the action functor on free cocom-
pletions by

For M; and M, two objects of Sky(X), one has an internal Hom object Hom (M7, M,) €
E. ¢

(-

Figure 5.5: Skein categories of punctured surfaces are module categories

Definition 5.1.18: Let X be a surface with boundary with a chosen thickened arc on its
boundary. The internal skein algebra As, := Hom(), () is the E-internal endomorphism

algebra of () € Sky(X) C SKy(X).
Explicitly, Ay, comes equipped with a natural isomorphism

g . HOIIISKV(E)(— > @, @):~> HOmg(—, Ag) .

This isomorphism is determined by its restriction on V, in which case the left hand side
agrees with Hom spaces in Sky(X). O

Proposition 5.1.19: The inclusion O, (SLa)-comod’™ < O, (S Ly)-comod is a free
cocompletion.

In particular, if V = Opz(SLy)-comod’™ and € = Op(SLy)-comod in the definition
above, then As, is an O, (SLsy)-comodule algebra.

PROOF : Remember from Section that (at generic ¢ which we assume throughout)
the category O, (SLs)-comod is semisimple and its simples are finite dimensional. Hence
any O2(SLs)-comodule is a direct sum of these, and any colimit in O,2(SLy)-comod/™
is simply a direct sum.

The usual monoidal structure on O,2(SLy)-comod is the free cocompletion of the monoidal
structure on O,2(SLa)—comod/™ as it extends it and commutes with direct sums in both
factors. O

One could replace O2(SLa)—comod’™ with its full subcategory T'L, as every O, (SLs)-
comodule is a quotient of direct sums of objects of T'L. Similarly, the inclusion Skpp(3) <
Free(S koq2(SL2),COmodfm(Z)) is also a free cocompletion, see [Co023, Theorems 2.28 and

3.27).
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Remark 5.1.20: The defining properties of Ay, describes morphisms from V > @) to ()
in Sky(X), so where the boundary points of tangles are at the bottom. Using duality,
see [EGNO15, Proposition 7.1.6], we can describe morphisms from W > @ to V > ()

Homgg, (s)(W > 0,V > 0) ~ Home (W, V @ Ay).

When ¥ is connected, every object of Sky(X) is isomorphic to one of the form V > 0,
and the above natural isomorphism suggests that the algebra As, € £ is enough to fully
describe SKy(Y). &

Theorem 5.1.21 ( [BBJ18a, Theorem 5.14]): Suppose that ¥ is connected, then
there is an equivalence of categories

SKV(E) = mOdg—AE
M —  Hom(0, M)

between the free cocompletion of the skein category of ¥ and the category of right modules
over As, in £.

For M of the form V>0, V € &, which is always the case for M € Sky(X), this functor
is given by V>0 —V ® As.

PROOF : For the last statement, one has Hom(),V > 0) ~ V ® Ay, by Remark [5.1.20]
This is the general idea of the proof, as morphisms of Ay-modules from W ® Ay, to V ® Ay,
are equivalent to morphisms in € from W to V ® Ay, which are equivalent by the above
Remark to morphisms from W >0 to V > ) in SKy ().
For the details, one uses Barr-Beck reconstruction, or more precisely its reformulation
in [BBJ18a, Theorem 4.6]. One has to check that ) € SKy,(X) is a progenerator.

- i R ) SKy(E) — (VP Vecty] ~ &
It is projective: acty’ = Hom((, —) : A s Homigrys)(— & 0, M)
uous because — > () : V — Sky(2) C SKy(X) takes values in compact projective objects.
It is a generator: acté% being faithful is equivalent to — >0 : &€ — SKy(X) being dominant
by [BBJ18a, Remark 4.9], which is the case because — > ) is essentially surjective on
Sky(3) which generate SKy(X) under colimits.
One gets right modules over Ay, because we considered left module categories, see [BBJ18a;,
Remark 4.7]. O

is cocontin-

Remark 5.1.22: We are in the same context as [BBJ18a] and [GJS23|. In [GJS23, Def-
inition 2.18], the internal skein algebra is defined similarly as Homgy,s)(@ < —,0) €
Free(V) for V a k-linear ribbon category whose unit 1y, is simple, which is the case for
V = 0,2(SLy)-comod’™.

In [BBJ18a), Definition 5.3|, the moduli algebra Ay is defined to be the endomorphism
algebra of the distinguished object Og x of the factorization homology over X of a pre-
sentable abelian balanced k-linear category £ generated under filtered colimits by rigid
objects, with respect to the £-module structure. The factorization homology of V is
computed by Sky, see [Co023, Theorem 2.28|, and the factorization homology of & =
Free(V) by SKy = Free(Sky), see [C0023, Theorem 3.27]. The distinguished object is
0 € Sky(X) € SKy(X), and Op(SLs)-comod is abelian and generated under filtered
colimit by rigid objects O,2(SLa)-comod’™.

There is one difference with our chapter though: we consider a left £-action, and [BBJ18a;,
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GJS23| consider a right £-action, with adapted definitions of internal Hom objects. In
our description, it would mean seeing the red arc on the right instead of on the left, thus
Sky(R?) acting from the right. This gives a braided opposite product, and we need left
actions to have the same product than the one on .(¥). Right actions and more generally
multiple right/left actions and how they interact will be studied in Section <

5.2 The relation

We show in this section that the stated skein algebra of a surface with a single
boundary edge is isomorphic to Ay. We consider the algebra Ay from last section
with V = Op2(SLy)-comod’™ and & = O,(SLy)-comod at generic ¢, and prove that
S (¥) ~ As as Op(SLs)-comodule algebras. Actually since Ay is only defined up to
canonical isomorphism one may take an equality here, so we prove that .#(X) satisfies
the defining properties of Ay, namely that it is the internal endomorphism algebra of the
empty set in SKy(X) with respect to the £-module structure. This result is not new and
was stated in a weaker form in [LY22, Theorem 4.4], [LS, Theorem 9.1] and [GJS23, Re-
mark 2.21], namely as algebras in Vect,. However, in these references one considers right
E-actions and therefore the internal skein algebra is isomorphic to the braided opposite
of the stated skein algebra. The full result can still be recovered using |Fai, Theorem 5.3]
or [Kora], which give an isomorphism between the opposite of the stated skein algebras
and Alekseev—Grosse-Schomerus-algebras, which are themselves isomorphic to internal
skein algebras by [BBJ18a]. Our approach here is more direct, more explicit and uses
only skein theory.

We need a natural isomorphisms

StW . HOIHSKV(Z)(W > @, @):~> HOIHg(VV, y(E))

for W € € = Op(SLy)-—comod. In the case where W = V" € TL is a tensor product
of standard corepresentations, and the element on the left hand side is a tangle a with
n boundary points, we want a morphism V" — .#(X) associated to it. This is done
by setting the entries, elements of V" as states of the tangle a. Recall that V has
basis vy,v_ and we identify the states + and — with these elements. As in Remark
[5.1.6, we allow formal linear combination of states for stated tangles. In this context, the
defining relations of stated skein algebras correspond exactly to naturality conditions, see
Proposition [5.2.3]

This gives the idea of how to deal with the objects of the full subcategory TL C V of
objects of the form V®" and this extends to & ~ Free(T'L) by Proposition [5.1.16] Note
that one still has an action > : TL ® Skrr(X) — Skrr(X) which is the restriction of
Definition 5.2.1: Let W = V®" € T'L and a € Homgy,, (=)(W > 0,0). By Theorem
[1.2.42] o can be represented by a (linear combination of) tangle(s), still denoted by a,
with n ordered boundary points near the boundary edge, which is well defined up to
isotopy and Kauffman-bracket relations.

. ( T I ,/a

Graphically, we set Sty | [0:1] (e, @+ ®g,) = ¢ e € {£}.

11 - n cn

ox b))
For brevity we denote this last stated tangle by sa and vz = v, ® --- ® v. . Note that
in this figure there are two implicit sums, « is a linear combination of tangles and an
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element of V®" is a linear combination of vz's. They will remain implicit in the following.
In the context of stated skein algebras one needs the boundary points of the tangle «
to be above the boundary arc though they are on the bottom at its right in the context
of morphisms in Skrp(X). One wants to simply push the boundary points through the
boundary edge and up above it, but without braiding the strands with one another.
Therefore we use a global diffeomorphism of ¥ x [0, 1]. Consider an isotopy of the identity
on X x [0, 1] which is trivial far from the corner and in it pushes the bottom boundary
through and up above the edge. It results in the global automorphism v, of ¥ x [0, 1]
which maps a tangle “from skein categories” to one “from stated skein algebras” and
preserves the order as desired, namely the bottom points on the leftmost will end up
above. We will still denote the modified tangle 1y, (a) by a. Now, it only needs states to
give an element of .7 (X).
yer - ()

We set Sty () := v s o 8O where za is the tangle vy, («) with states
€1, ,&, from top to bottom. It is well defined because the tangle representing « is
well defined up to isotopy and Kauffman-bracket relations, which are quotiented out in
S (%), &

Proposition 5.2.2: Given a tangle o, the map
Sty (a) : VO — F(3)

is an Op2(SLy)-comodule morphism.

PROOF : Note that we still see . (X) as a right O,2(SLs)-comodule even though we draw
the edge at the left. Its comodule structure is given by A(za) = Yzeriyn 70 ®i70s, and here
70z is a product []; 5, in .#(B). The comodule structure on V®™" is given by A(vz) =
Y705 @I1; 2y, ¢, Where x, . is the v, part of A(v.). Namely, 2, =a, z4_=b, x_ =¢
and z_ _ = d. Under the isomorphism Op2(SLy) ~ 7 (B), Ty — 0.

Thus A(Stw(&) (Ug)) = A(ga) = Zﬁ Stw(O{) (’Uﬁ) ® ﬁﬁg’ = (Stw(a) & Idy(B))(A(Ug)) U

Proposition 5.2.3: The maps
StW . HomSkTL(E)(W > @, @) — Hoqug(SLg)—comod(VV, 5”(2))
for W € TL define a natural transformation

St : Homgy,, (v)(— > 0,0) = Homg(—, # (X))

between functors T L°P — Vecty.

PROOF : For g € Homp, (VE", VE™) a € Homgy,, ) (VE™" > 0,0) and v € V" | one
needs to check that Styem(a)(g(vs)) = Styen(a o (g > Idy))(vs). Morphisms of T'L are
generated under composition and juxtaposition by identities, caps and cups, so one only
needs to prove the result for these last two.

We will need some explicit computations of these caps and cups. Recall from Remark
vV = VvV
1.2.22} or |[Tin, Theorem 4.2], that to do so one uses the isomorphism ¢ : { v, —q3v*
Vo qévi
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of Definition and sets N =+ Vo (p®Idy) and U = (Idy @p~1) o "/, where ¥+
and "_/ are the usual ev and coev in Vect{™.

Let g=11Inlll=1d®@N®Ildy" " VEnt2 5 vVer o € Homgy,, ) (V" > 0,0) and
V=(0s ® Q) QU OV, D (Ve,, @+ R0g,) € VO We want to compare:

(6]
el

Styen (a)(g(v)) = Styen(a)(vs. N (v, @vy)) = & — ) .n (v, ® vy) and

Styen+2(ao(g>1dy))(v) = Styen+e ( i )(v) = 6%? _ ;

One simply needs to check that the coefficient 2O from the left boundary skein relations of

L

O Nv-®u) = ev(q%vi Qv )=0="D,Nv; Qv_) =ev(—q2v* Quv_)=—q2 = 1O
and N(v- @ vy) = ev(q%vi ®vy) =q2 =;O.

Now let g =111V II1=IdY* @ U Idy" % : V& — V2 o € Homgy,, ) (VE 2 > 0, 0)
and v =0, ® - ®uv., € V. One can directly compute U(1) = (Idy ® ¢~ 1) o coev(1
(Idy @ o H(v- @v* + vy @vt) = —¢ 3v_ @ vy + ¢ 20, Qv .

We want to compare:

Sty en+e (a)(g(v)) = StV®"+2(a>((v€1 Q- vik) ® <_qigvf vy + qiév+ ® U,) ® <U€k+1 - 'Usn))

= _q% EJ_Z +q*% : and
Styen(ao (g > Idp))(v) = Styen ( ) (v) = n
They are equal by the last left boundary skein relation of Proposition [1.1.7} U

Recall from Proposition [5.1.16] that the &-internal endomorphism of () is an object X
equipped with an isomorphism

HomSkTL(E)<_ > ®7 ®):~> Homg(—, X)

in [T'L°?, Vecty]. We only need to show that St is an isomorphism.

Theorem 5.2.4: The natural transformation St is a natural isomorphism and exhibits
L (X) as the internal endomorphism object of the empty set. Namely one can take
Ay, = L(X) as Op(SLs)-comodule.

PROOF : We exhibit an inverse to St. Let W = V®" € T'L, which decomposes as a direct
sum of simples W;. Let f : W — .#(X) be a morphism in £, and denote by f; its restriction
on W;. We want a morphism Sty (f) € Homgy,, s)(W > 0, 0), which is equivalent to a
collection of morphisms Sty (f;) € Homgg,s)(W; > 0,0). Each f; is determined by its
value on a single element w; € W; (pick a highest weight element for example), it extends
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to all W; by applying the Uz (sly)-action (recall from Proposition that O, (SLs)-
comodules correspond to Uz (sly)-modules). Choose any stated tangle a; representing the
element f;(w;) € .(X). Denote by «; its underlying tangle, n; = |0a;| its number of
boundary points and £&; its states. This representative is well defined up to the boundary
skein relations, the usual skein relations and isotopy. The assignment w; — vz, extends
to a unique O (SLy)-morphism g; : W; — V& by applying the U,z (sly)-action. We
then set Sty (f;) = a; o (g; > Idy). Note that here a; denotes the tangle a; seen as a
morphism in Sky(X), so we actually mean v, !(«;), the same tangle but with boundary
points at the bottom instead of the left. We have to check that this definition does not
depend on the representative a;. Usual skein relations and isotopy do not change «; seen
as a morphism in the skein category. The boundary skein relations are equivalent to
naturality using Proposition . Namely, another representative a, has to be of the
form o} = ;0 (g > Idy), for some g € TL, with states £ such that g(£,') = ;. Therefore
the g for a; will be such that g; = g o g;. Then we simply check that «; o (g; > Idy) =
a; o (g Idp) o (g > Idy) = oo (g, > Idy), and Sty (f;) is well defined.

For simplicity we assume that S’c;[,1 (f;) and g; are actually defined on all W but are
0 except on W;, namely we precompose by the projection W — W;, and thus we set
Sty (f) = X Sty (f2)-

It is now easy to check that St is the inverse of Sty,. For vz € W, suppose vz € Wy, C W
lies in a simple, or decompose it in the W;’s, and write vz = X - w;,, X € Up(slz). One
has gi,(ve) = X - vz, and for j # o, g;(ve) =0. Thus:

St (Styy! (f)) (ve) Stw (32 i o (gi > Idp))(ve) = X; Stw (ai o (g; > Idg))(vz)
>2i Stw (i) (9i(ve)) = Stw () (X - vz,
X .

StW(aio)(UEiO) =X -aj, = X - fig(wiy) = fiy(vs) = f(v2)

i g

Symmetrically, let o € Homgg,, (=)(W > 0,0) and v= € W. Set f = Sty (a) : y@loal _,
(%), in the definition of St;;}(f) one has oy = a and vz, = wy, so g; is the inclusion
W; — W. If v- € W; C W, one has St;;} (Sty () = ¥, o (g: > Idp) = avo (Idy > Idy) =
. U

Proposition 5.2.5: The algebra structure inherited from the internal endomorphism
object structure on . (%) coincides with its usual algebra structure. Namely Ay, = ()
as Op(SLs)-comodule algebras.

PROOF : Recall that the product on .#(X) is given by stacking the left tangle a above
the right one b, and the product on Ay, is defined by evaluation and composition maps on
internal Hom objects, in Definition [5.1.15] Graphically, the stated tangles a and b, which
we see as morphisms a and  in Sky(X) with prescribed inputs vz and vz, map to the
morphism « o (Idyejea > ) in Sky(X) with prescribed input v ® vgz, which we see as the
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stated tangle a above b:

e
51//a ﬁ;A,ﬁ ;711/ b
— - ——

En

B B
1"'(’” ’ Uﬁ — 1| n 1<..(m‘ ’ Ug@vﬁ

The evaluation map evyg : . (3) >0 — 0 is the image under St~ of Id»(s). We have not
constructed St on all £ above, but only on T'L, and it extends by cocontinuity in Propo-
sition [5.1.16] The comodule .#(X) decomposes as simples as .7 (X) = Baep+ Up (sk) -
where BT is the set of o-ordered simple stated tangles with only + states, see |[CL22 The-
orem 4.6 b)]. These stated tangles with only + states are simply a way to represent
canonically a tangle without state information, and again in the following we will see «
as a morphism in Homgy,, ) (V9. 0), which is actually 1, (a).

We denote by W, = U (5[2) o and g, : W, — V@2l the inclusion mapping a to its

states v Then:

evpp = St (Idy () = @aepr St (Wo = F(X)) = @aepra o (ga > Idy).

The composition map ¢ : . (X) ® (X)) — ¥ (2) is the image under St of the morphism
evpp o (Idg(z) > evpy) : (L(X) @ A (X)) >0 — S (X) >0 — 0. This morphism is the
double sum:

DaestDpept(ao(ga>1dy))o(Idysy>(Bo(gs>1dp))) = Dacn+ Bpenrao(ldysioa>B)o(gal>gs>1dy).

The product is obtained by applying St to this morphism. For a,b € . (X), writea = X -«
and b =Y - 3 with X,V € Up(sly) and o, B € B*. Thus a has states v: = X - v——7 and
b has states v; =Y - v—. By naturality:

cla®b) = Stymesrm(evppo (Idyx) > evgg))(a® b)
= Buwes+ Dpepr St(a o (Id,,gjoa > 3'))((gar @ gpr)(a @ D))
= St(ao (Idyspa > B))((9a ® gs)(a @ b)) = St(a o (Idyepa > B))(ve @ vy)

which is precisely the usual product of a and b in .7(3). O

5.3 Multi-edges

We define internal skein algebras for surfaces with more than one boundary, and pos-
sibly left or right boundary edges. We show they are isomorphic to stated skein algebras
when V = O (SLy)—comod/™ and re-prove their excision properties using excision prop-
erties of skein categories.
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5.3.1 Right internal skein algebras

In order to extend the definition of internal skein algebras to surfaces with multiple
boundary edges, we would need a notion of left and right action to be able to glue surfaces
together, such that internal skein algebras satisfy excision properties, just like stated skein
algebras. One subtlety though is that one is only allowed to talk about right O, (SLs)-
comodules in the context of internal skein algebras, to stay in the category £ (as opposed
to the stated skein algebra context).

Definition 5.3.1 (Section 3.2 in |[Co0023]): Let X be a surface with a chosen bound-
ary interval, which we see at the right of the surface. One can make a construction similar
to Definition [5.1.17] to have a right action functor

<: Skv(E) X Skv(RQ) — Skv(z) .

It differs the one > of Definition only by rotating the disk by 180 degrees.

The right moduli algebra AZ of [BBJ18a, Section 5.2], or right internal skein algebra
of [GJS23], is the internal endomorphism algebra of the empty set in Sky,(3) with respect
to this Sky(R?*)® °P-module structure. &

()

Figure 5.6: The right action of a disk on a punctured surface

Definition 5.3.2: Denote rot the diffeomorphism of the disk given by 180° rotation. By
Remark [5.1.11] it induces an automorphism

(=)™ := Sky(rot) : Sky(R?) — Sky(R?)

which squares to the identity. For X € Sky(R?), we call X™ := Sky(rot)(X) the half-
twisted X. One easily checks that (—)" is anti-monoidal, namely (X @ V)" = Y1t @ Xht,
because rot reverses left-right order.

The diffeomorphism rot is isotopic to the identity by rotating from 0 to 180°. This isotopy
induces a natural isomorphism

ht . ]dSkv(R2)$(—)ht
called the half twist, which squares to the twist (the 360° rotation). &

Remember from Remark [5.1.11|that ht is given on n blackboard framed points on the real
axis by n parallelly half-twisted vertical strands, namely drawn on the half twisted ribbon

N
/\ . Naturality, namely hty o f o hty,' = f™, expresses the fact that one can untwist a
top half twist and a bottom anti-half-twist by half twisting the middle. For f = hty one
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W\
gets htyne = ht}“/t. Note too that htygw = (hty ® hty) o ey by \% = g?
[N N

Now, One can easily relate the left and right actions of the disk by rotating the whole
picture, i.e.

> = <o flo((—)"® Idsk,())

and
Qo fl=1o ((—)" @ Idsp,(x))

where fl is the flip of tensors. And indeed a left action turns into a right action under
an anti-monoidal functor. Moreover, the natural isomorphism ht : [ dSkV(R2):~>(—)ht gives
a natural isomorphism

ht > — == o (ht ® Idg,(x)) : >= <ofl .

Remark 5.3.3: One can give an explicit relation between left and right internal skein
algebras. Internal skein algebras are only defined up to isomorphism, so this description
is just one choice. Actually, we will give another one below. Consider the internal skein
algebra Ay, defined as in Section by seeing the red arc at the left, with a natural
isomorphism o : Homgy,,(s)(—>0, 0)= Homg(—, Ay). Then one has natural isomorphisms

Oy ht _\ht
HomSkv(g)(Q) < ‘/, (Z)) = Homgkv(g)(‘/ht > (Z), (Z)) V%h HOmg(Vht, Ag) (—)> HOIIlg(V, Agt) .

Namely, Af ~ A¥ as object of SKy(R?), with natural isomorphism (o)™, &

Remark 5.3.4: Note that the half twist is defined on Sky(R?) and not on V, which is its
full subcategory of objects with only one coloured point, with blackboard framing. The
half twist will map such an object to a point with anti-blackboard framing, so it does not
stabilise V. The equivalence of categories Sky(R?) ~ V preserves properties of the half
twist only up to natural isomorphism, and depends on the choice of a quasi-inverse of the
inclusion. The one described in Remark will map the half twist on Sky(R?) to the
identity on V, but if we had chosen to restore the framing counter-clockwise it would map
it to the full twist. In V = Op2(SLy)-comod’™ an actual half twist exists, see [ST09],
and we will study it below. However, in general we will prefer a construction that uses
the half twist only on the disk inserted in Sky(3), where it is well defined, and not on
V. In particular, the above description A% ~ A% holds in SKy(R?) but has an unclear
meaning in € (it depends on the choice of some quasi-inverses). O

Definition 5.3.5: There is another explicit relation between left and right internal skein
algebras using ht > — to relate the right action to the left one. Set

ot =0 o (ht > 0) : Homgy,, ) (0 < —, 0)= Homg(—, As)
i.e. for VeV and a € Homgy,s)(0 <V, 0), we have aco (hty > Idy) € Homgy,,s)(V >0,0)

and we set
oi(a) := oy(ao (hty > Idy)) . o
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Proposition 5.3.6: The natural isomorphism o exhibits As, as the right internal skein

algebra. The algebra structure mf : As, ® As, — As, inherited from this right internal

endomorphism object structure differs from the left onem : Axs ® As, — As. by a braiding:
R _

m” = MO CAygAsy -

In other words, the right internal skein algebras introduced in [GJS23] and [BBJ18a] are

the braided opposites of the left ones introduced in Section[5.1.3.

Proor : The a{}’s form a natural isomorphism: let f € Homy(V, W) and a € Homgkv(g)(@<l
W, ), one checks:

of(ao (Idy < f)) = off(ao (f* > Idy)) := ov(ao (f* > Idy) o (hty > Idy))
= ov(ao (htw > Idg) o (f > Idy)) = oyj-(a) o f

by using naturality of o and of ht > —. For f € Homg(V, Ax) one has (off)7!(f) =
~1 -1

oy (f) o (hty" & Idy).

Therefore (Asx, o) is the internal endomorphism object of the empty set in SKy(¥) with

respect to the right SKy(R?)-action by Proposition [5.1.16, We now study its algebra

structure.

The evaluation map is:

ev’ = (o} )M (Iday) = 04 (Iday,)o(hty >1dg) = evo(ht}) >Idp) € Homgy,x) (0<1As, ).

The product, or composition map, is:

mf = off o4 (evo(ev” <ldyy))
= Oageay(evo (htyy > Idy) o Id g > (ev o (htyy] > Idy)) o (htayeay, > Idg))
= UA2®A2(6U o ([dAz > 61}) o (ht;xz X ht;; > Id@) o (htAE®AE > Id@))
= Oageag(ev o (Idag > ev) o (cagpay B Idy)) = m o Cagpas.
The units off (Idy) := o1,,(Idg o (hty,, > Idy)) = o1,,(Idy) coincide. O

Remark 5.3.7: In SKy(R?), one has off(a) := oy(a o (hty > Idy)) = oyw(a) o hty. If

one post-composes with htA]llt this is exactly (oym)™. Hence the two descriptions of right
]

internal skein algebras we gave, (A%, o ") in Remark and (Ay,0 0 (ht > —)) in

Proposition [5.3.6, are isomorphic (as they should) by ht ;. : Az — A%, The product on

ht
AE

A is given by:

ht;ét omohty @hty = ht;ét 0 M 0 Capeay © ht g @ It g
= ht;ét omohta.ga, = mh. >

5.3.2 Multi-edges internal skein algebras

We extend the definition of internal skein algebras to the multi-edge context, and
define them as internal endomorphism algebras of the empty set in the skein category
with multiple boundary actions, as expected. We check that they still describe skein
categories well-enough.
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Definition 5.3.8: Let & be a marked surface with n boundary edges labelled either as
left (numbered 1 to k) or as right (numbered k + 1 to n) edges. Each left (resp. right)
boundary edge induces a left Sky(R?)-action (resp. left Sky(R?)®°P-action) on Sky(S),
which all commute, so one has a left Sky(R?)®* @ (Sky(R?)®°P)®n~k_action > on Sky(S).
We denote its components by

>; or <;ofl: Skv(R2) &® Slﬁ)(@) — Skv(@), 1<1<n,

though we forget the indices when they are understood. When there are missing compo-
nents they will be implicitly filled by 1,,. We may also write (V1, ..., Vi)>0<t(Vis1, ..., Vi)
instead of (Vi,...,V,) > 0.

The internal skein algebra Ag is the internal endomorphism object of the empty set in
Sky(&) with respect to the Sky(R?)®* @ (Sky(R?)®P)®n~F_action. It is an algebra ob-
ject in E¥M ~ Free(V®") ~ Free(Sky(R?)®"), where £ has opposite tensor products on
the last n — k components. We denote this monoidal structure by Q. We denote by ®;
the tensor product on coordinate ¢, and adopt the same convention as with b filling with
missing 1y’s and writing (V3,..., Vi) @ W & (Viyq, ..., V,) instead of (Vi,...,V,) @ W.
Explicitly, Ag comes equipped with natural isomorphisms

oyt Homgkv(e)(‘? > (Z), ®)=~> Homgzm(‘?, AG)
for ‘7: (Vl,...,Vn) e yen.

Remark 5.3.9: Objects and morphisms of tensor product of categories (e.g. V®") are
sometimes denoted by tensor product of objects and morphisms (e.g. V} ® --- ® V,, and
fi®---® f,). To avoid confusion with the monoidal structures on the categories (e.g. ®
on V), we prefer to use commas (e.g. (V1,...,V,) and (fi1,..., fn))- <&

Remark 5.3.10: A legitimate worry about this extended definition of internal skein al-
gebras is that when one has multiple boundary actions on a same connected component
one cannot keep track of where did an object come from. Namely for V € V and ¢y, co
two boundary edges on a same connected component of &, one has an isomorphism
V >1 0 — V >5 0 which sounds surprising because (V, 1)) and (1y, V') are hardly isomor-
phic in V¥2. The internal skein algebra actually keeps track of such identifications, and
one has an isomorphism (V1)) ® Ag ~ (11, V) ® As. &

Note that the above definition makes sense for n = 0, where we want endomorphisms of
the empty set in Sky(&) to be described by morphisms k¥ — Ag in £¥° = Vect,. For
V = O,2(SLy)-comod’™ one gets Ag = % (&) is the usual skein algebra. It is no longer
true, however, that all objects of Sky (&) are described as modules over Ag, because the
(trivial) action of £¥° on ) is no longer dominant.

Definition 5.3.11: Let & be a marked surface and V a ribbon category. The reduced
skein category Skif(&) is the full subcategory of Sky (&) spanned by objects of the form
V b 0, namely in the image of the action of Sky(R2)®" on the empty set.

It is equivalent to Sky (&) if & has at least one boundary edge per connected component. <)

Remark 5.3.12: One can still apply Remark [5.1.20] slightly modified because for right
edges the left adjoint of — <V is given by acting by the left dual — < *V. For V =
(Vi,..., V) € V& write V* = (V;* or *V})1<i<, with right duals for left edges and left

duals for right edges. Then, as the notation suggests, V* is the left dual of V in V®" for
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the monoidal structure @, and V > — has left adjoint Vi>—. For W € V¥ one has
natural isomorphisms:

Homgy,, e (W >0, Vi 0) >~ HomSkV(G (

= Vi 0),0)
Vew Homgxn( QW

s) ~ Homgm (W,V ® Ag).
<&

(W
W, A

Theorem 5.3.13: There is an equivalence of categories

SKrd(S) = mode — As
M — Hom(D, M)

between the free cocompletion SKIf4 (&) of the reduced skein category and the category
of right Ag-modules in E¥" (with monoidal structure ® ).

For M of the form V >0, one has Hom(D,V > 0) ~ V @ As.

PROOF : We follow the proof of Theorem [5.1.21] namely we use |[BBJ18a, Theorem 4.6]
on ) € SKIr4(&). Tt is projective by the same arguments and — > : £ — SK4(&) is
dominant by construction so acté% is faithful and ) is a generator. For the last statement,

one has Hom(0, V> 0) ~ V ® As by Remark [5.3.12 O

5.3.3 Relation for multiple left edges

Let V = Op2(SLy)-comod!’™, & = Opg(SLy)-comod ~ Free(V) and & be a marked
surface with all boundary edges labelled left. We show that Ag ~ .7 (&) as O,2(SL,)®"-
comodule-algebras.

Proposition 5.3.14: There is an equivalence of categories EX" ~ O2(SLy)®"~comod.

PROOF : The category O,2(SL,)®"~comod is semi-simple with simples tensor products of
simples Qg2 (S Ly)-comodules. It implies that the cocontinuous extension of ®" : V¥ —
O,2(SLay)®"—comod to E¥" — O,2(SLa)*"comod is an equivalence. O

In particular Free(TL®™) ~ Free(TL)*" ~ %" ~ O 2 (S Ly)*"—comod.

Theorem 5.3.15: Let G be a marked surface with all boundary edges labelled left, then
Ag ~ L(6) as Op2(SLy)?"-comodule-algebras.

PROOF : We give a natural isomorphism St exhibiting .’(&) as the internal endomor-
phism object of § € SKy,(&) with respect to the O,2(SLy)*"—comod-module structure.
For X € Op(SLy)®"comod, we want

StX : HOmSKV(g)(X > @, @) — Hom(’)qQ(SLg)(@"fcomod(Xa ‘y(G)) :

Let X € TL®" (which is enough by Proposition [5.1.16) and a € Homgy,,&)(X > 0,0)
represented by a tangle, we set

X — SL(6
StX(O‘):{'Ul@"'@’U@ = 2 (go)z

€1
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where z = « is the tangle o with endpoints pushed over the boundary edges and states
the 5§- over the i-th edge and in j-th position from top to bottom, as in Section but
with more than one edge.

It is an O,2(SLs)®"-comodule morphism because it is an O,2(SLs)-comodule morphism
on each coordinate by the same calculations as in Proposition[5.2.2] It is natural in T L®"
because it is a natural in each coordinate by the same calculations as in Proposition [5.2.3]
It is an isomorphism by the same arguments as in Theorem [5.2.4, Namely, let W =
Vi -V, e TL* and f: W — Z(6), split W = @;W; and f = @f; with W; =
Vi1®---®V;, simple and choose w; € W;~{0}. Choose a; representing f;(w;) and denote
by «; its underlying tangle and &; 1, ..., &, its states. Include W; & yeniig... gV @nin
by mapping w; to v, ® -+ ® vz, and set

Sty (fi) = a0 (g > Idy) € Homgyy,e) (Wi 0,0) .
Then the inverse of St is given by
Sty (f) = @; St;vli(fz’) € Homgy,, &) (W > 0,0)

and does not depend on the choice of representative.

As in Proposition [5.2.5] because every boundary edge of & is labelled left, the product
inherited from the internal endomorphism object structure is still given by a with pre-
scribed inputs vz, ® -+ ® vz, times 8 with prescribed inputs vz, ® -+ ® vy, equals
a o (Id> 3) with prescribed inputs (vs,, ® vg,,) ® - -+ ® (ve,,, ® vg,,) which is the usual
product on . (S). O

5.3.4 The half twist on O, (SLsy)—comod

In the last subsection, we only allowed left Sky(R?)-actions. We study here how to
change from left to right actions using the half twist in the case V = O,2(SLq)—comod’™.

Remark 5.3.16: As we saw, a half twist on V is usually not necessary to the general study
of internal skein algebras, but it is needed to relate them to stated skein algebras when
there are right edges, and to mirror their excision properties. When one sees a boundary
edge at the right instead of the left, it has very different effects on both sides. For stated
skein algebras, it does not change the vector space, nor the algebra structure, but switches
the right comodule structure to a left one using rot,. For internal skein algebras, it does
not change the vector space, one keeps right comodules (AZ is still an object of £) though
slightly changed: it is half-twisted, and the algebra structure is opposed. To make both
sides agree, one needs to switch the comodule structure of the internal skein algebra
while taking the opposite of its algebra structure. This is done very naturally by using
S. Therefor one expects that the half twist on O,2(SLs)-comod should be the difference
between switching the comodule structure using rot, and switching it using S. This is
Proposition [5.3.26] but we give a more complete and algebraic definition below. &

Definition 5.3.17 (Section 4.1 in [STO09], for categories of comodules):

A half-coribbon Hopf algebra is a coribbon Hopf algebra H equipped with a half-coribbon
functional, i.e. a map t : H — k such that:

(1) tis invertible by convolution: 3 t~!: H — k such that

o)t (ae) = ' (a)Hagy) = <(a),
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(2) tsquares to the twist: t(an))t(aw)) = 0(a) and
(3) compatibility with product: t(a.b) = t(bu))t(a))R(a@) @ br)). &

Definition 5.3.18: The half-coribbon functional induces a half twist ht on the category
H—comod by

hty : VA Ve <y,

It is an isomorphism of vector space with ht‘_/1 VAVeH 14887 v/ The half-coribbon
functional is not supposed to be central though, and this means that hty is not an H-
comodule morphism. There is a unique comodule structure on (the target) V' that makes
it a comodule morphism, namely

AM = (hty ® Idg) o Aohty' .

We denote by V" the vector space V equipped with the coaction APM. Now, hty : V — Vit
is an isomorphism of H-comodules.

One has a functor
(=)™ : H-comod — H-comod

which sends an object V to the half-twisted V" and a morphism f : V — W to f" =
htyo fohty! : VP — Wh It is defined so that ht : Id = (—)" is a natural isomorphism.<>

As maps of vector spaces, one simply has:

M = (Idw ®t)oAwo fo(Idy @t ') oAy
= ([dw®t>OAWO(Idw®t_1)O(f®[dH)OAV
= (Idw ®@t)oAwo(ldy @t ) oAy o f=htyohty o f = f

In particular htyw = ht}“/t = hty. The square of ¢ is 0 so htyn o hty, = 6y, and @ is central
so (VB =V and (=)™ o (=)™ = Idy comod-

Regarding the monoidal structure, let V' and W be two H-comodules. Remember that

the braiding is defined as cyy : VW Faso(Bvaw) VeWw i W ®V. The third condition

gives that

htV®W = htV & htW (0] (fl o CV,W)
so fl o htygw = hty @ hty o cyw. In particular, fl : (V @ W)h* — Wh @ VI is an
H-comodule isomorphism.

Definition 5.3.19: For V a ribbon category, let ht—Riby be the full subcategory of
Riby,(R?) spanned by objects of the form [n] C R? but now allowing either blackboard or
anti-blackboard framing for every point. This subcategory is still ribbon and is stable by
the functor (—)™, and equipped with ht : Id = (—)™. It also contains the category Riby,
of blackboard framed points. O

Theorem 5.3.20 (Theorem 4.11 in [ST09|): Let H be a half-coribbon Hopf algebra.
There is a unique monoidal functor

ht-RT : ht-Riby _comeatin — H-comod’™

extending RT and commuting with both (=)™ and ht, so preserving the “half-ribbon
structure”.
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Remark 5.3.21: This half-twisted Reshetikhin—Turaev functor also gives an equivalence
of categories Sky(R?) ~ V but this time with much nicer properties regarding the half
twist. In the usual Reshetikhin—Turaev functor one only prescribes where to send points
with blackboard framing and well-placed on the real line. For framed points not of this
form, one has to choose an isomorphism with one of these, like in Remark [1.2.20] but
these choices are quite arbitrary. Then the half twist sends blackboard framed points
to anti-blackboard framed points which are re-identified with blackboard framed points
via these arbitrary isomorphisms. With the half-twisted Reshetikhin—-Turaev functor one
also prescribes where to send anti-blackboard framed points, so one controls closely what
happens with the half twist, namely the half twist on Sky(R?) is mapped to the half twist
on V.

Note however that unlike on Sky(IR?), the half twist on V is not strictly anti-monoidal
(indeed it is the identity on underlying vector spaces) but (X @ Y)b* ~ Y @ Xt is simply
given by the flip of tensors. A bit like the R-matrix, the half twist gives the difference
between the monoidal structure on H-comod and the symmetric one on Vecty. Formally,
this error lies in the fact that the inclusion of V in Sky(R?) is only monoidal up to natural
isomorphism, and this isomorphism, given in Remark maps by the half twist to
the flip of tensors. <&

In the case of O2(SLy), we can define a half-coribbon functional on the generators by
5
t ( Z Z ) = < 01 _gz ) This tells in particular how the half twist acts on the stan-
q2
dard corepresentation V', namely

hty (vy) = qév, =C(—)'v_ and hty(v_) = —q%v+ =C(+) vy .

For states n € {£}, we will write hty(n) = —n.C(—n)~".
Note that [ST09] introduces another half-coribbon element corresponding to the matrix

3
( (3]3 q02 ), but our choice is imposed by conventions from stated skein algebras.
To define it on all Op2(SL,) we prefer a geometric description on .(B). We would like
to give the same definition as for the coribbon functional 6 with a half twist instead of
a full twist, but in the definition of stated skein algebras one only allows upward-framed
boundary points, which would map to downward-framed points after the half twist. Still,
we know how to do the “global” half twist on many strands (without twisting the framing),
and we only need to add a “local” half twist on each strand, which are implicitly coloured
by V', on which we know how the half twist acts.

Proposition 5.3.22: The coribbon Hopf algebra .7 (B) is half-coribbon with half-
coribbon functional

. s?h?v(ﬁm) . 5n~0(5n);17;71

En hty (1) —£1.C(e1) 7! Thm

By Remark ht »py(a) = (Id ® t) o A(a) is the stated tangle represented in the
middle, and by a left version of Remark (t ® Id) o A(«) is the stated tangle
represented in the right.
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PROOF : These two formulations prove that ¢ is well defined on .#(B) as it respects the
boundary relations on the left edge by the first and on the right one by the second. So
we begin by proving that these two formulations actually coincide. Let § € . (B), then :

] E?;nm'C(nm)l e=soS _ 771~C(771)1-C(?71)€En-0(5n)1

tn —m1.C(=m) ™! 1 -C (=1 ) ™1 .C (=1 —£1.C(e1)7!

M « —eCe)™ | ., | el 0 m
— . : '@ : a—ego * c : @‘ :
R b . : i /]

mn —£n.C(en) 1 —£1.0(e1) 7! "Im

where the second equality is only a change of picture representation, not of stated tangles,
coming from switching the orientation of the edges, see [BW11, Section 3.5].

The convolution inverse t~! of ¢ is obtained the same way as the middle term but with
the inverse half twist and ht;,' on states. Indeed by Remark , (Id®t 1) o Ala) is
o with an inverse half twist at the right and ht;' on right states. Thus (t ® t™') o A is
the counit of & with an inverse half twist and a half twist at the right, and hty o ht;' on
right states, namely the counit of a. Similarly, (t7' ®t) o A = .

One directly checks that hty o hty = 6, = —¢*Idy on the standard corepresentation.
Then (Id ® t) o A(«) is « with a half twist at the right and hty on right states, and
(t®t) o A(a) is the counit of a with a full twist (without framing twist) at the right and
0y on right states. This is exactly the full twist by separating the unframed full twist and
the full twists on framings:

e=(e@e)or | 72 V1 iz m 7 —¢*m
O(a)=¢ =" ¢ IE el | =€ IH :
U . . . W .

Um Um TIm _q377m

oy
o)
=
|
™
|
o 3T
Q 9
o3
| |
&E)
(L}
)iy
1®
[0}
>
>
™
|
T T
Q 9
o
| |
G@
R &y
™
AN -]
\
@)

O

Definition 5.3.23: Let G be a marked surface and e a boundary edge, with orientation
induced by the one of &. The inversion along the edge e is the morphism of k-vector-
spaces inv, : . (6) — ¥ (6) given on a stated tangle « by ordering the heights according
to the orientation of e, then switching height order vertically, then taking opposite states
and some coefficients, namely:

. m —m.C(m)
vae o = o : — o D

T —1m-C (m) ht‘_/l (m)

ht\71 (nm)

It is well-defined by [CL22, Proposition 2.7]. Note that inv, is neither an algebra morphism
nor a comodule morphism. &
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Proposition 5.3.24: Let e, be the right edge of the bigon and o € .7 (B), then t(a) =
g oinu, (a).

In particular, by Remark[5.1.6, for & a marked surface with a right edge e, the half twist
acts on (&) as inv; !,

PROOF : Indeed,

bty (7) bty o hty! (1)
t o inve, (o) =t ﬁ : =c {Eﬂ : =e(a).

bty () hty o hty" (1) O

Remark 5.3.25: In [CL22, Section 3.4] the counit is defined as € = i, 0inv,,, where i is the
inclusion of the bigon in the monogon. Surprisingly enough, the half coribbon functional
is then t = 7, and is simpler to write. This suggests that there is a half twist built in the
construction of stated skein algebras. We claim this comes from the passage from right
to left comodule structure. &

If A is a right comodule over a Hopf algebra H, it is naturally a left comodule with
Al = flo(Ids® S)o A, and we will consider these two as the "same” comodule. Indeed,
one has an isomorphism of categories

(=) : H-comod — comod—H

which is the identity on vector spaces, switches the action as above, and is the identity on
morphisms. However, when passing from right to left edges — and comodule structures —
on stated skein algebras, one uses another way to see a right comodule A as a left, namely
with Al = flo (Ids @ rot,) o A. Again one has

(=)' : H-comod — comod-H

with the identity on morphisms. So we have two functors (=)~ and (—)! and we claim
that the difference between them is precisely a half twist:

Proposition 5.3.26: One has (=)' = (=)L o (=)™ and (=)* = (=) o (—)M.
Equivalently, the map htf4 : A — AL s an isomorphism of left O, (SLa)-comodules.

PRrOOF : All these functors are the identity on morphisms and only change the comodule
structure. The map hty : A" — (A™)! is just ht, as a map of vector spaces and is an
isomorphism of vector spaces. The comodule structure on (A™)! is the unique so that ht',
is a comodule morphism. We show that it is a comodule morphism A' — A, and hence
that AL = (A"™)!. Let a € A, one compares

AF o htA(a) = AL((I(l) (%9 t(a(g))) = Sa(g).t(a(g)) & aq)
and
(Id®hta) o Al = (Id @ hta)(rot.(a@) @ aq)) = rot.(ag).t(aw) ® aq) -
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We show directly that for 5 € #(B), we have Sf1).t(B2)) = rot.(B2))-t(Ba)):

So(ldet)o A(B) = S El_nm'c(_nm)_l
nen s = 5| EEN

n —m.C(=m)~!
m C(_nl)il C(—=m) —&n-Clen) !
[
m C(_nm)_l C(=1m) —£1.0(e1) !
m —e1.C(e)) ™|, n-Clen)™!
_ n @ €1 €1 Totgld rot* € & @ 771
m d —£5,.C(gn) 71 —£1.C(e1)7! w TIm

= rot, o (t®Id) o A(B)

Proposition 5.3.27: Given two right O, (SLs)-comodules A and B one has

(A® B)™ = HH°(A* ® B) = HH°((A™)' ® B) .

PROOF : The first equality is true in any Hopf algebra by a direct computation, and the
second is just the proposition above. O

5.3.5 The general relation

We can now express the full correspondence between stated skein algebras and internal
skein algebras, with both right and left boundary edges.
On a single edge, by Remark one gets AR = AY = ()" equipped with the
natural isomorphism (0(,)ht)ht, using the half twist in O (SLy)-comod. More precisely,
for v € Homgy,,(e) (0 < V,0) one has

oy ()" = ht;}ét o oym () o hty = ht;ét ooy(ao (hty >0)) = ht;ét o of(a) .

As in Remark its algebra structure is

htgét omfoht e @ht gy = ht 7 0m o cagpay 0 ht g @ ht g

=Dty omo flohta,pa, = mhto fl

so m° as maps of vector spaces.

Note that because S is an anti-algebra morphism, the functor (—)* is (almost strictly)
anti-monoidal (like the half twist, it is the identity on vector spaces but is anti-monoidal
on the comodule structure) namely fI: (V @ W)l — WL @ VT is an isomorphism of left
H-comodules. Thus a right H-comodule algebra A induces a left H-comodule algebra A”
with AL @ AL £ (A® AL 3 AL namely with product me®.

When one has multiple edges one can switch the i-th right O,2(5Ls)-comodule structure
to a left using either S or rot, and we denote the associated functors by (—)% and (—)%,
one can take opposite product on the i-th coordinate which we denote by mi and there
are half twists on each coordinates, which we denote by ht;.

L
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Theorem 5.3.28: Let G be a marked surface with n boundary edges labelled either as
left (numbered 1 to k) or as right (numbered k+1 to n) edges. There is an isomorphism
of (0,2(SLa)®*, Op2(SLy)®")-bicomodules algebras

PROOF : To avoid confusion we denote the stated skein algebra of the marked surface &
by . (&) when it is seen as a right O2(SLy)®"-comodule and by .7 (&) = S F(&)lk+1-n
when it is seen as an (O,2(SLa)®*, O,2(SLy)*"*)-bicomodule. We denote by m its prod-
uct, which is the same in both cases.

By Theorem (&) is the internal skein algebra of & with every edge labelled as
left. Now by Remark on coordinates k + 1,...,n one may take

A@ — yR(G)hthrl ..... hty,

as an object in £¥" (which has skew monoidal structure ®) with algebra structure
1 OPk+15:++,0Pn

Thus by Proposition [5.3.26{ and |CL22, Proposition 4.1],
Aék+1 ----- Ly pp— (yR(6)htk+1 ..... htn)Lk+1 ,,,,, Ly, — yR(6)lk+1 ,,,,, In — y(G)

as (O,2(SLa)®*, 0.2 (SLy)®"*)-bicomodules.

Lii s Ln .
The algebra structure on AZ™ ™" is (mOoPk+1r0Pn)OPht10Pn — O

Remark 5.3.29: A nice miracle with stated skein algebras is that the quantum group
O,2(SLs), which is used to define the tangle invariants used to define stated skein algebras,
is re-obtained as the stated skein algebra of the bigon. One can see why this should be
true in internal skein algebras. By Definition [5.3.8] the internal skein algebra of the bigon
is an object Ap € O,2(SLa)®?-comod together with a natural isomorphism

Homgg ) ((X,Y)>0,0) = Homo , (s15)-comod(X @Y, k)= Homo , (51.5)92-comod(X @Y, Ap)

for X,Y € Op(SLy)-comod. We set Ap = Op(SLy) with usual first right comodule
structure A; = A and with second comodule strucure its left one switched using L, !
namely Ay = flo (S™' ® Id) o A. The demanded isomorphism is given by f + f where

[z ®@y) =z0).f(zq) ®y) = S(ye) -f®yq)) -
Its inverse is given by f +— o f. <&

Remark 5.3.30: Despite this theorem, it is still annoying that in the simplest case one
wants to see the boundary at the right for stated skein algebras and at the left for internal
skein algebras. This should be solvable by considering the category of left (instead of right)
O,2(SLs)-comodules as coefficients, so it is a minor issue. <&

5.3.6 Excision properties of multi-edges internal skein algebras

Let &1 <= C < G be a right and a left thick embeddings in two marked surfaces and
G their collar gluing. Namely, C' embeds as a sequence of k right boundary edges ¢ of
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06, and as k left boundary edges ¢; of 06,, and 6 is the gluing &; Uz, —z, G2. We show
how to compute Ag from Ag, and Ag,.

The general idea goes as follows. In the case where G; and &, both have a single boundary
edge, so k = 1, one wants to describe endomorphisms « of the empty set in Sky(&). By
Corollary they are described by a morphism a7 : ) — 0 <V in Sky(S;) and a
morphism s : V >0 — 0 in Sky(S,), linked by an isomorphism ¢y : 0 <V — V 1> (),
which is just a slanted skein crossing over C' in Sky,(&), see the idea of proof of Theorem
F.1.13] One can reconstruct a as v = (Idy, az)ory o (v, Idy). The morphisms o are well
defined up to balancing, namely naturality of .. Now, by definition of Ag, and Ag,, they
are described by some f; € Homg(1y, Ag, ® V') and fo € Homg(V, As,). Composing them
mimicking the reconstruction of a gives a morphism f = (Id Ae, ® fo)ofi: 1y = Ag,®As,,
namely an invariant inside Ag, ® As,. This suggests Ag ~ (As, ® Ag, )™
prove below.

Now we need to define what we mean by invariants of a tensor product in any ribbon
category V.

Definition 5.3.31: Let V be a ribbon category, £ = Free(V) and n > 2. For 1 <i <
j <n —1 we denote the tensor product of coordinates ¢ and j by:

, which we will

_ V(Xm - V@n—l
1,5 * (‘/17,Vn) — (‘/17"’7‘/1'—17‘/1'®‘/j7‘/i+17'--7‘/j—17‘/j+17--->vn)

For El < Eg two sequences of k distinct indices we denote the tensor product of coordinates
k1 with coordinates ks by @z &, yen 5 pen—k Tt extends to OfJr gxn _y gin—k hy
cocontinuity.

We denote the unit on i-th coordinate by:

V®n—2 N V®n—1
i v Y v
Visoo Vi Vi V) = (Ve Ly Vi V)

and the unit on k;-th coordinates as My, = VIR = yenk,

Let X € £%", we want to define its (ki, ky)-invariants X ""f.f2 € 572k One only needs
to describe morphisms from any V € V¥"=2k to it. We set:

XR By (‘7) = Homggn,zk(‘?7 va’;l’@) := Homgwn—« (77];1 (‘7)7 ®E1,E2 (X))
For X € £ R EF and YV € %2 [} £8m2 we write X @i i Y =@, i (X,Y). Then:

(X, V) ™5k (Vi Viy)) i= Homigmny sngin (Vi Lyer, Vi), X ®p 1Y)
H0m5®nl+n2+k((vfil, 1V®k) ®E1,Eg (1V®k, Vﬁ2)7 X ®E

Y).
¢

For V = O,2(SLa)-comod!™ we get a notion of invariants for bicomodules (X;, X;) € V®?
where we first “merge” the two comodule structures (by the product, in the definition of
the tensor product) and then take invariants in the usual sense, namely maps & — X;®X;.

o}

1,72

Theorem 5.3.32: Let &1 be a marked surface with ny + k boundary edges with a se-
quence of k right boundary edges & (numbered ky = {ny +1,...,n1 + k}) and &, a
marked surface with ny + k boundary edges with a sequence of k left boundary edges
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& (numbered ky = {ny + k + 1,...,ny + 2k}). We write @, = {1,...,n1} and
mia ={ny +2k+1,...,n1 + 2k + ny} the indices of the other edges of &1 and S,.

Let & = &1 Uz _z, S, then one has an isomorphism Ag ~ (As,, As,) " Fi-F2 in EB¥ritn2
Note that one has two thick embeddings &, + C' — Sy where C = U*(0,1) and & is
their collar gluing.

PROOF : We describe a natural isomorphism

o : Homgy,,)(—>0,0) = Homgsn,n, (—, (As,, Aa,)"5152)
= Homg®n1+n2+k (nE1<_>, A61 ®El,E2 AG2) .

We write ( )(Vﬂ Vi) : HomSkv(Gl)(Vﬁl > @, 0 < VE1)£> Homgxn1+k((‘/ﬁl, 1V®k), AG1 ®E1 VEl)
for Vi, € yem and Vi, € V@ obtained from the defining natural isomorphism of Ag,
by Remark [5.3.12] We ‘write o : Homgy,,(e,)(— > 0, 0)=Homgxn,+x(—, Ag,) the defining
natural isomorphism of Ag,.

Step 1 (decomposition in &). Let V = (Vi,, Vz,) € V¥ and o € Homgkv(e)(V >
0,0) a morphism from Vi, >0 in &; and Vi, >0 in S, to the empty set in &. By Corollary
, a decomposes into a pair (aj, as) as

o = (Idy, az) O L,V Vi, b0 © (Oél,fdv— >®)

no
with a; € Homgy,,e,)(Vii, > 0,0 < V;) and ag € Homgy,(s,) (V; >, (Vi, >0),0) for some
Vi € Sky(C x (0,1)) ~ V¥ with an implicit sum. Graphically,

u

(%)

ﬁ1D@ VﬁQD

This decomposition is unique up to balancing, namely if cs can be written Syo(y>1 dvﬁ2,>@),
with 82 € Homgy,,e,) (Wi > (Vi, > 0),0) and v € Homgg,, (ox(0,1)) (Vi W) for some W; in
Sky(C x (0,1)), then:

(a1, B2 0 (v & Ldy,,00)) ~ ((Idp <) 0 a, B2).
Step 2 (re-composition in R?). The morphism «; is described by a morphism
fi = (01) s, vy () € Homgan, 1 (Vi Lyen ), A, ®f, Vi)
and as is described by
fo = (02) (v vir,) (@2) € Homgmn, 11 (Vg Vizy ), Ass) -

These morphisms are well-defined (depend only on «) up to balancing, namely if ay =
Bao (v Idy, 1p) with 8, described by go = 02(82) € Homgsmn, 1 (W, Vi, ), As, ), then by
naturality of oy and o9, fo = go 0 (7,1 dVﬁQ) and the above relation becomes

(fl;g2 o (77 IdVﬁz)) ~ ((IdAel ®El 7) o flﬂgQ) .
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Thus the map
O"‘/—’(CY) = (IdAe'»l ®E17’-€’2 fg) @) (fl, Idvﬁ2) € H0m5®n1+n2+k((Vﬁl, 1V®k, VﬁQ), A61 ®E1,E2 A62)

is well defined, because this relation is killed. Graphically,

AG1 ®E1,Ez AG2

’
f2

S Rz V=
B k1 k
f1 '

.
Vﬁl 1v®k

Step 3 (naturalilty). Naturality is quite obvious from the picture: one can insert
morphisms from below. For ¢g; € Homgsn, (Wg,, Vi) and g2 € Homgwmn, (Wa,, Vi, ), by
naturality of o7 and o9, one has o1 (a0 (g1>1dy)) = frog1 and oy(ago (g Idy)) = faogs.
Now « o ((g1, g2) > Idy) splits in Step 1 as

(Idp, a2) © to,v. vz w0 © (1, Ldyy,_pp) © (g1 > Idp, go > Idyp)
= (Ldy, vz 0 (g2 > 1dp)) 0 tg,ve,wiz,p0 © (1 © (g1 > Ldp), Iy p0)-

Thus:

o(ao ((g1,92) > Idp)) = (Idas, @, , (f2092)) o ((fi0q), ldw,,) = o(a) o (g1, g2).

We now construct an inverse to o by the same steps in reverse order:
Step 27! (decomposition in R?). We want to decompose a morphism

—

f € Homgsmn, nyix (m, (V), Ae, @, 5, Asn)  as [ = (Idag, ®p 1, [2) o (1, 1dv;,)

n9

with f1 S H0m5|2|n1+k((Vﬁ1, 1v®k), AGl ®E1 VE) and f2 € Homgxn2+k((‘/,;, VﬁQ), A62).
This is easy in V1248 ag all maps split on each coordinates. For Ay = (As,, Ap,) in

yemtk and A, = (Ag,, As,) in V22 F* a2 morphism
fe Homv®n1+n2+k((Vﬁl, lyek, VﬁQ), Ay ®I€M§2 Ag)
is, up to a linear combination, of the form (g, , gz , ga,) With
9i, + Vi, — Aﬁl, Jg, - lyer — AEI ®E1,E2 Ak} and gz, : Va, — Aﬁ2 .
Then, set Vi = Az,
fi= 97, ® 9r, c Homv®n1+k<<Vﬁ1, 1V®k), A ®E1 VE)

and
fo = Idv. ® g, € Homyens+x (Vi, Viy), A2) -
One has
f=Udg ®; 7, f2) o (f1,Idv,)
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as required.
This decomposition is unique up to balancing, if

f=Udg ®5 7, f2) o (fi, Idv,)

one can split f3, which has to coincide with f, on 775 coordinates, and is some v : Wi — Af,
on ks coordinates (which are now k1 coordinates after the ®, k). Similarly, fi co1nc1des

with f1 on 7y coordinates, and is some 0 : 1y — Az ® Wi on k1 coordinates. On /ﬁ
coordinates one has (Id A- @ v)od = gr,» so the only relation is
1

<<_7 ([dA,gl ®El 7) o 5)? ([dV,;> _)) ~ ((_? 5)7 (% _)) :

Now, Ag, and Ag, are not objects of V1% and V¥2+k hut are obtained as canonical
colimits of such objects, Ag, = colim; A;; and Ag, = colim; A, ;, so
AGI ®E1,E2 AGQ = COhmivj Alai ®E17E2 A2

7j

by cocontinuity. The object 77,;1(‘7) = (Vi,, 1yer, Viz,) is compact projective in EX¥ritnztk
therefore

HOnglZln1+n2+k (ngl (‘7), A61 ®E1,E2 A52) = Colimm- Homv®n1+n2+k (77];1 (‘7), A)Li ®E1,Eg /TQJ) .

A morphism f € Homgmn, tn,+4 (77,;1(\7), Ae, ®p, i, As,) factorises through a single (actu-

ally, a linear combination of) A;; Q. i Ay as:

N can1’i®,317,;2 cany j

[ 77k( )_§A11®k

There it splits as f;; = (IdA1 Ok, Fa fa) o (fl,[dVﬁQ), and

As, O, 1, Aes

f = (IdA61 ®E17k'2 (CCL’I’LQJ e} fg)) @) ((canu ®E1 IdVE) e} fl, IdVHQ)'
This f; ; is unique up to the relations in the above colimit, namely for
hy Ok, hy : gl,i Ok, o z‘rz,j — J‘L,i' Ok, ks z‘Yz,j'

over Ag, ®p, 1, As, one has

fujr = (1 ®g, 5, ha) © fi
and

f = (cany i, 7y cang i) o fiir .

Split hy as (hj,, ha,), then f decomposes through fir ;- as:
f=dag, ®f, f, (cangjro (Idy.s, hi,) 0 f2)) o ((canyy @ Idy.r) o (hy ®p hy,) o fi, Idv;,).

Set
Py = (cany; @, Idy,) o fi = ((cany i o hy) @, Idy.)o fi

and
Iy = cang y o (Idy, hi,) o f2 = cang jy o (Idy.s, hi, © g, ).
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The first decomposition was
(F1,cang o fo) = (Fi,cang o (h,;z, hi,) o (Idvg,gﬁb)) = (Fy, Fyo (h,;z, ]dVﬁQ))
and the second is
((canyy @5 Idy.) o (hi @ hy,) o fi, Fo) = ((Idas, ®f, hg,) © F1, F2)
so the only relation is
(Fy, Fyo (hEQaIdVﬁz)) ((Idag, ®z, hg,) o F1, Fy)
Step 17! (re-composition in &). We decompose f using last step as
f=das, ®f, 1, f2) o (f1,1dv,)

with fi € Homgmn,+k ((Vii,, Lyer), As, @5 Vi) and fa € Homgmn,+k ((Vg, Vi), As, )
They are described by morphisms

oy = (Ul)(‘flﬁlvVg)(fl) € HomS/’Cv(Gl)(Vﬁl > (Z)’@ <ll€1 VE)

and
Qg 1= (02)(7\/1%%2)(](2) € Homgy,(e,)(V; >z, (Vi >0),0) .

The above relation becomes

(061,520(')/|>1qu l>®)) (([d@<]")/)0041,52) :

79

The morphism
0‘71 (f) = (Idp, 2) 0 L0,V Vi, >0 © (a1, [dVﬁQDV))

is well defined, because this relation is killed.
Step 4 (isomorphism). One easily checks that o' defined this way is an inverse to o.
Let o € Homgy,,(e)(V > 0, 0) that decomposes as

a = (]d(D? Oég) © L@,V;,Vﬁ2l>@ © (alv ]dVﬁQD@) )

51 1 2 ng n 7i

le(o—v(a)) = (Id@7 &2) o L@,VE,V,-L'2[>@ o (a17 [dVﬁ2D®) =«
Similarly, let f € Homgwmn,+ny+x (77,;1(‘7), As, ®p, i, As,) that decomposes as
f= (IdAel O, Fa f2) o (f1, IdVﬁQ)

then o YF) = (Idy, ) o W,V Vao0 © (1, Idy, pp) is already decomposed with f; =
( ) Vi Vi) (a ) and f = ( 2)(V,;,Vﬁ2)<a2)’ 50:

0\7(0‘;10{.)) = (IdA61 ®]}'17E2 f2) © (fl;IdV,—iz) =/
and o~ ! is indeed an inverse to o. O
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Remark 5.3.33: When V = O,2(SLa)—comod’™, with Ag ~ . (&), one obtains the same
excision properties as in Theorem [5.1.8] One uses repeatedly Theorem [5.1.8on & LI G,
on each couple of boundary edges to glue. This gives

L (6) ~ Hthkg(y(Gl) ® L (6s2))
={2 € 7(61)®S(6:) /VI<i <k, Apyi(z) = flo Alm-mg-i—k-s-i(x)}

By Proposition on all couples of edges to glue one gets
HH - ((7(&1),.7(8))) = (L 7(61)""1,.7(&,)) s .

By Theorem 5 R(Gl)ht’zl is the internal skein algebra of &1, and one obtains exactly
the formulation of Theorem [5.3.32

Note that we described how to glue two surfaces along many edges at once and Theorem
describes how to glue only two edges but possibly of the same surface. The two
forms of excision are equivalent, in one way by applying it repeatedly as above and in
the other way by gluing a bigon to the two edges of the surface that one wants to glue
together. &

Remark 5.3.34: This remark answers a natural question arising at the sight of the cutting
property of stated skein algebras: why is it not a coevaluation one sees on newly created
states when one cuts along an ideal arc? Indeed in the definition one uses > ; vz ® v
though the coevaluation would give coev(1) = ¥z v; ® v Ifoe,” v @ v_gC(—i) in
particular matching + states to — states. The answer is that it is indeed given by a
coevaluation, but the stated skein algebra of the surface at the right is not the good
object: one must take its half-twisted version. Then the half twist re-exchanges + signs
to — signs and kills the coefficients appearing. In particular we see that there has been a
choice in the way the splitting morphism of stated skein algebras is defined, and that this
choice seems to determine both the half twist and the identification V' ~ V*. This is to

be put in light with the unicity of stated skein coefficients proved in [Lé18] Section 3.4].<

Remark 5.3.35: Internal skein algebras are defined for any ribbon category V, and coin-
cide with stated skein algebras when V = O2(SLsy)-comod’™. Stated skein algebras for
SL, were very recently introduced in |LS|, and one can expect to prove they coincide with
internal skein algebras for V = Oy (S L,,)—comod’™ for generic ¢ with the very same proof.
The authors actually showed it for surfaces with a single boundary interval using excision
properties with respect to gluing patterns from both theories. The constructions and ar-
guments of this chapter work more generally with any semisimple coribbon Hopf algebras
H, using the equivalence H—comod ~ Free(H—comod/™), and are actually [GJS23|’s can-
didate for the generalisation of stated skein algebras. The results of this section show that
this generalisation extends to multiple markings, and that one obtains excision properties
immediately.

Internal skein algebras are defined more generally in [BBJ18a| for any Fs-algebra A € Pr
under the name moduli algebras, and the skein-theoretic description holds when A is the
free cocompletion of a ribbon category. As both moduli algebras and stated skein algebras
can be defined integrally, or at roots of unity, it would be very interesting to understand
how they compare in greater generality. So far, there is no skein-theoretic description
of the factorization homology used in the construction of moduli algebras, but it seems
credible that with extra work one could rewrite this whole theory in these integral or
non-semisimple contexts. &
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Conclusion and future research

As is, I believe, usual, once a mathematical result or insight has been known for long
enough, it has a tendency to look more and more natural and easy. Looking back at the
statements and constructions that took me years to get right, they can sometimes all seem
somewhat straightforward. Luckily, the research presented above opens to many future
directions which are all still unclear, changing, confusing and, therefore, exciting.

Define and study examples of non-semisimple (3+1)-TQFTs

This is an ongoing project with Francesco Costantino, Nathan Geer and Bertrand
Patureau-Mirand.

Few interesting examples of 4-TQFTs are known. Invertible theories associated with
modular tensor categories only depend on the signature and Euler characteristic of the 4-
manifolds. Crane—Yetter—Kauffman theories associated with ribbon fusion categories are
expected to only capture an additional dependence on the fundamental group. On simply
connected 4-manifolds it is shown to only depend on signature and Euler characteristic.
For the examples given in Chapter |3 we expect to capture an additional dependence on
spin status. It is unknown whether the construction we described could detect subtle
4-manifold topology.

Reutter showed that “semisimple” 4-TQFTs cannot detect exotic pairs, but his defi-
nition of semisimple is quite broad and encompasses most of the examples of Chapter [3]
and in particular once-extended 4-TQFTs. According to our expectation that our (341)-
TQFTs are fully extended, the only remaining candidates are those that do not give rise
to fully-defined TQFTs, but only to non-compact ones. In other words, we are looking
for a chromatic non-degenerate category which is not chromatic compact. We exhibited
such an example and we crucially need it to be in positive characteristic. We showed that
the resulting TQFT is indeed far from being semisimple in Reutter’s sense. The example
we give is symmetric and hence uninteresting, but it suggests that one should look at
non-trivial examples in positive characteristic.

One could look for examples whose Miiger center is our symmetric example. One could
construct a ribbon category as representations of a semi-direct product of an interesting
quantum group by a finite group of order non prime with the characteristic. For this,
we need a quantum group with interesting automorphisms. In the classical example of
U,(g) for a simple complex Lie algebra g, Hopf algebra automorphisms are described by
automorphisms of Dynkin diagrams. In characteristic 2, we could look at type As, so
g = sl3, which has a Z/2-action. In characteristic 3, we could look at type D, which
has a G3-action. This second example could be more interesting, because &3 has a non-
invertible irreducible representation. In the semisimple case, this is shown to be related
to having a dependence on 7 instead of on H; in [BB1§].

In another direction, super quantum groups have a representation theory which is
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rich enough to have the potential to give very interesting examples. The representation
category of SL(2|1) is not modular and non-semisimple, and this is a promising example
to study.

Describe a fully-extended version of non-semisimple WRT

We want to show the conjectures in Chapter [4]

The first and most difficult step, before discussing the relative part, is to give a skein
theoretic description of the fully extended 4-TQFT associated with a modular tensor
category 7. We know natural guesses. The description in dimension 3 and 4 would
follow exactly the construction of Chapter [3, in particular admissible skein modules in
dimension 3. In dimensions 2 and lower one expects some admissible skein categories.

Note that in the semisimple case this guess in much older, but is not proven, even
as a once-extended theory. The only known part is that factorization homology form a
fully extended 2-TQFT, and that skein categories compute factorization homology in the
semisimple case.

It is a joint project with Jennifer Brown to show that admissible skein categories
compute factorization homology in the non-semisimple case.

For the rest of the TQFT, the two approaches described in the introduction still hold.
For the top-down approach, one could check that the description we give do define a
fully extended 4-TQFT. This is difficult, as defining a 4-functor is a lot of data, and that
mapping into Haugseng’s combinatorial (and not geometric) model one would need to
choose and keep track of a lot of isomorphisms.

For the bottom-up approach, one wants to use the cobordism hypothesis and identify
the induced values. The second part is tractable, one has to compute many adjoints. The
first relies on the non-proven cobordism hypothesis. It is well-accepted and one could
be happy to assume it. However, we are still left with a difficult problem, which is to
find orientation structures, i.e. one would have to show the conjectures on orientation
structures we gave. This is an ongoing project with David Jordan and Patrick Kinnear.

The second step is to carry out a similar argument, one dimension lower but in a more
complicated arrow category, for the boundary condition. We believe that this second
step will be easier. Similarly, we can guess what the values on any manifold will be, and
essentially the boundary condition always include the empty skein. This is why it is not
defined on closed 3-manifolds in the non-semisimple case. Then one should check directly
that the composition of the boundary condition with the 4-TQFT on a bounding manifold
recovers WRT and DGGPR, as claimed.

One could also give a fully-extended version of [BCGP16] TQFTs, and more generally
of non-semisimple “G-relative” TQFTs. On top of the relative layer described above in
the WRT case, one would need to see BCGP theories as a relative to the classical theory
associated with their Miiger center Rep((G). Such "twice relative” theories are quite new
and both the algebraic and the topological descriptions remain a challenge. An ambitious
application is to describe invariants of 3-manifolds equipped with a flat G-connection.
This is an ongoing project with Patrick Kinnear and David Jordan.

This fully extended description of non-semisimple WRT TQFTs brings these con-
structions into a framework where we have a standard set of tools to study them. For
example, the cobordism hypothesis with singularity entirely describes domain walls and
higher-codimensional defects between different WRT theories. The relative nature of these
theories also gives the appropriate notion for these domain walls: of course one should
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also describe how they interact with the bulk CY theories.

The very explicit requirements on input data (a 4-dualizable object V together with a
non-compact-3-dualizable morphism 1 — V) makes it very clear how to generalize these
constructions to different contexts and dimensions. One can use the same technique to
define and study derived skein modules associated with 3-dualizable Fs-algebras in say
dg-categories. Note that David Ayala recently defined a notion of derived skein modules
using “beta” factorization homology which we could compare. One could also apply the
same techniques to 4-dualizable Fy-algebras in bicategories. One would expect to recover
the “lasagna skein tehory” of [MWW22| associated with Khovanov homology. Indeed
they have constructions very similar to stated skein modules for 4-manifolds, and can
define analogs of skein categories associated with 3-manifolds. One can also define and
study internal skein algebras analogous to [BBJ18a}|GJS23] in their context. The results
of [BBJ18a, BBJ18b] may give new results in this context.

The use of relative TQFTs to describe skein theories can be extrapolated outside the
finite realm. In particular, for representation of U, (sly) at generic ¢, we do not have a WRT
theory, but we still have a (3+¢) skein TQFT, and a boundary theory to it. I realized with
Adrien Brochier that this should be enough to give values to link complements in S® and in
connected sums of S? x S. This could give the missing TQFT-theoretic explanation of the
link invariants associated with 3-dualizable objects. It is also an avenue for generalization
of such link invariants. This may be the right setting to study holonomicity properties of
quantum invariants.

Study stated skein algebras via internal skein algebras

The first example of a possible application of Chapter [5] is that gluing properties of
internal skein algebras for cutting along a circle are well-known [BBJ18b|. One should be
able to express them for stated skein algebras. This idea was suggested to me by Adam
Sikora at an AIM workshop, and we indeed could guess a formula.

Now, properties of stated skein algebras for S'Ly are rather well-known, and we know of
no other application there. The story changes entirely when we change SL,. Stated skein
algebras were defined by Lé and Sikora for SL,,, and there less is known. In particular the
splitting morphism is not known to be injective for n > 4, see [LS| Conjecture 7.12]. On
the other side, gluing properties of internal skein algebras are proven in great generality
in Chapter [5] Relating SL,, stated skein algebras to internal skein algebras could be very
fruitful, and should be very similar.

Note that our relation only holds for ¢ generic and working over a field. The correct
assumptions under which the generalization should be straightforward is that one wants
to work over the category of representations of a semisimple Hopf algebra over a field. It
would be very interesting to generalize our result outside this context.

Given a non-semisimple ribbon category 7 (still over a field), its “moduli algebra”
is still defined in |[BBJ18a] using the Ind-completion of #". However, Cooke’s skein de-
scription of factorization homology does not hold anymore and the name “internal skein
algebra” from |GJS23] would be abusive. As mentioned, it is an ongoing project with
Jennifer Brown to extend Cooke’s result to non-semisimple settings. Then, one could
carry out the same comparison in the non-semisimple setting.

Extending this comparison to stated skein modules of 3-manifolds would also be in-
teresting. In the case of SLs at ¢ generic, it is rather straightforward. But recent results
of [CL| show that many surprising phenomenons happen at ¢ a root of unity. It could be
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fruitful to study them with the algebraic tools of [BBJ18a, BBJ18b].

Finally, it would be interesting to recover the quantum trace map of [BW11] using
skein theory in a theoretical setting that makes generalizations easier. This quantum
trace map have been well studied and is known to come from a cluster structure on
stated skein algebras [Lel8,LY22], related to Fock-Goncharov coordinates. Current work
of Brown, Jordan, Schrader and Shapiro is giving a defect-skein-theoretic framework to
study them. In the S L, case, we expect to recover reduced stated skein algebras, and the
quantum trace map is expected to be related to a defect cobordism between decorated
surfaces. Using these surfaces and cobordism with defects, one would give an intrinsic
characterization of the cluster structures on stated skein algebras. This is an ongoing
project with Jennifer Brown.
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